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On a free boundary problem for viscous incompressible flows
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We shall discuss a free boundary problem for viscous incompressible fluids which is motivated
by the phase transition of materials in a flowing fluid. The problem is formulated as the coupled
Stokes/mean curvature equations. Our model is also regarded as the relaxation of a two-phase free
boundary problem with surface tension on the interface. We shall construct a unique time-local
solution of the problem by establishing the optimal regularity of the velocity field in the tangential
directions to the interface.

1. Introduction and formulation

We are interested in the following free boundary problem for viscous incompressible flows. We
consider the Stokes system:

∂tu−∆u+ ∇p = σ1HνHn−1
xΓt , 0< t 6 T , x ∈ Rn,

∇ · u = 0, 0< t 6 T , x ∈ Rn,
u(0, x) = u0(x), x ∈ Rn,

(FBP1)

whereu = (u1, . . . , un) andp are unknown velocity and pressure fields, respectively. The symbol
Γt represents an unknown free interface evolving from the initial interfaceΓ0 which is the boundary
of a bounded domainΩ0. The positive constantσ1 represents the surface tension, andH , ν are the
mean curvature and the exterior unit normal vector ofΓt , respectively. The symbolHn−1

xΓt means the
(n− 1)-dimensional Hausdorff measure restricted toΓt , i.e.,

(f,Hn−1
xΓt ) =

∫
Γt

f (y)Hn−1(dy), ∀f ∈ C0(Rn), (1.1)

whereC0(Rn) is the class of continuous functions with compact support, and( , ) is a pairing when
we regardHn−1

xΓt as a linear functional onC0(Rn).
We assume that the free interface is given byΓt = {x(t, x0) ∈ Rn ; x0 ∈ Γ0} wherex(t, x0) is

the solution of the ODE
dx(t)

dt
= u(t, x(t))+ σ2H(t, x(t))ν(t, x(t)), 0< t 6 T ,

x(0) = x0 ∈ Γ0,
(BC)

whereσ2 is a fixed positive constant.
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The right hand side of the first equation in (FBP1) is the free boundary condition taken into
account in weak sense. That is, the termσ1HνHn−1

xΓt is formally equivalent to the free boundary
condition

[(−pδij + ∂jui + ∂iuj )16i,j6n]Γt ν = σ1Hν,

where [·]Γt is the jump across the interfaceΓt .
Our problem is motivated by the phase transition of materials in a flowing fluid. That is, the

motion of the phase is not only governed by its mean curvature but also convected by the fluid
velocity. The motion of the fluid is also influenced by the interface, which is represented by the
free boundary condition. The phase transition with convection effects has been numerically well
investigated. In [8], M. E. Gurtin, D. Polignore and J. Viñals considered the coupled Navier–
Stokes/Cahn–Hilliard equations. In T. Blesgen [2] and C. Liu and J. Shen [12], the coupled Navier–
Stokes/Allen–Cahn equations are studied. In fact, the above papers ([8], [2], [12]) deal with the case
of two-phase binary fluids. In this paper, however, we consider the case of one fluid for simplicity.

Our model is also related to the following two-phase Stokes flow problem (in weak form):
∂tu− ∇ · T (κDu, p) = σ1HνHn−1

xΓt , 0< t 6 T , x ∈ Rn,
∇ · u = 0, 0< t 6 T , x ∈ Rn,
u(0, x) = u0(x), x ∈ Rn,

(TP)


dx(t)

dt
= u(t, x(t)), 0< t 6 T , x(t) ∈ Γt ,

x(0) = x0 ∈ Γ0,
(BC′)

whereT (κDu, p) := 2κ1χΩtDu + 2κ2(1 − χΩt )Du − pI is the stress tensor, 2Du = (∂jui +

∂iuj )16i,j6n is the deformation tensor,κi > 0 are the viscosity coefficients of the fluids, andΩt
is a bounded domain withΓt = ∂Ωt . The characteristic functionχΩt is defined byχΩt (x) = 1 if
x ∈ Ωt andχΩt (x) = 0 if x ∈ Rn \Ωt .

Our problem can be regarded as the relaxation of the problem (TP), since the viscosities and the
densities of the two fluids are assumed to be the same and the termσ2Hν in the kinematic boundary
condition has a regularizing effect for the interface. Such relaxation in the kinematic boundary
condition is used in the level set methods in numerical analysis; see Y. C. Chang, T. Y. Hou, B.
Merriman and S. Osher [3]. The advantage of this method (or the phase-field method in [8], [12],
[2]) is that one can capture the interface even when it develops singularities such as merging and
reconnection.

Sinceu is divergence free in the whole space, from (FBP1) we have

∂tu−∆u = Pσ1HνHn−1
xΓt , (1.2)

whereP = (RiRj )16i,j6n + I is the Helmholtz projection, andRj = ∂j (−∆)
−1/2 is the Riesz

transformation. One can check that the termPσ1HνHn−1
xΓt is well-defined at least in the class of

tempered distributions if the hypersurfaceΓt is a smooth boundary of a bounded domain.
In this paper, we shall construct the velocity field as a mild solution of the equation (1.2), that

is, the integral equation associated with (1.2). Thus we shall consider the systemu(t) = et∆u0 +

∫ t

0
e(t−s)∆Pσ1HνHn−1

xΓs ds,

(BC).
(FBP)
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Here,et∆ is the heat semigroup; see Section 4 for details. We assume thatu0 belongs to the class
Cα(Rn) of α-Hölder continuous functions andΓ0 is aC2+α hypersurface for someα ∈ (0,1). Our
aim is to construct a pair(u, {Γt }06t6T ) solving (FBP) with initial data(u0, Γ0).

We say that a family of hypersurfaces{Γt }06t6T belongs toC1,2+α when the signed distance
function ofΓt belongs toC1,2+α in a neighborhood of{Γt }06t6T . A precise definition will be given
in Section 3.

Now the main result of this paper is as follows.

THEOREM 1.1 (Existence and uniqueness) Letα∈(0,1). Assume thatu0∈Cα(Rn) with ∇ ·u0=0
andΩ0 is a bounded domain withC2+α boundary. LetΓ0 = ∂Ω0. Then there exists a positiveT
such that there is a unique solution(u, {Γt }06t6T ) solving (FBP) with initial data(u0, Γ0) and such
thatu ∈ Cα/2,α([0, T ] × Rn) and{Γt }06t6T belongs toC1,2+α.

REMARK 1.1 Let us make a remark on the pressure term. The pressurep is reconstructed by the
formula

p(t, x) = −(−∆)−1
∇ · σ1HνHn−1

xΓt = −σ1∇x ·

∫
Γt

E(x − y)Hν(t, y)Hn−1(dy), (1.3)

whereE(x) is the Newton potential:E(x) = −(2π)−1 log |x| whenn = 2, E(x) = C(n)|x|2−n

whenn > 3. The derivative∇x is interpreted in the sense of distributions. By similar calculations to
those in Proposition 4.1, we can show thatp belongs at least toL∞(0, T ;Lr(Rn)) for r ∈ (1,∞).

As far as the author knows, there are few mathematical results for the free boundary problems in
the presence of the termσ2Hν in (BC). But under the kinematic boundary condition (BC′), there is
much literature on free boundary problems for viscous incompressible (Navier–Stokes) flows with
or without surface tension. For example, I. Sh. Mogilevskiı̆ and V. A. Solonnikov [15] showed the
local well-posedness in Ḧolder spaces for one-phase flow problems; see also V. A. Solonnikov [23].
I. V. Denisova [4] and N. Tanaka [25] studied two-phase flow problems in Sobolev–Slobodetskiı̆
spaces. It is known that the global solvability holds near the equilibrium states for one- or two-phase
flow problems; see M. Padula and V. A. Solonnikov [19] and N. Tanaka [24].

In these papers ([15], [23], [4], [25], [19], [24]), regular solutions are considered and Lagrangian
coordinates are used in order to reduce the problem to the case of a fixed domain. But in our problem,
such reduction is less useful because of the termσ2Hν in (BC). So we shall deal with the equation
directly as in the formulation (FBP), and the free boundary condition appears in the layer potential
term. Although the termσ2Hν could lead to more complicated interactions between the interface
and the fluid velocity, we have the mathematical advantage that we do not need the compatibility
conditions between the boundary data and initial data. We remark that such compatibility conditions
are required in the above papers.

Let us comment on weak solutions of two-phase flow problem. Y. Giga and S. Takahashi [7]
studied two-phase Stokes flows, and A. Nouri, F. Poupaud and Y. Demay [17] studied multi-phase
flows. Both papers deal with the case without surface tension. In P. I. Plotnikov [20], G. Nespoli
and R. Salvi [16], and H. Abels [1], the case with surface tension is discussed. However, if surface
tension is present, the existence of weak solutions is still open even for the Stokes flow, and only
measure-valued varifold solutions or varifold solutions are obtained; see [20], [1] for details.

Now let us state the main idea and the outline of the proof of the main theorem. As the first step,
for a givenu in an appropriate class of functions, we shall construct a family of hypersurfaces
evolving by the equation in (BC). Since it is regarded as the mean curvature equation with a
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convection term, we will follow the argument of L. C. Evans and J. Spruck [5] (see also A. Lunardi
[13] and Y. Giga and S. Goto [6]), which reduces the equation to the one for the signed distance
function of interfaces; see Section 3.

Next, for a given family of hypersurfaces, we estimate the layer potential term in the integral
equation in (FBP). The main difficulty is that we cannot expect high regularity foru in the
whole space (for example, we cannot expectu(t) ∈ C1+α(Rn) in general) because of the jump
relation of the layer potential. However, in order to obtain a unique regular solution for the
convected mean curvature equation in (BC), we need the regularity of the convection termu such
asu(t) ∈ C1+α(Rn). To overcome these difficulties, we make use of the regularity foru in the
tangential directions to the interface. More precisely, if each interface hasC2+α regularity (and
suitable regularity with respect to time), we have the optimal regularity for the layer potential term,
namelyC1+α in the tangential directions. In order to establish this optimal regularity, we use the
Hölder–Zygmund spaces; see Section 4.1 for details. The desired result in the main theorem is
obtained by constructing a suitable contraction mapping for velocity fields; see Section 5.

This paper is organized as follows. In Section 2, we give the definitions of the function spaces
we use. In Section 3, we solve the mean curvature equation with a convection term. In Section 4.1,
we establish the estimates for the layer potential term in (FBP). In Section 4.2, we comment on
the mild solution of the Navier–Stokes equation with the layer potential term. In that section, we
shall also give the outline of the proof for the local well-posedness of the Navier–Stokes equation
when the layer potential term is given. The proof is the usual contraction argument by T. Kato [10].
We will see that the velocity also has the fine regularity in the tangential directions toΓt even in
the case of the Navier–Stokes flow. In Section 5, we shall construct a suitable contraction mapping
and obtain the desired results. In our strategy, the estimates for the layer potential by using local
coordinate transforms play an essential role: As their proof is somewhat lengthy, some parts of it
are given in Appendix; see Section 6.

REMARK 1.2 When the fluid is described by the Navier–Stokes equation, the associated integral
equation becomes

u(t) = et∆u0 −

∫ t

0
e(t−s)∆P∇ · u⊗ uds +

∫ t

0
e(t−s)∆Pσ1HνHn−1

xΓs ds. (1.4)

Our result can be extended to this case, but its proof becomes complicated, especially when one
constructs a contraction mapping for the free boundary problem. So in this paper, we consider the
case of the Stokes flow for simplicity.

REMARK 1.3 In Section 3, we construct hypersurfaces by using the signed distance function. But
this is not the only method to obtain the required results. Indeed, the method using the Hanzawa
transformation would give a slightly simpler proof; see E. Hanzawa [9]. Especially, in the method of
the signed distance function, we have to check that the solutionv of the associated equation satisfies
the condition|∇v| ≡ 1, which is skipped in the use of the Hanzawa transformation. I would like to
thank the referee for suggesting this point.

2. Function spaces and embedding properties

First of all, we introduce several function spaces. LetD be eitherRn or an open set inRn
with uniformly C2 boundary. LetC(D) denote the Banach space of all continuous and bounded
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functions inD, endowed with the sup norm. LetCm(D) denote the set of allm times continuously
differentiable functions inD, with derivatives up to orderm bounded and continuously extendable
up to the boundary. The norm ofCm(D) is defined as

‖f ‖Cm(D) :=
∑

06k6m

‖∂kxf ‖C(D), ‖∂kxf ‖C(D) :=
∑
|θ |=k

‖∂θxf ‖C(D).

Here,θ = (θ1, . . . , θn) is a multi-index. We recall thatC([a, b] ×D) is the space of all continuous
and bounded functions in [a, b] ×D, endowed with the norm

‖f ‖C([a,b]×D) (= ‖f ‖∞) := sup
(t,x)∈[a,b]×D

|f (t, x)|.

For 0< α < 1, we denote byC0,α([a, b] ×D) (respectively,Cα/2,0([a, b] ×D)) the space of
continuous functions that areα-Hölder continuous with respect to the space variables (respectively,
α/2-Hölder continuous with respect to time), i.e.,

C0,α([a, b] ×D) := {f ∈ C([a, b] ×D); f (t, ·) ∈ Cα(D), t ∈ [a, b]},

‖f ‖C0,α([a,b]×D) (= ‖f ‖C0,α ) := ‖f ‖∞ + sup
t∈[a,b]

[f (t, ·)]Cα(D),

where

[g]Cα(D) := sup
x,y∈D, x 6=y

|g(x)− g(y)|

|x − y|α

and

Cα/2,0([a, b] ×D) := {f ∈ C([a, b] ×D); f (·, x) ∈ Cα/2([a, b]), x ∈ D},

‖f ‖Cα/2,0([a,b]×D)(= ‖f ‖Cα/2,0) := ‖f ‖∞ + sup
x∈D

[f (·, x)]Cα/2([a,b]),

where

[h]Cα/2([a,b]) := sup
t,s∈[a,b], t>s

|h(t)− h(s)|

(t − s)α/2
.

Moreover, the function spacesCα/2,α([a, b] × D), C1,2([a, b] × D), C1,2+α([a, b] × D),
C1+α/2,2+α([a, b] ×D) are defined as follows:

Cα/2,α([a, b] ×D) := Cα/2,0([a, b] ×D) ∩ C0,α([a, b] ×D),

‖f ‖Cα/2,α([a,b]×D) (= ‖f ‖Cα/2,α ) := ‖f ‖Cα/2,0([a,b]×D) + ‖f ‖C0,α([a,b]×D).

C1,2([a, b] ×D) := {f ∈ C([a, b] ×D); ∂tf, ∂ijf ∈ C([a, b] ×D), 1 6 i, j 6 n},

‖f ‖C1,2([a,b]×D) (= ‖f ‖C1,2) := ‖f ‖∞ + ‖∂xf ‖∞ + ‖∂tf ‖∞ + ‖∂2
xf ‖∞.

C1,2+α([a, b] ×D) := {f ∈ C1,2([a, b] ×D); ∂tf, ∂ijf ∈ C0,α([a, b] ×D), 1 6 i, j 6 n},

‖f ‖C1,2+α([a,b]×D) (= ‖f ‖C1,2+α ) := ‖f ‖∞ + ‖∂xf ‖∞ + ‖∂tf ‖C0,α + ‖∂2
xf ‖C0,α .
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LetX be a Banach space endowed with the norm‖ · ‖X. We denote byCα([a, b];X) the Hölder
space such that

Cα([a, b];X) :=

{
f ∈ C([a, b];X); [f ]Cα([a,b];X) := sup

t,s∈[a,b], t>s

‖f (t)− f (s)‖X

(t − s)α
,

‖f ‖Cα([a,b];X) := sup
a6t6b

‖f (t)‖X + [f ]Cα([a,b];X) < ∞

}
.

Similarly,

Lip([a, b];X) :=

{
f ∈ C([a, b];X); [f ]Lip([a,b];X) := sup

t,s∈[a,b], t>s

‖f (t)− f (s)‖X

t − s
,

‖f ‖Lip([a,b];X) := sup
a6t6b

‖f (t)‖X + [f ]Lip([a,b];X) < ∞

}
.

Now we state the embedding properties of the Hölder spaces defined above. The following
lemma will be used freely in this paper.

LEMMA 2.1 Let 0< α < 1. Then there exists a positive constantKα such that for anyf ∈

C1,2+α([a, b] ×D),

‖f ‖C1/2([a,b];C1+α(D)) + ‖f ‖Lip([a,b];Cα(D)) + ‖∂xf ‖C(1+α)/2,0 + ‖∂2
xf ‖Cα/2,0

6 Kα‖f ‖C1,2+α . (2.1)

Here, the constantKα is independent ofb − a andf .

Proof. See A. Lunardi [13, Lemma 5.1.1].

3. Motion of hypersurfaces by the mean curvature equations with convection

In this section, we consider the hypersurfaces evolving in time via mean curvature with a convection
term. Precisely, we shall construct a family of hypersurfaces{Γt }06t6T such that for 06 t0 6
t 6 T , Γt = {x(t, x0); x0 ∈ Γt0} satisfies the ODE

dx(t)

dt
= −

σ2

n− 1
[div(ν(t, x(t)))]ν(t, x(t))+ u(t, x(t)), t0 6 t 6 T ,

x(t0) = x0.

(3.1)

Here ν(t, x) is the exterior unit normal vector ofΓt , σ2 is a positive constant, andu(t, x) is a
continuous function on [0, T ] × Rn. The mean curvatureH(t, x) of the surfaceΓt is given by
H(t, x) = −

1
n−1div ν(t, x). So ifu ≡ 0, the above equation is the well-known mean curvature flow

equation. To construct evolving hypersurfaces starting from a given smooth initial hypersurfaces, we
will follow the arguments of L. C. Evans and J. Spruck [5]; see also A. Lunardi [13]. Let{Γt }06t6T
be the evolving hypersurfaces such that eachΓt is the boundary of a bounded domainΩt . We reduce
the equation to an equation for thesigned distance function

d(t, x) =

{
dist(x, Γt ), x ∈ Rn \Ω t ,

− dist(x, Γt ), x ∈ Ωt .
(3.2)
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If Γt is smooth, thend(t, ·) is also smooth in each of the sets

D+ := {x ∈ Rn; 0 6 d(t, x) < δ0} and D− := {x ∈ Rn; −δ0 < d(t, x) 6 0},

providedδ0 > 0 andT > 0 is small. Moreover, ifδ0 is sufficiently small, for eachx ∈ D+ there
exists a uniquey ∈ Γt such thatd(t, x) = |y − x|. The equation (3.1) implies that

dt (t, x) =

〈
dy

dt
,
y − x

|y − x|

〉
=

〈
−

σ2

n− 1
[div ν(t, y)]ν(t, y)+ u(t, y),

y − x

|y − x|

〉
=

σ2

n− 1
div ν(t, y)− u(t, x − d∇xd(t, x)) · ∇xd(t, x).

It is well-known that the eigenvalues of the Hessian∇
2d(t, x) are given by

λi = −
κi(t, y)

1 − κi(t, y)d(t, x)
, i = 1, . . . , n− 1, λn = 0, (3.3)

where theκi are the principal curvatures of the surfaceΓt . Since the mean curvatureH is defined
asH =

1
n−1

∑n−1
i=1 κi , we have

dt =
σ2

n− 1
f (d,∇2d)− u(t, x − d∇d) · ∇d, (3.4)

where

f (s, q) =

n∑
i=1

λi

1 − λis
, s ∈ R, q ∈ Rn×nS , λis 6= 1. (3.5)

Here theλi are the eigenvalues of the symmetric matrixq. The same equation can be deduced for
x ∈ D−. Since|d| is a distance function, the spatial gradient∇d should have modulus 1 at any point.
This provides a nonlinear first order boundary condition ford. So the equation (3.1) is reduced to
the following fully nonlinear parabolic problem:

∂tv =
σ2

n− 1
f (v,∇2v)− u(t, x − v∇v) · ∇v, t > 0, x ∈ D,

|∇v|2 = 1, t > 0, x ∈ ∂D,

v(0, x) = d0(x), x ∈ D,

(3.6)

whereD = D+
∪D−

= {x ∈ Rn; −δ0 < d0(x) < δ0}, d0 is the signed distance function fromΓ0,
andf is given as above. We chooseδ0 so small thatλi(∇2d0)δ0 6= 1 for eachi, sof is well-defined
near the range of(d0(x),∇

2d0(x)). Sincef (s, q) = Tr(q(I − sq)−1), f is analytic. Moreover,
since Tr( ∂f

∂q
(s, q)A) = Tr((I − sq)−2A) for A ∈ Rn×n, we have, forξ ∈ Rn,

n∑
i,j=1

fqij (s, q)ξiξj = Tr

(
∂f

∂q
(s, q)ξ ⊗ ξ

)
=

n∑
i=1

1

(1 − λis)2
〈ξ, ēi〉

2,

where{ē1, . . . , ēn} is an orthonormal basis inRn such that each̄ei is an eigenvector ofq with
eigenvalueλi . Thus we have

n∑
i,j=1

fqij (s, q)ξiξj > ι(s, q)|ξ |2, (3.7)

with ι(s, q) = min16i6n(1 − λis)
−2.
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Setg(p) = p2
−1. In order to solve the equation (3.6), we linearize the principal termf (v,∇2v)

near the initial data(d0,∇
2d0) andg(∇d0) near∇d0. The existence and uniqueness result for this

equation is proved by the general results for linear parabolic equations and the usual contraction
arguments. LetB(d0,∇

2d0) be a bounded open neighborhood of the set{(d0(x),∇
2d0(x)) ∈ R ×

Rn×n; x ∈ D} such that for each(s, q) ∈ B(d0,∇
2d0), the functionf (s, q) is well-defined. Set

ι := inf{ι(s, q); (s, q) ∈ B(d0,∇
2d0)} > 0, (3.8)

Kf := sup

{∣∣∣∣ ∂βf∂s∂q
(s, q)

∣∣∣∣; (s, q) ∈ B(d0,∇
2d0), |β| = 0,1,2

}
. (3.9)

Fix M > 0. We assume that the convection termu(t, x) belongs toUM , the closed subset of
C0,α([0, T ] × Rn) defined as

UM := {u(t, x) ∈ C0,α([0, T ] × Rn); u(t, ·) ∈ C1+α(Rn), and sup
0<t<T

‖u(t, ·)‖Cα(Rn)

+ sup
0<t<T

t (1−α)/2
‖∂xu(t, ·)‖C(Rn) + sup

0<t<T
t1/2[∂xu(t, ·)]Cα(Rn) 6 M} (3.10)

The following proposition states the existence and uniqueness for the equation (3.6).

PROPOSITION3.1 Fix M > 0. Let α ∈ (0,1). Assume thatΩ0 is a bounded domain with
uniformly C2+α boundary and letd0 be the signed distance function ofΓ0 = ∂Ω0. Then there
is someT > 0 such that for anyu ∈ UM , there exists a uniquev ∈ C1,2+α([0, T ] × D) solving
(3.6).

Proof. By appropriate rescaling, we may assume thatσ2/(n− 1) = 1. For simplicity of notation,
we write‖f ‖Cα,β , ‖f ‖∞ for ‖f ‖Cα,β ([0,T ]×D), ‖f ‖C([0,T ]×D), respectively. Set

Av(t, x) :=
n∑

i,j=1

fqij (d0(x),∇
2d0(x))∂ijv(t, x)+ fs(d0(x),∇

2d0(x))v(t, x),

Bv(t, x) :=
n∑
i=1

gpi (∇d0(x))∂iv(t, x).

LetR be a positive number to be determined later. We will find the solution in the set

X := {v ∈ C1,2+α([0, T ] ×D); v(0, ·) = d0, ‖v − d0‖C1,2+α 6 R} (3.11)

as a fixed point of the operatorΦ defined inX, whereΦ(v) = w is the solution of the equation
∂tw(t, x) = Aw + f (v,∇2v)−Av − u(t, x − v∇v) · ∇v, 0 6 t 6 T , x ∈ D,

Bw(t, x) = −g(∇v)+ Bv, 0 6 t 6 T , x ∈ ∂D,

w(0, x) = d0(x), x ∈ D.

(3.12)

LetKα be the constant of Lemma 2.1. Then for allv ∈ X,

n∑
i,j=1

‖∂i,jv − ∂i,jd0‖∞ + ‖v − d0‖∞ 6 (KαT
α/2

+ T )R. (3.13)
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So f (v,∇2v) is well-defined inX if we take T so small that everyv ∈ X satisfies
(v(t, x),∇2v(t, x)) ∈ B(d0,∇

2d0) for (t, x) ∈ [0, T ] ×D. The general results for linear parabolic
equations guarantee that the equation has a unique solution inC1,2+α([0, T ] × D). We shall show
that for everyv1, v2 ∈ X,

‖Φ(v1)−Φ(v2)‖C1,2+α 6 C(R)T α/2‖v1 − v2‖C1,2+α . (3.14)

Thus ifT is so small thatC(R)T α/2 6 1/2 thenΦ is a contraction mapping. We also have, for all
v ∈ X,

‖Φ(v)− d0‖C1,2+α 6 ‖Φ(v)−Φ(d0)‖C1,2+α + ‖Φ(d0)− d0‖C1,2+α 6 R/2 + ‖Φ(d0)− d0‖C1,2+α .

The functionz = Φ(d0)− d0 is the solution of
∂tz(t, x) = Az(t, x)+ f (d0,∇

2d0)− u(t, x − d0∇d0) · ∇d0, 0 6 t 6 T , x ∈ D,

Bz(t, x) = −g(∇d0), 0 6 t 6 T , x ∈ ∂D,

z(0, x) = 0, x ∈ D.

(3.15)

Soz satisfies the estimate

‖z‖C1,2+α 6 C(‖f (d0,∇
2d0)‖Cα(D) + ‖u(·, · − d0∇d0) · ∇d0‖C0,α([0,T ]×D) + ‖g(∇d0)‖C1+α )

6 C(‖d0‖C2+α ,M),

hence
‖Φ(v)− d0‖C1,2+α 6 R/2 + C(‖d0‖C2+α ,M). (3.16)

Thus forR = 2C(‖d0‖C2+α ,M),Φ is a contraction mappingX into itself, which implies thatΦ
has a unique fixed point inX. The uniqueness of the solution inC1,2+α([0, T ] ×D) follows easily,
so we omit it.

Now let us prove the key estimate (3.14). Setw = Φ(v1)−Φ(v2). Thenw is the solution of
∂tw = Aw + f (v1,∇

2v1)− f (v2,∇
2v2)−A(v1 − v2)

− u(t, x − v1∇v1) · ∇v1 + u(t, x − v2∇v2) · ∇v2, 0 6 t 6 T , x ∈ D,

Bw = B(v1 − v2)− g(∇v1)+ g(∇v2), 0 6 t 6 T , x ∈ ∂D,

w(0, x) = 0, x ∈ D.

(3.17)

From the optimal regularity for linear parabolic equations ([13, Theorem 5.1.21]),w satisfies

‖w‖C1,2+α 6 C(‖h1‖C0,α + ‖h2‖C0,α + ‖h3‖C(1+α)/2,1+α ), (3.18)

where

h1(t, x) := f (v1(t, x),∇
2v1(t, x))− f (v2(t, x),∇

2v2(t, x))−A(v1(t, x)− v2(t, x)),

h2(t, x) := u(t, x − v1(t, x)∇v1(t, x)) · ∇v1(t, x)− u(t, x − v2(t, x)∇v2(t, x)) · ∇v2(t, x),

h3(t, x) := B(v1(t, x)− v2(t, x))− g(∇v1(t, x))+ g(∇v2(t, x)).
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First we shall estimateh1. By the definition ofA, we have

h1(t, x) =

∫ 1

0
(fs(ητ (t, x))− fs(η0(x)))dτ (v1(t, x)− v2(t, x))

+

n∑
i,j=1

∫ 1

0
(fqi,j (ητ (t, x))− fqi,j (η0(x)))dτ (∂i,jv1(t, x)− ∂i,jv2(t, x)),

where

ητ (t, x) := τ(v1(t, x),∇
2v1(t, x))+ (1 − τ)(v2(t, x),∇

2v2(t, x)) ∈ R × Rn×n,
η0(x) := (d0(x),∇

2d0(x)) ∈ R × Rn×n.

Clearly,

|ητ (t, x)− η0(x)| 6 2(T +KαT
α/2)R, (3.19)

|ητ (t, x)− ητ (t, y)| 6 C(‖d0‖C2+α + R)|x − y|α, (3.20)

|η0(x)− η0(y)| 6 C‖d0‖C2+α |x − y|α, (3.21)

whereC depends only onn, andKα is the constant of Lemma 2.1. From these estimates and
regularity assumptions onf , it is not difficult to deduce the estimates

|h1(t, x)| 6 C(T +KαT
α/2)RKf T

α/2
‖v1 − v2‖C1,2+α ,

|h1(t, x)− h1(t, y)| 6 C(‖d0‖C2+α + R +Kα)Kf T
α/2

‖v1 − v2‖C1,2+α |x − y|α,

hence
‖h1‖C0,α 6 C(‖d0‖C2+α + R +Kα)Kf T

α/2
‖v1 − v2‖C1,2+α , (3.22)

whereC depends only onn, andKα, Kf are the constants of Lemma 2.1 and (3.9), respectively.
The estimate ofh3 is similar:

‖h3‖C(1+α)/2,1+α 6 C(‖d0‖C2+α , R,Kα,Kf )T
α/2

‖v1 − v2‖C1,2+α ; (3.23)

the details are omitted.
Next we shall estimateh2. By the mean value theorem,

h2(t, x) =

∫ 1

0
〈−v1∇v1 + v2∇v2, (∇xu)(t, η̄τ (t, x))〉 dτ · ∇v1 + u(t, x − v2∇v2) · (∇v1 − ∇v2)

=: h2,1(t, x)+ h2,2(t, x), (3.24)

where
η̄τ (t, x) := x − τv1∇v1(t, x)− (1 − τ)v2∇v2(t, x).

From the regularity assumption onu and Lemma 2.1,

|h2,1(t, x)| 6 (t +Kαt
(1+α)/2)(R + ‖d0‖C2+α )

2
‖v1 − v2‖C1,2+αMt

−(1−α)/2

6 M(R + ‖d0‖C2+α )
2T α/2‖v1 − v2‖C1,2+α ,
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and

|h2,2(t, x)| 6 MKαT
(1+α)/2

‖v1 − v2‖C1,2+α .

Since|η̄τ (t, x)− η̄τ (t, y)| 6 (1 + 4(R + ‖d0‖C2+α )2)|x − y|, we easily have

|h2,1(t, x)− h2,1(t, y)| 6 C(M,Kα, R, ‖d0‖C2+α )T
α/2

‖v1 − v2‖C1,2+α |x − y|α,

and

|h2,2(t, x)− h2,2(t, y)| 6 C(M,Kα, R, ‖d0‖C2+α )T
α/2

‖v1 − v2‖C1,2+α |x − y|α.

Thus the estimate (3.14) follows, and the proof of Proposition 3.1 is complete.

REMARK 3.1 From (3.16) in the proof above, the solutionv satisfies

‖v‖C1,2+α([0,T ]×D) 6 ‖d0‖C2+α + 2C(‖d0‖C2+α ,M). (3.25)

We also see that the existence time of the solution does not depend onu ∈ UM .

We setΓt := {x ∈ D; v(t, x) = 0} whenv is the solution of the equation(3.6) satisfying
v(0, x) = d0(x). By arguing as in [13, Proposition 8.5.9], we see that the solutionv is such that
∂iv ∈ C1,2+α([t1, t2] × D′), i = 1, . . . , n, for any open setD′

⊂⊂ D and 0< t1 < t2 6 T .
Under this regularity condition, we can show that{Γt }06t6T is an evolving hypersurface satisfying
the convected mean curvature equation (3.1). Precisely, we have the following proposition.

PROPOSITION3.2 Assume that the conditions in Proposition 3.1 are satisfied. Then the first
derivatives of the solutionv satisfy the estimate

‖∂xv‖C1,2+α([t1,t2]×D′)
6 C

(
(t2 − t1)

1/2

t1
+ t

−1/2
1

)
, (3.26)

whereC depends only onn, ι, σ2, α, Kα, ‖d0‖C2+α(D), M, Kf , and dist(D′, ∂D). Moreover, for

eacht > 0, Γt is aC3+α hypersurface and{Γt }06t6T is a unique family ofC2+α hypersurfaces
evolving by the perturbed mean curvature equation (3.1) starting fromΓ0.

Proof. Again we may assume thatσ2/(n− 1) = 1. The assertion on the regularity of∂xv follows
by arguing as in [13, Proposition 8.5.6]. We omit the details. We shall only show the last assertion
of the proposition. First we prove that|∂xv| ≡ 1. Setw = |∂xv|

2
−1. By the regularity results stated

above,w ∈ C1,2+α([ε, T ] × D′) for every open setD′
⊂⊂ D and 0< ε < T . Differentiatingw

with respect to time, for(t, x) ∈ (0, T )×D we have

∂tw = 2
n∑
i=1

∂iv∂t∂iv

= 2
n∑
i=1

∂iv∂i(f (v,∇
2v)− u(t, x − v∇v) · ∇v)
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= 2
n∑

i,j,k=1

∂ivfqjk (v,∇
2v)∂ijkv + 2

n∑
i=1

∂ivfs(v,∇
2v)∂iv

− 2
n∑
i=1

∂iv

n∑
j,k=1

∂i(xj − v∂jv)∂juk(t, x − v∇v)∂kv − 2
n∑

i,k=1

∂iv∂ikvuk(t, x − v∇v)

=

n∑
i,j=1

fqij (v,∇
2v)∂ijw − 2

n∑
i,j,k=1

fqij (v,∇
2v)∂ikv∂kjv + 2fs(v,∇

2v)|∂xv|
2

− 2
n∑

i,j,k=1

∂iv∂kv(δij − ∂iv∂jv − v∂ijv)∂juk(t, x − v∇v)−

n∑
i=1

ui(t, x − v∇v)∂iw.

Now,
n∑

i,j,k=1

fqij (v,∇
2v)∂ikv∂kjv =

n∑
i=1

(λi(∇
2v))2

(1 − λi(∇2v)v)2
= fs(v,∇

2v),

and
n∑

i,j,k=1

∂iv∂kv∂iv∂jv∂juk(t, x − v∇v) = |∂xv|
2

n∑
j,k=1

∂jv∂kv∂juk(t, x − v∇v)

= (w + 1)
n∑

j,k=1

∂jv∂kv∂juk(t, x − v∇v),

v

n∑
i,j,k=1

∂iv∂kv∂ijv∂juk(t, x − v∇v) =
1

2
v

n∑
j=1

∂jw

n∑
k=1

∂kv∂juk(t, x − v∇v).

Thus

∂tw =

n∑
i,j=1

fqij (v,∇
2v)∂ijw +

n∑
i=1

{ui(t, x − v∇v)+ l1,i(t, x)}∂iw + 2{fs(v,∇
2v)+ l2(t, x)}w,

where

l1,i(t, x) := v

n∑
k=1

∂kv∂iuk(t, x − v∇v), l2(t, x) :=
n∑

j,k=1

∂jv∂kv∂juk(t, x − v∇v).

Sincew vanishes on the parabolic boundary of [0, T ] ×D, we havew ≡ 0 and|∂xv| ≡ 1. This
implies that eachΓt , t > 0, is a hypersurface of classC3+α andν(t, x) = ∇v(t, x) is a unit normal
vector ofΓt . In order to see that the family{Γt }06t6T is an evolving hypersurface satisfying the
convected mean curvature equation (3.1), we consider the ODE

dx

dt
= −f (v(t, x),∇2v(t, x))∇v(t, x)+ u(t, x − v∇v(t, x)),

x(t0) = x0, x0 ∈ Γt0,
(3.27)

for 0 6 t0 6 T . From the regularity conditions onv andu, the Lipschitz norm with respect tox of
the right hand side of the above equation has a singularity near time zero. Nevertheless, we can check
that the problem is uniquely solvable and the solutionx(t) is at least inC1([0, T ]). Moreover, since
d
dt
v(t, x(t)) = 0 andv(t0, x(t0)) = 0, we havev(t, x(t)) ≡ 0. Hence,x(t) ∈ Γt . This completes

the proof.
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Let u(t, x) andũ(t, x) be two functions inUM . Let v, ṽ ∈ C1,2+α([0, T ] ×D) be the solutions
of the equation (3.6) with initial datav(0, x) = ṽ(0, x) = d0(x) and with convection termsu,
ũ, respectively. We remark that for fixedM > 0 andd0, the aboveT can be taken uniformly in
u ∈ UM .

PROPOSITION3.3 Fix M > 0. Let α ∈ (0,1). Assume thatΩ0 is a bounded domain with
uniformly C2+α boundary and letd0 be the signed distance function fromΓ0 = ∂Ω0. Let u, ũ,
v, ṽ be the functions defined above. Then

‖v − ṽ‖C1,2+α([0,T ]×D) 6 C‖u− ũ‖C0,α([0,T ]×Rn), (3.28)

whereC depends only onn, α, ι,M, σ2,Kf ,Kα, and‖d0‖C2+α .

Proof. LetA andB be the operators defined in the proof of Proposition 3.1. Thenw = v − ṽ is a
solution of the equation

∂tw = Aw + f (v,∇2v)− f (ṽ,∇2ṽ)−Aw
− u(t, x − v∇v) · ∇v + ũ(t, x − ṽ∇ṽ) · ∇ṽ, 0 6 t 6 T , x ∈ D,

Bw = −g(∇v)+ g(∇ṽ)+ Bw, 0 6 t 6 T , x ∈ ∂D,

w(0, x) = 0, x ∈ D.

(3.29)

So the functionw satisfies

‖w‖C1,2+α 6 C(‖h̄1‖C0,α + ‖h̄2‖C0,α + ‖h̄3‖C(1+α)/2,1+α ), (3.30)

where

h̄1(t, x) := f (v,∇2v)− f (ṽ,∇2ṽ)−Aw,
h̄2(t, x) := u(t, x − v∇v) · ∇v − ũ(t, x − ṽ∇ṽ) · ∇ṽ,

h̄3(t, x) := −g(∇v)+ g(∇ṽ)+ Bw.

The estimates for‖h̄1‖C0,α and‖h̄3‖C0,α are the same as the ones for‖h1‖C0,α and‖h3‖C0,α in
the proof of Proposition 3.1, respectively. So we have

‖h̄1‖C0,α + ‖h̄3‖C0,α 6 CT α/2‖v − ṽ‖C1,2+α . (3.31)

We decomposēh2 as

h̄2(t, x) = u(t, x − v∇v) · ∇v − u(t, x − ṽ∇ṽ) · ∇ṽ + (u(t, x − ṽ∇ṽ)− ũ(t, x − ṽ∇ṽ)) · ∇ṽ

=: h̄2,1(t, x)+ h̄2,2(t, x).

The estimate for̄h2,1 is the same as the one forh2 in the proof of Proposition 3.1, so

‖h̄2,1‖C0,α 6 CT α/2‖v − ṽ‖C1,2+α .

The estimate for̄h2,2 is also easy:

‖h̄2,2‖C0,α 6 C‖u− ũ‖C0,α([0,T ]×Rn).

Thus for sufficiently smallT ′ 6 T , we obtain

‖v − ṽ‖C1,2+α([0,T ′]×D) 6 C‖u− ũ‖C0,α([0,T ′]×Rn). (3.32)

Repeating this argument, we have the desired estimate. The dependence of the constant is obvious.
Now the proof is complete.
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4. Mild solutions of the Stokes equations

In this section, we construct mild solutions of the Stokes equations with the layer potential. Now
we define a mild solution as a solution of the integral equation associated with the Stokes equations.
Let S ′(Rn) be the class of tempered distributions.

DEFINITION 4.1 Let h be a bounded continuous function in(0, T ] × Rn. Let {Γt }06t6T be a
family of hypersurfaces with suitable regularity. The functionu is called amild solutionof the
Stokes equation with the layer potential termhHn−1

xΓt if there existsu0 ∈ S ′(Rn) with ∇ · u0 = 0
such that

u(t) = et∆u0 +

∫ t

0
e(t−s)∆PhHn−1

xΓs ds. (4.1)

Here,et∆ is the heat semigroup, andP is the Helmholtz projection.

Since bothet∆ andP are convolution operators, we can regardet∆P as one convolution operator.
More precisely, fora ∈ (C0(Rn))n, thei-th component of the convolutionet∆Pa is expressed as

(et∆Pa)(i) =

n∑
j=1

(
1

tn/2
Li,j

(
·

√
t

)
+Gt (·)δij

)
∗ aj . (4.2)

Here,Gt (x) is the Gauss kernel

Gt (x) :=
1

(4πt)n/2
exp

(
−

|x|2

4t

)
and

Lj,k := −F−1
(
ξj ξk

|ξ |2
exp(−|ξ |2)

)
,

whereF−1 is the inverse Fourier transform,

F−1g(x) := (2π)−n/2
∫

Rn
g(ξ)eix·ξ dξ.

The pointwise estimates of the kernel function

Ki,j (t, x) :=
1

tn/2
Li,j

(
·

√
t

)
+Gt (·)δij

are given as follows.

LEMMA 4.1 LetKi,j (t, x) be as defined above. Letl = (l1, . . . , ln) be a multi-index. Then

|∂ lxKi,j (t, x)| 6
C

t (n+|l|)/2

(
1 +

|x|
√
t

)−(n+|l|)

, (4.3)

whereC depends only onn andl.

Proof. These pointwise estimates were originally obtained by C. W. Oseen [18]. See also P. G.
Lemaríe-Rieusset [11], and Y. Shibata and S. Shimizu [22]. A simple proof was also obtained by
the author and Y. Terasawa [14].

For the heat semigroupet∆, we have the following estimates.
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LEMMA 4.2 Let 0< α < 1. Letb(t, x) := et∆a. Then

‖b‖C([0,T ]×Rn) 6 C‖a‖C(Rn), (4.4)

[b]Cα/2,α([0,T ]×Rn) 6 C[a]Cα(Rn), (4.5)

[b]Cα/2,α([t,T ]×Rn) 6
C

tα/2
‖a‖C(Rn). (4.6)

Proof. These estimates are well known, so we omit the proof. See [13, Chapter 5.1.1], for example.

4.1 Estimates for the layer potential

In this section, we shall estimate the term

F(t, x) :=
∫ t

0
e(t−s)∆PhHn−1

xΓs ds, (4.7)

which reflects the boundary condition onΓt whenh = Hν. First, we define the class of evolving
hypersurfaces we shall deal with. LetΓ0 be the boundary of a smooth bounded domainΩ0. Let d0
be the signed distance function ofΓ0,

d0(x) =

{
dist(x, Γ0), x ∈ Rn \Ω0,

− dist(x, Γ0), x ∈ Ω0.
(4.8)

We set
D := {x ∈ Rn; −δ0 < d0(x) < δ0} (4.9)

for sufficiently smallδ0; see Section 3. We assume thatΓ0 is uniformlyC2+α, that is,d0 ∈ C2+α(D).
Sinced0 is a distance function, we have|∂xd0(x)| ≡ 1 onx ∈ D, which implies that

min
x∈D

max
16i6n

|∂id0(x)| > 1/n. (4.10)

We set
r := min{1/n, δ0} > 0. (4.11)

Note thatr depends only onn andΓ0.

DEFINITION 4.2 LetR > 1 be a given number andα ∈ (0,1). We defineS(α, R, T , d0) as the
set of families{Γt }06t6T of hypersurfaces such that eachΓt is the boundary of a bounded domain
Ωt ⊂ Rn and is represented as

Γt = {x ∈ D; v(t, x) = 0} (4.12)

by the signed distance functionv ∈ C1,2+α([0, T ] × D) satisfying‖v‖C1,2+α([0,T ]×D) 6 R and
v(0, x) = d0(x).

By the implicit function theorem, we can derive the properties of the local coordinate transforms
of {Γt }06t6T in S(α, R, T , d0); see Section 6.2.

Let R > 1, and letT0 be a positive number given by Proposition 6.1 depending only onR and
d0. If T 6 T0 and {Γt }06t6T is an evolving hypersurface belonging toS(α, R, T , d0), then the
following statements hold from Proposition 6.1.
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(a) There exists a family of open sets{Uk}
m
k=1, Uk ⊂ D, and a family of functions{ϕk(t, x)}mk=1

with ϕk(t, x) ∈ C1,2+α([0, T ] × U k) satisfying the following conditions.
(b) For eacht ∈ [0, T ], there exists an open setUj (t) ⊂ Uj such that:

(b-1) The functionsϕk(t, ·) : Uk(t) → B, whereB := {y ∈ Rn; |y| < 1}, areC2-diffeo-
morphisms.

(b-2) For eacht ∈ [0, T ],

ϕk(t, {Uk(t) ∩Ωt }) = {y ∈ B; yn > 0}

and
ϕk(t, {Uk(t) ∩ Γt }) = B ′, B ′ := {y ∈ B; yn = 0}.

(b-3) For someρ > 0, there exist families of open balls{Ok}mk=1 and{Ôk}
m
k=1 such that

Ôk ⊂⊂ Ok, (4.13)

Ok ⊂⊂

⋂
06t6T

ϕ−1
k (t, B), 1 6 k 6 m, (4.14)

⋃
06t6T

(Γt )ρ ⊂⊂

m⋃
k=1

Ôk, (4.15)

where(A)ρ := {x ∈ Rn; dist(x,A) < ρ}.

We can chooseρ, {Uk}
m
k=1, {Ok}

m
k=1, and {Ôk}

m
k=1 not depending on the evolving hypersurface

belonging to
⋃

0<T6T0
S(α, R, T , d0). In particular, we can takeOk = {|x − x̄k| < 4ρ} andÔk =

{|x − x̄k| < 3ρ} for somex̄k ∈ Γ0. Moreover, if max16i6n |∂id0(x̄k)| = |∂i0d0(x̄k)|, the local

coordinate transformsϕk = (ϕ
(1)
k , . . . , ϕ

(n)
k ), ψk = (ψ

(1)
k , . . . , ψ

(n)
k ) can be taken as

ϕk(t, x) = Πϕ̂k(t, x), (4.16)

ψk(t, y) = ψ̂k(t,Π
−1y), (4.17)

where Π is an orthogonal matrix such thatΠ(x(1), . . . , x(i0), . . . , x(n)) = (x(1), . . . , x(n),

. . . , x(i0)) for all x = (x(1), . . . , x(n)) and

ϕ̂
(i)
k (t, x) =

64R2

r2
(x(i) − x̄

(i)
k ), i 6= i0, (4.18)

ϕ̂
(i0)
k (t, x) =

64R2

r2
(x(i0) − gk(t, x

(1),
i0

ˇ· · ·, x(n))), (4.19)

ψ̂
(i)
k (t, y) =

r2

64R2
y(i) + x̄

(i)
k , i 6= i0, (4.20)

ψ̂
(i0)
k (t, y) =

r2

64R2
y(i0) + gk

(
t,

r2

64R2
y(1) + x̄

(1)
k ,

i0

ˇ· · ·,
r2

64R2
y(n) + x̄

(n)
k

)
. (4.21)

Here,gk is the function constructed in Proposition 6.1. For these local coordinate transforms, we
have the following lemma. Lety = (y′, y(n)).
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LEMMA 4.3 Let {Γt }06t6T be an evolving hypersurface belonging toS(α, R, T , d0). Let
{ϕk}

m
k=1, {ψk}

m
k=1 be the local coordinate transforms of{Γt }06t6T above. Then

‖ϕk‖C1,2+α([0,T ]×U k)
, ‖ψk‖C1,2+α([0,T ]×B) 6 C(1 + ‖v‖C1,2+α([0,T ]×D)), (4.22)

|ψk(t, y1)− ψk(s, y2)| > C|y′

1 − y′

2| for 0 6 s 6 t 6 T , (4.23)

whereC depends only onn, r, andR.
Moreover, let{Γ̃t }06t6T be another evolving hypersurface belonging toS(α, R, T , d0) and let

{ϕ̃k}
m
k=1, {ψ̃k}

m
k=1 be the local coordinate transforms of{Γ̃t }06t6T given by (4.16)–(4.21). Assume

thatl1, l2 ∈ N, {ti}
l1+l2
i=1 ⊂ [0, T ], {yi}

l1+l2
i=1 ⊂ B, and{τi}

l1+l2
i=1 ⊂ R with

∑l1+l2
i=1 τi = 0. Then

‖ϕk − ϕ̃k‖C1,2+α([0,T ]×Uk)
+ ‖ψk − ψ̃k‖C1,2+α([0,T ]×B) 6 C‖v − ṽ‖C1,2+α([0,T ]×D)), (4.24)∣∣∣ l1∑

i=1

τiψk(ti, yi)+

l1+l2∑
i=l1+1

τiψ̃k(ti, yi)

∣∣∣ > C

∣∣∣l1+l2∑
i=1

τiy
′

i

∣∣∣, (4.25)

whereC depends only onn, r, andR.

Proof. The estimates (4.22) and (4.24) are obvious by Proposition 6.1. The estimate (4.23) follows
from (4.25). So we shall only prove (4.25). From the definition ofψk andψ̃k, we have

∣∣∣ l1∑
i=1

τiψk(ti, yi)+

l1+l2∑
i=l1+1

τiψ̃k(ti, yi)

∣∣∣ >
{∑
j 6=i0

( l1∑
i=1

τiψ
(j)
k (ti, yi)+

l1+l2∑
i=l1+1

τiψ̃
(i)
k (ti, yi)

)2}1/2

=

{∑
j 6=i0

[l1+l2∑
i=1

τi

(
r2

64R2
(Π−1yi)

(j)
+ x̄

(j)
k

)]2}1/2

=

{∑
j 6=i0

[l1+l2∑
i=1

r2

64R2
τi(Π

−1yi)
(j)

]2}1/2

=
r2

64R2

{n−1∑
j=1

[l1+l2∑
i=1

τiy
(j)
i

]2}1/2
=

r2

64R2

∣∣∣l1+l2∑
i=1

τiy
′

i

∣∣∣.
This completes the proof.

Let Ki,j (t, x) := t−n/2Li,j (x/
√
t) + Gt (x)δij be the(i, j)-component of the kernel of the

matrix convolution operatoret∆P. Combining the above estimate (4.25) with the pointwise estimate
(4.3), we have

∣∣∣(∂θxKi,j )(t, l1∑
i=1

τiψk(ti, yi)+

l1+l2∑
i=l1+1

τiψ̃k(ti, yi)
)∣∣∣

6 Ct−(n+|θ |)/2
(

1 + C
|
∑l1+l2
i=1 τiy

′

i |
√
t

)−n−|θ |

(4.26)

for any multi-indexθ = (θ1, . . . , θn).
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Let {ak}
m
k=1 be a partition of unity for

⋃m
k=1 Ôk subordinate to{Ok}mk=1, i.e.: for everyk,

ak(x) is smooth and 06 ak 6 1; for everyk, suppak ⊂ Ok; for every x ∈
⋃m
k=1 Ôk, we

have
∑m
k=1 ak(x) = 1. Note that we can take{ak}mk=1 not depending on the evolving hypersurface

belonging to
⋃

0<T6T0
S(α, R, T , d0). We set

δ1 := min
16k6m

dist(Oc
k , suppak) > 0. (4.27)

We may assume thatδ1 > 7
2ρ. The next proposition plays an essential role in this paper.

PROPOSITION4.1 Letp ∈ (1,∞] andα, β ∈ (0,1). Assume thatR > 1 is a given number and
Γ0 is a givenC2+α hypersurface. Letd0 be the signed distance function,T0 be a positive number in
Proposition 6.1, andr be the number defined by (4.11). Let{Γt }06t6T be an evolving hypersurface
belonging toS(α, R, T , d0) for someT 6 T0. Then the functionF(t, x) given by (4.7) satisfies the
following estimates:

‖F‖Cβ/2,β ([0,T ]×Rn) 6 C1T
(1−β)/2

‖h‖C([0,T ]×D), (4.28)

sup
06t6T

‖F(t)‖Lp(Rn) 6 C2T
1/2

‖h‖C([0,T ]×D), (4.29)

sup
06t6T

‖F(t)‖C1+α(Γt )
6 C3‖h‖C0,α([0,T ]×D), (4.30)

whereC1 = C1(n, β, r, R), C2 = C2(n, p, r, R), andC3 = C3(n, α, r, R).

Proof. For simplicity of notation, we write ‖h‖C , ‖h‖C0,α instead of ‖h‖C([0,T ]×D),
‖h‖C0,α([0,T ]×D), respectively. First, we shall prove the estimate (4.28). Note that

‖F(t, ·)‖C(Rn) 6
∫ t

0
‖e(t−s)∆PhHn−1

xΓs ‖C(Rn) ds,

[F(t, ·)]Cβ (Rn) 6 C

∫ t

0
(t − s)−β/2‖e(t−s)/2∆PhHn−1

xΓs ‖C(Rn) ds,

and

|F(t, x)− F(τ, x)| 6
∫ t

τ

‖e(t−s)∆PhHn−1
xΓs ‖C(Rn) ds

+

∫ τ

0
‖(e(t−τ)∆ − I )e(τ−s)∆PhHn−1

xΓs ‖C(Rn) ds

6
∫ t

τ

‖e(t−s)∆PhHn−1
xΓs ‖C(Rn) ds

+C(t − τ)β/2
∫ τ

0
(τ − s)−β/2‖e(τ−s)/2∆PhHn−1

xΓs ‖C(Rn) ds.

Thus it suffices to estimate

‖e(t−s)∆PhHn−1
xΓs ‖C(Rn).
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Thei-th component ofe(t−s)∆PhHn−1
xΓs is given as

n∑
j=1

∫
Γs

Ki,j (t − s, x − y)hj (s, y)Hn−1(dy)

=

n∑
j=1

m∑
k=1

∫
Γs∩Ok

ak(y)Ki,j (t − s, x − y)hj (s, y)Hn−1(dy)

=:
n∑
j=1

m∑
k=1

Ii,j,k(t, s, x). (4.31)

So we shall estimateIi,j,k(t, s, x). By the area formula, we have

Ii,j,k(t, s, x) =

∫
Rn−1

Ki,j (t − s, x − ψk(s, ξ
′,0))Υ1(s, ξ

′)dξ ′,

where

Υ1(s, ξ
′) = ak(ψk(s, ξ

′,0))hj (s, ψk(s, ξ
′,0))Jψk (s, ξ

′). (4.32)

Here

Jψk (s, ξ
′) =

[ n∑
l=1

{
∂(ψ

(1)
k ,

l

ˇ. . . , ψ
(n)
k )

∂(ξ (1), . . . , ξ (n−1))

}1/2]∣∣∣∣
t=s, ξ (n)=0

.

Note that the integrand in the above integration is naturally extended by zero toRn−1 thanks to the
inclusionB ′

∩ suppak(ψk(s, ·)) ⊂ B ′
∩ ϕk(s,Ok).

It is easy to obtain the estimate|Υ1(s, ξ
′)| 6 C whereC depends only onn, r, andR. If x ∈ Ok,

then there exists a pointξ̄ (s, x) ∈ B such thatx = ψk(s, ξ̄ ) for eachs ∈ [0, T ]. Thus from (4.26),∣∣∣∣∫Rn−1
Ki,j (t − s, ψk(s, ξ̄ )− ψk(s, ξ

′,0))Υ1(s, ξ
′)dξ ′

∣∣∣∣
6 C(t − s)−n/2

∫
Rn−1

(
1 + C

|ξ̄ ′
− ξ ′

|

(t − s)1/2

)−n

dξ ′
‖h‖C

= (t − s)−1/2
∫

Rn−1
(1 + C|z′|)−n dz′ ‖h‖C = C(t − s)−1/2

‖h‖C .

In the second last integration, we changed the variable asξ̄ ′
− ξ ′

= (t − s)1/2z′.
If x /∈ Ok, then|x − y| > δ1 > 0 for all y ∈ suppak. Hence∣∣∣∣∫Rn−1

Ki,j (t − s, x − ψk(s, ξ
′,0))Υ1(s, ξ

′)dξ ′

∣∣∣∣
6 C(t − s)−n/2

∫
B ′∩suppak(ψk(s,·))

(
1 +

|x − ψk(s, ξ
′,0)|

(t − s)1/2

)−n

dξ ′
‖h‖C

6 C(t − s)−n/2
(

1 +
δ1

(t − s)1/2

)−n ∫
B ′

dξ ′
‖h‖C 6 C‖h‖C .

Collecting these estimates, we obtain

‖Ii,j,k(t, s, ·)‖C(Rn) 6 C(t − s)−1/2
‖h‖C, (4.33)
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whereC depends only onn, r andR (note that we can takeδ1 depending only onr andR). The
estimate (4.28) immediately follows from the above.

Next we shall show the estimate (4.29). Note again that in (4.13)–(4.15), we can takeOk =

{|x− x̄k| < 4ρ} for somex̄k ∈ Γ0 from Proposition 6.1. SetDk := {|x− x̄k| < 8ρ}. By the estimate
(4.33), we have

‖Ii,j,k(t, s, ·)‖Lp(Dk) 6 |Dk|
1/p

‖Ii,j,k(t, s, ·)‖L∞(Dk) 6 C(t − s)−1/2
‖h‖C .

Forx /∈ Dk, we see that for ally ∈ Ok,

|x − y| > 1
4|x − x̄k| + 2ρ.

Thus from the estimate (4.26),

‖Ii,j,k(t, s, ·)‖Lp(Rn\Dk) 6 C(t − s)−n/2
∥∥∥∥∫
B ′

(
1 +

|x − ψk(s, ξ
′,0)|

(t − s)1/2

)−n

dξ ′

∥∥∥∥
L
p
x (Rn\Dk)

‖h‖C

6 C(t − s)−n/2
∥∥∥∥∫

B′

(
1 +

2ρ

(t − s)1/2
+

|x − x̄k|

4(t − s)1/2

)−n

dξ ′

∥∥∥∥
L
p
x (Rn)

‖h‖C

6 C‖h‖C .

Combining these, we obtain the estimate (4.29).
Finally, we shall prove the estimate (4.30). Since

‖F(t)‖C1+α(Γt )
:= sup

16h6m
‖F(t, ψh(t, ·,0)‖C1+α(B ′)

,

we shall estimateF(t, ψh(t, ζ ′,0)), or, by (4.31),

J (t, ζ ′) :=
∫ t

0
Ii,j,k,h(t, s, ζ ′)ds, (4.34)

whereIi,j,k,h(t, s, ζ ′) := Ii,j,k(t, s, ψh(t, ζ ′,0)).
Let η ∈ (0,1). In order to obtain the optimal regularity, we divideJ (t, ζ ′) into J1(t, ζ

′) and
J2(t, ζ

′) where

J1(t, ζ
′) :=

∫ t

(1−η)t

Ii,j,k,h(t, s, ζ ′)ds, (4.35)

J2(t, ζ
′) :=

∫ (1−η)t

0
Ii,j,k,h(t, s, ζ ′)ds. (4.36)

We shall show that

‖J (t, ·)‖Cα(B ′) 6 Ct1/2‖h‖C0,α , (4.37)

‖J1(t, ·)‖Cα(B ′) 6 C(ηt)1/2‖h‖C0,α , (4.38)

‖J2(t, ·)‖C2+α(B ′) 6 C(ηt)−1/2
‖h‖C0,α . (4.39)

First, we set

B ′

1 := B ′
∩ ϕh(t,Ok ∩ Uh(t)), (4.40)

B ′

2 := B ′
∩ ϕh(t, {x ∈ Uh(t); dist(x, suppak) > δ1/2}) 6= ∅. (4.41)
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Then bothB ′

1 andB ′

2 are relatively open inRn−1, so from now on we regardB ′,B ′

1, andB ′

2 as open
sets inRn−1. For all y′

∈ B ′ there exists a uniquex ∈ Uh(t) such thaty = (y′,0) = ϕh(t, x). If
x /∈ Ok, then dist(x, suppak) > δ1. Hencey′

∈ B ′

2, which implies thatB ′
= B ′

1 ∪ B ′

2.

Moreover, iff is a continuous function onB ′ and satisfiesf ∈ Cl+α(B ′

1)∩C
l+α(B ′

2) for some
l ∈ N ∪ {0}, thenf ∈ Cl+α(B ′). To see this, we may assume thatB ′

1 6= ∅. Clearly,f is l-times
differentiable inB ′

= B ′

1 ∪ B ′

2 and

sup
y′∈B ′

|∂θ
′

y′ f (y
′)| 6 ‖f ‖

Cl(B ′

1)
+ ‖f ‖

Cl(B ′

2)
for 0 6 |θ ′

| 6 l.

Next we consider theCα norm of∂ l
y′f . It suffices to consider the casey′

1 ∈ B ′

1\B ′

2, y′

2 ∈ B ′

2\B ′

1
if they exist. In this case, there exists a positive constantC, depending only onn, r andR, such that

|y′

1 − y′

2| > Cδ1.

Indeed,y′

1 ∈ B ′

1 \ B ′

2 implies that there exists a pointx1 ∈ Ok ∩ Uh(t) such thaty1 :=
(y′

1,0) = ϕh(t, x1) and dist(x1, suppak) 6 δ1/2. On the other hand,y′

2 ∈ B ′

2 \ B ′

1 implies that
there exists a pointx2 ∈ Uh(t) \ Ok such thaty2 := (y′

2,0) = ϕh(t, x2). Sincex2 /∈ Ok, we have
dist(x2, suppak) > δ1. Thus

|y′

1 − y′

2| = |y1 − y2| = |ϕh(t, x1)− ϕh(t, x2)| > C|x1 − x2| > C(|x2 − z| − |x1 − z|)

for all z ∈ suppak. In particular, we can takez satisfying|x1 − z| = dist(x1, suppak). Hence

|y′

1 − y′

2| > C

(
δ1 −

δ1

2

)
=
C

2
δ1.

This implies thatf ∈ Cl+α(B ′) and

‖f ‖
Cl+α(B ′)

6 C(‖f ‖
Cl+α(B ′

1)
+ ‖f ‖

Cl+α(B ′

2)
), (4.42)

whereC depends only onn, r, andR.
Now we return to the estimates forJ , J1, J2.

(i) Estimates onB ′

2. We first estimateIi,j,k,h(t, s, ζ ′) onB ′

2. By the definition ofB ′

2, we see that
|ψh(t, ζ

′,0) − ψk(s, ξ
′,0)| > δ1/2 for all ζ ′

∈ B ′

2, if ψk(s, ξ ′,0) ∈ suppak. So for any multi-
indexθ with |θ | = 0,1,2, from the estimate (4.26), we have

|∂θζ ′Ii,j,k,h(t, s, ζ ′)|

6
∫
B ′

|∂θζ ′Ki,j (t − s, ψh(t, ζ
′,0)− ψk(s, ξ

′,0)| |Υ1(s, ξ
′)| dξ ′

6
∑

06|θ ′|6|θ |

C(1 + ‖ψh(t, ·)‖C2+α(B))(t − s)−(n+|θ ′
|)/2

·

∫
B ′

(1 +
|ψh(t, ζ

′,0)− ψk(s, ξ
′,0)|

(t − s)1/2
)−n−|θ ′

| dξ ′
‖h‖C

6 C(1 + ‖v‖C1,2+α )
∑

06|θ ′|6|θ |

(t − s)−(n+|θ ′
|)/2

(
1 +

δ1

2(t − s)1/2

)−n−|θ ′
|

dξ ′
‖h‖C

6 C‖h‖C
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whereC depends only onn, r, andR. Similarly, we easily have

[∂θζ ′Ii,j,k,h(t, s, ·)]Cα(B ′

2)
6 C‖h‖C .

In particular,

‖J (t, ·)‖
Cα(B ′

2)
6 Ct1/2‖h‖C, (4.43)

‖J1(t, ·)‖Cα(B ′

2)
6 C(ηt)1/2‖h‖C, (4.44)

‖J2(t, ·)‖C2+α(B ′

2)
6 C(ηt)−1/2

‖h‖C . (4.45)

(ii) Estimates onB ′

1. In order to obtain the desired estimates, it suffices to show that

‖Ii,j,k,h(t, s, ·)‖Cα(B ′

1)
6 C(t − s)−1/2

‖h‖C0,α , (4.46)

‖Ii,j,k,h(t, s, ·)‖C2+α(B ′

1)
6 C(t − s)−3/2

‖h‖C0,α . (4.47)

If ζ ′
∈ B1, then there exists a uniquew′

∈ B ′ such thatψh(t, ζ ′,0) = ψk(t, w
′,0), or w =

(w′,0) = ϕk(t, ψh(t, ζ
′,0)). Note thatw′ is a function oft andζ ′, but for simplicity of notation,

we just writew′, orw′(ζ ′). From the estimate (4.22), we have

‖w′
‖
C1,2+α([0,T ]×B ′)

6 C(1 + ‖v‖2
C1,2+α ). (4.48)

As in (i), for any multi-indexθ with |θ | = 0,1,2, from (4.26), we have

|∂θζ ′Ii,j,k,h(t, s, ζ ′)|

6
∫

Rn−1
|∂θζ ′Ki,j (t − s, ψh(t, ζ

′,0)− ψk(s, ξ
′,0)| |Υ1(s, ξ

′)| dξ ′

6 C(1 + ‖ψh(t, ·)‖C2+α(B ′)
)

|θ |∑
|θ ′|=0

∫
Rn−1

|(∂θ
′

x Ki,j )(t − s, ψk(t, w
′,0)− ψk(s, ξ

′,0)| dξ ′
‖h‖C

6 C(1 + ‖v‖C1,2+α )

|θ |∑
|θ ′|=0

(t − s)−(n+|θ ′
|)/2

∫
Rn−1

(
1 + C

|w′
− ξ ′

|

(t − s)1/2

)−n−|θ ′
|

dξ ′
‖h‖C

6 C(1 + ‖v‖C1,2+α )(t − s)−(1+|θ |)/2
‖h‖C .

So we obtain

‖Ii,j,k,h(t, s, ·)‖C(B ′

1)
6 C(t − s)−1/2

‖h‖C,

‖Ii,j,k,h(t, s, ·)‖C2(B ′

1)
6 C(t − s)−3/2

‖h‖C .

Thus it suffices to estimate [Ii,j,k,h(t, s, ·)]Cα(B ′

1)
and [∂2

ζ ′Ii,j,k,h(t, s, ·)]Cα(B ′

1)
; we only handle the

first, as the other is similar.
We make use of theα-Hölder continuity ofΥ1. For this purpose, by changing variable as

w′
− ξ ′

= z′, we rewriteIi,j,k,h(t, s, ζ ′) as

Ii,j,k,h(t, s, ζ ′) =

∫
Rn−1

Ki,j (t − s, ψk(t, w
′,0)− ψk(s, w

′
− z′,0))Υ1(s, w

′
− z′)dz′. (4.49)



VISCOUS INCOMPRESSIBLE FLOWS 571

For ζ ′

1, ζ
′

2 ∈ B ′

1, we setw′

1 = w1(ζ
′), w′

2 = w′

2(ζ
′

2). We also set

Υ2(t, s, w
′, z′) := ψk(t, w

′,0)− ψk(s, w
′
− z′). (4.50)

Then

|Υ2(t, s, w
′

1, z
′)− Υ2(t, s, w

′

2, z
′)| =

∣∣∣∣∫ 1

0
〈w′

1 − w′

2, (∇w′Υ2)(t, s, τw
′

1 + (1 − τ)w′

2, z
′)〉′ dτ

∣∣∣∣
6 C|ζ ′

1 − ζ ′

2|((t − s)(1+α)/2
+ |z′|).

So from the estimate (4.26), we have

|Ii,j,k,h(t, s, ζ ′

1)− Ii,j,k,h(t, s, ζ ′

2)|

6
∫

Rn−1
|Ki,j (t − s, Υ2(t, s, w

′

1, z
′))−Ki,j (t − s, Υ2(t, s, w

′

2, z
′))| |Υ1(s, w

′

1 − z′)| dz′

+

∫
Rn−1

|Ki,j (t − s, Υ2(t, s, w
′

2, z
′))| |Υ1(s, w

′

1 − z′)− Υ1(s, w
′

2 − z′)| dz′

6 C‖h‖C

∫
Rn−1

∫ 1

0
|〈Υ2(t, s, w

′

1, z
′)− Υ2(t, s, w

′

2, z
′),

(∇xKi,j )(t − s, τΥ2(t, s, w
′

1, z
′)+ (1 − τ)Υ2(t, s, w

′

2, z
′))〉| dτ dz′

+ C‖h‖C0,α |w
′

1 − w′

2|
α(t − s)−n/2

∫
Rn−1

(
1 + C

|z′|

(t − s)1/2

)−n

dz′

6 C‖h‖C |ζ ′

1 − ζ ′

2|(t − s)−(n+1)/2
∫

Rn−1
((t − s)(1+α)/2

+ |z′|)

(
1 + C

|z′|

(t − s)1/2

)−n−1

dz′

+ C‖h‖C0,α |ζ
′

1 − ζ ′

2|
α(t − s)−1/2

6 C|ζ ′

1 − ζ ′

2|
α(t − s)−1/2

‖h‖C0,α ,

which is the desired estimate. We have just established the estimates (4.37)–(4.39).
We are now in a position to show the optimal regularity‖J (t, ·)‖

C1+α(B ′)
. We use the relation

C1+α(B ′) = C1+α(B ′) (equivalent norms), whereCl(B ′), 0 < l < 3, are the Ḧolder–Zygmund
spaces defined as follows:

Cl(B ′) := {f ∈ C(B ′); ‖f ‖Cl(B ′)
:= ‖f ‖

C(B ′)
+ [f ]Cl(B ′)

< ∞},

where

[f ]Cl(B ′)
:= sup

x,y∈B ′,x 6=y

∣∣f (x)− 3f
(2x+y

3

)
+ 3f

( x+2y
3

)
− f (y)

∣∣
|x − y|l

.

The advantage of the Ḧolder–Zygmund spaces is that derivatives do not appear in the definition of
its norms. We have the relationCl(B ′) = Cl(B ′) with equivalent norms ifl is not an integer; see
A. Lunardi [13] or T. Runst and W. Sickel [21].
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It suffices to estimate [J (t, ·)]C1+α . Let ζ ′

1, ζ
′

2 ∈ B ′ with ζ ′

1 6= ζ ′

2. We first consider the case
where|ζ ′

1 − ζ ′

2| 6 1
2t

1/2. SinceJ = J1 + J2, from (4.38) and (4.39) we have∣∣∣∣J (t, ζ ′

1)− 3J
(
t,

2ζ ′

1 + ζ ′

2

3

)
+ 3J

(
t,
ζ ′

1 + 2ζ ′

2

3

)
− J (t, ζ ′

2)

∣∣∣∣
6 [J1(t, ·)]Cα |ζ

′

1 − ζ ′

2|
α

+ [J2(t, ·)]C2+α |ζ
′

1 − ζ ′

2|
2+α

6 C[J1(t, ·)]Cα |ζ
′

1 − ζ ′

2|
α

+ C[J2(t, ·)]C2+α |ζ
′

1 − ζ ′

2|
2+α

6 C‖h‖C0,α (ηt)
1/2

|ζ ′

1 − ζ ′

2|
α

+ C‖h‖C0,α (ηt)
−1/2

|ζ ′

1 − ζ ′

2|
2+α

for η ∈ (0,1). So if we setη = |ζ ′

1 − ζ ′

2|
2/t , then∣∣∣∣J (t, ζ ′

1)− 3J
(
t,

2ζ ′

1 + ζ ′

2

3

)
+ 3J

(
t,
ζ ′

1 + 2ζ ′

2

3

)
− J (t, ζ ′

2)

∣∣∣∣ 6 C‖h‖C0,α |ζ
′

1 − ζ ′

2|
1+α

for anyζ ′

1, ζ
′

2 ∈ B ′ with |ζ ′

1 − ζ ′

2| 6 1
2t

1/2. If |ζ ′

1 − ζ ′

2| > 1
2t

1/2, then from (4.37),∣∣∣∣J (t, ζ ′

1)− 3J
(
t,

2ζ ′

1 + ζ ′

2

3

)
+ 3J

(
t,
ζ ′

1 + 2ζ ′

2

3

)
− J (t, ζ ′

2)

∣∣∣∣
6 [J (t, ·)]Cα |ζ ′

1 − ζ ′

2|
α 6 C‖h‖C0,α t

1/2
|ζ ′

1 − ζ ′

2|
α 6 C‖h‖C0,α |ζ

′

1 − ζ ′

2|
1+α.

HenceJ ∈ C1+α(B ′), equivalently,J ∈ C1+α(B ′). This completes the proof.

4.2 Remark on the mild solution of the Navier–Stokes equation

In this section, we shall construct a mild solution of the Navier–Stokes equation with initial velocity
u0 ∈ Cα(Rn) and with layer potential termhHn−1

xΓt . Thanks to the estimates for the layer potential
term established in the previous section, we can obtain appropriate regularity for solutions in the
tangential directions toΓt . We recall that the mild solution of the Navier–Stokes equation which we
consider here is a solution of the integral equation

u(t) = et∆u0 −

∫ t

0
e(t−s)∆P∇ · u⊗ uds +

∫ t

0
e(t−s)∆PhHn−1

xΓs ds.

Now letα ∈ (0,1). Assume thatu0 ∈ Cα(Rn) satisfies∇ ·u0 = 0 andd0 is the distance function
of aC2+α hypersurfaceΓ0. Let R > 1 be a given number andT0 (< 1) be the number given by
Proposition 6.1 in the Appendix, depending only onn, d0, andR. Let T1 ∈ (0, T0] and{Γt }06t6T1

be an evolving hypersurface belonging toS(α, R, T1, d0). Then we have the following proposition.

PROPOSITION4.2 There exists aT 6 T1 such that there exists a unique mild solutionu ∈

Cα/2,α([0, T ] × Rn). The existence timeT can be taken uniformly inS(α, R, T1, d0). Moreover,
this solution satisfies the following estimates:

‖u‖Cα/2,α([0,T×Rn) 6 C‖u0‖Cα(Rn) + C1T
(1−α)/2

‖h‖C([0,T ]×D), (4.51)

sup
0<t<T

t (1−α)/2
‖u(t, ·)‖C1(Γt )

+ sup
0<t<T

t1/2‖u(t, ·)‖C1+α(Γt )
r

6 C‖u0‖Cα(Rn) + C2T
(1−α)/2

‖h‖C0,α([0,T ]×D), (4.52)

whereC = C(n, α), C1(n, α, d0, R), andC2(n, α, d0, R).
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Proof. We will follow the contraction argument by T. Kato [10]. Since this argument is well-known,
we only outline it. Set

F0 := et∆u0,

B(f, g) :=
∫ t

0
e(t−s)∆P∇ · f ⊗ g ds, f, g ∈ C0,α([0, T ] × Rn),

F :=
∫ t

0
e(t−s)∆PhHn−1

xΓs ds.

From the pointwise estimate of the kernelet∆P∇· in Lemma 4.1, it is not difficult to deduce the
estimate

‖B(f, g)‖Cα/2,α([0,T ]×Rn) 6 CT 1/2
‖f ‖C0,α([0,T ]×Rn)‖g‖C0,α([0,T ]×Rn) (4.53)

whereC depends only onn andα. Combining the estimates in Lemma 4.2 and Proposition 4.1, we
easily see that

G(w) := F0 − B(w,w)+ F (4.54)

is a contraction mapping from the closed ball inCα/2,α([0, T ] × Rn) with radius
2(‖F0‖C0,α([0,T ]×Rn) + ‖F‖C0,α([0,T ]×Rn)) into itself for sufficiently smallT 6 T1. This implies the
time-local existence of the unique solutionu. Note that the existence time can be taken uniformly in
S(α, R, T1, d0) since the constants in Proposition 4.1 do not depend on the family of hypersurfaces
in S(α, R, T1, d0). The estimate (4.51) is obvious. We shall show the estimate (4.52). Note that

‖∂xF0(t, ·)‖C(Rn) 6 Ct−(1−α)/2
‖u0‖Cα , [∂xF0(t, ·)]Cα(Rn) 6 Ct−1/2

‖u0‖Cα .

As for the nonlinear termB(f, g), we recall the estimates

‖∇et∆P∇ · f ‖C(Rn) 6 Ct−1
‖f ‖C(Rn), ‖∇et∆P∇ · f ‖C(Rn) 6 Ct−1/2

‖∇f ‖C(Rn),

for anyf ∈ (C1(Rn))n×n; for example, see [14, Corollary 3.1]. By interpolating, we have

‖∇et∆P∇ · f ‖C(Rn) 6 Ct−1+α/2
‖f ‖Cα . (4.55)

Hence

‖∇B(f, g)(t, ·)‖C(Rn) 6 C

∫ t

0
(t − s)−1+α/2

‖f ⊗ g(s)‖Cα(Rn) ds

6 Ctα/2‖f ‖C0,α([0,T ]×Rn)‖g‖C0,α([0,T ]×Rn),

thus
‖∇B(f, g)‖C([0,T ]×Rn) 6 CT α/2‖f ‖C0,α([0,T ]×Rn)‖g‖C0,α([0,T ]×Rn).

Next since the Helmholtz projectionP is bounded in the homogeneous counterpart ofCα(Rn), we
see that

[∇B(f, g)(t, ·)]Cα(Rn) 6 C

[
∇

∫ t

0
e(t−s)∆∇ · f ⊗ g ds

]
Cα(Rn)

.

Then, from the maximal regularity estimates for the heat equation (see [13]), we easily obtain

‖∇B(f, g)‖C0,α([0,T ]×Rn) 6 C‖f ‖C0,α([0,T ]×Rn)‖g‖C0,α([0,T ]×Rn). (4.56)

Combining the above estimates with the estimate forF in the tangential directions toΓt established
in Proposition 4.1, we obtain the desired estimates. This completes the proof.
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5. Construction of the solution for the free boundary problem

Now we return to the problem (FBP). In this section, we shall prove the main theorem. Letu0 ∈

Cα(Rn) satisfy∇ · u0 = 0. LetΓ0 be aC2+α hypersurface which is the boundary of a bounded
domainΩ0 and letd0 be the signed distance function ofΓ0. We setF0(t, ·) = et∆u0 and

M := 2(‖F0‖C0,α([0,∞)×Rn) + sup
t>0

t (1−α)/2
‖∂xF0(t, ·)‖C(Rn) + sup

t>0
t1/2[∂xF0(t, ·)]Cα(Rn)). (5.1)

Recall thatUM is the closed subset ofC0,α([0, T ] × Rn) defined as

UM = {u(t, x) ∈ C0,α([0, T ] × Rn); u(t, ·) ∈ C1+α(Rn), Lu := sup
0<t<T

‖u(t, ·)‖Cα(Rn)

+ sup
0<t<T

t (1−α)/2
‖∂xu(t, ·)‖C(Rn) + sup

0<t<T
t1/2[∂xu(t, ·)]Cα(Rn) 6 M}. (5.2)

From Proposition 3.1, there exists a positiveT1 such that for anyu ∈ UM , there exists a
unique family{Γ ut }06t6T1 of hypersurfaces evolving via the convected mean curvature equation
(3.1) starting fromΓ0. Moreover, this{Γ ut }06t6T1 belongs toS(α, R, T1, d0) with R = ‖d0‖C2+α +

2C(‖d0‖C2+α(D),Kf ,M); see (3.16). Letv be the signed distance function of{Γ ut }06t6T1. From
Proposition 3.2, we have

sup
0<t<T1

t1/2‖∂3
xv(t, ·)‖Cα(D′)

< ∞

for any open setD′
⊂⊂ D. Let T2 := min(T1, T0), whereT0 is the number given by Proposition

6.1. We set
C4 := sup

0<t<T2

t1/2‖∂3
xv(t, ·)‖Cα(

⋃m
k=1Ok)

, (5.3)

where {Ok}
m
k=1 is the family of open sets given by Proposition 6.1. Note thatC4 is bounded

uniformly with respect to functions belonging toUM . Set

F u(t, ·) :=
∫ t

0
e(t−s)∆Pσ1H

uνuHxΓ us ds, (5.4)

whereH u, νu are the mean curvature and the exterior unit normal vector ofΓ ut , respectively. We
remark that for the signed distance functionv, the exterior unit normal vectorνu(t, x) and the mean
curvatureH u(t, x) of the surfaceΓt are given by

νu(t, x) = ∇xv(t, x), (5.5)

H u(t, x) = −
1

n− 1
div ν(t, x) = −

1

n− 1
∆v(t, x). (5.6)

Sincev is a function on [0, T ] × D, ν andH u can also be regarded as functions on [0, T ] × D.
In particular, if{Γt }06t6T is an evolving hypersurface belonging toS(α, R, T , d0), then the mean
curvature vectorH uνu belongs toC0,α([0, T ] × D) as a function on [0, T ] × D. Moreover, if the
abovev satisfies sup0<t<T t

1/2
‖∂xv

3(t, ·)‖
Cα(D′)

< ∞ for an open setD′
⊂⊂ D, then

sup
0<t<T

t1/2‖∂xH
u(t, ·)‖

Cα(D′)
6 C sup

0<t<T
t1/2‖∂3

xv(t, ·)‖Cα(D′)
. (5.7)
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From Proposition 4.1, the functionF u satisfies

‖F u‖Cα/2,α([0,T2]×D) 6 σ1CT
(1−α)/2, (5.8)

sup
06t6T2

‖F u(t)‖C1+α(Γt )
6 σ1C, (5.9)

whereC depends only onn, α,R, andΓ0. SinceF u(t, ·) belongs toC1+α(Γ ut ) for eacht ∈ (0, T2],
we can construct a function inC1+α(Rn) as an extension ofγΓ ut F

u(t, ·), whereγΓ ut is the restriction
operator toΓ ut . We fix the extension as follows. Let{ϕk}

m
k=1, {ψk}mk=1 be local coordinate transforms

of {Γ ut }06t6T2 and{Ôk}
m
k=1 be the family of open sets given by Proposition 6.1. Let{ak}

m
k=1 be a

partition of unity for
⋃m
k=1 Ôk subordinate to{Ok}mk=1. Set

Ev1,k(F
u)(t, y) := F u(t, ψk(t, y

′,0)), y = (y′, y(n)) ∈ Rn, |y| 6 1,

Ev2,k(F
u)(t, x) :=

{
ak(x)E

v
1,k(F

u)(t, ϕk(t, x)), x ∈ Ok,

0, x /∈ Ok.

Moreover, we set

Ev(F u)(t, x) :=
m∑
k=1

Ev2,k(F
u)(t, x). (5.10)

Then obviouslyEv(F u)(t, x) = F u(t, x) for all x ∈ Γt and

‖Ev(F u)‖Cα/2,α([0,T2]×D) 6 C5σ1CT
(1−α)/2, (5.11)

sup
06t6T2

‖Ev(F u)(t)‖C1+α(Rn) 6 C5σ1C, (5.12)

where C5 depends only onn, R, and Γ0. Note that the partition of unity{ak}mk=1 can be
taken uniformly in

⋃
0<T6T2

S(α, R, T , d0). Moreover, although the extensionEv depends
on {Γ ut }06t6T2, the constantC5 is independent of the evolving hypersurface belonging to⋃

0<T6T2
S(α, R, T , d0). Let Ψ0(u) be the unique mild solution with initial velocityu0 and with

layer potentialσ1H
uνuHn−1

xΓt , i.e.,
Ψ0(u) = F0 + F u. (5.13)

Finally, we set
Ψ (u)(t, x) := F0 + Ev(F u). (5.14)

Clearly,Ψ is a mapping onUM . We shall show thatΨ is a contraction mappingUM into itself. From
the estimates (5.11), (5.12) and the definition ofM, we have

LΨ (u) 6 M/2 + C5σ1CT
(1−α)/2. (5.15)

Since each constant above is independent ofT , we see that for sufficiently smallT 6 T2, Ψ maps
UM into itself. Next we shall show thatΨ is a contraction mapping. Letu, ũ ∈ UM , andv, ṽ be
the signed distance functions of{Γ ut }06t6T , {Γ ũt }06t6T , respectively. From the construction of the
mapΨ , we see that

Ψ (u)(t, x)− Ψ (ũ)(t, x) = Ev(F u)(t, x)− Eṽ(F ũ)(t, x)

=

m∑
k=1

ak(x){F
u(t, ψk(t, ϕ

′

k(t, x),0))− F ũ(t, ψ̃k(t, ϕ̃
′

k(t, x),0))}.
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Thus it suffices to estimate

‖F u(·, ψk(·, ϕ
′

k(·, ·),0))− F ũ(·, ψ̃k(·, ϕ̃
′

k(·, ·),0))‖C0,α([0,T ]×Ck)
. (5.16)

By using the local coordinate transforms{ψk}
m
k=1, we see that (5.16) is equivalent to

sup
0<t<T

‖F u(t, ψk(t, y
′,0))− F ũ(t, ψ̃k(t, w

′

k(t, y),0))‖Cαy (B), (5.17)

wherew′

k(t, y) is defined as

w′

k(t, y) := (w
(1)
k (t, y), . . . , w

(n−1)
k (t, y)), (5.18)

w
(i)
k (t, y) := ϕ̃

(i)
k (t, ψk(t, y)). (5.19)

In fact, we have the following proposition.

PROPOSITION5.1 LetT0 be the positive number obtained in Proposition 6.1. Then for allT ∈

(0, T0],

sup
0<t<T

max
16k6m

‖F u(t, ψk(t, y
′,0))− F ũ(t, ψ̃k(t, w

′

k(t, y),0))‖Cαy (B)

6 CT 1/2(1 + sup
0<t<T

t1/2‖∂3
x ṽ(t, ·)‖Cα(

⋃m
k=1Ok)

)‖v − ṽ‖C1,2+α([0,T ]×
⋃m
k=1Ok)

, (5.20)

whereC depends only onn, α, r, andR.

The proof of the above proposition will be given in the Appendix; see Section 6.1. Here we
only give a simple explanation why the term sup0<t<T t

1/2
‖∂3
x ṽ(t, ·)‖Cα(

⋃m
k=1Ok)

appears in the

above estimate. In order to establish the above estimate, we have to calculate theC0,α-norm of
H(t, ψk(t, y

′,0))− H̃ (t, ψ̃k(t, y′,0)) whereH := H u
= −

1
n−1∆v andH̃ := H ũ

= −
1
n−1∆ṽ. By

decomposing this term as

H(t, ψk(t, y
′,0))− H̃ (t, ψk(t, y

′,0))+ H̃ (t, ψk(t, y
′,0))− H̃ (t, ψ̃k(t, y

′,0)),

we see that the term sup0<t<T t
1/2

‖∂3
x ṽ(t, ·)‖Cα(

⋃m
k=1Ok)

appears when we estimate this term by the
mean value theorem.

From the above proposition, we have

‖Ψ (u)− Ψ (ũ)‖C0,α([0,T ]×Rn) 6 σ1CT
1/2(1 + C4)‖v − ṽ‖C1,2+α([0,T ]×D),

whereC depends only onn, α, Γ0, andM. On the other hand, from Proposition 3.3,

‖v − ṽ‖C1,2+α([0,T ]×D) 6 C‖u− ũ‖C0,α([0,T ]×Rn), (5.21)

whereC depends only onn, α, σ2, Γ0, andM. Collecting the above two estimates, we see thatΨ is
a contraction onUM for sufficiently smallT .

Therefore,Ψ has a unique fixed pointu∗
∈ UM . Sinceu∗

= Ψ (u∗), from the definition ofΨ0,
we have

Ψ0(u
∗)(t, x) = F0(t, x)+ F u

∗

(t, x) = F0(t, x)+ Ev
∗

(F u
∗

)(t, x) = Ψ (u∗)(t, x) = u∗(t, x)
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for any(t, x) ∈
⋃

06t6T {t} × Γ u
∗

t . Hence,{Γ u
∗

t }06t6T evolves by the equation
dx

dt
= σ2H

∗(t, x)ν∗(t, x)+ u∗(t, x) = σ2H
∗(t, x)ν∗(t, x)+ Ψ0(u

∗)(t, x),

x(0) = x0 ∈ Γ0,

that is, the pair(Ψ0(u
∗), {Γ u

∗

t }06t6T ) is a solution of our free boundary problem.
Although the above mappingΨ depends on the particular extension, we can show that the

solution, in fact, does not, and is unique in the class stated in the main theorem. To see this, let
(u, {Γt }06t6T ) be another solution for (FBP). Letv be the signed distance function of{Γt }06t6T .
Thenv ∈ C1,2+α([0, T ] × D) whereD = {x ∈ Rn; −δ < d0(x) < δ} for sufficiently small
δ > 0. Since{Γt }06t6T evolves by the equation in (BC),v satisfies (3.6). An important fact is that
for any x ∈ D, the pointx − v(t, x)∇xv(t, x) must belong toΓt by the definition of the signed
distance function. This implies that for anyũ satisfyingũ = u on

⋃
06t6T {t} × Γt , the function

v is also a solution of (3.6) with̃u instead ofu. This proves that the solution(u, {Γt }06t6T ) does
not depend on the particular extension, and the above(Ψ0(u

∗), {Γ u
∗

t }06t6T ) is the unique solution
solving (FBP) in the class stated in the theorem. Now the proof of the main theorem is complete.

6. Appendix

6.1 Proof of Proposition 5.1

The proof is by direct calculation, essentially the same as in the proof of Proposition 4.1.
For simplicity, we write‖v − ṽ‖C1,2+α , ‖∂x ṽ(t, ·)‖C2+α instead of‖v − ṽ‖C1,2+α([0,T ]×

⋃m
k=1Ok)

,

‖∂x ṽ(t, ·)‖C2+α(
⋃m
k=1Ok)

, respectively. We also writew′

h(y) instead ofw′

h(t, y). First note that by
(4.31), it suffices to estimate

Ii,j,k(t, s, ψh(t, y′,0))− Ĩi,j,k(t, s, ψ̃h(t, w′

h(y),0))

=

∫
Rn−1

Ki,j (t − s, ψh(t, y
′,0)− ψk(s, ξ

′,0))Υ1(s, ξ
′)dξ ′

−

∫
Rn−1

Ki,j (t − s, ψ̃h(t, w
′

h(y),0)− ψ̃k(s, ξ
′,0))Υ̃1(s, ξ

′)dξ ′, (6.1)

where

Υ1(s, ξ
′) = ak(ψk(s, ξ

′,0))(Hνj )(s, ψk(s, ξ
′,0))Jψk (s, ξ

′), (6.2)

Υ̃1(s, ξ
′) = ak(ψ̃k(s, ξ

′,0))(H̃ ν̃j )(s, ψ̃k(s, ξ
′,0))Jψ̃k (s, ξ

′). (6.3)

Set

B1 := {y = (y′, y(n)) ∈ B; (y′,0) ∈ B ′

1}, (6.4)

B2 := {y = (y′, y(n)) ∈ B; (y′,0) ∈ B ′

2}. (6.5)

Here,B ′

1 andB ′

2 are the subsets ofB ′
= {(y′,0); |y′

| < 1} defined by (4.40) and (4.41). We have
B = B1 ∪ B2 and, as in the proof of Proposition 4.1, forf ∈ C(B),

‖f ‖Cα(B) 6 C(‖f ‖Cα(B1)
+ ‖f ‖Cα(B2)

), (6.6)

whereC depends only onn, δ1, r, andR.
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Hence we shall estimate

‖Ii,j,k(t, s, ψh(t, y′,0))− Ĩi,j,k(t, s, ψ̃h(t, w′

h(y),0))‖Cαy (B1)

and

‖Ii,j,k(t, s, ψh(t, y′,0))− Ĩi,j,k(t, s, ψ̃h(t, w′

h(y),0))‖Cαy (B2)
.

If y ∈ B1, then there exists a point(ζ ′,0) = (ζ ′(y′),0) ∈ B such thatψh(t, y′,0) = ψk(t, ζ
′,0).

In this case, sinceψh(t, y′,0) ∈ Ok, we see that̃ψh(t, w′

h(y),0) ∈ ψ̃k(t, B) for all t ∈ [0, T ] if
‖v − ṽ‖C1,2+α is sufficiently small. Indeed, note that sinceψh(0, y) = ψ̃h(0, y), by Proposition 6.1
in Section 6.2 below, we have

|ψh(t, y
′,0)− ψ̃h(t, w

′

h(y),0)| 6 |ψh(t, y
′,0)− ψ̃h(t, y

′,0)| + |ψ̃h(t, y
′,0)− ψ̃h(t, w

′

h(y),0)|

6 ‖∂tψh − ∂t ψ̃h‖C([0,T ]×B)T + ‖∂yψ̃h‖C([0,T ]×B)|y
′
− w′

h(y)|

6 CT ‖v − ṽ‖C1,2+α + C|y′
− w′

h(y)|, (6.7)

whereC depends only onn, r, andR. We also have

|y′
− w′

h(y)| = |ϕ′

h(t, ψh(t, y))− ϕ̃′

h(t, ψh(t, y))| 6 ‖ϕh(t, ·)− ϕ̃h(t, ·)‖C(Oh)

6 T ‖∂tϕh − ∂t ϕ̃h‖C([0,T ]×Oh)
6 CT ‖v − ṽ‖C1,2+α . (6.8)

Combining these withOk ⊂⊂
⋂

06t6T ψ̃k(t, B), we obtainψ̃h(t, w′

h(y),0) ∈ ψ̃k(t, B) for t ∈

[0, T ] if ‖v − ṽ‖C1,2+α 6 ε1, ε1 is sufficiently small. Note thatε1 can be taken depending only on
n, r, andR. We omit the details.

Since ψ̃h(t, w′

h(y),0) ∈ ψ̃k(t, B), there exists a point(η′,0) = (η′(y),0) ∈ B such that
ψ̃h(t, w

′

h(y),0) = ψ̃k(t, η
′,0). Thus, ify ∈ B1, then we can decompose

Ii,j,k(t, s, ψh(t, y′,0))− Ĩi,j,k(t, s, ψ̃h(t, w′

h(y),0)) = O1(t, s, y)+O2(t, s, y), (6.9)

where

O1(t, s, y) := Ii,j,k(t, s, ψh(t, y′,0))− Ĩi,j,k(t, s, ψ̃k(t, ζ ′(y′),0))

= Ii,j,k(t, s, ψk(t, ζ ′(y′),0))− Ĩi,j,k(t, s, ψ̃k(t, ζ ′(y′),0)), (6.10)

O2(t, s, y) := Ĩi,j,k(t, s, ψ̃k(t, ζ ′(y′),0))− Ĩi,j,k(t, s, ψ̃h(t, w′

h(y),0))

= Ĩi,j,k(t, s, ψ̃k(t, ζ ′(y′),0))− Ĩi,j,k(t, s, ψ̃k(t, η′(y),0)). (6.11)

We first estimateO1. By the definition ofIi,j,k, the functionO1 is expressed as

O1(t, s, y) = Υ7(t, s, y)+ Υ8(t, s, y),

Υ7(t, s, y) :=
∫

Rn−1
Ki,j (t − s, ψk(t, ζ

′(y′),0)− ψk(s, ξ
′,0))(Υ1 − Υ̃1)(s, ξ

′)dξ ′,

Υ8(t, s, y) :=
∫

Rn−1
Υ9(t, s, y, ξ

′)Υ̃1(s, ξ
′)dξ ′,
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where

Υ9(t, s, y, ξ
′)

:= Ki,j (t − s, ψk(t, ζ
′(y′),0)− ψk(s, ξ

′,0))−Ki,j (t − s, ψ̃k(t, ζ
′(y′)− ψ̃k(s, ξ

′,0),0)

=

∫ 1

0
〈Υ10(t, s, y, ξ

′), Υ11(t, s, y, ξ
′, τ1)〉 dτ1,

with

Υ10(t, s, y, ξ
′) := ψk(t, ζ

′(y′),0)− ψk(s, ξ
′,0)− ψ̃k(t, ζ

′(y′),0)+ ψ̃k(s, ξ
′,0),

Υ11(t, s, y, ξ
′, τ1) := (∇xKi,j )(t − s, τ1Υ10(t, s, y, ξ

′)+ ψ̃k(t, ζ
′(y′),0)− ψ̃k(s, ξ

′,0)).

First we shall estimateΥ8. Using the mean value theorem, we see that

|Υ10(t, s, y, ξ
′)| 6 |ψk(t, ζ

′(y′),0)− ψk(s, ζ
′(y′),0)− (ψ̃k(t, ζ

′(y′),0)− ψ̃k(s, ζ
′(y′),0))|

+ |ψk(s, ζ
′(y′),0)− ψk(s, ξ

′,0)− (ψ̃k(s, ζ
′(y′),0)− ψ̃k(s, ξ

′,0))|

6 ‖∂tψk − ∂t ψ̃k‖C([0,T ]×B)(t − s)+ ‖∂yψk − ∂yψ̃k‖C([0,T ]×B)|ζ
′(y′)− ξ ′

|

6 C‖v − ṽ‖C1,2+α (t − s + T (1+α)/2
|ζ ′(y′)− ξ ′

|),

and fory1, y2 ∈ B1,

|Υ10(t, s, y1, ξ
′)− Υ10(t, s, y2, ξ

′)| 6 CT (1+α)/2
‖v − ṽ‖C1,2+α |y1 − y2|.

From Lemma 4.1 and (4.25), we have

|Υ11(t, s, y, ξ
′, τ1)|

6 C(t − s)−(n+1)/2
(

1 +
|τ1Υ10(t, s, y, ξ

′)+ ψ̃k(t, ζ
′(y′),0)− ψ̃k(s, ξ

′,0)|

(t − s)1/2

)−(n+1)

6 C(t − s)−(n+1)/2
(

1 +
r2

|ζ ′(y′)− ξ ′
|

64R2(t − s)1/2

)−(n+1)

.

Fory1, y2 ∈ B1, it follows that

|Υ
(l)
11 (t, s, y1, ξ

′, τ1)− Υ
(l)
11 (t, s, y2, ξ

′, τ1)|

=

∣∣∣∣∫ 1

0
〈Υ12(t, s, y1, y2, ξ

′, τ1), Υ13(t, s, y1, y2, ξ
′, τ1, τ2)〉 dτ2

∣∣∣∣,
where

Υ12(t, s, y1, y2, ξ
′, τ1) := τ1Υ10(t, s, y1, ξ

′)+ ψ̃k(t, ζ
′(y′

1),0)− ψ̃k(s, ξ
′,0)

− (τ1Υ10(t, s, y2, ξ
′)+ ψ̃k(t, ζ

′(y′

2),0)− ψ̃k(s, ξ
′,0))

= τ1(ψk(t, ζ
′(y′

1),0)− ψk(t, ζ
′(y′

2),0))

+ (1 − τ1)(ψ̃k(t, ζ
′(y′

1),0)− ψ̃k(t, ζ
′(y′

2),0)),

Υ13(t, s, y1, y2, ξ
′, τ1, τ2) := (∇x∂xlKi,j )(t − s, Υ14(t, s, y1, y2, ξ

′, τ1, τ2)),

Υ14(t, s, y1, y2, ξ
′, τ1, τ2) := τ2Υ12(t, s, y1, y2, ξ

′, τ1)+ τ1Υ10(t, s, y2, ξ
′)

+ ψ̃k(t, ζ
′(y′

2),0)− ψ̃k(s, ξ
′,0).
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We have
|Υ12(t, s, y1, y2, ξ

′, τ1)| 6 C|y1 − y2|,

and from (4.25),

|Υ14(t, s, y1, y2, ξ
′, τ1, τ2)| >

r2

64R2
|τ2ζ

′(y′

1)+ (1 − τ2)ζ
′(y′

2)− ξ ′
|.

Thus, from Lemma 4.1, we have

|Υ
(l)
11 (t, s, y1, ξ

′, τ1)− Υ
(l)
11 (t, s, y2, ξ

′, τ1)|

6 C|y1 − y2|(t − s)−n/2−1
∫ 1

0

(
1 +

|Υ14(t, s, y1, y2, ξ
′, τ1, τ2)|

(t − s)1/2

)−(n+2)

dτ2

6 C|y1 − y2|(t − s)−n/2−1
∫ 1

0

(
1 +

r2
|τ2ζ

′(y′

1)+ (1 − τ2)ζ
′(y′

2)− ξ ′
|

64R2(t − s)1/2

)−(n+2)

dτ2,

whereC depends only onn, r, andR.
Collecting the above, we obtain

|Υ9(t, s, y, ξ
′)|

6
∫ 1

0
|Υ10(t, s, y, ξ

′)| |Υ11(t, s, y, ξ
′, τ1)| dτ1

6 C‖v − ṽ‖C1,2+α (t − s + T (1+α)/2
|ζ ′(y′)− ξ ′

|)(t − s)−(n+1)/2
(

1 +
r2

|ζ ′(y′)− ξ ′
|

64R2(t − s)1/2

)−(n+1)

,

so
‖Υ8(t, s, ·)‖C(B1)

6 C(1 + T (1+α)/2(t − s)−1/2)‖v − ṽ‖C1,2+α , (6.12)

whereC depends only onn, r, andR. Moreover, fory1, y2 ∈ B1 with |y1 − y2| 6 (t − s)1/2,

|Υ9(t, s, y1, ξ
′)− Υ9(t, s, y2, ξ

′)|

6
∫ 1

0
|〈Υ10(t, s, y1, ξ

′)− Υ10(t, s, y2, ξ
′), Υ11(t, s, y1, ξ

′, τ1)〉| dτ1

+

∫ 1

0
|〈Υ10(t, s, y2, ξ

′), Υ11(t, s, y1, ξ
′, τ1)− Υ11(t, s, y2, ξ

′, τ1)〉| dτ1

6 CT (1+α)/2
‖v − ṽ‖C1,2+α |y1 − y2|(t − s)−(n+1)/2

(
1 +

r2
|ζ ′(y′

1)− ξ ′
|

64R2(t − s)1/2

)−(n+1)

+ C‖v − ṽ‖C1,2+α (t − s + T (1+α)/2
|ζ ′(y′

2)− ξ ′
|)|y1 − y2|(t − s)−n/2−1

×

∫ 1

0

(
1 +

r2
|τ2ζ

′(y′

1)+ (1 − τ2)ζ
′(y′

2)− ξ ′
|

64R2(t − s)1/2

)−(n+2)

dτ2,

and using the inequality

|ζ ′(y′

2)− ξ ′
| 6 |τ2(ζ

′(y′

2)− ζ ′(y′

1))| + |τ2ζ
′(y′

1)+ (1 − τ2)ζ
′(y′

2)− ξ ′
|

6 C|y1 − y2| + |τ2ζ
′(y′

1)+ (1 − τ2)ζ
′(y′

2)− ξ ′
|

6 C(t − s)1/2 + |τ2ζ
′(y′

1)+ (1 − τ2)ζ
′(y′

2)− ξ ′
|,
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we have

|Υ9(t, s, y1, ξ
′)− Υ9(t, s, y2, ξ

′)|

6 C‖v − ṽ‖C1,2+α |y1 − y2|

{
T (1+α)/2(t − s)−(n+1)/2

(
1 +

r2
|ζ ′(y′

1)− ξ ′
|

64R2(t − s)(1)/2

)−(n+1)

+ (t − s)−n/2
∫ 1

0

(
1 +

r2
|τ2ζ

′(y′

1)+ (1 − τ2)ζ
′(y′

2)− ξ ′
|

64R2(t − s)1/2

)−(n+2)

dτ2

+ T (1+α)/2(t − s)−n/2−1
∫ 1

0
(C(t − s)1/2 + |τ2ζ

′(y′

1)+ (1 − τ2)ζ
′(y′

2)− ξ ′
|)

·

(
1 +

r2
|τ2ζ

′(y′

1)+ (1 − τ2)ζ
′(y′

2)− ξ ′
|

64R2(t − s)1/2

)−(n+2)

dτ2

}
.

Hence using Fubini’s theorem, we have fory1, y2 ∈ B1 with |y1 − y2| 6 (t − s)1/2,

|Υ8(t, s, y1)− Υ8(t, s, y2)| 6
∫

Rn−1
|Υ9(t, s, y1, ξ

′)− Υ9(t, s, y2, ξ
′)| |Υ̃1(s, ξ

′)| dξ ′

6 C‖v − ṽ‖C1,2+α |y1 − y2|{T
(1+α)/2(t − s)−1

+ (t − s)−1/2
},

whereC depends only onn, r, andR. On the other hand, fory1, y2 ∈ B1 with |y1−y2| > (t−s)1/2,
from (6.12) we have

|Υ8(t, s, y1)− Υ8(t, s, y2)| 6 2‖Υ8(t, s, ·)‖C(B1)

6 C‖v − ṽ‖C1,2+α (1 + T (1+α)/2(t − s)−1/2)

6 C‖v − ṽ‖C1,2+α ((t − s)−1/2
+ T (1+α)/2(t − s)−1)|y1 − y2|.

Thus for ally1, y2 ∈ B2, we obtain

|Υ8(t, s, y1)− Υ8(t, s, y2)| 6 C‖v − ṽ‖C1,2+α ((t − s)−1/2
+ T (1+α)/2(t − s)−1)|y1 − y2|,

which implies that

|Υ8(t, s, y1)− Υ8(t, s, y2)| 6 C‖v − ṽ‖C1,2+α ((t − s)−α/2 + T (1+α)/2(t − s)−(1+α)/2)|y1 − y2|
α,

or

[Υ8(t, s, ·)]Cα(B1)
6 C‖v − ṽ‖C1,2+α ((t − s)−α/2 + T (1+α)/2(t − s)−(1+α)/2), (6.13)

whereC depends only onn, r, andR.
Next we shall estimateΥ7. By the definition ofΥ1, Υ̃1, from Lemma 2.1,

|(Υ1 − Υ̃1)(s, ξ
′)| 6 CT α/2(1 + sup

0<t<T
t1/2‖∂3

x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α ,

whereC depends only onn, r, andR. Thus together with the pointwise estimate in Lemma 4.1 and
(4.23), we have

‖Υ7(t, s, ·)‖Cα(B1)
6 CT α/2(t − s)−1+α/2(1 + sup

0<t<T
t1/2‖∂3

x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α ,

whereC depends only onn, r, andR.
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The estimate forO2 is also obtained by direct calculations as above:

‖O2(t, s, ·)‖Cα(B1)

6 CT (1+α)/2(t − s)−1/2(1 + s−1/2 sup
0<t<T

t1/2‖∂3
x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α . (6.14)

Next we shall estimate

‖Ii,j,k(t, s, ψh(t, y′,0))− Ĩi,j,k(t, s, ψ̃h(t, w′

h(y),0))‖Cαy (B2)
.

Let ε2 ∈ (0, ε1] be a small positive number to be determined later. From (6.1) we decompose

Ii,j,k(t, s, ψh(t, y′,0))− Ĩi,j,k(t, s, ψ̃h(t, w′

h(y),0)) = O3(t, s, y)+O4(t, s, y),

where

O3(t, s, y) :=
∫

Rn−1
Ki,j (t − s, ψh(t, y

′,0)− ψk(s, ξ
′,0))(Υ1 − Υ̃1)(s, ξ

′)dξ ′,

O4(t, s, y) :=
∫

Rn−1

(
Ki,j (t − s, ψh(t, y

′,0)− ψk(s, ξ
′,0))

−Ki,j (t − s, ψ̃h(t, w
′

h(y),0)− ψ̃k(s, ξ
′,0))

)
Υ̃1(s, ξ

′)dξ ′.

Let ‖v − ṽ‖C1,2+α 6 ε2. SinceT 6 T0 < 1, if ψ̃k(s, ξ ′,0) ∈ suppak then for ally ∈ B2,

|ψh(t, y
′,0)− ψk(s, ξ

′,0)| > |ψh(t, y
′,0)− ψ̃k(s, ξ

′,0)| − |ψk(s, ξ
′,0)− ψ̃k(s, ξ

′,0)|

> δ1/2 − CT ‖v − ṽ‖C1,2+α > δ1/2 − Cε2 > δ1/4

for sufficiently smallε2. Thus, from Lemma 4.1 and the estimate (6.1), for ally ∈ B2,

|O3(t, s, y)|

6 C

∫
B ′

(t − s)−n/2
(

1 +
|ψh(t, y

′,0)− ψk(s, ξ
′,0)|

(t − s)1/2

)−n

|(Υ1 − Υ̃1)(s, ξ
′)| dξ ′

6 C

∫
B ′

(t − s)−n/2
(

1 +
δ1

4(t − s)1/2

)−n

dξ ′(1 + s−1/2 sup
0<t<T

t1/2‖∂3
x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α

6 C(1 + s−1/2 sup
0<t<T

t1/2‖∂3
x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α ,

whereC depends only onn, r andR.
Fory1, y2 ∈ B2 with |y1 −y2| 6 ε2, we see that for allξ ′

∈ B ′ satisfyingψk(s, ξ ′,0) ∈ suppak
or ψ̃k(s, ξ ′,0) ∈ suppak,

|τ1(ψh(t, y
′

1,0)− ψk(s, ξ
′,0))+ (1 − τ1)(ψh(t, y

′

2,0)− ψk(s, ξ
′,0))|

> |ψh(t, y
′

2,0)− ψk(s, ξ
′,0)| − |ψh(t, y

′

1,0)− ψh(t, y
′

2,0)| > δ1/4 − C|y1 − y2|,

whereC depends onn, r, andR. Hence ifε2 is sufficiently small, then, fory1, y2 ∈ B2 with
|y1 − y2| 6 ε2,
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|O3(t, s, y1)−O3(t, s, y2)|

=

∣∣∣∣∫
B ′

∫ 1

0
〈ψh(t, y

′

1,0)− ψh(t, y
′

2,0),

(∇xKi,j )(t − s, τ1ψh(t, y
′

1,0)+ (1 − τ1)ψh(t, y
′

2,0)− ψk(s, ξ
′,0))〉 dτ1 (Υ1 − Υ̃1)(s, ξ

′)dξ ′

∣∣∣∣
6 C|y1 − y2|(t − s)−(n+1)/2

×

(
1 +

δ1

8(t − s)1/2

)−(n+1)

(1 + s−1/2 sup
0<t<T

t1/2‖∂3
x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α

6 C|y1 − y2|(1 + s−1/2 sup
0<t<T

t1/2‖∂3
x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α ,

whereC depends onn, r, andR. If |y1 − y2| > ε2, then

|O3(t, s, y1)−O3(t, s, y2)| 6 2‖O3(t, s, ·)‖C(B2)

6 C(1 + s−1/2 sup
0<t<T

t1/2‖∂3
x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α

6 C(1 + s−1/2 sup
0<t<T

t1/2‖∂3
x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α |y1 − y2|/ε2,

whereC depends onn, r, andR. Similarly, if ‖v − ṽ‖C1,2+α 6 ε2, it is not difficult to see that

‖O4(t, s, ·)‖Cα(B2)
6 C‖v − ṽ‖C1,2+α ,

whereC depends onn, r, andR.
Collecting these, if‖v − ṽ‖C1,2+α 6 ε2, we have

‖Ii,j,k(t, s, ψh(t, y′,0))− Ĩi,j,k(t, s, ψ̃h(t, w′

h(y),0))‖Cαy (B2)

6 C(1 + s−1/2 sup
0<t<T

t1/2‖∂3
x ṽ(t, ·)‖Cα )‖v − ṽ‖C1,2+α (6.15)

whereC depends onn, r, andR. Note thatε2 depends only onn, r, andR. By Proposition 4.1, we
easily see that

‖Ii,j,k(t, s, ψh(t, y′,0))‖Cαy (B2)
+ ‖Ĩi,j,k(t, s, ψ̃h(t, w′

h(y),0))‖Cαy (B2)
6 C,

whereC depends onn, r, andR. Hence, the estimate (6.15) holds for allv, ṽ with a constantC
depending only onn, r, andR. This completes the proof.

6.2 Implicit function theorem

LetΓ0 be the boundary of a smooth bounded domainΩ0. Letd0 be the signed distance function and
we set

D = {x ∈ Rn; −δ0 < d0(x) < δ0}.

In order to estimate the term ∫ t

0
e(t−s)∆PHνHn−1

xΓs ds,
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we need some information on the local coordinate transforms{ϕj } associated with{Γt }06t6T
belonging toS(α, R, T , d0). Let r be the number given by (4.11). ForA ⊂ Rn andρ > 0, we
set

(A)ρ := {x ∈ Rn; dist(x,A) < ρ}.

PROPOSITION6.1 LetR > 1 andα ∈ (0,1). Then there exists a positiveT0 depending only on
r andR such that for allT ∈ (0, T0] and {Γt }06t6T ∈ S(α, R, T , d0), the following holds. There
exist a family of open sets{Uj }mj=1, Uj ⊂ D, and a family of functions{ϕj (t, x)}mj=1, ϕj (t, x) ∈

C1,2+α([0, T ] × Uj ), satisfying the following conditions:

(i) For eacht ∈ [0, T ], there exists an open setUj (t) ⊂ Uj such that:

(i1) The functionsϕj (t, ·) : Uj (t) → B (B := {y ∈ Rn; |y| < 1}) areC2-diffeomorphisms.
(i2) For eacht ∈ [0, T ],

ϕj (t, {Uj (t) ∩Ωt }) = {y ∈ B; yn > 0}

ϕj (t, {Uj (t) ∩ Γt }) = B ′ (B ′ := {y ∈ B; yn = 0}.

(i3) For someρ > 0, there exist families of open balls{Oj }mj=1 and{Ôj }
m
j=1 such that

Ôj ⊂⊂ Oj , (6.16)

Oj ⊂⊂

⋂
06t6T

ϕ−1
j (t, B), 1 6 j 6 m, (6.17)

⋃
06t6T

(Γt )ρ ⊂⊂

m⋃
j=1

Ôj . (6.18)

The aboveρ, {Uj }
m
j=1, {Oj }

m
j=1, and {Ôj }

m
j=1 are taken independently with respect to each

evolving hypersurface belonging to
⋃

0<T6T0
S(α, R, T , d0). In particular, we can takeρ =

r2

(32R)2(1+R/r)
, Ôj = {|x − x̄j | < 3ρ}, andOj = {|x − x̄j | < 4ρ} for somex̄j ∈ Γ0.

(ii) Setψj (t, y) := ϕ−1
j (t, y) : B → Uj (t). Then there exists a positive constantC depending only

onn, r, andR such that

‖ϕj‖C1,2+α([0,T ]×Uj )
, ‖ψj‖C1,2+α([0,T ]×B) 6 C(1 + ‖v‖C1,2+α([0,T ]×D)).

Proof. The assertions essentially follow from the implicit function theorem. However, we shall give
the proof for the convenience to the reader.

For anyx̄ ∈ Γ0, there existsi0 ∈ {1, . . . , n} such that

max
16i6n

|∂iv(0, x̄)| = |∂i0v(0, x̄)| > r.

Without loss of generality we may assume thati0 = n and∂nv(0, x̄) > r > 0. We setη := r2/32R
andVx̄ := {|x′

− x̄′
| < η}, Wx̄(n) := {|x(n) − x̄(n)| < 4η/r}. Then it is easy to see thatUx̄ :=

Vx̄′ ×Wx̄(n) ⊂ D and
∂nv(t, x) > r/2, (t, x) ∈ [0, T ] × U x̄,
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if T is sufficiently small. Now consider the function ofx(n) defined asv(0,x̄
′)(x(n)) := v(0, x̄′, x(n)).

Thenv(0,x̄
′) is strictly increasing andv(0,x̄

′)(x̄(n)) = 0. Thus, fory ∈ W x̄(n) ,

y > x̄(n) ⇔ v(0, x̄′, y) = v(0,x̄
′)(y) > 0.

y < x̄(n) ⇔ v(0, x̄′, y) = v(0,x̄
′)(y) < 0.

In particular,

α1 := v(0, x̄′, x̄(n) + 4η/r) > 0> v(0, x̄′, x̄(n) − 4η/r) =: α2.

Each|αi | is estimated from below as|αi | > 4η. Indeed,

v(0, x̄′, x̄(n) + 4η/r) = v(0, x̄′, x̄(n) + 4η/r)− v(0, x̄′, x̄(n))

=

∫ 4η/r

0
∂nv(0, x̄

′, x̄(n) + s)ds > 4η.

The estimate forα2 is similarly obtained. From this, we can see that, for(t, x′) ∈ [0, T ] × V x̄′ ,

v(t, x′, x̄(n) + 4η/r) > 2η > 0> −2η > v(t, x′, x̄(n) − 4η/r),

for sufficiently smallT .
Since the functionv(t,x

′)(x(n)) := v(t, x′, x̄(n)) is also strictly increasing onW x̄(n) , for any
(t, x′) ∈ [0, T ] × V x̄′ there exists a uniquex(n) ∈ W x̄(n) such that

v(t, x′, x(n)) = 0.

We write this correspodence asx(n) = gx̄(t, x
′). Note that

y > x(n) ⇔ v(t, x′, y) > 0, (6.19)

y < x(n) ⇔ v(t, x′, y) < 0. (6.20)

By definition, x̄(n) = gx̄(0, x′) andv(t, x′, gx̄(t, x
′)) = 0 for (t, x′) ∈ [0, T ] × V x̄′ . Conversely,

if (t, x′, x(n)) ∈ [0, T ] × V x̄′ × W x̄(n) and v(t, x′, x(n)) = 0, then sincev(t,x
′)(x(n)) is strictly

increasing onW x̄(n) , we must havex(n) = gx̄(t, x
′). It is not difficult to check thatgx̄(t, x′) ∈

C1,2+α([0, T ] × U x̄). In fact, the first derivatives ofgx̄ are given by

∂tgx̄(t, x
′) = −

∂tv(t, x
′, gx̄(t, x

′))

∂nv(t, x′, gx̄(t, x′))
, (6.21)

∂igx̄(t, x
′) = −

∂iv(t, x
′, gx̄(t, x

′))

∂nv(t, x′, gx̄(t, x′))
, 1 6 i 6 n− 1, (6.22)

and these are estimated as

‖∂tg‖C([0,T ]×V x̄j )
, ‖∂xg‖C([0,T ]×V x̄j )

6 2R/r.

Let N > 1 be a sufficiently large number to be determined later. SinceΓ0 is compact, there
exists a sequence{x̄j }mj=1 ⊂ Γ0 such that

Γ0 ⊂

m⋃
j=1

{|x − x̄j | < η/2N} ⊂

m⋃
j=1

Ux̄j .
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Moreover, there exists a positive numberρ > 0 such that

(Γ0)ρ ⊂

m⋃
j=1

{|x − x̄j | < 3η/2N}, (6.23)

where(Γ0)ρ = {x ∈ D; dist(x, Γ0) < ρ}.
In fact, we can takeρ = η/N . To see this, we take anyx ∈ (Γ0)ρ , for thisρ. Then there exists

a pointz ∈ Γ0 such that
|x − z| = dist(x, Γ0).

SinceΓ0 ⊂
⋃m
j=1{|x − x̄j | < η/2N}, we havez ∈ {|x − x̄j | < η/2N} for somej . Hence

|x − x̄j | 6 |x − z| + |z− x̄j | <
3η

2N
,

and the claim follows.
We also have, for sufficiently smallT ,⋃

06t6T

Γt ⊂ (Γ0)ρ . (6.24)

To see this, note that sinceD \ (Γ0)ρ is compact, we have

r ′ := min{|v(0, x)|; x ∈ D \ (Γ0)ρ} > 0.

So it follows that
{x ∈ D; |v(0, x)| < r ′} ⊂ (Γ0)ρ .

Since eachx ∈ Γt satisfiesv(t, x) = 0, we have

|v(0, x)| = |v(0, x)− v(t, x)| 6 RT < r ′

if T is sufficiently small. This proves that
⋃

06t6T Γt ⊂ (Γ0)ρ .
Next we shall show that for allt ∈ (0, T ],

(Γt )ρ ⊂⊂

m⋃
j=1

Ôj , (6.25)

whereÔj := {|x − x̄j | < 3η/N}. Indeed, forx ∈ (Γt )ρ , there existsz ∈ Γt such that|x − z| =

dist(x, Γt ) < ρ. SinceΓt ⊂ (Γ0)ρ ⊂
⋃m
j=1{|x − x̄j | < 3η/2N}, for somej we have

|x − x̄j | 6 |x − z| + |z− x̄j | <
5η

2N
,

which shows the above claim.
Now letψj (t, y) = (ψ

(1)
j (t, y), . . . , ψ

(n)
j (t, y)) be a function on [0, T ] × B defined as follows:

ψ
(i)
j (t, y) :=

η

2R
y(i) + x̄

(i)
j , 1 6 i 6 n− 1, (6.26)

ψ
(n)
j (t, y) :=

η

2R
y(n) + gx̄j

(
t,
η

2R
y′

+ x̄′

j

)
. (6.27)
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Note that sinceη2R y
′
+ x̄′

j ∈ Vx̄′
j

for |y′
| 6 1,ψj is well-defined. From now on, we writegj instead

of gx̄j . Since we have

|ψ
(n)
j (t, y)− x̄

(n)
j | 6

η

2R
|y(n)| +

∣∣∣∣gj(t, η2Ry′
+ x̄′

j

)
− gj (0, x̄

′

j )

∣∣∣∣
6

η

2R
+ ‖∂xgj‖C([0,T ]×V x̄j )

η

2R
+ T ‖∂tgj‖C([0,T ]×V x̄j )

6
η

2R
+

2R

r

(
η

2R
+ T

)
,

if we takeT 6 η/2R, thenψ (n)j (t, y) ∈ W
x̄
(n)
j

for all y ∈ B. Thusψj (t, B) ⊂ Ux̄j and we have the

inverse function ofψj given by

ϕ
(i)
j (t, x) :=

2R

η
(x(i) − x̄

(i)
j ), 1 6 i 6 n− 1, (6.28)

ϕ
(n)
j (t, x) :=

2R

η
(x(n) − gj (t, x

′)). (6.29)

Note thatϕj can be defined on [0, T ] × U x̄j . Obviouslyϕj : Uj (t) := ψj (t, B) → B is a
C2-diffeomorphism. Now we claim that ifN is sufficiently large andT is sufficiently small, then
Oj := {x; |x − x̄j | < 4η/N} ⊂⊂ {x; |ϕj (t, x)| 6 1} (= ψj (t, B)) for all t ∈ [0, T ]. Indeed, if
x ∈ Oj , then

|ϕj (t, x)| 6
2R

η
|x′

− x̄′

j | +
2R

η
|x(n) − gj (t, x

′)|

<
2R

η
·

4η

N
+

2R

η
(|x(n) − x̄

(n)
j | + |x̄

(n)
j − gj (t, x̄

′

j )| + |gj (t, x̄
′

j )− gj (t, x
′)|)

6
16R

N
+

8R‖∂xgj‖C([0,T ]×V x̄′
j
)

N
+

2RT ‖∂tgj‖C([0,T ]×V
x̄
(n)
j

)

η

6
16R

N

(
1 +

R

r

)
+

4R2T

rη
,

which proves the claim withN = 32R(1 + R/r) and smallT . Combining the above, we see that
Proposition 6.1(i) holds. The estimates forϕj andψj follow from (6.21), (6.22), and (6.26)–(6.29).
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