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Metastable behavior of premixed gas flames in rectangular channels
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A two-dimensional model for the upward propagating flame in a vertical square channel is explored.
It is proved that under certain special initial conditions, the point where the flame interface attains
its maximum, stays off the boundary (channel’s wall) for an exponentially long period of time. The

proof is an extension of the analysis developed previously for the one-dimensional version of the
problem.

1. Introduction and main results

In our earlier worksl[[b],[[6], we studied a one-dimensional model for upward propagating flames.
Our intention was to explain some of the metastable behavior.

In [6], the model was shown to reduce to the equation

Uy — cuxy +uuy —u=0 forxe(0,1),r>0 (1.1)
together with
u(,0 =u(,1) =0,
u(0, x) = ug(x).

In Section 3 below, we recall some of the main results from [6] concerning this equation.

In this paper, we address the problem in higher dimensions. From a mathematical point of view,

the problem is more involved. We now describe our main results.
We consider the initial-boundary value problem

o, — %|v<p|2 =eAP + D — (D) InS={(x,y,t):(x,y)eD,t>0} 1.2)

@0, x,y) =Po(x,y), (x,y)eD, (1.3)

0P
— =0 o0naD x (0, c0), (1.4)

on
1,1

(45):/ / @ (t, x, y) dx dy.
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In the one-dimensional case we set —d®/dx, and arrive af(1]1). Here we study the case where
D is the rectangl€0, 1) x (0, 1) and®g € C(D).
Equation[(L.]L) contains a nonlocal term, but by the transformation
t

q§r—>5:§b+e’/ e T (D) dr
0

it reduces to

& — VPP =cAD + . (1.5)
Initial and boundary conditions are transformed into
®(0, x,y) = Po(x, y) = Po(x, y), (16)
oD
P 0 onaD x (0, c0). a.7)
n

The existence and uniqueness of the solution for the profjlein (I.5)—(1.7) is guaranteed by the stan-
dard theory of parabolic equations. By using the inverse transformétien @ — fé(@) dz, we
deduce that the solution of the problgm {1.2)-(1.4) exists and is unique.

We analyze below the long-time dynamics of the solutio, x, y) whene > 0 is very small.
Of particular interest is to describe the motion of the p¢irit), y(z)) = P(¢r) whered (¢, -) reaches
its maximum. We prove that under some special assumptions on the initiabglattae pointP (r)
stays offd D for an exponentially long time. Nevertheless as oo the pointP (r) approaches one
of the corners ofb and fore small enough the shape df = @, becomes close to a paraboloid.
We call this phenomenometastability More specifically, the metastability is a process where the
solution slowly evolves over an exponentially long time, provided the paramé&eaiose to zero.

We now formulate the assumptions on the initial functiég(x, y):

ASSUMPTIONAL1 There exist constants> 0,b > 0 such that: < b and

0P

8_0 >0 for(x,y) e (0,a)x][0,1],
X

0P

3_0 <0 for(x,y) e (b, 1) x[0,1].
X

ASSUMPTIONA2 There exist constants> 0,d > 0 such that < 4 and
0Pg
dy
0P
dy
A paraboloid with its tip at the pointc, yo) € (0, 1) x (0, 1) is an example of a function which
satisfies A1-A2. -
Without loss of generality we also assume tigtx, y) € C2(D) andd®o/dn = 0 ondD.

THEOREM1.1 Supposebo(x, y) satisfies A1-A2 an@ = &.(t, x, y) is the solution of [(T1]1)-
(L.3). Lets be an arbitrary small number less than (ainl — b, ¢, 1 — d}. Then there are constants
o > 0 andgg > 0 such that for alk < ¢,
0D,
0x

>0 for[0, 1] x (O, ¢),

<0 for[0,1] x (d, 1).

<0 for(x,y) e (0,a—46)x(0,1), (1.8)
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_aaqss >0 for(x,y)e(®+36,1) x(0,1), (1.9)
X
@

—aa £ <0 for(x,y) €(0,1) x (0,c—39), (1.10)
y
AP,

- >0 for(x,y)e(0,1) x (d+3,1), (1.11)

forallr with 0 < ¢ < T, 1= e®/5.

REMARK 1 Let D1 be a rectangléa, b) x (c, d). It follows from (1.8){(1.I]L) that the points of
maximum of®, (¢, x, y) for any fixed: remain insideD; for an exponentially long time. This fact
is an evidence of the metastable behavior of the solution.

REMARK 2 The values ot andeg in Theorenj 1.]L depend only on the valuesipb, ¢, d ands.

Let £."(x) be the unique positive solution of the ODE boundary value problem

(1.12)

ef" — ff'+ f=0 1in(0,1),
fO=71=0

(seell6]).

THEOREM 1.2 SupposePy(x, y) satisfies A1-A2 and < 1/2,d < 1/2. Then for alle suffi-
ciently small

1im [@:(1.x. y) — .(1.0.0)] = _(/ fHo)do + /y f;(g)da). (1.13)

The convergence iflL.13) is uniform in D.

REMARK 3 The geometrical meaning of Theorem|1.2 is that as oo the shape o (¢, -) tends
to a bell with its tip at the corngi0, 0). The choice of the corner depends on the initial conditions

Po(x, y).

There are several papers dealing with metastable behavior for various physical problems. In the
earlier works by Carr and Peda [9], Fusco and Hale [10] the Allen—Cahn equation is studied and
the exponentially slow motion of the solution is proved. Some other papers deal with Allen—Cahn
and Cahn-Hillard equations (séé [1], [2], [4], [7],[12].118].[19].[20]). The flame front model was
considered by the present authors’in [B], [6] and also by Sun and Welrd|in [17].IIn [17] the formal
asymptotic expansion for the movement of the solution is presented for a one-dimensional case.

For general surveys on metastability the reader may consult [19] ahd [20]. In particular, dynam-
ics of the solution for the constrained Allen—Cahn equation is studied in [20] employing formal
asymptotic approaches. The solution develops an internal layer which drifts exponentially slowly
toward the closest point on the boundary and then slides along the boundary until it comes close to
the point where the curvature has a local maximum.

A similar effect occurs for the flame model studied in the current paper. For a rectangular domain
we prove that the point of maximum of the solution tends to one of the corners, and our numeri-
cal simulations show that this point of maximum first slowly approaches the closest point on the
boundary and then drifts to the corner (Fip. 4).
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Such a behavior is different from the behavior of the solution for the so-called exit problem deal-
ing with the Dirichlet boundary condition. As a result, for the exit problem the long time behavior
of the solution is defined by the points of minimum of the potential on the boundary.

REMARK 4 In the proofs below it is essential th&t is a rectangle, which allows utilization of
the results obtained for the one-dimensional case, studied previously. The case of a general domain
remains an open problem.

2. The physical model

The current paper deals with the intrinsic dynamics of an upward propagating premixed gas flame
spreading through a vertical square channel. In suitably chosen units the flame evolution is described
by the model[(T]1){(T}3) involving only one equation and one parameter [13], [14].¢Hes¢he
perturbation of the planar flame in units;oijZ/Zsz; (x, y, t) are the spatio-temporal coordinates
in units of L and 2/, /y gL?, respectivelys = 2Dy, Uy,/ygL?; L is the width of the channely, is
the flame velocity relative to the burned gads the acceleration due to gravity;= (o, — 0»)/ P4
is the thermal expansive parametey; op are the densities of the unburned (cold) and burned (hot)
gas, respectivelyb,, is the so-called Markstein diffusivity, assumed to be positive.

Equation [(2.]1) was derived within the framework of the Boussinesqg-type model for flame-
buoyancy interaction which neglects density variation everywhere but in the external forcing term
[12]. The weakly nonlinear model described by equation| (1.3) corresponds to the limit

UZ/ygL > 1, (2.1)

which is easily attainable in many realistic systems.

For example, al. = 5 c¢cm, U, = 500 cm/s,g = 1000 cm/$, y = 0.8, the left-hand side of
(2:3) amounts to 62.5.

The previous studies of the problem dealt with a one-dimensional slab geometry, & L.

The results obtained may be briefly outlined as follows.

First, the problen‘@l)@.:%) admits a basic planar solutiors 0, which, however, becomes
unstable at < ¢g = 7~ =~ 0.10. Ate < gp any initial perturbation rapidly leads to an equilibrium
solution where the flame slope appears as a monotonic functian of

At ¢ K go (experimentally typical situation) the final result is qualitatively the same as for
¢ < go. However, depending on the initial conditions, the character of the transient behavior may
be markedly different for a rather wide class of initial data. At the early stage of its development,
the solution is rapidly attracted to an intermediate state where the flame assumes a somewhat asym-
metric parabolic shape. The subsequent evolution occurs at a slow rate which may become even
extremely slow, provided is small enough. In the course of this quasi-steady development, the tip
of the parabola gradually moves towards one of the walls. As it comes close enough to the wall, the
rate of flame evolution undergoes an abrupt increase. The final equilibrium state is formed when the
tip touches the wall.

The current study deals with a two-dimensional version of the problem when the flame spreads
through a square channel:Ox < 1, 0 < y < 1. Similarly to the one-dimensional case, at small
¢ one can identify three stages of the flame evolution: (i) initial, when the flame rapidly assumes
a shape of a somewhat shifted paraboloid, (ii) intermediate, when the flame evolution proceeds
at a slow rate, and (iii) final, when the previously formed paraboloid rapidly reaches the ultimate
equilibrium with its tip settling at one of the channel’s edges.
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62.05

62

(b)

FiG. 1. Spatial configurations of the flame interfagéx, y, ) at two instants of timer = 1000 (a) and = 2500 (b).
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FiG. 2. Level sets of the flame interfade(x, y, r) at two instants of timez = 1000 (a) and = 2500 (b).
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Whene = 0, equation[(1]2) allows for a set of paraboloidal solutions,

P =Vi+¥(x,y) (2.2)

with
W(x,y) = —3[(x —x0)? + (v — y0)¥] (2.3)

and
V=2~ yo(1 - yo) + x0(1 — x0)] (2.4)

where(xg, yo) is the location of the flame tip.

As is readily seeny = 1/12 if xg = yp = 1/2, i.e. when the tip is at the channel’s centerline,
andV = 1/3if xop = yo = 0, i.e. when the tip is at one of the channel’s corners.

Figureqd 14 show results of numerical simulations of the prolflem ([L.2)—(1.4)=00.01 and
@ (x,y,0 = ¥(x,y). Two different initial conditions were employed: (a) the symmetry condition
with a maximum located afp = yo = 0.51, and (b) the asymmetry condition with = 0.51 and
yo = 0.55.

The spatial configurations of the flame surface are plotted in[Higs. 1 and 2. (a) corresponds to the
incipient time interval during which the changes take place only in the boundary layer according to
condition [1.4). (b) shows the final well-settled configuration of the flame. Figs. [jand 2 correspond
to the symmetry case. For the asymmetry case the configurations are nearly identical.

The flame velocity is naturally defined & = d(¥)/d:. Its temporal evolution is shown in
Fig.[3. Fig[4 depicts trajectories of the maxima. One can see that in the case of symmetry the flame
undergoes a single jump whereas in the case of asymmetry the flame jumps twice, firsy in the
direction and then in the direction. In other words the flame is attracted to the nearest boundary
(y = 1 in our simulation) and then to the nearest corner. Yet if the distances to both boundaries are
equal the resulting velocity vector is directed straight to the corner.

0.35

o1t J |

0 I I I I
0 500 1000 1500 2000 t 2500

FIG. 3. Temporal evolutions of the flame velocity= d(¥)/dt = %((V(b)z) for the symmetry (bold line) and asymmetry
(thin line) cases.
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FIG. 4. Trajectories of the maxima for the symmetry (bold line) and asymmetry (thin line) cases.

3. One-dimensional case revisited

In the one-dimensional version ¢f (IL.2),

u=—o,,
one obtains the equation
ur — ey, +uuy —u =0 forx e (0,1), r >0, (3.2)
together with
u(t,0) =u(,1) =0, (3.2)
u(0, x) = up(x). (3.3)

Note that the results obtained for equatipn(3.1) can be immediately translated into those for the
one-dimensional version of equatidn (1.2). It is worthwhile to keep in mind that wien) is
close to linear, thew is close to a parabola. The tip of this parabola corresponds to the point where
u vanishes. In particular, whem does not change sign, theh is monotonic and the tip of the
parabola is at one of the endpoints. Equatjon|(3.1) is of Burgers’ type, but in contrast to the classical
case, it contains au term. It turns out that for the asymptotic behavior, this term plays an essential
role.
Below we present some results from our previous paper [6] and the corollaries which we use for
the two-dimensional case.
Let f(x) be the stationary solution df (3.1), (B.2), i.e. the solution of the ODE boundary value
problem
ef ' = ff'+f=0 in@©1),
fO=f1=0.
It is proved in [6] that for every with 0 < ¢ < 72 there exists a unique positive solutigit .

Likewise, there exists a unique negative solutjgh We call a solutionf positive(resp.negativg
if f(x)> 0 (resp.f(x) <O0)forallx € (0, 1).

(3.4)
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The next result is about the behavior of these solutions as 0. The solutionsf;" converge
uniformly on compact sets of [@) to the functionp™ (x) = x ase — 0. The solutiongf,” converge
uniformly on compact sets @b, 1] to the functionp™(x) = x — 1 ase — 0. In [6] we consider the
case when the initial functiomg € C8[O, 1] satisfies the condition:

ug(x) <0 forallx € (0, ag),

ug(x) >0 forallx € (ap, 1), (3.5)

whereaqg is some number between 0 and 1.

PROPOSITION3.1 Suppose: satisfies(3.5) and lets be any small positive number less than
min{ag, 1 — ap}. Then there are constarts> 0 andeg > 0 such that for alk < ¢g and for all
0<t < T, = e,
us(t,x) >0 forallx € (agp+46,1), (3.6)
ug(t,x) <0 forallx € (0,ag —9). 8.7
PROPOSITION3.2 Suppose satisfies[(35). Fix some € (0, min{ag, 1 — ag}) and lets be any

small positive number less than iy — n, 1 — ag — n}. Then there are constarits> 0,« > 0
andegg > 0 such that for alk < &g,

x—ag—8 <ugt,x) <x—ap+34 (3.8)

forallx e [n,1—nlandT <t < T, := /%,
For the proof of the statements mentioned abovelsee [5, Theorems 1, 2, 4 and Proposition 8.1].
The last result from [6] we need is

PROPOSITION3.3 Let uq satisfy condition[(3]5) withup € (0,1/2). Then fore small enough
ug(t,x) - fr(x)ast - oo. If agp € (1/2, 1) thenu,(t, x) — f,”(x). Moreover the convergence
is uniform forx € [0, 1].

For this last statement see [6, Theorem 5]. However this theorem states only the pointwise con-
vergence and not uniform convergence. But the proof there is based on the uniqueness of the sta-
tionary solution and on the construction of super- and sub-solutions. Therefore uniform convergence
follows (seel[3],[15],[16]).

Now we generalize the previous statements in order to remove condfition (3.5). The results we
get are not as strong, but they apply to a much wider class of solutions.

The next assumption is the one-dimensional version of assumptions A1-A2:

ASSUMPTIONA3 There exist constants> 0, b > 0 such that: < b and
ug(x) <0 forx € (0, a), (3.9)
uo(x) >0 forx € (b, 1). (3.10)
Suppose thatg satisfies A3 and Igip be a continuous function defined on [ satisfying
uo(x) = uo(x) forx €[0, 1], (3.11)

uox) <0 forx € (0, a), (3.12)
uo(x) >0 forx € (a, 1), (3.13)
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and
u0(0) =up(1) =0. (3.14)

The existence of such a function for givegis ensured by (3]9).
Similarly it follows from (3.10) that there exists a continuous functigrsuch that

ug(x) <uo(x) forx €0, 1], (3.15)
ugx) <0 forx € (0, b), (3.16)
ug(x) >0 forx € (b, 1), (3.17)
up(0) = up(1) = 0 (3.18)

(see Fig[ b).

FiG. 5. Sketch illustrating the functiong andu,.
Itis clear that both functiong andu, satisfy [3.%). Therefore the previously mentioned results
may be applied. Now we are ready to prove the next

THEOREM 3.4 Suppose:g satisfies Assumption A3. Létbe any small positive number less than
min{a, 1 — b}. Then there are constanis> 0 andsg > 0 such that for alt < &g,

ug(t,x) <0 forx € (0,a —§), (3.19)
us(t,x) >0 forx e (b+54,1), (3.20)

forall0 <t < T, := /5.

Proof. Letup(x) anduy(x) be the functions satisfying conditiorjs (3. 11)—(3.14) gnd (3.[5)(3.18)
respectively, and leii(r, x) (resp.u(z, x)) be the solution of{ (3]1)(3.3) with initial data equal to

uo(x) (resp.ug(x)).
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By the comparison principle using (3]11) aphd (3.15) we obtain
u(t,x) <ug(t,x) <u(t,x) (3.21)

forall x € [0, 1] ands > 0. Foru(z, x) we apply Propositiop 36 and conclude that therecare 0
andgg > 0 such that foe < &y,

w(t,x) <0 forx e (0,a—8)and 0< ¢t < /. (3.22)
Similarly, there arex > 0 andgy > 0 such that foe < g,
u(t,x) >0 forx e (b+6,1) andall 0< 1 < e¥/¢. (3.23)

The assertion of the theorem follows fro@.Z@.ZS) with= min(zo, &p), « = min(e, o). U

THEOREM 3.5 Suppose satisfies A3. Fix some € [0, min{a, 1 — b}] and lets be any positive
number less than m{p — n, 1 — b — n}. Then there are constarifs> 0,« > 0 andeg > 0 such
that for alle < ¢,

x—b—8<us(t,x)<x—a+38 forxe(l—n)andT <t < T, =",
Proof. Again use the solutiors(z, x), u(z, x) and Propositiof 3]2. |

Finally, we have

THEOREM 3.6 Suppose satisfies A3 an@d < 1/2. Then for alle sufficiently small,
lim ue(r, x) = fiH(x) .
t—00

If a > 1/2 then
lim wuc (¢, x) = fi (x).
—00
The convergence is uniform fare [0, 1].
Proof. This follows from [3.2]) and Propositi¢n 3.3. O

4. Two-dimensional case, rectangular channels

In this section we consider the initial-boundary value problem

@ —iVeP=cA® + @ — (@) InS={(x,y,0):(x,y) €D, t>0}, (41)

@(0,x,y) =Po(x,y), (x,y) €D, (4.2)

oP

8_ =0 onobD x (0, OO), (43)
n

whereD is the rectangl€0, 1) x (0, 1) and®g € C(D).
Now we prove Theorenjs 1.1 apd|L.2 formulated in the introductionv let—9® /9. Differ-
entiating [4.1) we obtain

0P
Lv=v1+vvx+a—vy—8Av—v=0. (4.4)
y
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It follows from (4.3) and[(4B) that

90
0x
3 9
v(t,0,y) = v(t,1,y) =0, (. x,0) = =, x,1) = 0. (4.6)
dy ay

Equation ) is not self-contained because of the t%%my. Therefore, in general, we consider
the system of two equations, one foe= —9®/dx and one fow = —9®/dy. But in the case of
the rectangular domaip we avoid this difficulty by using the following simple observation which
is the key to the proofs of Theorefns]L.1 1.2.

Let v be a solution of the problerp (4.4)—(%.6) with the initial data which does not depend on
Thenv stays independent gffor all # > 0.

LEMMA 4.1 Letu(z, x) be the solution of the problem

Uy +uny — gy —u =0, 4.7)
u@,0) =u(,1) =0, (4.8)
u(0, x) = ug(x). (4.9)

Thenu(t, x) is a solution of the probler.4)—(4.6) which does not depend on

The proof is by substitution.
Now we considep(t, x, y) as a solution of the parabolic equation (4.4) in whigh/dy appears
as a coefficient. Lemnja 4.1 will be used for comparing solutiors of (§.4}-(4.6) with solutions of the

problem [4.7)4(4]9).

LEMMA 4.2 (comparison) Let v(z, x, y) be a solution of the probleny (4.4)—(%.6), and, x),
u(t, x) be two solutions of the problerp (4.7)—(4.9). Suppose that

v(0,x) <v(0,x,y) <v(0,x) V(x,y)eD.
Then for allz > 0,
v, x) <v(t,x,y) <v,x), xe€(01),ye©01,r>0.

LEMMA 4.3 Let®.(t, x, y) be asolution of the problerp (4.1)—(%.3) and suppbséx, y) satisfies
assumption Al. Let, = —0®/dx and lets be any small positive number less than fainl — b}.
Then there are constants> 0 andeg > 0 such that for alk < ¢g,

T, :=¢*/¢,  (4.10)
T,. (4.11)

ve(t,x,y) <0 forallx € (0,a—28), y e (0,1) and 0< ¢
ve(t,x,y) >0 forallx e (b+6,1), ye (0,1) and0< ¢

NN

Proof. Letu(z, x) be a solution of the problerp (4.7)—(#.9) witk0, x) = minye[o 1) v(0, x, y) and
v(t, x) be a solution of (4]7)(49) with(0, x) = max,cjo.1) v(0, x, y).
It follows from Al that

v(0,x) <0, ©v(0,x) <0 forx e (0,a), (4.12)
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v(0,x) >0, v0,x)>0 forxe®,1l). (4.13)

Applying Theorenj 34 t@ (¢, x) we deduce using (4.12) that for a fixédhere exis&z ands such
that for alle <2, B
(t,x) <0 forallx € (0,a —§) and 0< 1 < e¥/%.

By Lemmg 4.2,

ve(t, x,y) < V(t, x),
therefore with the sam& o ands, fore < %,

ve(t,x,y) <0 forallx € (0,a — ), y € (0, 1) and 0< 7 < ¥/°. (4.14)
Next we compare,(z, x, y) andv, (¢, x). By Lemm@,
ve(t, x,y) 2 v, x).
Applying Theorenj 34 ta(z, x) we find that for a fixed there existr ande such that for alk <,
v,(t,x) >0 forallx € (b+35,1) and 0< ¢ < /%,
Consequently, with the sandea ande, for e <%,
ve(t,x,y) >0 forallx e (b+3,1), y e (0,1) and 0< ¢ < /%, (4.15)

Finally, we choose: = min(@, @), eg = min(¢, €), and using[(4.74)[ (4.15) we deduce the statement
of the lemma. O

Lemma[ 4.8 implies[(T]8) an (1.9). In order to proye (IL.10), (1.11) we defire —0® /9y and

proceed in the same way as withThe functionw satisfies the equation
0P
Llwzw,—l—wwy—l—a—wx—sAw—wzo
X
and

oD

w(0,x,y) = ~20

dy
Jw ow

w(t,x,0) =w(t,x,1) =0, —(@,0,y) = —(t,1,y)=0.
0x 0x

Next we comparev, with the solutions of the one-dimensional problém|(4[7)}(4.9) where y.
First we definaw(z, y) as a solution of the problem

7 +22y —82yy —2 =0, (4.16)
z(t,0) = z(z,1) =0, (4.17)
z(0,y) = z0(»), (4.18)

wherew(0, y) = min,¢[o,1] w(0, x, y). By the comparison principle

wg(tv Y) g Wg(t,x, }’)
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Letw, (¢, y) be a solution off (4.16)(4.18) witla. (0, y) = max.cjo,1) w(0, x, y). Then
wé‘(tv x? y) < wé‘(tv y)

Applying Theoren| 34 taw, (¢, y) andw,(z, y) we end up with the following lemma which is
similar to Lemma4.3.

LEMMA 4.4 Let®d,(1, x, y) be a solution of the problern (4.1)—(%.3) and suppbser, y) satisfies
assumption A2. Letv = —9®/dy and lets be any small positive number less than fairl — d}.
Then there are constanis> 0 andsg > 0 such that for alk < &g,

we(t,x,y) <0 forally e (0,c—3), x € (0,1)and 0< r < T, := ¢*/%,
we(t,x,y) >0 forallye(d+46,1), xe((0,1)and0<t < T.

Theoreni LIl now follows from Lemmps #.3 dnd4.4.

Proof of Theorerp 1]2. Consider again the solutions(x, r) andv, (x, r) which were used for the
proof of Lemm4 4.B. By Lemnja 4.2 we have

yg(tv X) < vs(t» .X, y) < va([» -x)'
It follows from Theorenf 3J6 that under the assumptions of Theprem 1.2, fosafficiently small,

v (t,x) — f;(x), ve(t, x) — fj(x) ast — oo.

Therefore
9D, . :
oy = ve(t, x,y) = f. (x) uniformly ast — oo.
X
In a similar way—d®, /3y — f:"(y) uniformly asr — oo, thus implying|(1.1B). O

5. Concluding remarks

The main result of our paper is that under the conditions of Theprem 1.1 the point of maximum of
the solution® (¢, -) remains inside the rectangl®; for an exponentially long time. On the other
hand by Theorein 1.2 ib; is inside one of the quarters of the rectanBl¢he shape of (1, -) tends

to a bell with its tip at one of the domain’s corners.

In particular the conditions of Theorgm [L.2 are met if the surfa¢@, x, y) has the form of a
bell with tip not at the center of the rectangle. For this case our numerical calculations show that
the tip first moves very slowly to the closest point on the wall and then to the closest corner. If the
distances to two walls are equal the movement is in the direction to the closest corner.

For the general domain the problem remains open. Yet, one may expect that the features identi-
fied in the present study will hold for the general case as well. In particular, for large time the shape
of @ (¢, -) should approach a bell with its tip at some point on the boundary where the curvature is
positive.

We believe that one may study the local stability of the stationary solutions using the estimates
of the pertinent eigenvalues. Yet, the global approach we use seems to be more effective, at least for
the problem considered in this paper.
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