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We compute solutions of solutal phase-field models for dendritic growth of an isothermal binary
alloy using anisotropic mesh refinement techniques. The adaptive strategy is based on anisotropic
a posteriori estimators using a superconvergent recovery technique in the form of the Zienkiewicz—
Zhu error estimator. The phase-field model contains an anisotropic strongly nonlinear second order
operator modelling the dendritic branches; this strong nonlinearity is included in the a posteriori
error estimators by using a monotonicity result. The monotonicity holds for phase-field anisotropy
below a certain threshold value beyond which there are no known well-posedness results. We present
computational results for both regimes showing the performance of the proposed method.

1. Introduction

In this paper we consider the problem of computing solutions to a phase-field model for an
isothermal binary alloy. The model consists of a parabolic system of nonlinear equations modelling
the phase-fieldp, which is an order parameter taking the value 1 in the solid phase and 0 in the
liquid phase, making the transition in a continuous fashion in the thin solid-liquid interface, known
as the “mushy zone” (see Fig. [L.1) and the concentration of the binaryalkigo taking values
between zero and one depending on the mass fraction of the alloy constituants.

Thickness
of the solid-liquid
interface

$=0
Liquid

FiG. 1.1. The phase-field.

A general mathematical formulation of this solidification problem, including the models lof [23]
and [22), is the following. Given a bounded domainof R? with outer unit normah, co, ¢o €
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H1(£2) and a time interval0, T') we consider the problem of finding, ¢ : £2 x (0, T) — R such
that

a% —diV(A(VP)Ve)) — S(c,d) =0 in2 x (0, T), (1.1)
% — div(D1(¢) Ve + Da(c, $)Vp) =0 in2 x (0, 7), 1.2)
A(VH)Vé-n =0 ond x (0, T), (1.3)
(D1($)Ve + Da(c, $)Veh) -n =0 onaL x (0, 7), (1.4)
#(0) =¢o, ¢(0) =co in £2. (1.5)

Herea € R is a positive parameter ant{-) is the matrix defined fog € R?\ 0 by

a?(0(8)) —a(e@))a’(e(s))) L6)
a@ENdOE)  Pe®) ) |

wheref(¢) denotes the angle between the vedtaand the first component of the orthonormal
cartesian basi&1, ¢»), that is,

A(§) =<

§-e1
cost(§) = —-,
: €1l
andq is the real-valued function defined by
a(®) =1+ acoskb), (1.7)

with @ > 0 (the anisotropy parameter) arda positive integer corresponding to the number of
dendritic branching directions.

In [20] it is shown that[(T]J1)£(I]5) has a unique weak solution, in the isotropicacase (thus
A(-) = I). Furthermore in this case a priori error estimates, a posteriori and adaptive finite elements
are available in[16, 17]. Existence of a weak solution in the anisotropicacgs® has been proved
in [8]. More precisely, ifS, D1 and D, are bounded Lipschitz functions satisfying

0< Ds < Di(¢p) < Dy Vo € R,
S, 0 =8(,1)=0 Ve e R,
D2(0,¢) = D2(1,¢) =0 V¢ € R,

and ifa < 1/(«? — 1), then problem|(1]1)(1] 5) has a weak solution
¢.c € L0, T: HY(2)) N HY(O.T: (H'(2))).

Moreover, if the functions and D, are extended by zero outside the interi@all), then a maximum
principle holds forg andc. In [7] an a priori error estimate in th&2(0, T; H1(£2)) norm is
proved under the same condition @ms above and assuming the existence of a sufficiently regular
solution. Note that the Lipschitz constant fis proportional to the square of one over the interface
thickness; for a typical example of the form $fve refer to the numerical section.

Our goal is to perform anisotropic, adaptive finite element computations for solving efficiently
(L.I)-[1.5) in the general case when# 0. Anisotropic error estimates based on the anisotropic
interpolation estimates of [14,13] are derived, using techniques similar to those presented in [18,
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19]. Since ) is strongly nonlinear, the difficulty is to relate the tHreerror to the equation
residual.

An outline of the paper is as follows: in Sectiph 2 we recall some results on anisotropic
interpolation, in Sectiofi]3 we discretize the problem in space and derive anisotropic a posteriori
error estimates. In Sectiof$ 4 gnd 5 we propose a time discretization and an adaptive algorithm
based on a simplified anisotropic error indicator. The algorithm is then tested on some problems
with varying degree of physical anisotropyn Sectior] 6.

2. Anisotropic interpolation estimates

For any O< & < 1, let7;, be a conforming triangulation a® into trianglesk with diameteri g
less thark. Let Vj, be the usual finite element space of continuous, piecewise linear functions on the
triangles of7j,.

For any trianglek of the mesh, lefx : K — K be the affine transformation which maps the
reference triangle? into K. Let Mg be the Jacobian dfx, that is,

X=TgkR) = MgX+tg.

SinceMg is invertible, it admits a singular value decompositidy = R,T<AK Pg, whereRg and
Pk are orthogonal and whetk is diagonal with positive entries. In the following we set

T
r
AK:<A]6K )\O ) and RK:<]7?K),
2,K M2k
with the choicer1 ¢ > A2 k. A simple example of such a transformationxis= Hx1, xo = hxp,
with H > h, thus

H O 1 0
MK:<0 h) Ak =H, Mlg=h, r1,K=<O), r2,1<=<1>

(see Figl Z]1).

A

X2 X2
L Tk .\ r2.x
~ r
J; X1 i LK X1
1 H

FiG. 2.1. A simple example of transformation from eleménto K .

In the framework of anisotropic meshes, the classical minimum angle condition must be avoided.
However, it is required that, for each vertex, the number of neighbouring vertices is bounded above,
uniformly with respect to the mesh size Also, for any patchig (the set of triangles having a
vertex common withK'), the diameter of the corresponding reference patgh that is, Az =
T,;l(AK), must be uniformly bounded independently/ofThis latter hypothesis excludes some
distorted patches (see Fg.R.2).

Let I, : H(£2) — V, be a Cément or Scott-Zhang like interpolation operator. We now recall
some interpolation results due to [L4] 13].
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Fic. 2.2. Example of an acceptable patch (top): the size of the referenceptdoes not depend on the aspect rdfiph.
Example of a nonacceptable patch (bottom): the size of the referenceptaow depends on the aspect rakig /.

PROPOSITION2.1 (Lemma 2.3 and Proposition 2.2 0f [13]) There is a constanbt depending
on the mesh size nor on the mesh aspect ratio such that, forcali1(£2), for all K € 7;,, for all
edges of K, we have

I = Il 2y < COZ (1] x Gk WITLk) + 25 (13 x G (W2 k) Y2,
12( Mk, T ALK, T 12
lv — IhU”LZ(e) < Chy <_’(r1 Gk Wryg) +——(r5 KGK(U)rZ,K)) .
Ak SN

Here Gk (v) denotes the % 2 matrix defined by
[(E)e [
Gx(v) = Z T \0X1 T 0X1 0X2

A\ [y (2 "
T 0X1 0X2 7\ 0x2
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3. Space discretization. Anisotropic a posteriori error estimates

The semi-discrete finite element problem corresponding to discretization in space of (1}1)—(1.5) is
the following. Assumingpg andcg to be continuous, we seé#, (0) = rj,¢o, ¢, (0) = r,co. For each
t € [0, T] we find ¢, () andcy, (¢) in Vj, such that

d
/ a%vh +/ AV Vy - Vuy, —f S(ch, pn)vp =0, (3.1)
Q ! Q Q
0
/ %wh +/ D1(¢n)Veyn - Vuy, +f Do(ch, dn)Vn - Vwy =0, (3-2)
o ot Q Q

for all v, w, € V. The well-posedness of the semi-discretized problem, for each/ixadd for
each 0< a < 1, follows by using estimates similar to thoselih [8] and the factth&V ¢;,) Vo, —
AVYR) V| < LIV, — V| for all ¢, ¥y, in Vy, which is proved in([7].

In order to derive sharp a posteriori error estimates, we need the following result, proved in [7],
corresponding to strong ellipticity of(-).

LEMMA 3.1 LetA(-) be the operator defined Hy (IL.6) and let the convexity conditier/ (x?—1)
hold. Then there existg (depending o) such that, for all, v € H&(Q), we have

ulVig — lﬁ)lliz(g) S (A(V)VY — A(VY)VY, V(e — V). (3-3)

We also need to assume that the error in #3€0, T'; L2(£2)) norm converges faster than the
error in theL2(0, T; H1(£2)) norm, that is, there are two constagts> 0 ands € ]0, 1] such that
for every mesty;, we have

T
/0 (16 = Pnll3 2 + llc = cnllT2(p))
T
2s 2 2
< C(maxiz k) /0 (V@ = @122 q) + V(e = en)lF2g)-  (3:4)

Let us comment on this assumption in the frame of isotropic meshes, that is to sayrwken
andi, g are of order: for all K € 7. In [7], an Euler scheme with continuous, piecewise linear
finite elements is proposed for solviig (3.1)—[3.2). A priori error estimates are obtained for isotropic
meshes whenever < 1/(x? — 1). More precisely, assuming sufficient regularity of the solution,
the errorin theL.2(0, T; H(£2)) norm is shown to b& (i + ),  being the time step. On the other
hand,0 (h2 + 1) convergence in the> (0, T; L2(£2)) norm is proved for isotropic meshes in[16],

but only in the case whel = 0. Therefore, we expect the following assumption:

T T
/O (1 = $nll72g) + e = cnll?2 ) < CH* /0 (V@ = )72, + V(e = cn)lIZ2q)

to hold for isotropic meshes with = 1 when optimal convergence results hold in both
L2(0, T; HY(£2)) and L>®(0, T; L?($2)) norms. Note that this assumption has been used in [17]
to obtain a posteriori error estimates for isotropic finite elements and in the casewhé&nWhen
considering anisotropic meshésn the above estimate should be replaced by gax A k , which
yields [3.4). This assumption is checked numerically in Segfjon 6.
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The first step in deriving a posteriori error estimates consists in bounding the error by the
equations residualBy (¢, cx) andR¢ (¢, cn),

Ry(@n. cn). Re(¢n. cn) € (HY(2))  ae.in(0, ),

defined by
0
(Ry(Pn.ch), v) = /Q (a%v + A(Vén)Voy - Vv — S(ch, ¢h)v> . (3-5)
0
(Re(n. ch), v) = fg (%v + D1(¢n)Ven - Vo + Dalcn, o) Ve, - W> : (3.6)

forallv e HY(£2), a.e. in(0, T). Here(-, -) stands for the duality pairing betweeéh!($2) and its
dual.
Proceeding as in[17], we have the following result.

PROPOSITION3.2 Letp,c € L2(0, T; HL($2)) N HY(0, T; (H1(£2))) be the weak solution of
@.D{15) witha < (2 — 1)L, let ¢, ¢4 be the solution ofl).2) and & (¢, cn),
R.(¢n, c) be defined by[(3]5)-(3.6). Assume thiatc € L>(0, T; H%(2)) and defineM, =
[ D2ll Lo (m2)- Then there existéo (depending on the constant in @) and on the Lipschitz
constants of, D1 and D) such that, for every mesh, satisfying maxc7, A2 x < ho, we have

“ )12 ‘e 2

2 T
pDs 2 uDg 2
+ 8M§”(C_Ch)(T)”L2(Q) + 8M22 0 ”V(C_Ch)”LZ(_Q)

o 2 Dy 2

uDs

+
2
4M5

T
/O(Rc(aﬁh,Ch),c—Ch)- 3.7

T
+ ‘/0 (Rg(Pns cn), & — dn)
Proof. Using the fact thap is a weak solution of (I]1), we have
d
<Ota—(¢ —én), ¢ — ¢h> + / (A(V¢)V¢ - A(V¢h)V¢h) V(¢ — ¢n)
! Q
d
-/ (S(c, # - a%) @00 [ AT6V,- V@ - o).
2 t Q
Integrating between = 0 andr = T, using the definition(3]5) and the strong ellipticify (3.3), we

obtain
T

o 2 2

T
<SI@ = O 1220 + ‘/0 (Ry(n. cn). & — bn)

T
+'/0 /Q(S(C,¢>)—S(Ch,¢h))(¢—¢h) . (3.8
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On the other hand, using the fact thés a weak solution of (I]2), we have
ol
<3—<c—ch>,<c—ch>>+f DA@IV (e — el
t 2
ac
- / (~D2le. )V Ve = en) = (e — )
o t

- /Q D1(¢n)Vep - V(e —cp) + /Q(Dl(¢h) — D1(¢))Ve - V(e —cp).

Thus, a time integration between= 0 and: = T, the fact thatD; < Di(¢;) and the use of
definition [3.6) lead to

1 T
Sle = en) (D) + D /0 IV(c = enli?a 0,

1 T
< 51— Oz + '/O (Re(¢n. ch). ¢ — cn)

T
+ ‘/0 /Q(DZ(Cha oV — Da(c, 9)V) - V(c — cn)

T
+ /o /Q(Dl(¢h) — D1(9)Ve - V(e —cn)|. (39

Let 8 be a positive number to be chosen later. Adding|(3.8)atithes [3.9) yields

T
%n«p — (D720, + 1 /0 V(¢ = dn)l720,
T
+ gu(c — (D32 + BDs fo V(e = enliZ2g,
< %n(cp — O, + gn(c — )OI,

T T
+ '/O (Rg(Snsch)s & — &) +/3'/0 (Re(bn. cn)sc = cn)

T
+ I/ / (S(c, ) — S(cn. ) (P — ¢n)
0 Je

T
+h ‘/O /Q(DZ(Ch’ o)V — Da(c, p)Ve) - V(c — cp)

T
+8 /o /Q(Dl(¢h) — D1(¢))Ve - V(e —cp)|- (310

We now focus on the last three terms pf (3.10). Siscés Lipschitz there is a constartg
independent of such that

T
‘/ [(S(C,¢)—S(Ch,¢h))(¢—¢h)
0o Je

T
< csfo (e = cnll 2 + 16 — $ull 216 — Bull 2@y
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Therefore, by[(3]4), there is a constadhtindependent ok such that

T
‘/ /(S(C,¢)—S(Ch,¢h))(¢—¢h)
0o Je

T
2s 2 2
< CS(II;nEath()\‘Z’K) /(; (”V(¢ - ¢h)||L2(.Q) + ”v(c - C/’l)”LZ(_Q))' (311)
Let us now turn to the second of the last three termf 0f[3.10). We have

(Da(cn, pn)Vop — Da(c, )V) - V(c — cp)
= —(D2(c, ¢) — D2a(cp, pn))Vd - V(c — cp) — D2acp, ) V(P — ¢n) - V(c — cp).

SinceD; is bounded by, using Young's inequality, we obtain

T
V f Da(en. 1)V — 1) - Vic — ca)
0 2

T 1 n
< My /0 (Z”W =)z T 5V~ mnizm)) . (312)

wheren > 0 will be chosen in what follows. On the other hand, using tligder inequality, we
obtain

T
‘fo /Q(Dz(c, @) — Da(cp, on))Ve - Vic — cn)

T
S/O IVl Loy I D2(c, ¢) — D2(ch, pn)ll 3 IV(e —cw)ll. (3.13)

Since the imbedding ofH(£2) in L%(2) is continuous and since by assumptign e
L0, T; H%(2)), Vel L6s2) is bounded a.e. in [@']. Moreover, sinceD; is Lipschitz we have

| D2(c, @) — Da(cn, dn)ll 32y < CUlP — dnll 3oy + llc — cnllL32))-

Applying the above estimate ip (3]13) yields

T
’/o /Q(Dz(c, ¢) — D2(cp, pp)V - V(c — cp)

T
< cfo (16 — dull 32y + llc = call @IV (e = el p2g)-

We now use a Gagliardo—Nirenberg inequality [6] to obtain

T
‘ /O /Q (Dale. ) — Dalcn, $n)Vé - Vic — c1)

1/2 1/2

T
<c [Cae-wlilolo - ok,

1/2 1/2
tlle = enllpz g lle = enll oo DIVEE = el 2
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Finally, by repeated application of the Cauchy—Schwarz inequality and Young inequality, together
with (3.4), we obtain

T
‘fo /Q(Dz(c, @) — Da(cp, on))Ve - V(c — cn)

T
s/2 _ 2 _ 2
< C(maxiz ) /O UV — 2o + V(e — s (3.14)

Let us now turn to the last term ¢f (3]10). SinPe is Lipschitz we have, using thetttler inequality,

T
V / (D1(¢) — D1(én))Ve - V(e = cp)
0 Jo

T
<cC fo IVell oo lé — Bl s IV (€ = Ol 2ge-

Proceeding as for the previous term we obtain, using the factcthat L>°(0, T; H2(£2)), a
Gagliardo—Nirenberg inequality ar{d (B.4),

T
‘[ / (D1(¢) — D1(¢n))Ve - V(e = cp)
0o Je

T
< C(maxaz p)*/? /O (V@ = ¢)lI2oq) + V(e = en)lF2 ). (3:15)

KeT),

Estimates[(3.11)[ (3.14) ar{d (3]15) appliedin (B.10) yield

T

o 2 2
S1@ = o (D720 + 1t /0 IV = )72,

T
- gn(c — (D32 + BDs /0 V(e = enliZ2g,
o B
< S1@ = IOl + Sl = Oz,

T T
+'/o (Ry(Dn,cn), & — dn) +ﬂ'/0 (Re(@n, cn), c —cp)

T
1 2 n 2
+ ﬁszo <ZHV(¢ =20+ EIIV(C - Ch)IILz(Q)>
T
~ 2 2
with C = (Cs(maxgcT, A2.x)% + C(Maxger, A2.x)*/?), B,n > 0 andC, Cs independent of.

We now chooség andn so that

M M
u—%>0 and ﬂDS—'B 21
7

> 0,
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for instance we can choogeandn such that

M M D
M2 _ 1 g PM2n _ B s
27 4 2 4
that is,
uD
=—> and g="2"2
1 2M> p= 4M22

With this choice,[(3.1]6) becomes

3 T
UG~ o (Do) + 7’” /0 1V — 61220,

3uD?

T
2
8M2 1€ =Dz, + 1o /0 196 = am) 25 g

uD;
<@ = Oz + 8M2||(c—ch><0>||iz(m
2

Dy
+V (Rg(Sn.cn)s @ — én)| + IV / (Re(Pn. cn).c —cn)
M;
+C/ (Vg — ¢h)||Lz(Q>+IIV(C—Ch)IIiz(Q)l @319

Let g be such that

Y/Z 3MD52
16M§'

s/2 3_“

Csh¥ + Chy and Csh3* + Chy

For instance we can choosg such that

e — min K 1/(2s) K 2/s
0= 2Cs "\ 2c

K = mln('u ubs )
4’ 16M2
and we obtain[(3]7) for every mesh, such that mak.z, A2,k < ho. Keeping in mind that

Cs is inversely proportional to the interphase thickness squared we note that we can expect the
dependence dfg on the interphase thickness to be linear wken 1. O

with

Our goal now is to provide an upper bound for the equations residy&s,, c,) andR.(¢n, cn)
defined in [(3.5)£(316). For this purpose, we proceed as i [18,19] and introduce an anisotropic,
explicit error estimator.

For each interior edge &, let us choose an arbitrary normal directigrand leff&] denote the
jump of & across the edge. For each edg&plying on the boundary 2, we set ¢] to twice the
inner side value of.
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PROPOSITION3.3 Letgy,, ¢, be the solution of@l)@.Z) and |8y (én, cn), Re(pn. cp) be
defined by [(3.p)+(3]6). For each triangteof the mesh, leky x, A2k, 1.k, 2.k andGk(-) be
defined as in Sectidrj 2. Then there is a constadepending only on the interpolation constants of
Propositior] 2.J1 such that for all € L2(0, T; H'(£2)) we have, using for simplicity the notation
S = S(en, ¢n), D1 = D1(¢n), D2 = Da(ch, ¢n),

T

< 5l
OK€771
1

+ 7 AV Ven - n]||L2(aK)>
25k

Otaz% —div(A(Vgp)Vén) — S

T
’/o (Ry (P, cpn), v)

L%(K)

X (A2 (1] kG (WIrLK) + 25 (13  Gr W2 K)) Y2,

<) 2
0 KeT),

1

acy .
— —div(D1Vc, + DoVy)
RV

Jat
dc odn
2)»2,,( L2(8K))
XA (1T ¢ GrWIr LK) + A3 (15  Gr(WIra k) Y2 (3.18)

T
’/0 (Re(bn cn)s v)

L2(K)

0

[Dl—h + Dz—:|
n

Proof. We will sketch the proof for the first estimate only. The second estimate follows in the same
manner. Leb be an element af2(0, T; H(£2)). Using ) and (3]5) we have

(Rp(dn, cn), v) = (Rp(dpn, cn), v —vp) Yy, eV, a.e. in(@,7T).

From the definition oRy (¢, c,) we have

0
(Rg (¢, cn)sv —vi) = Y {/K (ﬂ - S(Ch,cbh)) (v —vp) +/KA(V¢h)V¢h V(v — Uh)}-

ket ot

Integrating by parts in the last term we obtain

0 .
Ro@ncn)v—v) = 3 { /K (% — V(AT V1) — S, ¢>h>) (=)

KeT,

1
+§/ [A(Vop)Vy - n] (v — Uh)}~
K
Thus, the Cauchy—Schwarz inequality yields

(R (dn, cn), v — vp)]
a .
<> { H % — diV(A(Vé)Ven) — S(en, pn)

KeTy,

lv — vh”LZ(K)
L2(K)

1
+ > I[ACVOR)Vn - Nl 25 v — Uh||L2(a1<)}- (3.19
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It then suffices to choose, = I,v, wherel;, is Clement’s interpolant, to use the interpolation
estimates of Propositign 2.1 and the fact that

AMghp <hg <Aighyg
to conclude. O

Putting together the results of Propositipng 3.2[anfl 3.3, we obtain the main theoretical result of
this paper.

THEOREM 3.4 Letg, ¢ be the weak solution of (1.1]—(1.5), anddgt c;, be the solution of (3]1)-
). Assume thap, ¢ € L°°(0, T; H%(£2)) and defineM, = | D2l L2 For each triangl& of

the mesh, lek1 x, A2k, r1.kx, r2,k andG (-) be defined as in Secti([r]\ 2. Then there is a constant
C depending only on the interpolation constants of Propoditign 2.1 such that for evergmeih
maxg ¢7;, A2,k Sufficiently small, we have

“ T)|2 “ e 2

2 T
1D 2 nDg 2
+ W”(C‘ - Ch)(T)”LZ(_Q) + 8_]\422 0 ”V(C - Ch)”LZ(Q)

uD,
5l —enOl72,
2

<S1@ = Oz + o

+c/ <
OKG’Th

+ —3 1/2 I[A(VR) Ve, - n]||L2(aK)>
2h3 k

x (A5 K(rl kG (®— oK) + 43 x (15 G (¢ — pw)r2x)Y?

a— — div(A(Vor)Vn) — S(en, én)

L2(K)

4M2 LZ(K)

acp .
/ (H T div(D1(¢n)Ven + D2a(cn, dn)Vdn)
0 keT,
1
T2

2K LZ(BK))
x O x (] xGrlc—en)lik) + 25 (15 G (c — cn)ra k)M (3.20)

Estimate [(3.20) is not a usual a posteriori error estimate ginaedc are still involved in the
right hand side. We then proceed adin [18, 19] and introduce an estimator based on superconvergent
recovery, namely a Zienkiewicz—Zhu (Z-Z) like estimaior![24, 3, 25]. More precisely, we consider
the simplest Z-Z error estimator as defined finl[21, 1]. For instance, the Z-Z error estimator
corresponding tovV(¢ — ¢y,) is defined by the difference betwedhp, and an approximaté?
projection ofV¢;, onto V2, namely:

®n
7z I — ITy) ( )

i52@en) N\ g_m) <3¢h)
dx2

|:Dl(¢h)_ + Da(cp, ¢h)%i|

(3.21)
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Herell), : g € L%(2) — IT,g € Vj, is defined by

/ ru((I1Rg) - Vi) =/ g-Vn YV, €V,
2 2

wherer;, denotes the usual Lagrange interpolant. In other words, from constant valWgs, ah
triangles, we build values at vertic&susing the formula

oy,
K| ( )
1, <8¢h> (P) ; 0x1

_ 1 KeTy,
I 8¢h P) > IK| S Ik <3¢h>
h Pek v’ 0x2
KG'];; KGIZ;[

From [2]4[21] we know that for a certain class of meshes (namely parallel meshes) and for
smooth solutions, Z-Z like error estimators are asymptotically exact. Our anisotropic error indicator
corresponding t@ — ¢, is obtained by replacing the matr&x (¢ — ¢») in (3.2Q) by the matrix
GK(¢h) defined by

) / (17 (@n))? dx f nt” (@nng” (gn) dx
Gk (dn) = K K . (3.22)
/K % (dn)n5 % (¢n) dx /K (5% (¢n))? dx

FinaIIy, our anisotropic error indicator correspondingte- ¢, is defined on each triangl€ by

(H ——le(A(V¢h)V¢h) S(cn, on)

0 KeTy, L2(K)

1
+ Z)LT ||[A(V¢h)v¢h : n]”LZ(aK))
2,K

x (A2 (1] G (gnrLk) + 25 k(13 xGr(@r2x))Y2 (3.29)

Accordingly, our anisotropic error indicator corresponding te ¢, is defined on each trianglé

acp .
/ (H b div(D1(¢n)Ven + Dalcn. dn)Vebn)
0 KeT,

L2(K)

_|_

[ 1(¢>h)—+ 2(Ch,¢h)i:|

2,12 on

2K L2(ak)>
x (A2 (1] xGr(en)rLk) + 25 x (1 (G (ewrax)?  (3.24)

4. Time discretization

Given an integeV, we setr = T/N the time stept” = nt,n = 0, ..., N. Assuming the initial
datagg andcg to be continuous, we seig = rpdo, c,f; = ryco, Wherery, is the classical Lagrange
interpolant. Then, foreach=1,..., N, we findg; in V}, such that
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n_ gn—1
/ A T | awer vy v,
Q T 2

-~ / (S(e,':—l,as >+8—<c ¢;:—1><¢;:—¢,:—1>) u=0 (4.1
Q ¢

for all v, € Vj. Then we finde; in V, such that

A —c
_/Q 4k . b wy, + /;2 D1(¢p})Vc) - Vwy + /ﬂ Da(c'™Y, ¢)Ve) - Vwy, =0 4.2)

for all v, € V.

Equation [(4.]1) corresponds to an implicit Euler discretizatiorj of| (3.1), with only one Newton
step at each time step. L6t > 0 be such that-C < 33(c, ¢) for all ¢, ¢ € R2. Then problem
(4.7) is well-posed for all & a < 1 whent < «/C (byt e Lax—Milgram lemma). This limitation
prevents the use of large time steps and is well known in the framework of mean curvature flows
[11,12].

5. An adaptive algorithm

We now propose an adaptive algorithm, the time stéeing fixed. The goal is to build anisotropic
triangulationsZ”, n = 1, ..., N, such that the relative estimated error in &0, T; H1(£2))
norm is close to a preset tolerance TOL. Proceeding &s_in [19] we intragucéhe continuous,
piecewise linear approximation in time defined by

_4n—1 "
che(x, 1) = h(x) + 1x), M"i<i<t" xeQ. (5.1)
Then our adaptive algorithm aims at building anisotropic triangulatihsn = 1,..., N, such
that
N 2
- Chr))
0.75TOL < 2n=1 2 kT, (& (Che < 1.25TOL (5.2)

foT fsz IVene|?
Heren,. k (chr) is the simplified error indicator corresponding .24), definedr®n[ "] x K

by
"o acp
et = [ 3| 5]
-1 2)\2’,( o 20k
x (A2 (1] x Gk (en)T 1) + 25 x (13 x G (cne)N2.x)) Y2, (5.3)

WhereGK(chf) is defined as ir-2) A sufficient condition to sati5.2) is to build, for each

n=1,. , an anisotropic triangulatios," such that
0.752 TOL? /’” / Ve 2 < Ok (ehe))? < 1252TOL2/ / v
NVZ 1 o Chtl X Un,K\Cht NV nt Chr

for all trianglesk € 7,", where NV, is the number of vertices of the megJi. We then proceed as
in [18,[19] to build such an anisotropic mesh, usingBh@D mesh generator [5].
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FiG.5.1. Typical profiles of the phase field (left) and concentration field (right). The phase field has values zero or one,
except in the phase change region. The concentration field changes rapidly across the phase change region, but may also vary
outside the phase change region.

The reasons for using the simplified error indicafor](5.3) insteal of|(3.23) and (3.24) are the
following. First, we have disregarded the error estimator related to the phasg fielchuse, when
computing solutal dendrites, although bgilandc vary strongly in the small region corresponding
to the solid-liquid interface, the functianmay also vary in other regions, whereasloes not (see
Fig.[5.1). Secondly, in order to simplify the implementation of the error indicator, we have kept
only the jump of the gradients across the edge, which is the generic term in explicit error estimators.
Theoretical arguments for such a choice in the frame of elliptic problems can be found in [9].

6. Numerical results

We consider the model of [22], the notations being thosé of [15]. The sourceStenn{1.) is
defined by

5m c

_ 1 _ L2042 €
Ste.§) = =3¢ (L= $)(L—-2¢) + ¢’ (1- ) (1_¢+k¢

whereasS(c, ) = 0if ¢ < 0or¢ > 1. Herex is the thickness of the solid-liquid interface; is the
liquidus slope in the phase diagrai,is the Gibbs—Thomson isotropic coefficieqt,s the liquid
concentration in the phase diagram, @nd the phase diagram partition coefficient (thys= k¢,
wherec; is the solid concentration in the phase diagram). The coeffigien{1.1) equals A(u I"),
whereuy is the interface kinetic coefficient. The first term in the definitior§ 6f -) is nothing but

the derivative of a double-well potential that foregt have values zero or one, except in the phase
change region. In the limit whengoes to zero, the second term in the definitior§ 6f -) links the
normal velocity of the solid-liquid interface, some anisotropic measure of the interface curvature,
and the concentration field. The functién in (1.9) is given by

—¢
st ¢+ ko
whereasD1(¢) = Dy if ¢ < 0andD1(¢) = Dy if 1 < ¢. Here D; and D; are the solid and liquid
diffusion coefficients. Finally, the functioP, in (1.7) is given by

1-—kecl-c¢) .
Do(c,d) = D —— < if0<c«<],
2(c, @) 1(9) 1—¢1ko c
whereasDz(c, ¢) = 0if ¢ < 0 orc > 1. All the physical parameters are given below in the
international MKSA unit system.

—Cz> if0 <o <1,

Di(¢) =D (Dr—Dy) f0O<¢<L,
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6.1 A simple test case with exact solution

Our first goal is to validate numerically assumptipn3.4) in the frame of anisotropic meshes. For this
purpose, we set the computational domait2te= [—0.0002 0.0002F and we add source terms in

(I.1)-{1.2) so thap andc are given by
1 —tanh((x1 — vt)/6)

> )
wherev = 2-10~4 ands = 10~°. Dirichlet boundary conditions are prescribed on the vertical sides
of 2, and homogeneous Neumann boundary conditions on the horizontal sides. The isofines of
andc at timer = 0 andr = 0.5 are shown in Fig. 6]1. The physical paramet@{sand D involved
in the definition ofS are given in Tabl@]l, the time stepris= 5- 10~° and is small enough so that

the error due to time discretization is negligible. Meshes with strong anisotropy are used to validate
assumption(3]4), an example of mesh being shown i Fig. 6.1.

¢ (x1,x2,1) = c(x1, x2,1) =

TABLE 6.1
Test case with exact solution: parameters used for the computations

A m; r Cs cl Dy D Uk
10> —-260 Q1 0.015 0.0238 51010 5.10°% 0.0015

TABLE 6.2
Various convergence results for the travelling wave solution

Anisotropic meshes refined in both horizontal and vertical directions
hl—h2 e egr  ei??  eit
0.000005— 0.0001 11-106 029 1.01 1.85
0.0000025— 0.00005 32.1007 0413 101 1.74

0.00000125- 0.000025 88-10% 0.066 1.01 1.74
Anisotropic meshes refined in horizontal direction only
hl—h2 e egr  ei?? eif
0.000005— 0.0001 11-10% 029 1.01 1.85
0.0000025- 0.0001 44-107 0.14 1.00 1.79

0.00000125- 0.0001 12-108 0.061 1.00 1.79
Anisotropic meshes refined in vertical direction only
hl—h2 e egr  ei?? eit
0.00005— 0.00001 40.-10° 43 0.85 1.67
0.00005—- 0.000005 32-10° 53 0.86 1.87

0.00005—- 0.0000025 4-10° 8.48 0.86 1.54

In Table 6.2, errors in the2(0, T; L2(£2)) andL?(0, T; H(£2)) norms (respe; > ande ;1) are
reported when using anisotropic meshies { 42 denotes the mesh size in horizontal and vertical
directions). Also, the effectivity indices % andei? corresponding to the Zienkiewicz—Zhu error
estimator[(3.21) and our simplified error indicafor {5.3) are shown. Clearly, when the mesh is refined
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FIG.6.1. Test case with exact solution: isolines (from 0.1 to 0.9) ahdc at timer = 0 (left) andr = 0.5 (right).

i

FIG. 6.2. Test case with exact solution: the mesh with size- 22 = 0.000005— 0.0001.

in the horizontal direction, assumptiﬂSA) holds with= 1 since theL2(0, T; L2(£2)) error
converges at order two and tHe (0, T; H1(£2)) error at rate one. However, when the mesh is
refined in the wrong (vertical) direction, then the error does not decreasg and (3.4) does not hold.

6.2 Computations with small anisotropy

We now consider the following physical situation. At initial time, the computational domain is
liquid, with homogeneous concentratio®®. Then a circular solid seed of diametes 210-° and
concentration @15 is placed at the center 6f. The physical parameters are now given in Table
[6-3 and are taken from [15, Table 1, column B], exagpndc;.

TABLE 6.3
Parameters used for the computations

A my r Cs C Dy Dy Mk
05-10% —260 5-107 0.015 0.0238 51010 5.10° 0.0015
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FIG.6.3. Computations with small anisotrogy,= 0.04. Adapted meshes (left column), concentration isovalues (middle
column) and phase isovalues (right column), from 0 tor = 1 s, with TOL = 0.0625 (625% estimated relative error).
Row 1:7 = 0.05 s, 6874 vertices. Row 2:= 0.25 s, 10449 vertices. Row 8:= 0.5 s, 17170 vertices. Row 4:= 0.75 s,

21795 vertices. Row 5:= 1 s, 24441 vertices.
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FIG. 6.5. Computations with small anisotroy= 0.04. Zooms of the results at final time. Top row: isolinegdfom 0.1
to 0.9. Bottom row: mesh.
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FIG. 6.6. Computations with small anisotropy~ 0.04. Concentration isovalues at final time= 1 s with various values
of the tolerance TOL. From left to right: TOE 0.25, final adapted mesh 1987 vertices; T&L0.125, 6073 vertices;
TOL = 0.0625, 24441 vertices; TO& 0.03125, 101782 vertices.

We first present computations in the case when the anisotropy paramstemall. We set the
number of dendrite arms = 4 and choos@ = 0.04 so thati < 1/(x? — 1) ~ 0.0667. The time
step ist = 5-10~* and the final time is = 1, making the total number of time steps 2000.

In Fig.[6.3, the adapted meshes, concentration and phase fields corresponding to an adaptive
computation with tolerance TOl= 0.0625 (625% estimated relative error) are reported. The
concentration profile along the diagonal of the computational domain is reported [n Fig. 6.4. The
concentratiorr and phase appear to be smooth, but exhibit strong gradients across the solid-to-
liquid transition zone, therefore the mesh is strongly refined in the neighbourhood of the solid-liquid
interface. Zooms of the results are shown in Fig] 6.5. The adaptive algorithm generates 400 meshes
from initial to final time. The computation takes about 4 hours on a Pentium Il 1.2 Ghz PC, with
a required memory of less than 300 Mb. Convergence of the finite element solution with respect to
the mesh size is reported in Fig. 6.6. The maximal anisotropy ratio of the mesh during a simulation
was approximately 30, without any a priori upper bound imposed by the adaptive method.

6.3 Computations with large anisotropy

We now choose the anisotropy parameter 1/(x% — 1) ~ 0.0667, namely: = 0.1. In this case

there are no known existence results for the systet?ii®, 7; H1(£2)); in fact, only solutions in

the Young measure sense are known to ex|st [8, 10]. However, due to the Lax—Milgram Lemma, the
linearized problen{(4]1) remains well-posed.

FIG. 6.7. Computations with large anisotrogy= 0.1. Concentration isovalues from= 0 tot = 1 s, with TOL= 0.0625
(6.25% estimated relative error). Columnzl= 0.05 s, 5138 vertices. Column 2:= 0.25 s, 12053 vertices. Column 3:
t = 0.5 s, 20580 vertices. Column 4= 0.75 s, 28605 vertices. Column b= 1 s, 29971 vertices.

In Fig.[6.7, the concentration fields corresponding to an adaptive computation with tolerance
TOL = 0.0625 are reported. A zoom of the results at final time, [Fid. 6.8, shows that the gradient is
discontinuous in some regions, for instance close to the dendrite tip. We explain this phenomenon
in the following manner.
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FiG. 6.8. Computations with large anisotropy= 0.1. Zooms of the results at final time. Top row: isolinegdfom 0.1 to
0.9. Bottom row: mesh.

Let us consider the functional
/ g(Vo) dx,
2

whereg(£) = a?(0(£))|£|?/2 and whose Fachet derivative is diA (V$)Ve). In Fig.[6.9, we have
plotted isolines of the anisotropic functign— a2(6(£))|€|2 with small and large anisotropy. As
proved in [8], this function is convex if < 1/(k2 — 1), this being the case when= 0.04, but not
whena = 0.1. However, wher > 1/(x? — 1), the functioné — a?(0(£))|£|2 is locally convex
whenevek satisfies

lcosh(§)| < |cosh,| and [sinf(&)| < [sinby,|,

whereg,, solves

aOn) +a' On)——— =0

cosH,,
sing,

Whena = 0.1, this yields an anglé,, ~ 21.65 degrees as reported in Fig.|6.9. In this zone the
functionalg(¢) coincides with its convex enveloggg (£) given by
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-1

—

FIG. 6.10. Schematic representation of the anisotropic funétien g(¢§) = a?0(&))|€1? (solid line) and the corresponding
convex envelopg +— Qg(&) (dotted line). The angle reported in the figure correspond§,tosuch thata(6,,) +

a' (On) 2 = 0.
2 2
w if |COSA(&)] < |OSA,n| and[SiNG(E)] < [Sin6lul.
a?(0(8))E? _
— ) 6.1

0g(&) 5 cod0, if |COSH(£)| > |cOSO,l, (6.1)
a?(0(8))E2 o .
m if [SINO(&)| > [sinGy,|;

see Figl 6.10 for a schematic representatio@gf-). Turning once again to Fifj. 8.8, we observe that

the gradient jump corresponds to an angle approximatg\ir2the regions where the concentration
gradient is discontinuous and that the oscillations do not seem to take place on the scale of the mesh
but are distributed with different distances. Thus, as expe®tgdvoids the high energy directions
where

|cost (V)| > |cosh,,| or [sind(Ve)| > |sinb,|,

that is to say, the region where the functibn— a2(6(£))2|£|2 is nonconvex. It is however very
difficult to draw any conclusions whether or not the dendritic branches exhibit microstructure.
In order to examine these effects closer we propose to make computations using the convexified
problem with di A (V¢)V¢) replaced by the chet derivative of



COMPUTATION OF A SOLUTAL DENDRITE 125

/QQg(Vcb)der > A%,K/K|V¢|2dx,

KeT,

wherei, g is defined as in Section 2. The last term in the above convexified functional corresponds
to a mesh dependent artificial viscosity added to counter the loss of coercivity in the zones where
g(&) > 0g(®).

In Fig.[6.1] we have reported results corresponding to the convexified functionat w4it.1
and TOL = 0.0625. Comparing with Fid. 6.8, we observe that the general form of the dendrite
branches remains the same, with sharp dendrite tips and sharp corners at the base of the branches.
However the regions on the sides of the branches wigie nonsmooth have disappeared. Here
the gradient of the solution of the convexified problgfrpoints in the high energy direction, so that
fQ (g(Ve;) — Qg(Vg;)) dx > 0. Furthermore this last quantity does not decrease with decreasing
tolerance. This numerical result suggests that after a certainftintieere is noH1(£2) solution to
problem )) whed > 1/(x2 — 1), but only Young measure solutions, with microstructure
appearing on the sides of the dendrite branches. In other words, the approximating sequence
converges to a solution of the problem only in the sense of Young measures, where an admissible
Young measure (a priori nonunique) can be derived from the corresponding convexification (6.1).
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FIG.6.11. Computations with large anisotropy= 0.1. Convexified functional. Zooms of the results at final time. Top row:
isolines of¢ from 0.1 to 0.9. Bottom row: mesh.
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