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A two-dimensional metastable flame-front and
a degenerate spike-layer problem
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A formal asymptotic analysis is used to analyze the metastable behavior associated with a nonlocal
PDE model describing the upward propagation of a flame-front interface in a vertical channel with
a two-dimensional convex cross-section. In a certain asymptotic limit, the flame-front interface
assumes a roughly paraboloidal shape with the tip of the paraboloid drifting asymptotically
exponentially slowly towards the closest point on the wall of the channel. Asymptotic estimates
for the exponentially small eigenvalues responsible for this metastable behavior are derived together
with an explicit ODE for the slow motion of the tip of the paraboloid. The subsequent slow motion
of the tip along the channel wall is also characterized explicitly. The analysis is based on a nonlinear
transformation that has the effect of transforming the paraboloidal interface to a spike-layer solution
of a specific singularly perturbed quasilinear parabolic problem with a nondifferentiable quasilinear
term.

1. Introduction

We analyze the nonlinear evolution equation of [10] and [15] that models a flame-front propagating
upwards in a vertical channel. In [15] and Appendix B of [3] a nonlocal PDE for the flame-front
interface was derived by taking into account the competing effects of buoyancy and gravity. In
nondimensional variables, and in a certain asymptotic limit, the flame-front interfaceS = S(x, t)

was found to satisfy

St −
1

2
|∇S|

2
= ε2∆S + S − 〈S〉, x ∈ Ω, t > 0, (1.1a)

∂nS = 0, x ∈ ∂Ω; S(x, 0) = S0(x); 〈S〉 ≡
1

|Ω|

∫
Ω

S(x, t) dx. (1.1b)

HereΩ ⊂ R2 is the bounded channel cross-section,|Ω| is the area ofΩ, and∂n is the outward
normal derivative. We assume thatΩ is convex with a smooth boundary∂Ω. The small parameter
ε > 0 is defined in terms of the channel width, the gravitational acceleration, and some physical
properties of the flame (see equation (1.4) of [3]).

In the one-dimensional case whereΩ = {x | |x| < 1}, the numerical results of [10] suggested
that the flame-front interface assumes a roughly concave parabolic shape where the tip of the
parabola drifts slowly towards one of the endpoints of the interval atx = ±1. For ε � 1, it
was proved in [2] and [3] that the speed of this slow drift of the tip of the parabola is asymptotically
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exponentially small asε → 0. Forε → 0, a formal asymptotic analysis was used in [16] to derive
the following nonlinear ODE for the tipx0(t) of the flame-front interface for (1.1):

x′

0 ∼

√
2

πε2
([(1 − x0)

2
+ O(ε2)]e−(1−x0)

2/(2ε2)
− [(1 + x0)

2
+ O(ε2)]e−(1+x0)

2/(2ε2)). (1.2)

The analyses of [2], [3], and [16] were based on introducing the transformationy = −Sx into
(1.1) to eliminate the nonlocal term. The resulting PDE problem fory = y(x, t) on |x| < 1 is the
Burgers–Sivashinsky equation

yt + yyx − y = ε2yxx, y(±1, t) = 0, y(x, 0) = −Sx(x, 0). (1.3)

In a vertical channel with a two-dimensional cross-section, the upwardly propagating flame-
front assumes a roughly paraboloidal shape with the tip of the paraboloid located somewhere
in the channel cross-section. The numerical results of [1] and [8] strongly indicate that the
paraboloidal flame-front interface maintains its shape for a very long time with the tip of the
paraboloid drifting asymptotically slowly inε towards the boundary of the channel cross-section.
Experimental evidence of such long-lived transients from physical experiments with premixed
flames are summarized in §2 of [8]. For the special case of a unit square channel cross-section, it was
proved in [1] that the flame-front is metastable in the sense that the tip of the flame-front remains
insideΩ for an asymptotically exponentially long time whenε � 1. The method of proof in [1]
was based on differentiating (1.1a) separately with respect tox andy; then by using comparison
principles the resulting problems were related to the Burgers–Sivashinsky equation (1.3) where
metastability was proved in [3]. Although this approach proved the existence of a metastable flame-
front in a square domain, it left open the issue of providing an explicit analytical characterization
of the metastable flame-front dynamics and of providing asymptotic estimates for the exponentially
small eigenvalues associated with the linearization around the flame-front. The numerical results
in [1] did suggest that the flame-front tip eventually approaches the closest point on the boundary
of the square. In addition, Theorem 2 of [1] proves that, under some assumptions on the initial
data, the flame-front tip will approach one of the corners of the square. For an elliptical domain, the
numerical results of [8] showed that the flame-front tip approaches the closest point on the boundary
of the ellipse. From the numerical study of [8], the tip then drifts along the boundary of the ellipse
towards the nearest local maximum of the boundary curvature.

The goal of this paper is to extend the results in [1] and [8] by giving an explicit, but formal,
asymptotic characterization of metastability for (1.1) whenΩ is a convex domain. We also study
the motion of the flame-front tip on the boundary of the domain. Although we provide an explicit
asymptotic characterization of the flame-front dynamics for a well-developed paraboloidal flame-
front, we do not study the important problem of the formation of the flame-front from arbitrary
initial data. In contrast to the rigorous approach in [1] in which (1.1a) is differentiated with respect
to x andy to eliminate the nonlocal term, our study of (1.1) is based on a nonlinear change of
variables that reduces (1.1) to a quasilinear parabolic problem. In our formulation the paraboloidal
flame-front interface with tip atx0 insideΩ is transformed forε → 0 to a localized spike-layer
solution with the spike centered atx0. The metastable behavior of this interior spike-layer solution
is then studied in detail using a formal asymptotic analysis. For the simpler one-dimensional case,
this approach has recently been used in [14] as an alternative to the metastability analysis of [16]
based on the Burgers–Sivashinsky equation (1.3).
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Before outlining our specific results, we introduce the transformation of (1.1). We first defineU
by

S(x, t) = 2ε2 log[U(x, t)]. (1.4)

Upon substituting (1.4) into (1.1), we find thatU satisfies

Ut = ε2∆U + U(logU − 〈logU〉), x ∈ Ω, t > 0; ∂nU = 0, x ∈ ∂Ω. (1.5)

Since there is no nontrivial equilibrium solution to (1.5), we introduce the further change of variables

U(x, t) = ec(t)+ωu(x, t). (1.6)

Here c(t) is chosen so that the problem foru has a steady-state solution, andω is an arbitrary
constant. Therefore,

c′(t) = −〈logu(x, t)〉, (1.7)

while u satisfies the quasilinear parabolic problem

ut = ε2∆u + u logu, x ∈ Ω, t > 0; ∂nu = 0, x ∈ ∂Ω. (1.8)

The equilibrium problem for (1.8) inR2 is

ε2∆u∞
+ u∞ logu∞

= 0, x ∈ R2
; u∞

||x|→∞ = 0. (1.9)

As a result of the nondifferentiability ofu logu at u = 0, this problem is a special case of a class
of degenerate spike-layer problems studied in [5]. A remarkable feature of (1.9) is that it has the
simple exact spike-layer solution

u∞(x; x0) = exp

(
1 −

|x − x0|
2

4ε2

)
, x ∈ R2, (1.10)

for any fixed spike locationx0 ∈ R2. This is the unique solution withu∞ > 0 to (1.9) (cf. [5]).
Since the spike profileu∞ only fails to satisfy the boundary conditions of the finite-domain

problem (1.8) by asymptotically exponentially small terms asε → 0 for anyx0 ∈ Ω, u∞ is an
approximate steady-state solution of (1.8). Upon substitutingu = u∞, (1.7), and (1.6), into (1.4),
we obtain

S(x, t) =
1

2

∫ t

0
〈|x − x0|

2
〉 dτ −

1

2
|x − x0|

2
+ 2ε2(1 − t + ω). (1.11)

Therefore, the spike profileu∞, with spike location atx0 is transformed to a paraboloidal flame-
front interface, with tip atx0, that propagates upwards in the channel at speedv(t) = 2ε2c′

=
1
2〈|x − x0|

2
〉 + O(ε2). In Fig. 1 we show a plot of the interfacew = logu∞

= S/(2ε2) and
the corresponding spike profileu∞ from (1.10) for the domainΩ = [−1, 1] × [−1, 1] when
x0(0) = (0.1, 0.3) andε = 0.1. However, since the form forS in (1.11) does not satisfy∂nS = 0
on ∂Ω, (1.11) must be modified near∂Ω by introducing certain boundary-layer terms. For the
time-dependent problem, we allowx0 andω to depend slowly on time. By using formal asymptotic
methods to resolve the boundary layer near∂Ω, we will derive slow motion ODE’s forx0(t) and for
ω(t). By substituting these slow motion ODE’s into (1.11), we obtain an explicit characterization
of the metastability for the flame-front interface of (1.1). The precise metastability result is given in
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FIG. 1. Plot of the interfacew = S/(2ε2) ≡ 1−|x− x0|
2/(4ε2) (top), and the spike profileu∞ from (1.10) (bottom), when

x0 = (0.1, 0.3) andε = 0.1. The domain is the squareΩ = [−1, 1] × [−1, 1].

Principal Result 4.1 of §4 below. Forε → 0, it is shown that the flame-front tip drifts asymptotically
exponentially slowly towards the closest point on the wall of the channel. Illustrations of this
phenomena are given in §4. We also analyze the motion of the flame-front tip after it has become
attached to the wall of the channel. By deriving an ODE for the flame-front tip, it is shown that the
tip slides along the boundary until it reaches a local maximum of the curvature of the boundary. The
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FIG. 2. Top: Dynamics of the flame-front tip in an ellipse. (A) Under the dynamics (4.17) the tip moves from the initial
point (labeled by?) to anO(ε) neighborhood of the closest boundary point (labeled by◦). (B) The tip then drifts along the
boundary under (5.13) to the nearest local maximum of the curvature (labeled by•). Bottom: the upward speedv(t) of the
flame-front given in (6.3).

precise result for the boundary flame-front tip motion is given in Principal Result 5.1 of §5. These
asymptotic results give a formal confirmation of the numerical results and conjectures in [1] and [8].
Similar to Fig. 4 of [8], in Fig. 2(a) we illustrate the two distinct stages of the dynamics of a flame-
front tip that is initially located inside an elliptical domain. In Fig. 2(b) we plot the upward speed
v(t) of the flame-front in the channel during both stages of the dynamics. An explicit description of
the flame-front dynamics for these two stages together with the parameter values used for (1.1) is
given in Example 6.1 of §6.

Equilibrium spike-layer problems similar to (1.8), but withu logu replaced by either−u + up

or a more general class of differentiable functions ofu, have been studied extensively over the
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past ten years. Early studies of interior equilibrium spikes include [23], [21], and [18]. For early
studies of boundary spikes see [13] and [22]. Metastable spike behavior in two spatial dimensions
associated with the nonlocal quasilinear shadow Gierer–Meinhardt problem is analyzed in [6], [21],
and [4]. A formal asymptotic analysis of the dynamics of boundary spikes for this shadow Gierer–
Meinhardt model is given in [7]. A recent survey of rigorous properties of equilibrium spike-layer
behavior is given in Section 1 of [12]. A survey of metastable behavior and boundary dynamics
of spike and bubble solutions for scalar quasilinear problems in two spatial dimensions is given
in [19]. A more general survey of formal asymptotic methods for equilibrium and time-dependent
spike-layer solutions is given in [20]. In contrast to these previous studies, the study of spike-layer
behavior for (1.8) is technically somewhat more challenging owing to the nondifferentiability of the
quasilinear termu logu atu = 0.

The outline of this paper is as follows. Forε → 0, in §2 we study the spectral problem
associated with linearizing (1.8) around the spike profileu∞. By using boundary-layer theory
to calculate the boundary behavior of certain near-translation eigenfunctions, precise asymptotic
estimates for the asymptotically exponentially small eigenvalues associated with the linearization
are derived. In addition, we derive an asymptotic estimate for theO(1) positive principal eigenvalue
of the linearization. In §3 we construct an improved approximation to the equilibrium solution
of (1.8) whereby the spike profileu∞ is adjusted by a boundary-layer solution of exponentially
small amplitude in order to satisfy∂nu = 0 on ∂Ω. We then study the spectral properties of the
linearization of (1.8) around this improved quasi-equilibrium solution, and we derive asymptotic
estimates for the exponentially small eigenvalues associated with the near-translation invariance. In
§4 we use the spectral estimates of §2 to derive explicit slow motion ODE’s for the flame-front tip
x0(t) and the growthω(t). In §5 we analyze the dynamics of the flame-front on the boundary of the
domain. Finally, in §6 we conclude with a brief discussion and we illustrate our asymptotic results
with a few examples.

2. The eigenvalue problem: leading order theory

In this section we analyze the spectral problem associated with linearizing (1.8) around the spike
profile u∞ of (1.10). We assume that the spike locationx0 ∈ Ω satisfies dist(x0, ∂Ω) = O(1) as
ε → 0. If we linearize (1.8) aroundu∞, and neglect the no-flux boundary condition, we obtain the
infinite-domain eigenvalue problem

ε2∆φ∞
+

(
2 −

|x − x0|
2

4ε2

)
φ∞

= λ∞φ∞, x ∈ R2
; φ∞

→ 0 as|x| → ∞. (2.1)

The first three eigenpairs of (2.1), ranked according to the largest eigenvalues, are

λ∞

0 = 1, φ∞

0 = u∞
= exp

(
1 −

|x − x0|
2

4ε2

)
, (2.2a)

λ∞

i = 0, φ∞

i = ∂iu
∞, i = 1, 2. (2.2b)

The result in (2.2b) expresses the translation invariance of the infinite-domain problem, and is
readily seen by differentiating (1.9) with respect toxi for i = 1, 2. Moreover, since (2.1) is the
explicitly solvable 2-D harmonic oscillator eigenvalue problem (cf. [11]), its entire spectrum is

φ∞
= cn1,n2e

−|y|
2/4 Hen1(y1) Hen2(y2), λ∞

= 1 − n1 − n2, n1, n2 = 0, 1, 2, . . . . (2.3)
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Herey ≡ ε−1(x − x0), yi is theith coordinate ofy, and Hen(yi) is the usual Hermite polynomial of
degreen. The first three eigenpairs in (2.3) agree with those in (2.2), and the remaining eigenvalues
are strictly negative.

If we insist thatφ satisfy the no-flux condition on∂Ω, then we obtain the finite-domain
eigenvalue problem

L0φ ≡ ε2∆φ + (1 + logu∞)φ = λφ, x ∈ Ω; ∂nφ = 0, x ∈ ∂Ω. (2.4)

Sinceu∞ decays exponentially away fromx0, the spectrum of (2.1) should be exponentially close
to that of (2.4). In particular, we show formally that the two zero eigenvalues in (2.2b) associated
with translation invariance of the infinite-domain problem become asymptotically exponentially
small asε → 0. These eigenvalues are referred to as thecritical spectrum. In addition, we
will show that the principal eigenvalue of (2.4) is asymptotically exponentially close to the value
λ∞

0 = 1 given in (2.2a). The eigenfunctions in (2.2) for the infinite-domain problem (2.1) provide
outer approximations, valid away from∂Ω, for corresponding eigenfunctions of the finite-domain
problem (2.4). The formulae derived in this section are needed below in §4 for the metastability
analysis.

We begin by writing (2.4) in terms of normal-tangential coordinates(σ, s), whereσ > 0 is
the normal distance from∂Ω to x ∈ Ω, ands is arclength along∂Ω. Let x(s) = (x1(s), x2(s))

smoothly parameterize∂Ω in the positive direction. Thenes = x′(s) = (x′

1(s), x
′

2(s)) is a unit
vector tangent to∂Ω in the positive direction, andeσ = (−x′

2(s), x
′

1(s)) is a unit vector normal to
∂Ω pointing intoΩ. The curvatureκ(s) > 0 of ∂Ω is

κ(s) = x′

1(s)x
′′

2(s) − x′

2(s)x
′′

1(s) = eσ · e′
s = −e′

σ · es, (2.5)

so that∂seσ = −κes and∂ses = κeσ . We then defined(s), D(s), andχ(s) by

d = x0 − x(s), D = |d|
2, χ =

1

2
(d(s) · eσ ). (2.6)

This normal-tangential coordinate system is shown in Fig. 3. In terms of(σ, s) we readily calculate
that

cosβ =
d · eσ

|d|
,

|x − x0|
2

= |d|
2
+ σ 2

− 2σ |d| cosβ = |d|
2
+ σ 2

− 2σ(d · eσ ) = D + σ 2
− 4χσ.

(2.7)

Therefore, in terms of the coordinates(σ, s), the spike-profile outer solution (1.10) becomes

u∞
= exp

(
1 −

1

4ε2
(D + σ 2

− 4χσ)

)
. (2.8)

In addition, in terms of(σ, s) the Laplacian in (2.4) can be written as

∆φ = φσσ −
κ

1 − κσ
φσ +

1

1 − κσ

∂

∂s

(
1

1 − κσ
φs

)
. (2.9)

We now construct the two near-translation eigenfunctions of (2.4). Letφ∞ denote one of the
two translation eigenfunctions for the infinite-domain problem (2.1) normalized as

φ∞
= ε2∂iu

∞, i = 1, 2. (2.10)
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FIG. 3. Coordinate system for the boundary layer analysis.

Here∂i denotes the partial derivative with respect to theith coordinatexi of x. The factorε2 in (2.10)
is chosen so thatφ∞

= O(1) for |x − x0| = O(ε). Sinceφ∞ does not satisfy the no-flux boundary
condition on∂Ω, we construct the two critical eigenfunctions in the additive boundary-layer form

φ = φ∞
+ φB . (2.11)

The correctionφB , which allows the no-flux condition on∂Ω to be satisfied, is localized near
∂Ω and is to decay away from the boundary layer. Such an additive boundary-layer construction
is typical in wave scattering problems (cf. [9]). Substituting (2.11) into (2.4), assuming thatλ is
exponentially small, and using (2.8) foru∞, we get

ε2∆φB +

(
2 −

D

4ε2
+

χσ

ε2
−

σ 2

4ε2

)
φB = 0, x ∈ Ω; ∂σ φB = −∂σ φ∞, x ∈ ∂Ω. (2.12)

The problem (2.12) suggests the boundary-layer thicknessO(ε2) near ∂Ω. Therefore, we
introduce the local normal distanceη by η = σ/ε2. By differentiating (1.10), and writing the result
in terms of the local boundary-layer coordinates(η, s), we obtain

φ∞
= ε2∂iu

∞
=

1

2
(x0i − xi) exp

(
1 −

|x − x0|
2

4ε2

)
∼

1

2
ei ·

(
d − ε2

[
eσ η + d

η2

4

])
exp

(
1 −

D

4ε2
+ ηχ

)
. (2.13)

Hereei is the unit vector in the direction of theith coordinate, whiled, eσ , D, andχ , are as defined
in (2.6) and Fig. 3. By differentiating (2.13), and evaluating the result on∂Ω whereσ = 0, we
obtain

∂σ φ∞
|σ=0 = eσ · ∇φ∞

|σ=0 = eσ ·

(
di

4ε2
d −

ei

2

)
exp

(
1 −

D

4ε2

)
=

1

2ε2

(
diχ − ε2ei · eσ

)
exp

(
1 −

D

4ε2

)
. (2.14)
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Since∂σ φB = −∂σ φ∞ for x ∈ ∂Ω, (2.14) gives the following boundary condition forφB :

∂σ φB |σ=0 = −
1

2ε2
(diχ − ε2ei · eσ ) exp

(
1 −

D

4ε2

)
. (2.15)

Next, we seek a boundary-layer solution to (2.12) with boundary condition (2.15) in the form

φB = exp(1 −
D

4ε2
)ΦB , ΦB = ΦB0 + ε2ΦB1 + · · · , η = σ/ε2, (2.16)

whereD(s) = |x(s) − x0|
2 andx(s) ∈ ∂Ω. We then substitute (2.16) into (2.12) and (2.15) after

first expressing the Laplacian in (2.12) in terms of normal-tangential coordinates as in (2.9). Upon
collecting the lowest powers ofε, we find thatΦB0 satisfies

(ΦB0)ηη −
1

16
[4D − (D′)2]ΦB0 = 0, 0 6 η < ∞;

(ΦB0)η|η=0 = −diχ/2, ΦB0|η→∞ → 0.

(2.17)

The coefficient ofΦB0 in (2.17) can be simplified by noting thatD′
= (|d|

2)′ = 2d · d′
= −2d · es .

In addition, since|es | = |eσ | = 1, we obtainD = |d|
2

= (d · es)
2
+ (d · eσ )2. This yields

D

4
−

(D′)2

16
=

1

4
(d · eσ )2

= χ2. (2.18)

Therefore, the solution to (2.17) is

ΦB0 =
di

2
e−χη. (2.19)

For a convex domain,χ = d · eσ /2 > 0, and soΦB0 decays exponentially away from the boundary
layer asη → ∞.

Finally, by substituting (2.19), (2.16), and (2.13) into (2.11), and evaluating the resulting
expression on∂Ω, we obtain the following boundary behavior for the critical eigenfunctions of
(2.4):

φ|η=0 ∼ φ∞
|η=0 + exp

(
1 −

D

4ε2

)
ΦB0|η=0 ∼ di exp

(
1 −

D

4ε2

)
. (2.20)

Next, we use (2.20) to give an estimate of the two exponentially small eigenvalues for (2.4)
corresponding to the near-translation eigenfunctions. By using Green’s identity on (2.4) we get∫

Ω

[∂iu
∞L0φ − φL0(∂iu

∞)] dx =

∫
∂Ω

ε2[∂iu
∞∂nφ − φ∂n(∂iu

∞)] ds. (2.21)

Then, sinceL0(∂iu
∞) = 0,L0φ = λφ, and∂nφ = 0 on∂Ω, (2.21) becomes

λ

∫
Ω

φ∂iu
∞ dx = −ε2

∫
∂Ω

φ∂n[∂iu
∞] ds. (2.22)

In (2.22), ∂n denotes the outward normal derivative. The dominant contribution to the integral
multiplying λ occurs from the region near the spike whereφ ∼ ε2∂iu

∞ from (2.10). Therefore,
(2.22) becomes

λJ ∼ −I; J ≡ ε2
∫

Ω

(∂iu
∞)2 dx, I ≡ ε2

∫
∂Ω

φ∂n[∂iu
∞] ds. (2.23)
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We will estimateJ andI precisely asε → 0. To calculateJ in (2.23) we use (1.10) foru∞ to
obtain

J ∼
e2

4ε2

∫
Ω

(xi − x0i)
2e−|x−x0|

2/(2ε2) dx ∼
πe2ε2

4

∫
∞

0
ρ3e−ρ2/2 dρ =

πe2ε2

2
. (2.24)

Next, we calculateI. To do so, we evaluate∂iu
∞ as in (2.13) and calculate its outward normal

derivative as

∂n[∂iu
∞]|η=0 = −ε−2∂η[∂iu

∞]|η=0 ∼ −
χdi

2ε4
exp

(
1 −

D

4ε2

)
. (2.25)

Upon substituting (2.25) and (2.20) into (2.23) we obtainI. Then, substituting the resulting
expression and (2.24) into the expression forλ in (2.23), we obtain the following result for the
critical spectrum:

PRINCIPAL RESULT 2.1 Forε → 0, the two exponentially small eigenvalues of the finite-domain
eigenvalue problem (2.4) corresponding to the near-translation eigenfunctions have the asymptotic
estimate

λ ∼
1

πε4

∫
∂Ω

d2
i χe−D/(2ε2) ds. (2.26)

Here 2χ = d · eσ , D = |x(s) − x0|
2, anddi = x0i − xi(s).

Next, we use Laplace’s method (cf. [24]) to asymptotically evaluate the integral in (2.26) for
ε � 1. For ε → 0, the dominant contribution to this integral arises from the points0 on ∂Ω

closest to the spike locationx0. Assume that there is only one such point whereD(s) takes its
global minimum fors ∈ ∂Ω. At s = s0 we getχ2

= D/4 from (2.18) andD′′(s0) = 2(1 − |d0|κ).
Therefore, Laplace’s method applied to (2.26) gives the following leading-order asymptotic estimate
for the two exponentially small eigenvalues of (2.4):

λ ∼
ε−3

√
2π

d2
i0|d0|

√
1 − κ0|d0|

exp

(
−

|d0|
2

2ε2

)
. (2.27)

Here|d0| ≡ |x0 − x(s0)|, di0 is theith coordinate ofd at s = s0, andκ0 ≡ κ(s0) is the curvature of
∂Ω at s = s0.

Finally, we derive an estimate for the principal eigenvalue of (2.4). This eigenvalue is
exponentially close to one, and the outer approximation for its corresponding eigenfunction, valid
away from∂Ω, is φ ∼ u∞. To derive an estimate forλ − 1 we use Green’s identity on (2.4) to get∫

Ω

[u∞L0φ − φL0u
∞] dx =

∫
∂Ω

ε2[u∞∂nφ − φ∂nu
∞] ds. (2.28)

From (1.9) we note thatL0u
∞

= u∞. In addition, since∂nφ = 0 on∂Ω, (2.28) reduces to

(λ − 1)

∫
Ω

u∞φ dx = −ε2
∫

∂Ω

φ∂nu
∞ ds. (2.29)

The dominant contribution to the integral multiplyingλ − 1 occurs from the region near the spike
whereφ ∼ u∞. Therefore, from (1.10) we estimate∫

Ω

u∞φ dx ∼

∫
Ω

(u∞)2 dx ∼ 2πe2
∫

∞

0
ρe−ρ2/(2ε2) dρ = 2πε2e2. (2.30)
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In addition, by differentiating (2.8) with respect toσ , we readily calculate that

∂nu
∞

|∂Ω = −∂σ u∞
|σ=0 = −

χ

ε2
exp

(
1 −

D

4ε2

)
. (2.31)

To complete the evaluation of the right-hand side of (2.29) we must calculateφ on∂Ω by using
boundary-layer theory. We begin by writing (2.4) in the form

ε2∆φ + (logu∞)φ = (λ − 1)φ, x ∈ Ω; ∂nφ = 0, x ∈ ∂Ω. (2.32)

We look for a boundary-layer solution in the formφ = u∞
+ φB , whereφB decays to zero away

from ∂Ω. Assuming thatλ − 1 is exponentially small, and by using (2.8) foru∞, we find thatφB

satisfies

ε2∆φB +

(
1−

D

4ε2
+

χσ

ε2
−

σ 2

4ε2

)
φB = 0, x ∈ Ω; ∂σ φB |σ=0 = −

χ

ε2
exp

(
1−

D

4ε2

)
. (2.33)

Next, we look for a solution to (2.33) in the form (2.16). We then substitute (2.16) into (2.33) and
introduce the local normal-tangential coordinates(η, s), whereη = σ/ε2. To leading order we find
thatΦB0 in (2.16) satisfies

(ΦB0)ηη − χ2ΦB0 = 0, 0 6 η < ∞; (ΦB0)η|η=0 = −χ. (2.34)

The solution to (2.34) isΦB0 = e−χη. Then, by usingφ = u∞
+ φB and (2.8), we obtain the

boundary estimate

φ|σ=0 ∼ 2 exp

(
1 −

D

4ε2

)
. (2.35)

To obtain the estimate forλ − 1 we substitute (2.30), (2.31), and (2.35) into (2.29). This leads
to the following result, which is required in the metastability analysis of §4:

PRINCIPAL RESULT 2.2 Forε → 0, the principal eigenvalue of the finite-domain eigenvalue
problem (2.4), corresponding to the eigenfunction with outer approximationφ ∼ u∞, has the
asymptotic estimate

λ − 1 ∼
1

πε2

∫
∂Ω

χe−D/(2ε2) ds. (2.36)

Here 2χ = d · eσ andD(s) = |x(s) − x0|
2. Assuming that there is a unique points = s0 on ∂Ω

whereD(s) is minimized, and definingd0 ≡ |x0−x(s0)| andκ0 ≡ κ(s0), Laplace’s method applied
to (2.36) yields the leading-order estimate

λ − 1 ∼
1

√
2π

d0ε
−1

√
1 − κ0d0

e−d2
0/(2ε2). (2.37)

3. The eigenvalue analysis: higher order theory

In this section we use the method of matched asymptotic expansions to construct a quasi-equilibrium
spike-type solutionuε to the finite-domain problem

ε2∆u + u logu = 0, x ∈ Ω; ∂nu = 0, x ∈ ∂Ω. (3.1)
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The finite-domain eigenvalue problem associated with linearizing (1.8) arounduε is

Lεφ ≡ ε2∆φ + (1 + loguε)φ = λφ, x ∈ Ω; ∂nφ = 0, x ∈ ∂Ω. (3.2)

We will derive precise asymptotic estimates for the two critical eigenfunctions and eigenvalues of
(3.2) associated with the near-translation invariance.

We first constructuε using boundary-layer theory. The outer solution for (3.1), valid away from
∂Ω, is the spike profileu∞ of (1.10), wherex0 ∈ Ω and dist(x0, ∂Ω) = O(1) asε → 0. Since
u∞ fails to satisfy the boundary condition in (3.1) by exponentially small terms asε → 0, we must
insert a boundary-layer near∂Ω of exponentially small amplitude. In terms of the local normal-
tangential coordinates(η, s), whereη = σ/ε2, we seek a boundary-layer solutionu(η, s) of (3.1),
valid near∂Ω, which behaves like (2.8) away from the layer. With this boundary-layer scaling and
(2.9), (3.1) becomes

ε2
[
ε−4uηη − ε−2 κ

1 − κε2η
uη +

1

1 − κε2η

∂

∂s

(
1

1 − κε2η
us

)]
+ u logu = 0.

Then, introducingw(η, s) by the WKB-type transformationu(η, s) = exp(w(η, s)), we find thatw
satisfies

ε−2(wηη + w2
η) −

κ

1 − κε2η
wη +

ε2

(1 − κε2η)2
(wss + w2

s ) +
ε4κ ′ηws

(1 − κε2η)3
+ w = 0. (3.3)

From the matching condition (2.8) we require that the solutionw to (3.3) has the far-field behavior

w(η, s)|η→∞ → −
D

4ε2
+ 1 + ηχ −

ε2η2

4
. (3.4)

This limiting behavior suggests that we seek a solution to (3.3) in the form

wB(η, s) = −
D

4ε2
+ w0(η, s) + ε2w1(η, s) + · · · . (3.5)

Notice that by combining (1.4) andu = expw it follows that wB is directy proportional to the
flame-front interfaceS. Hence, the expansion (3.5) is essentially an expansion of the interfaceS. By
substituting (3.5) into (3.3), and collecting terms of orderO(ε−2), we find thatw0(η, s) satisfies

w0ηη + w2
0η = χ2, 0 6 η < ∞; w0η|η=0 = 0, w0|η→∞ ∼ 1 + ηχ. (3.6)

Similarly, from theO(1) terms, we obtain the following problem forw1(η, s):

w1ηη + 2w0ηw1η = κw0η − w0 +
1

4
D′′

+
1

2
D′w0s −

1

8
κη(D′)2, 0 6 η < ∞, (3.7a)

w1η|η=0 = 0, w1|η→∞ ∼ −
η2

4
+ o(1). (3.7b)

The resulting boundary-layer solutionuB of (3.1) is then given by

uB(η, s) = ewB (η,s)
= exp

(
−

D

4ε2
+ w0(η, s) + ε2w1(η, s) + · · ·

)
. (3.8)
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The problem (3.6) is equivalent to equation (2.9) of [14] for the one-dimensional case. The
solution is

w0(η, s) = log[2e1 cosh(ηχ)] = 1 + ηχ + w0p, (3.9a)

wherew0p(η, s) is defined by

w0p = log[1 + e−2χη] ∼ e−2χη
→ 0 asη → ∞. (3.9b)

For a convex domainχ = d · eσ /2 > 0, and hencew0p = O(e−2χη) decays exponentially as
η → ∞.

Next we solve (3.7) forw1 in the formw1(η, s) = −η2/4 + w1p(η, s). From (3.7a), we find
thatw1p satisfies

Lw1p ≡ w1p ηη + 2w0ηw1p η = (κ + η)w0η − w0 +
1

2
+

1

4
D′′

+
1

2
D′w0s −

1

8
κη(D′)2. (3.10)

We then substitute (3.9a) into (3.10) to get

Lw1p = (κ +η)w0p η −w0p +
1

2
D′w0ps +

[
−

1

2
+κχ +

1

4
D′′

]
+η

[
1

2
D′χ ′

−
1

8
κ(D′)2

]
. (3.11)

On the right-hand side of (3.11) the primes indicate differentiation with respect tos.
Sincew1 = −η2/4 + w1p, a sufficient condition for the far-field behaviorw1 ∼ −η2/4 + o(1)

asη → ∞ is thatw1p decays exponentially asη → ∞. Sincew0η ∼ χ asη → ∞ it follows
from (3.11) that this exponential decay condition holds provided that the right-hand side of (3.11)
vanishes asη → ∞. To show this, we first use (3.9b) to conclude that the terms on the right-hand
side of (3.11) that involvew0p decay exponentially asη → ∞. Next, we use (2.6) to calculate
D′

= −2es · d andD′′
= 2 − 2κeσ · d. With 2χ = d · eσ , we get

−
1

2
+ κχ +

1

4
D′′

= −
1

2
+ κχ +

1

4
(2 − 4κχ) = 0. (3.12)

By using the definition of the curvatureκ in (2.5), the last bracket on the right-hand side of (3.11)
also vanishes:

η

[
1

2
D′χ ′

−
1

8
κ(D′)2

]
=

1

2
η[−(d·es)(d·eσ )′−κ(d·es)

2] =
1

2
η(d·es)(d·(−e′

σ −κes)) = 0. (3.13)

From (3.12), (3.13), and the decay ofw0p asη → ∞, we conclude that the right-hand side (3.11)
decays asη → ∞. Therefore,w1p has exponential decay asη → ∞.

For the eigenvalue estimate of §3.1, we require an explicit formula forγ defined by

γ ≡ w1p(η, s)|η=0 =

(
w1(η, s) +

η2

4

)∣∣∣∣
η=0

= w1(η, s)|η=0. (3.14)

By substituting (3.12) and (3.13) into (3.11) we find thatw1p satisfies

Lw1p = (κ + η)w0p η − w0p +
1
2D′w0ps, 0 6 η < ∞,

w1p η|η=0 = 0, w1p andw1p η → 0 asη → ∞.
(3.15)
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To determineγ it is convenient to introduce the adjoint problem forh(η, s) defined by

L†h = hηη − (2w0ηh)η = 0, 0 6 η < ∞; h → 1 andhη → 0 asη → ∞. (3.16)

By using (3.9a) forw0, the solution to (3.16) is readily calculated ash = 1 + e−2χη.
Next, we use Lagrange’s identity between L and L† to obtain∫

∞

0
hLw1p dη = (hw1p η − hηw1p)|∞0 + 2w0ηhw1p|

∞

0 . (3.17)

Then, by usingw0η|η=0 = w1p η|η=0 = 0, hη|η=0 = −2χ , together with the decay ofw1p and
w1p η asη → ∞, (3.17) and (3.15) determineγ as

γ = w1p|η=0 = −
1

2χ

∫
∞

0
hLw1p dη

= −
1

2χ

∫
∞

0
(1 + e−2χη)

[
(κ + η)w0p η − w0p +

1

2
D′w0ps

]
dη. (3.18)

From (3.9b), (3.18) becomes

γ = −
1

2χ

∫
∞

0
(1 + e−2χη)

[
−2χ(κ + η)

1 + e−2χη
e−2χη

− log(1 + e−2χη) −
χ ′D′η

1 + e−2χη
e−2χη

]
dη

=
1

2χ

∫
∞

0
[2(κ + η)χe−2χη

+ (1 + e−2χη) log(1 + e−2χη) + ηκ(d · es)
2e−2χη] dη.

In obtaining the last line above we used the relationD′χ ′
= κ(d · es)

2 found in (3.13). Finally, we
split the integral above into three separate terms as

2χγ =

∫
∞

0
(1 + e−2χη) log(1 + e−2χη)dη +

∫
∞

0
η[2χ + κ(d · es)

2)]e−2χη dη

+

∫
∞

0
2κχe−2χη dη. (3.19)

Each of the integrals above is readily evaluated. In this way, we obtain the explicit result

γ = w1|η=0 = w1p|η=0 =
κ

2χ
+

1

(2χ)2

(
π2

12
+ 2 log 2+

κ(es · d)2

2χ

)
. (3.20)

This result is then used in (3.8) to calculateuB on∂Ω. By usingw0|η=0 = 1 + log 2 and (3.20) we
conclude that

uB |∂Ω = ewB |η=0 ∼ 2 exp

(
−

D

4ε2
+ 1

)
(1 + ε2γ + · · ·). (3.21)

In summary, forx ∈ Ω, the quasi-equilibrium solution, denoted byuε(x; x0), has the form

uε(x; x0) ≡


u∞(x; x0) ≡ exp

(
1 −

|x − x0|
2

4ε2

)
, dist(x, ∂Ω) � O(ε2),

uB = exp

(
−

D

4ε2
+ w0 + ε2w1

)
, dist(x, ∂Ω) = O(ε2).

(3.22)
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By adding the outer and boundary-layer solutions, and then subtracting their common parts, one
can, in the usual way, obtain a uniformly valid representation for the quasi-equilibrium solution.

Consider the special case whereΩ is the unit disk. Letx0 = r0(cosθ0, sinθ0) denote the spike
location inΩ with 0 6 r0 < 1. In terms of polar coordinates,∂Ω is parameterized asx(θ) =

(cosθ, sinθ). We calculate

es · d = (− sinθ, cosθ) · (r0 cosθ0 − cosθ, r0 sinθ0 − sinθ) = −r0 sin(θ − θ0), (3.23a)

eσ · d = −(cosθ, sinθ) · (r0 cosθ0 − cosθ, r0 sinθ0 − sinθ) = 1 − r0 cos(θ − θ0). (3.23b)

Therefore, withκ = 1 and (3.23), the expression forγ = w1|η=0 in the boundary estimate (3.21)
for uB becomes

γ =
1

2χ
+

1

(2χ)2

(
π2

12
+ 2 log 2+

r2
0 sin2(θ − θ0)

2χ

)
, 2χ = 1 − r0 cos(θ − θ0). (3.24)

3.1 The critical eigenfunctions and eigenvalues

We now derive precise asymptotic estimates for the two critical eigenfunctions and eigenvalues of
(3.2). To derive the eigenvalue estimates we must first determine asymptotic formulae for the critical
eigenfunctions on the boundary of the domain. As in (2.10) of §2 we denote byφ∞ one of the two
translation eigenfunctions for the infinite-domain problem. We look for an eigenfunction of (3.2) in
the additive boundary-layer form of (2.11). By substituting (2.11) into (3.2), and assuming thatλ is
exponentially small, we obtain

ε2∆φB + (1 + loguε)φB = −[ε2∆φ∞
+ (1 + logu∞)φ∞] + φ∞(logu∞

− loguε)

= φ∞(logu∞
− loguε). (3.25)

In (3.25) we noted that the first term in the middle expression of (3.25) vanishes identically. Within
anO(ε2) neighborhood of∂Ω we replaceuε by the boundary-layer functionuB of (3.8) to find that
φB satisfies

ε2∆φB + (1 + loguB)φB = φ∞(logu∞
− loguB) ≡ R, x ∈ Ω;

∂ηφB = −ε2∂σ φ∞, x ∈ ∂Ω.
(3.26)

The boundary data in (3.26) was calculated in (2.14) anduB was given in (3.8). In this way, we
obtain

ε2∆φB +

(
1 −

D

4ε2
+ w0 + ε2w1

)
φB = R ≡ −φ∞(w0p + ε2w1p + · · ·), (3.27a)

∂ηφB = −
1

2
(diχ − ε2ei · eσ ) exp

(
1 −

D

4ε2

)
onη = 0. (3.27b)

Herew0p andw1p satisfy (3.9b) and (3.15), respectively.
To show thatφB → 0 asη → ∞ away from the boundary-layer region, it suffices to show that

R decays to zero asη → ∞. In the far-field, (2.13) shows thatφ∞
= O(eχη), while from (3.9b)

and (3.15) we get(w0p + ε2w1p) = O(εqe−2χη). Therefore,R = O(εqe−χη) → 0 asη → ∞.
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Next, we seek a solution to (3.27) in the form (2.16). We then substitute (2.16) into (3.27) after
first expressing the Laplacian in (3.27a) in terms of normal-tangential coordinates as in (2.9). Upon
collecting the lowest powers ofε, we find thatΦB0 satisfies

(ΦB0)ηη − χ2ΦB0 = 0, 0 6 η < ∞; (ΦB0)η|η=0 = −diχ/2, ΦB0|η→∞ → 0. (3.28)

In terms ofw0 andw0p defined in (3.9), we find at next order thatΦB1, on 06 η < ∞, satisfies

(ΦB1)ηη − χ2ΦB1 = κ(ΦB0)η +
1

2
D′(ΦB0)s

+ ΦB0

(
1

4
D′′

−
1

8
κη(D′)2

− 1 − w0

)
−

1

2
die

χηw0p, (3.29a)

(ΦB1)η|η=0 =
1

2
ei · eσ , ΦB1|η→∞ → 0. (3.29b)

The solution to (3.28) is simply

ΦB0 =
di

2
e−χη. (3.30)

We then substitute (3.30) andw0 = 1 + χη + w0p (see (3.9)) into the right-hand side of (3.29a),
and we use the following identities to simplify the resulting expressions:

D

4
−

(D′)2

16
= χ2, D′

= −2es · d, D′′
= 2 − 4κχ, χ ′

= −
κ

2
es · d. (3.31)

In this way, we find after some algebra thatΦB1 satisfies

LΦB1 = C(η, s) ≡ −ΦB0

[
2κχ +

3

2
+χη + κη(d · es)

2
+ (d · es)

d ′

i

di

+ (1+ e2χη)w0p

]
, (3.32)

with the boundary condition given in (3.29b). In (3.32), we have introduced the self-adjoint operator
L = ∂2

η − χ2. Sincew0p = O(e−2χη) (see (3.9)) andΦB0 = O(e−χη) asη → ∞, it follows that
C(η, s) = O(ηe−χη) asη → ∞.

Below we require an estimate forΦB on the boundary. Therefore, from the solution to (3.32)
we must calculateβ = ΦB1|η=0. To do so, we use a similar procedure as in §2 that avoids having
to calculate the entire functionΦB1(η, s) directly. Leth(η, s) satisfy the adjoint problem

Lh = hηη − χ2h = 0, 0 6 η < ∞; h|η=0 = 1, hη|η=0 = −χ. (3.33)

The solution ish = e−χη. Then, by using (3.33), (3.32), and (3.29b), together with the Lagrange
identity ∫

∞

0
hLΦB1 dη −

∫
∞

0
ΦB1Lh dη = [h(ΦB1)η − ΦB1hη]|∞0 , (3.34)

we can readily determineβ in terms of a quadrature as

β = −
1

2χ
ei · eσ −

1

χ

∫
∞

0
e−χηC(η, s) dη. (3.35)
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Next, we substitute (3.32) forC into (3.35) and we decompose the resulting expression into three
readily evaluated integrals as in (3.19). In this way, we obtain

β = ΦB1|η=0 = −
1

2χ
ei ·eσ +

di

2χ

[
κ+

1

χ

(
π2

24
+log 2+

1

2
+(d·es)

d ′

i

2di

)
+

κ

4χ2
(d·es)

2
]
. (3.36)

Finally, by combining (2.13), (2.11), (2.16), (3.30), and (3.36), we obtain the following estimate
for the critical eigenfunctions of the finite-domain eigenvalue problem (3.2) on the boundary of the
domain:

φ|η=0 ∼ exp

(
1 −

D

4ε2

)
(dj + ε2β + · · ·). (3.37)

Heredi(s) = x0i − xi(s), D(s) = |x(s) − x0|
2, andβ is given in (3.36).

Consider the special case whereΩ is the unit disk with a spike atx0 = r0(cosθ0, sinθ0) with
0 6 r0 < 1. Then the polar angleθ denotes arclength,D(θ) = |x(θ)−x0|

2
= 1−2r0 cos(θ−θ0)+r2

0 ,
and 2χ = 1 − r0 cos(θ − θ0). Sinceκ = 1, it follows from (3.23) thatβ in (3.37) and (3.36) can be
written as

β = −
1

2χ
ei ·eσ +

di

2χ

[
1+

1

χ

(
π2

24
+ log 2+

1

2
− r0 sin(θ − θ0)

d ′

i

2di

)
+

r2
0

4χ2
sin2(θ − θ0)

]
. (3.38)

Next, we estimate the two exponentially small eigenvalues for (3.2) corresponding to the near-
translation eigenfunctions. By using Green’s identity on (3.2) we get∫

Ω

[∂iuεLεφ − φLε(∂iuε)] dx =

∫
∂Ω

ε2[∂iuε∂nφ − φ∂n(∂iuε)] ds. (3.39)

Then, sinceLεφ = λφ and∂nφ = 0 on∂Ω, (3.39) becomes

λ

∫
Ω

φ∂iuε dx =

∫
Ω

φLε(∂iuε) dx − ε2
∫

∂Ω

φ∂n[∂iuε] ds. (3.40)

The dominant contribution to the integral multiplyingλ occurs from the region near the spike where
uε ∼ u∞ andφ ∼ ε2∂iu

∞ from (1.10) and (2.10), respectively. In addition, sinceuε = uB on ∂Ω

from (3.8), (3.40) becomes
λJ ∼ −I +K, (3.41a)

whereJ , I, andK are defined by

J ≡ ε2
∫

Ω

(∂iu
∞)2dx, I ≡ ε2

∫
∂Ω

φ∂n[∂iuB ] ds, K ≡

∫
Ω

φLε(∂iuε) dx. (3.41b)

The integralJ was estimated in (2.24). We will estimateI precisely asε → 0. In Appendix A
we show thatK is asymptotically smaller thanI asε → 0, and therefore can be neglected. Hence,
(3.41a) reduces toλJ ∼ −I.

To calculateI we first evaluate∂iuB as

∂iuB = ei · ∇uB = ei · (es∂suB + eσ ∂σ uB) = (ei · es)∂suB + ε−2(ei · eσ )∂ηuB . (3.42)

Therefore, sinceei · es andei · eσ depend only ons, we further calculate on∂Ω that

−∂n(∂iuB) = ∂σ (∂iuB) = ε−2(ei · es)∂sηuB + ε−4(ei · eσ )∂ηηuB . (3.43)
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Next, since∂sηuB = 0 onη = 0 anduB = ewB from (3.8), (3.43) becomes

∂n[∂iuB ]|η=0 = −ε−4(ei · eσ )∂ηηuB |η=0 = −ε−4(ei · eσ )uB∂ηηwB |η=0. (3.44)

In (3.21) we have an estimate foruB onη = 0. Hence, we need only estimate∂ηηwB |η=0. By using
(3.5) forwB , together with (3.9a),w1 = −η2/4 + w1p, and (3.15), we obtain

∂ηηwB |η=0 = [w0ηη +ε2(w1p −η2/4)ηη +· · ·]|η=0 = χ2
−ε2

(
1

2
+ log 2+κχ

)
+· · · . (3.45)

Therefore, substituting (3.21) and (3.45) into (3.44), we obtain

∂n[∂iuB ]|η=0 = −2ε−4(ei · eσ ) exp

(
1−

D

4ε2

)[
χ2

+ ε2
(

χ2γ −
1

2
− log 2− κχ

)
+ · · ·

]
, (3.46)

whereγ is defined in (3.20). Then, by substituting (3.46), and (3.37) forφ, into (3.41b) forI, we
conclude

I ∼ −2ε−2e2
∫

∂Ω

e−D/(2ε2)(ei · eσ )(di + ε2β)

[
χ2

+ ε2
(

γχ2
−

1

2
− log 2− κχ

)]
ds. (3.47)

Finally, we substitute (3.36) and (3.20) forβ andγ , respectively, into (3.47). This gives our final
estimate

I ∼ −2ε−2e2
∫

∂Ω

e−D/(2ε2)[F0(s) + ε2F1(s) + · · ·] ds, (3.48a)

whereF0 andF1 are defined by

F0(s) ≡ diχ
2(ei · eσ ),

F1(s) ≡

(
−

χ

2
ei · eσ +

di

4

[
π2

6
− 1 +

κ

χ
(es · d)2

+ (es · d)
d ′

i

di

])
(ei · eσ ).

(3.48b)

Finally, by substituting (3.48) and (2.24) into (3.41a), we obtain the following result:

PRINCIPAL RESULT 3.1 LetF0 andF1 be as defined in (3.48b). Then, forε → 0, the two
exponentially small eigenvalues of (3.2) corresponding to the near-translation eigenfunctions have
the asymptotic estimate

λ ∼
4ε−4

π

∫
∂Ω

e−D/(2ε2)Fε(s) ds, Fε(s) ≡ F0(s) + ε2F1(s) + · · · . (3.49)

Next, we use Laplace’s method (cf. [24]) to asymptotically evaluate the integral in (3.49) for
ε � 1. For ε → 0, the dominant contribution to this integral arises from the points0 on ∂Ω

closest to the spike locationx0. Assume that there is only one such point whereD(s) takes its global
minimum fors ∈ ∂Ω. Then, sinceχ2

= D/4 ats = s0 from (3.31), we find thatF0 = (ei ·eσ )diD/4
at s = s0. Therefore, Laplace’s method on (3.49) gives the following leading-order estimate for the
two exponentially small eigenvalues:

λ ∼
2ε−3

(πD′′

0)1/2
di0D0(ei · eσ ) exp

(
−

D0

2ε2

)
, D′′

0 = 2 − 2κ0|d0|. (3.50)
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In (3.50),D0 ≡ |x(s0) − x0|
2, |d0| ≡

√
D0, di0 ≡ x0i − xi(s0), andκ0 is the curvature of∂Ω at

s = s0.
The result (3.50) for (3.2), based on linearizing (1.8) around a spike profile with boundary layer,

is of the same asymptotic order as the corresponding result (2.27) for (2.4) obtained by linearizing
(1.8) solely around the spike profileu∞. However, the pre-exponential factors in these two estimates
are slightly different. In Appendix B we retain higher-order terms in the asymptotic evaluation of
(3.49) to obtain the following more precise result:

PRINCIPAL RESULT 3.2 Assume that there is a unique points0 on∂Ω whereD(s) is minimized.
Then, for ε → 0, the two exponentially small eigenvalues of (3.2) corresponding to the near-
translation eigenfunctions satisfy

λ ∼
8ε−3√
πD′′

0

e−D0/(2ε2)

[
F00 + ε2

(
F10 − F ′

00
D′′′

0

(D′′

0)2
+
F ′′

00

D′′

0

)]
. (3.51)

Here we have labeledF (k)
00 ≡ F (k)

0 |s=s0 for k > 1,Fj0 ≡ Fj |s=s0 for j = 0, 1, andD(k)
0 ≡ D(k)

|s=s0

for k > 1. The various terms in (3.51) are given explicitly by

F00 =
di0D0

4
(ei · eσ ), F10 =

(
−

√
D0

4
ei · eσ +

di0

4

(
π2

6
− 1

))
(ei · eσ ), (3.52a)

F ′

00 =
D0

4
[d ′

i0(ei · eσ ) − di0κ0(ei · es)], D′′

0 = 2 − 2κ0|d0|, D′′′

0 = −2κ ′

0|d0|, (3.52b)

F ′′

00 = −
D0

4
(ei · es)[2d ′

i0κ0 + di0κ
′

0] +
(ei · eσ )

4
[D0d

′′

i0 + 2
√

D0κ0di0 − 3D0di0κ
2
0 ]. (3.52c)

We now illustrate the result (3.51) for the exponentially small eigenvalues of (3.2) for two
particular domains. Firstly, letΩ be the square [0, 3] × [0, 3] with a spike atx0 = (2.0, 0.8).
Then(2.0, 0.0) is the unique point on∂Ω closest tox0 and |d0| = d20 = 0.8. We seti = 2 in
(3.52), corresponding to the near-translation eigenvalue in thex2 direction, and usee2 · eσ = 1,
κ0 = 0 andd ′

20 = 0 in (3.52a), (3.52b), and (3.52c), to get

F00 =
d3

20

4
, F10 = −

d20

4
+

d20

4

(
π2

6
− 1

)
, F ′

00 = 0, F ′′

00 = 0. (3.53)

Then from (3.51) we obtain the following asymptotic estimate for the translation eigenvalue in the
x2 direction:

λ ∼

√
2

π
ε−3d3

20e
−d2

20/(2ε2)

[
1 +

ε2

d2
20

(
π2

6
− 2

)
+ · · ·

]
. (3.54)

This result is equivalent to that in equation (3.28) of [14] for the one-dimensional slab geometry.
Secondly, we consider the unit disk with a spike centered atx0 = (µ, 0), with 0 < µ < 1. Then

(1, 0) is the unique point on∂Ω closest tox0, with minimum distance−d10 = 1 − µ > 0. We
consider the near-translation eigenvalue in thex1 direction. From (3.52a), (3.52b), and (3.52c), with
e1 = (1, 0) andeσ = (−1, 0), we calculate

F00 =
|d10|

3

4
, F10 =

|d10|

4

(
π2

6
− 2

)
, F ′

00 = 0, F ′′

00 =

[
d2

10

4
−

3|d10|
3

4

]
,

D′′

0 = 2 − 2|d10|, D′′′

0 = 0.

(3.55)
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In calculatingF ′′

00 we usedd ′′

10 = 1 as found by parameterizing∂Ω by polar coordinates. Upon
substituting (3.55) into (3.51), we obtain the following asymptotic estimate for the near-translation
eigenvalue in thex1 direction:

λ ∼

√
2

π(1 − |d10|)
ε−3

|d10|
3e−d2

10/(2ε2)

[
1 +

ε2

d2
10

(
π2

6
− 2 +

|d10| − 3d2
10

2(1 − |d10|)

)
+ · · ·

]
. (3.56)

4. Metastable flame-front dynamics

In order to explicitly characterize the metastable behavior for (1.1), in this section we derive an
asymptotic ODE for the locationx0(t) of the tip of the paraboloidal flame-front. We do not analyze
the initial formation of a flame-front interface from arbitrary initial data. Instead, we analyze the
slow motion of the flame-front after it has formed from initial data. Hence, we look for a solution to
(1.5) in the form

U = eceω(u∞
+ E), (4.1)

whereu∞
≡ u∞[x; x0(t)] is the spike profile of (1.10). Herec = c(t) with c′

= O(ε−2) � 1
determines the speed of the flame-front, whereasω(t) andx0(t) are assumed to be slowly varying
functions oft . The initial condition is taken to beU(x, 0) = u∞[x; x0(0)] with x0(0) ∈ Ω and
dist(x0(0), ∂Ω) = O(1) asε → 0. Therefore, we takec = ω = 0 at t = 0, andE(x, 0) = 0.
The error termE = E(x, t) is required to satisfyE � u∞ with ω′

= O(E). The condition that
E remain small over exponentially long time intervals will determine explicit ordinary differential
equations governing the dynamics of the slow growthω(t) and of the flame-front tipx0(t).

We begin by substituting (4.1) into (1.5) to obtain

(c′
+ ω′)(u∞

+ E) + (u∞
t + Et )

= ε2(∆u∞
+ ∆E) + (u∞

+ E)[log(u∞
+ E) − 〈log(u∞

+ E)〉]. (4.2)

In calculating the right-hand side of (4.2) we retain the linear terms in the errorE and we use the
equation (1.9) foru∞. On the left-hand side of (4.2) we neglect the quadratically small termω′E.
In this way, we get

c′u∞
+ c′E + ω′u∞

+ u∞
t + Et = L0E − u∞(〈logu∞

〉 + 〈E/u∞
〉) − E〈logu∞

〉. (4.3)

Here the operatorL0 is defined in (2.4). We then choosec′, with c(0) = 0, by

c′
= −〈logu∞

〉 − 〈E/u∞
〉. (4.4)

Upon substituting (4.4) into (4.3), and neglecting the quadratic term inE, we find thatE satisfies

Et = L0E − ω′u∞
− u∞

t , x ∈ Ω, t > 0;

∂nE = −∂nu
∞, x ∈ ∂Ω; E(x, 0) = 0.

(4.5)

In §2 the largest three eigenvaluesλj , for j = 0, 1, 2, ofL0 were calculated asymptotically for
ε → 0. The remaining eigenvaluesλj for j > 3 of L0, representing decaying modes, are strictly
negative forε → 0 and are asymptotically close to the negative eigenvalues of the 2-D harmonic
oscillator (2.3). The principal eigenvalue ofL0 is λ0 ∼ 1, with φ0 ∼ M0u

∞ away from∂Ω. An
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estimate forλ0 − 1 was given in Principal Result 2.2. The two exponentially small near-translation
eigenvaluesλj , for j = 1, 2, of L0, with φj ∼ Mjε

2∂iu
∞ away from∂Ω, were calculated in

Principal Result 2.1. HereMj is a normalization constant. We order the remaining eigenvalues as
λj+1 6 λj for j > 3, and we expandE in terms of the normalized eigenfunctionsφj of L0 as

E(x, t) =

∞∑
j=0

bj (t)φj (x), (φj , φj ) = 1. (4.6)

Here we have defined the inner product(u, v) ≡
∫
Ω

uv dx. By using Green’s identity on (4.5),
together with the propertiesL0φj = λjφj and∂nφj = 0 on ∂Ω, we readily derive the following
initial-value problem forbj (t):

b′

j − λjbj = Rj ≡ −ε2
∫

∂Ω

φj∂nu
∞ ds − ω′(u∞, φj ) − (u∞

t , φj ),

bj (0) = 0, j = 0, 1, . . . .

(4.7)

Sinceλ0 > 0 andλj is exponentially small forj = 1, 2, we must impose thatRj = 0 for
j = 0, 1, 2 in order to ensure that the coefficientsbj (t) for j > 0, and henceE(x, t), are small over
exponentially long time intervals. Therefore,ω′ andx′

0 are to be found from

ω′(u∞, φj ) + (u∞
t , φj ) = −ε2

∫
∂Ω

φj∂nu
∞ ds, j = 0, 1, 2. (4.8)

We remark that the structure in (4.7), in which an extra degree of freedom, representing the
ω′ term, is needed to eliminate growth on a fast time-scale due to a strictly positive eigenvalue,
also occurred in §4 of [17] in analyzing the metastable motion of a bubble solution for a nonlocal
mass-conserving Allen–Cahn equation.

The system (4.8) forx0(t) andω(t) asymptotically decouples forε � 1. We setj = 0 in (4.8)
and useφ0 ∼ u∞ in the inner products. Since(u∞

t , φ0) is the dot product ofx′

0 and an exponentially
small inner product, we obtain

ω′(u∞, u∞) ∼ −ε2
∫

∂Ω

φ0∂nu
∞ ds. (4.9)

The boundary integral on the right-hand side of (4.9) can be expressed in terms ofλ0 − 1. To see
this, we use Green’s identity on (2.4), together withL0u

∞
= u∞, to get

(u∞,L0φ0) − (φ0,L0u
∞) = (λ0 − 1)(u∞, φ0) = −ε2

∫
∂Ω

φ0∂nu
∞ ds. (4.10)

Upon substituting (4.10) into (4.9), and using(u∞, φ0) ∼ (u∞, u∞), we obtain the explicit ODE
ω′(t) ∼ λ0 − 1 with ω(0) = 0. In Principal Result 2.2 it was shown thatλ0 − 1 is exponentially
small for ε → 0 for anyx0 ∈ Ω. Therefore, if we writeλ0 = λ0[x0(t)], we conclude thatω′ is
exponentially small and that

ω(t) ∼

∫ t

0
(λ0[x0(τ )] − 1) dτ. (4.11)
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To determine the ODE forx0(t), we setj = 1, 2 in (4.8) and useφj ∼ ε2∂ju
∞ to estimate the

inner products in (4.8). Forj = 1, 2 the termω′(u∞, φj ) is the product of two exponentially small
terms and can be neglected. Therefore, (4.8) reduces to

(u∞
t , φj ) ∼ −ε2

∫
∂Ω

φj∂nu
∞ ds, j = 1, 2. (4.12)

To evaluate the left-hand side of (4.12) we useφj ∼ ε2∂ju
∞

=
1
2(x0j − xj )u

∞ from (2.13), and we
differentiate (1.10) with respect tot . Evaluating the resulting integral we obtain

(u∞
t , φj ) ∼ −

x′

0j

4ε2

∫
Ω

(xj − x0j )
2(u∞)2 dx ∼ −

πe2x′

0j

4ε2

∫
∞

0
ρ3e−ρ2/(2ε2) dρ

= −
π

2
ε2e2x′

0j . (4.13)

To evaluate the boundary integral on the right-hand side of (4.12) we use the formulae (2.20) and
(2.31) forφj and∂nu

∞ on ∂Ω, respectively. This gives

−ε2
∫

∂Ω

φj∂nu
∞ ds =

e2

2

∫
∂Ω

De−D/(2ε2)(d̂ · eσ )d̂j ds. (4.14)

Here d̂ is the unit vector in the direction ofd and d̂j is its j th component. By substituting (4.13)
and (4.14) into (4.12), we obtain an ODE forx0(t). The flame-front interfaceS(x, t) is obtained by
substituting (4.1) into (1.4), and using (1.10), (4.4), and (4.11), foru∞, c, andω, respectively. In
this way, we obtain the following explicit characterization of the metastable flame-front dynamics
for (1.1):

PRINCIPAL RESULT 4.1 Forε → 0, the outer approximation for the flame-front interfaceS(x, t)

of (1.1), valid away from∂Ω, is

S(x, t) ∼ −
|x − x0(t)|

2

2
+

1

2

∫ t

0
〈|x−x0(τ )|2〉 dτ +2ε2

[
1− t +

∫ t

0
(λ0[x0(τ )] −1) dτ

]
. (4.15)

The flame-front tipx0(t) and the flame-front speed speedv(t) ≡ 2ε2c′(t) satisfy

x′

0 ∼ I(x0) ≡ −
1

πε2

∫
∂Ω

De−D/(2ε2)(d̂ · eσ )d̂ ds, v(t) =
1

2
〈|x − x0(t)|

2
〉 − 2ε2. (4.16)

HereD(s) ≡ |x0 − x(s)|2, d̂ = (x0 − x(s))/|x0 − x(s)|, andeσ is the inward pointing unit normal
to ∂Ω. Suppose that att = 0 there is a unique pointx(s0) on ∂Ω that is closest tox0(0). Then, the
motion ofx0(t) is towards the same closest boundary pointx(s0) for all subsequent time, and the
distanced0(t) ≡ |x0(t) − x(s0)| to ∂Ω satisfies

d ′

0 ∼ −

√
2

π

d2
0

ε
√

1 − κ0d0
e−d2

0/(2ε2), (4.17)

with initial valued0(0) = |x0(0) − x(s0)|. Hereκ0 is the curvature of∂Ω at s = s0.
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The result in (4.17) follows by using Laplace’s method on (4.16) to derive

x′

0 ∼ −

√
2

π

D0

ε
√

1 − κ0d0
e−D0/(2ε2)d̂0. (4.18)

whereD0 = D(s0), d0 =
√

D0, andd̂0 is a unit vector in the direction ofx0 − x(s0). The result
(4.17) then follows readily from (4.18) by taking the dot product withd̂0.

We now make a few remarks. Firstly, the conditionI(x0) = 0 determines the unstable
equilibrium pointx0e for x0(t). A similar condition involving the vanishing of a vector boundary
integral was obtained in [18] for spike-layer solutions ofε2∆u − u + u2

= 0 in Ω ∈ R2. For a
strictly convex domain, the analysis in §3 of [18] can be adapted to show thatx0e isO(ε) close to the
centerxin of the unique largest inscribed circle forΩ. Since the calculation of theO(ε) correction
term is similar to that in §3 of [18] we do not pursue the details here.

Secondly, we remark that the ODE (4.17) for the two-dimensional case is remarkably similar to
the ODE (1.2) for the one-dimensional slab geometry. Specifically, upon retaining only one of the
two exponential terms in (1.2), the only difference between these two ODE’s is the curvature term in
(4.17). The primary reason for this similarity is that the analytical form of the spike profile satisfying
(1.9) does not exhibit geometric spreading in two dimensions. In fact, forN = 1, 2 dimensions,
we haveu∞

= eN/2 exp(−|x − x0|
2/(4ε2)). In contrast, for the shadow Gierer–Meinhardt model

analyzed in [6], the spike profilew(ρ) is the radial symmetric solution inR2 of ∆w − w + w2
= 0.

This solution exhibits geometric spreading in dimensionN owing to the far-field behaviorw(ρ) ∼

aNρ(1−N)/2e−ρ asρ → ∞ for some constantaN . The resulting ODE for the slow motion of the
spike as found in Corollary 2 of [6] wasd ′

0 ∼ −cε,Nd
(1−N)/2
0 (1 − d0κ0)

−1/2 exp(−2d0/ε) for
some constantcεN

. In contrast to the results (4.17) and (1.2) for the tip of the flame-front, the
pre-exponential factor in this ODE of [6] does depend significantly on the dimensionN .

Thirdly, we remark that the pre-exponential factor ofd2
0 in the ODE (4.17) precludes the

vanishing ofd0 in finite time. Although the ODE (4.18) is not valid whend0 = O(ε), its
extrapolation into this regime suggests that, ultimately,d ′

0 ∼ −cd2
0, which decays algebraically in

time. It is an open problem to analyze exactly how the flame-front interface attaches to the boundary
of the domain. Finally, by separating variables in (4.17), the timeT for the flame-front tip to become
within anO(ε) distance from∂Ω is given asymptotically by

T ∼

√
π

2

ε3√1 − κ0d00

d3
00

exp[d2
00/(2ε2)], d00 ≡ d0(0). (4.19)

We now give a few examples to illustrate Principal Result 4.1.

EXAMPLE 4.1 Our first example is for a square domainΩ = [0, 3] × [0, 3] with the flame-front
tip initially at x0(0) = (2.0, 0.5). Then(2.0, 0.0) is the unique point on∂Ω closest tox0(0). From
(4.17) withκ0 = 0, the vertical distanced0(t) to the boundary satisfies

d ′

0 ∼ −

√
2

π

d2
0

ε
e−d2

0/(2ε2), d0(0) = 0.5. (4.20)

In Fig. 4 we compare the solution of the ODE (4.20) ford0(t) with corresponding results obtained
from the numerical solution of the full PDE initial-boundary value problem (1.8) with the initial
condition in the form of a spike (1.10) located atx0(0) = (2.0, 0.5). The numerical method is
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FIG. 4. The distanced0(t) of the flame-front tip to the boundary, from the numerical solution of the full PDE (1.8) (dashed
line) and the solution of the asymptotic ODE (4.20) (solid line). The domain is the squareΩ = [0, 3]× [0, 3] andε = 0.113.
The heavy-solid line is the improved ODE (4.21) suggested by the one-dimensional theory.

described in Appendix C. Although the ODE (4.20) is obtained only from a leading-order analysis,
reasonable agreement is present already for the relatively large valueε = 0.113 that was used in
the computations. In Fig. 4 we also plotd0(t) from the following ODE of equation (3.46) of [14]
pertaining to a strictly one-dimensional geometry:

d ′

0 ∼ −

√
2

π

d2
0

ε
e−d2

0/(2ε2)

(
1 +

π2ε2

6d2
0

)
, d0(0) = 0.5. (4.21)

For this ODE,d0 = 0 at a finite time. Although we have not attempted to derive theO(ε2) coefficient
in the pre-exponential factor ford ′

0 in (4.17) for an arbitrary geometry, we observe in Fig. 4 that for
this special geometry the improved ODE (4.21) provides a slightly closer agreement with the full
numerical results than does (4.20).

EXAMPLE 4.2 Secondly, we letΩ be the unit disk with the flame-front tip initially located at
x0(0) = (0.5, 0). Then(1, 0) is the unique point on∂Ω closest tox0. By settingκ0 = 1 in (4.17),
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FIG. 5. Numerical solution of (4.22) withε = 0.11 for the flame-front tip in the unit disk. Left: the distanced0(t) of the
flame-front tip to the boundary. Right: the speedv(t) of the flame-front.
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and withd0(0) = 0.5, we obtain the ODE for the distanced0(t) from the flame-front tip to the
closest point(1, 0) on ∂Ω. In terms ofd0, the speed of the flame-front interfacev is calculated by
evaluating〈|x − x0|

2
〉 explicitly in (4.16). In this way, we get

d ′

0 ∼ −

√
2

π

d2
0

ε
√

1 − d0
e−d2

0/(2ε2), d0(0) = 0.5;

v(t) = 2ε2c′(t) =
1

2
(1 − d0)

2
+

1

4
− 2ε2.

(4.22)

In Fig. 5 we plot the numerical solution ford0(t) and the speedv(t) whenε = 0.11. From these
figures we observe that the speed of the flame is roughly constant until the tip becomes close to the
wall. Also note thatd ′

0 decreases on a new time-scale whend0 is very small, and thatd0 does not
vanish in finite time.

EXAMPLE 4.3 For our third example, letΩ = [0, 1] × [0, 1] contain a spike initially located at
x0(0) = (γ0, γ0) with 0 < γ0 < 1/2. Then there are exactly two points on∂Ω closest tox0(0).
Laplace’s method on (4.16) then yields

x′

0 ∼ −

√
2

π

D0

ε
e−D0/(2ε2)e1 −

√
2

π

D0

ε
e−D0/(2ε2)e2, (4.23)

whereej is the unit vector in thej th direction. HereD0 = γ 2/2, whereγ is the distance fromx0(t)

to the vertex(0, 0) of the square. The vector addition of the two boundary forces in (4.23) shows
that the flame-front tip slowly drifts towards the vertex(0, 0). A similar behavior was shown in [1]
from full numerical solutions of (1.1). From (4.23) we readily obtain the following ODE for the
distanceγ (t) from the flame-front tip to the vertex(0, 0):

γ ′
∼ −

γ 2

ε
√

π
e−γ 2/(4ε2), γ (0) = γ0. (4.24)

5. The slow motion of a boundary spike

The metastability analysis in §4 for (1.1) showed that the the flame-front tip inside a convex domain
Ω drifts asymptotically exponentially slowly towards the closest point on the boundary∂Ω. In this
section we derive an explicit asymptotic ODE for the dynamics of the flame-front tip after it has
become attached to the boundary of the domain. The motion of the flame-front tip is found to be
proportional to the derivative of the curvature of∂Ω, with stable rest points at local maxima of the
curvature.

As in §4 we look for a solution to (1.5) in the form

U = ec(t)+ωV, (5.1)

whereω is a slowly varying function oft . Upon writing the Laplacian in (1.5) in terms of the
normal-tangential coordinates(σ, s), we obtain

(c′
+ω′)V+∂tV = ε2

[
Vσσ −

κ

1 − κσ
Vσ +

1

1 − κσ

∂

∂s

(
1

1 − κσ
Vs

)]
+V logV−V〈logV〉. (5.2)
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We then choosec′
= −〈logV〉 with c(0) = 0 to eliminate the nonlocal term. Next we introduce the

local normal-tangential coordinates(η, ξ) by

η = ε−1σ, ξ = ε−1[s − s0(τ )], τ = ε3t. (5.3)

We then expandV andω′ in powers ofε as

V = v0(η, ξ) + εv1(η, ξ, t) + ε2v2(η, ξ, t) + · · · ; ω′
= εω0 + ε2ω1 + · · · . (5.4)

In (5.3),s = s0(τ ) denotes the unknown time-dependent location of the boundary spike. The choice
of slow time-scaleτ = ε3t is a result of a solvability condition on the solution forv2.

We substitute (5.4) with local coordinates (5.3) into (5.2) and collect powers ofε0, ε1, andε2.
In terms of the local coordinates (5.3) the curvatureκ = κ(s) becomesκ = κ0 + εξκ ′

0 + · · · ,
whereκ0 ≡ κ(s0) andκ ′

0 ≡ κ ′(s)|s=s0. From theO(1) terms we find that, on the domainR+
≡

{(ξ, η)| − ∞ < ξ < ∞, η > 0}, v0 satisfies

v0ξξ + v0ηη + Q(v0) = 0, −∞ < ξ < ∞, 0 < η < ∞; v0η = 0, η = 0, (5.5)

whereQ(v0) ≡ v0 logv0. We let(η, ξ) = (0, 0) denote the boundary spike location. From (1.10)
we obtain

v0(ξ, η) = exp

(
1 −

ρ2

4

)
, ρ2

= ξ2
+ η2. (5.6)

Notice thatv0 is even inξ , whereasv0ξ is odd inξ . From collecting theO(ε) andO(ε2) terms, we
find that, onR+, v1 andv2 satisfy

v1t = Lv1 +R1, R1 ≡ −ω0v0 − κ0v0η + 2κ0ηv0ξξ , (5.7a)

v2t = Lv2 +R2, R2 ≡ −ω0v1 − ω1v0 + s′

0v0ξ + Fe + F0, (5.7b)

whereFe andF0 are defined by

Fe = −κ2
0ηv0η − κ0v1η + 3κ2

0η2v0ξξ + 2κ0ηv1ξξ +
v2

1

2
Q′′(v0), (5.7c)

Fo = κ ′

0ηv0ξ + 2κ ′

0ηξv0ξξ − κ ′

0ξv0η, (5.7d)

with Q′′(v0) = v−1
0 . In (5.7a) and (5.7b) the operatorL is defined by

Lφ = φξξ + φηη + Q′(v0)φ, (5.8)

whereQ′(v0) = 1 + logv0. The boundary conditions for (5.7a) and (5.7b) are thatv1η = v2η = 0
onη = 0.

The spectral problemLφ = λφ onR+ with φη = 0 onη = 0 has two nonnegative eigenvalues.
These eigenpairs are(φ0, λ0) = (v0, 1) and(φ1, λ1) = (v0ξ , 0). In terms of the inner product(f, g)

defined by

(f, g) ≡

∫
∞

−∞

∫
∞

0
f (η, ξ)g(η, ξ) dη dξ, (5.9)

a necessary condition thatv1 in (5.7a) tends to the steady-state solutionv1h satisfyingLv1h = −R1
ast → ∞ is that(R1, v0) = 0 and(R1, v0ξ ) = 0. Sincev0ξ is an odd function ofξ , whileR1 is
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even inξ , it follows that(R1, v0ξ ) vanishes identically. The condition(R1, v0) = 0 determinesω0
as

ω0(v0, v0) = −κ0(v0, v0η) + 2κ0(v0, ηv0ξξ ). (5.10)

With this choice forω0, v1 tends to its steady-state limitv1h on an asymptoticallyO(1) time-scale.
This limiting solution provides anO(ε) correction to the leading-order gaussian spatial profilev0.

We now derive an ODE fors0(τ ) from (5.7b). A necessary condition thatv2 in (5.7b) tends to
its steady-state limitv2h satisfyingLv2h = −R2 ast → ∞ is that(R2, v0) = 0 and(R2, v0ξ ) = 0.
The first inner product determinesω1, while the second inner product determines an ODE fors0(τ )

in the form

s′

0(v0ξ , v0ξ ) = ω0(v1, v0ξ ) + ω1(v0, v0ξ ) − (Fe, v0ξ ) − (Fo, v0ξ ). (5.11)

We substitute the steady-state limitv1h for v1, and note thatv1h andFe are even inξ , whileFo is
odd in ξ . Therefore, only the last inner product on the right-hand side of (5.11) is not identically
zero. Hence,

s′

0(v0ξ , v0ξ ) = −(F0, v0ξ ) = κ ′

0(ξv0η, v0ξ ) − κ ′

0(v0ξ , ηv0ξ ) − 2κ ′

0(v0ξ , ηξv0ξξ ). (5.12)

We then use (5.6) to calculate the inner products in (5.12) explicitly in terms ofv0(ρ) = e1e−ρ2/4

as

(v0ξ , v0ξ ) =
π

2

∫
∞

0
ρv2

0ρ dp =
πe2

4
, 2(v0ξ , ηξv0ξξ ) = −

2

3

∫
∞

0
ρ2v2

0ρ dρ = −

√
2πe2

4
,

(ξv0η, v0ξ ) = (ηv0ξ , v0ξ ) =
2

3

∫
∞

0
ρ2v2

0ρ dρ.

Upon substituting these inner products into (5.11), and recalling thatτ = ε3t , we obtain the
following result:

PRINCIPAL RESULT 5.1 Forε → 0, the slow motion ODE for the flame-front tips0(t) on the
boundary ofΩ is

s′

0(t) ∼ ε3

√
2

π
κ ′(s0). (5.13)

Hereκ0 ≡ κ(s0) > 0 is the curvature of the boundary∂Ω of the convex domainΩ at arclength
coordinates = s0.

With initial values0(0), the ODE (5.13) predicts that the spike location will tend to the closest
local maximum of the curvatureκ(s). Such a local maximum is a stable rest point for (5.13). We
remark that the analysis of boundary spike motion for the case where the initial points0(0) is on
a flat portion of the boundary of nonzero length is considerably more delicate than the analysis
presented in this section. For example, such a situation arises when a flame-front becomes attached
to a straight boundary of a rectangle. For such an asymptotically degenerate situation, we expect
that the speed of the flame-front tip is exponentially slow and depends on the local contact behavior
of the point on the boundary closest tos0(0) whereκ 6= 0. For the shadow Gierer–Meinhardt model
such an analysis was given in §5 of [7].
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6. Discussion

We have given an explicit asymptotic characterization of the slow motion dynamics of the flame-
front tip for (1.1). When the flame-front tip is initially inside a convex domain, we have shown
that the speed of the tip is asymptotically exponentially slow asε → 0 and the motion is directed
towards the closest point on the boundary of the domain. The distance to the closest point is given
asymptotically by (4.17). For a flame-front attached to the boundary of the domain, the speed of
the tip is algebraically slow asε → 0 and the dynamics is given asymptotically by (5.13). An open
problem is to study the detailed mechanism describing the attachment of the flame-front tip to the
boundary of the domain. We now illustrate the two stages of the dynamics obtained in §4 and §5 for
two specific convex domainsΩ.

EXAMPLE 6.1 We first consider an elliptical domain with boundary∂Ω given byx1 = 2 cosθ ,
x2 = sinθ , as studied in [8]. We choosex0 = (1.0, 0.05) as the initial location of the flame-front
tip. The domain was shown in Fig. 2(a), together with an illustration of the two distinct stages of the
flame-front dynamics: the metastable stage when the tip is inside the domain, and the second stage
where the tip drifts slowly along the boundary.

To characterize the metastability, we compute that the closest point tox0 on ∂Ω is x ≈

(0.776, 0.425), which corresponds toθ ≈ 0.888. At this closest point, the curvature of∂Ω is
κ0 = 0.425. From (4.17), the flame-front tip drifts in a straight line towards this closest point on
∂Ω, and the distanced0 to the closest point satisfies the ODE

d ′

0 ∼ −

√
2

π

d2
0

ε
√

1 − κ0d0
e−d2

0/(2ε2), d0(0) ≈ 0.772, κ0 ≈ 0.425. (6.1)

A plot of the numerical solution to (6.1) forε = 0.1643 is shown in Fig. 6(a). The ODE ceases to
be valid whend0 = O(ε), which occurs whent ≈ 740.
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For the second stage, the motion of the flame-front tip along the boundary is given by (5.13).
The mappings = s(θ) between the arclengths and the polar angleθ is chosen to bes =

∫ θ

0 [1 +

3 sin2(φ)]1/2 dφ. In this way, (5.13) is transformed to

θ ′

0 ∼ −9ε3

√
2

π

sin(2θ0)

[1 + 3 sin2(θ0)]7/2
, (6.2)
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with initial valueθ0(0) ≈ 0.888. The flame-front tip is located atx0(t) = 2 cos[θ0(t)] andy0(t) =

sin[θ0(t)]. Under (6.2),θ0 → 0 ast → ∞, which corresponds to the nearest local maximum of the
boundary curvature.

Finally, the upward speedv(t) of the flame-front in the channel, defined in (4.16), can be
determined in terms of the locationx0(t) of the flame-front tip. By calculating an area integral,
we obtain

v(t) =
1

2
〈|x − x0|

2
〉 − 2ε2

=
5

8
+

1

2
[x2

0(t) + y2
0(t)] − 2ε2. (6.3)

The speedv(t), computed from the asymptotic results forx0(t) andy0(t), is plotted in Fig. 2(b).
This example withε = 0.1643 is equivalent to the example (withε = 0.027 as defined in [8])

studied numerically in [8]. Even with the relatively large valueε = 0.1643, our asymptotic results,
valid for ε � 1, compare reasonably well with the numerical results reported in [8].

EXAMPLE 6.2 For our second example, we letζ(θ) be a positive 2π -periodic function, and
assume thatζ(θ)+ ζ ′′(θ) > 0 for 0 6 θ 6 2π . Then a convex domain is generated if we define∂Ω

in parametric form as

x1(θ) = ζ(θ) cosθ − ζ ′(θ) sinθ, x2(θ) = ζ(θ) sinθ + ζ ′(θ) cosθ, (6.4)

with 0 6 θ 6 2π (cf. [7]). Let s = h(θ) denote the mapping betweenθ and the arclengths. Then
f ′(θ) and the curvatureκ(θ) of the boundary are given by

f ′(θ) = ζ(θ) + ζ ′′(θ), κ(θ) = [ζ(θ) + ζ ′′(θ)]−1. (6.5)

We takeζ(θ) = 2 + sin3(θ), and we assume that the initial flame-front tip location withinΩ

is atx0(0) = (0.5, 0.0). A simple numerical computation shows that the closest point on∂Ω is at
x ≈ (0.663, −0.944) corresponding toθ = 4.883. At this closest point the curvature isκ0 = 0.267.
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FIG. 7. Dynamics of the flame-front tip. (A) Under the dynamics (6.1) the tip moves from the initial point (labeled by?) to
anO(ε) neighborhood of the closest boundary point (labeled by◦). (B) Then, under the dynamics (6.6), the tip drifts along
the boundary to the nearest local maximum of the curvature (labeled by•).
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From (4.17), the distance of the flame-front tip to the closest point on∂Ω satisfies the ODE (6.1)
with κ0 ≈ 0.267 and with initial distanced0(0) ≈ 0.958. Along the boundary, we use (6.5) and
(5.13) to show that the location of the flame-front tip on the boundary is given bys0(t) = f [θ0(t)],
whereθ0(t) satisfies

θ ′

0 ∼ −ε3

√
2

π

ζ ′(θ0) + ζ ′′′(θ0)

[ζ(θ0) + ζ ′′(θ0)]4
. (6.6)

Here ζ(θ) = 2 + sin3(θ) andθ0(0) = 4.883. The domain is shown in Fig. 7, together with an
illustration of the two distinct stages of the dynamics. As shown in Fig. 7, the flame-front tip on the
boundary tends to the closest local maximum of the curvature.

Appendix A. Asymptotic estimate forK

In this appendix we estimate the integralK, defined in (3.41b), forε → 0. We show formally that
K � I, whereI is defined in (3.41b). Hence, we may neglectK in (3.41a) and obtainλJ ∼ −I.

In order to neglectK in comparison with the two-term approximation forI given in (3.48a), we
must show that

K ≡

∫
Ω

φLε(∂iuε) dx � O(εe−D0/2ε2
), (A.1)

whereD0 is the minimum value ofD ≡ |x(s) − x0|
2 for x(s) ∈ ∂Ω. The pre-exponential factor of

ε in (A.1) is obtained by evaluatingI in (3.48a) asymptotically using Laplace’s method.
To obtain this estimate we first define an overlap regionΩp = {x ∈ Ω | dist(x, ∂Ω) =

O(εp), 0 < p < 2} between the boundary-layer region, corresponding to distancesO(ε2) from
∂Ω, and the outer region, corresponding to distancesO(1) from the boundary∂Ω. In Ωp we use
φ ∼ φB anduε ∼ uB , whereφB anduB are defined in (2.16) and (3.8), respectively. InΩ \ Ωp, we
useφ ∼ ε2∂iu

∞ anduε ∼ u∞, obtained from (2.10) and (1.10), respectively. We then decompose
K into two terms as

K = K1 +K2, K1 ≡

∫
Ωp

φBLε(∂iuB) dx, K2 ≡ ε2
∫

Ω\Ωp

∂iu
∞Lε(∂iu

∞) dx. (A.2)

We first estimateK1. The two-term boundary-layer solutionuB = e−D/(4ε2)(uB0 + ε2uB1 +

O(ε4)) is such that, formally,ε2∆uB + uB loguB = O(ε4e−D/(4ε2)). Therefore, withuε ∼ uB in
Ωp, we obtain

Lε[∂iuB ] = ε2∆(∂iuB) + (1 + loguε)∂iuB = O(ε2e−D/(4ε2)). (A.3)

Then, usingφB ∼ exp(1 − D/(4ε2))ΦB0 from (2.16), we estimateK1 =
∫
Ωp

e−D/(2ε2)O(ε2) dx.

SinceD > D0 and Area(Ωp) = O(εp), we estimateK1 = e−D0/2ε2
O(ε2+p). This shows thatK1

satisfies the estimateK1 � O(εe−D0/2ε2
) required in (A.1) for anyp in 0 < p < 2. Hence, we can

neglectK1.
Next we estimateK2. We first writeLε as

Lεφ = ε2∆φ + (1 + logu∞)φ + log

(
uε

u∞

)
φ. (A.4)
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This shows thatLε[∂iu
∞] = (∂iu

∞) log(uε/u
∞), and consequently, upon using (1.10) foru∞, we

obtain

K2 = ε2
∫

Ω\Ωp

(∂iu
∞)2 log

(
uε

u∞

)
dx

= cε−2
∫

Ω\Ωp

(xi − x0i)
2e−|x−x0|

2/(2ε2) log

(
uε

u∞

)
dx, (A.5)

for somec independent ofε. From (3.22) we obtainuε ∼ u∞ in Ω \ Ωp. SinceΩ is convex,
the boundary-layer solutionuB is defined globally inΩ, and we can estimate the ratiouε/u

∞ as
follows:

uε

u∞
∼

uB

u∞
∼

exp(−D/(4ε2) + w0 + ε2w1 + · · ·)

exp(1 − |x − x0|
2/(4ε2))

. (A.6)

Recalling thatw0 = 1+ηχ +w0p andw1 = −η2/4+w1p, wherew0 andw1 were defined in (3.9a)
and (3.11), and thatη = σ/ε2, whereσ is the distance fromx to ∂Ω, we see that (A.6) becomes

uε

u∞
∼

uB

u∞
∼ exp

(
|x − x0|

2

4ε2
−

D

4ε2
+

χσ

ε2
−

σ 2

4ε2

)
exp(w0p + ε2w1p + · · ·). (A.7)

Then we use the cosine law|x − x0|
2

= D + σ 2
− 4χσ from (2.7), together withw0p ∼ e−2χη for

η � 1 as obtained from (3.9b). In this way, (A.7) reduces to

log

(
uε

u∞

)
∼ log

(
uB

u∞

)
∼ e−2χσ/ε2

. (A.8)

Combining (A.8) and (A.5), and using the relation|x−x0|
2
+4χσ = D +σ 2 from (2.7), we obtain

K2 = cε−2
∫

Ω\Ωp

(xi − x0i)
2e−|x−x0|

2/(2ε2)e−2χσ/ε2
dx

= cε−2
∫

Ω\Ωp

(xi − x0i)
2e−D/(2ε2)e−σ2/(2ε2) dx. (A.9)

SinceD > D0 andxi − x0i is bounded inΩ \ Ωp, we estimate

|K2| � c1ε
−2e−D0/(2ε2)

∫
Ω\Ωp

e−σ2/(2ε2) dx, (A.10)

for somec1 > 0 independent ofε. If we choose 0< p < 1 for the overlap regionΩp, thenσ =

dist(x, ∂Ω) � O(ε). Consequently, for this range ofp, the integral in (A.10) decays exponentially
asε → 0. Therefore, for 0< p < 1,K2 satisfies the required estimate in (A.1) and can be neglected.

Appendix B. Asymptotic evaluation of an integral

In this appendix we derive the expression forλ in Principal Result 3.2. To do so, we definet > 0
by

t =
1

2ε2
[D(s) − D0] =

D′′

0

4ε2
(s − s0)

2
+

D′′′

0

12ε2
(s − s0)

3
+ · · · . (B.1)
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Here we have definedD(k)
0 ≡ D(k)(s0) for k > 1. We then revert the series in (B.1) to obtain

s − s0 = ±a1εt
1/2

+ a2ε
2t + · · · , a1 =

2√
D′′

0

, a2 = −
2

3

D′′′

0

(D′′

0)2
. (B.2)

Here a positive (negative) sign for the leading order term is taken whens > s0 (s < s0). We then
expandFε(s) in (3.49) in a Taylor series asFε(s) = F00+F ′

00(s −s0)+F ′′

00(s − s0)
2/2+ε2F10+

· · · . We then substitute (B.2) into this series and retain terms up toO(ε2). This yields

Fε ∼ F00 ± εa1F ′

00t
1/2

+ ε2
[
F10 + t

(
a2F ′

00 +
a2

1

2
F ′′

00

)]
+ · · · . (B.3)

Here we have labeledF (k)
00 ≡ F (k)

0 |s=s0 for k > 1 andFj0 ≡ Fj |s=s0 for j = 0, 1. Substituting (B.3)
into (3.49), and by computing ds in (3.49) from (B.2), we find after some algebra and cancellations
that

λ ∼
4ε−4

π
e−D0/(2ε2)

[
(εa1F00+ε3a1F10)

∫
∞

0

e−t

√
t

dt+

(
3ε3a2a1F ′

00+
ε3

2
a3

1F
′′

00

) ∫
∞

0

√
te−t dt

]
.

(B.4)
By evaluating the integrals in (B.4), and by using (B.2) fora1 anda2, we obtain the estimate forλ
in (3.51).

Finally, we derive the terms in (3.52). Ats = s0, whereD(s) is minimized, we haveχ2
= D0/4

andes · d = 0. Hence, from (3.48b), we readily obtain (3.52a). Next, we differentiate (3.48b) for
F0 to obtain

F ′

0 = d ′

iχ
2(ei · eσ ) + 2χχ ′di(ei · eσ ) + diχ

2(ei · ∂seσ ). (B.5)

Then, by using 2χ ′
= −κes · d = 0 andχ2

= D0/4 at s = s0, together with∂seσ = −κes , we
can evaluate (B.5) ats = s0 to get (3.52b). To calculateF ′′

00 we differentiate (B.5) with respect tos.
After a straightforward, but lengthy calculation, we obtain the result in (3.52c).

Appendix C. Numerical solution of the metastable problem

Here we outline the numerical method used to solve (1.8) with initial datau(x, 0) = u∞(x; x0),
whereu∞ is the spike profile of (1.10). The domain is taken to be the rectangleΩ = {(x, y) | 0 6
x 6 Lx, 0 6 y 6 Ly}.

The slow motion of the spike is due to the exponentially small interaction betweenu∞ and∂Ω.
Since this interaction is difficult to resolve in theu-variable, we consider the following problem for
w(x, t)) ≡ log[u(x, t)]:

wt = ε2(∆w + w2
x + w2

y) + w, x ∈ Ω, t > 0;

∂nw = 0, x ∈ ∂Ω; w(x, 0) = log[u∞(x; x0(0))].
(C.1)

For (C.1) the initial data is not exponentially small near the boundary.
One of the best low-cost numerical methods for linear parabolic equationsut = ∆u + f (x, y)

is the implicitmethod of alternating directions. Denote the numerical grid by(xi, yj ) = (ihx, jhy),
i = 0, . . . , Nx ; j = 0, . . . , Ny . The solution on the numerical grid isuij , and the time step isτ . The
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FIG. C1. The numerical pattern withx1 = x andx2 = y.

second central difference operators in thex andy directions, respectively, areΛ1uij = h−2
x (ui+1j −

2uij + ui−1j ) andΛ2uij = h−2
y (uij+1 − 2uij + uij−1).

The stages for the numerical method are shown in Fig. C1. It contains the half-stept̄ = t + τ/2.
Given u on the grid at timet , one first computes, on the whole grid, the intermediate valueū at
time t̄ , using an implicit difference in thex direction and an explicit difference in they direction.
The solution at the next integer time stept̂ = t + τ , denoted bŷuij , is implicit in they direction
and explicit in thex direction. In this way, we have

2

τ
(ūij − uij ) = Λ1ūij + Λ2uij + f̄ij ,

2

τ
(ûij − ūij ) = Λ1ūij + Λ2ûij + f̂ij . (C.2)

On each of the semi-steps in (C.2) a linear tridiagonal matrix system arises, which is efficiently
solved with a tridiagonal solver. This fully implicit method is unconditionally stable with truncation
errorO(τ2

+ h2
x + h2

y).
To treat the nonlinear problem (C.1) numerically, we use an explicit-implicit modification of

this method. On each semi-step, the nonlinear terms are computed explicitly, while the other terms
are kept fixed:

2

τ
(w̄ij − wij ) = ε2

(
Λ1w̄ij + Λ2wij +

[
wi+1j − wi−1j

2hx

]2

+

[
wij+1 − wij−1

2hy

]2)
+ wij ,

2

τ
(ŵij − w̄ij ) = ε2

(
Λ1ŵij + Λ2w̄ij +

[
w̄i+1j − w̄i−1j

2hx

]2

+

[
w̄ij+1 − w̄ij−1

2hy

]2)
+ w̄ij .

The condition∂nw = 0 on the rectangle boundary is approximated by introducing auxiliary
additional sets of grid points withi = −1, j = −1, i = Nx + 1 andj = Ny + 1 respectively,
and by setting the solution values at these auxiliary grid points to be equal to the solution values at
points symmetric with respect to the boundary.
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