Interfaces and Free Boundaries 10 (2008), 245262

A multiscale tumor model
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We consider a tumor model with two time scales: the time # during which the tumor evolves and the
running time s; for each of the phases of the cell cycle for the cells in the tumor. The model also
includes the effect of genes mutations in the sense that populations of cells with different mutations
and in different phases of the cell cycle evolve by different rules. The model is formulated as a
coupled system of partial differential equations; a transition from one population to another occurs at
the ‘restriction points’ located at the ends of the G| and S phases. The PDEs for the cell populations
are hyperbolic equations based on mass conservation laws. The model includes also a diffusion
equation for the oxygen concentration and an elliptic equation for the internal pressure caused by
proliferation and death of cells. The tumor region is viewed as a domain with a moving boundary,
satisfying a continuity equation at the free boundary. Existence and uniqueness are proved for a small
time interval, for general initial conditions, and for all time in the case of radially symmetric initial
conditions.

1. Introduction

The cell cycle is divided into phases G1, S, G and M. During the S phase the DNA is synthesized;
during the mitosis phase M sister chromosomes are segregated as the cell prepares to divide into
two daughter cells; G and G, are ‘gap’ phases, during which the cell grows and prepares for the
next phase (S for G, and M for G;). At a ‘restriction point’ R located near the end of the G| phase
the cell decides either to proceed directly to the S phase, or to go into quiescent state G, depending
on the environment; the cell may also decide to go into apoptosis (i.e., to commit suicide) in case it
detects serious damage. At another restriction point, located at the end of the S phase, the cell again
has to make a decision: whether to proceed to the G, phase or to go into apoptosis, in case it detects
damage. A cell remains in state G for a certain amount of time and then proceeds to the S phase.

At the restriction point R the cell checks the environment for signals of hypoxia, overpopulation,
etc. Specific genes detect hypoxia and overpopulation signals. When these genes are mutated, the
cell may continue to proliferate uncontrollably and a tumor will develop. For example, one of the
first genes whose mutation is associated with colorectal cancer is APC. This gene detects a signal
of overpopulation and it then inhibits proliferation by sending the cell into the G state. Another
gene, SMAD, is activated after receiving hypoxia signals and it then inhibits proliferation, again
by sending the cell into the G state. If these genes are mutated, the cell ignores overpopulation
and hypoxia signals and this leads to uncontrollable cell division and the development of a tumor;
for more details see [24]. The gene APC is believed to be the primary gene in the initiation of a
colorectal tumor; other mutations subsequently develop.
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In this paper, we model tumor growth by distinguishing between populations of cells according
to their phase in the cell cycle and according to their mutations. For simplicity, we consider cells
with at most one mutation (e.g., only APC mutation in the case of colorectal cancer), but the analysis
easily extends to any number of mutations. We introduce, in addition to the absolute time #, the time
s; for cells in the i-th phase. Our model is multiscale in the sense that it deals with two time scales
(t and s;) and in the sense that it incorporates (molecular) DNA events with (macroscopic) cell
populations dynamics.

We consider first populations of cells with no mutations, and introduce the following notation:

p1(x,t,s1) = density of cells in phase G, s; € K1 = [0, A1];
p2(x, t, s2) = density of cells in phase S, 52 € Ky = [0, Az];
po(x, t, s9) = density of cells in state Gg, so € Ko = [0, Apl;
p3(x, t,s3) = density of cells in phases G, U M, s3 € K3 = [0, A3];
pa(x, t) = density of necrotic cells.
The variable x will vary in the tumor region £2(¢) in RV (N > 2) with boundary I"(¢).
We denote by w(x, t) the oxygen concentration and by Q(x, t) the density of live cells. Due to

cell proliferation and death, there is a velocity field v(x, ), which is assumed to be common to all
the cells. Then, by conservation of mass,

ap;  opi -
% + a—pl +div(p;v) = Aj(w)p; forO0O<s; < A; (i=0,1,2,3),
Si
dp4 . .
e +div(pav) = pip1(x,t, Ay) + papa(x, t, A2) — Aapa
where A; (w) are growth rates, which depend on the oxygen concentration w, A4 is the clearing rate
of dead cells, and w1, uy are the rates at which cells at the endpoints of G and S go into apoptosis.

We also have:
pi1(x,t,0) = p3(x, 1, Az),
p2(x,1,0) = pi(x, ¢, APl — K(w(x, 1)) — L(Q(x, 1)) — pn1] + po(x, £, Ag),
p3(x,1,0) = (1 — u2)pa(x, t, Az),
po(x,1,0) = pi(x, t, ADIK (w(x, 1)) + L(Q(x, )]

The second equation in (2)) expresses the assumption that at the end of the G phase a fraction
K (w) 4+ L(Q) of the cells go into quiescence, and a fraction | go into apoptosis, while the cells at
the end of the quiescence period enter the S phase. Naturally we assume that

Kw)>0, L(Q)>0, Kw)+L(Q)+u <1,
Kw)| ifwt and L(Q)| ifQ].

Suppose next that the tumor cells underwent only APC mutation, and introduce, analogously to
pi(x,t,s;), densities of mutated cells pf(x,t,s;) where s; € K, and K7 = [0, A?],0 < i < 3;
the density of the dead cell will be denoted by pj (x, ). Then, analogously to , we have

e))

)

Opf 0P | o azm _yagy ) a a i
?+ 5 +div(pj'v) = Af(w)p;! for0 <s; < A7 (i =0,1,2,3),
5

p 3)

d -
;;‘ +div(pgv) = uipf(x,t, AY) + usps(x,t, AS) — Aqpg,
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and analogously to (2) we have

pi(x,t,0) = p5(x,t, A3),

p5(x,1,0) = pf(x, 1, AD[l — K(w(x, 1)) — uil+ po(x, 1, Ag),
p3(x,1,0) = (1 — p3)py(x, t, A3),

po(x,1,0) = pf(x,t, ADK (w(x,1)).

“

We introduce the total density of each population of cells:
A; Al
Qi(x,t) = /o pi(x,t,5)ds;,  Qf(x,t) = /0 pi(x,t,s)ds;
and set . .
0 =10}l 0 =100}y
here we have formally set

pa(x,t,s4) = pa(x,t), pf{(X, t,84) = PZ(xs 1),
s4 € Ks = K§ =1[0,A4], As=Aj=1

The density of the live cells is given by
3
Q=Y (0i+ 0.
i=0

We integrate each of the equations in (1)) overs; € (0, A;) and sum up the resulting equations. Using
we find that all the boundary integrals resulting from integrating dp;/ds; cancel out, so that

o 7o T [
g[W divQiD) | = ;Ai(w)Qi — 7404 5)
Similarly,
4 aQ? d az i . : )\'a a )\'a a 6
ZO[ ot IV(Q,-v)_ —i; “(w) Q4 — 24 Q4. (6)

We assume that the tumor tissue is a porous medium satisfying Darcy’s law
v=-Vo

where o is the pressure resulting from the movement of cells.
We also assume that the tumor tissue is packed uniformly by the cells, that is,

4
Z(Qi + Qf) = const = cg
i=0

and, for simplicity, take co = 1. Then, by summing up (@), (6) we obtain

divi = —V20 = H(Q, 0% (7
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where
3

H(Q, 0% w) =Y [hiw)Qi + A (w) Q%1 — (A Q4 + 1§ 0%). ®)

i=0
If we substitute (7) into (I) and (3) we obtain a system of the form

op; op; 5 >
%—Fﬁ_va'vpi:Piﬁ(Q,Qa,w) 0<i<3),
t 0s;

ap? ap? N

Pi P o Vpt = pt 0. 0% w)  (0<i<3),

ot as; )

0p4 -

o Vo - Vpy=pip1(x,t, Ay) + papa(x, t, A2) + pa fa(Q, 0%, w),
op4 - o

8: — Vo - Vp§ = uipi(x,t, AD) + u§p5)(x, t, AS) + p§ f1(Q, Q% w),

where

fi(Q, 0% w) = xw) = H(Q, 0% w)  (0<i<3),
Q. 0% w) =2 (w) — H(Q, 0% w) (0<i <3,
f4(Q’ de w) = _)"4 - H(Qa Qaa W),
f4(Q5 Q(lv lU) = _)"Z - H(Qa Qtla w)
Notice that the last equation in () is actually a consequence of the preceding equations in () and

. We can therefore drop it provided we set pj =1 — ps — Z?:o(Qi + Q) wherever pj appears.
Finally, we assume that the oxygen concentration satisfies the diffusion equation

w, — Dy V2w + 10w =0 (10

where D,, and A are positive constants.
We next prescribe boundary conditions at the free boundary I"(¢):

w=w onl'(t),t >0, (11)
o=Aik onl(t),t>0 (12)
where w, A are positive constants and « is the mean curvature; k = 1/R if I'(¢) is a sphere of

radius R. We also impose the continuity assumption v - 7 = V,, where V,, is the velocity of the free
boundary in the outward normal direction 7, i.e.,

9
v, =22 (13)
in

Finally, we prescribe initial conditions:
£2(t)|;=0 = §20 1is given, with boundary I,
wli=0 = wo(x) for x € 2,

Pili=0 = piy(x,s;) forx € 29, s; € K; (0<i <4),
pili=0 = pjy(x,si)  forx € L0, si € K (0<i<4),

(14)
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and the p;,, pi“O satisfy the conditions

4
Pip =0, pi >0, and Y (Qi+QH =1 att=0. (15)
i=0

Some of equations in (I)—(I5) follow from the others; for instance, (9) is just a reformulation
of , . Nevertheless, for simplicity, we shall refer to the problem of solving for the p;, plfl, w, v
and £2(¢) as Problem (I)-(T3).

In Section 4 we prove that Problem (T)—(I5) has a unique solution for a small time interval. In
Section 5 we consider the case of radially symmetric initial data and prove that there exists a global-
in-time radially symmetric solution with free boundary r = R(t). Sections 2 and 3 are preparations
for proving the existence theorems.

REMARK 1.1 If X = X (¢) is a characteristic curve of the hyperbolic system (I)), (3) and X (1) €
I'(ty), then

dXx i = B(X (o). 10) - T
JE— . frd v X . . = ‘/
dt 0)- 1071 "

1=l

where 71 is the outward normal to I"(#p) at X (f); hence a characteristic curve starting on the free
boundary I"(f9) will remain on the free I"(¢) for all r. Consequently, we do not need to prescribe
boundary conditions for p;(x, ¢, s;), pf (x, t, s;) on the free boundary I"(t).

REMARK 1.2 A multiscale hybrid model for a colorectal tumor was recently introduced by Ribba
et al. [24]. In this model, the s; is replaced by a finite number of time steps, and the model is
considered in a fixed domain. Another multiscale tumor model in a fixed domain was recently
introduced by Ayati et al. [2]. Their model includes diffusion of cells and haptotaxis.

REMARK 1.3 A mathematical model of tumor with three populations of cells, namely,
proliferating, quiescent, and necrotic, was introduced and studied numerically in [23]]; mathematical
analysis of the model appeared in [10], [1L1], [13], [14]. A tumor model with just proliferating cells
was studied by many authors; see [1l], [4]-[6], [8], (9], [15)], [L7]-[20] and the references in the
review article [16]. The boundary condition @ first appeared in the work of Greenspan [21]], [22],
and the role of the cell-to-cell adhesion as represented by the parameter y was discussed by Byrne
[131, [S] and Byrne and Chaplain [7].

2. The main result

DEFINITION 2.1 If the conditions (2), (4) are satisfied at r = O by the initial data (I4), and if
wo = w on I, then we say that the first order compatibility conditions are satisfied.

Our goal is to prove that under these compatibility conditions the system (T)—(T35) has a unique
solution for some time interval 0 < ¢ < T'. In order to define the regularity class for the solution we
need some notation.
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Letop = ¢(x,1,5), B = (B1,..., BN, BN+1, Bn+2), Bi integers > 0, |B] = B1 + -+ + By
Then we write

Do P oo 3lAly
LT (@x)P1 L (N )P (91) P (9s) P

lelo =suplel,  lelln= Y 1D%¢llo,
IBl<m

lp(x, t,5) — p(x,1,5)]
v — X[ |1 — 772 4 |s — 5]

Il tarmtasmias = lllo+ D 1D @lay.ay.as; (16)
|Bl=m

|0la 00,05 = SUP

here m is an integer > 0 and 0 < «; < 1. The domain in which the norms are defined will
be specified later on. If ¢ does not depend on s, then we define the corresponding norms by
dropping 3. If ¢ = ¢(x, t), we define, for 0 < a < 1,

I@l34e,Garsz = I@llo + I1D3@llaasz + 1 D@ llaas3s (17)

Note that the norm (16)) dominates ||¢||,;,, and, by standard estimates, the norm (17) dominates

ID2¢lo,(1+a)/2 + |Dx@lo,2+0)/3

where |Y]o,¢ = sup, [V (x, g if ¥ = ¥ (x, ).
We say that a function ¢ = ¢(x, t, ) is in C"ToLmFa2mtes jf

||¢||m+a],m+a2,m+cc3 < 00.

Similarly we define the notion of ¢ = ¢(x, ) in C3T*G+®)/3,
In the following we assume that
FO c Cm+4+a (18)

where 0 < o < 1 and m is an integer > 0. Denote by & a variable point in I and by 7(£) the unit
outward normal to I at £. We shall write I"(¢) in the form of [11]], [12] where these coordinates
are used and play an important role:

I ={&+pE )}

Setd = d(x) = d(x, I')) = signed distance from x to Iy (d > 0if x ¢ £2). Then for x near
Iy we can write
x =& +dn)

where & is uniquely determined by x.

In what follows we shall use a local coordinate transformation to flatten the boundary I"(¢). We
fix a point &y in I and take local coordinates y' = (yj, ..., y,—1) near the origin 0 in RY-1 about
&0, so that any point £ € Iy with |§ — &| small can be written in the form & = S(y’). Then any
point x € R near &, can be written in the form

x =80+ (&, 1)+ yn)i(Sy))
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where yy = d(x, ) — p(&, t). This defines a local mapping y +— x from a neighborhood of the
origin in RV into an R" -neighborhood of & such that x € I'(¢) corresponds to (y’, 0). Although the
coordinates (y’, yy) will not appear explicitly in the following, they do appear implicitly; indeed,
we shall refer the reader from time to time to results from [11], [12]] where these coordinates are
used and play an important role.

Later on we shall make the following regularity assumptions:

Xi(2), M{(2), K (2) and L(z) belong to C" ' T*(R"), (19)
wo € C"TIH(Qy), the p;, belong to C"™ 11 (24 x K;),
and the pj; belong to CmHIF Q0 x K9 (20)

where m is an integer > 0.
‘We first consider the case m = 0 and assume that

the first order compatibility conditions are satisfied. 21

THEOREM 1 Under the assumptions (I8)—(20) for m = 0 and (21, there exists a unique solution
of Problem (I)—(T3) for some time interval 0 < 7 < T (T > 0) such that

DE;O c C3+O{q(3+0{)/3(1'v0 X [O, T]),
and o, w, p;, pi“ can be extended to functions satisfying:
Dio € C**PRY x[0,T]), we o B®RN x [0, T)),
pi € C1Toe3eBRN 5[0, T] x K;),  pf e CHHee3eB3@®RN x [0, T] x K9).

The proof of Theorem 1 is given in Section 4; it uses auxiliary lemmas which are given in
Section 3. At the end of Section 4 we shall briefly consider higher regularity of the solution, when

(19),@20) hold with m > 0.

REMARK 2.1 It will be convenient to extend the initial data wo, pj,, pﬁ) fromx € 29tox € RV

so that they vanish if |x| is sufficiently large and holds with £2¢ replaced by RY. The existence
and uniqueness assertions of Theorem 1 will be established for these extended initial data. Since, by
Remark 1.1, characteristic curves X = X (¢) with X (¢9) € £2(typ) do not leave £2(¢) forall ¢t € [0, T]
and characteristic curves with X (t9) € I'(t9) will lie in I"(¢) for all t € [0, T']), the uniqueness part
of Theorem 1 does not depend on the above extension of the initial data.

3. Auxiliary lemmas

The proof of Theorem 1 is based on two lemmas. The first one, taken from [[L1], is concerned with
the inhomogeneous Hele—Shaw problem: Find a function o (x, ) and domains £2 (¢) such that

Ao =h(x,t) in2(),0<r<T, (22)
o = YK, Vn:—z;—: onI'(#),0<t<T, 23)

where £2(0) = £2¢ is given, [ = 0£2¢ is as in , and
h e cmremte RN [0, To]) (24)

for some Tp > 0.
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LEMMA 3.1 Under the assumptions (I8), (24) for some integer m > 0, there exists a unique
solution of (22), 23) for some 0 < T < Ty, such that

DDy p € CHHCHOB (0 x 0, T1)
and o can be extended to a function satisfying
DD}, yo € C**PRN x [0, T));
furthermore, T' depends only on the C"+*+¢ regularity of I, and
1D D ) o340, rar/3 + 1DID 0 llaiass < Cllbllmtam a3

where C depends only on the C"+4+* regularity of I7.

In the last inequality the first norm on the left-hand side is taken over I x [0, T'] and the second
norm is taken over RN x [0, T1.

Lemma 3.1 was briefly stated in [[11]]. Its proof follows very similarly to the proof of Theorem 1
in [12]; most specifically, one needs just to observe that the estimates of the model problem in
[12] for the inhomogeneous system (22)) of [12] immediately extend to the system (22), (23) with
general h.

The second lemma is an extension of Lemma 2.2 of [[L1] to the case of two time variables.
Consider the hyperbolic equation

W,+Ws+l;(x,t)-VxW:G(x,t,s,W) forxeRN,O<t<T,0<s<A 25)

with initial conditions

Wli—o = Wo(x,s) forx e RV, 0<s <A, 6)
Wls—o = Wi(x, 1) forx e RY, 0<r<T,
satisfying the compatibility condition
Wo(x,0) = Wi(x,0), xeRV. (27)

LEMMA 3.2 Assume that

b, Dyb belong to C*"2(RN x [0, T]);
G, Dy G belong to C*1*2%2(RN x [0, T] x [0, A])
and D, G, DyG belong to C*1"*2%2(Np)
forany W = W(x, t,s) in cor2e RN « [0, T] x [0, A])

where Nj is the disjoint union

RN x [0, T] x [0, A]N{t < s} URYN x [0, T] x [0, A] N {s < 1};
D, Wy, Dy W belong to C*1*2(RN x [0, A]);
D, Wi, D;W; belong to C***2(RN x [0, T1).
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Then there exists a unique solution of (25)—(27) such that

W belongs to %% (RN x [0, T] x [0, A)),
and W;, W, D, W belong to C*1%2%2(Ny);

furthermore, if

B, Dyb)lay.cy < Br |(Wo, DxWo, DsWo, DeWi, DiWi D llay.ar < ¥
”(Ga DXG7 DIG7 DSGa DWG)”D(],D(Q,D(Q < K at W = W(xa t7 S)5

then
I(DxW, D;W, DSW)”otl,otz,otz <cay+aB, K)T (28)

where the last two norms are taken over Ny, c2(8, K) is a constant depending on 8, K, but ¢ is
independent of 8, K.

The estimate (28)) did not appear in [11] since it was not needed there; however this estimate is
essential for the proof of Theorem 1.

Proof. 1t will be convenient to solve, instead of (25), the equation for W (x, ¢, s):

Gilx,t,s,W) ifs >t,

1
Gy(x,t,s, W) ifs <, (259

W + Wi —i—b(x,t)-VxW:{

with the same initial conditions (26)), where
Gix,t,s, W)=G(x,t,t+s, W), Go(x,t,s, W) =G(x,t+s,5, W).

We note that the assumptions and assertions of the lemma remain valid if we replace l) by (251).
We introduce the characteristic curves with velocity b:

dX (x,1)

4 =b(X(x,0),1) forl>0, X(x,0) = x.

Suppose W is a solution of (25'). We can then express it as a solution of an ODE along the
characteristic curves. Indeed, the function

Ui(x,t,5) = W(X(x,1),t,t+5)

satisfies, for fixed s,

dU;
? ZGI(-X’tﬂS’ Ul)a U1|t:0= WO(X7S)7 (29)

and the function
Us(x,t,5) = W(X(x,t+5),t+s,5)

satisfies, for fixed 7,
dU,
K == GZ(x»t’Ss U2)7 U2|Y:0 - Wl(xvt)' (30)
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We denote by ¢ = ¢ (-, t) the inverse of the function X = X (-, 1), i.e., x = X ({(x, 1), t). Then
W(x,t,s) = Ui(¢(x,1),t,t+s)is asolution of (25') for r < s. Asin [11] one can prove that

a - _
H% <C,  Vil(x, 1) — Vil (X, D] < C(lx — X[ + |t — £]*?)
where C is a constant which depends only on .
Using (29) we deduce that
Wy = o0 & € CYo2® W = 90 € Corera
& ’ as ’

and then also W; = G — b VW — W is in C*1-92:%2,

Similarly one can prove with the representation U, the existence and regularity of W for ¢ > s.
Finally, the compatibility condition (Z7) implies that U; = U, along the common characteristic
curves initiating at any of the points (¢, 0), and thus at any point (x, 7, ). Hence W belongs to
cu22 RN % [0, T] x [0, A].

In order to prove the assertion (28) we note that

d /oU 0G G
a(_l> = e s U+ (5 s Un

oE 9 &
so that, by (29),
d[a—?@l, , )——S(&,t s)]‘

‘_(E],t s, Ur(81.1,5)) — a—g(éz,t s, U1(82.1,5))

'—(51 t,s, U1, t, S)) 0 (%’1 t,s) — (Sz,t s, Ui(&2, 1, S))—g(éz,t s)|.

As in [[11] one can show that the right-hand side is bounded by |&§; —&;|*! times a constant which
depends on 8, K. Hence

U
‘a—sl(&, t,s)— —S(Ez,t $)| < [ery + (B, KT — &1

Similarly we can estimate

U 104
a—gl(s,n,w - a—él(é,tz,S)

and all the other terms in (Z8).

4. Proof of Theorem 1

We introduce the Banach space Y of functions

= {pi1(x,1, A1), pa(x,t, A2), p{(x,t, A]), p5(x,t, AY), Ox, 1), 0%(x, 1), w(x, 1)}
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with norm oL
1Bl = lI(p1, P2, PT. P5. Q. ODl14asas3 + 1Wlla,as3
where x € RV, 0 < < T, and the subset

Yy = {B €Y : the initial values are as in (14), and | B|| < M}

where M is a positive constant to be determined.
For any B € Yy we set

hx,t) = —H(Q, 0%)

and solve the inhomogeneous Hele—Shaw problem (22)), (23)) with m = 0, thus generating a family
of domains £2(¢) and a function o (x, 1). We extend o (x, 1) to a function o (x, ) in RN x [0, T] by
continuing it along normals and using a fixed cutoff function, so that

D20, € C¥*3 RN x [0, T)).

Next we solve (I0), (IT)) with initial data wo(x) and denote the solution by w; (x, r). We extend
w4 (x, 1), in the same way as o (x, t), along normals with the same cutoff function, so that (cf. [[11])

D2w,, Dyw, € C*/3BRN x [0, T]).

We then proceed to solve @ with f; = f,-(é, Q“, wy) for pi(x,t,s), plfl(x, t,8),x e RN 0 <
t <s; (i =0,1,2,3) and for ps(x, 1), pf{ (x, t) using the initial conditions ; here we use the
proof of Lemma 3.2 for ¢ < s. We denote the solution by py, (x, t, s;), pf:l, (x,t,8) (0 <i <3),
and py, (x, 1), pﬂ4(x, t). The functions py, (x, 1, A;), py. (x, 1, A{) belong to cltee/3 we proceed
to solve the same system (@) fort > s; (i =0, 1,2,3) using the data p; (x, t, 0), plfl (x, t, 0) (which
are obtained by the relations li from p,, (x,t, A;), pf,fl_ (x,t, A;)) and the proof of Lemma 3.2 for
t > 5. In view of the compatibility condition , the functions py,, pﬂi are continuous across t = s;
and thus they belong to C*1-*2:%2(RN x [0, T] x [0, A4;]) and C¥-*2*3 RN x [0, T] x [0, A?)),
respectively.

From the functions p.,, p§, we now construct the integrals

A Al
Q0 = / Ps (X, 1, 57) ds;, = / Py, (x, 1, 57) ds;
0 0
and define a mapping W by WB = B, where

B* = {p*l (x5 t? Al)’ p*z(-x’ t7 AZ), p:l (-x’ t9 A?)’ p:z(x, tv Ag)9 Q*(xa t)v Qz(xv t)’ w*(xy t)}
and . .
0, = {04}y 0% ={0%}.
From the estimate 1| with b = —Vo we deduce that
(Psis Pe) tat+as3.14a/3 < 1y +c2(B, M)T

where the norm for p,; is taken over

Ng = {RY x [0, T]x [0, A; ) N (r < s)} ULRY x [0, T] x [0, A;]) N (s; < 1)}
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and the norm for p:i is taken over the same set but with A?; by Lemma 3.1 with m = 0, we have
B < c3(M).
Hence if
M=cy+1 (31

and T is sufficiently small then W maps Y), into itself.
We next show that W is a contraction in the L°°-norm. To prove it take two elements B; and B,
in Yy and set W B; = B,,;. We introduce the differences

G =04 — Oxyy W= Wy, — Wy,
corresponding to By and B;. As in [11],
16 114a,(14+0)3 < cllB1 — Ballze,  [[Wll14a,(1+a)/3 < cllB1 — B2|l=
where c is a constant. By the arguments used to prove Lemma 3.2 we then obtain the estimate
| Px1,; — Ps2,illosas3 < cllBr — BallLe
where py ,(x,t, A;) — ps2,; (x, t, A;) correspond to By and By, respectively. Hence
Ipat ;s — pa2llzoe < TP By — Ballr

for some B > 0. The same inequality can be proved for the p§. . Hence, if T is sufficiently small,

1
IWB) — WBal1 = || By, — Biyllze < ¢TP|| By — Byl < E”Bl — Byl (32)

It follows that W can have at most one fixed point.

Take any B; € Yy Then, by (32), the sequence W” By is convergent in the L°°-norm to some
element B in Yjy. It is also weakly convergent in the Y -norm. One can then easily show that B is a
fixed point of W. In order to complete the proof of Theorem 1, it remains to show that

4
> @i+0H=1
i=0

for the fixed point of W. But this follows immediately from (T3] and the easily derived relation
5 &
5 2 (Qi+07)=0.
1z

REMARK 4.1 If the assumptions of Theorem 1 are satisfied for an integer m > 0, then as in the
proof of Theorem 1, Lemma 3.1 shows that

DD\ p € CPHBTIB (1 % [0, T)),
D;D}, o € C**B®RN x [0, T)),

(x,1

and, by applying Lemma 3.2 step-by-step m times,

i, pl_a c Cm+l+a,m+a/3,m+a/3 for ¢ ;é si.
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In order to prove higher regularity of the p;, p{ across t = s; we need higher order compatibility
conditions at t = s; = 0. We consider here just the second order compatibility conditions and, for
clarity, we begin with the system @]), @[) We need to show that W, and W, are continuous across
t = 5. The function W; satisfies a hyperbolic equation similar to (25) with initial values, at t = 0,

Wili—o = Wos(x, 5),
and, from the differential equation @),
Wyls—o = [=W; — b - VxW + Glyo = [~ Wi, — b - Vi W + Gl
Hence the compatibility condition is
Wi+ Wos +b-ViWo=G(x,0,0, Wp) att=s=0. (33)
The compatibility condition for Wy follows from (7).
Consider next the second compatibility conditions in the case of Theorem 1, and take for

simplicity the case of p; at (x,0,0) and p3 at (x, Az, 0). Then analogously to (33) we find that
if

8 X,O X ¢ X

p—l()( ) —_ pl()(x,())fl(Q( 70)7 Q ( 70)5 wO(x))
8}9 .}(,1‘3 () X 3
L (‘)s) p30(x5A3)‘f3(Q(x70)7 Q ('xv )7w0( )) ( )

then dp;/ds is continuous across ¢ = s;. The remaining second order compatibility conditions
can similarly be written (but they have a more complicated form for py and pg). When all these
conditions for both the p; and the p¢ are satisfied, then p; and p¢ will belong to C>Fo:1+a/3.1+a/3
across t = ;.

5. Radially symmetric solutions

In this section, we consider the case when the initial data are radially symmetric, that is, in (T4)

£2¢ is a sphere of radius Rg, and

wo = wo(r),  pio = pio(r,si),  Pio = pio(rs si) (35)
where r = |x|. We seek a solution of Problem (I)—(T3)) which is radially symmetric in x, with
@) ={r < R1)}.
In this special case we can relax the assumptions (19), (20) for m = 0 by assuming that
the conditions (T9), (20) hold with C"*!** replaced by C'. (36)

We shall establish the existence and uniqueness of global-in-time solution.
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Set

00 ={(x, 1) 1 |x]| < R(@®),0 <t < o0},

3
QL = {(x, t,5;) € 200 X Kj 1 t #5; + anAj for any nonnegative integers nj},
Jj=0

3
025 = [(x, t,5;) € 250 X Kl-“ it E s+ anAj for any nonnegative integers nj].
j=0

THEOREM 2 Under the assumptions (33)), (36), and 1) there exists a unique radially symmetric
solution of Problem — for all 1 > 0, with R(¢) in C'[0, 00), (Do, w) in C'(£2s), pi in
C(R00 x K;), 3p;i/dr and dp;/ds in C(2L)), piin C(2 x K{), and dpf/dr and dp{/ds in
C(R19).

REMARK 5.1 In order to explain why the discontinuities of the first derivatives of p; (r, ¢, s;) are
included in the set t = s; + 213'=0 njA; where n; are nonnegative integers, consider a special case
where A3 < Ay and A| < Ag, A; < A,. Fort < Aj the discontinuities of the first derivatives of
p1(r, t, s1) can occur either at = 51 or at t = 51 + A3 due to the relation p; (7, ¢, 0) = p3(r, t, A3).
Fort > 51 but t —s| small, discontinuities may occur att = 51+ A and r = 51+ A3. As t increases
new discontinuous branches may be introduced because of the relations (2), but they are all of the
formt = s5; + 2]3-:0 njA;j.

Proof of Theorem 2. Note that in the radially symmetric case
. X
v - _u(r’ t)?
,
1 9
rN=1 9y

- L
u(r, 1) = rN—,]/O MU, 0, w) db,

N uy i p = p@r), (37)

- a
div(pv) = u—p +p
or

and the free boundary condition is

R _ (R(1), 1)
a T

We introduce a change of variables

~ r ~ o~ ~q
r:ms pi(rat»si):pi(rvtvsi)v p?(rvtssi):p?(rvtvsl‘)v
, 1
W@, 1) = w(r, ) and a(f,t)zul(;(t)).

Then the system (I)—(13) is transformed into a new system in the fixed domain { < 1}. Dropping
the tildes in the above variables, the new PDE system takes the following form:

op; op; op; 5> >
Py P P i f(0. 0% w) (0 i < 3), (38)
ot as; or

opd  opf ap¢
£+£+vpl

= pi (0, 0° <i<
ot 8Si or pl.f[ (Qv Q ’ l,U) (0 NS 3), (39)
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op4 op4 -
% + va—pr = 1 p1(rt A + 2 pa(r £, Ag) + pafa(Q. 0%, w) (40)
where
v(r,t) =u(r,t) —ru(l,t), “1
r. 1
w — & Rwy, - FDwvzw + 10w = 0. (42)

The initial and boundary conditions have the same form as before, and the free boundary condition
is

4R Ry 43)
dr u(, 1),

where u is given by (37).
Analogously to the proof of Theorem 1 we introduce the Banach space Y of functions

B = {pi(r,t, A1), pa(r, 1, Aa), p§(r, 1, AD), pi(r, 1, AS), O(r, 1), Q%(r, 1), w(r, 1), R(1)}

for 0 <t < T, with norm

1B = I(p1, p2. P§. P§. @, ODllo + llwllo + (R, R)llo

where the uniform norm || ||g is takenover 0 < r < 1,0 < < T.
Let
Yy = {B € Y with initial data as in 34), || B|| < M, R(0) = Ry}

where M is to be determined. If 7 is sufficiently small then R(¢) > const > 0.
The characteristic curves of (38)-@0) are given by

dr av .
— =v(r,t), and — isbounded.
dt or
If t+ < s; then a characteristic curve, when extended backward in time, arrives, at 1 = 0, at some
point r|;—9 = &, where & € (0, 1). If we denote such a characteristic curve by r (&, t), then

t
Bréi, ) = exp{/o %(r(é, 7), ‘L’)d‘L’}. (44)

For any element B in Yy we solve the system for p;, p{, w by using Lemma 3.2, and denote
the solution by py,, pZi , Wy. In accordance with li we define

1 5 o
u*(r,t)zim/o rNUH(Qy, 04, wy) dr (45)

where é*, Qi are defined in terms of the p,;, py, as in the proof of Theorem 1. We also define
R.(7) by with u = u,, that is,

t
R.(t) = Roexp</ us(l, 7) dr). (46)
0
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As in the proof of Lemma 3.2 we can derive uniform estimates on dp,,/dr, dpy,;/ds; and
ap, /0r, dpy. /ds; for t < s;, and then also for s; < 7, and ps;, p§, are continuous at t = s; by
the compatibility assumption (2I)). Thus

ap*, apf:, ap*, apfé,
or * or s, 0s;

*
< +aTl (47
0

9

where the upper star “x” indicates that the uniform norm is taken separately over ¢ < s; and over
t > s§;; C1, ¢ are constants which depend on a uniform bound on the initial data, and & depends also
on M.

Setting

By = {pu, (1 1. A1), Pay(r 1, A), P2, (r 1, AD), Pl (.1, AS). Ou(r 1), Q4(r 1), wi(r, 1), Ru(1)}

we define a mapping W by WB = B,.

From (47) we deduce that if M is large enough, depending on the initial data, then, for 7" small
enough, W maps Yy into itself.

One can also show by the same argument as in [12; Section 3] that W is a contraction if T is
sufficiently small. We conclude that there exists a unique radially symmetric solution of Problem
(@)-(13) for0 <t < T, T small.

In order to prove global-in-time existence we need to prove some a priori estimates. Assuming
that a solution exists for some time interval 0 < ¢ < T', where 7T is any positive number, all we need
to prove is that

dR
0 <c1 < R®O), ‘a‘gcz forO<t <T (48)

and that
~ Opi Opi
pi» ar’ ds

where the ¢; are positive constant (which may depend on 7). Indeed, the M used in the proof of
local existence will then remain uniformly bounded in ¢ if we repeat the proof starting at any time
t =T — ¢, & > 0, and thus the solution can be extended to some interval 0 <t < T + g9, & > 0.

Since Q is uniformly bounded it follows by the maximum principle that w is uniformly bounded.
From (37) and the boundedness of the Q;, Q¢ we also deduce that

ap? op¢
ot |2:3)
0,2L.N{r<T} r s

0,24n{r<T}
+ l(w, w)llo, 2e0nfoi<T) < €3 (49)

el
H—” ey for0<i<T. (50)
ar o
Since u is also bounded, gives
1 dR
05 X R dr €6,

and follows. Using and L? estimates in (#1)) we deduce that w, is uniformly bounded as
claimed in (49). We next use the representation of p; by means of characteristic curves as in (29),
(30) to deduce, using the form of equations (9), that

Ipillo + I1pfllo < es  (actually es = Coc” where Co, cg are independent of T').
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Differentiating these equations in s; we obtain similar estimates for dp; /ds if t # s; + Z;-:O njAj

where n; are nonnegative integers, and similar estimates for dp{/ds if t # s; + Z;ZO njA;.
Similarly we estimate dp; /dr, p{ /dr using the fact that

opi(r, t,s;)
ar

opi(r,t,s;)
or

< A sup

Si

< AY sup

i .
Si

0Q;(r, 1)
or

Q7 (r, 1)
’ or

This completes the proof of Theorem 2.
We conclude this section with some open problems.

OPEN PROBLEMS 1. In the case where there are only three types of cells, proliferating, quiescent
and dead, it was proved in [13]] that the global solution satisfies

0<d<R(t)<A<oo forallr>D0.

Under what conditions on the A; (w), A{ (w) and A4, A} are these inequalities valid?

2. In the case where there are only proliferating and dead cells, it was proved in [14] that there
exists a unique stationary solution, and it was shown in [[10]] that this solution is linearly stable.
Can such results be proved for the present model?

3. Consider Problem (T)—(T3)) in the case when there are no mutations and denote the free boundary
by r = R, (t). Prove that R(¢) > R, (t).
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