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Finite element approximation of a Cahn–Hilliard–Navier–Stokes system
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We consider a semi-discrete and a practical fully discrete finite element approximation of a Cahn–
Hilliard–Navier–Stokes system. This system arises in the modelling of multiphase fluid systems.
We show orderh error estimate between the solution of the system and the solution of the semi-
discrete approximation. We also show the convergence of the fully discrete approximation. Finally,
we present an efficient implementation of the fully discrete scheme together with some numerical
simulations.

1. Introduction

The Cahn–Hilliard equation [10, 11] is a phenomenological model of phase transitions (see the
survey work of Elliott [15] for details). Coupling the Cahn–Hilliard and Navier–Stokes equations
yields a model for the dynamics of multiphase fluids that is used to model phenomena such as
hydrodynamic effects during spinodal decomposition and the behaviour of polymer fluids (see
for example [27, 26]). The Cahn–Hilliard–Navier–Stokes system that we consider is known as
‘Model H’ in the nomenclature of Hohenberg and Halperin [22]:

(R) Find {c(x, t), w(x, t),u(x, t), p(x, t)} such that

∂tc −
1

Pe
∇ · (b(c)∇w)+ u · ∇c = 0 inΩT := Ω × (0, T ), (1.1a)

w = Φ ′(c)− γ 2∆c in ΩT , (1.1b)

∂tu −
1

Re
∆u + u · ∇u + ∇p +Kc∇w = 0 inΩT , (1.1c)

∇ · u = 0 inΩT , (1.1d)

c(x,0) = c0(x), u(x,0) = u0(x) ∀x ∈ Ω, (1.1e)

∂nc = ∂nw = 0, u = g on ∂Ω × (0, T ), (1.1f)

whereg satisfiesg · n = 0 on ∂Ω. HereΩ is a bounded convex polygonal domain inR2, with
boundary∂Ω that has outward pointing unit normaln. The concentration order parameterc is such
thatc(x, t) ≈ 1 (respectivelyc(x, t) ≈ −1) if and only if at timet fluid 1 (respectively fluid 2) is
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present at the pointx. The mean velocity fieldu is defined to be

u =
1 + c

2
u1 +

1 − c

2
u2, (1.2)

whereui is the velocity field of fluid componenti. The chemical potential and the pressure in the
system are defined byw andp respectively, and the Péclet number Pe, the Reynolds number Re and
the capillary numberK are given constants. The interface parameterγ > 0 is also a given constant
that is assumed to be small. We take the mobility functionb(·) in (1.1a) to be of the form

∃b1, b2 > 0 b1 6 b(x) 6 b2 ∀x ∈ Ω (1.3)

and we take the free energyΦ(·) in (1.1b) to be

Φ(c) =
1

4
(1 − c2)2. (1.4)

By ∂tη we mean∂η/∂t and similarly for∂nη.
In many fluid flow applications more than one fluid is present, with the components often

separated by an interfacial region of partial miscibility, even if the fluids themselves are immiscible.
Such multicomponent systems can use either a sharp or a diffuse interface to model these free
boundaries, but in the evolution of such problems often breakup or coalescence of interfaces can
occur and it is important that the model used can accurately capture this change of topology. Phase
field models, such as the Cahn–Hilliard equation, place a diffuse interface between the phases of
the system, which allows for a natural description of topological changes in the model without
relying on any additional input from the user. The numerical simulation of these models is an area
of research currently undergoing intense study (see for example [2, 9, 23, 26, 27]), with the majority
of the work so far concentrating on finite difference discretisations. However, despite there being
much work on finite element discretizations for both the Cahn–Hilliard (see for example [3, 4, 6])
and the Navier–Stokes equations (see for example [21]) separately, there has been little work on
finite element discretizations for Cahn–Hilliard–Navier–Stokes problems.

Adaptive finite element techniques are well suited to phase field modelling since the solution of
such models rapidly varies over the interfacial regions while away from the interface, in the bulk
regions, it is close to±1. This means that it is natural to assume that most of the computational
work is needed in the interfacial region. Additionally this region needs to be accurately resolved,
as otherwise spurious numerical solutions can occur (see [18]). As a result it is common to couple
phase field modelling with adaptive mesh refinement whereby the mesh is locally refined close to
and inside of the interfacial region and coarsened elsewhere (see Section 5).

The model(R) gives a diffuse interface description of binary incompressible fluid flow (see
[1]). An existence/uniqueness result for(R), with (1.4) replaced by a more general form forΦ(·), is
given in [12], and in [7] an existence result for the problem with degenerate mobility is presented.
The motivation behind this paper is to analyse semi-discrete and fully discrete finite element
discretizations of(R) and to present some numerical computations. In Section 2 we introduce
notation and define a weak formulation,(P), of (R); then in Section 3 we introduce a continuous in
time finite element approximation,(Ph), of (P) and we use the techniques presented in [16] to show
orderh error estimate between the solutions of(P) and(Ph). In Section 4 we introduce a practical
discrete in time and space finite element approximation,(Ph,τ ), of (P) that we show converges
to (P) as the spatial and temporal parameters tend to zero. We conclude with Section 5 in which
we present an efficient implementation of the practical fully discrete scheme together with some
numerical results.
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REMARK 1.1 1. Settingu ≡ 0 in (R) yields the Cahn–Hilliard equation, while settingc ≡ 0
in (R) yields the Navier–Stokes equation.

2. The termc∇w in the Navier–Stokes equation (1.1c) can be replaced byw∇cwhere the additional
term∇(wc) is absorbed into the pressure term.

REMARK 1.2 Upon completion of this work we became aware of a related paper by Feng [19]. In
this paper a fully discrete finite element approximation for a Cahn–Hilliard–Navier–Stokes system
in three space dimensions is developed and analysed. In particular the author shows the convergence
of the numerical scheme and establishes the sharp interface limit of the model by utilising a discrete
energy law. The main differences between the convergence proof in [19] and the one in Section 4
of this paper is that the finite element discretization in [19] is fully implicit, resulting in a Cahn–
Hilliard–Navier–Stokes coupled system. In this paper we analyse a semi-implicit scheme that only
requires the solutions of separate Cahn–Hilliard and Navier–Stokes equations. As a result we require
different techniques to obtain the stability bounds on the approximate solutions.

2. Notation and auxiliary results

Let Lp(Ω) denote the space ofp-integrable functions with norm denoted by‖ · ‖0,p, where for
simplicity of notation we set‖ · ‖0,2 = ‖ · ‖. Furthermore letWm,p(Ω) andHm(Ω) be the usual
Sobolev spaces with norms‖ · ‖m,p and‖ · ‖m respectively and let(H 1(Ω))′ denote the dual space
of H 1(Ω). LetH 1

0 (Ω) be defined by

H 1
0 (Ω) := {η ∈ H 1(Ω) : η = 0 on∂Ω}, (2.1)

and letH−1(Ω) denote the dual space ofH 1
0 (Ω) with norm‖ · ‖−1. Let Lp(Ω) = (Lp(Ω))2 and

Hm(Ω) := (Hm(Ω))2 for m = −1,1 and 2. We define the following spaces:

V = {v ∈ H 1(Ω) : (v,1) = 0},

F = {v ∈ (H 1(Ω))′ : 〈v,1〉 = 0},

W = {v ∈ H1(Ω) : (∇ · v, η) = 0 ∀η ∈ L2(Ω)},

W0 = {v ∈ W : v = 0 on ∂Ω},

where(·, ·) denotes theL2 inner product and〈·, ·〉 denotes the duality pairing between(H 1(Ω))′

andH 1(Ω).
For v ∈ H1(Ω), η, ξ ∈ H 1(Ω) we define

a(η, ξ, v) :=
∫
Ω

[η∇ξ · v] dx, (2.2)

and foru, v,w ∈ H1(Ω) we define

B(u, v,w) :=
1

2

∫
Ω

[(u · ∇)v · w] dx −
1

2

∫
Ω

[(u · ∇)w · v] dx. (2.3)

Finally, for u, v,w ∈ H1(Ω) we define

(∇v : ∇w) :=
∫
Ω

∇v : ∇w dx

where the productE :F of two n× n matricesE andF is defined to be
∑n
i,j=1 EijFij .
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REMARK 2.1 The trilinear formB(u, v,w) in (2.3) that is associated with the nonlinearity in the
Navier–Stokes equation has the following property:

B(v,u,u) = 0. (2.4)

Next we introduce the Green’s operatorG : F → V such that

(∇[Gz],∇η) = 〈z, η〉 ∀η ∈ H 1(Ω). (2.5)

The well-posedness ofG follows from the generalised Lax–Milgram theorem and the Poincaré
inequality

‖η‖ 6 C(‖∇η‖ + |(η,1)|) ∀η ∈ H 1(Ω). (2.6)

LetX, Y,Z be Banach spaces with a compact embeddingX ↪→ Y and a continuous embedding
Y ↪→ Z. Then the embeddings

{η ∈ L2(0, T ;X) : ∂tη ∈ L2(0, T ;Z)} ↪→ L2(0, T ;Y ) (2.7a)

and
{η ∈ L∞(0, T ;X) : ∂tη ∈ L2(0, T ;Z)} ↪→ C([0, T ];Y ) (2.7b)

are compact. In the following we often use the well-known result

‖η‖0,r 6 C‖η‖1 ∀η ∈ H 1(Ω) andr ∈ [2,∞),

in particular when bounding the triple

a(η, χ, ξ) =

∣∣∣∣∫
Ω

η∇χ · ξ dx

∣∣∣∣ 6 ‖ηξ‖ ‖∇χ‖ 6 ‖η‖0,4‖ξ‖0,4‖∇χ‖ 6 ‖η‖1‖ξ‖1‖∇χ‖. (2.8)

Furthermore we note that forµ = 1 − 2/r andσ = 1/2 − 2/r we have

‖η‖0,r 6 C‖η‖1−µ
‖η‖

µ
1 ∀η ∈ H 1(Ω) andr ∈ [2,∞) (2.9)

and

‖η‖0,r 6 C‖η‖1−σ
0,4 ‖η‖σ1,4 ∀η ∈ W1,4(Ω) andr ∈ [4,∞]. (2.10)

Throughout this workC, C1 andC2 will denote constants whose value may change from line to
line. FurthermoreC1 will denote a constant that can be taken to be arbitrarily small.

2.1 A weak formulation of the problem

We now introduce a weak formulation of (1.1a–f):

Find {c(x, t), w(x, t),u(x, t), p(x, t)} such that

(∂tc, η)+
1

Pe
(b(c)∇w,∇η) = a(c, η,u) ∀η ∈ H 1(Ω), (2.11a)

(w, η) = (Φ ′(c), η)+ γ 2(∇c,∇η) ∀η ∈ H 1(Ω), (2.11b)

(∂tu, v)+
1

Re
(∇u : ∇v)+ B(u,u, v)− (p,∇ · v)+Ka(c, w, v) = 0 ∀v ∈ H1

0(Ω), (2.11c)

(∇ · u, χ) = 0 ∀χ ∈ L2(Ω), (2.11d)

c(x,0) = c0(x) ∈ H 2(Ω) ∩ V, u(x,0) = u0(x) ∈ W0 ∩ H2(Ω) ∀x ∈ Ω, (2.11e)

u = g on ∂Ω × (0, T ). (2.11f)
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In Sections 3 and 4 we analyse the following weak formulation of (2.11a–f) withg = 0 in which
for simplicity of presentation we have setb(·) ≡ 1 and Pe= Re= K = 1:

(P) Find {c(x, t), w(x, t),u(x, t)} ∈ V ×H 1(Ω)× W0 such that

(∂tc, η)+ (∇w,∇η) = a(c, η,u) ∀η ∈ H 1(Ω), (2.12a)

(w, η) = (Φ ′(c), η)+ γ 2(∇c,∇η) ∀η ∈ H 1(Ω), (2.12b)

(∂tu, v)+ (∇u : ∇v)+ B(u,u, v)+ a(c, w, v) = 0 ∀v ∈ W0, (2.12c)

c(x,0) = c0(x) ∈ H 2(Ω) ∩ V, u(x,0) = u0(x) ∈ W0 ∩ H2(Ω) ∀x ∈ Ω. (2.12d)

REMARK 2.2 We note that (2.12c) can also be written as

(∂tu, v)+ (∇u : ∇v)+ B(u,u, v)− (p,∇·v)+ a(c, w, v) = 0 ∀v ∈ H1
0(Ω). (2.13)

Sinceg = 0, from [12] and [30] it follows that there exists a unique solution{c,w,u} of (P)
that satisfies 

c ∈ L∞(0, T ;H 2(Ω) ∩ V ) ∩H 1(0, T ;L2(Ω)),

u ∈ L∞(0, T ; W0 ∩ H2(Ω)) ∩H 1(0, T ; L2(Ω)),

w ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H 2(Ω)) ∩H 1(0, T ;L2(Ω)),

p ∈ L2(0, T ;H 1(Ω)).

(2.14)

2.2 Finite element notation

In Sections 3 and 4 we consider a semi-discrete and a fully discrete finite element approximation of
(P) under the following assumptions on the mesh.

LetT h be a quasi-uniform partitioning ofΩ into disjoint open simplices{κ} with hκ := diam(κ)
andh := maxκ∈T h hκ , so thatΩ =

⋃
κ∈T h κ.

Also we assume thatT h is weakly acute; that is, for any pair of adjacent triangles the sum of
the opposite angles relative to the common side does not exceedπ . We defineT h/2 to be the mesh
obtained fromT h by refining each simplexκ into four similar triangles by joining the midpoints of
each edge ofκ.

Associated withT h andT h/2 are the finite element spaces

Sh := {v ∈ C(Ω) : v|κ is linear∀κ ∈ T h} ⊂ H 1(Ω),

Sh/2 := {v ∈ C(Ω) : v|κ is linear∀κ ∈ T h/2} ⊂ H 1(Ω).

Let πh : C(Ω) → Sh be the piecewise linear Lagrange interpolation operator such that
(πhv)(xj ) = v(xj ) for all j = 1, . . . , J , whereJ denotes the number of nodes ofT h. Similarly we
defineπh : (C(Ω))2 → (Sh/2)2 and we note that for allq ∈ (2,∞],

‖∇(I − πh)η‖ 6 Ch‖η‖2 ∀η ∈ H2(Ω), (2.15a)

‖∇(I − πh)η‖0,q 6 C‖∇η‖0,q ∀η ∈ H1,q(Ω). (2.15b)
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We define the finite element spaces, analogous to the earlier continuous spaces,

V h = {v ∈ Sh : (v,1) = 0},

Wh
= {v ∈ (Sh/2)2 : (∇ · v, χ) = 0 ∀χ ∈ Sh},

Wh
0 = {v ∈ Wh : v = 0 on ∂Ω}.

We define a discreteL2(Ω) inner product onC(Ω) via

(u, v)h :=
∫
Ω

πh(uv)dx. (2.16)

Forη, χ ∈ C(Ω) we set
Ih(η, χ) := (η, χ)h − (η, χ) (2.17)

and we note that

|Ih(η, χ)| = |(η, χ)h − (η, χ)| 6 Ch‖η‖ ‖∇χ‖ ∀η, χ ∈ Sh. (2.18)

It is well known that the discrete inner product (2.16) induces a norm onSh ⊂ C(Ω), via

‖χ‖
2
h := (χ, χ)h ∀χ ∈ Sh (2.19)

and that there is an equivalence of norms between‖ · ‖ and‖ · ‖h, i.e.

C‖χ‖ 6 ‖χ‖h 6 C‖χ‖, ∀χ ∈ Sh. (2.20)

The Poincaŕe inequality (2.6) together with (2.18)–(2.20) yields, forh sufficiently small, the
following discrete Poincaré inequality:

‖χ‖h 6 C(‖∇χ‖ + |(χ,1)h|) ∀χ ∈ Sh, (2.21)

so
‖χ‖1 6 C‖∇χ‖ ∀χ ∈ V h. (2.22)

We introduce theL2 projectionQh : L2(Ω) → Sh defined by

(Qhη, χ)h = (η, χ) ∀χ ∈ Sh (2.23)

and we note that

‖(I −Qh)η‖ + h‖∇(I −Qh)η‖ 6 Ch‖∇η‖ ∀η ∈ H 1(Ω). (2.24)

We also introduce the projectionP h onSh, with respect to the inner product(∇v,∇w), so that for
η ∈ H 1(Ω),

(∇P hη,∇χ) = (∇η,∇χ) ∀χ ∈ Sh and (P hη,1) = (η,1) (2.25)

and we note that

‖P hη − η‖ + h‖∇(P hη − η)‖ 6 Chs‖η‖s ∀η ∈ H s(Ω), s = 1,2. (2.26)
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We also definePh : W0 → Wh
0 to be the Stokes projection such that for allv ∈ W0,

(∇Phv : ∇χ) = (∇v : ∇χ) ∀χ ∈ Wh
0 (2.27)

and we note that

‖Phv − v‖ + h‖∇(Phv − v)‖ 6 Chs‖v‖s ∀v ∈ Hs(Ω) ∩ W0, s = 1,2. (2.28)

We introduce the ‘discrete Laplacian’ operator∆h : Sh → V h such that

(∆hzh, χ) = −(∇zh,∇χ) ∀χ ∈ Sh (2.29a)

and since we have a quasi-uniform family of partitionings andΩ is convex we have (see [5])

‖∇zh‖0,s 6 C‖∆hzh‖ ∀s ∈ (1,∞). (2.29b)

Next we introduce, similar to (2.5), the discrete Green’s operatorsGh : F → V h and Ĝh :
V h → V h such that

(∇[Ghη],∇χ) = 〈η, χ〉 ∀χ ∈ Sh (2.30a)

and
(∇[Ĝhzh],∇χ) = (zh, χ)h ∀χ ∈ Sh. (2.30b)

From [17] have
‖∇Gv‖ 6 C‖∇Ghv‖ ∀v ∈ Sh. (2.31)

Finally we note the well-known inverse inequalities

‖χ‖0,4 6 Ch−1/2
‖χ‖ ∀χ ∈ Sh, (2.32a)

‖χ‖0,∞ 6 C
√

ln(1/h) ‖χ‖1 ∀χ ∈ Sh. (2.32b)

3. Semi-discrete scheme

In this section we consider a continuous in time finite element approximation,(Ph), of (P) and
we use the techniques presented in [16] to prove an error estimate between the solutions of(Ph)
and(P).

We consider the following semi-discrete approximation of(P):

(Ph) Find {ch, wh,uh} ∈ V h × Sh × Wh
0 such that

(∂tch, χ)+ (∇wh,∇χ) = a(ch, χ,uh) ∀χ ∈ Sh, (3.1a)

(wh, χ) = (Φ ′(ch), χ)+ γ 2(∇ch,∇χ) ∀χ ∈ Sh, (3.1b)

(∂tuh,χ)+ (∇uh : ∇χ)+ B(uh,uh,χ)+ a(ch, wh,χ) = 0 ∀χ ∈ Wh
0, (3.1c)

ch(x,0) = Qh(c0(x)) ∈ V h ∩ L∞(Ω), uh(x,0) = Ph(u0(x)) ∈ Wh
0 ∀x ∈ Ω. (3.1d)

REMARK 3.1 From (3.1d), (2.24), (2.28) and (2.14) we have

(Φ(ch(·,0)),1)+ ‖ch(·,0)‖1 + ‖uh(·,0)‖ 6 C. (3.2)
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LEMMA 3.1 The system(Ph) satisfies the following stability estimates:

(Φ(ch(T )),1)+ ‖ch(T )‖
2
1 + ‖uh(T )‖2

+

∫ T

0
(‖∇uh‖2

+ ‖∇wh‖
2)dt

6 C((Φ(ch(0)),1)+ ‖∇ch(0)‖
2
+ ‖uh(0)‖2) 6 C, (3.3a)∫ T

0
‖ch‖

4
0,∞ dt 6 C (3.3b)

and

1

2
‖wh(T )‖

2
+

∫ T

0
‖∂tch‖

2 dt 6 C(h) (3.4)

whereC(h) is a constant that depends onh.

Proof. Settingχ = wh in (3.1a),χ = ∂tch in (3.1b) andχ = uh in (3.1c) and combining the
resulting equations gives

d

dt
(Φ(ch),1)+

γ 2

2

d

dt
‖∇ch‖

2
+

1

2

d

dt
‖uh‖2

+ ‖∇uh‖2
+ ‖∇wh‖

2
+ B(uh,uh,uh) = 0

and (3.3a) follows by noting (2.4), integrating from 0 toT and using (2.22) and (3.2).
To prove (3.3b) we takeη = ∆hch in (3.1b) and use (2.29a) to obtain

γ 2
‖∆hch‖

2
= (∇wh,∇ch)+ (Φ ′(ch),∆

hch)

6 1
2‖∇wh‖

2
+

1
2‖∇ch‖

2
+ C‖Φ ′(ch)‖

2
+

1
2γ

2
‖∆hch‖

2

6 1
2‖∇wh‖

2
+

1
2‖∇ch‖

2
+ C(‖ch‖

6
0,6 + ‖ch‖

4
0,4 + ‖ch‖

2)+
1
2γ

2
‖∆hch‖

2

6 1
2‖∇wh‖

2
+

1
2‖∇ch‖

2
+ C‖ch‖

6
1 +

1
2γ

2
‖∆hch‖

2. (3.5)

Noting (2.29b) and (2.22), integrating (3.5) from 0 toT and using (3.3a) we obtain∫ T

0
‖∇ch‖

2
0,4 dt 6 C. (3.6)

From (3.6), (2.10) and (3.3a) we conclude (3.3b).
To prove (3.4) we differentiate (3.1b) with respect tot and then takeχ = wh in the resulting

equation to obtain

1

2

d

dt
‖wh‖

2
= γ 2(∂t∇ch,∇wh)+ (∂t (Φ

′(ch)), wh). (3.7)

Next takingχ = γ 2∂tch in (3.1a), noting (1.4), (2.2) and combining the resulting equation with
(3.7) we obtain

1

2

d

dt
‖wh‖

2
+ γ 2

‖∂tch‖
2

= (∂t (Φ
′(ch)), wh)+ γ 2a(ch, ∂tch,uh) = (Φ ′′(ch)∂tch, wh)− γ 2(∇·(chuh), ∂tch)

6 C‖Φ ′′(ch)‖
2
0,∞‖wh‖

2
+

1
2γ

2
‖∂tch‖

2
+ C‖∇ch‖

2
0,4‖uh‖2

0,4 + C‖∇uh‖2
‖ch‖

2
0,∞

6 C(‖ch‖
4
0,∞ + 1)‖wh‖

2
+

1
2γ

2
‖∂tch‖

2
+ C‖∇ch‖

2
0,4‖uh‖2

1 + C‖∇uh‖2
‖ch‖

2
0,∞.
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Using the above inequality and (2.32a,b) we obtain

1

2

d

dt
‖wh‖

2
+
γ 2

2
‖∂tch‖

2 6
C

h
((‖ch‖

4
0,∞ + 1)‖wh‖

2
+ ‖∇ch‖

2
‖uh‖2

1 + ‖∇uh‖2
‖ch‖

2
1)

and (3.4) follows from Gronwall’s inequality and (3.3a,b).

REMARK 3.1 From the theory of ordinary differential equations, noting (3.3a) and (3.4) it follows
that the system(Ph) has a unique solution{ch, wh,uh} on [0, T ] for all T < ∞.

Before we present the main result of this section we introduce some useful notation.
We define

EAc := c − P hc, Ehc := P hc − ch, Ec := c − ch = EAc + Ehc , (3.8a)

EAw := w − P hw, Ehw := P hw − wh, Ew := w − wh = EAw + Ehw, (3.8b)

EAu := u − Phu, Ehu := Phu − uh, Eu := u − uh = EAu + Ehu . (3.8c)

From (2.26), (2.28), (3.8a–c) and (2.14) we have

‖EAc ‖1 + ‖EAu ‖1 6 Ch and ‖EAw‖1 6 Ch‖w‖2 (3.9a)

and similarly we obtain

‖∇Gh(∂tEAc )‖ 6 Ch‖∂tc‖ and ‖∂tE
A
u ‖−1 6 Ch‖∂tu‖. (3.9b)

Using (3.8a), (3.9a) and (2.22) we have

‖Ec‖1 6 ‖Ehc ‖1 + ‖EAc ‖1 6 ‖Ehc ‖1 + Ch 6 C‖∇Ehc ‖ + Ch, (3.10a)

and similarly from (3.8c) and (3.9a) we have

‖Eu‖1 6 ‖Ehu‖1 + ‖EAu ‖1 6 ‖Ehu‖1 + Ch. (3.10b)

We now proceed to bound the errorsEhc ,Ehw andEhu . To this end we note the following lemma.

LEMMA 3.2 We have

|(Φ ′(ch)−Φ ′(c), ∂tE
h
c )| 6 C̃(h2

+ ‖∇Ehc ‖
2)+ C1‖∇Gh(∂tEhc )‖2 (3.11)

whereC̃ = C(‖ch‖
2
0,∞ + 1)2.

Proof. Noting (2.5) and (2.31) it follows that

|(Φ ′(c)−Φ ′(ch), ∂tE
h
c )| = |(∇(Φ ′(c)−Φ ′(ch)),∇G(∂tEhc ))|

6 ‖∇(Φ ′(c)−Φ ′(ch))‖ ‖∇G(∂tEhc )‖
6 C‖∇(Φ ′(c)−Φ ′(ch))‖ ‖∇Gh(∂tEhc )‖. (3.12)

From (2.14) and the Lipschitz continuity ofΦ ′′ we have

‖∇(Φ ′(c)−Φ ′(ch))‖ = ‖Φ ′′(c)∇c −Φ ′′(ch)∇ch‖

6 ‖Φ ′′(ch)∇(c − ch)‖ + ‖(Φ ′′(c)−Φ ′′(ch))∇c‖

6 C(‖ch‖
2
0,∞ + 1)‖∇Ec‖ + C(‖ch‖0,∞ + ‖c‖0,∞)‖c − ch‖0,4‖∇c‖0,4

6 C(‖ch‖
2
0,∞ + 1)(‖∇Ec‖ + ‖Ec‖1). (3.13)

The desired result follows from (3.12), (3.13), (3.3b) and (3.10a).
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REMARK 3.2 We note from (2.28), (2.32a), (2.15b) and (2.14) that

‖∇Phu‖0,4 6 ‖∇(πhu − u)‖0,4 + ‖∇(Phu − πhu)‖0,4 + ‖∇u‖0,4

6 C‖∇u‖0,4 + Ch−1/2
‖∇(Phu − πhu)‖ + ‖∇u‖0,4

6 C‖∇u‖0,4 + Ch1/2
‖u‖2 6 C. (3.14)

Similarly using (2.32b) we have

‖Phu‖0,∞ 6 ‖πhu − u‖0,∞ + ‖Phu − πhu‖0,∞ + ‖u‖0,∞

6 C‖u‖0,∞ + C
√

ln(1/h) ‖Phu − πhu‖1 + ‖u‖0,∞

6 C‖u‖0,∞ + Ch
√

ln(1/h) 6 C. (3.15)

LEMMA 3.3 For almost everyt ∈ [0, T ], we have

γ 2

2

d

dt
‖∇Ehc ‖

2
+

3

4
‖∇Ehw‖

2
+

1

2

d

dt
‖Ehu‖

2
+

3

4
‖∇Ehu‖

2

6 Ĉ(h2
+ ‖∇Ehc ‖

2
+ ‖Ehu‖

2)+ C1‖∇Gh(∂tEhc )‖2

whereĈ = C(1 + ‖ch‖
4
0,∞ + ‖w‖

2
2 + ‖∂tc‖

2
+ ‖∂tu‖

2).

Proof. From (2.12a), (2.25) and (3.8a) we have

(∂tP
hc, η)+ (∇P hw,∇η) = a(c, η,u)− (∂tE

A
c , η) ∀η ∈ Sh. (3.16)

Settingχ = Ehw in (3.1a) and subtracting the resulting equation from (3.16) withη = Ehw we obtain

(∂tE
h
c , E

h
w)+ ‖∇Ehw‖

2
= a(c, Ehw,u)− a(ch, Ehw,uh)− (∂tE

A
c , E

h
w). (3.17)

Similarly settingη = ∂tch − ∂tP
hc = ∂tE

h
c in (2.12b) and noting (2.25) and (3.8b) we obtain

(P hw, ∂tE
h
c ) = (Φ ′(c), ∂tE

h
c )+ γ 2(∇P hc,∇∂tE

h
c )− (EAw, ∂tE

h
c ). (3.18)

Settingχ = ∂tE
h
c in (3.1b) and subtracting the resulting equation from (3.18) we obtain

(Ehw, ∂tE
h
c ) = (Φ ′(c)−Φ ′(ch), ∂tE

h
c )+

γ 2

2

d

dt
‖∇Ehc ‖

2
− (EAw, ∂tE

h
c ). (3.19)

Combining (3.17) and (3.19) we obtain

γ 2

2

d

dt
‖∇Ehc ‖

2
+ ‖∇Ehw‖

2
= a(c, Ehw,u)− a(ch, Ehw,uh)− (∂tE

A
c , E

h
w)

+(Φ ′(ch)−Φ ′(c)+ EAw, ∂tE
h
c ). (3.20)
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Next settingv = Phu − uh = Ehu in (2.13) and noting (2.27) and (3.8c) gives

(∂tPhu, Ehu)+ (∇Phu : ∇Ehu) = (p,∇·Ehu)− a(c, w,Ehu)− B(u,u, Ehu)− (∂tE
A
u , E

h
u). (3.21)

SincePhu − uh ∈ Wh
0 it follows that

(∇·Ehu , qh) = (∇·(Phu − uh), qh) = 0 ∀qh ∈ Sh. (3.22)

Settingχ = Phu − uh = Ehu in (3.1c), subtracting the resulting equation from (3.21) and using
(3.22) withqh = Qhp we obtain

1

2

d

dt
‖Ehu‖

2
+ ‖∇Ehu‖

2
= a(ch, wh, Ehu)− a(c, w,Ehu)+ B(uh,uh, Ehu)− B(u,u, Ehu)

−(∂tE
A
u , E

h
u)+ (∇·Ehu , p −Qhp). (3.23)

Next we note from (3.8a–c) that

a(c, Ehw,u)− a(ch, Ehw,uh)+ a(ch, wh, Ehu)− a(c, w,Ehu)

= a(Ec, Ehw,u)+ a(ch, Ehw, Eu)− a(ch, Ew, Ehu)− a(Ec, w,Ehu)

= a(Ec, Ehw,u)− a(Ec, w,Ehu)− a(ch, EAw, E
h
u)+ a(ch, Ehw, E

A
u ). (3.24)

Combining (3.20), (3.23) and (3.24) yields

γ 2

2

d

dt
‖∇Ehc ‖

2
+ ‖∇Ehw‖

2
+

1

2

d

dt
‖Ehu‖

2
+ ‖∇Ehu‖

2

= a(Ec, Ehw,u)− a(Ec, w,Ehu)− a(ch, EAw, E
h
u)

+ a(ch, Ehw, E
A
u )− (∂tE

A
c , E

h
w)+ (EAw, ∂tE

h
c )+ (∇·Ehu , p −Qhp)

+ B(uh,uh, Ehu)− B(u,u, Ehu)− (∂tE
A
u , E

h
u)+ (Φ ′(ch)−Φ ′(c), ∂tE

h
c ). (3.25)

We now bound the terms on the right hand side of (3.25). From (2.8), (2.14), (3.3a), (3.9a) and
(3.10a) we obtain

|a(Ec, Ehw,u)| + |a(Ec, w,Ehu)| + |a(ch, EAw, E
h
u)| + |a(ch, Ehw, E

A
u )|

6 ‖Ec‖1(‖u‖1‖∇E
h
w‖ + ‖∇w‖ ‖Ehu‖1)+ ‖ch‖1(‖E

h
u‖1‖∇E

A
w‖ + ‖EAu ‖1‖∇E

h
w‖)

6 Ĉ‖Ec‖
2
1 + C1‖∇E

h
w‖

2
+ C1‖E

h
u‖

2
1 + C‖∇EAw‖

2
+ C‖EAu ‖

2
1

6 Ĉ(h2
+ ‖∇Ehc ‖

2)+ C1(‖E
h
u‖

2
1 + ‖∇Ehw‖

2). (3.26)

Futhermore noting (2.30a) and (3.9a,b) we have

|(∂tE
A
c , E

h
w)| + |(EAw, ∂tE

h
c )| + |(∂tE

A
u , E

h
u)|

6 ‖∇Gh(∂tEAc )‖ ‖∇Ehw‖ + ‖∇EAw‖ ‖∇Gh(∂tEhc )‖ + ‖∂tE
A
u ‖−1‖E

h
u‖1

6 C‖∇Gh(∂tEAc )‖2
+ C1‖∇E

h
w‖

2
+ C‖∇EAw‖

2

+ C1‖∇Gh(∂tEhc )‖2
+ C‖∂tE

A
u ‖

2
−1 + C1‖E

h
u‖

2
1

6 Ĉh2
+ C1(‖∇E

h
w‖

2
+ ‖∇Gh(∂tEhc )‖2

+ ‖Ehu‖
2
1). (3.27)
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From Remark 3.2, (2.4), (2.14), (3.9a) and (3.10b) we have

|B(u,u, Ehu)− B(uh,uh, Ehu)| = |B(u, EAu , E
h
u)+ B(Eu,Phu, Ehu)+ B(uh, Ehu , E

h
u)|

= |B(u, EAu , E
h
u)+ B(Eu,Phu, Ehu)|

6 ‖u‖0,∞(‖∇E
A
u ‖ ‖Ehu‖ + ‖∇Ehu‖ ‖EAu ‖)

+ ‖Eu‖ ‖∇Phu‖0,4‖E
h
u‖0,4 + ‖Phu‖0,∞‖∇Ehu‖ ‖Eu‖

6 C1‖E
h
u‖

2
1 + C‖EAu ‖

2
1 + C‖Eu‖

2

6 Ch2
+ C1‖E

h
u‖

2
1 + C‖Ehu‖

2. (3.28)

Finally, from (2.24) and (2.14) we have

|(∇·Ehu ,Q
hp − p)| 6 ‖∇Ehu‖ ‖Qhp − p‖ 6 Ch2

+ C1‖∇E
h
u‖

2. (3.29)

Combining (3.25)–(3.29) and noting (3.11) we obtain

γ 2

2

d

dt
‖∇Ehc ‖

2
+

1

2

d

dt
‖Ehu‖

2
+ ‖∇Ehu‖

2
+ ‖∇Ehw‖

2

6 C1(‖∇E
h
u‖

2
+ ‖∇Ehw‖

2
+ ‖∇Gh(∂tEhc )‖2)

+ Ĉ(h2
+ ‖∇Ehc ‖

2
+ ‖Ehu‖

2). (3.30)

TakingC1 = 1/4 in (3.30) gives the desired result. ut

LEMMA 3.4 For allt ∈ [0, T ] we have

‖∇Gh(∂tEhc )‖2 6 Ĉh2
+ C2(‖∇E

h
w‖

2
+ ‖Ehu‖

2
1 + ‖∇Ehc ‖

2)

whereĈ = C(1 + ‖ch‖
4
0,∞ + ‖w‖

2
2 + ‖∂tc‖

2
+ ‖∂tu‖

2).

Proof. Replacingη with χ in (3.16), combining the resulting equation with (3.1a) and noting
(2.30a) and (3.8a) we obtain

(∇Gh(∂tEhc ),∇χ) = (∂tE
h
c , χ) = −(∇Ehw,∇χ)+ a(c, χ,u)− a(ch, χ,uh)− (∂tE

A
c , χ),

so

(∇Gh(∂tEhc ),∇χ) = −(∇Ehw,∇χ)+ a(Ec, χ,u)− a(ch, χ,Eu)− (∂tE
A
c , χ). (3.31)

From (3.31), (2.8), (3.9b), (2.14) and (3.3a) we have

(∇Gh(∂tEhc ),∇χ) 6 ‖∇Ehw‖ ‖∇χ‖ + ‖∇χ‖(‖u‖0,∞‖Ec‖ + ‖ch‖1‖Eu‖1)+ ‖∇Gh(∂tEAc )‖ ‖∇χ‖

6 Ĉh+ C(‖∇Ehw‖ + ‖Eu‖1 + ‖Ec‖)‖∇χ‖. (3.32)

From (3.10a,b) we obtain the desired result. ut

From Lemmas 3.3 and 3.4 withC1 chosen such that 4C2C1 6 1 we obtain the following result.

LEMMA 3.5 For almost everyt ∈ [0, T ], we have

γ 2

2

d

dt
‖∇Ehc ‖

2
+

1

2
‖∇Ehw‖

2
+

1

2

d

dt
‖Ehu‖

2
+

1

2
‖∇Ehu‖

2 6 Ĉ(h2
+ ‖∇Ehc ‖

2
+ ‖Ehu‖

2). (3.33)
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LEMMA 3.6 For allt ∈ [0, T ] we have

‖Ehc (t)‖
2
1+‖Ehu(t)‖

2
+

∫ T

0
(‖∇Ehw‖

2
+‖∇Ehu‖

2)dt 6 C(h2
+‖∇Ehc (0)‖

2
+‖Ehu(0)‖

2). (3.34)

Proof. Applying Gronwall’s inequality to (3.33) and noting (2.14), (2.22) and (3.3b) we obtain the
required result. ut

THEOREM 3.2 If
‖c(0)− ch(0)‖1 + ‖u(0)− uh(0)‖ 6 Ch (3.35)

then

‖c − ch‖L∞(H1) + ‖u − uh‖L∞(L2) + ‖∇(w − wh)‖L2(L2) + ‖u − uh‖L2(H1) 6 Ch. (3.36)

Proof. The desired result is a direct consequence of Lemma 3.6, (2.26) and (2.28).

REMARK 3.3 We note that in the above error boundγ enters in the form exp(γ−2). Sinceγ
is required to be a small parameter, ideally one would like to obtain an estimate that depends
polynomially onγ−1. Such an estimate has been proved in [20] in which a spectrum estimate result
for the linearized Cahn–Hilliard operator is used; however, as is mentioned in [19], we know of no
such spectrum estimate for the linearized operator associated with the coupled system (1.1a–d).

4. Fully discrete scheme

In this section we prove the convergence of a fully discrete finite element approximation(Ph,τ ),
of (P).

We defineT h to be as in Section 2.2 and in addition we let 0= t0 < t1 < · · · < tN−1 < tN = T

be a partitioning of [0, T ] into possibly variable time stepsτn := tn − tn−1, for n = 1 → N . We set
τ := maxn=1→N τn.

Finally, for simplicity of notation we set

δτ c
n
h :=

cnh − cn−1
h

τn
and δτunh :=

unh − un−1
h

τn
.

We now define a fully discrete finite element approximation of(P):

(Ph,τ ) Forn > 1 find {cnh, w
n
h,u

n
h} ∈ V h × Sh × Wh

0 such that

(δτ c
n
h, χ)h + (∇wnh,∇χ) = a(cn−1

h , χ,un−1
h ) ∀χ ∈ Sh, (4.1a)

(wnh, χ)h = γ 2(∇cnh,∇χ)+ (φ(cnh)− cn−1
h , χ)h ∀χ ∈ Sh, (4.1b)

(δτunh,χ)+ (∇unh : ∇χ)+ B(un−1
h ,unh,χ)+ a(cn−1

h , wnh,χ) = 0 ∀χ ∈ Wh
0, (4.1c)

c0
h(x) = Qh(c0(x)) ∈ V h ∩ L∞(Ω), u0

h(x) = Ph(u0(x)) ∈ Wh
0 ∀x ∈ Ω, (4.1d)

whereφ(s) = s3.
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REMARK 4.1 From (4.1d), (2.24), (2.28) and (2.14) we have

(Φ(c0
h(·)),1)h + ‖c0

h(·)‖1 + ‖u0
h(·)‖ 6 C. (4.2)

LEMMA 4.1 For allh, τn > 0 there exists a unique solution{unh, c
n
h, w

n
h} to then-th step of(Ph,τ ).

Proof. In order to prove existence of a unique solution{cnh, w
n
h} ∈ V h × Sh to (4.1a,b) first we set

χ = Ĝhχ in (4.1a) and note (2.2) to obtain

(δτ c
n
h, Ĝ

hχ)h + (∇wnh,∇Ĝ
hχ) = (cn−1

h ,∇(Ĝhχ)·un−1
h )

= −(∇·(cn−1
h un−1

h ), Ĝhχ) ∀χ ∈ V h. (4.3)

Using (4.3) and (2.30a,b) we obtain

(wnh, χ)h = (∇wnh,∇Ĝ
hχ) = −(Ĝh[δτ cnh], χ)h − (Gh[∇·(cn−1

h un−1
h )], χ)h ∀χ ∈ V h. (4.4)

Hence (4.1a,b) can be restated as: Findcnh ∈ V h such that for allχ ∈ V h

γ 2(∇cnh,∇χ)+

(
φ(cnh)+

1

τn
Ĝh[δτ cnh], χ

)
h

= (cn−1
h − Gh[∇·(cn−1

h un−1
h )], χ)h. (4.5)

There existscnh ∈ V h solving (4.5) since, on noting (2.30b), this is the Euler–Lagrange equation of
the convex minimization problem

min
zh∈V h

{
γ 2

2
‖∇zh‖2

+
1

4
((zh)4,1)h +

1

2τn
‖∇Ĝh(zh − cn−1

h )‖2
− (cn−1

h − Gh[∇·(cn−1
h un−1

h )], zh)h

}
.

Therefore on noting (4.4), we have existence of a unique solution{cnh, w
n
h} ∈ V h × Sh to (4.1a,b).

The existence of a unique solutionunh ∈ Wh
0 to (4.1c) follows from standard results.

LEMMA 4.2 Letcn−1
h ∈ V h. Then forτn 6 Ch/(4‖cn−1

h ‖
2
0,4) we have

E(cnh,u
n
h)+

1
2γ

2
‖∇(cnh − cn−1

h )‖2
+

1
4‖unh − un−1

h ‖
2
+

1
2τn‖∇w

n
h‖

2
+ τn‖∇unh‖

2

6 E(cn−1
h ,un−1

h ) (4.6)

where
E(cnh,u

n
h) := 1

2γ
2
‖∇cnh‖

2
+ (Φ(cnh),1)h +

1
2‖unh‖

2. (4.7)

Proof. Choosingχ ≡ wnh in (4.1a) andχ ≡ cnh − cn−1
h in (4.1b) yields respectively

(cnh − cn−1
h , wnh)h + τn(∇w

n
h,∇w

n
h) = τna(c

n−1
h , wnh,u

n−1
h ) (4.8)

and
γ 2(∇cnh,∇[cnh − cn−1

h ]) = (wnh − φ(cnh)+ cn−1
h , cnh − cn−1

h )h. (4.9)

Combining (4.8) and (4.9), using the elementary identity

2r(r − s) = (r2
− s2)+ (r − s)2 ∀r, s ∈ R, (4.10)
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and noting the following result from [18]:

(φ(r)− s)(r − s) > Φ(r)−Φ(s) (4.11)

we obtain

1
2γ

2
‖∇(cnh − cn−1

h )‖2
+

1
2γ

2
‖∇cnh‖

2
+ (Φ(cnh),1)h + τn‖∇w

n
h‖

2

6 (Φ(cn−1
h ),1)h +

1
2γ

2
‖∇cn−1

h ‖
2
+ τna(c

n−1
h , wnh,u

n−1
h ). (4.12)

Choosingχ ≡ unh in (4.1c) and noting (4.10) and (2.4) we obtain

1
2‖unh − un−1

h ‖
2
+

1
2‖unh‖

2
−

1
2‖un−1

h ‖
2
+ τn‖∇unh‖

2
+ τna(c

n−1
h , wnh,u

n
h) = 0. (4.13)

Combining (4.12), (4.13) and noting (4.7) we have

E(cnh,u
n
h)+

1
2γ

2
‖∇(cnh − cn−1

h )‖2
+

1
2‖unh − un−1

h ‖
2
+ τn‖∇w

n
h‖

2
+ τn‖∇unh‖

2

6 E(cn−1
h ,un−1

h )+ τna(c
n−1
h , wnh,u

n−1
h − unh). (4.14)

Noting (2.32a) and choosingτn such thatτn 6 Ch/(4‖cn−1
h ‖

2
0,4) we have

τn|a(c
n−1
h , wnh,u

n−1
h − unh)| 6 τn‖c

n−1
h ‖0,4‖∇w

n
h‖ ‖unh − un−1

h ‖0,4

6 1
2τn‖c

n−1
h ‖

2
0,4‖unh − un−1

h ‖
2
0,4 +

1
2τn‖∇w

n
h‖

2

6 Cτnh
−1

‖cn−1
h ‖

2
0,4‖unh − un−1

h ‖
2
+

1
2τn‖∇w

n
h‖

2

6 1
4‖unh − un−1

h ‖
2
+

1
2τn‖∇w

n
h‖

2, (4.15)

and hence from (4.14) and (4.15) we conclude (4.6).

THEOREM 4.1 For allh > 0 and for all time partitions{τn}Nn=1 such thatτn 6 Ch/(4‖cn−1
h ‖

2
0,4),

the solution{cnh, w
n
h,u

n
h}
N
n=1 to (Ph,τ ) is such that

max
n=1→N

[γ 2
‖cnh‖

2
1 + ‖unh‖

2
+ (Φ(cnh),1)h] +

N∑
n=1

[γ 2
‖∇(cnh − cn−1

h )‖2
+ ‖unh − un−1

h ‖
2]

+

N∑
n=1

τn[‖∇w
n
h‖

2
+ ‖∇unh‖

2] 6 C(‖∇c0
h‖

2
+ ‖u0

h‖
2
+ (Φ(c0

h),1)h) 6 C. (4.16a)

In addition
N∑
n=1

τn‖∇G[δτ c
n
h]‖2 6 C. (4.16b)

Proof. The result (4.16a) follows by summing (4.6) fromn = 1 → N and noting (2.22) and (4.2).
From (2.5), (2.23), (4.1a), (2.8) and (2.24) we have for anyη ∈ H 1(Ω),

(∇G[δτ c
n
h],∇η) = (δτ c

n
h, η) = (δτ c

n
h,Q

hη)h = −(∇wnh,∇[Qhη])+ a(cn−1
h ,Qhη,un−1

h )

6 [‖∇wnh‖ + ‖un−1
h ‖1‖c

n−1
h ‖1]‖∇Qhη‖

6 C[‖∇wnh‖ + ‖un−1
h ‖1‖c

n−1
h ‖1]‖∇η‖. (4.17)

The bound in (4.16b) then follows from (4.17) and (4.16a).
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REMARK 4.2 We note that the boundτn 6 Ch/(4‖cn−1
h ‖

2
0,4) in Lemma 4.2 and Theorem 4.1 is

attainable since from (4.16a) and (2.9) we have‖cn−1
h ‖0,4 6 C‖cn−1

h ‖1 6 C.

We now consider the convergence of(Ph,τ ) ash andτ tend to zero. To this end we let

ch,τ (t) :=
t − tn−1

τn
cnh +

tn − t

τn
cn−1
h , t ∈ [tn−1, tn], n > 1, (4.18a)

c+h,τ (t) := cnh, c−h,τ (t) := cn−1
h , t ∈ (tn−1, tn], n > 1. (4.18b)

We note for future reference that

ch,τ − c±h,τ = (t − t±n )∂tch,τ , t ∈ (tn−1, tn), n > 1, (4.19)

wheret+n := tn andt−n := tn−1. We also introduce

τ̄ (t) := τn, t ∈ (tn−1, tn], n > 1. (4.20)

Using the above notation, and introducing analogous notation forwh,τ and uh,τ , we can restate
(Ph,τ ) as:

Find {ch,τ , wh,τ ,uh,τ } ∈ L2(0, T ;V h)× L2(0, T ; Sh)× L2(0, T ; Wh
0) such that∫ T

0
((∂tch,τ , χ)h + (∇w+

h,τ ,∇χ)− a(c−h,τ , χ,u
−

h,τ ))dt = 0 ∀χ ∈ L2(0, T ; Sh), (4.21a)∫ T

0
(w+

h,τ , χ)h dt =

∫ T

0
(γ 2(∇c+h,τ ,∇χ)+ (φ(c+h,τ )− c−h,τ , χ)h)dt ∀χ ∈ L2(0, T ; Sh), (4.21b)∫ T

0
((∂tuh,χ)+ (∇u+

h,τ : ∇χ)+ B(u−

h,τ ,u
+

h,τ ,χ)+ a(c−h,τ , w
+

h,τ ,χ))dt = 0

∀χ ∈ L2(0, T ; Wh
0). (4.21c)

LEMMA 4.3 There exists a subsequence of{ch,τ , wh,τ ,uh,τ }h, where {ch,τ , wh,τ ,uh,τ } solve
(Ph,τ ), and functions{

c ∈ L∞(0, T ;V ) ∩H 1(0, T ; (H 1(Ω))′), w ∈ L2(0, T ;H 1(Ω)),

u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ; W0)
(4.22)

with c(·,0) = c0(·) in L2(Ω) andu(·,0) = u0(·) in L2(Ω) are such that ash → 0,

ch,τ , c
±

h,τ → c weak-∗ in L∞(0, T ;H 1(Ω)), (4.23a)

ch,τ , c
±

h,τ → c strongly inL2(0, T ;L2(Ω)), (4.23b)

G(∂tch,τ ) → G(∂tc) weakly inL2(0, T ;H 1(Ω)), (4.23c)

wh,τ , w
±

h,τ → w weakly inL2(0, T ;H 1(Ω)), (4.23d)

uh,τ ,u
±

h,τ → u weakly inL2(0, T ; H1(Ω)). (4.23e)
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Proof. Noting the definitions (4.18a,b), (4.20), the bounds in Theorem 4.1, (4.16b) together with
(2.6) and (4.2) imply that

‖c
(±)
h,τ ‖

2
L∞(H1)

+ ‖u(±)h,τ ‖
2
L∞(L2)

+ ‖τ̄1/2∂tch,τ‖
2
L2(H1)

+ ‖τ̄1/2∂tuh‖2
L2(L2)

+ ‖∇w+

h,τ‖
2
L2(L2)

+ ‖u+

h,τ‖
2
L2(H1)

+ ‖G(∂tch,τ )‖2
L2(H1)

6 C. (4.24)

Furthermore, we deduce from (4.19) and (4.24) that

‖ch,τ − c±h,τ‖
2
L2(H1)

6 ‖τ̄ ∂tch,τ‖
2
L2(H1)

6 Cτ (4.25a)

and
‖uh,τ − u±

h,τ‖
2
L2(L2)

6 ‖τ̄ ∂tuh,τ‖2
L2(L2)

6 Cτ. (4.25b)

Hence on noting (4.24), (4.25a,b) and (2.7a) we can choose a subsequence{ch,τ , wh,τ ,uh,τ }h such
that the convergence results (4.22) and (4.23a–f) hold. Then (4.22) yields on noting (2.7b), (2.24)
and (2.28) that the subsequences satisfy the additional initial conditions.

We follow the arguments used in [28] to prove the following lemma.

LEMMA 4.4 We have

uh,τ ,u
±

h,τ → u strongly inL2(0, T ; L2(Ω)). (4.26)

Proof. Since{uh,τ }h is bounded inL∞(0, T ; L2(Ω)) ∩ L2(0, T ; H1(Ω)), a result of J.-L. Lions
[28, 29] states that compactness of the sequence{u±

h,τ }h in L2(0, T ; L2(Ω)) will follow if∫ T

δ

‖u+

h,τ (t)− u+

h,τ (t − δ)‖2
L2(Ω)

6 Cδα (4.27)

for 0 6 δ 6 T and someα > 0. Since{u+

h,τ }h are piecewise constant in time it suffices to takeδ to

be a multiple of the time stepτn. Writing (t−δ, t)=(tm, tn) and settingv(t) :=u+

h,τ (t
n)−u+

h,τ (t
m)=

vmn in (4.1c) yields

(u+

h,τ (t
n)− u+

h,τ (t
m), vmn) = −

∫ tn

tm
[(∇u+

h,τ : ∇vmn)+ B(u+

h,τ (· − τn),u
+

h,τ , v
mn)] ds

−

∫ tn

tm
a(ch,τ (· − τn), w

+

h,τ , v
mn)ds. (4.28)

Using (2.8), (4.24), Ḧolder’s inequality and (4.16a) we have∣∣∣∣ ∫ tn

tm
((∇u+

h,τ : ∇vmn)− a(ch,τ (· − τn), w
+

h,τ , v
mn))ds

∣∣∣∣
6

∫ tn

tm
(‖∇u+

h,τ‖ ‖∇vmn‖ + ‖ch,τ (· − τn)‖1‖∇w
+

h,τ‖ ‖vmn‖1)ds

6 C‖vmn‖1

∫ tn

tm
(‖∇u+

h,τ‖ + ‖∇w+

h,τ‖)

6 C‖vmn‖1(t
n

− tm)1/2(‖∇u+

h,τ‖L2(L2) + ‖∇w+

h,τ‖L(L2)) (4.29)
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and similarly noting (2.9) and (4.24) we obtain

∣∣∣∣ ∫ tn

tm
B(u+

h,τ (· − τn),u
+

h,τ , v
mn)ds

∣∣∣∣
6

∫ tn

tm
‖u+

h,τ (· − τn)‖0,4(‖∇u+

h,τ‖ ‖vmn‖0,4 + ‖∇vmn‖ ‖u+

h,τ‖0,4)ds

6 C

∫ tn

tm
‖u+

h,τ (· − τn)‖
1/2

‖u+

h,τ (· − τn)‖
1/2
1

× (‖∇u+

h,τ‖ ‖vmn‖1/2
‖vmn‖1/2

1 + ‖∇vmn‖ ‖u+

h,τ‖
1/2

‖u+

h,τ‖
1/2
1 )ds

6 C

∫ tn

tm
‖u+

h,τ (· − τn)‖
1/2
1 (‖∇u+

h,τ‖ ‖vmn‖1/2
1 + ‖∇vmn‖ ‖u+

h,τ‖
1/2
1 )ds

6 C(tn − tm)1/4‖vmn‖1/2
1 ‖u+

h,τ‖
3/2
L2(H1)

+ C(tn − tm)1/2‖∇vmn‖ ‖u+

h,τ‖L2(H1). (4.30)

Integrating (4.28) with respect totn ∈ (δ, T ), using (4.29) and (4.30) we obtain (4.27), and noting
(4.25b) gives the required result.

LEMMA 4.5 Letvh, ηh andξh be such that

‖ξh∇ηh‖L2(L2) 6 C, ‖vhξh‖L2(L2) 6 C, ‖vh ·∇ηh‖L2(L2) 6 C (4.31)

and
vh → v strongly inL2(0, T ; L2(Ω)),

ξh → ξ strongly inL2(0, T ;L2(Ω)),

ηh → η weakly inL2(0, T ;H 1(Ω)).

(4.32)

Then ∫ T

0
a(ξh, ηh, vh)dt →

∫ T

0
a(ξ, η, v)dt.

Proof. We have

∣∣∣∣∫ T

0
a(ξh, ηh, vh)− a(ξ, η, v)dt

∣∣∣∣
6

∣∣∣∣∫ T

0
a(ξh, ηh, vh − v)dt

∣∣∣∣ +

∣∣∣∣∫ T

0
a(ξh − ξ, ηh, v)dt

∣∣∣∣ +

∣∣∣∣∫ T

0
a(ξ, ηh − η, v)dt

∣∣∣∣
6 ‖vh − v‖L2(L2)‖ξh∇ηh‖L2(L2) + ‖v·∇ηh‖L2(L2)‖ξh − ξ‖L2(L2) +

∣∣∣∣∫ T

0
a(ξ, ηh − η, v)dt

∣∣∣∣
and the desired result follows from (4.31) and (4.32).

THEOREM 4.2 There exists a subsequence of{ch,τ , wh,τ ,uh,τ }h, where{ch,τ , wh,τ ,uh,τ } solve
(Ph,τ ), and functions{c,w,u} satisfying (4.22). In addition, ash → 0, (4.23a–e) hold. Furthermore,
{c,w,u} fulfil c(·,0) = c0(·) in L2(Ω), u(·,0) = u0(·) in L2(Ω) and satisfy for allη ∈



CAHN–HILLIARD –NAVIER–STOKES SYSTEM 33

L2(0, T ;H 1(Ω)) and allv ∈ L2(0, T ; W0) ∩H 1(0, T ; L2(Ω)) with v(·, T ) = 0,∫ T

0
〈∂tc, η〉 dt +

∫ T

0
(∇w,∇η)dt =

∫ T

0
a(c, η,u)dt, (4.33a)∫ T

0
(w, η)dt = γ 2

∫ T

0
(∇c,∇η)dt +

∫ T

0
(Φ ′(c), η)dt, (4.33b)

−

∫ T

0
(u, ∂tv)dt +

∫ T

0
(∇u : ∇v)dt +

∫ T

0
B(u,u, v)dt +

∫ T

0
a(c, w, v)dt = (u0(·), v(·,0)).

(4.33c)

Proof. For anyη ∈ L2(0, T ;W1,4(Ω))∩H 1(0, T ;L2(Ω)) there exists a subsequenceηh,τ (t) ∈ Sh

such that
ηh,τ → η strongly inL2(0, T ;H 1(Ω)). (4.34)

We chooseχ ≡ ηh,τ in (4.21a) and now analyse the subsequent terms. Firstly, (2.18) and (4.24)
imply that ash → 0,∣∣∣∣∫ T

0
[(∂tch,τ , ηh,τ )h − (∂tch,τ , ηh,τ )] dt

∣∣∣∣
=

∣∣∣∣− ∫ T

0
(ch,τ , ∂tηh,τ )h dt + (ch,τ (·, T ), ηh,τ (·, T ))h − (ch,τ (·,0), ηh,τ (·,0))h

+

∫ T

0
(ch,τ , ∂tηh,τ )dt − (ch,τ (·, T ), ηh,τ (·, T ))+ (ch,τ (·,0), ηh,τ (·,0))

∣∣∣∣ → 0. (4.35)

Furthermore, it follows from (2.5), (4.23c) and (4.34) that∫ T

0
(∂tch,τ , ηh,τ )dt →

∫ T

0
〈∂tc, η〉 dt ash → 0. (4.36)

Combining (4.35) and (4.36) shows that∫ T

0
(∂tch,τ , ηh,τ )h dt →

∫ T

0
〈∂tc, η〉 dt ash → 0. (4.37)

In view of (4.34) and (4.23d) it follows that ash → 0,∫ T

0
(∇w+

h,τ ,∇ηh,τ )dt →

∫ T

0
(∇w,∇η)dt. (4.38)

From Lemma 4.5, (4.23b), (4.26) and (4.34) we conclude that ash → 0,∫ T

0
a(c−h,τ , ηh,τ ,u

−

h,τ )dt →

∫ T

0
a(c, η,u)dt. (4.39)

Combining (4.37), (4.38) and (4.39) yields (4.33a), on recalling (4.22).
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From (2.18), (4.24), (4.23a), (4.23d) and (4.34) we infer that ash → 0,∫ T

0
[γ 2(∇c+h,τ ,∇ηh,τ )+ (c−h,τ − w+

h,τ , ηh,τ )h] dt →

∫ T

0
[γ 2(∇c,∇η)+ (c − w, η)] dt. (4.40)

Furthermore, settingF(c, ch,τ ) = c2
h,τ + c2

+ ch,τ c and recalling (4.22) we have

∣∣∣∣∫ T

0
[(φ(c+h,τ ), ηh,τ )− (φ(c), η)] dt

∣∣∣∣
6

∣∣∣∣∫ T

0
(φ(c+h,τ )− φ(c), η)dt

∣∣∣∣ +

∣∣∣∣∫ T

0
(φ(c+h,τ ), ηh,τ − η)dt

∣∣∣∣
6

∫ T

0
‖η‖0,4‖F(c, ch,τ )‖0,4‖c

+

h,τ − c‖ dt +
∫ T

0
‖φ(c+h,τ )‖ ‖ηh,τ − η‖ dt

6 C

∫ T

0
‖η‖0,4‖ch,τ‖

4
0,8‖c

+

h,τ − c‖ dt + C

∫ T

0
‖c+h,τ‖

3
0,6‖ηh,τ − η‖ dt

6 C

∫ T

0
‖η‖1‖ch,τ‖

4
1‖c

+

h,τ − c‖ dt + C

∫ T

0
‖c+h,τ‖

3
1‖ηh,τ − η‖ dt. (4.41)

From (2.18), (4.24), (4.41), (4.23b) and (4.34) we have∫ T

0
(φ(c+h,τ ), ηh,τ )h dt →

∫ T

0
(φ(c), η)dt ash → 0. (4.42)

Combining (4.40) and (4.42) yields (4.33b), on recalling (4.22).
Forv ∈ L2(0, T ; W0) ∩H 1(0, T ; L2(Ω)) there existsvh,τ (t) ∈ Wh

0 such that

vh,τ → v strongly inL2(0, T ; H1(Ω)), (4.43)

∂tvh,τ → ∂tv weakly inL2(0, T ; L2(Ω)). (4.44)

We chooseχ ≡ vh,τ in (4.21c) and now analyse the subsequent terms. Sincevh,τ (·, T ) = 0 we
have ∫ T

0
(∂tuh,τ , vh,τ )dt = −

∫ T

0
(uh,τ , ∂tvh,τ )dt − (uh,τ (·,0), vh,τ (·,0)) (4.45)

and from (4.45), (4.26) and (4.44) we have∫ T

0
(∂tuh,τ , vh,τ )dt → −

∫ T

0
(u, ∂tv)dt − (u0(·), v(·,0)) ash → 0. (4.46)

Using arguments similar to the proof of Lemma 4.5 and noting (4.23e), (4.26) and (4.43) it follows
that ash → 0, ∫ T

0
B(u−

h,τ ,u
+

h,τ , vh,τ )dt →

∫ T

0
B(u,u, v)dt, (4.47)
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and from (4.23e) and (4.43) we find that ash → 0,∫ T

0
(∇u+

h,τ : ∇vh,τ )dt →

∫ T

0
(∇u : ∇v)dt. (4.48)

From Lemma 4.5, (4.23b), (4.23d) and (4.43) it follows that ash → 0,∫ T

0
a(c−h,τ , w

+

h,τ , v)dt →

∫ T

0
a(c, w, v)dt. (4.49)

Combining (4.46)–(4.49) yields (4.33c) on recalling (4.22).

REMARK 4.3 We note that there is an inconsistency of notation between this section and Section 3,
since in this section{c,w,u} is used to denote the solution of (4.33a–c), whereas in Section 3,
{c,w,u} is used to denote the solution of the smoother problem(P).

5. Numerical results

In practice the concentration,c, rapidly varies over the interfacial regions between the two fluids,
while away from the interface, in the bulk regions, it is close to±1. This interfacial region is of
thicknessO(γ ln γ ) and to effectively model it we require an adaptive mesh that is locally refined
close to and inside of the interfacial region and coarsened elsewhere. We now define our mesh
refinement strategy:

Given an initial meshT 0, for time stepn an element,κ, with verticesxκ,i , i = 1,2,3, is refined
if

max
i

|cn−1
h (xκ,i)| < 1 − δ

andhκ > γ/2 whereδ = O(γ ); in practice this guarantees that there are at least eight grid points in
the interfacial region. This element is repeatedly refined, using uniform refinement, untilhκ < γ/2.
Elements are coarsened ifκ and its neighbouring elementsΩκ = {K ∈ T n−1 : κ ∩ K 6= ∅}, with
the set of verticesωκ , are such that

max
x∈ωκ

|cn−1
h (x)| > 1 − δ.

We call this gridT n and use it for the chemical potential,w, as well. The space of continuous
piecewise linear functions associated with this space is denoted bySn,c and we denote the dimension
of Sn,c byNn,c. We use standard continuous piecewise linear interpolation to transfer functions in
Sn−1,c to Sn,c.

For the velocity the divergence free space,Wh
0, is not constructed and the pressure function,

p, remains in the system. We use a fixed uniform mesh,T h, for this problem and the mixed finite
element(Sh/2)2 × Sh; this space, (P1 iso P2 - P1), is known to be inf-sup stable (see [13]). Note
that the spaceSh/2 need not be related to the concentration mesh and in general is not. We denote
the dimensions ofSh/2 andSh byNh,u andNh,p, respectively.

We obtain the following fully discrete approximation of (2.11a–f):
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(P̃h,τ ) Forn > 1 find {cnh, w
n
h,u

n
h, p

n
h} ∈ Sn,c × Sn,c × (Sh/2)2 × Sh such that

(δτ c
n
h, χ)h +

1

Pe
(b(cn−1

h )∇wnh,∇χ) = a(cn−1
h , χ,un−1

h ) ∀χ ∈ Sn,c, (5.1a)

γ 2(∇cnh,∇χ) = (wnh − φ(cnh)+ cn−1
h , χ)h ∀χ ∈ Sn,c, (5.1b)

(δτunh,χ)+
1

Re
(∇unh : ∇χ)+ B(un−1

h ,unh,χ)+Ka(cn−1
h , wnh,χ)

= (pnh,∇ · χ) ∀χ ∈ (Sh/2)2, (5.1c)

(∇ · unh, qh) = 0 ∀qh ∈ Sh, (5.1d)

c0
h(x) = Qh(c0(x)), u0

h(x) = Ph(u0(x)) ∀x ∈ Ω, (5.1e)

u = g on ∂Ω × (0, T ), (5.1f)

whereb(c) = exp(−c2) andg · n = 0 on∂Ω.
We now discuss algorithms for solving the resulting system of algebraic equations for

{cnh, w
n
h,u

n
h, p

n
h} arising at each time level from the approximation(P̃h,τ ). We note that with this

approximation at each time level we are required to solve a Cahn–Hilliard equation followed by a
Navier–Stokes equation.

Let Cn = {cn1, c
n
2, . . . , c

n
Nn,c } be the vector of coefficients forcnh with respect to the standard

basisSn,c = 〈ψ
n,c
i 〉

Nn,c

1 and similarly forWn, Un andPn. Then the system (5.1a–f) can be rewritten
as:

FindCn,Wn
∈ RNn,c ,Un ∈ (RNh,u)2 andPn ∈ RNh,p such that

M̂n,cCn +
τn

Pe
Dn,cWn

= M̂n,cCn−1
+ τnF(c

n−1
h ,un−1

h ),

−M̂n,cWn
+ M̂n,cφ(Cn)+ γ 2An,cCn = M̂n,cCn−1,(

Mh,u
+
τn

Re
Ah,u + τnSn−1,h,u

)
Un − τn(B

h)TPn = Mh,uUn−1
− τnKG(cn−1

h , wnh),

BhUn = 0,

where the Cahn–Hilliard matrices and right hand side are given by

An,c(i, j) :=
∫
Ω

∇ψ
n,c
i · ∇ψ

n,c
j dx, Dn,c(i, j) :=

∫
Ω

b(cn−1
h )∇ψ

n,c
i · ∇ψ

n,c
j dx,

M̂n,c(i, i) :=
∫
Ω

πh[(ψn,ci )2] dx, Fi(c
n−1
h ,un−1

h ) :=
∫
Ω

cn−1
h ∇ψ

n,c
i · un−1

h dx,

and the Navier–Stokes matrices are given by

Ah,u =

[
Ah,u 0

0 Ah,u

]
, Mh,u

=

[
Mh,u 0

0 Mh,u

]
, Sn−1,h,u

=

[
Sn−1,h,u 0

0 Sn−1,h,u

]
,

Bh = [Bh1 , B
h
2 ], G =

[
G1(cn−1

h , wnh)

G2(cn−1
h , wnh)

]
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with

Ah,u(i, j) :=
∫
Ω

∇ψ
h,u
i · ∇ψ

h,u
j dx, Mh,u(i, j) :=

∫
Ω

ψ
h,u
i ψ

h,u
j dx,

Sn−1,h,u :=
1

2

∫
Ω

[uh,n−1
· ∇ψ

h,u
i ] · ψ

h,u
j dx −

1

2

∫
Ω

[uh,n−1
· ∇ψ

h,u
j ] · ψ

h,u
i dx,

B
h,u
1 (i, j) :=

∫
Ω

∂ψ
h,u
i

∂x1
ψ
h,p
j dx, B

h,u
2 (i, j) :=

∫
Ω

∂ψ
h,u
i

∂x2
ψ
h,p
j dx,

G1
i (c

n−1
h , wnh) :=

∫
Ω

cn−1
h

∂wnh

∂x1
ψ
h,u
i dx, G2

i (c
n−1
h , wnh) :=

∫
Ω

cn−1
h

∂wnh

∂x2
wnhψ

h,u
i dx.

Here〈ψ
n,c
i 〉

Nn,c

1 , 〈ψ
h,u
i 〉

Nh,u

1 and〈ψ
h,p
i 〉

Nh,p

1 are the standard basis functions forSn,c, Sh/2 andSh

respectively.
To solve the Cahn–Hilliard equation we use the multigrid solver given in [14] which produces an

efficient and reliable method with optimal convergence. For the Navier–Stokes equation, we have
an Oseen type equation, which is solved using preconditioned GMRES (see [31]), where theFp
preconditioner is used (see [24]). This solver is known to be optimal with respect to mesh refinement
and has mild dependence on the Reynolds number. For further details and numerical examples
showing the efficiency of this solution method see [25].

We display two numerical experiments; the first shows the evolution of a cross-shaped interface
to a circle and the second is similar to the lid driven cavity experiment seen in [8].

5.1 Rotational boundary condition: cross to circle
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FIG. 1. Initial data for the concentrationch,τ and the initial mesh.

In this experiment we takeΩ = (0,1)2 and as initial data for the concentration we take a cross
set insideΩ (see Figure 1); for the velocity we takeu0 = [x2,−x1] and g = [x2,−x1]. We set
ν = 1/100, Pe= 1000,K = 0.001 andγ = 1/120 and we use a fixed time step withτ = 0.05.
For the velocity space we use a uniform mesh of sizehu ≈ 1/90.

Figures 2–4 show the evolution of the concentration for this problem together with the
corresponding meshes.
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FIG. 2. Concentrationch,τ and mesh att = 3.
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FIG. 3. Concentrationch,τ and mesh att = 7.
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FIG. 4. Concentrationch,τ and mesh att = 20.
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5.2 Lid driven cavity boundary condition

In this experiment we takeΩ = (0,1)2 and as initial data for the concentration we take the
horizontal linex2 = 0.5. For the velocity we take the initial data to be the Stokes solution to
the lid driven cavity problem and for boundary data we takeg = [x2

1(1 − x1)
2,0] for x2 = 1, and

zero otherwise. We setν = 1/500, Pe= 200,K = 1/5000 andγ = 1/120 and we use a fixed time
step withτ = 0.025. The velocity space is a uniform mesh of sizehu ≈ 1/90.

The evolution of the concentration for this problem is shown through Figures 5–8 (see [8] for
a similar problem). The corresponding adapted meshes are also given. Figures 9–10 show contour
plots of the concentration and the velocity field. From the magnified images we can see the velocity
at the front of the fluid is almost perpendicular to the interface and thus forces it to move, while
behind this front the velocity is almost tangential and hence in this region the movement of the
interface is small.

We conclude with Figure 11 in which we see the flow at timet = 20 together with a contour
plot of the concentration.
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FIG. 5. Concentrationch,τ and mesh att = 3.4.
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FIG. 6. Concentrationch,τ and mesh att = 6.5.
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FIG. 7. Concentrationch,τ and mesh att = 12.5.
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FIG. 8. Concentrationch,τ and mesh att = 20.
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FIG. 9. Flow and concentration att = 7.
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FIG. 10. Flow and concentration att = 16.5.
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FIG. 11. Flow and concentration att = 20.
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