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Finite-element approximation of a nonlinear degenerate parabolic
system describing bacterial pattern formation
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We consider a fully practical finite-element approximation of the following nonlinear degenerate

parabolic system

d

8—?—0Au:—f(u)v in Q7 =02 x(0,7), QcR? d<2;
v .
rri V.b(u,v)Vv) =60fwm)v in Op

subject to no flux boundary conditions, and non-negative initial data uY and v9 on « and v. Here we
assume that ¢ > 0,0 > 0 and that f(r) > f(0) = 0 is Lipschitz continuous and monotonically
increasing for r € [0, sup,c 1901 Throughout the paper we restrict ourselves to the model
degenerate case b(u, v) := o u v, where o > 0. The above models the spatiotemporal evolution of a
bacterium on a thin film of nutrient, where u is the nutrient concentration and v is the bacterial cell
density. In addition to showing stability bounds for our approximation, we prove convergence and
hence existence of a solution to this nonlinear degenerate parabolic system. Finally, some numerical

experiments in one and two space dimensions are presented.

Keywords: bacterial pattern formation; nonlinear degenerate parabolic systems; finite element

approximation.

1. Introduction

We consider the initial boundary value problem
(P) Find functions u, v : {2 x [0, T] — R3¢ such that

)
8—1: —cAu=—g(u,v) in O :=02x(0,7T),
v .
a7 V.(b(u,v) Vv) =0 g(u, v) in Or
u(x,0) = u’(x) >0, v(x,00 =) >0 Vxe,
B 9
M b, =0 on 902 x (0, T);
av ov

(1.1a)

(1.1b)
(1.1c)

(1.1d)

where 2 is a bounded domain in R?,d < 2, with a Lipschitz boundary 92, v is normal to 9?2
and T > 0 is a fixed positive time. A system of the type (P) was proposed in [7] of nutrient, where
u is the nutrient concentration and v is the bacterial cell density. The diffusion coefficients of the
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278 J.W. BARRETT AND R. NURNBERG

nutrient and bacterial cells are ¢ > 0 and b(-, -) > 0, respectively. Throughout the paper, we will
restrict ourselves to the model case:

b(r,s):=ors, whereo > 0; (1.2)

that is, b(r, s) degenerates if either r or s = 0. The term g(-, -) > O represents the consumption rate
of nutrient by the cells; while 6g(-, -) is the growth rate of bacteria, where 8 > 0 is the conversion
rate of consumed nutrient to bacterial growth. We assume throughout that g(-, -) is monotonically
increasing in both arguments. More precisely we assume that g(-, -) € C(Rx0, R>0) satisfies

(r1,8) =2 g0,5) =0
(r,s1) 20

0 oo

> 0 0
r=0, so =851 20. (1.3)

The degeneracy in both arguments of b(-, -) makes the analysis of this system particularly
difficult. In fact we are unaware of any existence proof or any numerical analysis work on
such a system, even though there is a great deal of interest in the degenerate system (P) in the
mathematical/theoretical biology community, see e.g. [5,8] and the references therein. Related
models describing bacterial pattern formation are also discussed in these review papers. In this paper
we propose and analyse a fully practical finite-element approximation of (P) and as a consequence
we prove existence of a weak solution. For the stability bounds on this approximation, we will
restrict ourselves to

g(r,s) = f(r)s, where f(-) € C(Rxo) and f(r2) = f(r1) =2 f(0) =0 Vr2=2r >20; (1.4)

that is, g(r, s) has linear growth in s. For our main convergence result, we will further assume that
f(r) is Lipschitz continuous for r € [0, sup, ., u%(x)], see (3.18) below. In any case, all of our
assumptions on b(-, -) and g(-, -) include the models proposed in [7]: (1.2) with either Michaelis—
Menten kinetics, g(r,s) := prs /(1 4+ y r), or its bilinear approximation, g(r, s) := pr s; where
o,y > 0.

In analysing our approximation of (P) we will adapt some of the techniques used by [4]; where
they prove convergence, in two space dimensions, of a finite-element approximation of the following
phase field model for diffusion-induced grain motion: find functions u : 2y — [—1,1] and v :
(27 — R such that

5

B—’Z—CAu—eu+pu+aI[,1,”(u)90 in 2r, (1.52)
ov .

5 = V(D) Vv) in Qr; (1.5b)

where d/;_1,1; is the subdifferential of /[_1 1}, the indicator function of the set [—1, 1], D(r) :=
o(l—r%ando, c, 6, p > 0. The system (1.5a,b) is supplemented by initial and flux boundary
conditions for # and v. Here (1.5a) is a double obstacle Allen—Cahn equation with a forcing obtained
from the solution of the degenerate diffusion equation (1.5b). One can clearly see similarities
between (1.1a,b) and (1.5a,b). However, the degeneracy in (1.1b) is harder to deal with as b(, -)
degenerates with respect to both arguments. A double degeneracy of the type occurring in (P) has
been considered, for example, in [2]; where they prove convergence, in one space dimension, of a
finite element approximation of the following degenerate Allen—Cahn/Cahn—Hilliard system: find
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functions u, v, w, z : {27 — R such that
ou

a7 = V.(D(u, v) Vw) in {27, (1.6a)
P 2—1: =—D(u,v)z in O, (1.6b)
w=—-—ccAu+0[¢ow+v)+¢d(u—v)]l—au in 27, (1.6¢)
z=—cAv+0[d(u+v)—pu—v)]—pBv in 2r; (1.6d)

where ¢ (r) :=Inr —In(1 —r), D(r,s) :=or(1 —r)(1 —4s®) and o, ¢, 0, p, @, B > 0. The
system (1.6a—d) is supplemented by initial conditions for u#, v and no flux boundary conditions for
u, v, w. Substituting (1.6¢,d) into (1.6a,b), respectively, the above system consists of a degenerate
fourth-order equation coupled to a degenerate second-order equation. In some ways (1.6a—d) is more
difficult than the degenerate system (P) as (a) both equations are degenerate, (b) ¢ is a singular
nonlinearity forcing (¥ £v)(x, t) € (0, 1). However, the structure of the system (1.6a—d) allows one
to prove the following uniform bounds:

oUu

||U||L°O(0,T;H1(Q)) + ||V||L°O(0,T;H1(Q)) + HE < C (17)

H av
+ R
o @y 9 2y

for a solution {U, V'}; of an appropriate finite-element approximation, where 4 is the discretization
parameter. In one space dimension, on noting the compact embedding H 1(2) < C () and (1.14b)
below, the bounds (1.7) give rise to the uniform subsequence convergence U — u, V. — v on {2r
as h — 0. This uniform convergence plays an essential role and hence the restriction to one space
dimension, d = 1, in [2]. Unfortunately, the bounds on V in (1.7) do not hold for an approximation
of (P). Hence the approach in [2] is not appropriate for (P), even for d = 1. As stated above, in
this paper we adapt the techniques in [4] to prove convergence of our finite-element approximation
of (P) for d < 2. To achieve this, we use a special discretization of b(-, -) in our finite element
approximation that enables us to prove a key a priori bound. This approach is based on an idea
introduced in [14] and [6] for the thin-film equation: Find u : {27 — R such that

ou
ot

where p > 0. We now motivate this technique for (P). On assuming (1.2) and (1.4), it is easy
to establish L°°(£27) bounds on u, v for (P); see Section 2 for such bounds on the finite-element
approximation of (P). Then testing a weak formulation of (1.1b) with v yields that

+V.(uPVAu) =0  in Qr, (1.8)

cr/ uv|Vol dedr < 3 ||u0||iz(m+9/ fw)v?dxdr <C. (1.9)
QT QT

The above bound only controls v [Vv|2, and hence |V (v?)|2, where u > 0. However, if we define a

function £(-) such that
nVIL ()] = Vnp = L's)=s""= L(s)=s0ns — 1)+ 1; (1.10)
then testing (1.1b) with £'(v) yields that

a/ u|Vol? dxdtgf L% dx+9/ fu) L' (v)vdxdr <C. (1.11)
7 N or
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This bound controls |Vv|? where u > 0. The discrete analogue of (1.11) will play a key role in the
convergence analysis in Section 3. To obtain such a bound we require a discrete analogue of (1.10)
and hence the special approximation of b(-, -).

This paper is organized as follows. In Section 2 we formulate a fully practical finite-element
approximation of problem (P) and derive stability bounds. In Section 3 we prove convergence of
this approximation to a weak solution of (P), in space dimensions d < 2, and hence we prove
existence of a solution to (P). In Section 4 we state an iterative scheme for solving the nonlinear
discrete system at each time level and present some numerical computations in both one and two
space dimensions.

Notation and auxiliary results

We adopt the standard notation for Sobolev spaces, denoting the norm of W™4(§2) (im € N, g €
[1,00]) by || - llm,q and the semi-norm by | - |, 4. For g = 2, W™2(£2) will be denoted by H” (12)

with the associated norm and semi-norm written as, respectively, || - ||, and | - |,,. We introduce also
(W™4(£2)) and (H™(§2)) the dual spaces of W4 (§2) and H™ ({2), respectively, and denote the
norm of (H™({2))' by || - || . Throughout, (-, -) will denote the standard L? inner product over {2.
In addition, we define
1
][ n:= W(n, 1) Vne L'(9), where m(f?2) is the measure of 2. (1.12)
m

For later purposes, we recall the following well known Sobolev interpolation result, see e.g. [1]:

Letg € [1,00],m > 1,
d

[g, oo] ifm—5>0,
re{lg,o0) ifm—;—’zo,

d . d
g, — (/)] ifm— % <0,
and u = 4L

z € W™4((2) the inequality

- %) Then there is a constant C depending only on (2, g, r, m such that for all

1_
l2lo.r < C el Nzl (1.13)

holds. We recall also the following compactness results. Let X, ¥ and Z be Banach spaces with a
compact embedding X < Y and a continuous embedding ¥ < Z. Then the embeddings

0
{neL?0,T: X): 8—': € L2(0,T: Z)} = L0, T: Y) (1.14a)
ad
and {neL®0,T;X): a—’:eLz(O,T;Z)}%C([O, T1;Y) (1.14b)
are compact, see [13]. We note also for future reference Young’s inequality
Yo, Lo .
rs < =r°+—s° Vr,seR, y eRogp; (1.15)
2 2y

and the elementary identity

2r(r—s)=(r2—s2)—i—(r—s)2 VrseR. (1.16)
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Throughout, C denotes a generic constant independent of #, T and &, the mesh and temporal
discretization parameters and the regularization parameter. In addition C(ay,...,a;) denotes a
constant depending on the arguments {a; }1.1: I

2. Finite-element approximation

We consider the finite-element approximation of (P) at first under the following assumptions on the
mesh:

(A) Let 2 be a polygonal domain if d = 2. Let {7"};~¢ be a quasi-uniform family of partitionings
of 2 into disjoint open simplices « with i, := diam(x) and & := max,g» h, so that 2 =
U, c7nk. In addition, it is assumed for d = 2 that all simplices « € Th are right-angled.

We note that the quasi-uniformity assumption can be avoided at the expense of a mild constraint
on the minimum time step, see Remark 3.1. Furthermore, we note that the right-angled simplices
assumption is not a severe constraint, as there exist adaptive finite-element codes that satisfy this
requirement, see e.g. [12].

Associated with 7" is the finite-element space

Shi={xeC@): x |c islinear ¥k € T"} c H'(12).
We introduce also
Kh:={xeS":x>0mR}cK:={neH' ) :n>0ae.in 2}.

Let J be the set of nodes of 7" and { Pj}jes the coordinates of these nodes. Let J := #J and
{x} ;e be the standard basis functions for Sh: that is Xj € K" and xj(pi) = §;j foralli, j € J.The
right-angle constraint on the partitioning is required for our approximation of b(-, -), see (2.6a,b),
but one consequence is that

ax; 0
fX’ M qy<0 j#£k i=1,....d, VikeT" 2.1)
Kaxi 8x,'

We introduce 7" : C(2) — S", the interpolation operator, such that 7”5 (p i) = n(p;) for all
j € J. A discrete inner product on C({2) is then defined by

1, m)" o= /Q 7 (1 () max)) dx = Y mjmi(p) ma(p)), 2.2)

jelJ
where m := (1, x;) > 0. We introduce the L? projection 0" : L2(2) — S" defined by

©@"n, 0" =mx) Vxest (2.3)

For computational purposes, we replace £L € C®(R.), see (1.10), for any ¢ € (0, 1) by the
regularized function £, : R — R3¢ such that

s2—g2 _
Lo(s) =1 2 + (Ine—1)s+1 £

s <
2.4)
s(Ins —1)+1 e <.
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Hence £, € C>!(R) with the first two derivatives of £, given by

-1

Ts4+me—1 s<
g s+Ine £ and E;/(s) — iel
s

s €
L(s) := = 2.5
e(s) Ins e<s s @)

’

NN

s

e

respectively. Similarly to the approach in [14] and [6], we introduce A, : sh — [LOO(Q)]dXd such
that for all z € " and a.e. in 2

Ag(zh) is symmetric and positive semidefinite, (2.6a)

Ae (V"L = V" (2.6b)

that is, the discrete analogue of (1.10). Firstly, we give the construction of /A, in the simple case
when d = 1. Given z" € §" and k € T" having vertices pj and pi, we set

dpo -y 1
, L, (p) = L, &"(py)) LU E))
Ae (@) |e:= for some £ between py and p;  if 2" (px) # 2" (p),
1
eIt if 2" (pe) = 2" (p)).

2.7)

Clearly the piecewise constant construction in (2. 7) satisfies the conditions (2.6a,b). Following [6]
we extend the above construction to d = 2. Let {e,} | be the orthonormal vectors in R?, such that
the ]th component of ¢; is §;;, i, j = 1, ,d. leen non-zero constants %, i =1, ,d; let
K({oz,}l 1) be the reference open s1mplex in Rd with vertices { p,}t —0° where Dy is the origin and
pi = aiei, i =1,...,d. Givenax € T" with vertices {p;, }¢ ¢_o» such that pj, is the right-angled
vertex, then there exists a rotation matrix R, and non-zero constants {o; }¢ i— such that the mapping
Re : X € RY - pj,+Rx € R? maps the vertex p; to pj;,i =0, ... ,d,and hence ¥ = f({ai}le)
to k. For any z" € S”, we then set

Ae(@") le:= Re 4G 1z R, (2.8)

where 7 (%) = 7" (R,%) for all ¥ € & and /1 @) |z is the d x d diagonal matrix with diagonal
entries, k =1,...,d,

o0 -0 _ ) =
L@ G0) ~ L@ Po) L& (py)) = LG (py)

- = ———— forsome & between p;, and p;
[Ae @)k lri= LY () e

it 2" (pj) # " (pjiy).
1 1
LIG(Bo) LI (pi))

if 2"(pj) = 2"(pjy)-

2.9
AsRT = R, Vzh = RVZ wherex = (x1, -+, x)T, V= (5L, -, i), T = G- 5)T
and V = (%, e %)T, it easily follows that A, (z") constructed in (2.8) and (2.9) satisfies

(2.6a,b). It is this construction that requires the right-angle constraint on the partitioning 7.
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For the purposes of the analysis it is convenient to extend the domain of g(-,-) to R x R by
setting

gr,s) =0 Vr<0, VseR and gr,s) =g 0) Vs<0, VreR. (2.10)

In additionto 7", let0 =t <) < --- <ty_) <ty =T bea partitioning of [0, T'] into possibly
variable time steps 7, := t, — t,—1,n = 1,..., N. We set T := max,—1,.. n T,. For any given
e € (0, 1), we then consider the following fully practical finite-element approximation of (P) with
b(-,-) asin (1.2):

(P7)Forn > 1, find {U?, V*} € S" x S" such that

h
U" — n—1
<f7 x) +e (VUL V) + (W, VIh, 0" =0 Vxes' @il
n

h
yn — anl
<7 x) +o (UM A(VYVVE V) =0 WU VI, )" ¥Yxesh (11b)

Tn

where US, V‘s0 € K" are approximations of u® 0 >0, respectively, e.g. UE0 = 7hu% or Qhuo
and similarly V0. In fact, it is a simple matter to deduce that a solution of (P/*7) is such that
(UM, viye Kh x K" n=1,..., N, see (2.39a,b) below.

Below we recall some well known results concerning " form = 0 or 1:

X1 < ChtIxloue Vxes', VkeT'; (2.12)
(I ="yl < C R 2 Ve H2); (2.13)
(I = 7"l < CRY™ ) Vnpe H' (), ifd=1; (2.14)
(I —7") OOl < Chlx"Lf OOl VY x € K" (2.15)
and

Ixlo < Il = [0 0™ < (@ +2)7 Ixlo Vxes (2.16)
10— oM <IT =7 E 0l < CRP™ 1w ixl Y x e st @17

It follows from (2.3) that
(@"n)(x)) = E’f;ﬁ Vied = [0"loe <lnlloce YnelL®W). (218

Finally, as we have a quasi-uniform family of partitionings, it holds for m = 0 or 1 that
(I = "l <CR"™™|nlli ¥ neH (). (2.19)
We require the following results concerning A, (-).

LEMMA 2.1 Let the assumptions (A) hold and let | - || denote the spectral norm on R?*¢_ Then for
any given ¢ € (0, 1) the function A, : S" — [L™(£2)]9%¥ satisfies

e&TE <ETA.(ZME < max(e, 12" l0,00) T VEER! V' esh (2.20)
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and is continuous. In particular it holds for all zﬁ’, zé’ e " k € T" that
MA@ = Ae@D] 1 Il = I[AE) = 4D Iz |l

~! max(e, 12" 110,00, ||z’;||o,oo)k_nllaxd[ 12" (pj) — (Pl + 12" (pj) — (DI T,

2.21)

<e¢

where we have adopted the notation (2.8) and (2.9).

Proof. (2.20) follows immediately from (2.8), (2.9) and (2.5). The equality in (2.21) follows
immediately from (2.8). Adopting the notation (2.8) and (2.9) we have that

IA:EH = AED1 1z || = _max A Gk — [Ae @ lal Iz | (2.22a)
and

(e G kkc — [Ae Gt e |
<A ED ek — [Ae Gl o |+ 1A C DIk — [AeE) il Iz |
R 1 1 1
N ‘Eg’(m) Lol e Ll

where 2}11,2 e S" with z}l"z(pjo) = zg(pjo) and z?,z(pjk) = Z]il(pjk), Wi lies between zf»’(pjo) and

‘ + (2.22b)

zl’.’(pjk), i = 1,2, and ¢ lies between zi’(pjk) and zé’(pjo).
We now show that
’ 1 1
Ll(n)  LLE)
for 2% (pjy) # 22 (pjy)- I 2 (pjy) = Z5(pjy). then ¢ = 1 and (2.23) is trivially true. Otherwise let
v, lying between z/(p;,) and 2% (p}, ), be such that

’ < e max(e, 121 (Pl 1A (i) 128 (i) — (i)l (2.23)

L (i) — 21 (i)
Liy)  LLE i) — LLE (pjo))

and so

2 (pjy) — (P LL(y) = [Z2(pj) — 2 (PO L) + (2 (pj) — (i1 L (k). (2.24)

It holds that either

@) 1P = APl + 121 (pi) — D (pjl = 125 (pje) — Za(pjo)] (2.252)
or (i) 1Z}(pjo) — Bl + 12} (pj) — Zh(pi)l = I (pj) = (pj)l  (2.25b)
or (i) 1z} (pj) = 2 (Pl + 12 (i) — B (P = 12] (pj) — 5 pip)l- (2.250)

In case (i) we have on noting £/ (s) = [max(s, 8)]_1 that

1

_ _ hep N hep.
Rt <l = ¢l < Mz2i(pjy) — 25 (Pjg) |- (2.26)
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For case (ii) it follows from (2.24) that
1 1
L&) L)

i) — i) [

L 1 1
} — o) — 2 (pjy) ==Y [ } ,

Loy LLUG) — LUy)

and hence we have that

1 1 Ll(y) ¢ — vyl h h
— g . — .
LG Lg(;)' L1 1) — ) P 200
< e P max(e, 128 (Pl 122 (i)D 128 (i) — 22 (i) - (2.27)

For case (iii) we proceed similarly to end up with

1 1 LI (y) lnr — vl h h
— g . —_ .
‘cgwl) O S T Fp — ] 1P T2 i)
< e P max(e, 128 (pi)l 122 (Pi)D 128 (pjy) — 22 ()] - (2.28)

Hence, combining (2.25a—c)—(2.28), we have shown the desired result (2.23). In a similar way we
find that

1 1 -1 h h h h
- = <& max(e, [z (pi)ls 125 (P D 121 (Pj) — 25 (pj)l - (2.29)
‘Eé/(uz) Lg(;)‘ 1 Jk 2\ Jk 1 Jk 2\ Jk
Combining (2.22a,b), (2.23) and (2.29) yields the desired result (2.21). U
REMARK 2.1 The bound (2.21) is not pessimistic. For example, consider d = |1,

A(pjy) =& 2" (p;) = (pj) =1and 2" (pj,) = e + y with y € (0, 1 — &). Then

l—e 1—(+4+y) (A—-e)nd+ely)+yhe
A = D@D M ip piy = _ _
[4e (D) e()] |(p_,0,p_,1) Inge In(e + y) In(e + y)Ine

~ (In 8)_28_1)/ fory K ekl1.

Forany e € (0, 1),let A, € CY%1(R) be such that

Ae(s) :=1[s —ely + ¢ Vs eR, where [s]+ := max({s, 0},
- Ae(s) —s €[0,e] Vs eRxy. (2.30)

LEMMA 2.2 Let the assumptions (A) hold. Then for any given ¢ € (0, 1) the function 4, : sh
[L>®(£2)]9%4 is such that for all z € §" and k € T"
max [[{4e ") = 7" (e @I TYO < hie [V (1o @] e |- (2.31)

where 7 is the d x d identity matrix.
Proof. Adopting the notation of (2.8), we have from (2.9) and (2.5) that

max [[{4: ") = 7" 2 N T @) = max (4. @) — 71 TN@)I?

= max {k:“fa" | [Ae Gk — 7" EHIE |2}

<RIV G e 12 = B2 V" e ] 1 12
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where we have noted that [/1 @k = 7" e (Ah)](é(k)) =7"[r (2 )](é(k)) Wlthé(k) = ,(E(k) €
« for some point & £®) ¢ . Hence we obtain the desired result (2.31). O

In order to derive upper and lower bounds on {U/, V"}N | we formulate the following scalar
problems.
(P;,) Forn > 1, let {4}, V},;} € R>o x R be such that

us, —un!

MM eUy VT =0, (2.32a)
n

v _Vn—l

MM g, VI (2.32b)
Tn

(P;) Forn > 1,let {4, Vi'} € Rxo x Ry be such that

Uu" _un—l

e +gUr,virh =0, (2.33a)
n—1
Yn=Vn_ _ gz, vih, (2.33b)
TVl

where Z/{,(l),l, Z/{,(,),, V]?,,, V,% € Ry are such that for all 2 > 0 and for all ¢ € (0, 1)
Uy, > vlx) =>ul and W >voix) =1  vxe (2.34)
M M = Ve = Vm . .

LEMMA 2.3 Let the assumptions (1.3) on g(-, -) hold. Let Ul L{,(EL VO VO satisfy (2.34). Then
for all time partitions {Tn},, |» there exists a unique solution {U4;;, V};, U/’f,,, Vi } | to(P;) and
(P},), respectively. Furthermore, it holds for all #n > 1 that

st =uy = ul and  U'>UM >0, (2.35a)
Vi = Vit and V= Vvizvil>o. (2.35b)

Proof. We proceed by induction. Let
Uty >0 and VIVl >, (2.36)

which is true for n = 1 on noting (2.34). Existence and uniqueness of U/}, V}f,l, up, Vji solving
(2.32a,b) and (2.33a,b) follow immediately from our assumptions (1.3) on g(:, -). Moreover, it
follows from (2.36), (2.32a), (2.33a) and (1.3) that

Uy + 00 U3y, Vi) = Uy > U™ = U+ 7 g @, Vi)
> UL+ Ta UL VY, (2.37)

and hence the desired result (2.35a). It follows from (2.36), (2.32b), (2.33b), (2.35a) and (1.3) that
Vi =V b, 0 g, VT SV g 0 gl VT =V (2.38)

and hence the desired result (2.35b). Therefore by induction the results (2.35a,b) hold for all n > 1.
|
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THEOREM 2.1 Let the assumptions (A) hold, g(-, -) satisfy (1.3), and Ug‘_l, VE”_1 € K. Then for
all ¢ € (0, 1) and for all A, 7, > O there exists a solution {U[', V/'} € K" x K" to the n-th step of
(Ph °"). Furthermore U/ is unique.

Hence for all ¢ € (0,1), 2 > 0 and for all time partitions {Tn},, |» there exists a solution
{ur, viN_ of (P/7). In addition, if Uy, US, V9, V0 satisfy (2.34), then it follows that for all
n=0

Uy Ul >Urx) >U" >0 Vxef, (2.39a)
Vi V) Va2V >0 Vxel (2.39b)

and
OU+ v D =©Ud+ V0 (2.40)

Proof. Forany W = Zje] Wix;e€ S" we define W := (W, ..., W;)T € R7. We then introduce
Fl :R7 x RT — R7 defined by

[Fi(W, D)1 = (W, )" + 5 c (YW, VX)) + 5 (W, 2), x;)!  Vjel (2.41)

On noting (2.1), (1.3) and (2.10), it follows for every fixed Z € R7 that Fi; (W, Z) can be written
as AW + (W) with A € RT*J being an M-matrix and ¢ : R7 > R7 being a continuous
isotone diagonal mapping. Hence for every fixed Z € R7, we have that

FZ’,(-, Z): R7 — RY s an inverse isotone homeomorphism, (2.42)

see e.g. [10: § 13.5.6].
Given U;’_l, Vg”_1 € K", and hence QZ’l,Kg’l € R‘;O, (2.11a) can be rewritten as: find
Ut e R such that

Fhs, vith = X} e RY,, (2.43)

where [X7,]; := (Ug_l, Xj)h forall j € J. On noting (2.43), (2.42) and that F7; (0, Kg’”) =0, we
have existence and uniqueness of U}’ € K h solving (2.11a).

Given U], V'~ I e K", to prove the existence of V' we will make use of the Brouwer fixed-
point theorem seee.g. [11: Theorem 9.36]. Let Fy; F : R7 — R7 be defined by

[FID)]j = (Z, x)" + 10 (U 4:(Z)VZ,Vy)) Y jel (2.44)
(2.11b) can then be rewritten as: find V% € R such that
Fpvi) = Xy e R, (2.45)

where [X7]; := (VI + 1,0 gU2, VI, x;) ) for all j € J. It follows from (2.21) that F7! is
continuous and hence it is sufficient to show that Fy, " is coercive. On noting (2.20) and that U} € K", h
we have that

Z[F@(g)]j Z; =21} + o (UrA(Z)VZ,VZ) > |Z|; VZeS" (2.46)
jedJ
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Hence the coerciveness of I?"} follows from (2.46), (2.16) and (2.2). Therefore, on noting the
aforementioned theorem and (2.45), we have existence of V' € sh solving (2.11b). The fact that
V" € K" will be demonstrated below.

For the remainder of the proof we proceed by induction. We assume that the bounds (2.39a,b)
hold for n replaced by n — 1. On setting 1 := (1,..., DT € R, it follows from (2.41), (2.32a),
(2.33a), (2.43), (1.3) and (2.39a,b) with n replaced by n — 1 that for all j € J

[FUy LV ' D — Fpus, vy~ Dy =

Uy = U )+ o QU VETD) =g U2 VD )" 20, (2470
[FiU2 V' D — FiUy, 1LV D =

W = Uy )+ T (U VD — U, VI, x )t 2 0. (247b)

Noting (2.47a,b) and (2.42) we obtain that the desired bounds (2.39a) hold for n.
Let Fy : R7 — RY be defined by

[Fy (D] = (Z, Xj)h + 1,0 (Ul Ac(VHVZ,Vx;) Vjel. (2.48)
Hence on noting (2.48) and (2.45), the solution V' € S" of (2.11b) is such that
FL(V") =X e Rgo. (2.49)

Adopting the notation of (2.8), we have for all k € 7", on noting that RI = R_!, that

X OXk

dx Vj, kel (2.50)
dx; 0x;

d
[ oz @ sV =y [ O A@n
K i=1 YK
It follows from (2.50), U € K", (2.9) and (2.5) that F}(Z) can be written as BZ with B € R7*J
being an M-matrix. Hence Fy(-) : R7 — RY is an inverse isotone homeomorphism, and we
deduce immediately from (2.49) and Fy;(0) = O that V! € K k.

It follows from (2.48), (2.32b), (2.33b), (2.49), (1.3), (2.39a) and the bounds (2.39b) with n
replaced by n — 1 that forall j € J

[FyVy D) — Fy (V)] =

Wy = VI ) w0 ey, Vi — UL VI, xp" 2 0, (251a)
[Fy (V) — Fy(V,, D]j =

VI =V o) w0 @ VETH = g WU VD x )" 2 0. (251b)

On noting that F"} is inverse isotone and (2.51a,b), we obtain that the desired bounds (2.39b) hold
for n. As the bounds (2.39a,b) hold for n = 0, see (2.34), it follows by induction that they hold for
alln >0

Finally, we note on choosing x = 1in (2.11a,b) that (9 U" + V", 1)! = (9 U~ + vr=1 1)
and thus the desired result (2.40) holds. ([
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LEMMA 2.4 Let the assumptions (A) hold, g(-,-) satisfy (1.4), and U3, US, VY, VY satisfy
(2.34). Then for all ¢ € (0, 1), & > 0 and for all time partitions {rn}n 1» a solution {U/, V”}
(Psh ) is uniformly bounded. In particular, it holds for all n > 0 that

n=19

Z/ll?,, >U!(x) =0 and Vu = V'x) > Vxell, (2.52a)
where
Vi = exp(® fUY) T)VY,. (2.52b)
Proof. From (2.32b), (1.4) and (2.35a,b), it follows for all n > 1 that
Vi =V w0 gy Vs <V w0 gy Vi
=V 4,0 FUD VT <exp(r 6 FUY) Vi <exp® fFUI ) VY. (2.53)
The desired result (2.52a,b) then follows from (2.39a,b) and (2.53). (]

THEOREM 2.2 Let the assumptions of Lemma 2.4 hold. Then for all ¢ € (0, 1), & > 0 and for all
time partitions {z,}"_,, a solution (U2, Vg”}fl\’: , of (Pgh’f) satisfies

Sn |

+o Z (UM A (VYVVE, YV + o Z G(UEVVE VY + max (Le(VE), 1"
\n\

n=1’

nl2
Us

N
+¢ max |U”|]+cZ|U" USSR v = v

n=1 n=1

n=1 n=1
N vr — Vn—] 2
Y T || < CIUT+CWUy. V. . (2.54)
T,
n=1 n —1

Proof. Choosing x = (U} — Ug'_l) in (2.11a) yields that

2
U" — Un—l
£ ¢ | 4o (VUM VU -UY) + (gut, vihut —urhh =0, (2.55)

Tn

Tn

h
On noting (1.15), (1.16), (1.4) and (2.52a,b) it follows that

2
Un_Unfl
T |~ | + UM +elUf = UM < elUSTHR + g (U VDI

Tn

h
<c|U" o, cUy, W, T, (2.56)

Summing (2.56) fromn =1, ... ,k,fork =1, ..., N, yields the first three bounds in (2.54).
Choosing x = V! in (2.11b) and applying (1.16), (1.4) and (2.52a,b) we have that

|v"|h+ V2 — V2 g o (UM AV VVE, YV
= 5|v€"—1|ﬁ + 1,60 (g(UI, VvIh, vyl

1
< §|v;‘—1|,3 + 7 CUY VY, T). (2.57)
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Summing (2.57) fromn =1, ..., N yields the fourth and fifth bound in (2.54).
Choosing x = nh[ﬁé(VE")] in (2.11b) and noting (2.6a,b) and (2.5) yields that

(Lo (VD) = L(VEH, D 40,0 (U VVE, VYY) < 1,0 (U, VY, LLVEDE. (2.58)

Summing (2.58) fromn =1, ..., k,fork = 1 — N, and noting (1.4), (2.52a,b) and that £ (V") <
[In Vps]+ yields the sixth and seventh bound in (2.54).

Finally from (2.3), (2.11b), (2.52a,b), (2.20), (2.16), (2.19), (1.4) and on recalling from (2.6a)
that /A, is positive semidefinite we obtain that

vr — Vn—l v — Vn—l i h
3 3 — £ £
EE— T Q'

= —o (Ul A (VY VYV, V(Q ")) + 6 (U, vi~h), o"p)h
1
< CUNNIUL Ae(VIYZVV o + 18U, VY1110 0l
1
< CUY VY, DU A(VHIEVV o+ 1IInllh - Yne H'(2) (2.59)

and hence that

n n—1 2
Va — Vs

1
. < CUY VY, DU A(VHZVVI 2+ 11 (2.59b)
n

-1

Multiplying (2.59b) by 7,,, summing fromn = 1, ... , N, and noting the fifth bound in (2.54) yields
the final bound in (2.54). ([

LEMMA 2.5 Let u?, v° € K N L®(£2) and the assumptions (A) hold. On choosing either Ug =
0"u®, V0 = 0" orin the case d = 1 U? = n"u®, VO = 70 it follows that U?, V0 e K"
and Z/II?,I = SUDP,cn u®(x), Vl(l)/l = SUP,cn v0(x) satisfying (2.34) are such that for all # > 0 and
ee (0,1

U213 + e VY, T) < C(T). (2.60)
Proof. The desired result follows immediately from (2.19), (2.14), (2.34) and (2.18). (Il
3. Convergence
Let
r—ty— th, —1t
U.(t) := Plyr PR unt te ey ta] n> 1 (3.1a)
Tn Tn
and

Ur@):=u", U@ :=U""  te(tyi1.ta] n>1 (3.1b)
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Using the above notation, and introducing analogous notation for V,, and (2.39a,b); then (2.11a,b)
can be restated as: find {U,, V:} € C([0, T]; K") x C([0, T]; K") such that

Tl (93U ! + | ! Y
A o , X +C(VU8,VX) dt = — | (g, vV, ), x)" dt

Vx e L0, T; S", (3.2a)

! Ve ! + + + ! + y- h
A FTRE +0 (USA(VHVVI Vx) | dt =6 A (gUF, vy, )" dt

¥ x € L2(0, T; S"). (3.2b)
LEMMA 3.1 Letu®, v® € K N L>®(2), g(-, -) satisfy (1.4) and {7", U?, V2, 7, e}~ be such that

(i) either U = 0"u®, v = 0" orin the case d = 1 U? = n"u®, v0 = 7”0,
(i) {2 and {Th}h>0 fulfil assumption (A), e € (0, 1) and 1, < Cty—1,n =2,...,N;
(iii)) e&,7—0ash — 0.

Then there exists a subsequence of {U,, V,}; and functions

ueL®Qr)NL®0,T; K)NHY0, T; L*(2)) (3.32)
and ve{nel®Wr):n=0aein27}NHY 0, T; (H'(2)) (3.3b)
suchthat wve L*0,T; H'(2)), (3.3¢)
andash — 0

Ue, U* > u  weak-xin L®(2r), (3.42)

au, )
a; N a_’: weakly in L2(27), (3.4b)
Ue, UX > u  weak-xin L0, T; H'(2)), (3.4¢)
U,, UEjE —u strongly in L?(£27) and a.e. in {21, (3.4d)
Ve, VE > v weak-x in L®(2r), (3.52)

v, 3
a: N a—;’ weakly in L2(0, T (H'(2)))), (3.5b)
fUH VT — fwv weak-* in L (27), (3.62)
U, Ve, Ugi Vgi —> uv strongly in L?(27) and a.e. in {2, (3.6b)
UEVE > uv weakly in L2(0, T; H' (1)), (3.6¢)

for any p € [1, 0o). In addition it holds that £ [0 u(-, 1) +v(-, )] = F [0 u®+v°] forae.t € [0, T].
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Proof. It follows from the definitions (3.1a,b) and the bounds (2.54), as ¢, o > 0, together with
(2.16), (2.52a,b), assumptions (i) and (ii), and (2.60) that

U,

()12 ()2 oUe R
1O oo 2y + 1Ue ”L°°(0,T;H1(Q))+' ot | T WU = Uiz 7 ma
L2({£27)
_ _ 1
H IV gy + 77 IV = Vi lGa g, + NUS A (VO VYT g
1 aV,
HIWUH IV a0, + |50 < C(T), (3.7)
L2(02r) At | 207 (g
L2(0,T;(H'(12)))
where Ug(i) is an abbreviation for ‘with’ and ‘without’ the superscripts ‘+’ and ‘—’; similarly, s(i).

Hence on noting (3.7), (3.1a,b), (2.39a,b), (2.40), assumptions (i) and (iii), (2.3) and (2.14) we can
choose a subsequence {U;, V:}; such that the convergence results (3.3a,b), (3.4a—c) and (3.5a,b)
hold and the additional integral condition is satisfied. The convergence result (3.4d) for p = 2
follows immediately on extracting a further subsequence from (3.4b,c), (1.14a), the fourth bound
in (3.7) and the assumption (iii). The result (3.4d) for any p € [1, oo) then follows from the a.e.
convergence and (3.3a). The a.e. convergence (3.4d), together with (1.4) and (3.3a) imply for any
p € [1, 00) that

f(u) e L®°(27) and f(Us(i)) — f(u) a.e. in 27 and strongly in L? (£2r1). (3.8)

Combining (3.8) and (3.5a) yields the desired result (3.6a).
Similarly to the proof of (3.6a), we have that

Uy Ve, UsﬂE Vgi — uv weak-* in L*°(£27). (3.9)
To prove (3.6b), we introduce
Wr=U"V'¢S"  n=0,...,N, (3.10)

and define Wa(i) similarly to U,;(i) as in (3.1a,b). It then follows from (3.10) and (3.7) for any

ne L0, T; Whi(2)), withg =2ifd = 1and g > 2 if d = 2, that

T raw, T aU, v,
0 dt| = | A § s I
/o(ar”) M(gaﬁsar"

U, aV, _

<C ” 2 Il 20, + H—s WU nllL20.7: 1 (02))
a2 I 20,751 (2)y)

< Clinlizzo,r;wia) » (3.11)

where we have noted from (1.13) that

“V(Ug_ 7])||L2(QT) < ||U;||L00(0,T;HI(Q))||77||L2(0,T;L00(Q)) + ||Ug_||L°°(QT)||77||L2(0,T;H1(Q))
<C ||77||L2(0,T;W1-<1((2))~ (3.12)
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We have from (3.10), (3.1a,b) and (3.7) that

IVWelFa g0,y S IVWS 13200, + IVWS 17200,
<2V VUF s, + IV VU g,
+ U VIR gy, + U VV g ]
<C1T+IUDAVV I, | < C (3.13)

where we have noted from (2.54), our assumption (i), (2.60), the time step control (i7), (2.19) and
(2.14) that

N N—1
1 1 1
IU2VV 3o,y = 2wl @DV TG = Yt [(UH2VVG
n=1 n=0
N-—1 .
<CIVVR+C Z T |(UMH2VVIE < C. (3.14)

n=1
Combining (3.11), (3.14) and (3.7) yields that

aW,
IWellL20,7: 11 (02)) + a1

<C. (3.15)

L2O.T:(WH(2)))
The bounds (3.15) and (1.14a) imply the existence of a subsequence {W,}; such that
W, — w  strongly in L>(£27), weakly in L>(0, T; H'(2)). (3.16)
Next we note from (3.10), (3.1a,b), (3.7) and (iii) that
IWe = Wl 200y + 1Ue Ve = Wl 200y < CIIUF = U Nl 2000y + C IV = Vi 2
— 0ash — 0. (3.17)

Combining (3.16), (3.17), (3.9) and (3.10) yields the desired result (3.6b) for p = 2 on extracting
a further subsequence. The result (3.6b) for any p € [1, co) then follows from the a.e. convergence
and (3.3a,b). Finally, the results (3.3c) and (3.6¢) follow from (3.16), (3.13), (3.10) and (3.6b). [

Before proving our convergence theorem, we make a final assumption on f(-) and {2:

fec®o,ul and 12 is convex. (3.18)
It is easily established from (3.18) and (2.1) that
"L OO < Crlxh Vx € K" with max x(x) < Uy, (3.19)
xef?

where Cy is the Lipschitz constant of f.

THEOREM 3.1 Let the assumptions of Lemma 3.1 and (3.18) hold. In addition Iet
u® € H*>(12) if d = 2. Then there exist functions « and v satisfying (3.3a—c) and

ueL®0,T; H (2) N C(27), Vo e L2 ({u > 0}), (3.20)

loc
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where {u > 0} C 27 is the open set defined by

{u>0}:={(x,1) e 27 :u(x,t) > 0}:

(3.21)
and there exists a subsequence of {U,, V,};, satisfying (3.4a—d), (3.5a—d) and as 7 — 0
Ve, V‘,gi - strongly in L? ({u > 0}), p € [1, 00),
and a.e. in {u > 0}, (3.22a)
US A (VHVVS — Hymoyuv Vo weakly in L2(2r), (3.22b)

where H{,~0) is the characteristic function of the set {u > 0}.
Moreover u and v fulfil u(-, 0) = u°(), v(-, 0) = v°(-) and

T ou T
/ [(—,n)—i—c(Vu,Vn)]dt:—/ (f(u)v,n) dr
0 ot 0

VnelLl?0,T; H(£2)), (3.23a)
T v T

/ <—,n>dt+a/ quv.Vndxdt:O/ (f(u)v,n) dt

o \0f (>0} 0

VnelL?0,T; H(2)); (3.23b)
where (-, -) denotes the duality pairing between (H' ((Z))/ and H(2).

Proof. For any n € L*(0,T; H*(2)), we choose x = x5 in (3.2a) and now analyse the
subsequent terms. On noting (2.13) and (3.7), we have that

T
U (VUF, V(U —n")n) dr
0

+
S ChIUS 20,711 2p Il 2200, 7: H2(02))

SChlnlzormy — Ynel*O.TiHX ). (24
It follows from (3.24) and (3.4¢) that

T T
/ (VUF, V(")) de —>/ (Vu,Vp)dt ash— 0, VnelL?0,T;H*(2). (325
0 0
We have from (2.17) and (2.13) that for any ¥ € L?(0, T; $") and n € L?(0, T; H*(1))

T
‘/O [V, 2"y — (Y. ) 1dt

T
< / LY, 7" — (v, 7" m) + (¥, I — 7"y 1de
0
S Ch|lYl2opl ||7Th77||L2(0,T;H1(Q)) +hlnll20.7:H2(02))]
<

Ch ”Y”LZ(QT) ||77||L2(0,T;H2(.Q))- (326)

Combining (3.26) for ¥ = 2U%, (3.7) and (3.4b) yields that

5 ,7'n | dt —> o n)dt ash—0, VnelL“0,T; H (2)). 3.27)
0 0
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It follows from (1.13) that

T
/O (= afWUH VL mde | < CIT = aFUD Vo niop Il o rm )

VneL*0,T; H (). (3.28)

Next we note from (3.7), (2.15), (2.17), (2.52a) and (3.19) that

I = 7ML WH Vol 20012
<V (= ﬂh)[f(U:)]||L2((),T;L1(Q)) + =My 7Th(f(U;))]”U(o,T;Ll(Q))
<Ch ||77h[f(U:)]”LZ(o,T;HI(_Q)) <Chll+ ||Ug+||L2(0,T;H1(Q))] < Ch. (3.29)

Combining (3.26) for Y = 7"[ f(U}) V.1, (3.7), (3.28), (3.29) and (3.6a) yields that

T T
/ (fFWwhH vy, ant dt—>[ (fa)v,p)dt ash— 0, VnelL*0,T;H> (). (3.30)
0 0

It follows from (3.2a), (1.4), (3.25), (3.27), (3.30), the denseness of L2(0,T; H2(f2)) in
L2(0, T; H'(£2)) and (3.7) that (3.23a) holds.

On noting (3.3a—c) we have that u |Vv| € L%(£2r), which together with (1.4) and (3.18) yields
that

IV(f @) v)ll20, = ILf/(u) v Vu + f () Vullp2op
< CrllvVullpzop + Cr llu Vol 2y < C. (3.31)

Combining (3.31), (1.4) and (3.3a,b) we obtain that f(u)v € L%(0,T; H'(2)). A simple energy
estimate for (3.23a) then yields for d = 2, on recalling our assumptions on {2 and the initial data,
that u € L0, T; H>(£2)). This can be easily seen by choosing 1 = —Hisr) A(%—’;) in (3.23a)
for all * € (0, T') and performing integration by parts in space. As usual such a procedure can be
justified via a Galerkin approximation. Hence the first desired result on  in (3.20) follows on noting
(3.3a). The second u result in (3.20) then follows immediately from the first, (3.3a), the compact
embedding H?(2) < C(£2) and (1.14b). Finally, the v result in (3.20) follows from the u result
and the fact that u |[Vv| € L2(27).

For any n € H' (0, T; H*(£2)) we choose X = nhn in (3.2b) and now analyse the subsequent
terms. Firstly on noting (2.17), (2.13), (1.13) in time and (3.7), we have forall n € H'(0, T; H2())

that
T h
aV, avV,
/ 897Thn - 8,7-[]177 dt
0 at at

T h h
='—f0 (vg, M) A+ Vol T), 7. T = (Va(-, 0), (-, 0))"

ot

T h
+f0 (vs, a(’;t”)) dt — (Ve(-, T), 70 (-, T)) + (Ve (-, 0), 75 (-, 0))

<Ch ||Vs||L°°(.QT) ||77||H1(0,T;1-12(Q)) <Ch ||77||H1(0,T;1-12(Q))~ (3.32)
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Similarly to (3.24), it follows from (2.13) and (3.7) that
T
aV,
/ (—8 (I —Jrh)n) dt
0 at
Combining (3.32), (3.33) and (3.5b) yields that

T BVE A h T dv . )
o , ') dt —> o n)dt ash—>0, Vne H 0,T; H*({2)). (3.34)
0 0

The desired result (3.22a) follows immediately from (3.6b), (3.4d), (3.21) and (3.3b). It follows
from (2.20) and (3.7) that

AV,
9 20,11 ()
< Chlinlizorm20)  YneL?0,T; H(2).  (3.33)

Il L20.7: 52(02))

<o

1
IUS A (VOVVI N2y < CIIUS A (VO VVI 20y < C. (3.35)

In view of (3.35) and (2.13), we deduce for all n € L2(0, T; H*(2)) that

T
/ (US A(VHVVE, VU —2"yp) de
0

Furthermore, we have on noting (3.35) that there exists a limit z € L?(827) such that for all n e
L*(0, T; H' ()

T T
/ (UF A (VHVVE, Vi) dt — f (z.Vn) dt ash — 0. (3.37)
0 0

In the remaining part of the proof we will establish that z = H{,~0; u v Vv. It follows from (2.20),
(3.7), (1.13) and (3.4d) that for all n € L>®(0, T; W°(2))

(1 — Hyuso0p) U A (VVVI .V dx de

‘QT
1

1 2
< CIIUS A (V12 VVF 1200, ( /Q (1 = Hu=0) (U —u) |Vn|? dx dt)
T

1
< C ”U:— — M||12,2(QT) ”n”LOO(O,T;Wl'OO(.Q)) — Oash — 0. (338)

It follows from (3.37) and (3.38) that z = O a.e. on {27 \ {# > 0}. Next we note from (3.7), (3.4¢,d)
and (3.6b,c) that for any 7 € L>(0, T; W1°(£2))

/ (U} VI(VH?.Vn dx de
Or
=2 / (U (U V) VUL V) — (UF VR VU 1.V de dr
Or
-2 / [u(uv) V(uv) — (uv)? Vu].Vy dx dr
2r

= / W V©@?.Vndxdr ash — 0. (3.39)
7
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Furthermore, we have on noting (3.7) that for any n € L*°(0, T’; whoo(0))

'/ U A (V) = VITIVVE .V dxde
27

1
i 2
< CIWUH2 VYVl 2000 Il oo, 7: wioe 2y ( /Q U 14V = VI T)? dx dr)
T
1
<C ||77||Loo((),T;Wl,OO(Q)) ||(U:_)7 ||A8(Vg+) - V; I” ||L2(QT)- (3~40)
It follows from (3.7), (2.31), (2.12), (2.16), (2.39a,b), (2.30) and assumption (iii) that
1
IWUH2 14V = VTN 2y
1 1
<UD 14V = 2 e (VIO TN N 202y + U2 1" e (VO = VD T 202y

T | 2
< ( /0 O RNWUH 2V e (VDG dt )+ C " e (VD1 = Vil 2oy
keTh

1
T . 2
( / Y RIUH VI, dr) +C I e (VO = ViFll 2y

<
keTh
1
< ChIWUH2 YV 200 + C T e (V) = VIl 1200
<C(h+¢e) —>0ash—0. (3.41)

Hence we have on noting (3.4d), (3.35), (3.37), (3.40), (3.41) and (3.39) that for any n €
L=, T; Whe(2))

2/ u?z.Vndxdr < 2/ (U} A.(VH VY.V dede
QT QT

= 2/ UH3vFIvvrivpdedr + 2/ U3 A (VH = VITIVVE Vi dxde
Qr 0

T

- u} V(v?).Vn dx dt. (3.42)
r

Therefore it follows from (3.42) that
2 3 2 1 2
2uz=u>V@°) ae.onfly — z= > uV(@w-) ae.on {u > 0}. (3.43)

Combining (3.43), (3.36), (3.37) and (3.38), and noting (1.13) yields that

T
/ (Uj/lg(v;)vv;, V(nhn)) dr — uvVo.Vndxdr Vne HY0,T; H(2))
0 {u>0}

(3.44)

and the desired result (3.22b). It follows from (3.2b), (1.4), (3.44), (3.34), (3.30), the denseness of
H' (0, T; H3(2))in L*>(0, T; H'(£2)) and (3.7) that (3.23b) holds.



298 J.W. BARRETT AND R. NURNBERG

Finally, it follows from (3.4b,c), (3.5a,b) and (1.14b) that
U-—u in CI0,T);L*(2) and V.—v in C(0, T (H'(2))). (3.45)

Furthermore, the assumptions (i), (2.14) and (2.19) yield that

0

Uso —u’ and VE0 — v strongly in L*(0). (3.46)

Combining (3.45) and (3.46) we obtain that u(-, 0) = u°(-), v(-, 0) = v9(.). O

REMARK 3.1 For initial data u®, v € H?(£2), it is convenient in practice to choose
Ug = 740 and VS0 = 70 for d = 2. We note that all of the results in the above lemmas
and theorems obviously remain true on noting (2.13). Also, in this case we do not require (2.19)
for (2.60), (3.14) and (3.46) to hold. Hence we only need the quasi-uniformity assumption in
order to obtain (2.59a,b). However, we can replace this with far milder assumption that {7"},-¢
is a regular partitioning at the expense of a minimum time step constraint as in [3]. Introducing
G:(H'(2) > HY () and G" : C(2) — S" such that

(VGz, V) + (Gz,n) = (z,n) Vne HY(), (3.47a)
(VG2 V) + (G "z x) =@ )" VxeS (3.47b)

It is easily established from {77}, being a regular partitioning, elliptic regularity, as 2 is convex
polygonal if d = 2, and (2.17) that

1G —GM" I <cnile  v"es (3.48)

Then testing (2.11b) with x = Qh% we obtain, similarly to (2.59a), that

E
on noting (2.60). Combining (3.48), (3.49) and noting the fourth bound in (2.54), (2.16) and (3.1a),

it follows that
‘ Ve

Ve

<C 3.49
o7 (3.49)

L2(0,T; HL(2))

Ve
ot

Ve
at

ot

< ”(g—g’“)

L2(0,T;H'(£2)) L2(0,T;H(£2)) L2(0,T;H'(£2))

Ve

_1
o +C<CElh+)<C, (3.50)

min
L2(02r)

=

if the mild time step constraint C A% < Ty 1= rlnin N T, is satisfied.

n=l1,...,
REMARK 3.2 If instead of (1.2) b(-, -) was just degenerate in s, i.e. b(r,s) := o s, then (1.1b)
would be a porous medium equation with a reaction term. A natural discretization of this would
then be (2.11b) with the second term on the left-hand side replaced by %o (Vﬂh[(Vs”)z], \Y X), see
e.g. [9]. This would suggest that a natural discretization of (1.1b) with b(-, -) defined by (1.2) would
be

vy — ! 1
(T7x> +50 WU vVt [(VI)21, V) =0 (gU, Vi, x)F vV xesh. (3.51)
n
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The approximation (3.51) has two advantages over (2.11b) in that it is a simple matter (a) to establish
the existence and uniqueness of V' satisfying (3.51), whereas the uniqueness of V/' satisfying
(2.11Db) is not guaranteed; (b) to construct and prove convergence of globally convergent iterative
methods to solve the nonlinear system (3.51) for V', whereas convergence of algorithms for solving
(2.11b) is not guaranteed, see (4.2) below. However, for the approximation (3.51) it does not appear
possible to prove a discrete analogue of (1.11), the sixth bound in (2.54), which plays such a key
role in our convergence proof.

4. Numerical results

Before presenting some numerical results in both one and two space dimensions, we briefly state
algorithms for solving the resulting system of algebraic equations for {U], V/'} arising at each time
level from the approximation (Peh*’) in the model case b(r, s) ;= o rsand g(r,s) :=rs. As(2.11a)
is independent of V', we first solve the resulting linear equation

<Ug —up!

h
,x> +c(VUL V) +WrviLoh=0  vxesh (4.1)
Tn

to obtain U/'. Then the nonlinear equation (2.11b) is solved for V. In order to achieve this, we use
the following iterative procedure: for k > 1 find VS"”‘ € S" such that

h
Vn,k _ yn—1
<7E : x) +o U A(VPHVVIE Vi =0 W VT 0" Ve St @)
Tn

where V0 = V=1 (4.2) is the natural extension of the iterative procedure proposed in [6] for
solving a finite-element approximation of (1.8). As (4.2) is linear, existence of VE"*]‘ follows from
uniqueness; and this is easily established on noting (2.6a) and (2.39a). Hence the iteration (4.2) is
well defined. We adopted the stopping criterion

vk — yirk=ly, o < tol (4.3)

with ol = 1078 and then set V' = V/**. Although we are unable to show convergence of this
iteration, we observed good convergence properties in practice.

The linear systems (4.1) and (4.2), for each k, can be solved efficiently using a conjugate gradient
algorithm. As the iteration in general took only a few steps to fulfil the stopping criterion, the
analogue of (4.3) for successive iterates, we did not employ a preconditioner.

We note for later purposes that (4.2) can easily be adapted to handle diffusion coefficients
of the form b(r,s) := bi(r)s with b1(r) € C(Rxp) and bi(r) > 0. In this case the term
o (UM A (V=W Vk vy in (4.2) is replaced by (7" [b1 (UM)]A (VA= 1)V VK V). In the
simpler case that b(r, s) := b1 (r), we solve the following linear system at each time level:

h
v — n—1
<7 x) + @ " UV, VO =0 U VI " YxeS @44
Tn
For the initial profiles we chose
either (i) u®)=ul,, v'(x)=00, exp(—A|x]?) (4.52)
0

or i) W) =ul,, 0x) =0%(x]) = ”mTaX[l — tanh(B(|x| — x0))]; (4.5b)
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FIG. 1. Ue(x, 50) and Ve (x, 50) for 7 =28 + 1 (k =6, ... , 10) and u(x, 50), D(x, 50).

and set U = u and V? = 7"0v? for simplicity as v° € H?(£2), see Remark 3.1.

4.1 Numerical results ford = 1

We consider a uniform partitioning of {2 = (—L, L) with mesh points p; = —L + (j — 1A,
j=1,...,7J,where h = % As no exact solution to (P) is known, a comparison between the

solutions of (Psh’f) on a coarse mesh, {U;, V,}, with those on a fine mesh, {#, v}, was made. The
data used in each experiment on the coarse meshes were L = 10, 7T = 50,17, =1t = 1.25h, ¢ =
1.25x 1073 h, where J =28k +1(k =6,...,10),c =0 =0 = land A = 1,00, = ul,, =0.71
for the initial profiles in (4.5a). The data were the same for the fine mesh except 7 = 2'3 + 1. The
computed error bounds are given in the table below, where it appears that the L°°({27) error for

both u and v is converging at the rate O (). A plot of the respective solutions can be seen in Fig. 1.

J
65 129 257 513 1025

max 17" 2, 1) — UT)llo.00 x 103 5628 2956 15.00 7380 3.473
n=l1,...,
max 17" D¢, 1) — VI (oo x 103 7550 3921 19.83 9.745 4.584

For the remainder of the results reported in this section we fixed 7, =t = 103,6=10"5 7 =
2194 1 and ¢ = 0 = 1. For L = 10 and the same initial data as above we performed experiments to
study the behaviour of the solutions. We observed that the computed solutions U, (x, ¢) and V¢ (x, t)
approach steady states for ¢ sufficiently large; see Fig. 2, where we plot U (x, t,) and V, (x, 1,) for
t, = 0,10, 100, 200. Note that U.(x,t) ~ 0 and V.(x,t) = V(x) for ¢t > 100, which is due to
the degeneracy of b(-, -). This means in particular, that the V; solution is ‘frozen in’ before a stable
profile is established, so that no travelling wave is created.

For larger choices of L and T, however, one can observe travelling wave solutions. For L =
150 and keeping all other parameters fixed, we include the plots of U.(x,t,) and Vg(x,1t,) for
t, = 0,400, ... ,4000; see Fig. 3, where one can clearly see the effect of the degenerate diffusion
coefficient b(-, -). At sufficiently late times the established ‘spike’ in V, can not spread out any
further, since U, is practically zero in this area. In areas where the nutrient supply is still sufficient,
however, the growth of the bacteria colony continues, creating two sharp fronts. Of course b(r, s) =
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FIG.2. Ug(x, ty) and V¢ (x, t,) for t,, = 0, 10, 100, 200.
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F1G. 3. Ug(x, ty) and Vg (x, t,) for 1, = 0,400, ... , 4000.
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FI1G. 4. Ug(x, t;) and Ve (x, t,) for 1, = 0, 400, ... , 4000.

r s is only ‘non-zero’ in the small interfacial region behind the sharp fronts in V,, see also Fig. 5. It
is worth mentioning that the shape of the initial profiles has a considerable effect on the evolution.
This is underlined by the plots in Fig. 4, where we chose B = 1, xg = Sand v),,, = 4, = 0.71in
(4.5b) and kept the remaining parameters as before. Again one can observe the impact of the double
degeneracy of b(-, -). For the benefit of the reader we also include plots of the diffusion coefficient
b(r,s). As mentioned before it is effective in a very small region only; as can be seen in Fig. 5,
where it is plotted twice with different scales for the vertical axis. Note that the speed of the sharp
V. fronts decreases as the diffusion coefficient decreases.

Furthermore we investigated the effect of different diffusion coefficients b(:, -). Firstly, we
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FIG.6. Ug(x,ty) and Ve (x, ty) for t, = 0,20, ..., 100 with b(r, s) :=r.
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FI1G.7. Ug(x, ty) and Vg (x, ty) for t, = 0,50, ..., 300 with b(r, 5) :=s.

performed an experiment for the degenerate case b(r, s) := r, see Fig. 6, while keeping the other
parameters fixed throughout: L = 150, and B = 1, xo = 5, v%,, = 1. = 0.71 in (4.5b). In the
second experiment we chose b(r, s) := s, see Fig. 7. Finally, we performed an experiment for the
non-degenerate case b(r, s) := 1, see Fig. 8. Note that the ‘spike’ in V, continues to spread out in
the last two cases. Moreover, sharp fronts in V, can only be observed for the cases where b(r, s) is
degenerate in s, which is to be expected as (1.1b) is then similar to a porous medium equation with
a reaction term; see Remark 3.2. For all four diffusion coefficients the solutions eventually reach a
state that is (almost) stable with respect to time. In the first two cases the solutions remain constant

due to the type of the degeneracy of b(-, -) and the fact that U.(x, ) &~ 0 for ¢ sufficiently large.
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FI1G.8. Ug(x, ty) and Vg (x, t,) for t,, = 0,20, ..., 80 with b(r, s) = 1.
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FI1G. 9. The solutions for the four different diffusion coefficients at 7 = 10000.

In the last two cases V; keeps spreading very slowly. We give the solutions at 7 = 10000 for all
considered diffusion coefficients in Fig. 9.

4.2 Numerical results ford =2

Finally, we present numerical experiments in two space dimensions with 2 = (—L, L) x (—L, L).

We took a uniform mesh of squares of length 7 = 2L /[(J )% — 1], each of which was divided into
two triangles by its north east diagonal.

As for d = 1 we performed experiments for the initial profiles in (4.5b). In particular we chose
B=1,x=5v, =07Lul, =035and L =50,T =1200,c =0 =0 =11, =1 =

max max
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FIG. 10. Contour plots of Us (x, 1200) and Vg (x, 1200) for 7 = (27 + 1)2.
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FIG. 11. Contour plots of Vg (x, 1200) for J = @k + 1)2 (k=8,9).

F1G. 12. Contour plots of b(Ug (x, 1200), Ve (x, 1200)) for J = @ +12*k=7.9.

512 x 1072 h, & = 5.12 x 1075 h, where J = (27 + 1)2, for the remaining parameters. As can be
seen from the contour plot of V; in Fig. 10, the double degeneracy of the diffusion coefficient b(-, -)
leads to a fingering effect. This front instability conforms with numerical results reported in [7]
and [5].

In order to validate these last results we performed experiments with the same parameters, but
with finer mesh sizes 4. In particular we chose J = (2¥ 4+ 1)2 (k = 8, 9). One can observe from the
plots in Fig. 11 that the finer the mesh, the less the solution V, deviates from the radial symmetry
of the initial profile v°. Hence the fingering effect in Fig. 10 is due to mesh effects. In Fig. 12 we
plot the regions where b(r, s) is ‘non-zero’ for J = @k + D2 (k = 7,9) at T = 1200. Note that



APPROXIMATION OF A DEGENERATE NONLINEAR PARABOLIC SYSTEM 305

5 B
’ oss
« %
) » o4
os
2 2 0%
o7
10| 1 s
os
o o o2s
os
w0 10 02
o4
2 2 015
os
E o1
2 o2 @
“ o w© 05
P o s o
% w2 w0 o 02 ® o0 % W @ w0 w0 o w0 % @ s

FIG. 13. Contour plots of Vg (x, 160) for b(r, s) := r and b(r, s) := s, respectively, with 7 = (27 + 1)2,
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FIG. 14. Contour plots of Ug(x, 1000) and V¢ (x, 1000) for J = (27 + 1)2.

the maximum value is approximately 1.6 x 1073 at this time and hence that the solutions in Figs 10
and 11 are close to steady states.

Furthermore, we again compared the behaviour of the solutions for different diffusion
coefficients b(-, -). It turned out that only the case b(r,s) := o rs produces ‘interesting’ results
as in Fig. 10, where o = 1. Here we present experiments for the two degenerate cases b(r, s) :=r
and b(r, s) := s for the choice of 7 = (27 +1)2. As the solutions advance with very different speeds
compared to the double degeneracy case, we had to adjust the time scales accordingly. The results
for the same initial data and parameters as before for b(r, s) := r and b(r, s) := s at T = 160 can
be seen in Fig. 13. Note that V, has reached a steady state for b(r, s) := r at this time. We did not
include a figure for the non-degenerate case b(r, s) := 1, as the contours look very similar to those
in the plot on the right-hand side of Fig. 13.

Finally, we performed experiments where the initial data v° is not radially symmetric. Using
polar coordinates, (o, ¢), we chose an initial profile

Vpert (02 ) = v (p [1 + 81 cos(3 ) + 82 cos(5P)]) . (4.6)

where v% is given by (4.5b), and §; := 0.05, §, := 0.1 are small perturbations to the radial symmetry
of v0. Keeping all other parameters as before, with v° replaced by (4.6), we plot the solutions for
b(r,s) :=rsatT = 1000 for 7 = ¥ + 1)? (k = 7, 8, 9), see Figs 14 and 15. The regions where
the diffusion coefficient is effective at 7 = 1000 is plotted in Fig. 16. Observe that the maximum
value is approximately 2.0 x 1073 at this time and hence that the solutions in Figs 14 and 15 are
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FIG. 17. Contour plots of Vg (x, 160) for b(r, s) := r and b(r, s) := s, respectively, with J = (27 + 1)2.

close to steady states. For this doubly degenerate diffusion we see that a small perturbation in the
initial data leads to a significant change in the evolution.

Once again one observes very different behaviour for the diffusion coefficients b(r, s) = r
and b(r, s) := s; see Fig. 17. In the former case the effect of the perturbation to the initial data is
‘frozen in’ about the origin as U, approaches zero there in a short period of time, whereas the front
is smeared; similarly to the case d = 1, see Figs 6 and 9. In the latter case the perturbation of the
initial data has negligible effect as the plots on the right-hand sides of Figs 13 and 17 are practically
identical, as to be expected; see Figs 7 and 9 ford = 1.
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