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Finite element approximation of a Cahn—Hilliard—Navier—Stokes system
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We consider a semi-discrete and a practical fully discrete finite element approximation of a Cahn—
Hilliard—Navier—Stokes system. This system arises in the modelling of multiphase fluid systems.
We show order: error estimate between the solution of the system and the solution of the semi-

discrete approximation. We also show the convergence of the fully discrete approximation. Finally,
we present an efficient implementation of the fully discrete scheme together with some numerical
simulations.

1. Introduction

The Cahn—Hilliard equation [10, 11] is a phenomenological model of phase transitions (see the
survey work of Elliott [15] for details). Coupling the Cahn—Hilliard and Navier—Stokes equations
yields a model for the dynamics of multiphase fluids that is used to model phenomena such as
hydrodynamic effects during spinodal decomposition and the behaviour of polymer fluids (see
for example [[27]_26]). The Cahn—Hilliard—Navier—Stokes system that we consider is known as
‘Model H’ in the nomenclature of Hohenberg and Halperinl [22]:

(R) Find{c(x,1), w(x,t),u(x,t), p(x, t)} such that

;¢ — PieV -(b(c)Vw)+u-Ve=0 iNn2r =02 x(0,7T), (1.1a)
w= @ (c)— y2Ac in 27, (1.1b)
8,u—éAu+u~Vu+Vp+Kch=0 in 27, (1.1c)
V.-u=0 in 27, (1.1d)

c(x,0) = co(x), Uu(x,0) =up(x) Vx € £2, (1.1e)
e =dw=0, uU=g ond x (0, T), (1.1f)

whereg satisfiesg- n = 0 on d£2. Here$2 is a bounded convex polygonal domain4, with
boundaryd 2 that has outward pointing unit normal The concentration order parametés such
thatc(x, 1) =~ 1 (respectively(x, t) ~ —1) if and only if at timer fluid 1 (respectively fluid 2) is
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present at the point. The mean velocity field is defined to be

1+c¢ 1-c¢
u= > us + >
whereu; is the velocity field of fluid componerit The chemical potential and the pressure in the
system are defined hy andp respectively, and theéelet number Pe, the Reynolds number Re and
the capillary numbeK are given constants. The interface parameter 0 is also a given constant

that is assumed to be small. We take the mobility functionin (I.1a) to be of the form
W1, by >0 by <bx)<by VYxef (1.3)
and we take the free energy(-) in (1.1B) to be

uz, (1.2)

@@:%a—éﬂ (1.4)

By 9,7 we mearvn/dt and similarly foropn.

In many fluid flow applications more than one fluid is present, with the components often
separated by an interfacial region of partial miscibility, even if the fluids themselves are immiscible.
Such multicomponent systems can use either a sharp or a diffuse interface to model these free
boundaries, but in the evolution of such problems often breakup or coalescence of interfaces can
occur and it is important that the model used can accurately capture this change of topology. Phase
field models, such as the Cahn—Hilliard equation, place a diffuse interface between the phases of
the system, which allows for a natural description of topological changes in the model without
relying on any additional input from the user. The numerical simulation of these models is an area
of research currently undergoing intense study (see for exaniple [2,[9,123] 26, 27]), with the majority
of the work so far concentrating on finite difference discretisations. However, despite there being
much work on finite element discretizations for both the Cahn—Hilliard (see for example_ |3, 4, 6])
and the Navier—Stokes equations (see for example [21]) separately, there has been little work on
finite element discretizations for Cahn—Hilliard—Navier—Stokes problems.

Adaptive finite element techniques are well suited to phase field modelling since the solution of
such models rapidly varies over the interfacial regions while away from the interface, in the bulk
regions, it is close tat1. This means that it is natural to assume that most of the computational
work is needed in the interfacial region. Additionally this region needs to be accurately resolved,
as otherwise spurious numerical solutions can occur [sée [18]). As a result it is common to couple
phase field modelling with adaptive mesh refinement whereby the mesh is locally refined close to
and inside of the interfacial region and coarsened elsewhere (see $éction 5).

The model(R) gives a diffuse interface description of binary incompressible fluid flow (see
[1]). An existence/uniqueness result {&), with (1.4) replaced by a more general form ¢-), is
given in [12], and in([7] an existence result for the problem with degenerate mobility is presented.
The motivation behind this paper is to analyse semi-discrete and fully discrete finite element
discretizations of(R) and to present some numerical computations. In Se€fion 2 we introduce
notation and define a weak formulatiai®), of (R); then in Sectiof]3 we introduce a continuous in
time finite element approximatio®;,), of (P) and we use the techniques presented in [16] to show
orderh error estimate between the solutiongBj and(Py). In Sectior] # we introduce a practical
discrete in time and space finite element approximati®n,.), of (P) that we show converges
to (P) as the spatial and temporal parameters tend to zero. We conclude with $éction 5 in which
we present an efficient implementation of the practical fully discrete scheme together with some
numerical results.
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REMARK 1.1 1. Settingu = 0 in (R) yields the Cahn—Hilliard equation, while settiag= 0
in (R) yields the Navier—Stokes equation.

2. ThetermrVw in the Navier—Stokes equatidn (1. 1c) can be replacedWy where the additional
termV (wc) is absorbed into the pressure term.

REMARK 1.2 Upon completion of this work we became aware of a related paper by[Eeng [19]. In
this paper a fully discrete finite element approximation for a Cahn—Hilliard—Navier—Stokes system

in three space dimensions is developed and analysed. In particular the author shows the convergence
of the numerical scheme and establishes the sharp interface limit of the model by utilising a discrete
energy law. The main differences between the convergence prdoflin [19] and the one in Section 4
of this paper is that the finite element discretization_in [19] is fully implicit, resulting in a Cahn—
Hilliard—Navier—Stokes coupled system. In this paper we analyse a semi-implicit scheme that only
requires the solutions of separate Cahn—Hilliard and Navier—Stokes equations. As a result we require
different techniques to obtain the stability bounds on the approximate solutions.

2. Notation and auxiliary results

Let L?(£2) denote the space gf-integrable functions with norm denoted By ||o, ,, where for
simplicity of notation we sef - [lo.2 = || - ||. Furthermore leW™ ?(§2) and H" (§2) be the usual
Sobolev spaces with norniis ||,,,, and|| - |l respectively and letH1(£2))’ denote the dual space
of H1(2). Let H}(£2) be defined by

Hy(2) = {ne HY(2) : n = 00nas}, (2.1)

and letd ~1(£2) denote the dual space &£ (£22) with norm|| - ||_1. LetL?(£2) = (L”(£2))? and
H™(£2) := (H™(£2))? form = —1, 1 and 2. We define the following spaces:

V={eH(2): (v,1) =0},
F={veHNR) : (v,1) =0},
W ={ve H(2): (V-v,n) =0V e L3(Q)},
Wo={veW:v=00nd8},

where(., -) denotes thd.? inner product and-, -) denotes the duality pairing betweeH1(£2))’
andH1(0).
Forv e HY(2), n, & € H1(£2) we define

&)= [ [ave vd, (2.2)
and foru, v, w € H1(£2) we define
B(u,v,w) = }/ [(u-V)v-w]dx — }/ [(u-V)w-Vv]dx. (2.3)
2)o 2 /e
Finally, foru, v, w € H1(£2) we define
(Vv:Vw) :=f Vv : Vwdx

2
where the produdf : F of twon x n matrices€ and.F is defined to b{ﬁjzl & Fij-
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REMARK 2.1 The trilinear formB(u, v, w) in (2.3) that is associated with the nonlinearity in the
Navier—Stokes equation has the following property:

B(v,u,u) =0. (2.4)
Next we introduce the Green’s operatpr 7 — V such that
(VIGz], Vi) = (z,m) Ve HY(R2). (2.5)

The well-posedness @ follows from the generalised Lax—Milgram theorem and the Po#ncar
inequality
Inll < CAVAll+ 10, D) ¥ € HY(R). (2.6)

Let X, Y, Z be Banach spaces with a compact embedding- Y and a continuous embedding
Y — Z. Then the embeddings

{neL%0,T;X):9neL?0,T; Z)} — L%0,T;Y) (2.7a)

and
{n € L®(0,T; X): &n e L?0,T; Z)} — C([0,T]; Y) (2.7b)

are compact. In the following we often use the well-known result
Inllor < Clinlls  Vn € HY(£2) andr € [2, 00),

in particular when bounding the triple

a(n. x. &) = /QUVX -sdx‘ < mENIVXN < Inloal€lloallVxll < Inll€laliVxl.  (2.8)
Furthermore we note that fgr = 1 — 2/r ando = 1/2 — 2/r we have
Inllo, < Clnl**Imly  Vn e HY(£2) andr € [2, c0) (2.9)
and
Inllo., < Clinlig s Yn e WH4(2) andr € [4, oq]. (2.10)

Throughout this worlC, C1 andC> will denote constants whose value may change from line to
line. Furthermore”; will denote a constant that can be taken to be arbitrarily small.

2.1 A weak formulation of the problem
We now introduce a weak formulation ¢f (T} 1a—f):
Find{c(x, 1), w(x, t), u(x, t), p(x, t)} such that
1
e, m) + S (b)Y, Vi) = ale, 1, u) Vne HY(2), (2.11a)
(w, 1) = (@' (), n) + y*(Ve, Vip) Vne HY(2), (2.11b)
1
(3,u, V) + 2 (VU VW) + BU, U, V) = (p, V- V) + Kae, w, V) = 0 WeHi®), (211c)
(V-u,x)=0 Vyx € L%(£2), (2.11d)

c(x,0) = co(x) € HX(2) NV, u(x,0) =ug(x) e WoNH?(2) Vxe, (2.11e)
u=g onoag2 x (0, 7). (2.11f)
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In Sectiong B anfl]4 we analyse the following weak formulatiot of (2.11a—f) gvithO in which
for simplicity of presentation we have dat) = 1 and Pe= Re= K = 1:

(P) Find {c(x, 1), w(x, 1), u(x, 1)} € V x HL(£2) x W such that

(3¢, n) + (Vw, Vi) = alc, n, u) vne HY(2), (2.12a)

(w, n) = (®'(c), n) + y*(Ve, Vi) vne HY(2), (2.12b)

(@;u,v) +(Vu:Vv)+ B(u,u,v) +a(c,w,v) =0 Yv € Wo, (2.12¢)

c(x,0) =co(x) € HX(2)NV, u(x,0) =ug(x) e WoNH3* (L) Vxe 2. (2.12d)

REMARK 2.2 We note thaf (Z.12c) can also be written as
@u,v) +(Vu:Vv) + Bu,u,v) — (p,V-v) + a(c,w,v) =0 Vve Hé(!?). (2.13)

Sinceg = 0, from [12] and [30] it follows that there exists a unique solutienw, u} of (P)
that satisfies

ce L®0,T; HX(2)N V)N HYO, T; L2(2)),

ue L®0, T; WoNH2(2)) N HY(O, T; L2(R)),

w e L0, T; L3(£2)) N L3O, T; H3(£2)) N HY0, T; L3(2)),
p e L%, T; HY(2)).

(2.14)

2.2 Finite element notation

In Section$ B and|4 we consider a semi-discrete and a fully discrete finite element approximation of
(P) under the following assumptions on the mesh.

Let 7" be a quasi-uniform partitioning @2 into disjoint open simplicegc} with &, := diam(x)
andh = max .74 i, so that? = |, .7 k.

Also we assume thaf” is weakly acute; that is, for any pair of adjacent triangles the sum of
the opposite angles relative to the common side does not exceae defineZ”/? to be the mesh
obtained fronZ” by refining each simplex into four similar triangles by joining the midpoints of
each edge of.

Associated witi7” and7"/2 are the finite element spaces

Sh = {v e C(R2) : vl is linearvk € T"} ¢ HY(R),
SM2 .= (v e C(R) : vl is linearvk € T"?y c HY(2).

Let 7" : C(£2) — S be the piecewise linear Lagrange interpolation operator such that
(") (xj) = v(xj) forall j = 1,..., J, whereJ denotes the number of nodesBt. Similarly we
definen” : (C(2))? — (§/2)? and we note that for al} € (2, o],

Chllnllz  Vn e HA(@), (2.15a)
ClIVnllo, Vn e HY(2). (2.15b)

V(I —7")n|
IV = 7")nllo,

VASV/AN
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We define the finite element spaces, analogous to the earlier continuous spaces,
Vh={ves": (v,1) =0}
W = {ve (§%?%:(V-v,x) =0Vx € S"},
W! ={veW":v=00n382)}.

We define a discrete?(£2) inner product orC (£2) via

(u, v); ::/ 7" (uv) dx. (2.16)
Q
Forn, x € C(£2) we set
In(m, x) =, O — (. ) (2.17)
and we note that
n(n, 01 =101, 00 — . )1 < ChIIIV XN ¥n, x € S™. (2.18)

It is well known that the discrete inner prod.16) induces a norisf'oa C(£2), via
Il = Geoon - ¥x € s (2.19)
and that there is an equivalence of norms betweehand| - ||, i.e.
Clxll < lixla < Clixll.  Vx e s" (2.20)

The Poincae inequality [(2.p) together witH (2.18)—(2]20) yields, forsufficiently small, the
following discrete Poinca&r inequality:

Ixlle < CAVXI+1GGDal) Yy e St (2.21)

SO
Ixllh < CIVxll Vxe V" (2.22)

We introduce thd.? projectionQ” : L2(£2) — S" defined by
Q" 0n=@m,x) V¥xes (2.23)
and we note that
17 = @Ml +RIVA = @Ml < ChIVAIl  Vn e HY (). (2.24)

We also introduce the projectia®’ on S, with respect to the inner produ¢Zv, Vw), so that for
n e HY($),

(VP"n,Vx)=(Vn,Vx) VxeS" and (P"n,1) =1 (2.25)
and we note that

1P"n = nll + RIV(P"n — I < CR*Inls  Vne H'(2), s =1,2 (2.26)
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We also defin®” : Wo — W} to be the Stokes projection such that fonalt Wo,
(VP'v:Vx) = (VV:VXx) VxeWp (2.27)
and we note that
IP'v — V|| + 2| V(P'V — )| < Ch*|Iv|l; Vv eH(2)NWq, s =12 (2.28)
We introduce the ‘discrete Laplacian’ operattt : $* — V" such that
(A"zn, x) = —=(Vzp, V) Vx e S" (2.29a)
and since we have a quasi-uniform family of partitionings éhib convex we have (seel[5])
IVzallos < CllA "zl Vs € (1, 00). (2.29b)

Next we introduce, similar td (2.5), the discrete Green's operagbrs F — V" andG" :
vh — v’ such that

(VIG"nl, Vi) = (n, x) Vxes" (2.30a)
and
(VIG"z4], V) = (zn, x)n  Vx € S". (2.30b)
From [17] have
IVGu|| < C|IVG"v|| Vv e s (2.31)

Finally we note the well-known inverse inequalities

Ixlloa < Ch=Y2) x| Vyx e S, (2.32a)
Ixlloco < C/MM@A/A) lIxlla  Vx € S". (2.32b)

3. Semi-discrete scheme

In this section we consider a continuous in time finite element approxima#yn, of (P) and
we use the techniques presented_in [16] to prove an error estimate between the solut®ys of
and(P).

We consider the following semi-discrete approximatioriff

(Py) Find {cs, wp, up} € VI x Sh x Wg such that

(dch, x) + (Vwp, V) = alcn, x. Up) vxes",  (3.1a)
(wh, x) = (@' (cn), X) + ¥*(Ven, VX) vy e S", (3.1b)
@:up, x) + (VUp : Vx) + B(Up, Uy, ) + alcp, wp, x) =0 Vx e Wi, (3.1c)

en(x,0) = Q"(co(x)) € VI NL®(2), up(x,0) = P'(up(x)) e W Vx e 2. (3.1d)
REMARK 3.1 From[[3:1H)[(Z2.24)[ (2.28) ar{d (2114) we have

(@(cn(-,00), D)+ llea -, Ol + lup (- O < C. (3.2
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LEMMA 3.1 The systeniP;) satisfies the following stability estimates:

T
(@ (ch(T)), 1) + llen (T2 + lup (1) +fo (IVURlI? + IVwy |1?) dr

< C((®(cr(0), 1) + [Ver Q> + [un(0)[®) < €, (333

T
/O llenllg o 0 < € (3.3b)

and
1 2 r 2
Ellwh(T)II +/0 0;cp |l dt < C(h) (3.4)

whereC(h) is a constant that depends bn

Proof. Settingx = wjy in 3.14),x = 9¢; in (3:10) andx = u, in 3.Id) and combining the
resulting equations gives
d 2d 1d
3@ D+ S IVerl2 4+ 5 unll? + VU2 + [ Van | + B(Up, p. up) = 0
and [3:3p) follows by noting (2.4), integrating from 0Zaand using[(2.22) and (3.2).
To prove [(3.3b) we takg = A'cy, in ) and usq (2.2pa) to obtain
v21aten)? = (Vwn, Ven) + (@' (cn), Acr)

IVwall? + 21Ven |2+ ClIY ) I? + 32 A en )2

N

N

SIVwall® + 31Venll> + Clienllg g + llenlig 4 + llenl®) + 3y21 A" )12

N

IVwall? + 31Venl? + Clienll§ + 321 A en 2. (3.5)
Noting (2.29b) and (2.22), integratinig (B.5) from OXaand using[(3.3a) we obtain

T
/ IVenllg 40 < C. (3.6)
0

From [3:6), [(2.Ip) and (3:Ba) we conclufle (3.3b).
To prove [(3.#) we differentiat¢ (3.Jlb) with respecttand then takg = wy, in the resulting
equation to obtain

1d
Huwhnz = y2(8,Ven, Vwp) + 0:(D(cn)), wh). (3.7

Next takingx = y23,¢;, in (3.14), noting[(L}4),[(2]2) and combining the resulting equation with
(3:7) we obtain

1d

> sl + v2loren?
= (3,(D'(cn)), wn) + y2alcn, dcn, Up) = (D" (cn)dren, wi) — y2(V-(caln), drcn)
< CIP" (e)F o lwall® + 31 21dcnll® + CIIVenllg allunll 4 + CIVURIPlenlld o

< Clenlg oo + Dllwal® + 3v218ccnll® + ClIVenlid lunl? + ClIVULIPllcall} o
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Using the above inequality and (2.32a,b) we obtain

1d y2 C
Eauwhnz + S el < Z((nchné,oo + Dllwall® + IVenl2unll + 1 Vupli®llenl?)

and [3.4) follows from Gronwall’s inequality and (3]3a,b).

REMARK 3.1 From the theory of ordinary differential equations, notjng (3.3a)[anf (3.4) it follows
that the systeniP;) has a unique solutiofey,, wy, Uy} on [0, T] forall T < oo.

Before we present the main result of this section we introduce some useful notation.
We define

EA :=c— Ple, EM = Plc — ¢y, E.i=c—cp=E}+E", (3.8a)
EA :=w— Phw, E!":=Plw—w, E,=w-—w,=E2+E", (3.8b)
E} :=u—Pu, El:=Phu—u, Ey:=u—u,=E}+E!" (3.8¢)
From [2.28),[(2.28)[ (3-8a—c) ar[d (2] 14) we have
IEM1+ IEJ L < Ch and |E}|l1 < Chllwll2 (3.9a)
and similarly we obtain
IVG" @ EMI < Chlldiell and |3, Efl|l-1 < Chld,ul. (3.9b)
Using [3.88),[(3.9a) and (ZP2) we have
IEcL < IELL+ 1EML < |EXI1+ Ch < C|VE|| + Ch, (3.10a)
and similarly from|[(3.8c) and (3.pa) we have
IEulls < IEGNL + IES 12 < IEQlla+ Ch. (3.10b)

We now proceed to bound the errdt$, E” andE!*. To this end we note the following lemma.
LEMMA 3.2 We have
(@' (cn) = @'(c), HEN| < C(h? + IVELI?) + C1IVG" (3 ED1? (3.11)
whereC = C(l|call o, + 1.
Proof. Noting (2.5) and[(2.31) it follows that
(@' (c) — D (ch). HEN| = [(V(P'(c) — D' (ch)). VG (B EM)]
< V(@' () = @ () INIVG @ ED
< CIV@' () = D" (e IVG" (B ED)]I. (3.12)
From [2.14) and the Lipschitz continuity &’ we have
IV(@'(c) = D' (i)l = 19" (c)Ve — D" (cp) Vel
< N@"(en)Vie = en)ll + 1(@"(c) — D" (cn)) Vel
< C(IIChIIS,OO + DIVE.] + C(lenllo,co + licllo,co)llc = cnllo,allVelloa
< C(IIChIIcZ),Oo + DAIVE:N + | Ecll1)- (313

The desired result follows from (3.112), (3]13), (3.3b) dnd (3.10a).
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REMARK 3.2 We note from[(2.28)[ (2.3Ral), (2.15b) ahd (2.14) that

IVP"ullo,a < IV(m"u — W)llo.a + IIV(P"u — 7" u)llo.a + VUl

<
< C||Vulloa + Ch~Y2V(Ptu — 7u)|| + IVUlloa
< C|Vulloa + ChY?|ull2 < C. (3.14)

Similarly using [2.32p) we have
IP"ullo.s0

< I7"u — ullg e + IP"u — 7" ullo,00 + lUll0,00
< Clullo.co + C/IN(L/ R [PMu — whully + [Jullo,c0
< Cllulo.00 + Chy/IN(L/ 1) < C. (3.15)

LEMMA 3.3 For almost every € [0, T], we have

y2 d
2

3 1d 3
G VELZ + ZIVELIZ + S LI ESI? + ZIVE)

< C(h? + |VE! 2+ | ERIP) + C1IIVG" (3, ED |12
whereC = C(L+ lleall§ o + IlwlZ + 13:cl? + 13;ull?).
Proof. From [2.12h)[(2.25) anfl (3]8a) we have

@ P"c.n) + (VP"w, Vi) = a(c,n.u) — K EL.m)  Vne st (3.16)

Settingy = E’u'} in ) and subtracting the resulting equation fr3.16) with Eg we obtain

(QE! E!) +IVELI? = a(c, ER, u) — a(ep, ER, up) — (4 EL, ED). (3.17)
Similarly settingy = d,cy — 3 P"c = 3 E” in (2.12) and notind (2.25) and (3|8b) we obtain
(Phw, 8 E") = (®/(c), & E") + y2(VP"c, VO, E") — (EA, 0, EM). (3.18)

Settingy = B,E? in ) and subtracting the resulting equation fr.18) we obtain

24
(E! O EMy = (@' (c) — @/ (cn), & EM) + %EIIVEZ?IIZ — (E{, 8 EM). (3.19)

Combining [3-1f7) and (3.19) we obtain

|

2
Y
> IVE"|2 +IVE" |? = a(c, E", u) — a(ep, E, up) — (0, EA, ED)

o

1
+(@(cp) — D' (c) + EA, 0, E. (3.20)
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Next settingv = P"u — uj, = E!! in (2.13) and noting (2.27) anfi (3]8c) gives
(&P"u, EM + (VP VE! = (p, V-E!Y —a(c, w, E) — B(u,u, ElY — (3, EL, ElY. (3.21)
SinceP"u — u; € W} it follows that
(V-El' qn) = (V-(P"'u—up),qn) =0 Vg, € S". (3.22)

Settingx = P"u — u, = E!! in (3.1¢), subtracting the resulting equation frdm (3.21) and using
(3.22) withg, = Q" p we obtain
1d
S | Eul® + IVEQI® = aen, wn, Ey) — ale, w, Eg) + B(un, un, E)) = B(u, U, Ey)
—@E{ El)+ (V-El.p—0"p). (3.23)
Next we note from[(3.8a—c) that

a(c, EN u)y — alcn, E, up) + alen, wy, EMN — alc, w, EP)
= a(E., E' u) +a(e, EN, Ey) — acn, Ey, EN) — a(E., w, E)
=a(E., E", u) — a(E., w, E! — a(cp, E2, ElY +a(cn, E!, EY).  (3.24)

Combining [[3.2D),[(3.23) anfl (3.24) yields

1d

CIVELE+IVEL 2+ 5 L IEG? + IVES |2
= a(E., E!  u) —a(E., w, El) —a(cy, EA, El

+a(ey, EN, EY) — (3, EX, EM) + (EA, 8,E" + (V-E!', p— Q")

w

+ B(up, U, EN — B(u,u, E! — (3, EL, ElY + (@' (cn) — @' (0), 0, E").  (3.25)

We now bound the terms on the right hand side[of (3.25). Ffon} (2.8),] (2[14)] (3.3a), (3.9a) and
(3:10&) we obtain
a(Ee, En, )| + [a(Ee, w, EB)| + |a(e, E4, ED| + |a(ch, EL, ED)]
< NENLUUlLIVEL I+ VWl IEGND) + lealt(NEGILIVEQ T + IES LIV ERLID
CllEc|? + C1lIVER|? + CLIE!Z + CIVELI? + CIEL 2
Ch? + IVE"1®) + CL(IEL1Z + IVEDL 3. (3.26)

Futhermore notind (2.30a) ar{d (3.9a,b) we have

NS
Q.lQ_

<
<

(B EL, E| +1(E, S ED| + |G ES ED)
h A h A h h A h
<INVGGEMNIVERL I+ IVEMIIVG" @ EMI + 19 EL 1l ERIl1
< CIIVGH 0 EM N + C1IVE! 12+ C|VEA|?
+ C1lIVG" (3 EM 2+ ClI8, EL 1% + CLIEL I3
< Ch2 + CL(IVER 12 + 1VG" (0, EMI? + 1| EL ). (3.27)
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From Remark 3]2[(2]4), (Z2:14), (3]9a) ahd (3]10b) we have
|B(u, u, E}) — B(Up, U, E})| = |B(u, E{}, E}) + B(Eu, P"u, E{) + B(uy, E, E})|
= |B(u, EZ, E!) 4+ B(Ey, P'u, E)|
< ullo.co (IVESIIEL + IVERIIES 1)
+IEull VP ulloall EL o4 + [IP"ullo.oc IVEL I 1 Ell
< CLllELIE + CIEL 13 + C | Eul?
< Ch? + C1||EJ 1§ + CIEL)%. (3.28)

Finally, from (2.24) and(2.34) we have

(V-E}. Q"p — p)| < IVELIIQ" p — pll < Ch® + C1| VE] 1% (3.29)
Combining [3:2p)+(3.39) and noting (3]11) we obtain
V;%IIVE?IIZ - %%uEﬁnz +IVELZ+ IVEL|?
< CL(IVELIZ + IVELI? + V6" @ ED %)
+C(h2+ VEMZ + | ELP). (3.30)
TakingC1 = 1/4 in (3.30) gives the desired result. o

LEmMMA 3.4 Forallr € [0, T] we have
IVG" @ EMIZ < Ch? + Co(IVER 2 + I EGIZ + IVEL )
whereC = C(1+ ||Ch||éOo + lwl3 + l9:cll? + [[0:ul|?).
Proof. Replacingn with x in (3.1§), combining the resulting equation wifh (3.1a) and noting

(2.30%) and (3.8a) we obtain
(VG" O E!, V) = B EL x) = —(VEL, Vx) +alc, X, u) — alen, x, Un) — (% EL, X),
SO
(VG"DED). VX) = —(VENL. V) + &(Ec. x. W) — alch. x. Ev) — G ES. x).  (3.31)
From [3:31),[(Z.B)[(3:9b)[ (Z:14) arfd (3.3a) we have

(V"D EM), Vi) IVERINIVXI+ IVXIUUlloecll Ecll + lickllLll Eull) + IVG" 3 EDIIV I
< Ch+ CUIVEL I+ I1Eulls + 1 E<IDIV . (3.32)

From [3:10R,b) we obtain the desired result. O
From Lemmas§ 3|3 arjd 3.4 witth chosen such thatzC1 < 1 we obtain the following result.

LEMMA 3.5 For almost every € [0, T], we have
y? d
2

1 1d 1 —~
EIIVEfIIZ + EIIVE,'LIIZ + EauEﬁnz + §||VE3||2 < C(H* + |[VEM> + | E!®). (3.33)
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LEMMA 3.6 Forallr € [0, T] we have
B2 B2 ! h 2 hyj2 2 oy 112 By 112
IE;ONT+IEG@) +/O (IIVELI*+HIVEGID dr < Ch+IIVE O+ 1Ey(0)[). (3.34)

Proof. Applying Gronwall’s inequality to[(3.33) and noting (2]14), (4.22) gnd (B.3b) we obtain the
required result. O

THEOREM3.2 |If
lc(0) — cr(O)]I1 + [U©) — U (O)|| < Ch (3.35)

then
lle = cnllpoo ity + U = Unll poo L2y + IV(W — wi)llp2(12) + U = Upll 21y < Ch. (3.36)

Proof. The desired result is a direct consequence of Lefnnja[3.6] (2.26) ant (2.28).

REMARK 3.3 We note that in the above error boupdenters in the form exgr—2). Sincey

is required to be a small parameter, ideally one would like to obtain an estimate that depends
polynomially ony ~1. Such an estimate has been proved in [20] in which a spectrum estimate result
for the linearized Cahn—Hilliard operator is used; however, as is mentiongd in [19], we know of no
such spectrum estimate for the linearized operator associated with the coupled Bystem (1.1a—d).

4. Fully discrete scheme

In this section we prove the convergence of a fully discrete finite element approxinigion,
of (P).

We defineZ” to be as in Sectidn 2.2 and in additonwe let0p <11 < --- <ty_1 <ty =T
be a partitioning of [0T] into possibly variable time stepg :=1¢, — t,—1, forn =1 — N. We set
T = MaX,=1->N Tn-

Finally, for simplicity of notation we set

o= cnfl Ut — un,l
Syl = h_h and §,u} = "h
Tn Tn
We now define a fully discrete finite element approximatioiRt
(Pp,z) Forn > 1find{c, w}, u}} € V* x S" x Wk such that
@Bech. Xn + (Vwp, V) =a(e; b x. up ™ Vx e s, (4.19)
Wi, 00 = v2(Vep, VO + @) — ¢ x0n Vx e S", (4.1b)
(G:up. %) + (Vup - Vx) + By hup o +ale) L whx) =0 Vx € W, (4.10)
0 _ nh h o0 0 __ph h
cp(x) = Q"(co(x)) € VI NL®(R), uj(x)=P'(Ug(x)) e W§ Vx e £, (4.1d)

whereg (s) = s3.
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REMARK 4.1 From[(4.1H)[(2.24)[ (2.28) ar{d (2114) we have

(@), D+ 19O+ Iud ()l < €. (4.2)

LEMMA 4.1 For allz, 7, > O there exists a unique solutiga;, c;, w; } to then-th step of(P, ;).

Proof. In order to prove existence of a unique solutfof, wi'} € V" x $" to (4.1a,b) first we set

x = G"y in (4.13) and notd (2|2) to obtain

8o, G xm + (Y, VG ) = (i1, V(G ) -ur ™Y
= (VY Gy vx e v (4.3)

Using [4.3) and[(2.30a,b) we obtain
Wi 08 = (Vwj. VG ) = =@ [:cf]. 00 = @'V (gD 0w Y e Vi (44)

Hence|(4.1a,b) can be restated as: kfhe V" such that for ally € V"
1
y2(Veh V0 + <¢>(cz) + =G5l x) =@ ="V on (45)
n h

There exists:,’{ € W’ splving ) since, on notinb), this is the Euler—Lagrange equation of
the convex minimization problem

2
. 1 1 _ _ 1 .
min { 21V 2+ 2 (M4 Dn+ — VG — IR = (L = GVt ]
hevh | 2 4 21,

Therefore on noting (4}4), we have existence of a unique solgtjinu}} € V" x $" to (4.1a,b).
The existence of a unique solutiaf € W} to (4.1¢) follows from standard results.

LEMMA 4.2 Letc) " e V. Then forz, < Ch/(4|ic} (3 ) we have

E(ch U + 321V (e — i DI+ g luj = WP+ Gl Vg I + ol Vuj |2
<EEGLuTH  (48)

where
E(ch, up) = 3y2IVEIZ + (@(c}), D + 3lIUj 1. 4.7)
Proof. Choosingy = wj, in ) andy = cj — cZ‘l in ) yields respectively
(cy — czfl, win + t(Vwy, Vwy) = tna(czfl, wy, uzfl) (4.8)
and
y2(Vep, Vieq — =) = () — o () + = oD (4.9)

Combining [4.8) and (4]9), using the elementary identity

2r(r —s) = (r2 - s2) + @ - s)2 Vr,s € R, (4.10)
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and noting the following result fron) [18]:

(@(r) —s)(r —s) =2 D) — D(s) (4.11)
we obtain

$V2IV(} = HIP+ 3721V 12 + (@ (). Di + Tl V) |12
(@™, D+ 32V P+ ae L w, uph. (4.12)
Choosingx = uj, in (4.1d) and noting(4.30) anfl (2.4) we obtain
S — w2 4 Fur )2 = 2 up 2 + VU2 + meage) L wl, ul) = 0. (4.13)
Combining [(4.1R),[(4.73) and noting (#.7) we have

1 -1 1 -1
E(p up) + 32V} — D%+ 3lup —uj ||2+rn||w,';||2+rnnVu',;u2

< E(CZ_l, uz_l) + t,,a(cz L wy, Uy~ 1o uy. (4.14)

Noting (2.324) and choosing such thatr, < Ch/(4l|cj~ "3 ,) we have
ila(e; ™ wi, up Tt = U] < iy Hlo.all Vwyll 1up — U Hloa

stalich Mg allug —up

Cty h—1||cz‘1||%,4||uh — U2+ 3 VP

T — w2+ Sl Vg2, (4.15)

and hence fron{(4.14) and (4]15) we conclJde](4.6).

THEOREM4.1 For allh > 0 and for all time partitionsgz, }"_; such that, < Ch/(4l|c}~ 1||04),

the solution{cy, w/!, uf}_, to (P, ;) is such that

N

||04 + 30l Vwill?

//\ N

N
max [y2[lcp 15 + I 1% + (@ (), Dal + Y _[¥2IVich — i HIZ + lluj — up 1]
n=1—-N =i

N
+ 3 wlIVwi2 + 1V 2] < CUVEI? + [Uf 12 + (@ (). D) < €. (4.16a)
n=1
In addition
N
> wllVG[s.clI® < C. (4.16b)
n=1

Proof. The result[(4.18a) follows b summn'qﬂﬂr 6) from= 1 — N and noting[(2.22) and (4.2).
From (2. .) .) am 8) ar|d (2124) we have for ary H1(2),

(VGI8:¢)], Vip) = (Seclty ) = (8cch, Q" = —(Vwll, VIQ"n]) + a(cf L, @y, uf ™
< IV + Iu e Had1v e |l
< CIVw + Ul a1 vall. (4.17)

The bound in[(4.18b) then follows frof (4]17) and (4]16a).
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REMARK 4.2 We note that the boung < Ch/(4||c;’l‘1||(2)’4) in Lemm and Theore@l.l is
attainable since from (4.1pa) a@2.9) we hiwk o4 < Cllei 1 < C.

We now consider the convergence(BY, ;) ask andt tend to zero. To this end we let

t—t,— t, —t
cno(t) = u 1c2 + Al et n 21, (4.18a)
T)’l n
Gg.w=dl o= 1€ (ty1.tn], n > 1. (4.18b)
We note for future reference that
+ +
Chot —Cp ¢ = (t —t,)0cnr, 1€ Htn-1,tn),n =1, (4.19)

wheret," := 1, andt; := 1,_1. We also introduce
T@t)i=1,, € (ty_1,t;],n>1 (4.20)

Using the above notation, and introducing analogous notatiomfor anduy ., we can restate
(Py.r) as:

Find {cp, -, wh 7, Un,c} € L2(0, T5 V) x L2(0, T; ") x L2(0, T; W) such that
T

fo (Brcner O+ (Vwp . V) —alcy .. XUy Ndt =0 Vyx e L*0,T: "), (4.213
T T

| wieoonte = [ 0206 V0 + @)~ o0 d Ve e L2075, @421

T
/0 ((@:un, X) + (VU 2 VX)) + B(U; . Ujr LX) +alcy, . wy . x)) di =0
Vx € L2(0, T; Wp).  (4.210

LEMMA 4.3 There exists a subsequence{of ;, wx ¢, Unr}n, Where{cp , wy 1, Up} SOlve
(Pp.+), and functions

c € LXO,T; V)N HYO, T; (HY(£2))), we L3O, T; HX(£2)), 4.22)
ue L®0,T; L%(2)) N L3O, T; Wo) '
with ¢(-, 0) = co(-) in L2(£2) andu(-, 0) = ug(-) in L2(£2) are such that as — 0,
Chr Chp = C weaks in L>(0, T; H(£2)), (4.23a)
Ch,t, C,fr —c strongly inL2(0, T; L?(£2)), (4.23b)
G(dcnr) — G(dc) weaklyinL2(0, T; HY(2)), (4.23c)
Wi Wy, — W weakly inL2(0, T; HY(£2)), (4.23d)

U, ufir —>u weakly in L2(0, T; HY(£2)). (4.23e)



CAHN—HILLIARD —NAVIER—STOKES SYSTEM 31

Proof. Noting the definitions[(4.18a,b), (4]20), the bounds in Thedrein 4.1, (4.16b) together with
(2.6) and[(4.R) imply that

+ + - _
e 12 e gy + MU 102 o 2y + 1EY 2000 122 0y + 1E20,Un 112 2,
FIVw 1322+ 1US W22 qn) + 1G@cn 2540 < C. (4.24)
Furthermore, we deduce frofn (4]19) ahd (4.24) that
llene = € oI 7201) < NErChellF o pr) < CT (4.25a)
and
Up,e = Uy 122 2) < IT0UA 125 2 < C. (4.25b)

Hence on noting (4.24)], (4.25a,b) apd (2.7a) we can choose a subse@uenaey, ., U -} such
that the convergence resulfs (4.22) gnd (4.23a—f) hold. Then| (4.22) yields on notirjg (2.7h), (2.24)

and [2.28) that the subsequences satisfy the additional initial conditions.
We follow the arguments used in [28] to prove the following lemma.
LEMMA 4.4 We have

Upc Uy, — U strongly inL?(0, T; L*(£2)). (4.26)

Proof. Since{uy_ .}, is bounded inL>(0, T; L2(£2)) N L?(0, T; HX(£2)), a result of J.-L. Lions
[28,/29] states that compactness of the sequ@uﬁg}h in L2(0, T; L2(£2)) will follow if

T
/6 U () = Uy (1 = )75, < €8 (4.27)

for0 < 8 < T and somex > 0. Since{u,;L,T},1 are piecewise constant in time it suffices to téke
be a multiple of the time stegy,. Writing (r—3, t) = (", ") and settiny (7) := u;,fr (t")—u,f’f ™=

v in (4.14) yields

tn
(u}tf(tn) - uftr(tm)’ an) - _/ [(Vu}tf : vvmn) + B(u}tr( - Tn)v u}trv an)] dS
lWl
l’l
_/ acn,« (- — ), w)i V™) ds. (4.28)
tm )

Using (2.8),[(4.2]4), Eider’s inequality and (4.16a) we have

tn
/ ((Vthrr VWY —a(en. (- — ), w;lrr, vy ds
m ’ '

tVl
+ +
< / Avuy VYV I+ llen, e ¢ = Tl Vwy, IHIV™ [12) ds
tVll

tn
< cuvm"nl/ AV + 1V 1)
tm

< CIVM™ 2" = "MV 2wz + VW) ez (4.29)
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and similarly noting[(Z2.J9) andl (4.P4) we obtain

tﬂ
+ +
/t By, (- — 1), Uy, V™) ds

m

f’l
< / Ui ¢ = T llo.al VU V™ lo.a + IVV™ [ [[U)llo.4) ds
t

m

tn
1/2 1/2
< [k = w2, - w
t

m

1/2 1/2 1/21,.4+ 111/2
x (VU IV Y2 152 4 v | 12 175 ds

m

t)l
1/2 1/2 1/2
<cf Uy C = T I 2V U IV 12+ vt 117) ds
t

1/2

1/4 + 13/2
< CE" — ™YY gl

Lz T CA =PRIV 2. (4.30)

Integrating [(4.2B) with respect 6 € (5, T), using [4.2) and (4.30) we obta[n (4.27), and noting
(4.25B) gives the required result.

LEMMA 4.5 Letvy, n, andg, be such that

1EnVinliL22) < C, IViErllp2zy < C, VR Vnll22 < C (4.31)
and
v, — Vv strongly inL2(0, T; L2(£2)),
g, — &  strongly inL?(0, T; L?(£2)), (4.32)
n — n  weaklyinL2(0, T; HX(2)).
Then

T T
/Oa(gh’nh’vh)dt_)/o a, n,v)dr.

Proof. We have

T

T T T
<'/O a(Eh,nh,Vh—V)dt+‘/o a(Eh—S,nh,V)dtJr‘/o aé, np —n,v)d

T
< Ve = Vilzw2)1EnVanli g2z + IV-Vaull 2 2) 180 — §ll 222) + ‘/c; a, ny —n, V) dt

and the desired result follows froifn (4]31) ahd (4.32).

THEOREM4.2 There exists a subsequence&{®f ;, w1, Un. < }n, Where{cy ¢, wp ¢, Uy .} SOlve
(Pn.2), and functiongc, w, u} satisfying [4.2R). In addition, @s— 0, (4.234—e) hold. Furthermore,
{c, w,u} fulfil ¢(-,0) = co(-) in L3(£2), u(-,0) = ug(-) in L2(2) and satisfy for ally <
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L0, T; HY(£2)) and allv € L2(0, T; Wo) N HY(0, T'; L2(£2)) with v(-, T) = 0,

T T T
/ (0;c, m) dt + / (Vw, Vn) dt = f a(c, n, u) dr, (4.333)
0 0 0
T T T
/ (w, n)dr = 7/2/ (Ve, V) dr + / (@' (c), n) dt, (4.33b)
0 0 0
T T T T
—/ (u, 9;v) dt+/ (Vu:Vv) dt+/ B(u,u,v) dt—i—/ alc, w, v) dr = (ug(+), v(-, 0)).
0 0 0 0
(4.33c)

Proof. Foranyn € L?(0, T; W14(2))NHY(0, T; L?(£2)) there exists a subsequengg; (1) € S"
such that
mhe — 1 strongly inL?(0, T; HX(2)). (4.34)

We choosey = .. in (4.212) and now analyse the subsequent terms. Fifstly,| (2.18) andl (4.24)
imply thatash — 0,

T
‘/o [@cch,xs nh )i — Occh,z, mn,r)]de
T
= ’— / (ch,es Oemn, o) At + (cpc G, T, e G THa = (eh (5 00, nie (-, 0
0
T
+ /o (ch,es Omn,0) dt — (cpe (. T), mac ¢, T)) + (cp, (5 0), a2 (-, 0)| — 0. (4.35)
Furthermore, it follows from{ (2]5)[ (4.2Bc) arid (4]34) that
T T
/ (O¢ch s Mpc) At — / (drc,n)dt ash — 0. (4.36)
0 0
Combining [4.3p) and (4.36) shows that
T T
f (Orch.zs Mho)n Ot — f (drc,nydt ash — 0. (4.37)
0 0
In view of (4.34) and[{4.23d) it follows that &s— 0,
T T
/ (Vw ., Vi o) dt — f (Vw, V) dr. (4.38)
0 ’ 0

From Lemm4 45[(4.23b), (4.26) arid (4.34) we conclude that-as0,

T T
/ alcy, 1 Mo, Uy, ) dt — / a(c, n, u) dr. (4.39)
0 ’ ’ 0

Combining [4.37),[(4.38) anfl (4.39) yieldls (4.B3a), on recalfing {4.22).
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From [2.18),[(4.24)[(4.23a], (4.23d) afd (4.34) we infer that as 0,

T T
/O [J/Z(VCZT,VW) + (Chp — Wy oo i o)n] A —>/0 [y?(Ve, Vi) + (¢ — w, )] dr.  (4.40)

Furthermore, setting (c. cx.r) = ¢2 . + ¢? + cp.-c and recalling2) we have

T
Vo [@ ()i )y o) = (¢(e), )] dr

T
4—‘]£ (@(c) )s e — m) dt

T
<M(ﬂ¢9—w&mw
T T
<Anwmwm%ﬂmmﬁ—ﬂw+ﬁum¢mmm—ww
T 4 T 3
<c£|mmm%imﬂq;—er+cﬁ|m;deJ—mMr

T T
<cA|WMMAmmg—ﬂw+CA|@y®mJ—wm. (4.41)

From [2.18),[(4.24)[ (4.41), (4.2Bb) anid (4.34) we have

T T
/o (@ (e )y mnon dt — /0 (¢(c),mdt  ash — 0. (4.42)
Combining Kz;:p) and (4.42) yields (4.33b), on recalling (4.22).
Forv e L%(0, T; Wo) N HY(0, T; L%(£2)) there exists/;, . (t) € Wg such that
Vie =V strongly inL2(0, T; H1(£2)), (4.43)
V. — v  weaklyinL?(0, T; L%(£2)). (4.44)

We choosex = v;, . in (4.21¢) and now analyse the subsequent terms. Sipgé, 7) = 0 we
have

T T
/(;(aluh,r»vh,r)dt:_/(; (Up,z, 0:Vp,7) dt — (Up (-, 0), Vi £ (-, 0) (4.45)

and from [(4.4b)[(4.36) anfl (4]44) we have

T T
/ (8¢Up,r, V) At — —/ (u, 0;v) dt — (ug(-), v(-,0)) ash — 0. (4.46)
0 0

Using arguments similar to the proof of Lemma]4.5 and nofing (4.23e),|(4.26) an{ (4.43) it follows
that ash — 0,

T T
/ B(u; ., uf vy o)dr — / B(u, u, v) dr, (4.47)
0 o 0
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and from [4.23e) and (4.43) we find that/as> 0,
T T
/(VUZT:Vvh,f)dte/‘ (Vu : Vv) dr. (4.48)
0 ’ 0

From Lemma& 4.6[(4.23b), (4.23d) afd (4.43) it follows that as 0,

T T
f a(c, ;. wy ., v)dr > / a(c, w, v) dr. (4.49)
0 ’ ’ 0

Combining [(4.45)4(4.49) yield§ (4.33c) on recallifg (4.22).

REMARK 4.3 We note that there is an inconsistency of notation between this section and Section 3,
since in this sectiorc, w, u} is used to denote the solution ¢f (4.83a—c), whereas in S€ction 3,
{c, w, u} is used to denote the solution of the smoother prolém

5. Numerical results

In practice the concentration, rapidly varies over the interfacial regions between the two fluids,
while away from the interface, in the bulk regions, it is closettb. This interfacial region is of
thicknessO (y Iny) and to effectively model it we require an adaptive mesh that is locally refined
close to and inside of the interfacial region and coarsened elsewhere. We now define our mesh
refinement strategy:

Given an initial mesi 0, for time step: an elementy, with verticesx, ;, i =1, 2, 3, is refined
if

max|c) (X, )] < 1—8
1

andn, > y/2 where§ = O(y); in practice this guarantees that there are at least eight grid points in
the interfacial region. This element is repeatedly refined, using uniform refinement, urtil /2.
Elements are coarsenedcifand its neighbouring elemen, = {K € 7" 1 : k N K # @}, with

the set of vertices),, are such that

max|cl (%) > 1 4.
XEDye

We call this grid7™ and use it for the chemical potentiad, as well. The space of continuous
piecewise linear functions associated with this space is denot&dgnd we denote the dimension
of $™¢ by N™¢. We use standard continuous piecewise linear interpolation to transfer functions in
Snfl,c to S™-c.

For the velocity the divergence free spa\tég, is not constructed and the pressure function,
p, remains in the system. We use a fixed uniform m@&gh,for this problem and the mixed finite
element(5"/2)2 x s": this space, (P1 iso P2 - P1), is known to be inf-sup stable (sée [13]). Note
that the spacé”/2 need not be related to the concentration mesh and in general is not. We denote
the dimensions of”/2 andS" by N"* and N"-?, respectively.

We obtain the following fully discrete approximation pf (2.11a—f):
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(Phc) Forn > 1find{cl, w, ul, pp} € S™¢ x §"¢ x (§"/2)2 x §" such that

1 i _ _
el xOn + ﬁa(b(cg Hhvw!, vy) =acl g oul Vx € S™€, (5.1a)
y2(Ver, V) = (Wi — o)+ om Vx e S"°, (5.1b)
1 _ _
(S, %) + ﬁj(wg L VX) + BUTE UL x) + Ka(erh w, x)

=], V-x) Vxe($"?»%  (5.1c)

(V-ul,gn)=0 Vg, € S", (5.1d)
Ax) = 0"(cox)),  ud(x) = P"(up(x)) Vx € 2, (5.1¢)
u=g ondaf2 x (0,7), (5.1

whereb(c) = exp(—c?) andg-n = 0 ond 2.

We now discuss algorithms for solving the resulting system of algebraic equations for
{cj, wy,, Uy, p,} arising at each time level from the approximati(fhl,r). We note that with this
approximation at each time level we are required to solve a Cahn—Hilliard equation followed by a
Navier—Stokes equation.

LetC" = {cf,c5, ..., cyac} be the vector of coefficients faf; with respect to the standard

basiss™¢ = (y"))"" and similarly forw”, U" andP". Then the systea—f) can be rewritten
as:

FindC", W" e RN U" ¢ RN"")2 andP" e RV"” such that

—~ T P
M™cCr + P_"eDn,an — Mn,ccn—l+ ‘L'nF(CZil, Uzil),

_Mn,cwn + Mn,c¢(cn) + y2An,ch — Mn,ccnfl’
<M”~" + ;—’;Ah’" + rnS"_l’h’“>U" — 1, (BHTP" = Mm U — 1, KG (et wp).
B"U" =0,

where the Cahn—Hilliard matrices and right hand side are given by
A"C(, j) = /Q vy vy d, D™C(i, j) == /Qb(c';*l)vl/ff"' -V d,
M"™€ (i, i) = fgnh[(wi’lﬁz] dv,  Fifhuh = /Q vyl u L,
and the Navier—Stokes matrices are given by

Ah,u 0 Mh’u 0 ) Sn—l,h,u 0
Ah’"=[ 0 Ah,u] Mh’uz[ 0 Mh,u]’ ST = 0 srlhu]e

Gl L, wh)
B"=[B}, B, G= h o oh
[ 1 2]’ |:GZ(CZ—1’ wz)
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with
A" G, ) :=/val.”~“.v¢}”“ dx, M""“@, j) :=/le.h'”1pjh’”dx,
gn—Lhu ._ %/ﬂ[uh,n—l Vg g %/Q[uh,n—l VY g,
h, h,
B, j) = %w}“”dx, By, ) = %wf’!’ dx,
Gy (ch~ wf) = fﬂ cZ*%tﬂf”dx, G(ep ) = /Q cz—lgww’w.

Here (/)" (wf"“)]lv"‘" and(wih’p)llvh"’ are the standard basis functions fr¢, $"/2 and §"
respectively.

To solve the Cahn—Hilliard equation we use the multigrid solver given in [14] which produces an
efficient and reliable method with optimal convergence. For the Navier—Stokes equation, we have
an Oseen type equation, which is solved using preconditioned GMRES (see [31]), whéig the
preconditioner is used (see [24]). This solver is known to be optimal with respect to mesh refinement
and has mild dependence on the Reynolds number. For further details and numerical examples
showing the efficiency of this solution method see€ [25].

We display two numerical experiments; the first shows the evolution of a cross-shaped interface
to a circle and the second is similar to the lid driven cavity experiment seezh in [8].

5.1 Rotational boundary condition: cross to circle

Fic. 1. Initial data for the concentratian . and the initial mesh.

In this experiment we take = (0, 1)? and as initial data for the concentration we take a cross
set insides2 (see Figur¢ |1); for the velocity we takg = [x2, —x1] andg = [x2, —x1]. We set
v = 1/100, Pe= 1000,K = 0.001 andy = 1/120 and we use a fixed time step with= 0.05.
For the velocity space we use a uniform mesh of sizex 1/90.

Figures[ 2[4 show the evolution of the concentration for this problem together with the
corresponding meshes.
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FiG. 4. Concentratior; . and mesh at = 20.
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5.2 Lid driven cavity boundary condition

In this experiment we take&2 = (0, 1)2 and as initial data for the concentration we take the
horizontal linex, = 0.5. For the velocity we take the initial data to be the Stokes solution to
the lid driven cavity problem and for boundary data we tgke [xf(l — x1)2, 0] for x, = 1, and
zero otherwise. We set= 1/500, Pe= 200,K = 1/5000 andy = 1/120 and we use a fixed time
step witht = 0.025. The velocity space is a uniform mesh of sigex~ 1/90.

The evolution of the concentration for this problem is shown through Fiuifgs 5-8 (see [8] for
a similar problem). The corresponding adapted meshes are also given. Fidures 9-10 show contour
plots of the concentration and the velocity field. From the magnified images we can see the velocity
at the front of the fluid is almost perpendicular to the interface and thus forces it to move, while
behind this front the velocity is almost tangential and hence in this region the movement of the
interface is small.

We conclude with Figurg 11 in which we see the flow at time 20 together with a contour
plot of the concentration.

Fic. 5. Concentratiom;, , and mesh at = 3.4.
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FiG. 6. Concentratiom;, , and mesh at = 6.5.
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FiG. 7. Concentratiom; , and mesh at = 12.5.

Fic. 8. Concentratior;, . and mesh at = 20.

0.8
0.6

0.4

0.2

0.75 | | |

FiG. 9. Flow and concentration at= 7.
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FIG. 10. Flow and concentration at= 16.5.

FiG. 11. Flow and concentration at= 20.
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