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An upper bound for the waiting time for
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We obtain an upper bound for the waiting time for the doubly nonlinear parabolic equations{
(|u|

q−2u)t − div(|∇u|
p−2

∇u) = 0 in RN
× [0, ∞),

u(x, 0) = u0(x) for all x ∈ RN ,

depending on the growth of the initial valueu0 with parametersp > 2, 1 < q < p, and|u0|
q−1

∈

L1(RN ). This upper bound coincides with the lower bound given by Giacomelli–Grün [4]. Therefore
it is optimal.

Special cases are the porous medium equation (forp = 2), for which we obtain the result of
Chipot–Sideris [2], and the parabolicp-Laplace equation (forq = 2).
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There is a wide class of equations with the property that their solutions exhibit a waiting time
phenomenon, i.e. they have a strictly positive waiting time in the following sense: LetΩ :=
supp(u0) ⊂ RN . Then

t?Ω := sup{t > 0 | u(x, τ ) = 0 for all x ∈ RN
\ Ω andτ ∈ [0, t ]}

is called thewaiting timefor u. In particular forx0 ∈ ∂Ω we call

t?Ω,x0
:= sup{t > 0 | for anyτ ∈ [0, t ] there existsε > 0 with u(x, τ ) = 0 for all x ∈ B(x0, ε)\Ω}

the local waiting timefor u at x0. Our aim is to achieve a quantitative upper bound for the local
waiting time atx0 depending on the growth of the initial valueu0 nearx0.

In many cases it is possible to obtain a quantitative lower bound for this waiting time as one
can see in Giacomelli–Grün [4]. The recent monograph of Antontsev–Dı́az–Shmarev [1] provides
conditions for the appearance of waiting time by the use of energy methods, and Shishkov–
Shchelkov [9] showed that the supports of solutions for the doubly nonlinear parabolic equation
spread slowly for small initial data. But not much is known about quantitative upper bounds for
the waiting time. Only for the porous medium equation (e.g. Chipot–Sideris [2]) an upper bound
has been obtained, and very recently Choi–Kim [3] found conditions describing waiting time
phenomena for the Hele–Shaw and Stefan problems.
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Now, we are concerned with the class of doubly nonlinear parabolic equations{
(|u|

q−2u)t − div(|∇u|
p−2

∇u) = 0 in RN
× [0, ∞),

u(x, 0) = u0(x) for all x ∈ RN ,
(1)

with the Euclidean norm|x| := (
∑N

i=1 x2
i )1/2 and parameters

p > 2, 1 < q < p,

and a nonnegative initial valueu0 : RN
→ [0, ∞) which satisfies

u
q−1
0 ∈ L1(RN ).

Special cases (p = 2 resp.q = 2) are the porous medium equation and the parabolicp-Laplace
equation.

Our strategy is to compareu with a radially symmetric solutionv 6 u and to estimate the
waiting time forv by means of the Hardy inequality and a method introduced by Chipot–Sideris
[2]. As a consequence we will obtain an upper bound for the local waiting time foru which is
formulated in the following Main Theorem:

THEOREM 1 (Upper bound for the waiting time) Letu0 > 0, uq−1
0 ∈ L1(RN ), and letx0 ∈ ∂Ω be

such that there is a ballB = B(y0, r0) ⊆ Ω andA, γ > 0 with x0 ∈ ∂B andu0(x) > A|x−x0|
γ for

all x ∈ B. Then there exists a weak solution of (1) with initial valueu0 and the following property:
If γ = p/(p − q), then t?Ω,x0

6 CA−(p−q) with C = C(p, q) > 0, independent of the spatial
dimension. Ifγ < p/(p − q), thent?Ω,x0

= 0.

REMARK 2 The lower bound in [4] coincides with this upper bound—therefore the critical growth
exponentγ and the scaling of the waiting time with respect toA turn out to be optimal. Setting
v := |u|

q−2u one getsvt = div(|∇vm
|
p−2

∇vm) with m := 1/(q − 1). Forp = 2 we recover the
result of Chipot–Sideris [2].

If |u0|
q−1

∈ L1(RN ), Ishige [6] proves the existence of a weak solution of (1) in the following
sense:

DEFINITION 3 A measurable functionu : RN
× [0, ∞) → R is called aweak solutionof (1) if

for all bounded open setsΩ ⊂ RN andT > 0 we have

|∇u|
p−1

∈ L1(Ω × (0, T )), |u|
q−2u ∈ C0([0, ∞); L1(Ω)),

and∫
Ω

|u|
q−2uϕ(x, t) dx −

∫ t

0

∫
Ω

(|u|
q−2u)ϕt +

∫ t

0

∫
Ω

|∇u|
p−2

∇u · ∇ϕ =

∫
Ω

|u0|
q−2u0ϕ(x, 0) dx

for all ϕ ∈ W1,∞([0, ∞); L∞(Ω)) ∩ L∞([0, ∞); W
1,∞
0 (Ω)) andt > 0.

We remark immediately that there exists a radially symmetric solution for radially symmetric
data.
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LEMMA 4 For allγ ∈ O(N) := {A ∈ RN×N
| AT

= A−1
}, ν > 0, andfγ (x) := f (γ −1x) for

smoothf we have

div((|∇uγ |
2
+ ν)(p−2)/2

∇uγ ) = (div((|∇u|
2
+ ν)(p−2)/2

∇u))γ .

Proof. One gets

div((|∇uγ |
2
+ ν)(p−2)/2

∇uγ )

= ∇(|∇uγ |
2
+ ν)(p−2)/2

· ∇uγ + (|∇uγ |
2
+ ν)(p−2)/2∆uγ

= ∇(|(∇u)γ γ −1
|
2
+ ν)(p−2)/2

· (∇u)γ γ −1
+ (|(∇u)γ γ −1

|
2
+ ν)(p−2)/2

N∑
j=1

∂

∂xj

(
∂

∂xj

(uγ )

)
= ∇(|(∇u)γ |

2
+ ν)(p−2)/2

· (∇u)γ γ −1
+ (|(∇u)γ |

2
+ ν)(p−2)/2

N∑
j,l=1

∂

∂xj

((
∂u

∂xl

)
γ

)
· γj l

= ∇((|∇u|
2
+ ν)(p−2)/2

γ ) · (∇u)γ γ −1
+ (|∇u|

2
+ ν)(p−2)/2

γ

N∑
j,l,m=1

(
∂2u

∂xl∂xm

)
γ

· (γjmγj l)

= (∇(|∇u|
2
+ ν)(p−2)/2)γ γ −1

· (∇u)γ γ −1
+ (|∇u|

2
+ ν)(p−2)/2

γ

N∑
l,m=1

(
∂2u

∂xl∂xm

)
γ

· δml

= (∇(|∇u|
2
+ ν)(p−2)/2)γ · (∇u)γ + (|∇u|

2
+ ν)(p−2)/2

γ (∆u)γ

= (∇(|∇u|
2
+ ν)(p−2)/2

· ∇u + (|∇u|
2
+ ν)(p−2)/2(∆u))γ

= (div((|∇u|
2
+ ν)(p−2)/2

∇u))γ ,

since the orthogonal matrixγ −1 induces an isometry as a linear map. 2

THEOREM 5 (Existence of a radially symmetric weak solution) Letu0 > 0 be radially symmetric
with nonpositive radial derivative(u0)r 6 0. Then there exists a radially symmetric weak solution
u > 0 of (1) with initial valueu0 andur 6 0.

Proof. This is a consequence of the existence theorem in [6, 11]. We will sketch the additional
arguments.

Let u0 ∈ C∞

0 (Ω) for Ω := B(0, n) andM := max{u0(x) | x ∈ Ω} in a first step (which will
approximate our generalu0). Consider the initial-boundary value problem

(|u|
q−2u)t − div((|∇u|

2
+ ν)(p−2)/2

∇u) = 0 for (x, t) ∈ Ω × (0, ∞),

u(x, t) = ε for (x, t) ∈ ∂Ω × [0, ∞),

u(x, 0) = u0(x) + ε for x ∈ Ω,

(2)

for anyε, ν ∈ (0, 1], and choose a smooth monotone functionϕε ∈ C∞(R) with

ϕε(z) =


(ε/2)2−q for z 6 ε/2,

z2−q for z ∈ [ε, M + ε],

(M + 2ε)2−q for z > M + 2ε .
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Then we first examine the regularized problem
ut −

1

q − 1
ϕε(u) div((|∇u|

2
+ ν)(p−2)/2

∇u) = 0 for (x, t) ∈ Ω × (0, ∞),

u(x, t) = ε for (x, t) ∈ ∂Ω × [0, ∞),

u(x, 0) = u0(x) + ε for x ∈ Ω.

(3)

The differential equation (3) has the form

ut −

N∑
i,j=1

Aij (x, t, u, ∇u)uxixj
= 0

with A = (Aij )i,j=1,...,n := B + C and

B(x, t, z, η) :=
p − 2

q − 1
ϕε(z)(|η|

2
+ ν)(p−2)/2−1

· (η · ηT ),

C(x, t, z, η) :=
1

q − 1
ϕε(z)(|η|

2
+ ν)(p−2)/2IN

for x ∈ Ω, t ∈ [0, ∞), z ∈ R, and η ∈ RN . This equation has a unique classical solution
uε,ν ∈

⋂
T >0

⋂
β>0 H 2+β,1+β/2(Ω × [0, T )) due to Theorem VI.4.1 of [7]—with notation

H 2+β,1+β/2(Ω × [0, T )) from page 7 of [7]. Thenuε,ν is a classical solution of (2), because
ε 6 uε,ν 6 M + ε by comparison; see e.g. Theorem 3.12 of [8].

Due to the radially symmetric initial value and Lemma 4,(uε,ν)γ is also a solution of (3) for
all γ ∈ O(N). Therefore we obtainuε,ν = (uε,ν)γ from the uniqueness. Henceuε,ν is radially
symmetric, that is,uε,ν(x, t) = ũ(|x|, t) for ũ = ũ(r, t) : [0, n] × [0, ∞) → [ε, M + ε]. As u is

smooth (in particular at the origin), it follows that∂k ũ
∂rk (0, t) = 0 for all k ∈ N andt ∈ [0, ∞).

Now ũ is a classical solution for everyT > 0 of the following differential equation:
(̃uq−1)t r

N−1
− [((̃ur)

2
+ ν)(p−2)/2rN−1ũr ]r = 0, (r, t) ∈ (0, n) × (0, T ],

ũ(r, t) = uε,ν(r, t), r ∈ {0, n}, t ∈ [0, T ],

ũ(r, 0) = ũ0(r) + ε, r ∈ (0, n),

(4)

which has the form
ũt − a11(r, t, ũr )̃urr + a(r, t, ũr) = 0

with

a11(r, t, η) :=
1

q − 1
ϕε (̃u(r, t))(η2

+ ν)(p−2)/2−1[(p − 1)η2
+ ν] > 0,

a(r, t, η) := −
N − 1

q − 1
·
ũr(r, t)

r
· ϕε (̃u(r, t))(η2

+ ν)(p−2)/2

for r ∈ (0, n), t ∈ (0, T ] andz, η ∈ R. Now, ũr(n, t) 6 0, becausẽu(n, t) = ε 6 ũ. Differentiating
(4) with respect tor leads to (̃ur)t − a11(r, t, ũr)(̃ur)rr + b(r, t, ũr , (̃ur)r) = 0, (r, t) ∈ (0, n) × (0, T ],

ũr(r, t) 6 0, r ∈ {0, n}, t ∈ [0, T ],
ũr(r, 0) = (̃u0)r(r) 6 0, r ∈ (0, n),

(5)
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with
b(r, t, ũr , (̃ur)r) = (a(r, t, ũr))r − (a11(r, t, ũr))r (̃ur)r ,

hence

b(r, t, z, η) := −
N − 1

q − 1
(z2

+ ν)(p−2)/2−1
[(

η

r
−

z

r2

)
ϕε (̃u(r, t))(z2

+ ν)

+
ũr(r, t)

r
(z2

+ ν)ϕ′
ε (̃u(r, t))z +

ũr(r, t)

r
ϕε (̃u(r, t))(p − 2)zη

]
−

1

q − 1
(z2

+ ν)(p−2)/2−2η[ϕ′
ε (̃u(r, t))z(z2

+ ν)((p − 1)z2
+ ν)

+ ϕε (̃u(r, t))zη((p − 1)(p − 2)z2
+ 3(p − 2)ν)] .

It follows that

ũr(r, t) 6 max{max{0, ũr(γ, τ )} | τ ∈ [0, T ]} for all (r, t) ∈ [γ, n] × [0, T ]

for anyγ ∈ (0, n) by comparison, e.g. Theorem 3.12 of [8]. Henceũr 6 0 in [0, n] × [0, T ] by
lettingγ ↘ 0 and by the uniform continuity of̃ur .

From the arguments on page 202 of [11], one can pass to the limit asε, ν ↘ 0 (for a suitable
subsequence) to obtain a radially symmetric nonnegative weak solutionu of (2) (with ε = ν = 0)
in Ω with ũr 6 0.

Approximation of the generalu0 by u0,n ∈ C∞

0 (B(0, n)) as in [6] leads to a radially symmetric
nonnegative weak solutionu of (1) with ũr 6 0. 2

THEOREM 6 Let v0 > u0 > 0. Then there exist weak solutionsv, u of (1) with initial valuesv0
resp.u0 such thatv > u > 0. Forx0 ∈ ∂supp(u0) ∩ ∂supp(v0) the local waiting times satisfy

t?supp(v0),x0
(v) 6 t?supp(u0),x0

(u).

If u0 is radially symmetric with nonpositive radial derivative, then we may assume thatu has the
same property.

Proof. The comparison principle (e.g. Theorem 3.12 of [8]) applies to the regularized solutions
of (3). Now, pass to the limit by [11, 6]. 2

The following lemma generalizes Lemma 2 of [2].

LEMMA 7 Let A, B > 0, C > 0, t? ∈ (0, ∞], γ ∈ N0, ε > 1, δ < 1 + (ε − 1)(γ + 1), and
F ∈ C0([0, t?)) ∩ C1((0, t?)) with F(0) = 0, F(τ) > 0 for all τ ∈ (0, t?) and

F ′(τ ) > Aτ γ
+ Bτ−δF(τ)ε + CF(τ).

Then

t? 6
K

C
ln(1 + KC(Aε−1B)

−
1

1−δ+(γ+1)(ε−1) ) with K = K(γ, δ, ε) > 0.

ForC = 0 this should be read ast? 6 K(Aε−1B)
−

1
1−δ+(γ+1)(ε−1) .



100 K . C. DJIE

Proof. Without loss of generality we may assumet? < ∞ by an indirect argument. By induction
we proveF(τ) > Aτ γ+1 ∑n

k=1
1∏k

i=1(γ+i)
(Cτ)k−1. This is trivial forn = 0. If it is true forn, then

F ′(τ ) > Aτ γ
+ CF(τ) > Aτ γ

+ ACτ γ+1
n∑

k=1

1∏k
i=1(γ + i)

(Cτ)k−1.

The induction step follows by integration.
HenceF(τ) > A

γ+1τ γ+1 and thereforeF(τ) > 0 for τ ∈ (0, t?). Simplifying F leads to

F(τ) > Aτ γ+1
∞∑

k=0

1∏k+1
i=1(γ + i)

(Cτ)k = γ !Aτ γ+1eCτ
−

∑γ

k=0 (Cτ)k/k!

(Cτ)γ+1

> KAτ γ+1 eCτ

(Cτ)γ+1 + 1
> KAτ γ+1eCτ/2.

Choose an arbitraryν = ν(γ, δ, ε) ∈ (0, min{ε − 1, ε − 1 −
δ−1
γ+1}). Then it follows that

F ′(τ ) > F(τ)1+ν [Bτ−δF(τ)ε−1−ν ] > KF(τ)1+ν [Aε−1−νBτ−δ+(γ+1)(ε−1−ν)] .

SinceF(τ) > 0, we have− 1
ν
(F−ν)′(τ ) = F(τ)−1−νF ′(τ ) > KAε−1−νBτ−δ+(γ+1)(ε−1−ν) for all

τ ∈ (0, t?). Now, chooseα ∈ (0, 1), β ∈ (α, 1), and integrate over [αt?, βt?] to obtain

1

ν
F (αt?)−ν >

1

ν
[F(αt?)−ν

− F(βt?)−ν ] =

∫ βt?

αt?
−

1

ν
(F−ν)′(τ ) dτ

> KAε−1−νB

∫ βt?

αt?
τ−δ+(γ+1)(ε−1−ν) dτ,

hence

1

ν
F (αt?)−ν > KAε−1−νB

∫ t?

αt?
τ−δ+(γ+1)(ε−1−ν) dτ

= KAε−1−νB(t?)1−δ+(γ+1)(ε−1−ν)(1 − α1−δ+(γ+1)(ε−1−ν)),

sinceβ ∈ (α, 1) was arbitrary. FromF(αt?) > KA(αt?)γ+1eCαt?/2 it follows that

1

ν
[KA(αt?)γ+1eCαt?/2]−ν > KAε−1−νB(t?)1−δ+(γ+1)(ε−1−ν)(1 − α1−δ+(γ+1)(ε−1−ν)),

hence

(t?)1−δ+(γ+1)(ε−1)eCναt?/2 6
K

Aε−1B
,

which completes the proof for the caseC = 0. We may therefore assumeC > 0. LetW denote the
LambertW function, i.e. the inverse function forx 7→ xex . Then we may rewrite the last inequality
as

t? 6
2(1 − δ + (γ + 1)(ε − 1))

Cνα
W

(
Cνα

2(1 − δ + (γ + 1)(ε − 1))

(
K

Aε−1B

) 1
1−δ+(γ+1)(ε−1)

)
.

We haveW(x) 6 ln(1 + x), because ln(1 + x) > x
1+x

for all x > 0. 2
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We recall the well-known (fors > 1) Hardy inequality.

THEOREM 8 (Hardy inequality in the cases 0< r < s, s > 1, [5, 10]) Let f ∈ AC([a, b]) with
f (a) = 0 and letu, v : (a, b) → R>0 be measurable. Lets > 1 and 0< r < s arbitrary. If
eithers = 1 and the integral

∫ b

x
u(t) dt < ∞ is finite for allx ∈ (a, b) and

A :=

(∫ b

a

[ess inf
a<t<x

v(t)]−
r

1−r

(∫ b

x

u(t) dt

) r
1−r

u(x) dx

) 1−r
r

< ∞,

or s > 1 and

A :=

(∫ b

a

(∫ b

x

u(t) dt

) s
s−r

(∫ x

a

v(t)−
1

s−1 dt

) s(r−1)
s−r

v(x)−
1

s−1 dx

) s−r
rs

< ∞,

then the Hardy inequality(∫ b

a

|f (x)|ru(x) dx

)1/r

6 C

(∫ b

a

|f ′(x)|sv(x) dx

)1/s

is valid withC = C(r, s) · A < ∞.

Now, we are able to estimate the waiting time for a nonnegative radially symmetric weak
solution with nonpositive radial derivative.

THEOREM 9 (Radially symmetric version) LetR > 0 andu : RN
× [0, ∞) → [0, ∞) be a

nonnegative radially symmetric weak solution for (1) withΩ = B(0, R), u(x, t) =: ũ(|x|, t),
and ũr 6 0. Let δ ∈ (1, p − 1) for p > 2, andδ := 1 for p = 2. Then there is a constant
C = C(p, q, δ) > 0, independent of the spatial dimension, such that for anyε ∈ (0, R) the estimate

t?Ω 6 C(p, q, δ)C(u0; δ, ε)
−

p−q
q−1

(
R

R − ε

) (N−1)(p−1)
q−1

(R − ε)
(N−1)(p−q)

q−1 ε
p−1−δ+

(p−1)(δ+1)
q−1

is valid with

C(u0; δ, ε) :=
∫ R

R−ε

ũ0(r)
q−1(εδ

− (R − r)δ)rN−1 dr.

Proof. Choose an arbitraryτ ∈ (0, t?Ω). Then we test the differential equation with the function
ϕ(x, t) := g(t)h(x) with g(t) := (τ − t)

γ
+ (the value ofγ is irrelevant) andh(x) := h̃(|x|) with

h̃(r) := (εδ
− |R − r|δ)+. Let Ωε := B(0, R) \ B(0, R − ε). Then we have∫

Ωε

u
q−1
0 ϕ(x, 0) dx +

∫
Ωε

∫ τ

0
uq−1ϕt dt dx =

[∫
Ωε

hu
q−1
0 dx

]
τ γ

+

∫ τ

0
gt

∫
Ωε

uq−1h dx dt

= NωN

[∫ R

R−ε

h̃ũ
q−1
0 rN−1 dr

]
τ γ

+ NωN

∫ τ

0
gt

∫ R

R−ε

ũq−1h̃rN−1 dr dt,
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whereωN denotes the volume of theN -dimensional unit ball. Moreover

∂

∂xj

u(x, t) =
∂

∂xj

ũ(|x|, t) = ũr(|x|, t)
xj

|x|
, hence ∇u = ũr(|x|, t)

x

|x|
.

Since∇h(x) = h̃′(|x|) x
|x|

, we obtain

−

∫ τ

0

∫
Ωε

|∇u|
p−2

∇u · ∇ϕ dx dt = −

∫ τ

0
g

∫
Ωε

|∇u|
p−2

∇u · ∇h dx dt

= −

∫ τ

0
g

∫
Ωε

|̃ur |
p−2ũr h̃

′(|x|) dx dt

=

∫ τ

0
g

∫
Ωε

|̃ur |
p−1

|̃h′(|x|)| dx dt

= NωN

∫ τ

0
g

∫ R

R−ε

|̃ur |
p−1

|̃h′
|rN−1 dr dt.

Therefore we have the following equality:∫ τ

0
gt

∫ R

R−ε

ũq−1h̃rN−1 dr dt +

∫ τ

0
g

∫ R

R−ε

|̃ur |
p−1

|̃h′
|rN−1 dr dt + C(u0; δ, ε)τ γ

= 0.

Now, apply the Hardy inequality with exponentss := p − 1, r := q − 1, andu(t) := h̃(R − t) ·

(R− t)N−1, v(t) := |̃h′(R− t)| ·(R− t)N−1, t ∈ (0, ε), to the inner integral in the second summand.
In the casep = 2 we have (withδ = 1) the estimate

(∫ ε

0
[ess inf

0<t<x
(R − t)N−1]−

q−1
2−q

[∫ ε

x

(ε − t)(R − t)N−1 dt

] q−1
2−q

(ε − x)(R − x)N−1 dx

) 2−q
q−1

6

(∫ ε

0
(R − x)

−
(N−1)(q−1)

2−q

[∫ ε

x

εRN−1 dt

] q−1
2−q

εRN−1 dx

) 2−q
q−1

6 (R − ε)−(N−1)R
N−1+

(N−1)(2−q)
q−1 ε

(1+
2(q−1)

2−q
+1)

2−q
q−1

=

(
R

R − ε

)N−1
q−1

(R − ε)
(N−1)(p−q)
(q−1)(p−1) ε

δ+1
q−1+

p−1−δ
p−1 .

In the casep > 2 we estimate the valueA (see Theorem 8) by

C

(∫ ε

0

(∫ ε

x

εδRN−1 dt

) p−1
p−q

(∫ x

0
t
−

δ−1
p−2 (R− t)

−
N−1
p−2 dt

) (p−1)(q−2)
p−q

x
−

δ−1
p−2 (R−x)

−
N−1
p−2 dx

) p−q
(p−1)(q−1)

6 CR
N−1
q−1 (R − ε)

(N−1)(p−q)
(q−1)(p−1)

[− (p−1)(q−2)
(p−2)(p−q)

−
1

p−2 ]
ε

[(δ+1)
p−1
p−q

+(1−
δ−1
p−2 )

(p−1)(q−2)
p−q

−
δ−1
p−2+1] p−q

(p−1)(q−1)

= C

(
R

R − ε

)N−1
q−1

(R − ε)
(N−1)(p−q)
(q−1)(p−1) ε

δ+1
q−1+

p−1−δ
p−1

whereC = C(p, q, δ) denotes a generic constant depending only onp, q, δ.
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Therefore in both cases we get from the Hardy inequality

(∫ R

R−ε

|̃u|
q−1h̃rN−1

) 1
q−1

6 C

(
R

R − ε

)N−1
q−1

(R − ε)
(N−1)(p−q)
(q−1)(p−1) ε

δ+1
q−1+

p−1−δ
p−1

(∫ R

R−ε

|̃ur |
p−1

|̃h′
|rN−1

) 1
p−1

,

hence∫ R

R−ε

|̃ur |
p−1

|̃h′
|rN−1

> C

(
R

R − ε

)−
(N−1)(p−1)

q−1

(R − ε)
−

(N−1)(p−q)
q−1 ε

δ+1−p−
(p−1)(δ+1)

q−1

(∫ R

R−ε

|̃u|
q−1h̃rN−1

) p−1
q−1

and∫ τ

0

∫ R

R−ε

gt ũ
q−1h̃rN−1

+ C

(
R

R − ε

)−
(N−1)(p−1)

q−1

(R − ε)
−

(N−1)(p−q)
q−1 ε

δ+1−p−
(p−1)(δ+1)

q−1

∫ τ

0
g

(∫ R

R−ε

|̃u|
q−1h̃rN−1

) p−1
q−1

+ C(u0; δ, ε)τ γ 6 0.

We have
∫

|f |
1/r 6 (

∫
|fg|)1/r(

∫
|g|

−r ′/r)1/r ′

, hence
∫

|fg| > (
∫

|f |
1/r)r(

∫
|g|

−
1

r−1 )−(r−1) for
r > 1. We apply this inverse Ḧolder inequality to the second summand:

∫ τ

0
(τ − t)γ

(∫ R

R−ε

|̃u|
q−1h̃rN−1

) p−1
q−1

=

∫ τ

0

[
(τ − t)γ

∫ R

R−ε

|̃u|
q−1h̃rN−1

] p−1
q−1

[(τ − t)γ ]−
p−q
q−1

>

[∫ τ

0
(τ − t)γ

∫ R

R−ε

|̃u|
q−1h̃rN−1

] p−1
q−1

[∫ τ

0
(τ − t)γ

]−
p−q
q−1

= (γ + 1)
p−q
q−1

[∫ τ

0
(τ − t)γ

∫ R

R−ε

|̃u|
q−1h̃rN−1

] p−1
q−1

τ
−

(γ+1)(p−q)
q−1 .

Let

F(τ) :=
∫ τ

0
(τ − t)γ

∫ R

R−ε

|̃u|
q−1h̃rN−1 > 0.

Then

F ′(τ ) =

∫ τ

0
γ (τ − t)γ−1

∫ R

R−ε

|̃u|
q−1h̃rN−1
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and we therefore get the differential inequality

− F ′(τ ) + C

(
R

R − ε

)−
(N−1)(p−1)

q−1

(R − ε)
−

(N−1)(p−q)
q−1 ε

δ+1−p−
(p−1)(δ+1)

q−1 τ
−

(γ+1)(p−q)
q−1 F(τ)

p−1
q−1

+ C(u0; δ, ε)τ γ 6 0,

hence

F ′(τ ) > C(u0; δ, ε)τ γ

+ C

(
R

R − ε

)−
(N−1)(p−1)

q−1

(R − ε)
−

(N−1)(p−q)
q−1 ε

δ+1−p−
(p−1)(δ+1)

q−1 τ
−

(γ+1)(p−q)
q−1 F(τ)

p−1
q−1 .

Applying Lemma 7 proves the claimed estimate of the waiting time. 2

COROLLARY 10 (Radially symmetric version) LetA, R, γ > 0, andu : RN
× [0, ∞) → [0, ∞)

be a nonnegative radially symmetric weak solution of (1) with initial valueu0(x) = A(R − |x|)
γ
+

andũr 6 0. If γ = p/(p − q), thent?Ω 6 CA−(p−q) with C = C(p, q) > 0, independent of the
spatial dimension. Ifγ < p/(p − q), thent?Ω = 0.

Proof. For anyε ∈ (0, R) we have

C(u0; δ, ε) =

∫ R

R−ε

ũ0(r)
q−1(εδ

− (R − r)δ)rN−1 dr

= Aq−1
∫ ε

0
tγ (q−1)(εδ

− tδ)(R − t)N−1 dt

> CAq−1(R − ε)N−1εδ+γ (q−1)+1.

Apply Theorem 9 to get

t?Ω 6 CA−(p−q)

(
R

R − ε

) (N−1)(p−1)
q−1

ε
−

(δ+γ (q−1)+1)(p−q)
q−1 +p−1−δ+

(p−1)(δ+1)
q−1 .

The exponent ofε vanishes forγ = p/(p − q). Now letε ↘ 0. 2

The Main Theorem is a simple consequence:

Proof of Theorem 1. We may assumey0 = 0. Letv0(x) := A(r0 − |x|)
γ
+. Then we havev0(x) =

A(|x0| − |x|)
γ
+ 6 A|x − x0|

γ
= u0(x) for all x ∈ B. The functionv0 is radially symmetric with

nonpositive radial derivative. By Theorem 6 letu, v be the weak solutions with initial valuesu0
resp.v0. Apply Corollary 10 tov0. 2

REMARK 11 This technique also applies to nonnegative radially symmetric weak solutions with
nonpositive radial derivative of the equation{

(|u|
q−2u)t − div(|∇u|

p−2
∇u) − λuq−1

= 0 in RN
× [0, ∞),

u(x, 0) = u0(x) for all x ∈ RN ,

with parametersp > 2, 1< q < p, andλ > 0. Then for the waiting time one establishes the upper
boundt?Ω 6 (C/λ) ln(1 + CλA−(p−q)) with C = C(p, q) > 0 if the critical growth exponent for
the initial valueu0 is γ = p/(p − q), andt?Ω = 0 if γ < p/(p − q).



UPPER BOUND FOR WAITING TIME 105

REFERENCES

1. ANTONTSEV, S. N., D́IAZ , J. I., & SHMAREV, S. Energy Methods for Free Boundary Problems. Progr.
Nonlinear Differential Equations Appl. 48, Birkhäuser, Boston (2002). Zbl 0988.35002 MR 1858749
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