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Willmore flow of graphs

KLAUS DECKELNICKT
Institut fur Analysis und Numerik, Otto-von-Guericke-UnivetsMagdeburg,
Universitatsplatz 2, 39106 Magdeburg, Germany

AND

GERHARD DzIuk#
Institut fur Angewandte Mathematik, Unives@t-reiburg
Hermann-Herder-Str. 10, 79104 Freiburg, Germany

[Received 21 October 2004 and in revised form 28 September 2005]

The evolution of two-dimensional graphs under Willmore flow is approximated by a continuous-
in-time finite element method. The highly nonlinear fourth order problem is split into two coupled
second order problems using height and a weighted mean curvature as variables. We prove a-priori
error estimates for the resulting time-continuous scheme and present results of test calculations.
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1. Introduction

The purpose of this paper is to analyze a finite element scheme for the approximation of two-
dimensional surfaces i3 which evolve according to Willmore flow. This flow can be interpreted
as theL2-gradient flow for the Willmore functional

W(f) = %/FHZdA, I = f(M),

where f : M — R3is a smooth immersiond = k1 + k2 denotes the mean curvature Bfand

dA is the area element. Furthermond, denotes a fixed two-dimensional surface with or without
boundary. Considering normal variatioris(x) := f(x) + e¢p(x)v(x), x € M, wherev is a unit
normal field toI” and¢ : M — R is smooth and vanishes nga¥/, one obtains the formula

d 1
(W'(f), d) = d—W(fe)\e:OZ —/ ¢<AFH+ —H3—2HK> dA.
€ r 2

Here, K = «kik2 is the Gauss curvature df and A denotes the Laplace—Beltrami operator.
The sign ofH is chosen in such a way th& > O for a sphere with outward pointing nhormal.
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For details on this calculation and more information on the Willmore functional sée [18]. Given a
smooth, oriented surfacE c RS2, the Willmore flow problem now consists in finding a family
(I"(t))zefo, 1) Of smooth, oriented surfaces which satisfy

1
V =ArH+ EH3 —2HK onl(t), (1.1)
) = Iy, (1.2)

whereV denotes the normal velocity.
In this paper we shall assume that the surfafés) are graphs over some bounded domain
2 CcR?ie.
r'e)={x,ulx,1)|xe 2}

oriented by the unit normal field

po u-D (1.3)

V1+|Vu2
whereVu = (uy,, uy,). In what follows we shall assume th@t has a smooth boundary.
It will be convenient to use the abbreviation

0 =1+ |Vul2 (1.4)

for the area element. The evolution law (1.1) gives rise to a partial differential equation for the
height functionu. In order to write down this equation we note that the quanties?, K and
Ar H appearing in[(1]1) are expressed in terms a6 follows:

2
V:_ﬂ, H:V~<@), szetDu’ (1.5)
0 0 04
1 Vu® Vu
ArH==V". I————|VH, 1.6
T ((Q 0 ) ) 19

whereD?2y contains the second space derivatives. The last relation can be rewritten as

ArH=V. (1(1 _ v”‘X’W)V(QH)) _HV. <i<1 _ V”®V”>VQ>. (1.7)

Q 02 0 0?
Using the expression fail we conclude that
1 Vu® Vu) 1 ( Au ) Vu
—\/-——)VO0=—|VO - —Vu |+ H— 1.8
Q( 02 ¢ 0 ¢ 0 Q (1.8)
and a calculation shows that
1 Au
V- l={VQO—-—Vu = —-2K. 1.9
(G(vo- ) &

Inserting [(1.8) and (1]9) int§ (1.7) we obtain
ArH=V" (i(l — M)wgm) +2HK — HV - (HE>
e 0? 0

—v (L oYV oom) 1 2mk - Ly sz Ly
= (g1- g Jviem) +auk = G- (GGvu) - 3
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FiG. 1. A stationary solution of (T-10)=(T111): Willmore surface with prescribed boundary and mean curvature equal to zero
on the boundary. The solution was computed with the time dependent algdritm[(4]1)—(4.2).

Comparing this expression with (1.1) and recalling tfiat —u, /Q we obtain the following fourth
order parabolic PDE fou:

1 Vu ® Vu 1 H? _
Vil=(I-———|V(QH) ) — =0V - —Vu | =0 2 0, 7). 1.10
i+ Q (Q( 02 ) (Q )) 50 (Q u) in2x(0,7). (1.10)
Note that the above equation has (after division@®ya nice divergence structure in which the

Gauss curvatur& no longer appears. This structure was exploited by Droske and Rumpf in [8] for
a level set approach to Willmore flow. We shall use the boundary conditions

u=g, H=0 ond2x(0,T), (1.11)

for a given smooth functiog : 2 — R. The condition|(1.1l1) is motivated by calculations[inl[14],
where it is shown that if” = f(M) is stationary forW with respect to variations which keep the
boundary ofl" fixed, then necessarilif = 0 onaI". Finally, we prescribe the initial condition

u(-,0) =ug in$. (1.12)

In what follows we shall assume that the initial-boundary value prolem|(1[10)}(1.12) has a unique
solutionu, which satisfies

u e L®0, T); H**®(2)) N L2((0, T): H3(R)), (1.13)
u; € L0, T); H>®(£2)) N L%((0, T); H3(2)), (1.14)
uy € L0, T); L®(£2)) N L2((0, T); HY(2)). (1.15)

Since the focus of our work is on the analysis of a finite element scheme approximating solutions
of (T.IQ)-{T.IR), we do not address the question of whether a funetgatisfying the regularity
assumptions[ (1.13)—(1]15) exists. We expect a positive answer at least for/snialt at the
moment little seems to be known about boundary value problems for Willmore flow. The situation

is different for the evolution of closed surfaces. [In][17] it is shown that a unique local solution of
), ) exists provided thd is a compact closed immersed and orientatd€ -surface inR3.

The solution exists globally in time iy is sufficiently close to a sphere i#%®. Using different
methods, Kuwert & Scitzle ([11]) obtain global existence of solutions provided tf)%\t]A°|2 is
sufficiently small, wherei® denotes the trace-free part of the second fundamental form. They were
subsequently able to remove the smallness assumption and to prove the existence of a global smooth
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solution provided thaW (fo) < 16w, wherelp = fo(S?) (see [12] and note that our definition
differs from the one used in[12] by a factor of 2). The numerical evidence of [13] indicates that the
above condition is optimal in the sense that the flow develops a singularity if the initial surface has
energy greater than 6

2. Variational formulation and discretization

In order to approximate solutions ¢f (1]19)—(1.12) by a finite element scheme, we need to derive a
variational formulation of[(1.70). To begin, let us introduce

E(p)ij == DiPj > i,j=12 peR2 2.1)

1
8.._
J1+|m2<” 1+ |pf2

It is not difficult to verify that

|E(q) — E(p)| < clg — pl Vp,q € R, (2.2)

g/
E(p)g-q = S — Vp,q € R (2.3)

JIT 12

Now, (1.10) suggests using = —QH rather thanH as the second variable in a splitting method
(cf. [8]). If we divide (1.10) byQ, multiply by a test functiony € H}(52) and integrate by parts we
are led to

urQ 1 w2
/g ’E +/Q E(Vu)Vw - Vo + E/Q @w Vo =0 Ve H}RQ), (2.4)
wé‘ Vu . V{ 1
— =0 V¢e HN), 2.5
[ ceHi®), (5

where the second relation stems from the definitiow @ind [L.}).

Before we proceed and base the discretization of our problefn dn {2.4), (2.5), we want to deduce
the decrease in time of the Willmore energy“m) H?dA = % [ H*Q from these relations.

Usingy = u; in (2.4) and observing thatu - Vu, = Q,Q we deduce

2 2
u; / 1 w0
—+ | E(Vu)Vw - -Vu; + = =0. 2.6
/.Q 0 Jo T2)e 02 (2.6)
Next, differentiating[(2.6) with respect to time gives
we _ wng’ —/ E(Vu)Vu, - V¢ =0 V¢ e HA ). @.7)
2 0 2 0 2

If we insert¢ = w into (2.7) and combine the resulting identity wifh (2.6) we obtain

u_tz 1 w2Q, ww; u_,2+1d/w_2
e 0

0: —+ R _—
e Q 2Jo 0° e 0 e Q0 2d

Observing thaf, w?/Q = [, H2Q we see that the energy decreases in time.

(2.8)
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Let us now turn to the discretization in space. The variational formuldtioh (P.4)—(2.5) suggests
using a second order splitting scheme with linear finite elements in order to approximate the pair
(u, w). Let7;, be a family of triangulations of2 with maximum mesh sizé := maxse7, diam(s).

We suppose tha® is the union of the elements Gj, so that element edges lying on the boundary

are allowed to be curved. Furthermore we suppose that the triangulation is quasiuniform in the sense
that there exists a constant- 0 (independent o) such that eaclf € 7;, is contained in a ball of
radiusk ~1 and contains a ball of radiug:. The discrete space is defined by

Xp = {vp € CO(82) | vy is a linear polynomial on each € 7},

with suitable modifications for boundary elements. There exists an interpolation opérator
H2(£2) — X, such that

lv = Ll + AV = L) || < ch®|[vll 2, forallv e HA(£2). (2.9)

Furthermore, leX,0 := X, N Hy(£2) and suppose thdfv € X0 for v € H2(2) N H}(£2). Here

and throughout the paper we will denote & £2)-norm by|| - ||.
Our discrete problem now reads: fiw, (1), wy (), 0 <t < T, such thau, () — Ing € Xno,
wy () € Xpo, up(0) = uon € Xpo and

UntPh

2 On

1 w?
+/ E(Vup)Vwy, - Vou + —/ —’éwh Vo =0 Vo, € Xpo, (2.10)
2 2 2 Qh

Wh&h _/ Vup - Vi
2 Qn 2  Qn

=0 V¢, € Xpo. (2.11)

Here, 0, = 1+ [Vuy|?.
LEMMA 2.1 The systenj (2.10J, (2]11) has a unique solution w;) on [0, T] for all T < oo.

Proof. Local existence on an interval ,[f)) follows from the theory of ordinary differential
equations. Sinceay (1), wy,(t) have values in a finite-dimensional space, it is sufficient to bound
some norm ofuy,, wy) in order to obtain existence on,[0]. If we repeat the argument which led
to (2.8) in the discrete setting, the result is

t u%t 1 w}zl
——i——/ — < C(h,ugp), 0<t <. (2.12)
/0 /:2 On 2Jo On

Using &, = up € Xpo in (2.11) we obtaind/dr) [, Qn = [ whun:/Qn, which combined with
(212) yields

t w2 1/2 t MZ 1/2
/Qh(r)<c+(//—h) (//—h> <c(h, Tougy), 0<t <1y
Q 0 Jo On 0o Jo On

This implies thatQ, (x, 1) < ¢(h, T) uniformly in (x, 1) € 2 x [0, 7,), and [2.1R) then shows that
lluer, (D], |lwp (£)|| remain bounded on [@;). We leave the proof of uniqueness to the reader]

Our main result is the following error estimate:
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THEOREM2.2 Assume tha{ (1.]10J—(1]12) has a unique soluiiam the interval [0T], which
satisfies[(T.73)F(1.15). Also suppose thgt = uo,, wherel, is defined as the projection af

(see[(Z3]7)). Then

sup || —up) @) + sup ||(w — wpy)@)|| < ch?llogh|?, (2.13)
or<T or<T
sup IV —up)(@)| < ch, (2.14)
ot<T
T
f ltg — w2 e < ch*lloghl?, (2.15)
0
T
/ IV (w — wp) |2 dt < ch?. (2.16)
0

REMARK 2.3 We expect a similar result if the functignin (I.11) is allowed to depend on time

or if we consider a Neumann boundary condition forPrescribing an inhomogeneous Dirichlet
condition for H or replacing it by a Neumann condition is more difficult since our analysis uses the
variablew = —Q H, so that information o) onas2 x (0, T) is required in order to determine the
boundary condition fotw.

A detailed proof of Theorefn 2.2 will be given in Section 3. One of the crucial points of our error
analysis is the use of suitable nonlinear Ritz projections ahdw which we introduce next. To
begin, leti;, be defined by, — I,g € X0 and

/ MZ/ w V¢ € Xno, (2.17)
2  On e @

Whereéh = /14 |Vuy|2. Note thatt is just a parameter. Estimates for the error
Py = U —ﬁh

in the time-independent case were first carried out in [LO}-estimates are due to [15]./[9]. For
functionsu which depend on time it was proved in [4]] [5] that

sup llou®ll +h sup Vo0l < ch?, (2.18)
o<t<T o<t<T
sup llpu(®llze +h sup [[Vpu ()l < ch?|loghl, (2.19)
0<<T 0<i<T
sup | pur (1)1l < ch?|loghl?, (2.20)
oi<T
sup |V our ()l < ch. (2.21)
0<r<T

With the help ofi;,, we next define a projectioi, € X0 of w as follows:

E(Vup)Vwy,-Vo, = EVu)Vw-Vop+ = W\ =3~ =3 -Von Vop € Xpo. (2.22)
2 2 2)e 0 Qh

The proof of the following bounds on the error

Pw =W — W
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will be given in Lemma A.1 of the Appendix:

sup [Vou (@)l < ch, (2.23)
0<t<T
sup llpw (@Il < ch?|loghl, (2.24)
o<r<T
sup [[Vpu ()|l < ch, (2.25)
o<i<T
sup [l pw ()1l < ch?|loghl?. (2.26)
0<r<T

Note that [(T.IB), [(T.34),[ (2.19)—(2]21], (2.28)—(2.26) together with interpolation and inverse

estimates imply that

N2 oo 1he oo, 105 llwioos |0l i < € (2.27)

uniformly in A.

We end this section with a few remarks on numerical approaches to Willmore flow and related
problems. In[[13], a finite difference scheme is derived to approximate axisymmetric solutions of
evolution lawsV = f(x1, k2). The Willmore flow is studied in detail and numerical evidence is
provided that the flow may develop singularities in finite time. [8] derives a level set formulation
using the level set function and a weighted mean curvature as variables. The formal similarity to
the graph approach motivated our choice of variables. For the parametric approach to Willmore
flow, [16] derives a variational form which employs position and mean curvature vector as variables
and allows the use of linear finite elements to discretize in space. This approach is subsequently
extended in[[B] to surfaces with boundaries and applied to problems in surface restoration. We
also refer tol[2], where numerical simulations of anisotropic surface diffusion are carried out for a
surface energy which consists of a strongly anisotropic nonconvex part and the Willmore functional
(weighted by a small factor).

Let us finally mention evolution by surface diffusion,

V=ArH onl(t),

which coincides with Willmore flow in the highest order term, but which is simpler in that the
nonlinear terms in the principal curvatures are absent. In the graph case, it is possible to write down
a splitting method using height and mean curvature as variables. Finite element error bounds both
for time-continuous and fully discrete schemes have been derived inl[6].[1], [7].

3. Proof of Theorem 2.2

Before going into details let us sketch the main ideas in the proof of Theorgm 2.2. Combining
the variational identities] (24)[ (2.5) and (2.1Q), (2.11) wfth (R.17) &nd |(2.22) we shall derive

corresponding relations fey, := u;, —u;, ande,, := w;, — wy;,. We then try to mimick the derivation
of the a-priori estimatg (2.8) in order to gain control on

T
/ lew lI2dr + sup [ley, (0)]|% (3.1)
0 te(0,T)
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This program is started in Lemmnas|3.4 3.5. Unlike the ca§e ¢f (2.6)—(2.8) the integrals involving
0O, and the matrixt will no longer cancel and require a subtle analysis. Another difficulty stems
from the fact that control of the quantities {n (8.1) requires a uniform bound on the discrete area
elementQ;,. The proof of such a bound heavily relies on the choice of the nonlinear Ritz projections
introduced above and a superconvergence property.

To begin, let(u;,, wy) be the discrete solution and denote @y := /1 + |Vu,,|? the discrete
area element. Furthermore, define

Co:= sup QOx,1), Ci:= sup |w(x, 1)
x€R,0<<T xe€,0<T

The initial condition together with a continuity argument then yields, for small

supQu(x, 1) < 2Co,  suplw,(x, )| < 2C1 (3.2)
xeR xXeR
for smallt. Define
T, :==supt €[0,T] | holds on [0¢]}. (3.3)

Our strategy is to first prove the error estimates on the intervdl,)0and subsequently use these
bounds to show thaf, = T. Thus, in what follows we shall assunje (3.2). Let us decompose the
errorsu — uy andw — wy, according to

u—up=py+euy, where ¢, :ﬁh_uha
w—w, = py + ey, Where e, = w, — wy.

Furthermore, it will be convenient to work with the following discrete normals:

~ . (Vup, -1 - (Vup, =1
Vp = —— oy = —
Oh Oh

We infer from Proposition 2 ir |5] that

’

[Vn = val < IV @h —up)l < (1+sup|Vin) Qnlvn — val,
2

which, combined with[(3]2) anfl (2.27), yields
[Vh — vnl < |Veu| < (14 ¢)2Co[V) — val- (3.4)

In order to make the error analysis more transparent we split it up into a series of auxiliary results.

LEMMA 3.1 Suppose thaf : R" — R is twice continuously differentiable and thate H(-}(.Q).
Then

/Q(F(Vu) — F(Vup) f = — /Q V- (fF' (Vu)pu + R,

whereR satisfies
IR < Ch?|loghl| f1.
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Proof. Clearly,

1
/ (F(Vu) — F(Vay)) f =/ F/(W)~Vpuf+/ f (F'(Vu —sVpu) = F'(Yu)) - Vou f
Q Q 0 J@
= _/ V- (fF'(Vu)p, + R,
2

where
IR < clIVpull= IV pullll 1l < Ch?|loghl|l f |

by (T.13), [2.1B),[(2.79)[ (2.27) and singeis twice continuously differentiable. O
LEMMA 3.2 Forevery > 0 there existg,. such that

IVeu()1? < €llew®) 1 + celle 1> + ch*lloghl®,  0<t < T,

Proof. In view of (2.3), [2.I1) and (2.17) we have

/(V_@_M)v f(ﬂ_ﬂ> Von € X
o @h On $h = 0 On @h @h hO-

Usingey, = uy, —uy, = e, € X0 and applying Lemm@.l With (p) = 1/y/1+ |pl2andf = we,
we derive

/‘(Vfih Vuh> /‘(1 1) /‘( 1 1) / (w — wp)ey
—~— — — ] Ve, = wey, + = - — |lwe, + | ———
2\ O On 0 0 On O 2 Oh
Vu
< /Q V. (weu 0? )Pu + ch?|logh|llwe, || + cl Vel llewll + (llewll + Low D llewl

< ch?||Veyll + (I Vel + llew |l + 2 lloghl) e, (3.5

in view of (1.13), [2.1B) and (2.24). Observing tti&te,, 0)' = 04D, — Qs v, We may write

Vu,  Vuy, ~ P 1. 2,5 2
—=—— —— | Veu=Op— ) - (Qnvh — Q) = 5[Vh — vp|™(Qn + Qi) = collVeull
On  Qn 2
by (2.27) and[(3}4). Combining this inequality wifh (8.5) implies the result. O
LEMMA 3.3

IVewOII” < c(IVeu )1 + llew DI + llew O + h*lloghlh),  0<t < T,
Proof. First note that in view of the definition af;, we have, for allp, € X},
=2

~ o~ 1 wr
—i—/ E(Vup)Vwy, - Vo, + —/ %Vuh - Vo
2 2 2 Qh

_ (Unt — ur)@n / (i . _) / vé
/Q —Qh O on+ (wh (7

WhiPh

2 On
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from which we infer

=~2

1 wh w,%
(E(Vuh)th — E(Vup)Vwn) - Vo + 5 =z Vi — —3Vuy | - Vo
2)a Qh Qh

PurPh 1 1 o o Vi
= —+/ <———)g0h+ Wwj, —w)—5-Ver. (3.6)
e o Jo'\an 0 e 03

eul(ph

2

Insertingy;, = ¢, into (3.6) we derive

~ o~ eyrey 1 wg wE
f (E(Vup)Vwp, — E(Vup)Vwy) - Ve, = — — —/ Vuh Vuh -Vey
2 2 Qn 2 Qh Q

Put€w 1 /
- w = V w-
2 On * /.Q (Qh ) T3 ), ) ¢

Using [2.3),[(2.R)[(2.97) and the fact th@}, < 2Co we obtain
/ (E(Vup)Vwy, — E(Vup)Vwy) - Vey,
2

= / E(Vup)Vey - Vey +/ (E(Vup) — E(Vup))Vwy, - Vey,
2 2

> ; Vey |2 —c|V \% > ; Vey|? — ¢ Ve, ||?
> 31Vewll® = clVeullliVey || = 31Vewll” = cllVeu ||
J1+4c? 2,/1+4c3

Furthermore, we infer from Lemnja 3.1 that

/ ( 1 1) / < 1 1 > / (1 1 )
——=ew=| (+——= — | | = — = Jurew
Q On 0 e\0n 0 0 0
Vu
< ¢l Veyllllewll —/ V. (Mzew )pu + ch?|loghl||ucey |
2 03

< cliVeullllewll + ch?|[Vey || + ch?lloghllley |,

by (2.18). The remaining terms are estimated in a straightforward manner so that we finally obtain
3 IVewll? < ellVeull? + llewllewll + clllewll + 1Veu DI Vew Il + lloullewll
2,/1+4C3
+clVeulllewll +ch?([Vey |l + ch?lloghlllewl + cllpwll [ Veull.

The result now follows from Young’s inequality, (2]20) and (2.24). O

The following two lemmas constitute the first steps in proving Thegrein 2.2. As mentioned earlier,
the strategy is to mimick the derivation ¢f (2.8).
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LEMMA 3.4 For 0< ¢t < T, we have

wj
-3 —=Vuy ) -Vey

1 2 PN 1 wh
——llewll* + | (E(Vun)Vi, — E(Vup)Vwy) - Veu + 5 | | =5 Vith —
2Co e 2J2\ 0} h

d Vu 1d R Viin
G g e g LT G Ve eIval st

Proof. Insertingy, = e, into (3.6) and recallind (3]2) we obtain

1 1 w2 w2
e f||2+/ (E(Va)Vdy — E(Vup)Vuy) - Veu + = / Lhvi, - 2hvu,) Ve
2Cy " 2 g Q Q "

PutCut 1 1 1 ~2 Vuh
< - —l—[ u < )e —i—/ < )e + = /( -Ve
o Qh o t Qh Qh ut o Qh ut ut

=[+I11+111+1V.
We infer from [2.2D) that
U1+ < | purllllew || + cll Vellllew | < €llew|? + ce (hHloghl* + | Ve, 1), (3.7)

while Lemmd 3.JL withF (p) = 1/y/1+ [p|2 and f = use,; yields

Vu Vu
I = - QV uzemQ PutR=— QV 02 empu—d uzQ3 Veypy
Vu Vu
+ B uz@ I-Veupu+ Qqu-VeuperR,

where|R| < Ch2|logh|||u;eu:|. Thus,
d Vu

T < A Veupu + clleu | (lloall + h2l10gA]) + clIVeu ll(lpull + 1l pu )
d Vu
S—g ) wiga Veuru+ ellew 1> + cllVeu | + cchlogh|* (3.8)
by (2.18), (2.2 ). Fmally,
1V = EE/ (wh — wz) A -Ve, — / (WpWh — wwt) éh - Ve,

—-/(AZ (W”> Ve,
t

We infer from [2.21),[(2.24) and (2.R7) that

1V < Zd,ffz—wz) @h Veu +cl|Veull(lowll + I pwe )

~2 4
- - Veu +cl|[ Ve, | .
2dt/( w ) Qh e, +c||Ve || +ch |Ogh| (3.9)

by (2.24), (2.2B). Summing (3.7)—(3.9) and choosirgyfficiently small yields the resuilt. O
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LEMMA 3.5 For0<t < Th we have

2dtf __/ LT / (th th)
Ohn 2 0 2 02 02

—/ (E(Vup)Vin — E(Vup)Vup) - Vey
2

< elVey |2 + ce(IVeull? + llewl1?) + ceh*loghl®.

Proof. Starting from[(2.p) and recalling the definition®f we infer

wép, Vu - Vg, / Vuy - V&,
L = — v X0,
2 0O /.Q 0 2 On Sh € Xao

from which we obtain after differentiation with respect to time

[ wgh / wQEZh 0, — / E(Vin)Viin - VEn =0 V&, € X0

Similarly

WhtSh WhSH
S [ 220~ [ BV Ve =0 Ve, € Xio
2 On 2 05 2

Taking the difference of the above relations we obtain
ewn [ ewdn _/ (th Qm)
) A Q2 Oht 5 07 @2 &n
—/Q(E(Vﬁh)Vﬁm — E(Vup)Vup) - Vép
_ Ai_i B 1 O _f (th g)
= /.;2 <Qh Q)Sh / ,Othéh +/ Pw ngh o Qh Qz &n.
If we usesh = ¢, the result is
/ 1 [ e 0n _/ ~ <Qm th)e
2dt On ZQQ,i e \0; 0f
—/ (E(Vup)Vup — E(Nup)Vup,) - Vey
2

(& Do [ ket [ e [ 52~ 2).
e \an Q)" J™Mo " T ™Mo Jp '\ g2 02)"

=l+---+1V.
In order to deal with the first term we apply again Le 3.1 wittp) := 1/4/1+ |p|? and

fzwhtew:
LG ) [ e
= o Qh Qh ht€w @h Q ht€w

—/(i—i>we—/V(wev> + R,
__QQh O ht€w o hth LPu
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where|R| < ch?|logh|||Wpew|. As a consequence,

| < cll@n o (1Veullllewl + 1 Vewlllloull + B2 N0g hlllew I1) 4 cll Vin oo llew I | ol
< €| VeylI? + ceh*llogh|? + [ Ve, 1% + cllew 1 (3.10)

by (2.27). Next,[(2.24) andl (2.26) imply

L+ 111 < c(llpwell + lpwDllewll < cllewll® + ch*loghl*. (3.11)

AbbreviatingG; (p) := p;/v/1+ |p|23 andi = 1, 2, we obtain

Vu-Vu;, Vuy - Vip\ -
1V = 3 — =3 Whey
2 Q Qh

= ./_Q(GI(VM) - Gi(Vﬁh))utxi whew - /;(Gl(vu) - Gi(v’u\h))putx,- whew

+ / G (Vi) purs, B
2
__ / V (G (Vi) hewttss,)pu + R — f (Gi (Vi) — Gi(VER) purs, Dreu
2 2

d — — —~
—f —G;(Vu) pyrwhey —/ Gi(Vu)Wpy,; purey —/ Gi(Vu)eyy; Wh pyr,
o 0x; Q2 Q

where|R| < ch?|logh]||Wye, Vi, ||. Using [2.2]) we can estimate

11V] < ellnllyrecllewl galloull + ch?lloghlliewll + cllV oull IV purllew |
+clloutllllewll + VWl Lo | pur Il lewll + el Vew HTWh 1l Lo 1| our |
< €llVeul|? + ceh®lloghl® + cllew . (3.12)
Combining [3.ID)+(3.72) we finally obtain the result. O

We are now in a position to complete the proof of Theofem 2.2. It follows from Leimps 3.4 and
[3.3 that

s+ 55 | Ll
2Co Cut 2dr Qh
1 w2 w ) 1/ / (th th)
i Viih — 1V ) - Ve,
/(Qh up Qh up eyt — 5 Q2 O — B Qh Qh

+/ (E(Vup)Vwy — E(Vup)Vwy) - Ve, — / (E(Vup)Vitpe — E(Vup)Vup) - Vey

c_ d v / @2 — )Vuh
< QS eupy + 2dl wh w Qh €y

+ceh4|logh| + el Vewll + ce(lleul 5 + llew ). (3.13)
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The main problem now is to deal with the terms appearing in the second and third line of the
above inequality. A short calculation shows that

1 A;Z, Y ) le (th th)
Vi, — —v Ve,
<Qh up Qh up ur = 5 Q2 %O — Qh Qh

1,0 102 1w
= ——@%QTth — -k Vuh Vup — ——Vuh Vi + = Az th + wpwy ghzt
2 705 2Qh 2Qh 2" Qh 0,
= Sl +-+ S5
Clearly,
G _Llpd (1 o Lo (1
= = — =1, = —=WwW,— | — ).
1729\ 0, = 2%\ o,
1+Vu,-V
Observing thafd, — v|?> = 2 — o= VU VUh e obtain
0n0On
S 1,0 Viuy - Vuy L1 1A2 Yy - Vuy 3A2 Vuy - Vup ~
= — = - - =5 — =5 w — =
2 2 "ot 03 2V 03 27 o8 hi
1,0 (Vuy-Vuy, 1 _,Vun - Vuy 3 . Qh@h .
= ——wfl—(?g> + —w;zlt,\—S —w%Ttlvh —pl?
2 "ot 0y 2 0; 4 05
—§@2 0nOnt _ }@23 1
27 g3 27"\ Q3)
while R R
s 1(A )ZVuh -Vun, Vup - Vup,  1_,Vuy - Vg
3=—sWh —wp) ' ——5—— —WpWh——3—— + W3-
2 05 05 2 0;
Summation ofSy, ..., Ss yields
1,0 1 1 Vu, - Vu 1
A GRS,
2 "9r\Qy Oh Qh Qh

_Athth| 5 — v e
4" 53 2" 03

_|_

1 1
+ = th(uh —uy) - Vuh,( — Wy —————— + W, ——=3—
2 0} 0} 03 2 0;
1®2 Vi - Vit N w;@h( ne  Vup - Vﬁm) 3 _5010m
T 5% 43 52 7 T 53 )T 9% A3
2 Qh h Qh 2 Qh
1.,9(2 1 Vi,V 1 3 0
(oA Vmvn Ly 2500ug
2 "ot On Oh Qh Qh 4 h
1, Vuy - Vuy, 1 1
~ 5% Q% > hV(Mh —up) - Vuht( Q—2>
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A short calculation shows that
2 1 Vi, - Vuy 1

0n  On 03 03
can be written as
D= lQZ|Vh_Vh| - Z(Qh_Qh) : (3.14)
201 010,

Integration over?2 together with[(3.]4) gives

1 w2 w? ) l/ e2 / (th th)
- Viih — —2Vuy ) - Ve, ~Zh e,
/ (Qh h Qh o fur = 2 Q2 7 Qe 2 02 Q2 ¢

S 1d 52D S5 D Ve, |2 2
Z = wy, D — wpwp D — c||[Veyl|© — cllewll
2 2

Vuy, - Vi, 04
—c/ )| L e V| 3 —apy +30,+ 2|,
Qh 0) 2 Qh
Since
On Vi -Vu, Vi (Van, — Vuy, Vup . On+ 0 On— O
2 3 - 52\ p T - Vith ==
Qh Qh Qh Ohn Oh On Qth Ohn
we obtain

th Vitn: - Vuy,

02 03

< cfvp —vnl < cllVeyll.

It is easily shown that

4
‘_4Qh +30, + % c(Qn — On)? < c|Veu)?.
h

Recalling [(3.1}) we have in conclusion

1 & w2 1 0 Qh el
o) s o (G-

1d 1
> EE/ wh{z gﬁm —wl? - QhQZ(Qh — On) } — c(llewl® + I VeuI?).  (3.15)

h

Next,

(E(Vup)Vy — E(Vup)Vwy) - Vey — (E(Vup)Vitpe — E(Vup)Vup,) - Vey
= (E(Vup) — E(Vup))V @nr — une) - VW — (E(Vi) — E(Vup)) Vi, - Vey.

In order to deal with the first term we introdu®®, P, € R3*3 by

Pyij =0ij = Vhivnj,  Ppij =8 —vpivej, i,j=123.
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Since(V @y — up), 0)' = 049, — Qnvn We may calculate

1 1 1~ 1 DU
<aph - E&)(V(uhz —up), 0 = <Eph - Eph)(thVh + OVt — Onevi — Onvnr)

—~ Ont = On = On o~ On ~
=vht—Tthh—TPhl)h,——Phl)h—aphl)ht—l-vht

h
0 Oh
Dy — <P S, 3.16
Bt{ vy — Vh O, th} + (3.16)
where N N N
OnQn & On Ont p ~  On , ~
S = —==——Pypvp + = Ppsvp + 20p — — Pyoj — — Pyps.
02 on " oo on "

Observe that

~ 1
o~ P o~ 2~
Ppvp = vy — (Vg - vp)vp = v — v + §|Vh — vp|“vp

and similarly
PN 1
Ppvp =vp —vp + §|Vh — |2y
This gives
Qh Ohn 1 N On PR ~ N
S === (vh — v+ =[O — vl P ) + = (=n - D0k — Ohr - V1) D)
Qh 2 Qh

O ~ 1 O
+ 20, — Q—;(wl — T+ —|Vh A = —(/V\ht — Uk - vi)vp)

1~ 1 )
:—EthrV\h_VH <&/V\h+ >+ th<Qh Qh)(Vh—Vh)
Qh

02 0 \Qn Oy
<2 - %(Vh Vp) — %)Wn + (Ve - (vn — Vh))(%vh - %W)
sincevy, - vy, = 0. We infer from [[3:2) and (3]4) that
& — & Qh - &vh < c|Veyl,
On  Onl Qh On
as well as
a5 2
2= Qi — 2] _ ‘3 gy — w2 = L= 2T 19, 2,
Oy On 20, On QO
which implies
IS| < ¢|Veul?. (3.17)

In conclusion
(E(Vup) — EVup))V @Wn — upe) - Vi,

1 1 ~ —~
= (aph - Q—Ph>(V(Mhz —up), 0 - (Vwy, 0)f

= {—((% — 1>(Vh —vp) — %%IWL — vy Vh) +S} - (Vip, 0).
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If we integrate this relation ove® and recall[(3.1]7) andl (Z.P7) we obtain

/ (E(Vitp) — E(Vup)V @ne — upe) - Viy

- Oh SO ¥ < U W
= d;/ (<Qh 1)(Vh Vi) 2§h|vh Vil vh> (Vy, 0)
_f ((% —1)( — V) — %g_h)h — vy Vh)'(V@ht’o)t—i-/QS-(V@h,O)f

- _/ ((% - 1>(vh — %%'”’1 vl ”h) (Vi 0 — ¢ Vey||?. (3.18)

h

Recalling the definitions of;,, P, and observin2) we may estimate

1 1 .
(aPh - Q—Ph>(Vuhz, 0) - (Vey, 0)

c/ IVeu||Vey| < €llVeyll? + el Vel (3.19)
2

If we insert [?»TI'\E;) R’S._I]8) anﬂ_(37119) info (3]13) we finally obtain

‘/ (E(Vuy) — E(Vup))Vup - Vey,
2

5wl i1 f wy f @2 — w0y
e \ e —=5 * Vé
wl T34 ), on dt gz Vet 5y o3

1d 10, -~ 2
_EE/ {2Q2|vh—vh| - Qh/Q\E(Qh_Qh) }

- — = = 1)Wh —vn) — =1V — vV | - (Vwp, 0)
/<<Qh 20,

2 2, .4 4
+ el Veyll? + cellew® + Vel + h*|log ).

Integrating with respect to time between 0 an@ < ¢ < 7},) and taking into account Lemms 3.2

and 3.3 yields
t
fo llewe 12 ds + lew ()1 < cllVeu O Ulpu Ol 4 llew Ol + [ Veu (1)
t t
+e/ ||Vew||2ds+c5/ (lewll® + 11 Ve, |1?) ds + cch*|loghl*
0 0

t t
e(||ew(t>||2+f0 ||em||2ds)+ce<||eu<t>||2+h“|logh|“+/O (||eu||2+||ew||2>ds).

After choosinge sufficiently small we obtain

t t
/0||em||2ds+||ew(r)||2<c1||eu(r)||2+c/0<||eu||2+||ew||2>ds+ch4|logh|“. (3.20)

On the other hand, in view @f,(0) = 0 we have

t t
lew ()12 fueunnemnds /0||em||2ds+c/0 el ds.
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If we use this inequality ir] (3.20) we finally obtain

t t
/0||em||2ds+||ew<r>||2+||eu(r>||2<c/0(||eu||2+||ew||2)ds+ch4|logh|4, 0<1t <Th,

and Gronwall’s inequality yields
llew 11 + llew®)1? < ch¥loghl®,  0< 1 < Ty (3.21)

Lemmd 3.2 implies thatVe, (1)|| < ch?|logh|? for 0 < ¢ < Ty, which together with[(2.19) and an
inverse estimate gives

10r I < NQW Iz + eIV —up) ()l + cllVeu ()] Lo

<
< Co + chllogh| + chllogh|? < 3Co,

and similarly ||wy (¢) || L < %Cl, 0 <t < Ty, provided thath < hg. Now we are in a position
to prove that7, = T. If not, the above argument would imply th&t, (x, T;) < %Co and
lwp (x, Tp)| < %Cl for x € 2, and we could establis .2) on,[0, + 4] for somes > O,
contradicting the definition df},. The estimate$ (2.13]-(2]16) now follow fron (3.21), Lenimé 3.2,
Lemm4 3.B and the interpolation results fGr, wy,.

4. Numerical results

For our numerical tests we have to use a time discretization. We have chosen a semi-implicit
discretization with respect to the time variable in the spatially discrete scfiemg (£.10), (2.11). For a
generic functiornv we denote its evaluation at the-th time levels,, = mt by v = v(., t,). The

time discretization is then given by:

f(” _”h)‘ph /E(vuh)Vw’"+l Yon
wH?
5 Vit V(Ph—/ f"on  Ven € Xpo, (41
2 Q)
m+l m+1
\% -V
S / S - o Y¢n € Xhos (4.2)
2 Qh 2 o

form = 0,1,...,m(T) with tm(T) = T and Q) = ,/1+ |Vu;']|2. We have introduced
an additional given right hand sidg, which we will need for our numerical tests. Denote by
{¢j}j=1....~ the usual nodal basis of,o. Then [4.1),[(4R) represents a linear system for the

coefficients of" ™ andw/"** in the expansions
N
hg=YUfen i =YWy
j=1
Denote byU™ = (U7", ..., Uy), W" = (W', ..., Wy) the coefficient vectors and set
mo— _901'(,0j m . . m Vg‘)i : v(‘)j
Ml-’j_ A QZI s Ew f E(Vu YV - Voj, Ai’j_/g—Q;l" ,
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as well as 5
1 (wih)

m h m m

mo_ _ Vo, - Vi, F"= ;

i,] 2 o (Q?)s (pl (p] i '/;2 f (pl
fori, j =1,..., N. With these settings we can write the linear system (4.1)} (4.2) in the form

1 1
7 R (4.4)

Eliminating W™+ from the first equation by inverting the (weighted) mass matrix in the second
equation leads to the linear system

1 1
(_Mm + Em(Mm)—lAm +Brn)Um+l = ZM"y™ 4+ F™, (45)
T T
We solve this nonsymmetric system by the biconjugate gradient method. In the practical

computations we use mass lumping, so 4t becomes a diagonal matrix.

We have tested our algorithm with the help of the following problem:2et= {x € R? |
|x| <1}, (0, 7) = (0,0.5) and

u(x, 1) = 2.5c0%271)(|x| — 1)3|x|°.
The functionf is calculated in such a way thatis a solution of the PDE

ﬂ+V-<i<1—m>wgﬁ))—}v.<H—ZW)—f in2 x (0,7)
0 0 02 2 0 B .

In order not to destroy the second order convergence properties in some norms we choose the time
step ag = 0.142. This has proved experimentally to be a good choice for our computations for the
Willmore flow of graphs. In Tablgs 1 afdl 2 we show the absolute errousifothe norms

Ex2u= Mmax |u™ —uf'|, Exove= max _[[Vu" —Vu}'l,
(T) ' m=1,...m(T)

m=1,....m

m(T)
E22u, = (f Z

m=1

m m—1
m _ Wp T Uy
u; —

2\ 1/2
. Esooow= max suplu™ —ujl,
T m= 2

1,...m(T)

as well as fow in the norms

m(T)
m m m my 2 172
Eoc2w = max(T) lw™ —wy'll, E22vw =7 E [Vw™ — Vw'|| )
m
m=1

Ecocow = max sgp|w’" —wy'|.

The computational results confirm the theoretical results of Thepr§m 2.2. Between two spatial grid
levels with maximal grid sizé; andhy and errorsE (h1), E(h2) we computed the experimental
order of convergence according to

L E(hy(, h1\ T
eodhs, ho) = log E () <Iog h_z) .
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TABLE 1

u-errors for the test problent, = 0.142

h Ex2u eoc Es2vu eoc Ez 2.4, eoc Eso.cou eoc
1.0 0.59486 - 1.41194 - 1.90956 - 1.09159 -
0.73681 | 0.30771 2.158 0.90635 1.451 0.97860 2.188 0.30057 4,222
0.42033 | 0.11159 1.807| 0.53259 0.947 0.50503 1.178 0.11449 1.719
0.22192 | 0.047902 1.324 0.34495 0.680 0.23983 1.165 0.046528 1.409
0.11373 | 0.013300 1.916 0.18205 0.956 0.070064 1.84Q 0.012886 1.920
0.057535| 0.0034522 1.979 0.094278 0.965 0.018898 1.922 0.0033490 1.977
TABLE 2
w-errors for the test problemy, = 0.142

h Ex.2.w eoc Ez2vy €0C Eo.cow  €0C

1.0 1.58839 - 458182 - 3.83664 -

0.73681 | 1.44454 0.310 2.59686 1.859| 1.79998 2.477

0.42033 | 0.74736 1.174 2.99178 -0.252 0.86798 1.299

0.22192 | 0.40324 0.965 1.76851 0.823| 0.41747 1.146

0.11373 | 0.11953 1.818 0.90402 1.003| 0.11833 1.885

0.057535| 0.031087 1.976 0.44252 1.048| 0.028734 2.077

tx 103

FiG. 2. Maximal gradient of the solutiom for initial data [4.§) versus time e (0.0, 0.00375 for global refinement levels
3,4, 5, 6 (left and right), and 7 (left only) of the grid. The plot on the left corresponds to the c¢heickin (4.8), the plot
on the right tas = 0.5.

We demonstrate the possible effect that the gradient of the continuous solution may blow up at
some time. Figurg|2 shows the norm gradient= || Vu(-, 1)||L=(2). From Lemmd 2]1 we know
that the discrete solution exists for all times. The continuous one may exist for finite time only.
A blow up of the continuous gradient may be deduced practically from the behaviour of the discrete
gradient. As initial function for the computations in Figiie 2 we have chosen

uo(x1, x2) = 8 SiP(r (1 + x1)) sin(x1) (4.6)
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on the domain2 = (—1,1) x (-1, 1). Figure[2 shows the maximal gradient of the solution
corresponding té = 1 ands = 0.5 respectively on various refinement levels. The results indicate
a gradient blow up in the first case while the gradient remains bounded in the latter.

We finally give a computational example for the Willmore flow of a graph. The domdih4is

(=2, 2) x (—2, 2) and the initial value for is given by

uo(x1, x2) = 0.75sirf (r (1 + x1)) Sin (rx1) + 0.1 sin(4 x1) Sin (5 x2).

FIG. 3. Graph ofx for the time steps = 0.0, 0.000671, 002448 and M5072.
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NN

FIG. 4. Level lines of: for the time steps from Figufq 3.
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5 e e e e '
|
A0 W & W 4 W A ‘

FIG. 5. Level lines ofw for the times = 0.0, 0.000671, 002448, 005072.
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FIG. 6. Graph ofw for the time steps = 0.01837, 003241 and = 0.04279.

In Figure[3 we show the graph of the solutiomt several time steps. Level linesiwofire plotted in

Figure[4. The levels run from0to 10 with an increment of @. We show the graph ab for some

time steps in Figurg]6 and level lines in FigQife 5. The spatial grid sizévwa$.08839 and in order
to capture the rapid smoothing of the solution the time step was choses &103% — 6.

Appendix
LEMMA A.1 Letwy, € Xj0 be given by[(2.2R). Then

sup [[V(w — Wp) ()| < ch (A1)
o<t<T
sup [[(w — @) (@)l < ch?|loghl, (A.2)
0<r<T
sup [|V(w; — Wy )(0)|| < ch, (A.3)
0<t<T
sup [[(w; — @w) (@)l < ch?|loghl?. (A.4)

0<r<T
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Proof. Clearly, [2.22) implies

/Q E(Vup)V(w — ) - Vo

Vu Vuy

~ 1
= /Q(E(Vuh) — E(Vu))Vw - Vo, — _/ wZ(@ - Q_i

5/ ) Ver  (A5)

for all ¢, € Xj0. Insertingp, = I,w — w;, we obtain
/ E(Vup)V(w — W) - V(w — Wp) = / E(Vup)V(w — wp) - V(w — w)
2 2
+ [ (E(Vup) — E(Vu))Vw - Vw — wy) — = W\ —3 — =3z -V(Iw — wy),

2 2J)a 0 0y
from which we deducé (A]1) in view of (2.3}, (2.2), (2]18), standard interpolation estimates and the
uniform boundedness @,. The L2-norm ofw — Wy, is estimated with the help of the usual duality
argument. Solve

—div(E(Vu)Vz) =w —w;, in$2,
z=0 onos2.

The ellipticity of E together with our smoothness assumptionssdrand « implies that the
above boundary value problem has a unique solutienH?(£2) (¢ is a parameter) withjz | ;2 <
cllw — wy . Using [A.8) withg, = I,z we derive

w — D)2 = /Q (— diV(E(Vi)V2) (w — By)) = /Q E(V)Vz - V(w — D)
= / (E(Vu) — E(Vﬁh))VZ -V(w — wh) +/ E(Vﬁh)V(Z —Inz) - V(w — wh)
2 2

+f (E(Vaiy) — E(Vu)Vw - VI 1/ Z(V” Vﬁh) VI
up) — u)vVw - VIlpz — = W\ — — =3 | Viz
2 2 /e 0 03
=I1+---+1V.

We infer from [2.2),[(2.19)[ (Al1) and the a-priori estimate fahat
111 < ellV@ =)= V2l IV — D)) < ch?[loghlllw — @yl < €llw — @y]|? + cch*lloghl®.
An interpolation estimate together wifh (A.1) implies

1111 < ch|| D%2)| [V (w — D)l < €llw — Bpl|? + ceh®,

Next, Lemm4 3]1 yields
111 = / (Eij(Vitn) — Eij(Vu)) Wy, 2, +/ (E(Viy) — E(Vu))Vw - V(Ipz — 2)
2 ’ ko)
= / Vo (Ej;(Vi)wy, 2x) pu + R +/ (E(Vup) — E(Vu)Vw - V(Ihz — 2),
2 2

where|R| < ch?|logh|||Vw| = Vz|l < ch?|logh|||Vz]|. This implies

[1T] < c(llpull + B?l0gh| + RV 0u DI Vzll g1 < €lw — pl|? + cch*|logh|?
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and in a similar way it follows that
[1V] < ellw — 41> + cch*lloghl>.
Combining the estimates fdr ..., IV implies [A.2). Let us next turn to the estimates figr— wy, .
Differentiating [[A.5) with respect to time yields
/ E(Vup)V(w; — W) - Vo = —/ Ep, (Vip)tip ; V(w — W) - Vo
o) 2

+/ (Ep, (Vup)hy, — Ep, (Vi)ue)Vw - Vo +/ (E(Vup) — E(Vu))Vw; - Vo
2 2

/ (w vﬁh) v 1/ z(w vﬁh> v

— | wwi| 5 ——=3 ) Ver—5 [ w3~ =5  Ven

e \Q° Qf 2) - \e* 0/,

for all g € Xjo. From this relation fokp, = Iw; — wy, it is not difficult to deduce[(AJ3), using

(2-2), [2.18),[(2.21)[(A]1) and an interpolation estimate. It remains to bfywpe- wy,||. Denoting
by z the solution of
—diV(E(Vu)Vz) = w, — Wy N 82,
z=0 onas2,
and proceeding in the same way as above we obtain

-~ 2
lw; — wp||

= f (E(Vu) — E(Vip)Vz - V(w; — n) + / E(Van)V(z = 142) - V(w; — Bpe)
2 2
- / Ep, (Vity)iihes, V(w — W) - VInz + / (Ep, (Vii)ithex, — Ep, (Vi)uy )V - Vijz
2 2

~ Vu Vuy,
+ | (E(Vup) — E(Vu)Vw, - VIyz — wwy — ) - VIiz
Q Q

R
1/ 2<Vu vﬁh>
2Ja 03 Q% t
=h+---+1Ir
Clearly,
|1a] + 2| < eIV = @) | V2] + chllzll g2) IV (wy — Dpo) || < €llwy — D |12 + cch*log 2.

Next,

I3 = / (Ep, (Vi)ure; — Ep, (Vip)ihix,)V(w — Wp) - Vz
2

+/ Ep, (Vun)tpe; V(w — wp) - V(2 — Inz) _f Ep, (Vit)ur, V(w — W) - Vz
I?) 2
= I31 + I32 + I33.

Observing that| fll.r < cpll fllz: for p > 2 and using[(2.18)[ (2.21], (A.1) as well as an inverse
estimate we deduce
31 < c(IV @ = up)ll + IV @ — wn) DAY Tpw — W) | p20/0-2 1 VZl e + Allw w2 | VZ])
< c(phh 2P|V (Lyw — D) || + chd |zl g2 < cph?h=2/P |w; — W .
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The choicep = |log k| then implies that
|I31] < ch?|loghlllw, — Wl < €llw; — Wpel|? + ceh*lloghl?.
Clearly,
I32] < ch|V(w — D)l l1zll g2 < ch®|lw; — Dpell < €llwr — Dipe|? + ceh™.

Integration by parts together with (4.2) yields

|I33| =

/ V- (Ep (Vi V) (w — p)| < ch?lloghllzll g2 < €llws — Dull? + cchlloghl?.
2
In order to deal with/; we use the splitting
Iy = / (Ep; (Vup)ine; — Ep;(Vi)ur )Vw - V(Ipz — 2)
2
+f (Ep,' (Vﬁh) - Ep[ (Vu))(ﬁhtx; - utx,-)vw : VZ
2
+/ (Ep; (Vitp) — Ep,(Vu))us, Vw - Vz +/ Ep, (Vu) Wi, — uix;)Vw - V2
fe) 2
=In+- -+ I
Using [2.18),[(2.21) and an interpolation estimate we obtain
a1l < ch(IV (u = un) | + IV (e — @) DNzl 2 < €llwy — he|? + cch®.
Next, (Z-19) and(Z:31) imply
a2l < cllV @ = @)l IV (e — @) | 1V2]] < €llwy — @ie > + ech*lloghl®.
An application of Lemmj 3|1 yields
|1a3] < ch®lloghl izl 2 < €llw; — Wi |? + cch*llogh?.
Finally, integration by parts together with (2]20) implies that
Iaa] < ch®|logh|?|z]| y2 < €llw; — Wit |* + cch*llogh|®.

The remaining termss, Is and/7 can be dealt with in a similar manner so that we obfain]|(A.4) after
collecting the above estimates and choosirsgfficiently small. O
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