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We deal with strongly competing multispecies systems of Lotka—Volterra type with homogeneous
Dirichlet boundary conditions. For a class of nonconvex domains composed of balls connected by
thin corridors, we show the occurrence of pattern formation (coexistence and spatial segregation of all
the species) as the competition grows indefinitely. As a result we prove the existence and uniqueness
of solutions for a remarkable system of differential inequalities involved in segregation phenomena
and optimal partition problems.

1. Introduction

In this paper we consider the system of k > 2 elliptic equations

—Au; = fi(e,u;) —ku; Y uj  in £2, (1
J#
fori = 1,...,k, where 2 C R¥ is a smooth, connected, bounded domain. Systems of this form

model the steady states of k organisms which coexist in the area §2. The function u; represents
the population density of the i-th species (hence only u; > 0 are considered) and f; describes the
internal dynamics of u;. The coupling between different equations is the classical Lotka—Volterra
interaction term: the positive constant x prescribes the competitive character of the relationship
between u; and u; and its largeness measures the strength of the competition.

Systems of this form have attracted considerable attention both in ecology and social science
since they furnish a relatively simple model to study phenomena of extinction, coexistence and
segregation of states of populations. Several theoretical studies have been carried out in this
direction, mainly in the case of two competing species and for the logistic nonlinearities f;(u) =
u(a; — u). We cite for instance [[15} (18}, 20, 21} 24} 125]], where it is shown that both coexistence and
exclusion may occur, depending on the relations between the diffusion rates and the coefficients of
intraspecific and interspecific competitions.

In this paper we look at the multispecies Lotka—Volterra system from the different
perspective investigated in [J5, 9} [12| [13]] and we study the possibility of coexistence governed by
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very strong competition. As we shall discuss in detail in Section[3] the presence of large interactions
of competitive type produces the spatial segregation of the densities in the limit configuration as
k — 00, namely if (u;‘){f:l solves , then, foralli =1, ..., k, uf converges to some u; in H! (£2)
which satisfies

ui(x)-uj(x) =0 ae.in2, foralli# j, 2)

so that {u; > 0} N {u; > 0} = ¢. Furthermore, in the limit, the densities satisfy a system of
differential inequalities of the form

— AT > fix.@p) in 2, 3)

{ —Au; < fi(x,u;) in 2,
where U; := u; — 3, ,; uj and fite, ) o= filx,ui) — >_j=i Ji(x, u)), in the sense of Definition
[I.T] below. The link between the differential inequalities (3) and population dynamics is reinforced
by considering another class of segregation states between species, governed by a minimization
principle rather than strong competition-diffusion. In [3] (see also [2, 4]]), the following energy
functional was considered:

k
JU) = Z{/ﬂ(;wi(x)ﬁ - Fi(x, ui(x») dx},

i=1

given by the sum of the internal energies of k positive densities u; with internal potentials
Fi(x,s) = fos fi(x, u) du. The problem of finding the minimum of J(U) in the class of k-tuples
U = (u1,...,up) satisfying u; - u; = 0 a.e. on §2 fori # j was investigated in [3]], where it is
proved that any nontrivial minimizer U (if it exists) satisfies the differential inequalities (3).

This further motivates the study of the solutions of (2)—(3) as a natural step in the understanding
of segregation phenomena occurring in population dynamics. Remarkably enough, (3) coupled with
() can be naturally interpreted as a free boundary problem with multiple phases: the unknown free
boundary set is given by

F=

k
o{x € 2 :u;(x) > 0},

i=1

which represents the collection of the boundaries of the disjoint supports of the densities. On its
support each density u; solves the elliptic equation —Au; = fi(x, u;), while the free boundary
conditions are implicitly contained in the global differential inequalities (3). The study of the
properties of F is important from the ecological point of view since it provides information about
how the segregation occurs, in particular about the way the territory is partitioned by the segregated
populations. In this direction, in [[1H3} 5} (7] a number of qualitative properties both of u; and the free
boundary set F are exhibited. We refer the interested reader to [6] for a brief review of the regularity
theory so far developed, and to the above cited papers for proofs and details.

Another question of particular interest is the existence of a strictly positive solution to 2)—(3),
that is, a solution of the differential inequalities (3) with each component u; > 0 and u; positive on
a set of positive measure. As a matter of fact, since all the asymptotic states of the Lotka—Volterra
system have to satisfy (Z)—(3), the existence of such a solution is necessary to ensure that all the
species survive under strong competition. It has to be stressed that in [3| 5], the strict positivity is
guaranteed by assuming positive boundary values for each component, in the form u; = ¢; on 952
with ¢; > 0 on a set of positive (N — 1)-measure.
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Hence a major problem consists in proving the existence of a positive solution under natural
boundary conditions, such as Dirichlet or Neumann homogeneous boundary conditions. This is
precisely the problem we face in this paper: we consider (Z)—(3) with the Dirichlet condition

ui =0 onas2, (€))

and we look for a strictly positive solution U = (u1, ..., u;). The interesting case of the Neumann
condition will be treated elsewhere (see the concluding remarks).

This is an interesting and mathematically challenging problem: we cannot expect in general
to avoid extinction of one or more species. For instance, if §2 is convex, it is shown in [19]
that two competing species cannot coexist under strong competition. On the other hand, the main
variational procedure leading to solutions of , that is, the minimization of the internal energy J,
may fail under Dirichlet homogeneous conditions, since it in general provides a k-tuple of the

form (0, ..., u;, ..., 0) with all but one component identically zero (see [26] for a similar result).
Therefore, some mechanism of different nature must occur in order to ensure coexistence of the
species.

In the present paper we show that the geometry of §2 can play a crucial role in segregation
phenomena. In line with [14} 24]], where two populations in planar domains of dumbbell shape
are dealt with, we consider a class of nonconvex domains £2”, n € N, essentially composed
of k balls connected by thin corridors, as depicted in Figure [I] (see [8]] and Section [I.1] for the
precise definition). Under the main assumption that the Dirichlet problems on each ball admit a

B> on

(a) The set 20 = By U By U B3 and (b) Sets £2 obtained by small perturba-
segments E joining the balls. tion of £20.

FiG. 1

nondegenerate local minimizer, we are able to prove existence and uniqueness of positive solutions
to the free boundary problem (2)—(3), where each component is close to such a local minimizer
(Theorem 1). In ecological terms this means that if in the unperturbed domain and in absence of
interaction each species lives in a stable configuration, then strong competition leads to coexistence
and segregation of the populations.

Our second result (Theorem 2) concerns the multispecies Lotka—Volterra system endowed with
the Dirichlet null condition. Under the same topological and nondegeneracy assumptions, we first
prove the existence of a positive solution, provided that the competition parameter « is large enough.
This is obtained by exploiting a degree technique introduced by Dancer [8] to control domain
perturbation in the case of certain nonlinear equations. Theorem 2 is by itself an interesting result in
the framework of multispecies systems. In fact, in contrast to the rich literature dealing with the case
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k = 2 of two populations, the case of k > 3 species is less understood. We cite for instance [15} 20}
22, 123]] for three-species competing systems with cross-diffusion and [10}[11]] for the Lotka—Volterra
model, where various sufficient conditions for coexistence are provided, depending on the values of
the parameters involved.

Next we perform the asymptotic analysis as « grows to infinity, and we prove that this solution
converges to the unique segregation state found in Theorem 1. The biological implication of this
result is now clear: all the species survive under strong competition in a segregating configuration.
Furthermore, as we shall see, they divide the domain in such a way that the i-th species does not
invade the native territory B; of the other populations. We call this phenomenon the noninvading
property.

Both results come from the study of a multispecies system that can be seen as a generalized
Lotka—Volterra model with presence of spatial barriers localized in the balls. We shall introduce it
in (6], after some rigorous definitions and precise statements of our results.

1.1 Assumptions and main results

Let 20 := Ule B; be a finite union of open balls B; C R" such that the B; are mutually disjoint,
i =1,..., k. Following [8], we consider a sequence of domains {£2"},cn approximating £2° in the
following sense: there exists a compact zero measure set £ C R such that

(i) for any compact set K C !& 2" O K provided n is large;
(ii) for any open set U D E U 29, 2" C U provided # is large

(see Figure . Let us fix a bounded smooth domain £2 strictly containing £20 U 27 for all n € N.
Notice that if 2 C 2 andu € HO1 (fz), we can extend u to an element of Hé (£2) by defining it to
be zero outside of §2. Thus in all the paper we shall think of all our functions as being in HOl (£2).
We will make the following set of assumptions (foreveryi =1, ..., k):

(F1) fi(x,s): 2 xR — Ris a Carathéodory function, it is odd and C !in the variable s, uniformly

in x;

(F2) |fl./(x, s)| = O(|s|q_1) for large |s|, uniformly in x for some g < (N +2)/(N —2) (g < 00
if N =2),

where fl.’ (x,s) = 95 fi (x, s). Furthermore, for any i = 1, ..., k, we assume that the problem

{_Au:ﬁ(x,u) in B;, 5)

u=20 on 0B;,

admits a positive solution u? € HOl (B;) N L®°(B;) which is nondegenerate in the following sense:

(ND) there exists € > 0 such that
/B_(|Vw|2 — £l udyw?) dx > s/B [Vw|? dx

forall w € Hy (B;) and i.
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Note that this implies that the linearized problem at u?,
—Av — fl(x, u?)v =0, ve Hol (B)),

has only the trivial solution. This is precisely the assumption used in [8]]. Condition (ND) is stronger
and essentially means that u? is a local nondegenerate minimizer of the energy on B; (see also [3]).
As a model for f; we can consider logistic type nonlinearities f;(x, s) = A(s —|s|?~'s), p > 1.1tis
well known that if A > X1 (B;) (where A1 (B;) is the first eigenvalue of —A in B; with homogeneous
Dirichlet boundary conditions) the elliptic problem (3)) has a unique positive solution which is a
nondegenerate global minimizer for the energy.

Since u? is an isolated solution to (3)), the parameter § > 0 will be assumed throughout to be
small enough that, for all i:

ifu; € Hol(Bi) is a solution to () such that ||u; — u?||H01(Bi) <6, then u; = u?.

We shall also denote by U° the k-tuple (u(l), ceey ug) and by U = (u, ..., ux) generic k-tuples in
(HOl (£2"))K. Let us clarify the meaning of solution to differential inequalities (@) in the following
definition.

DEFINITION 1.1 A solution to (E]) is a k-tuple U = (uy, ..., ur) such that, foreveryi =1, ...,k
and ¢ € HJ}(2) with ¢ > O a.e. in £2,

/ Vi (x) - Vo (x) dx < / Fi G4 () () dx
2 22

and
[ v vewa > [ Fwmensw
2 2
Our main theorem ensures the existence of a unique segregated solution to (3 in the perturbed
domain £2" which is H'-close to U°.

THEOREM 1 Define

S(R") = {(u1, ..., w) € (Hy (2" :ui 2 0, wi -uj = 0ifi # j,
— Aup < filx,u)), =AW > fiGe, @), in 2", i =1,... k).
Then there exists § > 0 such that, for any n sufficiently large, the class S(£2") contains an element
U= (ui,...,ux) € (H}(R2")* such that ||u; — u?nHol(m) < 8. Moreover, u; = 0 in Bj for all
j # i and U is the unique element of S(£2™) such that |U — U0||(H01 @mk < 8.

As already announced, the proof of Theorem 1 relies on a careful analysis of the following
auxiliary system:

—Au; =f,-(x,u,-)—/cu,-Zuj—/cuiZu?—Ku?Zuj in 27,
J#i J# J#i (6)
u; =0 on 082",

fori=1,... k.
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This system can be seen as a modification of the Lotka—Volterra model, through linear terms
which are localized in a single ball each: this feature will be crucial in order to obtain solutions with
the noninvading property. Notice that, due to the presence of the barriers, systems (6] fail to satisfy
the maximum principle, so that we cannot ensure the positivity of solutions nor even, by now, the
competitive character of the model. As we shall see, this will cause some technical difficulties.

Nonetheless, by careful energy estimates and eigenvalue theory, the system for fixed « will be
shown to be suitably nondegenerate on £2” if n is large enough. This will allow us the application
of the degree technique introduced in [8] to control domain perturbation, and as a result we will
obtain the existence of a solution U” of the system, which is close to U 0 The major feature of this
approach is that the whole procedure turns out to be uniform with respect to «. This uniformity will
allow us to perform successfully the asymptotic analysis of the solutions to the auxiliary system as
the competition parameter goes to infinity. The final result can be collected in the following form.

THEOREM 2 There exists § > 0 such that, for any k and n sufficiently large, both the Lotka—
Volterra system (1)) with Dirichlet boundary conditions @) on 2" and the modified model (6) admit
a solution U* = (uf, ..., u}) € (HO1 (£2")K such that |U* — U0||(H01 (@mk < 8, and, in the case

of (@), U* is strictly positive. Furthermore, as k — 09, uf — u; strongly in H'(2"), where the
k-tuple U = (uy, ..., uy) is the unique element in S(2") close to U°.

1.2 Plan of the paper

In Section [2] we establish some preliminary facts to be used throughout the paper, in particular we
discuss the nondegeneracy of the problems in £2°. Section [3|is devoted to the asymptotic analysis
of the solutions to the auxiliary system as x — oo. In Section f] we prove the uniqueness of the
solution to (@) close to UY, as stated in the uniqueness part of Theorem 1. Sectionis devoted to the
proof of the existence of a solution U close to U? for system (6), when the domain is close enough
to 229 and the competition is large. We conclude Section by presenting the proofs of Theorems 1
and 2 and giving some final remarks. A final appendix collects some technical proofs and lemmas
used throughout the paper.

2. Preliminary results

In this section we further modify the Lotka—Volterra system in order to ensure sign conditions and
boundedness of its solutions. Furthermore we derive from condition (ND) the main nondegeneracy
properties holding in the unperturbed set £2°.

Let us consider the following system:

—Au; = fi(x, i +udT —ud) = clup +ud1HY fuy + a0 in 2,
J# 3 7
ui =0 on 052,

fori = 1,...,k, where 2 C £ C 2. Here and throughout, the symbol [#(x)]" will denote the
positive part of ¢, that is, [#(x)]T = max{¢(x), 0}. The motivation for this choice is contained in the
following lemma.

LEMMA 2.1 Let U = (uy,...,ux) be a solution of system (7). Then u; > —u? in £ for all
i =1,..., k. Inparticular the u; solve (6) and satisfy u;(x) > 0 for x € B; when j # i.
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Proof. Letv; = u; + u?. It satisfies the equation
—Av = fi(x, [wi + w1t —ud) + fiCe, ud) — cloil™ ) [y1".
J#
Now it suffices to test this equation with —[u; + u?]_, recalling that f; is odd. O

REMARK 2.1 Notice that the original system (I)) can be recovered in this model by the formal
identification u? = 0. In particular, by Lemm it turns out that the solutions obtained with
fi(x, [u;]7) instead of f;(x, u;) satisfy u; > 0 for all i, and thus are nonnegative solutions for the
Lotka—Volterra system ().

2.1  Differential inequalities

Let (uy, ..., ug) be a solution to (7). Since by Lemmaeach u; satisfies u; +u? > 0, the coupling
term has negative sign and we immediately have

—Au; < fi(x, u;). ®)
Furthermore, by a straightforward calculation we obtain an opposite differential inequality for u;:

— AW > fiGeou) = Y fj(xwg) = fi(x, ). ©)
J#i

Thus the solutions of (7) satisfy the differential inequalities (3).

2.2 Uniform L* bounds

We now suitably modify f; in order to ensure that the solutions of the new system are bounded
in L®°. This is based on the following result due to Dancer [8]]: for n sufficiently large, the problem

—Au = fi(x,u) in$2",
u=20 on 082",

admits a positive solution ¢ € HOl (£2™) which is close to ) u? in some L™ (£2) (r > 1). Fix ng
large such that £2" C 2" for all n > ng and denote ¢i"° simply by ¢;. Define

x fix,s) if s < ¢ (x),
filx,s) = )
filx, ¢i(x)) ifs > ¢;(x).

LEMMA 2.2 Forn > ng, letu; € HO1 (£2™) be such that —Au; < fi(x, u;) in 2", Then u; < ¢;
a.e.in £2.

Proof. Summing up the differential inequalities for ¢; and u; gives

—A(pi —ui) = fi(x, ) — filx,u;) in 22",
¢ —u; =20 on 92",
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Setw = {x € 2" : ¢; < u;}; note that w is strictly contained in §£2" by the boundary conditions.
Hence by testing the first inequality with —(¢; — u;)~ we obtain

/varﬂmw%u<—/Yﬁ@¢»—ﬁqux¢—mrdx=a

which implies (¢; — u;)~ = 0 and so ¢; > u;. O
As a consequence, any solution (u1, .. ., uy) to either (7)) or @]) with fl instead of f; in £2", satisfies
< <di i=1l... .k (10)

In particular, any solution with u; close to u? will be a true solution of the original problem
with f;. Moreover, by the classical strong maximum principle and Harnack’s inequality, any solution
(uy,...,ur) to satisfies either u; = ¢;, or u; = —u?, or —u? <uj < ¢;.

NOTATIONS. Throughout the paper we shall work with f; instead of f;, denoting f; simply by f;;
supp u; will denote the set {¢; > 0}.

2.3 Nondegeneracy in §2°

Let us now consider in £2°. Then we immediately realize that U° = (u(l), R ug) is a solution
of the problem. Furthermore, it follows from (ND) that U 0 is an isolated solution, uniformly in «.

THEOREM 2.1 There exist & > 0 and 8 > 0 such that if U* is a solution of (7) in £2° such that
[U* = U° < §in (Hy(2°)F, then U* = U forall k > k.

An analogous result holds for the solutions to Z)—(3), thanks to the following sign condition
prescribed by the validity of (9).

LEMMA 2.3 Let (uy, ..., ux) be a solution of —Au; > f(x,ﬁi) in B; for some i. Assume that
u; -uj = 0if i # j and that |lu; — u;)HHOl(Q) < éforall j =1,...,k. Then, if § is small enough,
u; = 0.

THEOREM 2.2 Let (uy,...,ux) € S(.QO) be such that ||u; — u?||H01(_QO) <éforalli=1,...,k.
Then, if § is small enough, u; = u? foralli = 1,..., k.

All these results are crucial in what follows, but since the proofs are somewhat technical, we
postpone them to the Appendix.

3. Asymptotic analysis as xk — oo

This section is devoted to establishing the link between population systems and the original set of
differential inequalities (3). To this end, throughout the section let § > 0 and assume that there exists
a solution (uf, ..., uy) to (7) such that ||uf — M?”HI(Q) < § for all large k. Our main result is

THEOREM 3.1 Let £2 be a connec}ed domain such that 20 c £ C 2. For each k let U¥ =
(uy,...,up)bea soluti~on of (7) in £2 such that | U* — U0||(H01 @) < 8. Then, if § is small enough,
there exists U € (HO1 (.Q))k such that, foralli =1, ..., k:
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(i) up to a subsequence, u; — u; strongly in H'(2)ask — oo,
(ii) u; > 0in B,',
(iii) if i # j theny; = O a.e.in B;,
(iv) if i # jthenu; -u; =0a.e.in £2,
(V) (ui, ..., u) satisfy the differential inequalities (3).

The proof of this fact is obtained through the next Lemmas [3.1

LEMMA 3.1 Under the same assumptions of Theorem 3.1} if § is small enough there exists U €
(HJ (2))* such that, foralli = 1,..., k:

(i) up to a subsequence, u; — u; weakly in HY(£2) as k — oo,
(i) u; > 0in 2\ B;,
(iii) if i # j thenu; = O a.e.in Bj,
(iv) ifi # jthenu; -u; =0 a.e.in £2,
(V) (ui, ..., ux) satisfy the differential inequalities (3).

Proof. Since U* is bounded in (H'(§2))* by assumption, we immediately obtain the existence of
a weak limit U such that, up to subsequences, uf — u; in H 1(£2). Since each uy is positive on B;
when j # i by Lemma [2.I] property (ii) comes from almost everywhere pointwise convergence.
Furthermore, the differential inequalities and (9) for u;‘ pass to the weak limit, so (v) is already
proved. Let us discuss properties (iii) and (iv). By testing (6) with u + u? we see that

K / (uf + u?)2 Z(u}( + u;)) is bounded uniformly in «,
Q —
J#

and hence, since u}( + u? > 0 forall j,

/ (uf +u?)22(u}( +u§.)) — 0 ask — oo.
2

J#i
Passing to the limit for U¥ — U we obtain, foralli # j,i,j=1,...,k,
i (x) - 1 () + ud(x) - uj(x) 4 up (x) - u?(x) =0, Vxef. (11)

Letx € 2\ (U Bi. Then (TT) ensures u; (x) - uj(x) = 0 forall i # j.
CLAIM. Ifx € B; thenuj(x) =O0forall j #1.

Let x € B; for some fixed i. If u;(x) = O then becomes u?(x) -uj(x) = 0 and hence
uj(x) = Oforall j #i. If u;(x) > —u?(x) we have u;(x)(u; (x) + u?(x)) = 0, implying again
u;j(x) = Oforall j # i.Finally, let u; (x) = —u?(x). Since uj-up =0in B; forall j #h, j,h # 1,
there exists at most one index different from i (say j) where u;(x) > 0. Let w; be the connected
component of {u; > 0} which is contained in the set {y € B; : u;(y) = —u?(y)}, and such that
x € wj. Then by @), since up = 0in wj forall h # i, j, we have

—A@i —uj) = fiG,ui) — fiGouj)  ino;.
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Adding —Au) = f; (-, u?) we get

— A —uj +ud) = fiCou) — fiGoup) + fiGud) in o).

Test this equation with —[u; — u; + u?]_. Note that [u; — u; + u?]_ = Ujw;, SO
2 2
/w_ IVu; |~ < g JiCoujuj < IIfj(uuj)IILN/z(wj)IIMjIILz*(wI_)~
]

By (F1), (F2), since ||u; ”Hl(wj) < 4, we have || f; (-, l/lj)”LN/Z(wj) < C4, which implies u; = 0 in w;
if § is small enough, giving rise to a contradiction. This proves the claim. O

LEMMA 3.2 Under the assumptions of Theorem[3.1} if § is small enough, then u; > 0 in the whole
of B;. In particular, B; C supp u;.
Proof. By Theorem[3.1} we already know that u; > 01in 2\ B;. Furthermore, u; - u; = 0 fori # j

in 2 and (uy, . .., uy) satisfies (9). Therefore Lemmaﬁi/ieldsi& =u;j—Y ;4 uj > 0in B;. Since

by Theorem@ii), uj > 0in B;, we have u; > 0in B;. Hence u; > 0 in £2 and it is not identically
null by its closeness to u?; the strict positivity now comes from the Harnack inequality. O

LEMMA 3.3 Under the assumptions of Theorem the convergence uf — u; is strong in HO1 (£2)
(up to subsequences), where U = (uj, ..., ug) is as in Lemma[3.1]

Proof. In order to prove the strong convergence of u} to u; in H(} (£2), consider the functions
W =uj —y. ji j» which satisfy the inequality @) in 2. Since u; > 0 from Lemma testing

(@) with u; we obtain
/u,-ﬁ<.,ul-)</ Vi P (12)
2 2

—Auf < filx,u¥) in$2
with uf + u? (which is positive in view of Lemma we have
/Vuf~Vu?+/ |Vuf|2</ u?ﬁ(-,uf)+/ us fi (-, u). (13)
2 2 2 2

The uniform L*°-bound provided in Section 2.2 and the dominated convergence theorem allow us
to pass to the limit in (T3] to obtain

Testing

/Vu?~Vu,~+hmsup/ IVuf|2</ u?ﬁ(-,u,->+/ w; fi (- ;).
Bi 2 B; 2

K—> 00

Since by Theorem u; solves —Au; = fi(x, u;) in B;, testing with u? we have fBl- Vu; - Vu? =
I, u? i (-, u;), which implies

limsup/ |Vu§|2</ ui fi G, ui). (14)
2 2

K—> 00

Now (T2)), (T4), and the lower semicontinuity of the norms yield

K—> 00

lim |Vu;~(|2:/ |Vu;|*.
2 2

The strong convergence follows easily from weak convergence and convergence of norms. O
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REMARK 3.1 Notice that the above analysis can also be performed for the Lotka—Volterra
system (IJ), with some differences. In particular, following the proof of Lemma[3.1] the segregation
property (iv) immediately follows from (TTJ), which reduces in this case to u; - u; = 0. In contrast,
we cannot prove, at the moment, the noninvading property (iii).

4. Uniqueness of the asymptotic limit

As in the previous section, let us here assume that the system (/) does have a solution on £2" for
all « large. Our goal now is to prove that the class S(£2”) contains a single element which is close
to UY; it is worth noticing that U° does not belong to S(£2"), since the differential inequalities
involving the hat operation cannot hold outside £2°.

THEOREM 4.1 For § sufficiently small and n sufficiently large, the class S(£2”) has at most one
element U such that |[U — UOII(H& @)k < 8.

Proof. By Theorem[3.1] let U" € S(£2") be the asymptotic limit of the solutions to (7), so that U"
enjoys the noninvading property. Now assume by contradiction the existence of V" € S(£2") such
that U" # V".

CLAIM1 Asn — 00,both U" — U%and V* — U° weakly in H(} (£2) (hence strongly in L? (£2)
forall1 < p < 2%).

It suffices to prove the claim for U”. Since U” is bounded in (Hl(.Q))k, there exists U €
(HY(£2))* such that u?! — u; weakly in H(£2), and strongly in all L?(§2) with subcritical p. We
are going to prove that U € S(£22°) so that U = U in light of Lemma To this end, notice that
the differential inequalities characterizing S(£2°) are satisfied by u?! for all n, hence they pass to
the weak limit. It remains to prove that u; € H(} ([20). To see this, notice that, for all open sets V

containing QOUE , we have
suppu! C 2" CV,

provided that n is sufficiently large. Hence
suppu; C V' for all open sets )V containing 20UE,

which implies that u; = O a.e. in £2 \ (29U E). Since 92 U E has measure zero, u; = 0 on £2 \ £29,
and the smoothness of 9§20 ensures that u; € H(} (£29) (see [17]).

Let us now start the argument that will lead to a contradiction. By setting o = {u] > 0}, we
have i = u! in ! and

—Au! = fi(x,ul) inol,

4
—Av! < fi(x,v]) ino!.

1

If we now consider
n n
n Ul- — Ml-

Wi n n ’
IV? = U2

we have
{ —Aw! <a!'(x)w! inof,

1
b ARG
—Awi 2 b (x)w] inw},

5)
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where ~
fi(x,Ui)—fi(x,Mi) and b?(x):ﬁ(x’viz_ﬁ(x’ui).

n n n
Vi U v U

al'(x) =

Notlc.e that ai € L independently of n in llgl}t f)f the a priori estimates in @) and Lemma
and since fl.’ (-, 0) is bounded. We assert that this is also true for the second quotient. To see this,
remember that v - v/’.’ = 0 in £2 and notice that

Jilx, v} (x)) — fi(x, ui (x))

bi () = v (x) — uf (x)

for x € £2 such that v;’ (x) > 0. On the other hand, if v;(x) > 0 for some j # i, then

JiGx,ui () + fj(x, v} (x))
uj (x) + vf (x) '

bl (x) =

Hence the same argument used to estimate a;' provides an L control for b}, uniformly in n. As
a consequence, by testing the differential inequalities in (T3) with [w]" and —[w!]™ respectively,
we easily find that wf’ is bounded in H 1(S?). Since this is true for all i = 1, ..., k, there exists
W= (wy,...,wy) € (Hl(.Q))k such that w;‘ — w; weakly in H'(£2) and strongly in L? so that
w; # 0 for some i.

CLAIM2 w; € Hj(B;) and —Aw; < f/(x,ud)w; in B;.

Reasoning as in Claim 1, we can easily prove that w; € HO1 (B;).
Let ¢ > 0 be such that ¢ € C;°(B;). Since by Theorem we know that B; C o', we can test
the first inequality in (T3)) with ¢ to obtain

/ [Vw!Ve¢ — al' (x)w!'p] < 0.
B;

By the strong convergence of U" and V" to U in L?(£2) for all 1 < p < 2* and by the continuity
of the Nemytskii operator f/ : LNU=D/2(2) — LN/2(2) (see @3)), it is easy to realize that
al! — fl.’(~, u?) in LN/2(§2) as n — o0o. Hence we can pass to the limit to find

/ (Vi Ve — fx. u®)wi] < 0. (16)
B;

By exploiting the same argument starting from the second inequality in (I3), we can prove
the opposite inequality, —Aw; > fl.’(x, u?)wi in B;. To this end, we first notice that if we set

Ap? = {x € B 1 v/ (x) > O}, then lim, .o (A7) = 0if j # i.
Indeed, Ai,’j C {x € 2\ Bj : v!(x) = 0} for every j # i, so we have

o(1) =/ ud — v7'% dx >/ u¥)? dx > / Ju?)? dx
B; {xeB; : v (x)=0} Ay’

as n — oo. From the absolute continuity of the Lebesgue measure . with respect to the measure
A [, [u?? dx in B;, we deduce that

lim p(AL)) =o0. a7)

n—oo
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In B; we can write b}’ as

fil, v/ () = filx, u (x) Gl o) + )
Fo—am e % Ty @

bl (x) =

From lim,,_; ,u(Ai;j ) = 0, the a priori estimates in (I0) and Lemma and since fl/ (-,0) is
bounded, we deduce that b} (x) — fi’(x, u?(x)) for a.e. x € B;.From the uniform L°°-boundedness
of b? and the dominated convergence theorem, we conclude that ! — f/(-, u?) in LN/2(2) as
n — o0o. Hence testing the second inequality in (T3) with ¢ € C5°(Bi), ¢ > 0, and passing to the
limit as n — oo we obtain

[V Vo — f/(x, ud);p] > 0. (18)
B

From and L2-convergence of w]'.’ to wj, for all j # i we have

|wj|2dx—— lim [w'?dx = lim [ |w?|?dx =0.
) n—oo |p =/ n—o0 | 4ij 7/
Bl Bl A’l

Therefore w; = 0 a.e. in B; for every j # i, and
w; = w; in Bi. (19)

From @, (18), and (19), we conclude that w; is a nontrivial solution to the linearized equation
—Aw; = fi/ (x, u?)wi in B; with boundary condition w; = 0 on 9 B;. This provides a contradiction
with the nondegeneracy assumption (ND). O

REMARK 4.1 We note that the weak H'(£2)-convergence stated in Claim 1 of the above proof is
actually strong. Indeed, from Theorem [3.1(v), we have

e} 151y = / V! |? dx = / Xsuppu (X) fi (x, uff (X)uf (x) dix.
supp uy 2

By the choice of £2", Theorem miii), and pointwise convergence of u? to u?, it follows that

Xsuppu” —> XB; a.€.in 2. Hence the uniform L°°-bound provided in Section [2.2{and the dominated
convergence theorem allow passing to the limit on the right hand side to obtain

. 2 2
lim [} 15 ) = /B fiGe ] () () dx = N 11 -
Strong H'(£2)-convergence now follows from weak convergence and convergence of norms.

5. Coexistence in Lotka—Volterra models

This section is devoted to proving the existence of solutions to the auxiliary system when the domain
is sufficiently close to £2° and the interspecific competition is sufficiently strong. Precisely, we shall
prove
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THEOREM 5.1 For any « and n sufficiently large, the system with barriers (6) admits a solution
U* = (uf, ..., uf) € (H}(£2")* which is close to U® = (u), ..., ud) in (H} (2")*.

In light of Remark [2.1] the above theorem immediately yields

COROLLARY 5.1 For any « and n sufficiently large, the Lotka—Volterra system admits a
solution U¥ = (u¥,...,uf) € (H}(£2")* which is close to U = @, ..., ud) in (H} (2")F
and satisfies u; > 0 for all ;.

The proof of Theorem [5.1]is obtained by using a standard topological degree technique (see e.g.
[[L6]) and it is based on the ideas introduced in [8] in order to control the perturbation of the domain.
As a first step, we introduce suitable operators which allow reformulating the existence of solutions
to (7) as a fixed point problem. For all integersn = 0, 1, ..., we define

A" (HY(2)F — (Hj(@2)F, A" = L"o F™* oi",
where i" : (H} (2)F — (H'(£2"))F is the restriction i" (uy, ..., ug) = (uilgn, ..., uxlon),

F< s (HY QM) = (H-L@mM)E,

F" U) = fi(, [u; + u?]+ — u?) — kfu; + u?]+ Z[uj + u;)]+»
J#

and
L": (H™Y(Q2")* — (Hy (2")* — (Hy ()

is defined as: L"(hy, ..., hx) = (u1, ..., uy) if and only if —Au; = h; in £2" and u; = 0 on 982",
foralli=1,..., k.

With the above notation, it turns out that the solutions of (7)) in £2" are in 1-1 correspondence
with the fixed points of A™*. We are going to prove the existence of fixed points of A™* by
showing that the Leray—Schauder degree of the map Id — A™* in a small ball centered at U° is
different from 0. We recall that the Leray—Schauder degree is well defined for operators which
differ from the identity by a compact map. To this end, we notice that it is not restrictive to assume
that A™* is compact from (HO1 (£2))* into itself. Indeed, if N < 6, the growth of the nonlinearity
q = max{2, q} is subcritical, i.e. ¢ < (N 4+ 2)/(N — 2), and compactness is guaranteed by
the Sobolev—Rellich embedding theorem. Otherwise, for N > 6, using the L°-bounds proved
in Section [2.2] compactness can be recovered by truncating the coupling term, thus obtaining a
subcritical nonlinearity without affecting the proofs.

The following lemma allows us to compute the topological degree of the unperturbed problem.
We will use the notation A’(U) to denote the Fréchet derivative at U € X of any differentiable map
A from a Banach space X to a Banach space Y.

LEMMA 5.1 Let e > 0 be as in assumption (ND). There exists ¥ such that for all « > &, the
eigenvalues of 1d — (A% (U in (Hé (£2°)% are all greater than ¢. In particular, the kernel of
Id — (A% (U°) is trivial.

Proof. First notice that, by Lemmal6.2]in the Appendix, the map

FO (12 — (= (2%
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is Fréchet differentiable at U° and
(FOYWUNV] =JacG(WUV  forall vV e (H (2%, (20)
where

G* - Rk — Rk, GK(U) = fi(,u;) —Kku; Zuj —Ku?Zuj —KUu; ZM?,
J#i J#i J#i

and Jac G¥ (U") denotes the Jacobian matrix of G* at U°.
Set £, :=Id — (A%)(U®) and write (HO1 (£29))* as the direct sum

k
(Hy (2°)* = P ™.
i=1

where
Hi = Hy (B;) x Hy(Bit1modk)) X Hg (Bi+2modk)) X -+ - X Hy (Bitk—1 (modk))-

The spaces ‘H; are mutually orthogonal and Ly |x; : H; — H;, so that it is enough to prove that 0
is not an eigenvalue of L, |y, foralli =1,..., k.

If A is an eigenvalue of £, in Hj, then there exists V = (vy,...,v) € Hp such that
iy ..., v) #(0,...,0) and

—(1=1)AV =JacG“ UV,

i.e.
—(1=MAvy; = (fl.’(-, u?) — 2« Zu?)vi — 2Ku? Z v;j in 20 21)
J# J#
foralli =1,...,k. Since (vq,...,v) # (0, ...,0), there exists £ such that vy # 0. Equation

fori = £ in By reads
—(1 =) Ave = f{(,ud)ve  in By,

hence A > ¢ in view of assumption (ND).
If A is an eigenvalue of L, in H; for i # 1, then there exists V = (vy,...,v) € H;, V #
(0, ..., 0), which solves (2I)). Let £ be such that v, # 0. Then equation in B;y¢_1 reads

—(1 =) Ave = (f}(,0) — 2l ,_Dve,  ve € Hy (Bige—1)-

Testing the above equation with v, we find
¢! —x)/B [Vvg|? dx =f3 (f(,0) = 2«cul,_vf dx
i+0—1 i+0—1
g/B (f1C.0) — 2ccud, ) To7 dx
i+0—1

<s! (f ik dx) I(f (. 0) — 2Ku?+f—l)+||LN/2(Bi+€—l)’
Bite—1
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where S is the best constant in the Sobolev embedding. Therefore
1= ST 0) = 20u) o DT g, - (22)

By the dominated convergence theorem, ||(fé( 0) — /cu?H 1) lLn/2 s, I e 0 as k — oo for
any ¢ and i, hence we can find « such that for all ¥ > k, and all i and £,

ICFC0) = 26udy )T v, ) < S —e).

With this choice of i, from (22)) it follows that if A is an eigenvalue of £, in H; for i # 1, then
A > ¢g;in particular A # 0. The proof is thereby complete. O

LEMMA 5.2 There exist ¥ and n such that, foralln > nand k > i,
U # tA"(U) + (1 = DA™ (U)
forallt € [0, 1]and U € (H} (£2))* such that |U — U°||(H(} @y =90
Proof. Arguing by contradiction, suppose there exist sequences nj — o0 and k; — 00, #; € [0, 1],
and U/ € (H}(£2))* such that [|U/ — U°||(H01(Q))k =8 and
Ul =A% (U7) + (1 — 1) A% (UY). (23)

Since A"*%i takes values in (H(} (£2"))%, we see that U/ € (HO1 (£2")). Taking the laplacian of
both sides in (23), we find that U/ solves

—AUJ = Fri(UY),

U’ e (Hy ")k
Since {Uj}j is bounded in (Hol(.Q))k, up to a subsequence, U/ converges weakly in (HOl (£2)* to

some U = (uy,...,ux) € (HO1 (£2))k. By Theorem we know that u; - u; =0fori # j,u; >0
in £2 and the k-tuple (uy, ..., uy) solves the differential inequality (9), i.e.

— AW > fi(x, W) in 2.

As a matter of fact, arguing as in Theorem (see the proof of Claim 1), it is possible to prove that
u; € H(} (£29), hence U € S(£29). Furthermore, since the convergence of U’ to U is actually strong

: 1 k 02 _ 0 2 :
in (H} (£2))* by Lemma we have 3, [|u; WP gy = U = U ||(H Ly = 87 > 0. This
implies the existence of i such that u; u?, in contradiction with Theorem (Il
We now have all the ingredients to conclude the proof of Theorem[5.1]

Proof of Theorem[5.1]  In view of Theorem 2.1} for all « > i we can compute the Leray—Schauder
degree

By Lemma[5.1]it turns out to be equal to +1. In hght of Lemma@ forn > n and ¥ > i, it makes
sense to compute the Leray—Schauder degree

I = deg(ld — A™*, B Ly (U, 8).0).
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By homotopy invariance,

deg(ld — A", B(H&(Q))k(UO, 5).0) = deg(ld — A*, B, H @ (U°.5).0)

and hence I = +1. As a consequence, A"“ has a fixed point in B(Hol @)k (U°, 8), which provides a

solution U = (uy, ..., ug) to in £2" which is close to U°. To conclude the proof, it only remains
to show that U is a solution to (6)) with the original nonlinearity f;, and this follows easily from
(10). O

Collecting all the results so far obtained, we can finally prove our main theorems.

Proof of Theorem 1.  For a fixed sufficiently large n, consider the sequence U* of solutions to (6)
as in Theorem[5.1] As x — oo, thanks to Theorem [3.1|we know that U* converges strongly to some

U= (ui,...,uy)in (H}(2")* such that U is H'-close to U, u; > Oforalli, u;-u; = 0ifi # j,
U has the noninvading property and satisfies the differential inequalities (3). Hence U belongs to
S(£2™). The uniqueness is ensured by Theorem 4. 1 O

Proof of Theorem 2. The existence of a solution U close to U for the two systems is proved in
Theorem [5.1] and the subsequent corollary. The asymptotic analysis as k — oo has been carried
out for (6) in Section [3]and all the results directly come from Theorem [3.1] For the Lotka—Volterra
model (T), U¥ converges to an element of S(£2") by Remark a

5.1 Concluding remarks

In this paper we have restricted our discussion to homogeneous Dirichlet boundary conditions. It
has to be stressed that the technique here employed cannot be used to treat the Neumann no-flux

boundary conditions

a .
aui =0 ondf2",
ov

the two major obstacles being the difficulty in constructing suitable extension operators and the lack
of continuity of the eigenvalues of the Laplacian under Neumann boundary conditions with respect
to the perturbation of the domain. This will be an object of forthcoming studies.

On the other hand, our results can be immediately extended to a great variety of competitive
models, not necessarily of Lotka—Volterra type, since they essentially depend only on the validity of
the differential inequalities (9).

6. Appendix

In this appendix, we collect some lemmas used throughout the paper and the proofs of our most
technical results. The following simple lemma is needed to prove Theorem[2.1] i.e. to prove isolation
of U°.

LEMMA 6.1 For all ¢ > O there exists § > O such that foralli = 1,...,kandu € Hol(.QO),
lu — u?||H01(_QO> < 6 implies

‘/ (fiCe i) = fiCe,u)) = f{ e ud) i = ud)) i — w) dx| < elluy —ull3,0 g0 (24)
_QO 1 1 1 l ] l 0(9)
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Proof. Denote by [ the integral in (24)). We can estimate it as follows:
1
I = ’/ [/ (f] Gyt + (1= D) — £/, u?)) i — u®)? dt} dx'
0LJo
1
S i = u?”iz*(-@O)/O £ tui + (0 —0ud) — £, u?)lluv/z(m) dr
1

-1 02 0 0

< S ui —u; ||H01(.(20)/0 I Cotui + (U= 0wy — f] Cou)l pvizggo) dr,

where S is the best constant of the Sobolev embedding HOl < L?". By continuity of the Nemytskif
operator f : H(} (2% — LN2(2%, u — f{ (-, u(-)), there exists § > 0 such that

lw = ugll gy o) <8 = 1/ Cow) = fi Gl v go) < Se. (25)

This completes the proof. O

Let us now prove Theorem [2.1] which has played a crucial role in the degree argument developed
in Section[3] as it ensures the isolation of the solution to the unperturbed problem.

Proof of Theorem Assume that there exists a sequence U* = (u}, ..., uf) of solutions to (6)
such that u} > —u? for all i and U¥ — U as k — o00. Set V¥ = U* — U". By subtracting the
respective differential equations we obtain, foralli =1, ...k,
— AV = fi(x,uf) = fi(x, ud) — wvf Z Vi — 2kuf Zu;) — 2kcu? Zu; in £2°.
J# J# J#

Add and subtract the term f(x, u?)v;‘ , then multiply by v¥ and integrate on By, for a fixed & to
obtain

/B [IV0r12 = a2 = (e, ) = fitr,ud) = f G udyof
h

+2Ku?(j§ v}()vf +2K<Zu?>|v;‘|2 +K<Z v}‘>|vff|2] =0. (26)

J# J#

In particular, since vj|p, = u; if j # h while v,|p, = up — u2, by choosing & # i we have

Vo> — ,.,'f_i,o_!,o'szf ’(x,0) — kud — “Vvk)?.
/B,.' P = | ) = £ 0 = o 0ot = [ (f70x,0) = Kj;u,)m

Let 0 < ¢ < 1 be given. If « is large enough, in light of Lemmaand since u; (x) > 0 for x € B;
when j # i, we know that

(l—e)f |Vv,-“|2</ LF (6, 0) — ke + ud)TH e 2
By, By,

0 2
g ”[f‘[/(xa 0) - K(’/lz + uh)]+||LN/2(Bh)”v;(”LZ*(Bh)'
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CLAIM. The LY/2-norm of [fl.’(-, 0) — k(uy, + ug)]+ can be made arbitrarily small by letting
K — 00.

First note that uj, + ug > (0 by assumption, hence

ILF L 0) — Gl + up Tt 2y < ILF GO vy < Csup Lf G, 1) (@)™

xe0

for any measurable w C £2°. Secondly, since lluj, — u2 ||H01 @ S 8, by the Sobolev embedding we
have

2/2*
5= [ v - P > s(/ . — ud? ) > s (Af?
20 As
where
K ={xeBy:|ui(x)—u)x) > 8.
Choose 6 (independent of «) small enough so that
1
(sup [f{(x, 01N n(Af) < —(S(1—e)N/2
xe0 4
Now fix » > 0 such that
1
(sup [/ (e, 1) - u(By \ Br(r) < (51 =)™,
xef0

where By, (r) denotes the ball of radius » and with the same center as Bj. We note that there exists
m > 0 such that ug(x) > m for all x € By (r). Also, for 0 < V8 < m/2, we have u’;l + ug >m/2
in By(r) \ Ag. With this choice we finally obtain « such that, for all ¥ > i, we have

[f](x,0) — & (uf +u)]T(x) =0

for any x in By (r) \ A§. Summing up, the above argument yields

N/2 N/2
”[fl/(’ 0) - K(M’;l + ug)]+”L]{//2(Bh) < ”[fl/(v 0) - K(uz + ug)]+||L1<//2(Bh(r)\Ag)

0yy+(N/2
LA G 0) = sy + w82 5,0y 1y 0

< %(sa — )N/

for k large enough, and proves the Claim.

As a consequence, if « is large enough, we obtain v |g, = 0 for all 2 # i. Making use of this
in (26) for the choice h = i we get

]I;(IVU,"IZ — flx ud) ) = fB (fix, u) — filx, ud) — f(x, udyol vl

2
HY(By)
for some positive €. On the other hand, Lemma ensures that the right hand side is less than

(e/2)|Ivf ||§{(} (B) if il L (B) is suitably small. Hence we reach a contradiction for « large enough

unless vf =0 foralli =1,...,k, thatis, Ux = U". O

for « large enough. In light of assumption (ND) the left hand side is always greater than e|v ||
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Proof of Lemma[2.3]  Let i be fixed and consider the differential inequality
—Atl; > fi(x, @) in B;.

Testing it with —u; and setting w; := {i; > 0} yields

— fi(x, ;) _ —
VGOP < - [ AR < Mup Vs [ v, @
wj wj I/ll wj
where M = || f, (x,u; )/u; ||p is finite by the a priori L*>°-estimate for u; as in (T0) and taking

into account that f] (0) is ﬁmte for all j. Now, since |[u; — u; || HL(B) S < k6, we have

22 2/2%
k28% > / V@i — u?)* > const (/ a; — ul|? ) > const </ u?1> )
Bl' B,‘ wj

By absolute continuity of Lebesgue integral, we can choose § sufficiently small to ensure that
p(w;) < (S/2M)N/2. Hence by (27) we find

o -
VP < —/ V@Y,

w; 2

which implies u; = 0. O

Proof of Theorem PLZ] By Lemma@] we know that %; > 0 in B; for all i. Since u; > 0 for all
j and the supports are disjoint, } ;; u; = (;)~ = 0, implying u#; = u;. Hence by coupling the
differential inequalities for u; and %; we find that u; is a solution to

—Au; = fi(x,u;) in B,
with null boundary conditions. Hence by assumption (ND) we obtain u; = u?. O
The following lemma establishes the Fréchet differentiability of the map F** defined in Section

2Ng 2N -
s+ 7], the Nemytskii operator

CLLT(R0)F — (L2,

FOU) = fi, g+ ulTH = ud) — el + ul1 Y "lwj +ud1",
J#F

LEMMA 6.2 Foranyr € [

is Fréchet differentiable at U° and

(FO<Y UO[V] = ((f( ) — 2y ) —2xu°2u,)

J#i J#i

Proof. We shall prove that foralli =1, ...k,

|

SiC i T =y = fioud) = S Coud) i = u)

[ "+ u Z[uf i u0]+ (Z )(u, — uo) — 2u0 Z(u, —u; )] H (LA (20)

J# J#
=o(|U - U° ||(Lr(90))k) as |U — U° lLr@oyr — 0
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We have
i g + 01 = ud) = fioud) = FCud s = a5 o
077 <L+ D,
llu; — u; I 0y)k
(L7 (£27))
where

Sowiatooy i Coud) = £iCoudy = £ Coud) i —ud)|7
{ui+u; >0}
B (fqo lui — ul|)1/a

Sty 12 Coud) + £ Coudy @i — udy|/a

{uj+u; <0}

(.[.{u,-+u?<0} |ui — M?|r)l/(;

1

’

2

Mimicking the proof of Lemma we can easily show that /; — O asu; — u? in L"(£2). Setting
wi={x €2 ux)+ u?(x) < 0}, we observe that

/|ui—u?|f> u?|",
2 wj

hence |w;| — 0 as u; — uio in L"(£2).
From assumptions (F1), (F2) we find that f; (x, s) < const (|s| + |s|‘7), hence

(fop 1 i Coud DA ([ /DI (f, ud1)

< (28)

Sy li = ud IOV ([, 1DV, DT

B (g=D/r

<l ()=o)
w;
as u; — u? in L"(§2). Moreover,
0 0 d\q

o 17 oy s =)Dt = o L G ) -0y o 29)

(f,, lui = ufIHV" h e — w127 (wr)

. 0: r : _ X 0: r
asu; — u; in L"(£2). From and it follows that I = o(1) as u; — u; in L"(§2). Hence
I fiCs [ui + u?]+ - u?) = fiC, M?) - f‘i’(‘v “?)(“z - M?)”(Lr/é(g()))k =o(llui — “?”(Lr/é(go))k)

as u; — u? in L"(£2). On the other hand,

. 01+ . 01+ _ 0 o0y 0 . .,0
”[u’ +ui] ;[“/ +uj] Z(Z”f')(”l up) = 2u; ;(”/ ”.i)Hm/é(m))k

J#

B B N\4/r
< Z(/ |ui—u?|r/q|uj—u?|r/q+/ |2u?(ui—u?)+2u?(uj—u?)lr/q>
Ve .QO\(w,-ij) wiUwj

0y7/q 07/q
< constY_ (Il =l luj — ul

L7 (£2) L/@G=D(£2)
J#i
C_oyrla 0/ C_oyrla 0/ alr
ol = il W i gy 15 = 45y ”L’/(‘?’l)(wiij)>

= 0(1) as ”U - UOH(L;'(_QO))k — 0.
The proof is thereby complete. O
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Since we are actually working with the truncation f; instead of f;, and f; is not C! with respect to
the second variable, it is worth noticing that this does not create any problem when linearizing the
operator at U and the linearization of the truncated operator is still given by . As the proof is
very similar to the proof of Lemmal[6.2} we omit it.
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