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^Stability in Singular
Perturbations
Dedicated to Professor Shigetake Matsuura
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By

Ryuichi ASHING*

§ 1. Introduction
In [5], Nagumo defined the ^-stability in singular perturbations.
H =H\Rnx71} is the global Sobolev space with the norm

Here

s

IK*')IL = (W«+i J
We shall generalize the notion of H s-stability in some sense.
Let us consider the following linear partial differential operator with constant coefficients containing a small positive parameter e (Ofg

Denote by m the order of Pj(D) with respect to D^ and by m' that of P2(D).
Put m"=m~mr and assume that m>mr>Q. Then the order of L0 is less than
that of Lg for e^Q. Such an operator as Ls is called a singularly perturbed
operator.
We shall study the following so-called singulary perturbed Cauchy problem
Ls(D)u(x) =/.(*) ,

in [Of

and the following so-called reduced Cauchy problem for (CP) :
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(RCP)

J -uv-'-™ MX),
in LI
I /V~XO> *') = *o./*') »
j = l9—,m'.

The following assumption on Px and P2 will be required.
Assumption 1. (Al): The symbols of Pi(D) and P2(D) are represented as

where pl>0 and/?2>0 are non-zero constants.
(A2): (m"=2 and p2,o/Pi,o is negative real number) or
(m"=l and the imaginary part ofp2iQ/pliQ is non-positive).
The following assumption on the Cauchy data and on the solvability of
(CP) and (RCP) will be required.
Assumption 20 There exist real numbers s and s' such that (CP) is uniquely
solvable in C([0, T]; Hs) and (RCP) is uniquely solvable in C([0, T]; If') for
the Cauchy data <f>Sij(x') and $0j(x') belong to Hs' and /s(%) and ^(x) belong
toC([05r];^).
Nagumo defined the J¥'-stability of (CP) with respect to a particular solution UQ of (RCP) in [5] as follows:
L Let Assumption 2 be satisfied for s'=s.
The Cauchy problem (CP) is said to be Hs-stable in 0^^ ^ T for e \ 0
with respect to a particular solution UQ(X) of the reduced Cauchy problem
(RCP) in Cm([Q5 T ] ; H s ) i f
(Dl)

sup \\us(xly -)—v0(xl9 OIL"*0

whenever «e(jc) are solutions of (CP) in Cm([Qy T]; Hs) satisfying the following three conditions:

(D2)
(D3)
(D4)

sup

o^^r

ll#..y-#oj.-"0,

7 = 1,-•,!»';

II^XO-^XCO, OIL - 0 ,
s/

7 = w'+l, -, m .

If/0(%) belongs to ^""'([O, T]; If ) then the initial values D{-\(Q9 x')9
j=m'+l, -",m are uniquely determined and represented as a sum of derivatives
W and 00,/(X)3 j=l,oaa,m'. When (D4) is required, then the Cauchy data
> 7" = Jw'+l, 8 a e 3 w are very restricted. For example, when ^ = 0 and
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<i>oj=Q, 7"=1» ••", w', (D4) implies that <f>sj-*Q9 j=l, "*,m. Hence another
definition of the stability whose convergence on the Cauchy data <f>sj(x'),
j=m'+l9 •••, m are different from Nagumo's is needed.
Definition 2. Let Assumption 2 be satisfied.
The Cauchy problem (CP) is said to be (s, s')-stable in Q^x^T for e j 0
with respect to a particular solution u0(x) of the reduced Cauchy problem
(RCP) in Cm([0, T]; jy^^f.'7}) if
(Dl)

sup \\us(xly -)-«b(*i, - ) I L - > 0 ,

o^a^r

whenever we(x) are solutions of (CP) in Cw([0, T]; ^r««{«.'/J) satisfying the
following three conditions:

(D5)

sup

(D7) : There exists a positive number M, which may depend on the choice of
the initial data 0 g>/ , 0OJ, and/0 such that
7 = w+, -, m .

The Cauchy problem (CP) is said to be (s,s'+Q)-stable in O^jc^rfor
e j 0 with respect to a particular solution !«,(*) of (RCP) in Cm([Q, T]; Hma^s's/^
if (Dl) whenever us(x) are solutions of (CP) in Cm([Q, T]; fl™{«.«')) satisfying
(D5), (D6), and
(D8) : There exist positive numbers d and M, which may depend on the choice
of the initial data 0 gf y, 00>J-, Q.ndf0 such that
H0../-)-^~1«b(0, OIUs^M,

7 - m'+l, -, m .

Remark. For every positive number d, the (s1, ^')-stability implies the
(s, 5/+0)-stability, the (s, s' +0)-stability implies the (5-, ^'+5)-stability, and the
(5, 5')-stability implies the (s—d, .s-^-stability.
It will be shown that requiring (A2) is natural when we deal with the
(s, ,s')-stability with respect to solutions of (RCP) for various Cauchy data.
Following to the definition of the C-admissibility of (CP) with respect to (RCP)
in [4], we shall define the C([0, T] ; JJ^-admissibility of (CP) with respect to
(RCP).
Definition 3. Let Assumption 2 be satisfied. The Cauchy problem (CP)
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is said to be C([0, T]; Hs)-admissibk in [0, T\ xR*~l with the Cauchy data space
(Hs')m with respect to (RCP) if for every Cauchy datum tyl9 — , irm}<=(Hs')m, the
solutions tie of (CP) with 0e. j=V> j=l,aoo,m and/s=0 converge in C([0, 71; #0
to the solution UQ of (RCP) with 00j=V> 7=1, —, /n' and/0=0.
By looking into the proof of Theorem in [2] and § 2 and § 3 in [3], we can
prove that (A2) remains a necessary condition for the C([0, T]; Hs)~admissibility with the Cauchy data space (H°°)m when Pl and P2 satisfy (Al). We
do not give the proof in this paper.
In [5], Nagumo gave a necessary and sufficient condition for the //'-stability for more general system in the form of inequalities which must be satisfied
by the solutions of (CP) with the initial conditions :
IVXO, *') = au-a&O ,

i, 7 = 1, -, m ,

where d{j is Kronecker's delta and d(x') is the Dirac measure,, We have
succeeded in seeking a necessary and sufficient condition for the (s9 .s'+O)stability but a necessary and sufficient condition for the (s9 j')-stability is open.
Our condition for the (s9 .?'+ (Testability which will be found in §2 is Nagumo
type. As a corollary., we can show that Nagumo's JF-stability implies the
(s, ,s+0)-stability. In [6], Kumano-go applied Nagumo's result to the following
operator:

where q is a complex number and Q(D') is a polynomial of D'. Kumano-go
deduced conditions for the H s-stability on the complex constant q and on the
structure of the polynomial g(f '). In § 3, we shall give another example for
the ^-stability.
Acknowledgement
The author expresses his deep gratitude to Professor Shigetake Matsuura
for his encouragement and helpful comments.
§ 20 The (8, s/+0>StaMItty
We shall use the notation and the result in Appendix. Denote the roots
of L8(£)=0 with respect to <fj by ry(e, £')9j=l9 °*°,>m and those of LQ(S)=
)=0 with respect to fl by a^(f '), 7=!, ° B ° ? m'9 respectively. It is well known
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that Tj(e, £ '), j=l,*-°,m are continuous in (e, £ ') for e 4 = 0 and a $(£'),
j=l, "">}mf are continuous in f . Put
A(r) = ( r y - 1 ; 7 i l , - -,/ii) and c y - (d^k9 k \ I, >•-, m) ,
where fly^ is Kronecker's delta. Other notation can be found in Appendix.
Denote by Yy(e, xl9 f '), J=15 •••, w the fundamental solutions of the following
ordinary differential equation with parameter (e, <f '):

with initial conditions :
D*rlY(e909e') = d j u k ,

j,k = l,.°;m,

Then Cramer's formula implies that if r,.=l=ry, l^z <j ^m then

r/«, ^i, f ')
=

y.^_

.
* '

exp ir x

0, 1,-,/fi-l)
.-, j-2, 7, »., m-l)(r l5 .-, r., ^) ,

j = 1, .», m .

But the last representations remain valid without any restriction on ry,
7=1, •••,/«. Denote by / the maximum of the polynomial orders of the
coefficients ftfy(f ')> 7 = 0j °°% w in the symbol P^f) and put

Then we have the following theorem whose proof will be found at the end of
this section.
Theorem 1. Let Assumptions 1 and 2 be satisfied. Then the following four
conditions are equivalent:
(Cl) The Cauchy problem (CP) is (s, s'+0)-stable in [0, T]for e | 0 with respect
to a particular solution MO(JC) of(RCP) belonging to Cw([09 T]-9 H™0*-''**1).
(C2) The Cauchy problem (CP) is (s, s'+Q)-stable in [0, T\for e | 0 wz/
ro ^v^rj w/M/w/i MQ(X) of(RCP) belonging to Cm([Q, T];
(C3) There exist positive numbers e0 and CQ such that
(El)

(E2)

sup

f-i- 1 Ym(e,Xl, f'K^y-s'\d
"-*- Jo e

sup

| F/e, jclt f ')<f'>s-s/ 1 ^ C0,

556

RYUICHI AsfflNO

and for every positive number d there exist positive numbers £B and CB such that
(E3)
sup
| rx«, xl9 o<os-s'-s I ^ c8.
(C4)

There exist positive numbers e'0, R0f and CQ such that

(E4)

(E5)

frl

sup
0

e

e

£

'

J o

- ] Ym(e5 xl9
«

sup

l^j^m', (Ke^eJ, 0^*^ T, J?0^ | e'|

| Yfa xl9

/or ^very positive number d there exist positive numbers GQ, R8, and Cf
such that

(E6)
Remark.
tion:

sup
Nagumo studied the Us-stabillty In the following general situa-

where the symbols Lj(e, f ') are matrices of polynomials In f with constant
coefficients which depend continuously on the parameter e^>Q. He proved
the equivalence between the following two conditions:
(C5) The Cauchy problem (CP) Is H '-stable In [0, T] for e I 0 with respect
to a particular solution UQ(X) of (RCP) belonging to Cm([®, T]; Hs+!).
(C6) There exist positive numbers e0 and C0 such that

(E7)

sup
0<£^£ 0 ,reJ2 w -

CBS)

sup

| F.(*, ^ f 0 1 «**! ^ C0;

1. Ler Assumptions 1 aw<f 2 Z?e satisfied and UQ(X) be a solution of
(RCP) belonging to Cm([Q5 T]; Hs+l). If the Cauchy problem (CP) is Hs -stable
in [0, T] for e I 0 with respect to a particular solution UQ, then the Cauchy problem
(CP) is (s, s+Q)-stable in [0, T}for e | 0 with respect to a particular solution UQ,
Proof. Since Nagumo's theorem can be applied to our problem and obviously (E8) Implies (E2) for s=sr and (E3) for s=s',
Q.E.D.
To prove Theorem 1 we need several steps. For the solution UQ of the
reduced Cauchy problem (RCP)5 we shall consider the following singulary
perturbed Cauchy problem:
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in [0, rjxJZ"- 1 ;

7 = 1, -, w'

(CP1)

') ,

7 = w'+L -, m .

Here the initial values DJ lu(09 xr), j=m'+l9"°,m are fixed. The reduced
Cauchy problem for (CP1) is (RCP). Denote by i/8fl(x) the solution of (CP1).
Lemma 1 (due to Nagumo). Let (Al) and Assumption 2 be satisfied.
the following two conditions are equivalent:

Then

(C7) The Cauchy problem (CP1) is (s, sr)-stable in [0, T\ for e JO with respect
to a particular solution UQ(X) of (RCP) belonging to Cm([Q, T}\
(C8) There exist positive numbers SQ and CQ such that

(El)
(E2)

sup
0<e^£ 0 , Z'^R"
sup

| 7/a, x4, f '

. First we shall show (C8) implies (C7). Put

gjx) = L0(D)uQ(x)-Ls(D)u0(x)+fs(x)-fQ(x)

.

Denote by tt(xl3 S') the Fourier transform of u(x) with respect to x' and by
3^Xf the inverse Fourier transformation. Then ve(x) is given by

Since

it implies that

By (D6), we have SJ!ii||#.j-*oj||^-»0.
^max{s,s']+/)j jt implies that

Since i/0 belongs to C""([0, T];
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sup \\L0(D)u0(xl9 *)-Ls(D)uQ(xly «)ll'-0.

Org^-P

Hence (D5) implies that sup \\ge(x%, •)ll«'" > 0org^r

T

^s

we have

sup ||ve(*lf O I L - ^ 0 .
Next we shall show (C7) implies (C8). Assume that (E2) is not satisfied.
Then5 for a certain./ with 1 <^j±S#/ 9 there exist sequences {en} with en | 0 and
•fcj with 0^4^ T and a sequence of open balls {SK}9 Sn={\£/—£i\<rn}such that

(2.1)
(2.2)

| F/^, *„, fXO"' 1 >n
for £' in Sn ,
1
/
s/
2- <«e >/<^» <2
for f in S. .

Put

where cw -^i"1 • 1 5, | "1/2<f«>"s/0 Then w,^) satisfies L,n(D)u(x)=Q.

Since

(2.1) and (2.2) imply that
o

sup

Since
= n-1- 1 S9

(2.2) implies that HD/"1^^ •)llf'^2//i->0.
For k^j,
we have
IIA*"^^* OIL'^O. Put Uen(x)=un(x)+uQ(x),
Then we have a contradiction
to (Dl), (D5), (D6), and (D7).
Assume that (El) is not satisfied. Then there exist a sequence {en} with
en | 0 and a sequence of open balls {Sn}9 Sr, = -{f 'efi11"1; |f 7 — fi| <rj such
that

(2.3)
for ex in 5,. We choose 0tf/Jc/) = Ay"1«b(0» ^0, 7=1, —, ™?> Then the
solutions of (CP1) for {sn} are given by
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Put

As we shall show later by (2.5) in the proof of Lemma 3 that Ym(e, xlt £ ') is
continuous in (*„ £') for fixed e, it implies that y^u £') is continuous in
(^1; £') for every positive integers. For E = {(xlt f); JB(XJ, f')^0}> denote
by *((*!, ^'); ^) the characteristic function of the set E. Put

n.(*i, f 0 = *((*, O; ^-A^I, f ')/l7.(*i, Ol •
Then {H,^, f ') | ^1 and (2.3) impUes

II (Jo
for f ' in Sn. Approximate Hn(xv f ') in the sense of L\[Q, T]) valued in bounded
functions in £ ' by the mollifier ps(xl)^ with respect to xlf Put

Then h8iH(xl9 f ') are continuous functions with respect to Xj in [0, T] satisfying
| A ( * > O l ^ l . Since

I r^K? * 'X* y-'ujtxt, ndx I Jo

o

^ sup I ^(^, f ')! •<?'>*-*> \hs.a(Xl, n-H,(Xl, f ')!<&, ,
o^^r
Jo
it implies that for f ' in SH there exist positive numbers dn(£' ) such that
Jo
for £' in SH. Put

where \Sn\ denotes the measure of Sn and Z(£'; Sn) is the characteristic
function of the ball Sn. We set/e =fQ+gs . Then
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Since

(a.(r, n-MT, o

This

it implies that \\un(T9 °)—uQ(T9 -)IL^1and (D7).

contradicts (Dl), (D5), (D6),
Q.E.D.

Put

C = exp 2*i//w", and rj - C^"*'"1, 7=/w / +l, —, m .
By the same argument as in Lemma 2.2 in [3], it implies the following lemma
whose proof is omitted,,
Lemma 2* Let (Al) in Assumption 1 be satisfied. Then, for every positive
number R, there exist a positive number eR with eR<l and continuous functions
T

j i(6? Er\J=l> e o °5 m

on

P» eR\xBR satisfying

Mm sup | TLI (e, f') | = 0 ,

for j = 1, —,,m

on
ti(«,

^•'•r/e, f) - Or}- |p|

1/w//

f ') 9

/^

+r y>s (e 5 f) ,

J = 1, -, in';

for j = m'+l, •-., m .

Lemma 30 Let Assumption I be satisfied and eR be the same as in Lemma 2,
For every positive number R, there exists a positive number CliR such that
(2.4)

sup

£-max{(/-,'),o}/," | Y /(fi>

eo

i <g c

3

/or 7 = 1, — , / w .

Proo/. Fix an arbitrary positive number J^ and assume that
For arbitrary roots Tj=Tj(e, £')9j=l9 «•-, m? which do not need to be distinct,
(2.5)

r/e, %15 e') = (-ly^-DCO, 1, -,j-2, 7, -, m-l)(r1? -., r., ^) 9
7 = 1, — , i w .
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As we have already shown in Theorem in [2], (A2) in Assumption 1 implies
that the imaginary parts of OTJ, j=m'+l, •••ym are non-negative. Put 7j=£lfm" ',
VR = £Rlm", zj=rJ(e9et)J = l9^9m9 and *, = &*" -Tj(e, S9), j = l, -9m.
Then Assumption 1 implies that for every positive number R, there exist positive numbers MR9 M'R and CR such that (A.8) in Lemma A.3 in Appendix is
satisfied for M=MR, M'=MR, C=CR, and 7]Q=7jR. Hence Lemma A.3 can
be applied to (2.5). Since D(p(l), p(2), •••, p(m' — l))(z', x^, p in <S2 are entire
in z' and continuous in xl for O^jc^ T9 it implies that there exists a positive
number C2iR such that
max|D(p(l), p(2), -., p(m'-l))(rl5 -, r
on [03 ^]x[0, T]xBR. Since E(w) is holomorphic for Wf=t=Wy, 1^/^m' and
m'+l^j^^. Lemma 2 implies that there exists a positive number C3tR such
that for j=l, ••• 5 m'

on [0, e J X [0, T] x 5^. Then

for 7"=!, ' 8 ' ? m' and

|Z)(0, 1, -,7-2,7, -,m-l)(r1? ...,r.,
forj=m'+I9 — , w. Put C lf jj=C 3iiR +Ci+C a -C 2fjR , then we have (2.4).
Q.E.D.
Denote by j/Oq, £')9 7=1, •••, m' the fundamental solutions of the following
ordinary differential equation with parameter £':

with initial conditions :
£J-1XO,O = '/.»,

7^ = 1,'"^',

where 5y>Jfe is Kronecker's delta. As we have already shown
(2.6)

yfa, e ') = (-ly^-DCO, 1, -,7-2, 7, -, w'-l)(^, -, ^ ^) ,
7 = 1, — , / w ' ,

where Oj=Oj(S')9j=l9

•••, m7 are roots appearing in Lemma 2.
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Lemina 40 Let Assumption I be satisfied and SR be the same as in Lemma 2.
Then

(2.7)

Yfa

(2.8)

F/ff, *15 f) -> 0 ,

Xl9

f ') - yfa, O ,

j = 1, ••-, TO';

j = m'+l, -, m ,

uniformly on [0, T] X-B* wto e j 0.
Moreover, Yj(e9 xl9 S'}J=l^ooo,m satisfy

(E8)

sup

(E9)

sup

Proof. By Lemma 39 (2.8) is obvious and it suffices to show that for
7=1, — ,/w'
(-ly-^DCO, 1, -.,7-2,7, "STO'-lXr,, -., r^, ^)

Since Ty(e, f '^^Xf' )> 7=lj 0 0 8 9TO'uniformly on ^ when e | 0 by Lemma 29
it implies that for 7=!, ••-, TO'
(-ly-^DCO, 1, -,7-2,7, .-..TO'-IX^, -..r^, ^ - J^l5 £') •
On the other hand?
((^"'•'^••••^"'•^

and

Thus we have (2.7).
Since R is arbitrary, (2.7) and (E8) imply (E9).
Let us consider the following singulary perturbed Cauchy problem:

(CP2)

L,(D)u(x) = 0 ,
in [03 TlxRlr1;
), x') = 0 ,
j = 1, »., m'

Q.E.D.

./^-STABILITY IN SINGULAR PERTURBATIONS
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and its reduced Cauchy problem:

= 0,

(KLJrZ)

A'-XO,*')=0,

in [0,
7 = 1, -,/»'

Denote by uSiZ(x) the solution of (CP2) and by uQ>2(x) the solution of (RCP2).
Then w0 2(;c)=0.
Lemma 5e Let Assumption 1 be satisfied and £R be the same as in Lemma 2.
Assume that every support of the datum 0sjOf'X j = mf+l, •••9m in (CP2)
is contained in the closed ball BR. Then, for arbitrary real numbers s and sr
there exists a positive number KR which is independent of s such that for

(2.9)

sup

Remark. Here we do not use any conditions on the fundamental solutions Yj but use (A2) in Assumption 1. Lemma 4 shows that (A2) ensures the
boundedness of Yj on [0, T] xBR when e J, 0.
Proof of Lemma 5. It is well known that the solution we>2(#) of (CP2)
satisfies

Lemma 3 implies
|A8,,(*
on[0, r]x5jf. Thus

I 5 l^i J?

Put ^-Q

I

^-m^ 2 - sup
<OS-S/. Then we have (2.9).
x

Q.E.D.

lg !^B

The following corollary shows us that the stability is very strong when the
Cauchy problem is amdissible.
Corollary 2, Let Assumption I be satisfied and eR be the same as in Lemma 2.
Then, for every positive number £ with e^*£R, there exist Cauchy data <f>ej,
j=m'+l, •••, m belonging to H°° such that for arbitrary real numbers s and s'3
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sup we.jfo, O . - ^ O ,
org^r
where us>2 are the solutions of(CP2)for these data $Ej, j=mf+l9 °°° 9 m.
Proof. Choose non-trivial C5°(^)»functlons ^y(f '), j=m'+l9 e °° 3 m and
a positive number a with a<llmf'a Put

7 = w'
which are rapidly decreasing functions. IfV<09 then

when s 10, IfV>0, then

when e | 0. By (2.9),

sup iK2fe oi

o^^r

when e | 0.

Q0E0D0

60 L^r /Ae 5-ame assumption as in Theorem I be satisfied. Consider the singulary perturbed Cauchy problem (CP2) a^rf the reduced Cauchy
problem (RCP2) for (CP2). Assume that for the Cauchy data <f>sj, j=l,»*,m
there exist positive numbers d and M such that sup ||0g .-||,/+8^M. Then
l^j^m

the following two conditions are equivalent:
(C9) The Cauchy problem (CP2) is (s, s'+Q)-stable in [0, T] for e J 0 wftA
respect to a particular solution u0i2=Q of(RCP2),
(CIO) For ^v^rj positive number d there exist positive numbers £8 and C8 such
that
(E3)

sup

Proo/. First we shall show (CIO) implies (C9). We have only to show
that if sup ||0e 8 A\j+t^M then sup \\us2(xis °)IL~ > 0- As we have already
i^y^w
o^^i^r
shown in the proof of Lemma 1, the solution t/g>2(%) of (CP2) satisfies

0=2
Denote by x(£ '; ^) the characteristic function of the ball 1^. Put

^-STABILITY IN SINGULAR PERTURBATIONS
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tions:

is
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the solution of (CP2) with the initial condi-

, ».,m;

Since the supports of the Fourier transforms of these Cauchy data are contained in the ball BR, we can apply Lemma 5 to v8>2(^). Obviously

(2.9) and Q<e<LeR<\ imply that

(2.10) sup iivt>1(xi,.)ii,
Choose a positive number 5' satisfying <5'<<5 and put d"=d—d'. Since
, f 0-<f 'XI ^

the estimate (E3) for d=d' implies that

l^fe f'KO'l ^27
Hence
(2.11)

sup ||

°^*i^y

Thus
(2.12)

sup \\uet2

O^x^T

First take the upper limit of e in (2.12) and next let R f oo, then
llm sup ||wg,2(xls -)ll. = 0Next we must show (C9) implies (CIO). Assume that (CIO) is not satisfied. Then there exists a positive number d such that (E3) is not satisfied.
Replacing s' by s'+d in (2.2) and (2.3) in the proof of Lemma 1, we have a
sequence of solutions un(x) of (CP2) such that
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sup |k(xl9 o)

This contradicts (Dl), (D5), (D6), and (D7).

Q.E.D.

o/ Theorem 1. First we shall show the equivalence between (Cl)
and (C3). Denote by M8fl(jc) the solution of (CP1) and by us>2(x) the solution
of (CP2) with the initial conditions :

AWO, x') - 0t./*')-A'-WO, x') ,

j - w'+l, -, m .

Then the solution ue(x) of (CP) is given by uSil(x)+uSt2(x). Apply Lemma 1
and Lemma 6, The condition (C3) is equivalent to the (s, j')-stability of (CP1)
with respect to a particular solution u0 of (RCP) and the (s, s'+0)-stability of
(CP2) with respect to a particular solution uQj2=® of (RCP2). By the definition, the (s, ^-stability implies the (s, s'+0)-stability,, Hence we can easily
show that (C3) is equivalent to the (s9 5-'+ (^-stability of (CP) with respect to
a particular solution UQ of (RCP).
Since (C3) Is independent of the choice of a particular solution UQ of
(RCP)3 it implies that (C2) is equivalent to (Cl).
Finally we shall show the equivalence between (C3) and (C4). We have
only to show that (C4) implies (C3). Apply Lemma 3 for R=RQ. Then we
have (El) and (E2) for e0=min{eo9 £RQ} and
C0 = max{l, r} 0 max{C$ 5 C1>2?o0(l+^2)max{(s"s/)s°}/2} Apply Lemma 3 for R=RS. Then we have (E6) for es=min {eg, sss} and
Cs = max id,

C1>1?s0(14-^s2)max{(s"s/-S)'0}/2} -

Q.EODO
By the same argument as Theorem 1 we have the following theorem whose
proof is omitted.
Theorem 2B Let Assumption 1 and 2 be satisfied for s'=s. Then the following three conditions are equivalent:
(CS) The Cauchy problem (CP) is Hs -stable in [0, T]for s I 0 with respect to a
particular solution UQ(X) of (RCP) belonging to Cw([0, T}\ Hs+l).
(Cll) The Cauchy problem (CP) is H*-stable in [0, T}for e I 0 with respect
to every solution UQ(X) of (RCP) belonging to Cm([03 T]\ Hs+l).
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There exist positive numbers £Q, RQ, and Co such that

sup

§3,

fi-- 1 Yu(e, *15 Old^CS ,

An Example for Nagemo's IF'-Stability

Let Pj(f) and P2(<? ) satisfy Assumption 1 and
ord A,/O^.A 7 - 0, •.., m; ord Af /£')^./, J = 0,
Then P^D) and P2CD) are Kowalewsklan operators.

Put

^'=(1, 0) in B^xJBjT1, and J/Vr=(Ar/, 0) in R\xR^ Denote by L(f, X) the
principal symbol of L(<f, ^) with respect to (£, ^) and by P8-(f)3 f = l , 2 those of
^•(Of z"=15 2> respectively. Then

It must be remarked that L(Ar)=/?if0=t=0 and P^JVr/)=/72,o=t=0- Kevorkian and
Cole's suggestive example in §4.1.2. in [7] is as follows.
Example 1 (Kevorkian and Cole).
Let PI(£I, ^2)=^i2—^29 which is the simple wave operator, and P2(£i, £2) =
^/ZTf^a-fj+fi-fg), where a and b are real numbers. Let us consider the
solutions ue(xly x2) through a fixed point P(xl°, x2Q) of the following equation:
2)

= 0.

If there exists a convergent sequence of us(xl9 xz), then the limit uQ(xl9 x2)
must satisfy the reduced equation

Since the general solution of the reduced equation has the form: uQ(xly x2) =
/(b'Xi—a'X^ and the subcharacteristic of the reduced equation has the form:
b'Xt— a*;v2=constant, if \a/b\>l then the subcharacteristic to Plies outside
the usual domain of dependence of P for the simple wave operator. Hence
w0(*i5 ^2)can not be approximated by u^(xl9 x2) when \a/b\>l.
Thus even when Px and P2 are strictly hyperbolic, we need some additional
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assumption on the propagation speeds. Therefore we require the following
assumption.
Assumption 3»
(A3): The polynomial L^+r, £', X) has only simple real zero for every (£, X)
mRnxR— {(0, 0)}. That is, L(<f, X) is a strictly hyperbolic polymonial in
(£, X) with respect to N.
(A4) : There exists a positive number Ii such that if Im r < — 3^ then
A(£i+r> £')=t=0 f°r all £ in JSW. That is, P2(£) is a hyperbolic polynomial in £
with respect to AT in the sense of Garding.
Remark. Since
L(0+r, 0, X) = p10*Tm+Xm

(A.3) implies that m'<*l.
Theorem 3. Let Assumption 1 and 3 be satisfied and s be an arbitrary real
number. Then the Cauchy problem (CP) is Hs-stable (and therefore (s, 5+0)stable) in Q^x^Tfor £ | 0 with respect to every solution u0 of (RCP) belonging
toCm([Q, T];Hs+m).
Proof. By Theorem 2, it suffices to show that Assumption 2, which is
the assumption on the unique solvability, and (C12) are satisfied. First we
shall show (C12). Denote by fy(£', X), j=l, '~,m the roots of L(£, X)= 0
with respect to £j. When s~1=Xm", we may write
(3.1)

'/£' > * ) = * / * > 0 ,

7 = l,-,w

for ^4=0 by choosing the suffixes {/} of fy(£', ^) properly. The strict hyperbolicity of L(£, X) implies that there exist positive numbers R19 cly and Ml such
that
(3.2)

(3.3)

inf
j^k,l^jtk^mt\(

sup

(For example, if we look carefully into the proof of Theorem 4.10 in [8], we
can find this fact easily.) Hence the roots r/e, <?'), j =1, «•«, m of Ls(£)=0
with respect to £1 are distinct for e=£Q and R1^ |f |. The hyperbolicity of
, /I) implies that there exists a positive number C3 such that
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sup

Put P=\(£',X)\. Then (A.4) in Appendix implies that for e=t=0, J*^ |£'|,
O^x^r, and 7=1, -,w,

X 2"-i exp(-Im //xi)/n**w»« I *il*>-t*IP I
where
C4 = M(0, 1, -,7-2,7, -,/fi-l)./n^-^.Af 1 --^ni.(expC 8 r).c 1 1 -«.
Since j R j ^ l f ' l ^ p and ^^p, it implies that p1-y ^R1l~J'9j=l9 ••-, m, and
e-i.pi-*=^*jr.p1-«^^-r+1-"». Hence
sup

|F/(*, *i,
T^^in

sup
Next we shall show that the unique solvability. Since (C12) and Lemma
3 imply (C6), Lemma 4 can be applied. It is well-known that (E8) and (E9)
imply the unique solvability.
Q.E.D.
Remark. If 0Bj, j=l, — , m and 00>y, 7=!, — , m' belong to H°°(Rn-1) and
/e and /0 belong to H°°(Rn) then wg belong to C*([0, T\\ Hs) and w0 belongs
to Cw([0, 71; ^rs+w).
Appendix

Let z=(zl9 z2, •••9zn) be complex variables. For a non-negative integer
/, denote
= ((*,-)'; y-» 1, ...,«)
and for non-negative integers /1? /2, ••-, /M satisfying 0^/ 1 </ 2 <-" </ M , denote
^(/i, /„ -, ln)(z) = det (a(/8.)(z); i | 1, -,ri).
In particular, ^4(0, 1, ••-,«— l)(z) is the Vandermonde determinant and repre-
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sented as the difference product Tii&<jgn (zj—zi)*
real parameter Denote

Let i=^/1^i and xl be a

e(z5 xj = (exp iz/K^y -> 1, — , n)
and for non-negative integers /i, /2, —,/«-i satisfying 0^ 4<4< °BO </»-i,
denote
4, -, /.-i)fe *0 ^ det
Expand the determinant B(ll9 /2? °°° 3 /«-i)(z> *i) wi^ respect to the first row.
Then
(A.1) B(ll9 /„ »., 4-Ofe ^) - S5-i (-l)1+
where z(j)=(zl9 z25°°°5 z^19 zj+l9 — , ZM)O Denote

and

Then C(ll9 12, °°° ? /»)(z) is a homogeneous symmetric polynomial in JZ[z] of
order 4+/2+ °o° +4— (n— 1)^/29 which is called a Schur function. Since
B(}i9 h 0 0 0 9 4-i)(z3 ^i) is an entire function of z and vanishes on the zeros of
irreducible polynomials z/— zg-9 l^i<j^n, Nullstellensatz implies that
5(/1? /2, •••,/ll-1)(z, Xj) is divided by J(03 1, — , «— l)(z) in the ring of entire
functions. Hence D(/1? /2, •-•, lH-i)(z, x^ is an entire function. If z f -=f=zy,
l^i<j^n, then (A.I) implies that
(A.2)

- 25-1 (-1

where £Xz)=l/{(-l)M(/15 72, ..-, /.) =max|C(/ 1 , /„ -9In)(z)\.
|z| = l

Then

(A.3)
where L=/ 1 +4+ o o o +/^~(w— l)/i/2 and

(A.4)
£M(ll9 7a, — , 7 JI - 1 )|z| L/ o2y-i exp (-Imz
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where L7-71+72+-»+/M-1-(«--2X«-l)/2.
Let m, m', and m" be positive integers such that m=m'+m". Denote
z7=(z!, z2, — ,z«/), z"=(zm'+1, Z./+2, — ,zj, and z=(z', z"). Let 7lf 72, —, 7.^
be non-negative integers satisfying 0^71<72<--<7il.1. Let ^ be the set of
all bijections p from {1, 25 •••, m—1} onto {/15 /2, •••, 7JB_1} satisfying

and <52 be the set of all bijections p from {1, 2, •••, m—l} onto {7l5 72, 8 -» ? / w _j
satisfying

There are one-to-one correspondence between the bijections in Sl and the selections of m—l objects taken m' at a time and between the bijections in <S2 and
the selections of m—l objects taken m'— 1 at a time, respectively. Define the
bijection n from {/15 /2, ••-, lm^ onto {2, 3, ••-, m} as
*('/) =7+1 »

7 = 1» " 0 5 ^-1 •

Denote

and

For Z|=t=Zy, 1^/^m', m ' + l ^ j ^ m , denote

Lemma A.18 For z,-=t=Zy, 1^/^m', m'
(A.5)

D(7lf /2, -, /.^(z, ^)

Apply the Laplace expansion theorem to B(ll9 72, •••, lm-i)(z,
The minors of order m' of the original matrix *(?e(z9 x^, *a(71)(z), •••, *fl(7w_1)
of order m are
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A(p(l), p(2), -, p(m'))(z') ,
for p in S, ,
B(p(l), p(2), -, p(m'-l)Xz", *,) ,
for p in <S2 ,
and those cofactors of order TW" are
'+\), p(m'+2), • », p(m-l))(z', Xl) ,

for ^ in S, ,

for p in <S ,
respectively. Hence
(A.6)

B&, /2> ..-, ^..Ofe xi)
(-iy^'A(p(l), p(2), -, p(m'))(z')
i'+l), p(«'+2), »•, P(m-\))(z",

Xl)

xA(p(m'\
Divide (A.6) by

(A.7)
, 1, -, m"-\)(z")IE(z)
we have (A.5).

,
Q.E.D.

Denote
, p(l)+p(2)+-+p(m')-(m'-l)m'/2,
\-p(m'-l)—(m'-l)m'l29

-'00 = { p(l)+p(2)-\

jL/ f

for p in ^
forpfn£2,

and
^+l)+p(m / +2)+.-+p(m-l)-(m // -lX72 ,

for p in Sl

Put
= max {max M^l), p(2), ••-, p(m')),
pe<Si
max M(p(m'+l), p(m'+2), .», /»(«-!)),
pe^
maxM(/o(m'), ,o(
For a positive parameter ??, put w,-=^-z^,7=l, ••-,/».
Lemma A.2. Assume that z^Zj, for IfS/^m', m'+l^j^m and for
. Then
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\C(p(\\p(2),.~,p(m'))(z')
xD(p(m'+\\ p(m'+2), «., p(mX *•'•' -L"w • (S7.*+i exp (-Im w,*i
for p in tSj and
xC(p(m'),

for p in tS2.
Proo/. Since
C(/x, /» -, /»)(z) =
where L=/1+/2+-+/B-(n-l)n/2,

where L'^^+^-l-----h/»-i-(«-l)«/2, and £l(z)=7M'w*r '£(w)} it imph'es that

xD(p(m'+l\ p(m'+2), -, p(mfor p in tSj and

D(p(V,p(2),-,p(m'-iy)(Z',Xl)
XC(p(m'\ p(
xC(p(m'), p(i
for p in S2- By using (A.3) and (A.4), we come to the conclusion.

Q.E. D.

Lemma A.3. Assume that z^Zj, for l^i^m', m'+l^j^m and for
m'+l^i<j^m. Let

{l,i /» •", 4-i} = {0, 1, .-, k-\, k+l, •", m-\} .
Assume that there exist positive numbers M, M' , c, and rjQ with qa5=l such
that for every 57 satisfying Q<.rj^r]0, the following estimates are satisfied:
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(A.8)

\z
2".«/+iexp(-:
I wg---W|| ^c;

inf

inf

Demote
max M(09 1, •--, A:—1,

J? =
C =

(^ — 1)1

n$p^fm'm»-k+m#-lr.c-m'm»-m"+l^

1

and
2

(A.9)

|D(0, 1, .-,fc-l,
X (MV+I - wM,+2 8- ^ ° w m)mm'
max |D(p(l), p(2),

/or fc=0 5 °°° 3 m'— 1

max
/or k=m'9 '°°, m — 1. Here p in S% are bijections from {1, 2, •--, m—l} onto
{0, 1, — , k— 1, ^+1, — , m—l} satisfying

Proof.

First it must be remarked that

mW / -L // (p)^mW / -w / -(m / +l)-»
where the equality holds if and only if

k = Q9 I9
pe
(y-1,
j=
1 7,
Since

,-,:;

7 = fc+1, — , / w — 1 .
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it implies that for p satisfying (A. 11),
(-l)W«D(p(l\

p(2)? ..-, p(m'-l

xC(p(m'), P(m'+l\ ••-,
= (-1)«'<-/+1>.JD(0, 1, .«, fc-1, fc+1, ••MH'
X (w»'+i • w./+a • — • wm)m/ - £(w) .
For p not satisfying (A.ll)5 Lemma A.2 implies that
(mOX^)^(p(^'+l)3 p(m'+2)3-5p(m-l))(z",
-1- \E(w)\ .37"'«'-*

for p in $i and

f

p(2), -, pOfi'-lMz 7 , JO I -

for p in cS2. If (A.11) is not satisfied, then mrm"~L(p)^l.
m—l9 then

Since |£(w)| ^c-*'"1* and L/(p)+L//(p)=m/m//-k)
implies the conclusion.

If k=mr,

for p in ^15 Lemma A.I
Q.E.D,

References
[ 1 ] Ashino, R., The reducibility of the boundary conditions in the one-parameter family
of elliptic linear boundary value problems I, Osaka J. Math., 25 (1988), 737-757.
j- 2 ] 9 On the admissibility of singular perturbations in Cauchy prolbems, Osaka
J. Math., 26 (1989), 387-398.
[3] , The reducibility of the boundary conditions in the one-parameter family
of elliptic linear boundary value problems II, Osaka J. Math., 26 (1989), 535-556.
j- 4 j ^ on the weak admissibility of singular perturbations in Cauchy problems,
Publ. Res. Inst. Math. ScL, 25 (1989), 947-969.
[5] Nagumo, M., On singular perturbation of linear partial differential equations with
constant coefficients I, Proc. Japan Acad., 35 (1959), 449-454.
[ 6 ] Kumano-go, H. , On singular perturbation of linear partial differential equations with
constant coefficients II, Proc. Japan Acad., 35 (1959), 541-546.
[ 7 ] Kevorkian, J. and Cole, J.D. , Perturbation Methods in Applied Mathematics, SpringerVerlag, 1981.
[ 8 ] Mizohata, S., The Theory of Partial Differential Equations, Cambridge, 1973.
j- 9 ] 9 QHtfre Cauchy Problem, Vol. 3 in Notes and Reports in Mahtematics hi
Science and Engineering, Academic Press (1985).

