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This paper presents the analysis and implementation of the variational formulation of quasi-static
brittle fracture mechanics proposed by G. A. Francfort and J.-J. Marigo in 1998. We briefly present
the model itself, and its variational approximation in the sensé& afonvergence. We propose a
numerical algorithm based on Alternate Minimizations and prove its convergence under restrictive
assumptions. We establish a new necessary condition for optimality for the entire time evolution from
which we derive the Backtracking algorithm. We give some elements of analysis of the Backtracking
algorithm on a simple problem. We present realistic numerical simulations of a traction experiment
on a fiber-reinforced matrix, and of the propagation of cracks in a perforated sample under mode-I
loading.

Introduction

Fracture mechanics is a very active area of research with vital applications. In recent years, the
unexpected collapse of terminal 2E at Charles de Gaulle airport in France, the disintegration of
the Columbia space shuttle upon re-entry, or the crash of American Airlines Flight 582 over
Queens, NY were all linked to unexpected fracture. In the area of brittle fracture (which encompass
materials as diverse as ceramics, glass, and concrete), many commonly accepted theories, based
on Giriffith’s criterion [Gri21], focus on the propagation of an isolated, pre-existing crack along a
given path. In terms of numerical implementation, perhaps the most well-known classes of methods
are based on cohesive models and finite elements [XN94, [CO96], or on the extended finite element
method [MDB99]. The efficiency and versatility of both types of methods have been demonstrated
in the literature, although they can also have their weaknesses, including mesh dependency when
the crack path is not known beforehand, or difficulty in accounting for initiation and branching.

The work presented here follows an original approach proposed by G. A. Francfort and
J.-J. Marigo in[[EM98] for quasi-static problems under fixed displacement boundary conditions.
Its main virtue is to remain largely compatible with Griffith theory, departing as little as possible
to allow crack nucleation, branching, path identification, and interactions between multiple cracks.
However, these benefits have a cost in terms of complexity of the numerical implementation. The
Francfort—Marigo formulation involves thglobal minimization of a total energy with respect to
any admissible crack set and displacement field, and requires specialized numerical tools which
we present in this article. We restrict our numerical experiments to problems simple enough to be
rigorously analyzed instead of engaging in very large scale experiments, which is the focus of some
pending work.
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In Sectiorf 1, we briefly introduce the Francfort—Marigo model, and detail some of the properties
of special interest in view of its numerical implementation. Sedfion 2 is entirely devoted to the
description and analysis of the algorithms we introduce: the Alternate Minimizations algorithm is
studied in Sectiof 23, and the Backtracking algorithm presented in Sgcfjon 2.4. In $éction 3, we
conduct a deeper analysis of the Backtracking algorithm, applied to a simple uni-axial traction
problem, and present numerical experiments. Lastly, in Seflion 4, we revisit the fiber pull-out
experiment presented in_[BEMO0O, DLMO7], and present the numerical simulation of a mode-I
experiment on a perforated plate.

1. Francfort and Marigo’s model for quasi-static brittle fracture

We only briefly recall the essential points of the variational approach to brittle fracture, and refer the
reader to the reference above as well as to more recent developments presented|in [FLO3, DFT04,
Cha04| Cha05%, BEMar] for a comprehensive presentation and analysis of the model.

In all that follows, we consider an open bounded connected dofaanR” (N = 1, 2, 3) with
Lipschitz boundan 2 representing the crack-free reference configuration of an elastic body. We
consider the time interval [@"] during which we apply d@ime-dependent displacemdtundary
conditiong(s; x) on a parto2p C 952 with non-null measure, while the remaining parf2y =
982 \ 982p, remains traction free. For technical reasons better presented in [BEMOQ, FLO3], we
consider an extended domasuch that2 c 2, and an extension (still denotgdlof the Dirichlet
boundary condition t@2.

Francfort and Marigo’s model relies on two main ingredients: identifying the cracks in a material
with the discontinuity set of its displacement field, and—extending Griffith’s ideas—deriving the
crack evolution from the global minimization of an energy involving competition between bulk and
surface terms. The following definition states the form of the kinematically admissible displacement
fields, elastic potential, and the total energy for three types of problems.

DEFINITION 1 Letg be such that
g € L=([0, T]; L>(2)) n wr([0, T]; HY(£2)).

The setlC4(r) of kinematically admissible functions and the elastic poteritiabre defined as
follows:

1. In theelasticity problemone considers
W (eu)) = S(rtre@)l + 2ue(w)) : e(u),

wherei and . are the Larg coefficients of the material considerexy) is the symmetrized
gradient ofu, and “:” represents the dot product of symmetric matrices. The set of kinematically
admissible displacements is defined as

Ka(t) :={u e SBD(2):u=g()ae. in2\ 2; ulle < M},

for some giverM. The role of the constamt is purely technical, and does not affect the practical
applications.
2. In the vector-valued BV -problem W depends on the gradiebDi::

W (Du) := u| Dul?.
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The set of kinematically admissible displacements is defined as
Kat) :={u e SBV(R):u=g@) ae.in2\ 2}

3. Intheantiplane problemone considers a cylindrical domain with main axis parallel tazthais,
and deformation along theaxis, independent of thecoordinates. For this class of problems,
the displacement field takes the form= u,e3, whereu, depends only or andy. The elastic
potential becomes

W (ew)) = ple(w)? = 5| Vi 2
and the kinematically admissible displacements are given by
Ka(t) = {u; € SBV(2) 1u, = g.(¢) a.e.in2 \ 22}.

Note that depending on the problem, the poteritiatiepends o®(i), Du or Vu. In what follows,
we chose to simplify the notations by systematically writifi@e()). We trust that this abuse of
notation will not cause confusion.

While identifying the crack set and the discontinuity of the displacement field, one has to be
careful not to violate an irreversibility principle: displacemerasbe discontinuous across a given
crack, but they do not ndtave to(consider for example cyclic loads after unloading). However,
should a crack exist in the domain at a timeét should also exist at any later time, i.e. cracks are
not allowed to heal. The following definition formalizes the relation between both entities:

DEFINITION 2 Letu be suchthat(r) € K4(r) forall0 < ¢ < T, andJ, ) be the jump set ai (7).
Thecrack setis

ra):= J Jue-

0 <t
Notice thatI"(u(z)) depends on the entire displacement history, i.e. the funcetien u(t), not
just the on the displacement at timeAgain, we hope that this abuse of notation will not cause
confusion.

DEFINITION 3 Let u be such that(r) € Ka(t) forall 0 < r < T, andI'(u(z)) be as in
Definition[4. Thetotal energyassociated with is

E(u(t), I'(u(r))) = /Q W (e(u(t))) dx + GHN HI () \ 92w), 1)

whereG,. denotes théracture toughnessf the material considered. Byulk andsurface energies
we mean respectively

EP @), I (u())) = /Q W (e(u(r))) dx )

and
ES(u(t), T (1)) := GHN X @) \ 982y). 3)

Lastly, and following the viewpoint of [FL03, BFMar], we incorporate the crack growth
condition into a global minimization principle for the total ener§y (&)is such that for any
0 <t < T,the pair(u(t), I'(u(t))), minimizes

/ W (e(v)) dx + G HN 1, \ 8%2)
2

among all kinematically admissiblee K4 (¢) such that/, D I'(u(z)).
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As the energyE is non-convey, it can admit local minimizers, the definition of which depends
on the topology considered. In the following definitiohA B denotes the symmetric difference of
the setsA andB.

DEFINITION 4 Letu be suchthat(r) €e Ko@) forall0 < < T.

1. u is alocal minimizer forE in the sense of the! normif and only if there exists$(r) > 0 such
that for anyv satisfyingu(z) € Ka(#) and|lu(?) — v(t)ll 1) < () forO <t < T, one has

EQ@(), I'(v(1))) = E(u(t), I'(u(2))). (4)

2. u is alocal minimizer forE in the sense of the energy noifand only if there exist$(z) > 0
such that for any satisfyingu(z) € K4 () andE(u(t) — v(t), I'(u(®)) A I'(v(t))) < 8(t) for
0<t < T,onehas

E(1), I'(v(1))) = E(u(t), I'(u(1))). (5)

3. u is aglobal minimizer forE if and only if for anyv such thaw(z) € K4 (r) forO <t < T, one
has

EQ(), I'(v(2))) = E(u(t), I'(u(2))). (6)

For more details on the analysis of this approach to brittle fracture, we refer the reader tb [FLO3,
DFETO04], where existence of global minimizers is proved in the antiplane and vector-\&Riéd
case. The method used in these proofs involves studying a discrete-in-time version of the problem,
and letting the time discretization interval go to zero. In view of the numerical implementation, this
implies that we do not have to worry about proving the convergence of the time-discrete model
towards the original one.

1.1 Properties of the Francfort—Marigo energy

Seeing brittle fracture as the problem of finding global minimizerd pf (3) remains in large part
compatible with Griffith’s classical theory of brittle fracture (see [GFri21]). As the crack set at time

t is given through a global minimization process among all possible crack states, the Francfort—
Marigo model does not require tleepriori knowledge of the crack path. It does not require the
existence of an initial crack. It does not even assume smooth propagation of cracks (i.e. that the
surface energy term is a continuous functiom)ofVhen the surface energy associated to the crack
set is not a continuous function of time, we will say that the crack propagateslly. We recall

some properties of and its minimizergu(t), I' (u(¢))), which are presented in much more detail

in [EM98,[CGPO5]:

1. In the two-dimensional case, Y ~1(I"(u(r))) is a continuous function of, then I" (u(z))
satisfies Griffith’s crack propagation criterion.

2. If g is amonotonically increasing loahat is, if g(r) = tgo), then there exists a critical time
t. > 0 such thatt¥—1(I"(u(r))) > 0 foranyr > t.. In other words, the Francfort-Marigo model
will alwayslead to crack initiation unddmite load.

3. Under the same assumptions gand if the elastic displacement field associated witltoes
not have a singularity, then there exists a constaatO such thatt" ~1(I"(u(z.))) = 0if r < 1,
andHN=1(I"(u(1))) > 8 if t > 1. In other words, in the absence of singularity, only brutal crack
initiation is possible.
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4. Under the same assumptions @n there exists atotal failure load z; such that
EP(u(t), F'(u(r)) = 0 and E* (u(t), I' (u(1))) = ES(u(ty), I'(u(ty))) if t > tr. Fore > tr,
the minimizers ofE correspond to configurations with no elastic energy, and the cracks do not
propagate anymore.

Note that points 2 and 3 may seem redundant, but they are not. Point two|(from|[FM98]) merely
states that in the variational model, crack initiation always take place urfdgteaload (and may
be smooth or brutal), whereas point three (adapted from [CIGP05]) implies that without singularity,
initiation is alwaysbrutal.

2. Numerical implementation

In order to discretize the Francfort—Marigo functional, one needs to be able to approzinyate
function in SBV or SBD. This is by nature more complicated than building a discrete space
allowing jumps across a known curve, and the extended finite element method is not easily
applicable. This model also requires the ability to accurately approximate the locations of the
cracks, as well as thelengthsin two dimensions (and surface in three dimensions), which may

not be possible if the cracks are restricted to propagate along edges of faces between elements.
Lastly, in light of point 3 above, it is expected that in the absence of singularity in the deformation
field, crack initiation will always be brutal. In particular, this means that sensitivities with respect to
“small” cracks may never provide a descent direction for the Francfort—Marigo energy, in the case
of “brutal” evolution.

2.1 Approximation by means of elliptic functionals

Several methods have been proposed, based on discontinuous (see [GP03]) or adaptive (see [BCOO,
Neg03]) finite elements. The class of methods on which we concentrate here relies on approximating
the Francfort—Marigo energy, in the senseldftonvergence, by means of elliptic functionals. It
requires introducing a secondary variable wi2(Q2), representing the crack in some sense, and
extending the brittle fracture energy to

E ' if v=1,
Fu,v) = { @ Jy) Mhv=1 @)
400 otherwise.
For anye > 0, andn, < ¢, define
2 (1-v)? 2
Ee(u,v) = | (V" +n)W(ew)dx +Ge |_ +&|Vu|7 ) dx,
Q Do 4e
and - ~
Ec(u,v) ifueWh2(22\02y;R?) andv € WH2(2\ 92w),
FS(”? U) = . (8)
400 otherwise,

with ¢ = 1 in the antiplane case, agd= N in the elasticity and vector-valued cases. AsAQwe
will denote byE? and E$ the bulk and surface terms .

This approximation was proposed in [AT90, AT92] for the Mumford—Shah functional, inspired
by a now classical example in phase transition [MM77a, MMT77b, Alb00] and extended in [Bou98,
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Cha04| Cha05. GiaD5]. In the antiplane case, it is known&haf -converges ir.2(£2) x LZ(SNZ) to

F ase — 0, and that the sequence of global minimizersfgis compact. By a classical argument
(see for instance [Dal93, Bra02]), this proves that the global minimizéra?) of F, converge to
that of F (and therefore to that of).

2.2 Time discretization

A rigorous analysis of the quasi-static evolution problem for the regularized functional has been
recently published in [Gia05] in the antiplane case. Again, it is possible to consider a discrete-in-
time version of the quasi-static evolution where the crack growth hypothesis is enforced at any
time stepp by minimizing [8) with respect to all admissibie’”’, v{"’) such thaw{” < v,
It has been proved that the time-discrete problem converges to the continuous one when the
time discretization goes to 0, and that the total eneﬁgwé”), vg(”)) converges to an absolutely
continuous function of.

Finally, the minimization ofF, at each discrete time step requires a discretization in space.
In the antiplane case, one can consider a discretized veFsigrof F. by means of linear finite
elements. Provided that the mesh sizis such that: « ¢, it is known thatF; , I"-converges to
F (see [BC94, Bou99]). Extending this result to the full elasticity case does not seem to present
any difficulty. However, this is outside the scope of this study, and we will take for granted that
the restrictionF; , of F; to discrete functions on a linear finite element spAeceonverges td as
e —> 0andh — Owithh « &.

In order to simplify the implementation of the crack growth condition on a time-discrete scheme,
we slightly deviate from the analysis in [Gi205]. Consider a discretization of the time intenzg] [0
into P+ 1 time steps &= t©@ <@ < ... <t = T anda, such thaty, — 0 ass — 0. Ateach

time stepr”), p > 1, define

K@D .— (x e 2: P < e}, (9)

KP = {(u,v) € WH2(2\ 02y; RY) x WH(2\ 92y) :
u=gtPyon2\2,v=00nkK" D} (10

and let@”, v{") be a solution of

min  Fy(u, v). (1)
(u,v)EIC(AP)

The main difference is that we replace the monotonicity constraint (which in this case would
becomev® < v~V almost everywhere) by an equality constraint. Doing so allows us to
formulate the necessary condition for optimality as equalities instead of inequalities, and to use
an unconstrained optimization algorithm. The price we pay for this simplification is that we
cannot prove the convergence of the time evolution. Numerical experiments indicate however that
our implementation of the irreversibility condition leads to evolutions similar to those obtained
while enforcing the monotonicity of”) with respect top (compare for instance the experiment
in [BEMOQ, Sec. 3.2], revisited in Sectign 4.1, to that presented in [DUMO7, Sec. 7.1]).

In the actual numerical implementation, computgiigbal minimizers of F; is a major issue,
as F, is non-convex. Numerical methods in the literature rely on first order necessary conditions
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for optimality. Such methods only ensure convergence to a critical poifit ,ofvhich raises two
questions:

1. When working withF for a fixede > 0, how can we be sure that the critical points we find are
local (or global) minima?
2. Can we be sure that these local minima converge-asO0 to local minima of theg™-limit?

The first question is partially answered in Theorgm 2. We do not attempt to address the second
problem. A similar issue has been settled in [Tdn05] for the Modica—Mortola approximation of the
perimeter functional.

2.3 Minimization ofF, at a given time step

In the case of the Francfort—Marigo energy,is quadratic and strictly convex inandv separately.

For a fixedu or v, the minimizer of F, (e, v) Or F,(u, e) exists, is unique and can be efficiently
computed using a direct method. This property leads naturally to implement the following Alternate
Minimizations algorithmg being a small fixed tolerance parameter:

ALGORITHM 1 (The Alternate Minimizations algorithm)

: Leti = 0 andvg := vép_l) if p>0orvg=1if p=0.

repeat
i<—i+1
Computeu; := argmin, F(u, v;_1) under the constraint; = g(:”) on 2 \ £2.
Computey; := argmin, F,(u;, v) under the constraint = 0 onK ?=b,

until v — vi—1lleo <8

: Setugp) = u; andvép) =

N g Rr®NR

Some elements of convergence of the Alternate Minimizations algorithm follow, under
increasingly restrictive hypotheses.

THEOREM1 Let(u;, v;) be as in Algorithnj [L. Then there exisEs > 0 such that
Fe(ui,vi) - F} (12)

asi — oo. Moreover, there exists a critical poit}, v}) € ICX’) for F, such that, up to a
subsequence,

L2(2)xL2(£2)
(ui, v;)) ————— (@}, v)). (13)

Before proving Theorein| 1 we state the following lemma, whose proof is purely algebraic and
is not stated here:

LEMMA 1 F, is Gateaux differentiable at ariy, v) € W12(2; RY) x W12(£2). Considering any
(u, v) such thalu +tit, v +10) € ICE{’) for any small enough, the Gateaux derivatives af; in the
directions(iz, 0) and(0, v) are given by

Fe(u +ti, v) — Fe(u, v)

/ VuFe(u, v)idx := lim
2 t—0 t
= / (% + 1:)DW (e(w)) : e(@) dx, (14)
2

and
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lim Fs(”’ v +tﬁ) - FS(”’ U)
t—0 t

2/ {UW(e(u)) - Gc<u +8Av)}17dx. (15)
I 4e

/N Vo Fe(u,v)vdx :
9]

The proof of this lemma is purely algebraic and does not present any difficulty. For that reason, it is
not detailed here. O

The expression of the &eaux derivatives of is all we need to prove Theorem 1. Note first
that [12) is trivial, on remarking that the sequerftéu;, v;) is decreasing and bounded from below.

. e LA)XL2(R2) . o . . .
The existence of a paiu}, v}) such thai(u;, v;) ———— (u}, v}) is also easily derived from

&
equi-boundedness W12 of the functionsu; andv;. All that remains to prove is therefore that
(u}, v}) is a critical point of Fy. Sinceu; — u} strongly in L?, up to a taking subsequence we
haveu; — u} weakly in WP, Note also that ifu; minimizesF, (u;, ¢), then using a truncation

argument, one finds thatQ v; < 1 almost everywhere is2, from which it follows that
0= [ (viz + ne)DW (e(u;)) @ e(u) dx — / (V)% + n:)DW (e(u})) : e(ii) dx
2 2

asi — oo, which is equivalent to
Vi F(uf, v¥) =0.

Similarly, one obtains
Vo F(u®, v¥) =0,

e Ve

which concludes the proof of Theoré¢r 1. a

Theorenf Il does not rule out cases where several subsequences converge towards different critical
points. In the practical implementation of the Alternate Minimizations algorithm, we always observe
that the sequencg;, v;) converges to ainglecritical point. We have not been able to prove this,
though.

In some cases, we can also prove that the Alternate Minimizations algorithm does indeed
converge to the proper critical point. In order to do that, we need to define isolated local minimizers
and isolated critical points.

DEFINITION 5 Consider a time steg?. For any(u, v) € IC%’) and anya > 0, we denote by
By (u, v) the ball of radiusr centered atu, v):

Ba(u, v) i={(i, 0) € K 2 G —u, 5 — )| 110 < @) (16)

1. We say thatu,, v,) € ICX’) is a local minimizer ofF; if there existsS > 0 such that for any
(u,v) € Bs(ug, vg), One has
Fe(ug, ve) < Fe(u, v).

2. We say thatu,, v,) € ICX’) is anisolated local minimizeof F; if there existss > 0 such that
forany (u, v) € Bs(ug, ve) \ {(ue, ve)}, One has

Fe(ug, ve) < Fe(u, v).
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3. We say thatu,, v,) € ICX’) is anisolated critical pointof F, if there existss’ > 0 such that
(ue, ve) is the only critical point inBy (i, ve).

THEOREM?2 Let(u;, v;) be asin Algorithnﬂl, anu}, v}) e ICX’) be an isolated local minimizer
and an isolated critical point fdf,. Then there exists > 0 such that ifjvg — v} ;1 < 5 then

2(2)xL%(£2
(ur, o) L o), (17)
The proof of this theorem relies on two facts: tlfatis convex with respect t@ andv, and that
the Alternate Minimizations algorithm yields a sequence with monotonically decreasing energy. Let
8 be admissible for points 2 and 3 in Definitioh 5, and consider

Fs = inf Fe(u,v)
(u,v)€dBs (u},v})

and

F.(u®, v* F,
Ks = {(u, v) € Bs(u v): Falu,v) < M}

2
From the isolation hypothesig; > F.(u}, v}). Observing for example that— F.((1—1)u} +tu,

(1—1)v} +1tv) is continuous with respect tdor any (1, v) € IC(P), one sees thdt; is not reduced
to (u}, v}), and that there exists & 1 < é such thatk; D B, (u}, v}). Also, sinceF; is convex
with respect tau, the functiont — F.((1 — t)u; + tu;+1, v;) is decreasing for 0< ¢+ < 1 s0
that if (u;, v;) € Ks, then(u;11, v;) € Ks. Similarly, one finds thaf, (u; 11, v;i+1) € Ks, S0 that
the sequenceéy;, v;) converges to some:*, v*) € K;. Using Theorerh]1, we deduce that, v*)
is a critical point, and s@u*, v*) = (u}, v}), since(u}, v}) is the unique critical point of7 in
Bs(u?, v¥), which concludes the proof of Theor@n 2. O

e’ Ve
Theoren| 2 requires not only that the local minimizer be isolated, but also that it be an isolated
critical point. Indeed, one can imagine a scenario where an isolated local minimjzex’) can
be approximated by a sequence of critical poits v;). In this case, for any; > 0, there exists
N > 0 such thatu;, v;) € B,(u}, v}) for anyi > N. Consider now the Alternate Minimizations
algorithm initialized withvy . Using the convexity of, with respect tay, it is easy to see that our
algorithm will converge tquy, vy) in exactly one iteration. . .

Fortunately, one can modify the minimization algorithm to avoid such a situation. Upon
convergence of the Alternate Minimizations, one can compute the Hessiaf, dbr its
discretization), and check if it admits a negative eigenvalue. If this is the case, one can minimize
F, along the direction of the associated eigenvector, then resume the Alternate Minimizations
algorithm. This modified version of the Alternate Minimizations algorithm still yields a decreasing
sequence but can only converge to a local minimizer. For this variant of the Alternate Minimizations
algorithm, it is easy to see that Theorgm 2 holds evén,ifv.) is not an isolated critical point.

The numerical experiments presented in Secfions 3 hnd 4 rely on the Alternate Minimizations
algorithm as described in Algorithim 1, and do not include this refinement.

2.4 Necessary optimality condition for the time evolution

A new necessary condition for optimality of global and local minimizers can be derived from the
crack growth condition. This condition can be stated for the regularized or unregularized problems,
and the proofs are identical. For brevity, we consider the unregularized problem.
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THEOREM3 Let g be amonotonically increasing loadi.e. such thag () = rg(0)). Letu be a
global minimizer forE. Then for anyr andz such that0< ¢ < 7 < T, one has

2
E(u(), I'(u(1))) < %Eb(u(f), () + E* (u(r), I'(u(7))). (18)

Proof. Consider any & t < T and suppose that there exist&® < 7 such that
2
E(u(s), I'(u(s))) > %Eb(u(f), I'u(r)) + E*(u(z), I'(1))).

We then construct given by

u(t) ifO <t <y,
v(t) = .
t/tu(r) fs<r<r
Itis easy to see that(¢) € L4 (¢) forany 0< ¢ < T, that
r if0 < ,
@) = (u()) I t<s
[ (u(s))\ Ju(x)] U Ju) ifs <t <,

and that, sincd™(u(s)) C I' (u(r)) andJy) C I'(u(r)),

§2

E(v(s), I'(v(s))) = ;Eb(u(f), I @) + GH T (v(s)) \ 02n)

52 b N-1
< ﬁE (™), I'w(r))) + GH” " (I'(u(r)) \ 082N)

< E(u(s), I'(u(s))),

which is in contradiction with[(6). O

REMARK 4 Theorenj B has interesting consequences in terms of the numerical implementation.
Consider a kinematically admissible displacement fieldand any O< t < T. If there exists

0 < ¢ < 7 such that[(IB) does not hold, therr) is not a global minimizer fo& at timez, and the
functionv built in the proof of Theore|3 has lower total energy.

This remark is the foundation of our Backtracking algorithm as it permits to detect some cases
when a displacement field satisfies the optimality conditions with respeabitdu, v) at each time
step, but is not a global minimizer. In the numerical implementation, we use a small parameter
8. > 0, and at each time stegf”) we check if [3B) is verified within a tolerandg for all )
with 0 < r < p. Ifitis not, we return to step, initializing the Alternate Minimizations algorithm
with v(®.

ALGORITHM 2 (The Backtracking algorithm)
1. v« 1
2: repeat
3:  Compute(u'?), v'P)) using the Alternate Minimizations algorithm initialized witb.
4:  Compute the bulk energ’? (P, v(P) and the surface energy; (u'?, v(P).
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50 forr=1top—1do

6: it Eeu®, ) — ((T)ZEL @@ v®)) — E;@®, vP)) > 5, then
7. vg < vP)

8: p<r

9: return to 2:

10: end if

11:  end for

12 vg <« v
133 p<«<p+1
14 until p=P

Algorithm[2 raises two questions: does the Backtracking activate, and if so, does it terminate,
i.e. what prevents it from entering an infinite loop? These questions require a better understanding
of the stability of the critical points of, and we can only provide partial answers. What is clear
is that if Algorithm(2 terminates, then it generates a fantily”), v”)) such that®, v(?) is a
critical point of F, for any 0< p < P, which also satisfies the necessary optimality condition with
respect to time given in Theorgm 3.

Of course, the Backtracking algorithm cannot activate unless the minimization algorithm detects
new critical points. Numerical experiments suggest that as the load increases, some local minimizers
evolve into saddle points, a factor leading to a bifurcation of the Alternate Minimizations algorithm
and the discovery of new critical points. A rigorous analysis of this phenomenon can be conducted
in a simple unidimensional case.

3. Some elements of analysis of the Backtracking algorithm

Consider a two- or three-dimensional beam occupying the dofaain (—/, /) x w, where|w| =

1 « [, and with elastic coefficients = 1 andv = 0. At any timer > 0, both ends of the beam are
subject to a uniform displacememt= —z on {—I/} x w andu = ¢t on{/} x w. Assuming that the
deformation and crack fields depend only on the first variable, proljlem (1) reduces to finding, for
anyt > 0,u(r) € SBV(—1,1) such thatu(t) = —r atx = —I,u(t) =t atx =1, J,) D Ju() for

anys < t, minimizing

1 1
> /_l(u(t)/)zdx + GcH(Ju))s (19)

where # represents the counting measure.

For this problem, it is known (sek [FM98]) that there exists a critical loads. = /Gl such
that if 1 < ., the global minimizer of[(7]9) corresponds to the uncracked stateufith) = 7x//.
For loadst > . the global minimum is reached tany function u/ (x) = —t for x < x. and
u’l (x) =t for x > x., x. beinganypoint in (-1, [).

Under the assumptions above, the regularized enEggyan be written as

I+5 ((1 — )2

1
Ee(u,v) = ;/l(vz +71e) ()% dx + Gc/ I

+ 8(1/)2) dr, (20)
—1-5

where2 = (-1 — 8,1 + 8) for somes > 0. Indeed, a careful analysis of tfieconvergence off,
reveals that as long as one does not consider interface cracks at/ or x = [, one can identify



422 B. BOURDIN

£ and$2, and consider

1 ! _ 2
E.(u,v) = %/1(v2+n8)(u’)2dx+GC/l<(l 4;’) +e(v’)2> dx.

3.1 Stability analysis

The first order optimality conditions for the minimizegsandv of F. are that for anyi, v) €
Wy 2(—1,1) x WY2(—1, 1) such that'(—1) = #'(/) = 0, one has

l
/I(UZ + ne)u'il’ dx = 0, (21)

I I Y
/ (u’)zvﬁdx—i—ZGC/ ((v 41)v +gﬁ’v/)dx=0. 22)
_

-1 £

The sequence for the uppérlimit in [AT92] Bou98] provides a construction of a pa('u!, vgf)

such thauf — u/ and that[(2]L) are satisfied asymptoticallyas- 0. It is also easy to see that the
pair

ug(x) = %x, (23)

G.I?
Gol2 + 2¢12

ve(x) =

(24)

also satisfies both conditions above and thét v$) — (¢, 1) ase — 0.
A study of the second variation & around(x¢, v¢) will allow us to state the following stability
theorem:

THEOREMS5 Givene > 0, there exists a critical loag] such tha(u¢, v¢) is a saddle point of; if
t >t

Proof. Considen(, ?) € W&’z(—l, ) x Wh2(—1,1) and(e, B) € R2. Then we have
e ~ e ~ e e a2 ! e\2\ =2
Fg(u5+auﬂv5 +ﬂv):F8(ung5)+7 (ﬂs"‘(%) )(u) dX
1

l 1 (ue/)252 1~)2
+ Zaﬂ/ ul'ii'veo dx + ,82/ < 82 + GC<£ + 8(6/)2)) dx + 0(a?, aB, B?).
- 4

Using the fact that¢ = ¢x /7 and that¢ is constant, we obtain
2 ol !
t
Fe(ué + ail, v¢ 4 BD) = Fo(ul, v%) + azw f @)% dx + ZaﬂZvS/ @vdx  (25)
-l ~

2 1 ~2
+ ﬂzi / (az + G(Z—g + e(a’)2)> dr +o(@? aB, ).  (26)
-1
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Consider nowi € C3°(—1,1) such thatfil(ﬁ’)zdx =1, andd = —i’. Then [2}) reduces to

2le + (W)t

Fo(uf + ait, v + B0) = Fe(ug, vi) + o 5 2ap- vy

2 4 G g 2 2
+ B [ I +8G5/ 0" dx]+o(a ,ap, BO).
-1

The right hand side is minimized when

2tv¢

=P
[(ne + (v9)?)
and we obtain

F, ue+Lﬂﬁ,ve+ﬂﬁ = F,(ué,v%)
e + (v9)?) ¢ e Ve

of 12 4(v8)? / } 2
+ B |:212<1 175+(Ue)2> £ 4G, | @)?dx|+0(Bd.

Recalling that). — 0 andv¢ — 1 ase — 0, and that 1« /, we now see that the coefficient of
becomes negative wheris small enough, which in turn means that whes large enough,

2tv¢ . -
F, (ufj + mﬂu, ve + ﬁv) — F(uf,v) <0

for small enougtg. This implies tha(u¢, v¢) is not a local minimum but a saddle point f6y. U

Practically, we see that for large enough loads, the critical p@ifitv?) loses its stability. For
any vo, there exists a critical load. such that ift > §., then (u1, vo) is a descent direction
for F.(u¢,v¢). In particular, this implies that for all subsequent iterations of the Alternate
Minimizations algorithm, we haveé, (u;, v;) < F.(u{, vS). When this happens, the Alternate
Minimizations scheme cannot converge towads v¢), and will converge toward another critical

point (u¢, v$). Short of being able to prove that v$) and (uf, v{) are the only critical points
of F,, we cannot ensure that¢, v5) = (u,{, 2 ).

REMARK 6 The construction of the descent direction above does not give a sharp estimate for
the critical loads/ above whichu¢, v¢) becomes a saddle point. This is not an issue in the
practical implementation, as it suffices to increase the load until bifurcation toward the “cracked”
solution happens, and then use the Backtracking algorithm. Note, however, that/sireex as

¢ — 0, one may have to consider very large loads before bifurcation happens. There are several
ways to address this issue numerically, including implementing a continuation algorithm on the
regularization parameteror adding perturbations to the field These numerical techniques are
being investigated.

3.2 Numerical results

In order to illustrate the result of the previous section, we ran several numerical experiments on a
two-dimensional beam with= 5. In the one we discuss later, the mesh consists of approximately
149,000 linear finite elements and 75,000 nodes (a coarser mesh would lead to similar results). Total
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@< O
FIG. 1. (u, v) profiles.

computation time is less than 1/2 hour, using 32 Intel Xeon 1.8GHz processors. The computational
cost is 1155 10'? Flops, the mesh size = 1.5- 1072, the regularization parameter= 8.0 -

1072, andr, is 1.0 - 10~ . We discretized the time intervad, 10) into 201 equi-distributed time
steps. The material properties atfg = 1, E = 1, andv = 0. For this choice of parameters,

the critical load upon which total failure of the domain should happen is /5 ~ 2.2361.
Figure[] represents the profiles andv, corresponding to the uncracked (left) and cracked (right)
solutions. Figurg]2(a) represents the bulk, surface and total energies as a function of the load, without
Backtracking. As expected, the critical failure load is overestimated, with a bifurcation taking place
atr ~ 7.8, and the total energy is not monotonic. Figlte 2(b) represents the total energy of the
system as a function of the iteration number (dashed line) and its theoretical value (solid line). The
outcome of the Backtracking algorithm is the following: at first, time steps 0 to 7.8 are computed,
and the Alternate Minimizations algorithm fails to bifurcate towards the cracked solutian>At

7.85, the cracked solution becomes feasible for the Alternate Minimizations algorithm, and the total
energy of the system decreases. At this point, condifioh (18) is not satisfied for all time steps with
t > t., and the Backtracking algorithm returnssta- 2.4, initializing the Alternate Minimizations
algorithm with the cracked solution. The final total energy corresponds to the lower envelope of the
dashed curve. The error on the total energy is less than 10%.

12

T r T T T 12 - r T T T
— Total Energy (Theoretical) — Total Energy (Theoretical)
- - - Total Energy (Computed) - - - Total Energy (Computed) (d)
10- ..., Bulk Energy (Computed) ,': 4 1op ’ ,:
.=~ Surface Energy (Computed) P o
’ 1 1
8- e 1 8l '1’ 1
. o1 . '
" 1 ’ 1
1 1
6 . 1 6 () .* !
PRI i . 1
L 1 . 1
o ’ 1
o el H 4 .’ !
.
; .~ i
Pael 2% 4 1
R .
2r P -7 7 2r e '
- _-" 1 (b), - !
_____./ ‘‘‘‘‘‘‘‘‘ : @
O e T 0
2 -2
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
(a) Without Backtracking (b) With Backtracking

FIG. 2. Energy as a function of the load for the long beam.

Figure[3 formally illustrates Theorefrj 5, and shows how the Backtracking algorithm allows
switching from one critical point to the other. It represents a sketch of the shape of the total energy
as a function of(u, v) for various loads. The letters (a), (b), (c), (d) correspond to the locations
highlighted in Figurg P(b). Figurie] 3(a) is a sketch of the total energy as a function of for a
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@0<t <t byt =1, (C)tc<t<tf (d)t}zf

FiG. 3. Energy profile as a function of the load.

loadr < t.. The leftmost well corresponds to the uncracked solution (in this case also the global
minimizer) and the right one to the cracked solution. Started from within the left well, the Alternate

Minimizations will converge to the uncracked solution. Figure 3(b) corresponds to the critical load

t =t..1In Figurel}(c), the load is such that < ¢ < tgf. The global minimum corresponds to

the cracked solution, but the outcome of the Alternate Minimizations algorithm will depend on the
well in which it is initialized. Finally, FigurE|3(d) correspondsrtg: tgf. In this case, the Alternate

Minimizations will converge to the cracked solution, providing a better initial guess for the time

steps, <1 <.

The fact that the numerical scheme eventually converges towards a “cracked” solution may seem
counter-intuitive. Indeed, wher andv are constant, the gradient Bf with respect ta is constant
(up to the discretization error). In a gradient-based algorithm, it would be very difficult to escape
from the “uncracked” solution. Alternatindull minimization with respect taz and v certainly
makes it easier.

It is also worth noticing that in the previous section, we have considered perturbations with
norm 1. In the numerical experiments, the discretization, rounding and iterative solver errors play
that role. Because of their much smaller magnitude, we do not expect the criticqfluadoincide
with the load at which bifurcation happens in the numerical experiments.

4. Numerical experiments
4.1 Revisiting the fiber pullout experiment

The main contribution of our Backtracking algorithm is to identify crack evolutions which do not
satisfy the global necessary condition for optimaljfy] (18). Indeed, a quick literature survey reveals
that this is a common issue in numerical experiments. In [Neg03, Figure 11], the total energy for a
mode-| experiment in planar elasticity is shown to be decreasin@6x ¢ < .27, which is not
compatible with[(IB). Similarly[[BEMGO, Section 3.2] presents a traction experiment on a square
plate, reinforced at its center by an unbreakable fiber. In Figure 3, the total energy is also decreasing
around the critical loads corresponding to brutal evolution, which is consistent with the analysis
in the previous section. The same experiment is presented in [DLMO7, Figure 7] with a similar
outcome.

We re-ran this experiment on a thinner mesh with and without Backtracking algorithm. The
domain 2 corresponds to the black area in Figlije 5. The circle in the center of the domain
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(a) Energies, without Backtracking (b) Energies, with Backtracking

FiG. 4. Traction experiment on a fiber-reinforced matrix, energy evolution.

represents a fiber on which homogeneous Dirichlet boundary conditions are applied, while on the
upper rectangle, a displacement (0, ¢) is prescribed. The radius of the inclusion is .5, the length
of the square edges 3, the material properties are sEt+04,000,v = .2, andG,. = 100. The
mesh consists of approximately 36,000 nodes and 72,000 elements, and we performed 125 load
increments for 0< ¢ < .625. The parametersandy, are respectively 10 and 106, and the
irreversibility threshold is;, = 1072,

Figure[4(@) represents the evolution of the bulk, surface and total energies as a function of the
load when the Backtracking algorithm is not used. It is similar to Figure[3in [BFMO0O]. In particular,
it is easy to see that conditign (18) is violated arourd .45 and: = .5, which are the critical loads
upon which brutal crack propagation takes place. Figure 4(b) correspond to the outcome of the same
simulation, using the Backtracking algorithm. The total energy from the previous case is also plotted
for comparison. When using the Backtracking algorithm, condifiof (18) is satisfied far e
qualitative crack evolution is similar in both cases, and consistent with the description in [BFMO00],
however, the Backtracking algorithm leads to a better estimate of the critical loads upon which the
ligaments fail.

Figurd% depicts the crack evolution for selected loads. The points where, are black, while
those withv < «a, are white. This post-processing makes the location of the cracks obvious. The
original fieldv, which is not plotted here, is still a smooth function.

(a)r ~ .283 (b) ¢ ~ .382 ()1~ .387 (d)r ~ .431 (€)1 ~ .436

FiIG. 5. Traction experiment on a fiber-reinforced matrix, crack evolution.
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4.2 Perforated plate under mode-I load

The last numerical result we present is the simulation of a mode-I traction experiment on a pre-
cracked perforated plate. We consider a rectangular dofaaia (—.5, .5) x (-1, 1) with a pre-
existing crack along the segment < y < 0,x = 0, and equi-distributed perforations of diameter

.03 (see Figurg]6). On the lower edgesdf one applies a constant displacemettt;, y) = (—¢, 0)

if x < 0andu(x,y) = (¢,0) if x > 0, corresponding to the mode-I opening of the pre-existing
crack. The material properties of the samplesfre: 252, v >~ .2857 (corresponding to = 12

andp = 9), andG,. = 1.0. Figure[§ represents the deformation of the sample, along with the
evolution of the crack, using the Backtracking algorithm. Again, the points where - 102 are

black, while those withy < 2-10~2 white. We ran this computation on a variety of meshes ranging
from h ~ 10~ (30,084 nodes and 15,655 elements) to 3.3- 102 (134,784 nodes and 265,855
elements), using up to 600 time steps. The unstructured meshes were generated using a Delaunay—
Voronoy algorithm, and are therefore almost isotropic. The full computation on the largest mesh
took 8 hours on 64 processors of NCSA's Teragrid cluster, with a cosii6#1 10 Flops.

(a)r ~.781 (b)r ~.786 (c)r ~ .841 (d)r ~.931

(e)t ~ 1.00 (f) r ~1.03 (9)r ~1.04
FiG. 6. Perforated plate subject to mode-I traction.
Figure[ T represents the evolution of the bulk, surface and total energies as a function of the load

(with Backtracking on the left and without on the right), and a comparison of the total energies at
the center.
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(a) Components of the energy (with Backtracking)
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(c) Comparison of the total energies

FIG. 7. Energy as a function of the load for the perforated plate problem.

For loads 0< ¢ < .785, the pre-existing crack does not propagate, and the total energy is equal
to the bulk energy (see Figurg 6(a)). At a critical laart .786, the crack propagatesutally until
it reaches one of the perforations (Fig{ife 6(b)), then remains unchanged againun8i1. At
t >~ .841, again it propagates brutally until a second perforation (F[dure 6(c)). After that, the crack
continues to propagate brutally from one perforation to the next for loaes931 (Figurg B(d)),
t >~ 1.00 (Figurg 6(e)), and ~ 1.03 (Figure 6(f)). Finally, at time ~ 1.04, the last two links
break at the same time, and the sample reaches final failure (Figure 6(e)). The brutal behavior of the
crack set can be seen from the form of the surface energy in Figure 7(a), which is almost piecewise
constant.

In this case again, the Backtracking method leads to a solution with a lower total energy
(Figure[7(c)), and to a consistent time evolution, satisfying the growth condition at each time step.
More importantly, the qualitative crack behavior is different: using Alternate Minimizations without
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Backtracking, one obtains a smooth crack growth in between the last two holes—compare the slowly
increasing surface energy foi02< ¢ < 2.5 in Figurg 7(D) to the piecewise constant surface energy

in Figure[7(d). Also, the Backtracking leads to an accurate prediction of critical loads inducing
crack propagation, while straightforward minimization overestimates them (compare the location
of discontinuities in the surface energy in FigUres|7(a)[and 7(b)).
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