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We obtain an upper bound for the waiting time for the doubly nonlinear parabolic equations

(ul9~2u); — div(|Vu|P~2Vu) = 0 inRY x [0, 00),
u(x,0) =ug(x) forallxe RV,

depending on the growth of the initial valug with parameterp > 2, 1 < ¢ < p, and|u0|q—1 €
LY®NM). This upper bound coincides with the lower bound given by Giacomellinr@]. Therefore
it is optimal.

Special cases are the porous medium equationgfet 2), for which we obtain the result of
Chipot—Sideris[[2], and the parabolicLaplace equation (faf = 2).
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There is a wide class of equations with the property that their solutions exhibit a waiting time
phenomenon, i.e. they have a strictly positive waiting time in the following sense2Let
supfuo) C RY. Then

18 :=supr > 0|u(x,7) =0forallx e RV \ £ andr € [0, 1]}
is called thewaiting timefor «. In particular forxg € 952 we call
f?z,xo :=supt > 0| foranyt € [0, 7] there existe > O withu(x, t) = Oforallx € B(xp, ¢) \ 2}

the local waiting timefor u at xg. Our aim is to achieve a quantitative upper bound for the local
waiting time atxp depending on the growth of the initial valug nearxo.

In many cases it is possible to obtain a quantitative lower bound for this waiting time as one
can see in Giacomelli-@n [4]. The recent monograph of Antontsevia@-Shmare\([1] provides
conditions for the appearance of waiting time by the use of energy methods, and Shishkov—
Shchelkov [[9] showed that the supports of solutions for the doubly nonlinear parabolic equation
spread slowly for small initial data. But not much is known about quantitative upper bounds for
the waiting time. Only for the porous medium equation (e.g. Chipot-Sideris [2]) an upper bound
has been obtained, and very recently Choi—Kirm [3] found conditions describing waiting time
phenomena for the Hele—Shaw and Stefan problems.
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96 K. C. DJIE

Now, we are concerned with the class of doubly nonlinear parabolic equations

1)

(Jul?2u), — div(|Vu|P~2Vu) = 0 inRY x [0, 00),
u(x,0) = uog(x) forallx e RV,

with the Euclidean normx| := (Y"1 ; x?)%/? and parameters
p=2 l<g<p,
and a nonnegative initial valug : RN — [0, co) which satisfies
wl™t e LYRY).

Special casespy( = 2 resp.g = 2) are the porous medium equation and the parahsli@place
equation.

Our strategy is to compane with a radially symmetric solutiom < u and to estimate the
waiting time forv by means of the Hardy inequality and a method introduced by Chipot-Sideris
[2]. As a consequence we will obtain an upper bound for the local waiting time fehich is
formulated in the following Main Theorem:

THEOREM 1 (Upper bound for the waiting time) Leb > O, ug_l e LYRY), and letxg € 852 be
such thatthere is a ball = B(yo, r0) € 2 andA, y > 0withxg € 9B andug(x) > A|x —xol|” for
all x € B. Then there exists a weak solution [of (1) with initial valugand the following property:
Ify = p/(p—q), thent}, < CA=P=9 with C = C(p,q) > 0, independent of the spatial
dimension. Ify < p/(p — q), thenz;;m0 =0.

REMARK 2 The lower bound ir [4] coincides with this upper bound—therefore the critical growth
exponenty and the scaling of the waiting time with respectAdurn out to be optimal. Setting

v = |u|?"%u one getsy, = div(|Vv™|P~2Vu™) with m := 1/(¢ — 1). For p = 2 we recover the
result of Chipot—Sideris [2].

If lugl?~t € LY(RY), Ishige [6] proves the existence of a weak solutior[t])f (2) in the following
sense:

DEFINITION 3 A measurable function : RV x [0, c0) — R is called aweak solutiorof @) if
for all bounded open set? ¢ R andT > 0 we have

IVulP~t e LY (2 x (0, T)), |u|?"u € C°([0, 00); L1(£2)),

and

t t
/ 0l 2up(x. 1) dr — / / (ul?2u)ygps + f / VP20 - Vi = / ol 2uop(x, 0) d
2 0 2 0 22 2

forall g € Wh([0, 00); L™(£2)) N L=([0, 00); Wy ™ (£2)) and: > 0.

We remark immediately that there exists a radially symmetric solution for radially symmetric
data.
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LEMMA 4 Forally € O(N) i={A € RVV | AT = A=1}, v > 0, andf, (x) == f(y~Lx) for
smoothf we have

div((|Vuy 1 + 1)P~2/2Vu,) = (div((|Vul? + v)P~2/2V0)),,.
Proof. One gets

div((|Vu, > +1)P~=2/2vVu,)
= V(|Vu, |2+ v)P2/2.Vu, + (Vu, |2 +v)P=2/2y,

N
B _ B B -~ 0
= V((Vu)yy HE+ 0 P22 (V) y T+ (Vi) y 12+ 0) 2)/2237(_(” )
j=1""
2 (p—2)/2 -1 2 (p=2)/2 ul 0 ou
= V((Vu), >+ v) (Vi) y T (V) 2+ v) ,-1221@ o))

N 2

0“u
- 2 =272y “1 4 (1Vul? 4 1) P—2/2 (yim v
V((IVul® + ) ) - (Vu)yy~ + (IVul® +v)) j;m:l(axlaxm)y (VimYi1)

N 2
_ _ _ _ 0u
— (V(|Vu|2+v)(p 2)/2))/)/ 1'(Vlfi)y'}/ l+(|vu|2+v))(/p 2)/2 E < ) '5m1
Imm1 0x;0xp /

= (V(IVul> + v)P=272), . (Vu), + (|Vul® + v){P2/2(Au),
= (V(IVul? + v)P72/2.Vu 4+ (|Vu|? + v)P=2/2(Au)),
= (div((|Vul® + 1)P~2/2vu)),,

since the orthogonal matrix~1 induces an isometry as a linear map. O

THEOREM 5 (Existence of a radially symmetric weak solution) kgt> 0 be radially symmetric
with nonpositive radial derivativétg), < 0. Then there exists a radially symmetric weak solution
u > 0 of (T) with initial valueug andu, < 0.

Proof. This is a consequence of the existence theoremlin [6, 11]. We will sketch the additional
arguments.

Letug € C3°(£2) for 2 := B(0,n) andM = max{uo(x) | x € §2} in a first step (which will
approximate our generab). Consider the initial-boundary value problem

(Ju)9=2u); — div((|Vu|? 4+ v)P=2/2vy) = 0 for (x, 1) € 2 x (0, 00),
u(x,t) =c¢ for (x,1) € 382 x [0, 00), (2
u(x,0) =uo(x) +¢ forx e 2,

for anye, v € (0, 1], and choose a smooth monotone funciggre C*°(R) with

(¢/2)%1 forz < e/2,
@e(z) = { 227 forz € [, M + €],
(M +26)%9 forz > M + 2 .
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Then we first examine the regularized problem

1
4y = g e div((|Vul® + v)P~2/2vu) = 0 for (x, 1) € 2 x (0, 00),
u(x, 1) = ¢ for (x, 1) € 92 x [0, 00), )
u(x,0) =ug(x)+¢ forx e £2.

The differential equatiorj {3) has the form

N
Uy — Z Ajj(x, t,u, Vi)uy,; =0
i,j=1

with A = (A;j)i j=1...» '= B + C and
_p-2 2 (p-2)/2-1 T
B(x,1,z,1) = - 7@ " +v) (-7,
1 p—
Cx,t,z,n) = H%(Z)(WZ + )22

forx € 2,1t € [0,00), z € R, andy € RY. This equation has a unique classical solution
uew € NraoMpao HZPITP2(2 %0, T)) due to Theorem VI.4.1 of [7}—with notation

H2tP16/2( %[0, T)) from page 7 of [[7]. Then,,, is a classical solution of [2), because
e < ug,y < M+ ¢ by comparison; see e.g. Theorem 3.12 0f [8].

Due to the radially symmetric initial value and Lem@a(ﬁa,,,)y is also a solution 01[(]3) for
all y € O(N). Therefore we obtaim,, = (u,), from the uniqueness. Heneg , is radially
symmetric, that isu, ,(x, 1) = u(|x|, 1) for & = u(r,t) : [0,n] x [0,00) — [¢, M +¢]. Asu is
smooth (in particular at the origin), it follows th%';t%(o, t) = 0forallk € Nandt € [0, 00).

Now u is a classical solution for everf§y > 0 of the following differential equation:

@1, N — [((@)? 4+ v)P2/2p N1 ], = 0, (r,t) € (0,n) x (0, T],
u(r,t) = uey(r,t), re{0,n}, rel0,T], 4)
u(r,0) =ug(r)+¢, re(O,n),

which has the form
a./t _all(ratvﬁr)ﬁrr +a(r’t7f’:[r) = 0

with
1 ~ _2y/2_
aa(rt.1) = —— e il N0 + w22 (p = Dy® 1] > 0,

N-1 u.(t
a(r,t,n) = No1 wnn
qg—1

forr € (0,n),r € (0, T]andz, n € R. Now, %, (n, t) < 0, becaus@(n, 1) = ¢ < u. Differentiating
(@) with respect to- leads to

e (i (r, 1) (n? 4 v)P~2/2

0, (r,t) € (0,n) x (O, T,
0, r € {0,n}, t €[0, T], (5)
(io)r(r) g 0’ re (07 n)v

(gr)t —ay(r, t, ir)(’lzr)rr +b(r, 1, ’lzr: (’lzr)r) =
ﬁr("? t) g
gr(r’ 0) =
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with
b(r7 t’ grv (gr)r) = (a(r’ ta ﬁr))r - (all(rv ta ’IZI‘))F(EI‘)V’
hence
bt 2 ) =~ (2 v)<p—2>/2—1[<9 - %)%(ﬁ(r, D)2 +v)
g—1 roor
+ 0D 2 g me+ D g ) - 2)zn}

= 7@+ 0PI D)2 + )((p — D+ )

+ e (@(r,))zn((p — D(p — 2%+ 3(p — 2v)] .
It follows that
iy (r,t) < maxmaxo, u,(y,7)} |t €[0,T]} forall(r,t) €[y,n] x][0,T]

for anyy € (0, n) by comparison, e.g. Theorem 3.12 [of [8]. Henge< 0 in [0, n] x [0, T] by
letting y \( 0 and by the uniform continuity dF..

From the arguments on page 202|ofl[11], one can pass to the limjtvas, O (for a suitable
subsequence) to obtain a radially symmetric nonnegative weak solutb(@) (withe = v = 0)
in 2 withu, <O0.

Approximation of the generado by uo,, € C3°(B(0, n)) as in [6] leads to a radially symmetric
nonnegative weak solutianof (I) with @, < 0. g

THEOREMG6 Letvg > up > 0. Then there exist weak solutionsu of (1) with initial valuesuvg
resp.ug such thaw > u > 0. Forxg € dsuppuo) N dsuppvo) the local waiting times satisfy
Suprivo), vo (V) S Suppiug), xo (4)-

If ug is radially symmetric with nonpositive radial derivative, then we may assume:thas the
same property.

Proof. The comparison principle (e.g. Theorem 3.12[df [8]) applies to the regularized solutions
of (3). Now, pass to the limit by [11]6]. O

The following lemma generalizes Lemma 2 [of [2].

LEMMA 7 LetA,B >0,C >0,t* € (0,0],y € Ng,e > 1,6 <1+ (-1 +1),and
F € C9([0, *)) N C1((0, t*)) with F(0) =0, F(z) > O forall r € (0, t*) and

F'(t) > AtY + Bt °F(1)* + CF (7).
Then

K _ 1 .
* < vl In(1+ KC(A*"1B) =7G+0eT) with K = K(y, 8, ¢) > 0.

1
For C = 0 this should be read as < K (A*~1B) 5+ +DGED
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Proof. Without loss of generality we may assumte< oo by an indirect argument. By induction

we proveF (t) > AtV 1y, H—(Cr)" 1 Thisis trivial forn = 0. If it is true forn, then
1
F'(tr) > AtY + CF(t) > At” + ACt' L Z ————— (€
STy +0)

The induction step follows by integration.
HenceF (t) > y%lﬂ*l and therefore’ () > 0 for t € (0, t*). Simplifying F leads to

Cr _ Y k71
F(t) > Ary+lz Hl;(cf)" = plAg7+1E Li=o (Clt) /K
i iy + ) (Coyr+
Crt
> KAIVJ“le— KAr7t1eCT/2,
(Ctyrtl+1
Choose an arbitrary = v(y, 8,¢) € (O, min{e — 1,6 — 1 — —}) Then it follows that

F/(T) 2 F(T)1+V[BT78F(T)€717V] > KF(T)J:H)[A&*l*vBT*S‘F(V‘F]—)(S*].*U)] .

SinceF (r) > 0, we have-1(F™) (1) = F(1)" ¥ F'(r) > KA*~1V B8+ (r+ D=1 for all
7 € (0, t*). Now, chooser € (0, 1), 8 € («, 1), and integrate overf*, 81*] to obtain

1 *\ —V 1 *\ —V *\ —V ﬂt* 1 —Vy/
—F(at’)™" > —[F(at")™" = F(Bt") ]=/ —=(F7")(t)dr
v 1% o 1%

*

*

B
> KAsflva'/ S E-1-0) g

ot*

hence

*

}F(at*)*” > KAE*l*”B./ 0 +DEe-1-v) g
v ot*

KA&‘—].—UB(t*)l—5+()/+l)(8—l—l))(l _ a1—6+()/+1)(8—1—l)))
sinceB e («, 1) was arbitrary. FronF (at*) > K A(ar*)? H1e€"/2 it follows that

}[KA(at*)y—&-leCozt*/Z]—v S K AS1V Bty L3+ D(e—10) (] _ g l-b+(r+D(e—1-v)y
V

hence
K

= As-lp’

which completes the proof for the ca€e= 0. We may therefore assunie> 0. Let W denote the
LambertW function, i.e. the inverse function far— xe*. Then we may rewrite the last inequality
as

(l‘ )l S+(y+1)(e— l) Cvat* /2

L2004 DE-D) Cva K\ T 0eT
= Cva 208+ (y + (e —1)\ As1B '
We haveW (x) < In(1+ x), because Il + x) > 1+x forallx > 0. |
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We recall the well-known (fos > 1) Hardy inequality.

THEOREM 8 (Hardy inequality in the casesOr < s, s > 1, [5,[10]) Let f € AC([a, b]) with
f(@) = 0and letu, v : (a,b) — R>? be measurable. Lat > 1 and 0< r < s arbitrary. If

eithers = 1 and the integra)”xh u(t) dr < oo is finite for allx € (a, b) and

1-r

b b = ;
A= (/ [(;:E?igfv(t)]‘l:r(/ u(t) dt)1 u(x)dx> < 00,

s(r=1) s—r

by pb = x 1 =
A= (/ (/ u(t)dt) (/ v(t)‘xldt)

then the Hardy inequality

b r b 1s
(/ If(X)Iru(X)dX) <C</ If’(X)va(X)dX>

isvalidwithC = C(r,s) - A < oc.

ors > 1and

s

v()c)_ﬁ dx) ' < 00,

Now, we are able to estimate the waiting time for a nonnegative radially symmetric weak
solution with nonpositive radial derivative.

THEOREM 9 (Radially symmetric version) LeR > 0 andu : RY x [0,00) — [0, 00) be a
nonnegative radially symmetric weak solution fpf (1) with = B(0, R), u(x, 1) =: u(|x|,1),
andu, < 0. Lets € (1, p— 1) for p > 2, ands := 1 for p = 2. Then there is a constant
C =C(p,q,6) > 0, independent of the spatial dimension, such that forzaay0, R) the estimate

WN=D(p=1)
N _r=g R q-1 WNDp=g) 154 P=DEED
to < C(p.q.8)Cluo: 8,8) 17| 5— (R—e) o1 ¢ ot

is valid with
R

Clug: 8, ¢) i= / oY’ — (R —r)’)yNLar
R—¢

Proof. Choose an arbitrary € (0, ¢5,). Then we test the differential equation with the function
o(x,t) = g(t)h(x) with g(¢) = (t — t)ﬁ (the value ofy is irrelevant) andi(x) := h(|x|) with
h(r) = (¢® — |R —r|®) 4. Let 2, :== B(0, R) \ B(O, R — ¢). Then we have

/ Mg_lw(x,o)dX-i-/ / Mqlgotdtd.x=|:/ hug_ldx:|r?’+/ g;/ 2410 de dr
$2¢ 2, J0 2 0 2

R
= Na)N|:/ hﬁger_ldr}rV
R—¢

T R
+ Ny / g / 7N dr dr,
0 R—¢
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wherewy denotes the volume of th€-dimensional unit ball. Moreover

0 0
—ux,t) = —u(x|,t) = u (x|, t)—, hence Vu =1u, (x|, t)—.
0x; ax; |x] |x]

SinceVh(x) = 71’(|x|)|§—|, we obtain

T
—/ f |VulP~2Vu - Vo dx dr
0 J&2,

T
—[ g/ |VulP~2Vu - Vhdx dr
0 2,
T ~
—/ gf |, |P =%, 1 (|x]) dx dr
0 2.
T 1~
/gf |2, 1P~ (Jx]) | dx dr
0 2,

T R
= Na)N/ g/ 7,177 PN dr de.
0 R—¢

Therefore we have the following equality:

T R T R
/ g,/ w9tV dr dt—l—f g/ o 1P~ 1PN dr de + Cug; 8, €)T7 = 0.
0 R—¢ 0 R—¢

Now, apply the Hardy inequality with exponents= p — 1,r = g — 1, andu(?) := h(R—1)-
(R=0HVN"1 v(@) := |h (R—1)|-(R—t)N~1 1 € (0, &), to the inner integral in the second summand.
In the casep = 2 we have (with§ = 1) the estimate

.
N

q— —q

(/8[e33|n(R t)N‘l]’% [/S(e —1)(R — t)N‘ldt]q(s —x)(R—x)N-1 dx) "
0

O<t<x

._‘

q= 2—

(o [ ] o)

1. N-D(2—9q) 2g-1 2-q
< (R - 8)7(N71)RN 1+ oy 8(1+ 2=¢ +1)q—1

N-1
R q—1 (N=D(p=q) 8+1+p 1-§
= (R —g) @-D(p-D gq-1" p-1
R —¢

b

H

In the casep > 2 we estimate the valué (see Theorem 8) by
(r—DHg—2)

SOrE s v =N R e = e ) N1\ GDGD
C / / &°R dr f t P2(R—t) P2 dr x P2(R—x) »2dx
0 X 0

N-1 -1(g-2 1 1 2
< CRIF (R — o) b = (=200~ 72l J+D f= + A= 3= 52 - 0

p—q

=2t G0

N-1

R g—-1 N=D(p—g) 5+1  p=1-8

=Cc(— (R — &) @ DD gg=17 51
R —c¢

whereC = C(p, ¢, §) denotes a generic constant depending onlyof, §.
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Therefore in both cases we get from the Hardy inequality

1
R ~ -1
(f |ﬁ|q—1hrN—1) !
R—¢
-1

N 1

R \d1T N-D(p-¢) 541, p-1-s [ (R ~ 71

<Clo—) R—-e) @D st T i [P HA PN )
R—e¢ R—¢

hence

R ~
/ A e
R—¢

_(N=D(p=D

R it (=D o (=DG+D R e N\
>C (R—2¢) g1 Ot / K LppN-1
R —¢ R—¢

.

S

)

and

T R -
/ f g4 N1
0 JR—s¢

_(N=DH(p-D

R q—1 _ (N-D(p—9) =D+ T R - ~ q—
() H e et [ i
R—¢ 0 R

—&
+ C(up; 8, e)t¥ <0.

=
[N

)

/ ! 7i
We have[ | £1Y7 < (f1£gDY ([ 1817/ Y™, hencef | fgl = ([ 1F1¥) ([ 1gI”7=1)~¢D for
r > 1. We apply this inverse #lder inequality to the second summand:

p=1

T R 5:1
/(r—t)y([ |ﬁ|q—lﬁr’*’—l>
0 R—¢
T R ~ % r—q
= /O [(r—r)y /R |’L7|q—1hr’v—l} [(z —0)7] a1

P—q

T R - 5%% T iy
> U ( —t)V/ |’J|q—1hrN—1] [/ ( —t)y:|
0 R—¢ 0
1

- T R ~ 1 _ g
=(y +1)5’1[ / (t—1) / |mq—1hrN-1]" R
0 R

—&

.

Let
T R -
F(7) :=/ (r—t)yf 179 N1 > 0.
0 R

—&
Then
T R -
F'(r) = / y(@—nrt / [w)9~thrN 1
0 R

—&
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and we therefore get the differential inequality

_(N-DH(p=D
, R q— _(N=D(p—q) S+1—p— =D+ _ ¥+D(p—q) r-1
—F()+C s (R—¢) -1 ¢ -1t -1 F(t)a-

+ C(ug; 8, &)t7 <0,
hence

F'(t) = C(uo; 8, &)t

_W=DH(p-D

R q-1 _WN-Dp=9) g9, G=DEHD  _ H+D(p—q) p-1
+C (R—¢)” a1 7P 74T ¢ 41 F(r)aLl.
R—¢
Applying Lemm4g} proves the claimed estimate of the waiting time. O

COROLLARY 10 (Radially symmetric version) Let, R,y > 0, andu : RY x [0, c0) — [0, 00)
be a nonnegative radially symmetric weak solutiorﬂ)f (1) with initial valger) = A(R — |x|)l”F
andii, < 0.1fy = p/(p — q), thent, < CA=P=9) with C = C(p, q) > 0, independent of the
spatial dimension. Iy < p/(p — ¢q), thent, = 0.

Proof. For anye € (0, R) we have

R
Clug; 8,€) = f o) e — (R =)’y hdr
R—¢

&
- Aq‘lf 7@ D — YR — )N
0
> CAT YR — o)V 1etria—D+1

Apply Theorenj P to get

o (fil) @+y(@=D+1)( ) (P=1)(+1)
q— _ G+y@-D+DH(p—q 1 p— +
) & a1 +p-l-s i .

th < CA—(P-‘])
$ (R —¢

The exponent of vanishes fory = p/(p — ¢). Now lete \ 0. |
The Main Theorem is a simple consequence:

Proof of Theorerﬂl. We may assumegg = 0. Letvg(x) := A(rg — |x|)1. Then we haveg(x) =
A(|xg| — le)Z_ < Alx — x0l” = uo(x) for all x € B. The functionug is radially symmetric with
nonpositive radial derivative. By Theordm 6 letv be the weak solutions with initial valueg
resp.vo. Apply Corollary[I0 tovo. O

REMARK 11 This technique also applies to nonnegative radially symmetric weak solutions with
nonpositive radial derivative of the equation
(lu)92u), — div(|Vu|P~2Vu) — 2?1 =0 inRY x [0, 00),
u(x,0) = ug(x) forallx e RV,
with parametergp > 2,1 < ¢ < p, andx > 0. Then for the waiting time one establishes the upper

boundzy, < (C/A)In(1+ CAA=P=D) with C = C(p, q) > 0 if the critical growth exponent for
the initial valueugisy = p/(p — q), andt;, =0if y < p/(p — q).
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