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A quasilinear parabolic singular perturbation problem
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We study the following singular perturbation problem for a quasilinear uniformly parabolic operator
of interest in combustion theory:

div F(Vu®) — du® = Be(u®),

where u® > 0, B:(s) = (1/¢)B(s/e), € > 0, B is Lipschitz continuous, supp 8 = [0, 1] and 8 > Oin
(0, 1). We obtain uniform estimates, we pass to the limit (¢ — 0) and we show that, under suitable
assumptions, the limit function u is a solution to the free boundary problem

div F(Vu) —;u =0 in {u > 0},

uy = a(v, M) on d{u > 0},
in a pointwise sense and in a viscosity sense. Here u,, denotes the derivative of u with respect to the
inward unit spatial normal v to the free boundary o{u > 0}, M = fﬂ(s) ds, a(v, M) := <Dv_1(M)

and @, () := —A(av)+av- F(av), where A(p) is such that F(p) = VA(p) with A(0) = 0. Some
of the results obtained are new even when the operator under consideration is linear.
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1. Introduction

In this paper we study a singular perturbation problem for a quasilinear uniformly parabolic operator
of interest in combustion theory. The problem under consideration is the following:

div F(Vu®) — du® = Be(u®), (Pe)
in a domain D € RN *! with u® > 0, B:(s) := (1/¢)B(s/¢) and & > 0 small. Here § is a Lipschitz
continuous function, supp 8 = [0, 1] and 8 > O in (0, 1).

In the particular case of the heat operator, problem (P;) takes the form

Auf — duf = Be(u). (1.1)
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This problem appears in combustion theory in the description of the propagation of curved,
premixed deflagration flames. The function u® represents the normalized temperature of the mixture,
more precisely, u® = A(Ty — T?) where T is the flame temperature and A is a normalization factor.
We point out that #® may also be seen as the concentration of the reactant, so it is in general assumed
to be nonnegative. The parameter ¢ involved in the model represents the inverse of the activation
energy (see Appendix [B]for the derivation of equations (I.I)) and (P)) .

The study of the limit as ¢ — 0 (the high activation energy analysis) of problem (I.I) was
proposed in the 1930s (see [29]) and has received a lot of attention in recent years. It has been
shown that, under certain assumptions, it is possible to pass to the limit in and that the limit
function u is a solution to the free boundary problem

Au—ou =0 in{u > 0},
|Vu| =+~2M  on d{u > 0},

where M = f B(s)ds. We refer to [S) 17, [13 [14} [15) 123} [18}, 128}, 24, [1]] for the precise results and
assumptions. See also the survey paper [27].

In the present study we consider a family of nonnegative solutions to problem (P;) and we show
that under suitable assumptions the limit function u is a solution to the free boundary problem

div F(Vu) — ,u =0 in{u > 0},
d(Vu)=M on d{u > 0},

in a sense that will be made precise later. Here M is as above, @ (p) := —A(p)+p- F(p) and A(p)
is such that F'(p) = VA(p) with A(0) = 0.
More precisely, we show that under suitable assumptions the limit function u is a solution to the
free boundary problem
div F(Vu) —o,u =0 in {u > 0},

(P)
u, =o(v, M) on d{u > 0},
where u,, denotes the derivative of u with respect to the inward unit spatial normal v to the free
boundary d{u > 0}, (v, M) := @;1(M) and @,(a) := —A(axv) + av - F(av) (M and A as
above).

We point out that the derivation of the functions @ and &, appearing in the free boundary
condition requires a nontrivial analysis. Therefore we postpone it to Section [5]
Let us observe that we may also write the free boundary condition as

|Vu| = a(v, M) ond{u > 0},

with v, M and a(v, M) as before.

In order to achieve our goal we proceed as follows: in Section 4| we consider a family u® of
nonnegative solutions to (P;) in a domain D C R+ which are uniformly bounded in L norm in
D and we obtain uniform estimates on the family «® that allow the passage to the limit as ¢ — 0.
We also show that the limit function u satisfies

div F(Vu) — oju = p,

with u a nonnegative Radon measure supported on the free boundary D N d{u > 0}.



PERTURBATION PROBLEM 449

In Section [5] we analyze some particular limits that are crucial to understanding the behavior of
general limits. In particular, we show that the free boundary condition is satisfied in the special case
the limit function is u = a(x — xo, v)T for some unit vector v € RY and « > 0 (Theorem [5.1)).
We remark that obtaining such a result in the evolutionary case is a nontrivial matter—as occurred
with the heat operator (cf. [14, 28| 24]]). Thus, delicate auxiliary estimates are required to achieve
this purpose (see Lemma [4.5)). In Section [5] we also present some examples of different operators
and we exhibit the resulting free boundary condition.

In Section [6] we prove upper bounds for the gradient of limit functions, which are related to the
free boundary condition.

In Sectionwe show that, under suitable assumptions, the free boundary condition is satisfied in
a pointwise sense. This is so either at free boundary points where there is an inward spatial normal
in the parabolic measure-theoretic sense (Theorem [7.1), or at free boundary points where the free
boundary is locally a differentiable surface (Theorem [7.2), provided a nondegeneracy condition
holds at that point.

Finally, we prove in Section [§] (Theorems [8.1] and that limit functions are viscosity
supersolutions and viscosity subsolutions of the free boundary problem (P) under certain
assumptions (see Remarks [8.2]to[8.4]for a discussion of our assumptions).

Let us mention that Theorem@ is new even if the operator is linear, since the results of this
kind available in the literature for the heat operator in the one phase case are obtained either under
stronger assumptions on the limit function « or with a different concept of viscosity solution.

We also point out that in the recent work [[1]], in the case of the heat operator, in neighborhoods
of free boundary points satisfying a certain flatness condition in some space direction, the free
boundary was proved to be smooth (see Remark [8.3).

Concerning the assumptions on our quasilinear operator, we point out that at some stages we
are able to improve our results in the particular case of an operator taking an isotropic form. In that
case, we additionally assume that A(p) = f(|pl|) so we have F(p) = VA(p) = (f'(pD/Ip)p.
In the free boundary problem (P), we then get «(v, M) = a(M)—the free boundary condition is
independent of v—and thus the free boundary problem becomes

div F(Vu) —d;u =0 in{u > 0},
|Vu| = a(M) on d{u > 0},

where @ = a(M) is the unique positive number such that — f (@) + af’(a) = M.

Our work also includes a section with some preliminary results (Section [3)) and Appendix [A]
where we prove results on asymptotic developments at regular boundary points for nonnegative sub-
and supersolutions to homogeneous quasilinear parabolic equations, used throughout the paper.

2. Notation and assumptions
We will assume that the function F in equation (P;) can be obtained as
F(p) = VA(p), VpeRY, 2.1
with
A0)=0 and AeC**RY R) 2.2)
for some o > 0. We will also assume that the operator

Lu = div F(Vu) — d;u (2.3)
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is uniformly parabolic: there are constants 0 < ¥yjn < Umax such that

N

JdF;

l?min|€|2 < Z 8_1)1(17)&5] < ﬁmax|g|2 V&€, p € RN. 2.4)
ij=1 °Pj

Observe that (2.4) implies
(F(p) = F(@) - (p—q) = Ominlp —qI*> Vp,q e RV, (2.5)

We will also assume, without loss of generality, that F'(0) = 0, and thus the assumptions above
imply that the function A is nonnegative.

The functions u® considered here will be weak solutions to (P.) in a domain D € RN*!
For the notion of weak solution we refer to [22, Chapter V]. We remark that, from our regularity
assumptions on F and B it follows that, given a weak solution u® of (P;) in D, we have u® €
H*te14¢/2(D") for every D' cC D (see [22]). Here we use the notation of [22]] for Holder spaces.

In addition, we will frequently consider solutions to the homogeneous equation

Lu =divF(Vu) —o,u=0

in some domain D € RV*!. The regularity assumptions on F above also imply that weak solutions
to this equation are in H37%G+9/2(D") for any D’ CC D (see, for instance, [19, Chapt. 3, Sect. 5]).

At some stages of the work we will restrict ourselves to an isotropic form of the operator L. In
that case we will additionally assume that

A(p) = f(pl), Aasin @.I), (2.6)

for some function f with f(0) = f/(0) = 0, and thus F(p) = (f'(|p])/IpD)p. If 2:6) is assumed,
equation (Pg) takes the form

(FAvutD o, e €
dlv<WVu — 8,14 = ,Bs(u )
We remark (see Lemma [3.1)) that if holds the function F satisfies (2.4) if and only if

Umin < f//(s) < Vmax Vs >0, (2.7)

and (2.7) implies that Omin < f/(5)/s < Omax for s > 0.
Throughout the paper N will denote the spatial dimension and the following notation will be
used:
For any xo € RV, tp e Rand 7 > 0,
B (x0) :={x e RN : |x — x¢| < 1},
Br(xo.10) == {(x.1) e RN s jx —xo* + |1 — 10]* < 72},
Qr (x0, 10) := B (x0) x (tg — *, to + 7°),

07 (x0, t0) 1= B (x0) X (to — T2, to],
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and for any set K € RV*1,

N(K) = {(x,1): (x,1) € QO+ (xp,tp) for some (xo, tp) € K},
N7 (K) :={(x,1) : (x,1) € Q7 (x0,10) for some (xo, 79) € K}.

When necessary, we denote points in RN by x = (x1, x’) with x’ € R¥~1, Also (-, -) will refer
to the usual scalar product in RV . Given a function v we write v+ := max(v, 0). In addition the
symbols V, A and div will denote the corresponding operators in space variables and the symbol 9,
will denote the parabolic boundary.

We will say that a function v is of class Lip,.(1, 1/2) in a domain D < RV +1if for every
D' CC D there exists a constant L = L(D’) such that

lu(x, 1) —v(y, )| < L(x — y| + |t — 7|'/?)

for all (x, t), (v, t) in D’. If the constant L above does not depend on the set D’ we will say that
v e Lip(1,1/2) in D.
We assume that the functions S, are defined by scaling of a single function 8 : R — R satisfying

(1) B is Lipschitz continuous,
(2) B> 0in (0, 1) and B8 = 0 otherwise,

3) fy Bls)ds = M,

for some constant M > 0. Finally, we define
1 s
Be(s) :=—p (‘)
g \¢

Be(u) := /u Be(s) ds. (2.8)
0

and its primitive

Observe that B (u) = [ Be(s) ds = 0“/5 B(s)ds < M and B, (e) = M.

3. Preliminary results

For the sake of completeness we collect in this section some preliminary results for the operator £
defined in (2.3) that will be used throughout the paper.
We start with the following lemma, which deals with the isotropic case.

LEMMA 3.1 Assume (2.6), which implies F(p) = (f'(Ip])/Ipl)p. Then the function F satisfies
(2-4) iff the function f satisfies (2.7). Moreover, (2.7) implies that Omin < f'(s)/s < Omax for
s > 0.

Proof. First observe that, since we have assumed that f'(0) = 0, (2.7) implies that ¥pyin <
f'(8)/s < Omax for s > 0.
Now observe that in the present case

DF(p) = (f”(|p|) f (|p|)>p®p L f1apb,

|pl Ipl? Ipl

’
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and the constants Ppi, and Y,y are bounds for the minimal and maximal eigenvalues of D F (p).
We notice that p is the only nontrivial eigenvector of p ® p and satisfies (p ® p)p = |p|*>p. Then
the result follows from the fact that DF(p)p = f”(|p|)p and that DF (p)§ = (f'(|pl)/|p|)& for
any & orthogonal to p. O

The rest of the results in the section deal with general operators. We get
LEMMA 3.2 (Comparison principle) Let £2 C RY be a bounded domain. Consider two functions
U and w, both in H! (£2 x (0, T)) N C(£2 x [0, T']) such that LU < 0and Lw > 0in 2 x (0, T)

loc

and U > won d,(£2 x (0,7)). ThenU > win £2 x (0, T).

Proof. Let0) <t < T.Lety € HY 2 x (0,7)) N C(2 x [0, 7]) be a nonnegative function
vanishing in a neighborhood of the parabolic boundary of 2 x (0, t). We infer that

// [(F(Vw) — F(VU)) - V¢ + (w — U),¥]dx dt < 0.
2x(0,7)
We take § > O and ¥ = (w — U — §)™, and use (2.3) to obtain

0> f/ [(F(Vw) — F(VU)) - Vw —-U —=8)T+ (w—=U = 8);(w —U — 8)T]dx dt
2x(0,7)

2 1 d +2
> Fmin| Voo — VU dx dr + ~ S lw—U =8 Pdxdr
{(w>U+8)N{r <t} 2 JJaxor dt
1
- // Omin| Vw — VU > dx dt + —/ [(w(x,7) = Ux,7) — 8T dx
{(w>U+8}Nfr<t} 2J)e

since (w — U — 8)T = 0 on {t = 0}. Hence both integrals are equal to zero. Since the choice of the
time T was arbitrary, the second integral being zero and the continuity of the functions then imply
that (w — U — 8)t = 0in £2 x [0, T]. As the choice of § > 0 was arbitrary, the result holds. O

LEMMA 3.3 (Comparison principle in an unbounded domain) Let U € Lip(l, 1/2) be a solution
to LU = 0inthe set A := {x; > 0} N {r > ¢} ¢ RN*!, for some constant ¢ € R, with U = 0 on
9pA. Then U < 0in A.

Proof. Let L be the Lip(1, 1/2) seminorm of U. For R > 0, define hg(x,t) := (1/R)(L|x|* +
2N Lmax (t — ¢)) and observe that Lhg < 0, as

dh N 2Lx\2L 2NLY
div(F(Vhg)) — —R — Z i ( Rx> Tmax
1

2L 2NL
< Nﬁmax? - ﬁmaxT = 0.
Let Ag := AN {|x| < R} and notice that U < hp in 9, Ag, since for x such that |x| =
/ / |x|?
Ux,)=Ux1,x,t)=U@O,x",t) < Lx; < L|x| = LT < hr(x, ).

Then, by the comparison principle (see, for instance, Corollary 9.2 in [25]]) it follows that U < hpg
in Ag. Now, let (y, s) € A. Then for all R > |y| we have (y, s) € Ag, and hence

U(y,s) < hg(y,s) = —<L|y|2+2Nwmax(s—c)).

Letting R — oo, we get U(y, s) < 0. O
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The comparison principle (Lemma[3.2)) allows us to obtain

LEMMA 3.4 LetC; := Q7(0,0)N{x; > O} andlet U € H,
in C;, with U > 0in C; and U (0, 0) = 0. Then

(C1) N C(Cy) be such that LU <

loc

U(x,t) Zax; inC,
forsomea >0and 0 <y < 1.

Proof. Let A = £ x (—1,0), with 2 C B3/4(0) N {x; > 0} a smooth domain, having By,2(0) N
{x1 = 0} as part of its boundary. Let w € HZte14+¢/2( ) be such that Lw = 0in A and w = ¢ on
9, A, with ¢ a smooth function such that0 < ¢ < U on 3, ANQ+ (%, 1) and ¢ = 0on 3, A\ Q- (x, 1),
for some x € 32 N {x; > 0},0 <7 < 1 and v > 0 small enough. Then, in C,,

w(xy, x', 1) = wy, (0, x7, )x1 + 0(x1) > axy,

for some ¢ > 0 and y > 0 small, the last inequality being due to the application of the Hopf
principle (Thm. 6, Chap. 3 in [26]).
Now, from Lemma[3.2) we deduce that U > w in A, and the result follows. |

REMARK 3.1 Let u be a solution to Lu = 0 in D € RNt Since, by our assumptions, u €
H3TG+0/2(Dy for any D' cC D, we have u, = div F(Vu) = Y, ’(Vu)ux]xl in D, and
thus, taking the derivative in direction e;, we get

ou du 9°F; u
o) v . v inD.
<8xk>z Z ( )<8x > . + Z 8pj3p1( u)<3xk>x[ux,x, mn

i,j Xi i,j,l

zjap

That is, v = uy, satisfies the linear parabolic equation

v =Y ai(x, g + Y bi(x. vy inD
l

i,j

; : . aF, 8°F;
with continuous coefficients a;; (x, t) = (Vu) and by(x, 1) = Zi’j 39,951 (Vi)

If we now let v = a—“ for any vector v € SN !, we arrive at the same conclusion.

REMARK 3.2 Let F be as in Section 2] Now, instead of the uniformly parabolic operator Lu =
div F(Vu) — 0;u defined in that section, let us consider the operator Lu =divF (Vu) — 0,u where
F(p) —F(w — p), for some w € RN fixed.
Clearly, F has the same smoothness as F. Moreover, if we let g € RY we notice that
oF oF
—(q) = —( F(w—gq)) = —(w q9),
dq; dq;
and therefore F satisfies (2-4) and Lisa uniformly parabolic operator as well.
We obtain the same conclusion if we consider instead the operator Lu = div F(Vu) — d,u where

F(p)=F(p —w).

4. Uniform estimates and passage to the limit as ¢ — 0

In this section we consider a family u® of nonnegative solutions to (P,) in a domain D c RN*!
which are uniformly bounded in L* norm in D and we obtain uniform estimates on the family u*
that allow the passage to the limit as ¢ — O.
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We also show that the limit function « is a solution of the free boundary problem (P) in a very
weak sense. More precisely,
Lu=pn inD,

with ¢ a nonnegative Radon measure supported on the free boundary D N d{u > 0}.
We start by recalling Theorem 1 of [[13].

PROPOSITION 4.1 Let u® be a family of uniformly bounded nonnegative solutions of (P) in
B1(xg) x (—1, 0). Then this family is locally uniformly Lipschitz in space, i.e. there exists a constant
L, depending only on the uniform bound of ||u?|| L, such that

IVu®| < L in Byja(xo) x (—1/2,0).

As a consequence we get

COROLLARY 4.1 Let u® be a family of nonnegative solutions to (P,) in a domain P c RV*!such
that [|u®||peo(py < A for some A > 0. Let K C D be a compact set and let T > 0 be such that
N (K) C D. There exists a constant L = L(z, .A) such that

IVuf| <L inK.

Proof. The proof is similar to the one of Corollary 2.1 in [[14] and uses the fact that, for (xq, tp) € K,
the function v (x, 1) := (1/7)u’(xo + T(x — x0), to + t2¢) satisfies in the present case

div F (Vi) — ;v; = Be/r(v) in Bi(xp) x (—1,0). (]

The following lemma prepares the proof of Holder 1/2 continuity in time.

LEMMA 4.1 Let u be a smooth nonnegative function in B1(0) x [0, 1 /(4N Umax + A)] such that
|[Lu] < Ain {u > 1} for some A > 0. Assume that |Vu| < L for some L > 0. Then there exists a
constant C = C(L) such that

1
0,7)—u(0,0)|<C for0<T < ———.
(0, T) —u(0,0)] or ANT T A

Proof. The proof is an adaptation of the proof of Proposition 2.2 in [14]. Assume that L > 1. We
want to prove that if Qg := B1(0) x (f0, 1) C {u > 1} and t; —tp < 1/(4NVmax + A), then

|u(0, t1) — u(0, tp)| < 2L. 4.1
In fact, let
hi(x, t) =u(0,9) £ L+ 2L|x|2 + (ALNVmax + A)(t — 19).

Then
hfE — div F(Vhi) = +(—4LTr(DF(£4Lx)) + 4LNUmax + A).

Observe that Tr(DF) < N¥max. Let

rn= sup {t:|u(0,1) —u(0, 1) <2L Vg <t <1}
1<ty
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and assume f, < t;. We compare u with h™ and A~ in Qy, ,,. By the Lipschitz continuity in space
with Lipschitz constant L we deduce that

h™ < u < h+ in atho’[z.
On the other hand,
h; —divF(Vh™) < —A < u; —div F(Vu) < A < b —div F(VR™).

Hence,
<u < ]’l+ in Qt01t2'

=
In particular, since t, — tg < 1] — 1y < 1/(4NVmax + A),

[u(0, 1) — u(0, t0)] < |h~ (0, 2) — u(0, 10)| = |h*(0, 1) — u(0, 10)|
AN Oax + A/L
_—— <

<L+ L
4N Vmax + A

2L.
The strict inequality contradicts the assumption > < 1.

We now want to deduce the result for a cylinder Qg r with 0 < T < 1/(4N9max + A) which
is not necessarily a subset of {u > 1}. But this can be done exactly as in [14], and thus the proof is
complete. (]

As a consequence we obtain the following theorem

THEOREM 4.1 Let u® be a family of nonnegative solutions to (P;) in a domain D c R¥*+! such
that ||u®| L~y < A for some A > 0. Let K C D be compact and let T > 0 be such that
N> (K) C D. There exist constants L = L(t, A) and C = C(L, 7, A) such that

IVul(x, )| < L and |u(x,t+ A1) — uf(x,1)| < C|At|"?  for (x,1), (x,1 + At) € K.

Proof. The proof follows the one of Theorem 2.1 in [14]] and makes use of Corollary Lemma
[M.1] and the scaling invariance with respect to parabolic scaling of problem (P;), observed in the
proof of Corollary @.1] O

We are now ready to pass to the limit. We obtain

LEMMA 4.2 Let u® be a family of nonnegative solutions to (P,) in a domain D C RN+ such

that [|u®|| Lo (p)y < A for some A > 0. For every &, — 0 there exists a subsequence &,y — 0 and
u € Lip.(1, 1/2)(D) such that

(1) u® — u uniformly on compact subsets of D,

(2) du'n' /3t — du/dt weakly in LY (D),

(3) Vu®s — Vuin L} (D),

4) Lu>0inD,

(5) Lu=0inD\ ofu > 0},

(6) for every compact K C D there exists Cx > 0 such that

out
ot

< Cg  forevery € > 0.
L%(K)
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Proof. 'We modify the proof of Lemma 3.1 in [14]]. Let K C D be compact and let T > 0 be such
that 3; (K) C D.

Point (1) is a consequence of the uniform Lipschitz continuity in space and Holder continuity in
time, by Theorem and the Arzela—Ascoli theorem.

For the proof of (2) we let (xg, fp) € K and multiply the equation (P;) by ufl/rz where ¥ €
CZ°(B:(x0)), ¥ = 0and ¢ = 1 on B;2(xp). After integration by parts we obtain

/ / Y2 (uf)? dx dr
7 (x0,10)

- // |:2¢V¢ - F(Vu®)ui + Iﬁzi(z‘l(Vus) + Bs(ue))] dx dr
(x0,10) Jat

t()-l-'[2

<20 20, xouon 1YY - FOVUO 1200, ooy — [ /B VA AVUE) + B () dx}

<G ||w”f”L2(Qf(xo,to)) + G,

for some constants C1, C, > 0, where we used the uniform bounds on Vu?®, F(Vu®) and A(Vu®)
and the definition (2.8). This implies the boundedness of [V u; [l 12(¢. (xo.1,)) Uniformly in &. Since
these bounds do not depend on the choice of (xg, 7p) in K, from the compactness of K we conclude

T (x0) t()—'L'2

lull 2k < C,

where the constant C does not depend on €. The weak convergence of a subsequence u,e"/ is an
immediate consequence.

Let us prove (5). Since u is continuous we may split the domain D as follows: D = {u > 0}
U d{u > 0} U {u = 0}°, with {u > 0} open. It is obvious that u satisfies Lu = 0 in {u = 0}°. Since
uf — u uniformly in K, for every (xo, ft9) € {u > 0} there is a neighborhood U/ (xg, fo) C K such
that u®n" > u(xo, t0)/2 > 0 in U(xo, to). Therefore B¢ , (u®") = 0 on U(x, o) for n’ large enough,
which implies that u®’ satisfies Lu®” = 0 on U(xg, tp), and the same holds for the limit u. Here
we have used the fact that Vu®’ — Vu uniformly in U (xg, ty) (see, for instance, Theorem 12.1
in [23]).

Let us now prove (3). Since Lu = 0in {u > 0}, if we let § > 0 and multiply this equation by
(u — 8) T (x), with ¥ as above, then integrate by parts in Q- (xq, fo) and let § — 0, we get

// F(Vu)-Vuy = —/f uF(W).vw—lf u?(x, to + )Y (x)
{u>0) (>0} 2 Jus0y

+1/ u?(x, 1o — THY(x).
2 Jius0

On the other hand, since ¥ > 0 and B, (u®)u® > 0,

t()+r2 l()+1’2
/ F(Vu®) - Vul ¢ < — / f u® F(Vu®) -V
fo—7? (x0) 1p—12 7 (x0)
1

- = f @) (x, 10 + )Y (x)
2 B (x0)

l £\2 _ .2
+3 u™)*(x, 10 = )Y (x),
Bz (x0)
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and therefore

lim sup f/ F(Vu®r') - Vu i < ff F(Vu) -Vu,
n'—00 (x0,%0) (x0,70)

which together with (2.3)) implies

lim // F(Vufn')y . Vubn' o = // F(Vu) - Vu .
n'— 00 7 (x0,%0) 7 (x0,%0)

This and 2.3)) finally yield

Omin lim // IVub — Vul> < lim Omin // |Vubn' — Vu|>
n'=00JJ 0 (x0,t0) n'—00 (x0,70)

< lim // (F(Vu®") — F(Vu)) - (Vu®" — Vu)yr
QO+ (x0,0)

n’'—o00

:0’

which implies (3).
Finally, we observe that Lu®’ > 0 and that, for a subsequence, Vu®’ — Vu pointwise in K.
Therefore, Lu > 0, and the proof is now complete. O

We next show that the limit function u is a solution to a free boundary problem in a very weak sense.

PROPOSITION 4.2 Let u® be a family of nonnegative solutions to (P;) in a domain D C RN+I
such that ¥®% — u uniformly on compact subsets of D and ¢; — 0. There exists a nonnegative
Radon measure u supported on the free boundary DNa{u > 0} such that B, (u*/) — w as measures
in D, and therefore

Lu=pn inD,

that is, for every ¢ € C°(D),

// (u¢y — F(Vu) - Vep)dx dt = /:/ ¢du. “4.2)
D D

Proof. We find uniform L' estimates for B (u%) and obtain (4.2) by proceeding as in [14}
Proposition 3.1]. In the present case we use the uniform bound and the pointwise convergence
(for a subsequence) of Vu?i. a

As a consequence of the convergence result (Lemma.2), we obtain

LEMMA 4.3 Let u% be a family of nonnegative solutions to (ng) in a domain D ¢ RN*! such
that % — u uniformly on compact subsets of D and &; — 0. Let (xo, to) € D N d{u > 0} and let
(X, ty) € DN o{u > 0} be such that (x,, t,) — (xg, fo) asn — oo. Let A,, — 0 and

1 ) 1 .
uy, (x, 1) = A—u(xn ddnX, by + 220, W), (x, 1) = /\—usf (Xn 4 hnX, 1y + 220).

n n

Assume that uy, — U as n — oo uniformly on compact subsets of RY +1. Then there exists
J () — +o0 such that, for every j, > j(n) we have ¢, /A, — 0 and
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(1) (u®n),, — U uniformly on compact subsets of RN+
(2) V(@uéin);, — VU in L} (RN,
3) %(u% M, = %U weakly in L%OC(RNH).

Also, we deduce that

@) Vuy, — VU in L} (RVF),

(5) Zuy, > LU weakly in L] RN+,

Proof. The lemma follows from the convergence result (Lemma4.2), exactly as Lemma 3.2 in [[14],
since it does not rely on the specific structure of the equation. O

In addition we get

LEMMA 4.4 Let u® be a nonnegative solution to (P;) in a domain D; C RN+ with D; C Djq
and {J; D;j = R¥*! such that u® — U uniformly on compact subsets of RV*! and &; — 0.
Assume that for some choice of positive numbers d,, and points (x,, t,) € a{U > 0}, the sequence
Ug,(x,t) = (1/d)U (xy + dpx, t, + d,%t) converges uniformly on compact subsets of R¥*! to a
function Up. Let (u®)g, (x, t) = (1/dy)u® (x, +dux, t, ~|—d,%t). Then there exists j(n) — +00 such
that, for every j, > j(n), &j,/d, — 0 and

(1) (u®n)q4, — Up uniformly on compact subsets of RN+
(2) V(uéin)y, — VUpin L (RNT1),
3) L (utin)g, — LUy weakly in L (RVF1).

loc

Proof. We refer to the proof of Lemma 3.3 in [14]. O
We also obtain
LEMMA 4.5 Let u® be a family of nonnegative solutions to (P;) in a domain D C R¥*! with

gj — 0 and assume ||u% || ;o (p) < A for some A > 0. Then, for a subsequence, Be; (u®) — x in
Ll (D), where x(x,t) € {0, M} a.e.in D.

loc

Proof. We will generalize the idea in the proof of Proposition 4.1 in [28] to our operator (2.3). In
fact, let U := B,(xg) x (t1, 1) CC D with r > 0 so small that i/’ := B>, (xo) x (t1, 1) CC D. For
simplicity we suppress the subscript j.

Let y € CX°(D) besuch that 0 < ¥ < 1and ¢ = 1 onlf’. Then

||ax,-65(u£>||wm<//Dx/f|ﬁg<u£>ax,.u8|dxdz<c//pﬁs(u8)¢,dxd,
= C/f (div F(Vuf) — u)y dx dr
D
=C // (V¢ - F(Vu®) —ujy)dxdr < C 4.3)
D

due to the uniform > bound on Vu?® and the uniform L? bound on u¢. Observe that an analogous
computation for the time derivative fails since we do not control it in L*°.
Now, we define ¢, := A(Vu®) + B, (uf) and we notice that

leell L1 = //M |A(Vu®) + Be(uf)| dx dr < (C+ MYHN T Uy = C. (4.4)
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Let ¢5 > 0,0 < & < r, be a family of mollifiers such that supp ¢s C B;(0). For any (x, ) € U,

0; (ee * p5)(x, 1) = /RN(F(VMS) - Vup + Beu)up)(y, )ds(x — y) dy
= fRN[F(VME) Vs (x — Y (v, 1) + (= div F(Vu®)up + Be u)up)(y, s (x — y)1dy

= / F(Vu®) - Ves(x — y)ui(y, 1) dy — / @) (v, s (x — y) dy
RN RN

S Vsl poo Myl F(Vu®)(1) 228, (xo)) lluef (2) I 22(B,, (xo))-

Hence
// 18y (ee * $9)| < C3. 45)
u
Furthermore,
f |V(es*¢,s>|<x,r>dx</ / Vs(y)lec(x — y. 1) dy dx
By (x0) By (xo) J/ Bs(0)
S IV@sllpr@wyylles O 1By, (xo))
and thus

IV (ee % @)l 1 sy < IVsll L1y llecll iy < C3-
Together with (4.4), (4.5) and by compact embedding, this implies that, for every §, the family

(es * ¢s) is precompact in L'U).
On the other hand, we deduce from (4.3) that

||Bs(u8) - Be(us) * ¢8||L1(z,{) < Cé.
Since, for a subsequence, A(Vu®) converges in L' ('), we also find that

sup [|A(Vu®) — A(Vu)  ¢sll gy — 0 asd — 0.
J

Then, using a diagonal sequence argument we conclude that, for a subsequence, B, (u®) — x in

LlloC (D). Finally, the limit function satisfies x (x, ) € {0, M} a.e. in D, as in the proof of Lemma
4.1 in [28]. |

REMARK 4.1 We point out that existence of families u® of uniformly bounded nonnegative
solutions to (P.) in particular domains D—and such that the results in this section and the
subsequent ones apply—can be easily obtained. We refer, for instance, to [25, Chap. XII, Sect. 6]
and to [22| Chap. V, Sect. 6].

5. Basic limits

In this section we analyze some particular limits of problems (P;) that will be crucial to
understanding the behavior of general limits. In order to deal with these particular limits we need to
introduce a function @, (Definition[5.1)) and discuss its properties (Lemma[5.1).
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We study, in particular, the case in which the limit function is u = a(x — xo, v)* for some unit
vectorv € RN ando > 0 (Theorem. We characterize its slope as & = «(v, M) (see (5.4)). This
characterization will give us the free boundary condition of the limit problem (P) in the general
case (we refer to the subsequent sections for the precise assumptions and results).

We also present some examples of different operators £ and we exhibit the resulting free
boundary condition.

DEFINITION 5.1 Letv € R" be a unit vector. We define &, : R>9 — R by
D, () .= —A(av) +av - F(av). 5.1
LEMMA 5.1 The function @, given in Definition [5.1]has the following properties:

(1) @,(0)=0.
(2) Itis a strictly increasing function in « and therefore invertible.
(3) It satisfies

o? o?
Tﬁmin < Py(e) < Tﬂmax for every o > 0. (5.2)
(4) In case holds, the function @, does not depend on the direction v and
Py(@) = — f(a) + af (o). (5.3)
Proof. The properties are either straightforward to observe or a consequence of the fact that
@/ (@) = v - DF (av)v and thus, by 2.4), a¥min < @, (o) < ¢Pmax- |

THEOREM 5.1 Let 4% be nonnegative solutions to (Pg;) in a domain D C RN+ and let
(x0,19) € D. Suppose that u®/ converge to u = a{x — xo, v)" uniformly on compact subsets
of D, for some unit vector v € RY and & > 0, and gj — 0. Then o = a(v, M), with

a(v, M) := ¢;1(M), @, asin (5.1). 5.4
Moreover,
2M 2M
<alv, M) < (5.5
ﬂmax 29min

Proof. We will assume that (xo, tp) = (0, 0). Let us multiply (P.) by ¥ uii Vi = Y Vu® - v where
Y € C°(D). Integration by parts yields

/f (F(Vu®) - [y Vufc[,vi + V¢ Vu® vl 4 ufy Vu® - v)dedr = —f/ VB (u®) - vy dx de,
D D

where we have used (2.8). Hence
// usy Vu® - vdx de
D
_ // <—i(A(Vu8))1ﬁ vi — F(Vu®) - Vi Vit - v) dx dr + // B.(u®)V - vdx dr
D ox; D
= // [A(Vu® )V - v — F(Vu®) -V Vu® - v+ B.u®)Vy - v]dx dr
D

= [/ [(A(Vu®) + B (u®))v — Vu® - v F(Vu®)] - Vi dx dr. (5.6)
D
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Lemma shows that (for a subsequence) ng W) = Mxyxw>0 + M(x, 1) X{(x,v)<0} in
LllOC (D) with M (x,t) = 0 or M(x,t) = M almost everywhere. Here we have also used the fact that
if (y, 7) € DN{u > 0}, then u® (x,t) > u(y, t)/2 > 0 for (x, t) in a neighborhood of (y, 7) if j is
large enough and therefore, B, (u*/)(x, 1) = M in this neighborhood for j large. On the other hand,
since VB, (u®) — 0in LIIOC(D N {u = 0}°) (recall that B¢; (u®) — 0 as measures in D N {u = 0}°

by Proposition we deduce that M (x, t) = M(r). Now, since Vu® — QY X{(x,v)>0) 1N LIZOC(D)
and u,’ — 0 weakly in L} (D), as &; — 0, making use of (Z.2) we obtain in the limit

O:// [(A(av)+M)v—av~vF(av)]~V1ﬁdxdt+/:/ M(t)v - Vi dx dr
(x,v)>0 (x,v)<0
= // [(—A(av) — M + M@®)v 4+ o F(av)] - vy dH" ' (x) dr.
(x,v)=0

Hence, using Definition[5.1] we get
Dy(a) =M — M(t). (5.7

Since the left hand side in (5.7) does not depend on #, we see that M(t) = M, with M = M or
M = 0.If M = M, then the monotonicity of @, implies that « = 0, a contradiction. Hence

D,(0) =M (5.8)
and the monotonicity of @, now implies that for every v there is a unique solution to given by
(5.4). Finally, the estimates (5.2) give (5.3). O
REMARK 5.1 Notice that defining @(p) := —A(p) + p - F(p), we can also write (5.8) as
D(av) =M.

Next we present some examples of different operators £ and we exhibit the resulting free
boundary condition.

EXAMPLE 5.1 Let A(p) = |p|?/2. Then F(p) = p and we obtain @ = +~/2M.

EXAMPLE 5.2 Let A(p) = % p - Bp for some symmetric, positive definite matrix B € RV*V,
Then F(p) = Bp and we obtain « = /2M /(v - Bv). In particular, if B is a positive multiple of the
identity, B = cIdy xy with ¢ > 0, we obtain « = /2M /c as the free boundary condition.

EXAMPLE 5.3 If holds (and thus A(p) = f(lp|) and F(p) = (f'(pD)/Ip)p, with f
satisfying (2.7)), then the slope « at the free boundary does not depend on the direction v. With
abuse of notation we write in this case

aM)=a(, M), o, M)asin G4), (5.9)
and, since holds, we observe that o (M) is the solution of
—f(@) +af' (@) = M. (5.10)

EXAMPLE 5.4 We finally observe that, when A(p) = |p|?/q withg > 1, g # 2 and thus F(p) =

|p|q—2p, the condition o = a(v, M) gives @ = (;’TMI)]/‘]. However, this choice of A and F does

not in general satisfy (2.4) nor our smoothness assumptions.
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In the isotropic case we obtain, in addition,

THEOREM 5.2 Let u® be nonnegative solutions to (P;) in a domain D C RV*! and assume (2:6)

holds. Let (xg, o) € D and suppose that u® converge to u = a(x — xo);r +a(x —x0), witha >0,
o > 0 uniformly on compact subsets of D and ¢; — 0. Then

oa=u < a(M) (5.11)

where a(M) is given by (5.9).

Proof. We follow the lines of Proposition 5.3 in [[14]. Set O, = Q,(0, 0) and assume (xg, fo) =
(0,0) and Q> CC D (take u(x, 1) := (1/Mu(xo + Ax, to + A%¢) with A small). Reasoning as in
Theorem 5.1} we obtain

Be; ) — M in L}, (D).

Going back to (5.6), letting v = e there, and making use of the fact that Vu® — o x(x,~0ye1 —

2

ioc (D), in the limit we obtain

@X(x,<oje1 in L2 (D) and uy’ — 0 weakly in L
0= // [(A(—aey) + M)e| + ey - ey F(—aey)] - Vi dx dr
{x1 <0}
—i—// [(A(xer) + M)ey — aey - e1 F(aer)] - Vi dx dt
{x1>0}
= // [A(—Te))e) + @ F(—aer) — A(aer)e; +a Fae)] - ery dH" 1 (x) dr.
{x1=0}

Using Definition 5.1 we obtain @, («) = &, (@), which gives
¢€| (a) = ¢6| (E),

and thus « = o. We remark again that the function @, does not depend on the direction v in this
case and is given by (5.3). To show the inequality in (5.11)) we assume @, (&) > M. Let

b% = sup |u® — ul.
(033

Now let v¥ be the solutions to (P ;) in Q2 such that
v = (u—b)T on 0,0>.

Since v* is a family of uniformly bounded nonnegative solutions to (P;) in Q2, it follows from
Lemma that there exists v € Lip,,.(1,1/2) in Q3 such that, for a subsequence, v — v
uniformly on compact subsets of Q. We will show that v = u. From the fact that u® > v% on
9, 0>, we deduce that u® > v% in Q> and therefore u > v.

In order to see that u < v, let g(s) = F(se) - e; and choose w € C%(R) such that

(gw'()) = Bw(s)), seR, w0 =1 w0 =«

(such a w exists by our assumptions). Multiply by w’(s) and observe that

(Do, (W'(5))) = (g(W'())'w'(s) = B(w(s)),
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where B(t) = for B(s) ds. For every s € R by integration we obtain
Dy (w'(5)) — Bw(s)) = Py (@) = M =D (y), y >0

(here we have used the fact that @, («) > M). Therefore w’(s) > 0 in R and moreover, since @,
is monotone in R>(, we conclude that

O<y<w@¢)<a VsekR.

It follows that there is 5 < O such that

Now let

_ 1 b%i
w¥ (x1) = sjw(— (x1 — —) +§).
8j Y
Using the fact that w® (0) = —b® and the bounds on w’, we deduce that
w¥ <u—>b% inR.

Hence w? is a family of solutions to (Pg;) in RN*1 satisfying w® < v% on dp Q2. Therefore
w¥ < v¥% in Q. Since w®% — u uniformly on compact subsets of {x; > 0}, we deduce that u < v
in Qp N {x; > 0}. Finally, by the symmetry v (x; x’, t) = v% (—x; x', 1), we conclude that u < v
in Q».
Next, let
R:={x,):0<x1 <1, x| <1, |t| <1}.

Multiply (P;) by v;’l Integration yields

a .
// — A(Vv¥) = // F(Vv%) . Vv}i"1
R 0x1 R
e 0 ;
- // (_vtsj Uiﬁ - _B8j (Usj)> +,/ vi]l F(Vv%) - n.dS
R 0x] R

and

/ (A(VVET) — vy F(Vv) - eg + B, (v¥)) dx’ dr
ARN{x =1}

=/ (A(VV¥) + Bg, (v¥7)) dx’ dr + /f —v vy +/ vy F(Vv¥)-ndS
dRN{x;=0} R IRN{|x"|=1}
> // —v vy +/ vy F(Vv¥) - nds.
R IRN{|x’|=1)
The inequality holds since the functions Be; and A are nonnegative. Observe that we have used

the equality vii = 0 on {x; = 0} due to the symmetry of v%. The first integral on the right hand
side converges to zero since v;’ — u;, = 0 weakly in L?(Q3)2) and Vv¥ — Vu in L2(Q3)2).
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Additionally we infer that vi’l F(Vv%) — aF (aep) pointwise on Q3,2N{x; > O} and n(xy, x', 1) =
—n(x1, —x’, 1) on {|x’| = 1}, hence the remaining integral converges to zero. Furthermore, observe
that ng (v¥) = M on Q3,5 N {x| > 1/2}, since v¥/ > ¢; if ¢; is small enough. In the limit we
therefore obtain

M 2= —A(ae)) +a F(aey) - e1 = @, (),

which is a contradiction to our assumption. O

6. Upper bounds for the gradient of limit functions

In this section we prove upper bounds for the gradient of limit functions, related to the free boundary
condition. In the particular case of an isotropic operator this upper bound says that any limit function
is, in a sense that we may call pseudo-classical, a supersolution to the free boundary problem (P),
without imposing any additional hypothesis (Theorem|[6.]).

We first consider the isotropic case and we obtain

THEOREM 6.1 Let u® be nonnegative solutions to (Pg;) in a domain D C RN+ and assume
(2.6) holds. Suppose u® — u uniformly on compact subsets of D and ¢; — 0, and let (xo, o) €
DN a{u > 0}. Then
limsup [Vu(x,t)| < a(M),
(x,1)—(x0,10)

where « (M) is given by (5.9).
Proof. We will follow the lines of Theorem 6.1 in [14]. Let

a:= limsup |Vu(x,1t)|.
(x,1)— (x0,10)

Since u € Lipy,.(1, 1/2) in D, we know that @ < oo. If @ = 0 there is nothing to prove. So let us
assume that ¢ > 0 and let (x,, 1,,) — (xo, fo) be such that u(x,, t,) > 0 and |Vu(x,, t,)| — «. Let
(zn, 5n) € DN 3{u > 0} be such that

d, ;= max{|x,, — z,|, |t — s, 12y = inf maxx—z,z‘—sl/2 .
po= max(l =zl = sal' Py = inf{max(l 2], i 51'/%)

Let us consider the sequence

1
ug, (x,t) == d—u(zn +dux, s, + d,ft).

n

Since u € Lipyy.(1,1/2) in D and d, — 0, given a compact set K C RN*! the functions u,,
are uniformly bounded with respect to the Lip(1, 1/2) seminorm on K, if n is large enough. On
the other hand, u4, (0, 0) = O for every n. This implies that the family u4, is uniformly bounded on
compact subsets of RN+ Hence for a subsequence (that we will still call ug, ), ug, — uo uniformly
on compact subsets of RV*!, where ug € Lip(1, 1/2) in RN+,

Let X, := (x, — zy)/dy, and 1, := (t, — sn)/d,%. Then (%,,1,) € 901(0,0) so that (for a
subsequence), X, — X and #, — f with (x,7) € 9Q1(0, 0). On the other hand, since ug4, > 0 in
01Xy, tn), we have Lug, = 0 there. Let us show that Vuy, — Vug uniformly on compact subsets

of Q1 (%, 7).
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In fact, if K CC Q) (x, f) then, for some T > 0 and for n large, N7 (K) C Qi(xp, ;) and thus
Lug, = 0in N (K). It then follows that Vug, — Vuo uniformly in K (see, for instance, Theorem
12.1 in [23]).

Therefore we deduce that, in Q1 (X, 1), ug(x,t) > 0 and Lug = 0.

Now consider the sequence v, := Vug, (X, 1) /|Vug, (X, t)| = Vu(xy, t,)/|Vu(x,, 1,)]. We
may assume (by taking a subsequence) that v, — v. From the uniform convergence of the gradients

we deduce that

dug,
[Vu(x,, t,)| = 3

- dug _ -
(xnatn) (-x7 t)v
" av

and therefore
o0 2. )
—(, 1) =a.
av
On the other hand, it is easy to see that |[Vup| < « in RVY*! In fact,let R > O and § > 0 be

fixed. There exists A¢ such that
[Vu(x, 1)l <a+4 for (x,1) € Qrr(xo, f0)

if & < ho. Since Qg,r(zn. 5n) C Q3,8 (X0, 10) if Ay = max{|x, — xol. |tn — 10|'?} (= dy), and
R > 1 and since A;, — 0 as n — oo, we deduce that

|Vug,(x, )] <a+3 for(x,1) € Qr(0,0)

if n is large enough. Thus Vu,y, — Vug in the weak™ topology on L*°(Q (0, 0)) and therefore
[Vup| < o+ 6 in Qg(0, 0). Since § and R were arbitrary we deduce that

Vgl <@ in RN+,

Let V := dug/0dv and observe that V < « in {ug > 0} and V(x, ) = «. Since o > 0 we must
have ug(x, 1) > 0, because otherwise uo = 0in Q7 (%, 1), due to the strong maximum principle, as
Lup = 0 in this set (see, for instance, [26, Chap. 3, Sect. 3]). Thus ugp > 0in Q,(x, 1) for some
p > 0. This fact, together with Remark [3.1] allows us to apply the same strong maximum principle
to V in Q,(x, ) and conclude that V = « in 0, (, t). Moreover, if we denote by R the set of
points in {ug > 0} N {r < t} which can be connected to (x, ¢) by a continuous curve in {ug > 0}
along which the 7-coordinate is nondecreasing, we see that V = « in R.

Now using the fact that Lup =0 in R and reasoning as in [14], we deduce that R={(x—x); > 0,
t <t} for some ¥ € RV, and

uo(x,t) =a(x —x); in{(x—x)1 >0, ¢t <t}

(we have assumed that v = e). Let
. I, 5
W7)g, (x,1) = T I(zn + dpx, sy + d;1).
n

By Lemma [4.3] there exists a sequence j, — oo such that (u%»)s, — uo uniformly on compact
subsets of RV 1 and &j,/dn — 0.1t is easy to see that (u%n)g, is a solution to (stn /d,) in Q1(%, 1),
if n is large.
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Let us now apply Corollary[A.1]of Appendix[A]to ug in {(x —X); < 0, # < 7}. We get, for some
az0,

up(x, 1) =a(x — N7 +o(lx =¥+t —11"? in{(x - <0, 1 <17).

Let us consider for A > 0 the function (u0); (x, 1) = (1/A)ug(hx + %, A%t + 7). Since ug €
Lip(1, 1/2) and uo (X, 1) = 0, there exists a sequence A — 0 such that (#¢);, converges uniformly
on compact subsets of RV to a function ugg € Lip(1, 1/2) in RV*+!. Thus,

ugo(x,t) = afo +ax;  in{r <0}

0 _ 0 . . - -
If we set 82 = ¢j,/dy and u®n = (u®n),, then u®n are solutions to Py in Q1 (X, t) such that

0 A I
utn — ug as n — oo uniformly on compact subsets of Q1 (x, 1),

(#0)», — uoo as k — oo uniformly on compact subsets of RY +1,

00

n — 0

and 82 — 0 and Ay — 0. Therefore we can apply Lemma again and find a sequence &
and solutions u°" to (ngo) in Q1(0, 0) such that

00 - — . —
un — ugo = owcfr +ax;  uniformly on compact subsets of Q (0, 0).

If @ = 0 we apply Theorem [5.1] and if @ > 0 we apply Theorem [5.2] In any case, we deduce
that @ < a(M). Thus the theorem is proved. O

Also in the isotropic case we get

THEOREM 6.2 Let u® be nonnegative solutions to (ng) in a domain D; C RN+ guch that D C
D;41 and Uj D; = RN+ and assume (2.6) holds. Suppose that u®i — U uniformly on compact

subsets of RV *! and ¢; — 0. Assume in addition that U € Lip(1, 1/2) in RN+ and 3{U > 0} # 0.
Then

IVU| < a(M) inRN*!
where « (M) is given by (5.9).

Proof. We modify the proof of Theorem 6.2 in [[14] in the same way as we generalised the proof of
Theorem 6.1 in [14] in the case of the previous result, Theorem[6.1] O

For a general operator we obtain

THEOREM 6.3 Let 1% be nonnegative solutions to (Pg_/) in a domain D ¢ R¥*! such that D; C
Dj+1 and |J; D; = RN+1. Suppose that u® — U uniformly on compact subsets of RV*! and

g¢; — 0. Assume in addition that U € Lip(1,1/2) in RN, U > 0in {x; > 0} and U = 0 in
{x1 < 0}. Then

IVU| < aler, M) inRN*TL

where a(ey, M) is given by (5.4).
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Proof. We follow the steps of Theorem 6.2 in [14]. Let o := sup |VU|. By assumption a < oo. If
o = 0 there is nothing to prove, so assume « > 0. Then there exist (x,, #,) with U (x,, t,) > 0 such
that |[VU (x,,, t,)| = @ asn — o0. Let (z,, 5,) € 3{U > 0} be such that

dy = max{lxy = zal, [t = a2}y = inf  fmax{lx, -zl [t —s]'/?}]
(z,5)€d{U >0}

and observe that since {U > 0} = {x; = 0} we may write (x,, t,) = (Xu.1, X}, tn), (Zn, Sn) =
(0, x,,, t,) and d, = x,,1. We define

1
Udy (6,1) 1= U 2n + dX, 5y +d?1)
n

and we observe that Uy, is uniformly bounded in Lip(1, 1/2) seminorm and Uy, (0, 0) = 0, so, for a
subsequence, U, — Uy uniformly on compact subsets of RV*!, with Uy € Lip(1, 1/2) in RN*1,
Notice that Up = 0 in {x| < 0}, since this holds for U and for Uy,. Moreover, Uy, > 0in Q;(ej, 0)
and hence LU, = 0 there, so LUp = 01in Q(ey, 0).
Furthermore, for a subsequence,
VU(xn’ tn) _ VUdn (6] 9 0)
IVU (xp, ta)|  |VUg,(e1, 0)]

for some unit vector v, and since

VU, ,0
VUq, (e1,0) - Talen,D |VUg, (e1.0)] — a,
VU, (e1,0)|
we infer %(el, 0) = «a. Also, since |VUy, (x,t)| = |VU(z, + dnx, sn + d,%t)| < «, we obtain
%(x, 1) < |VUy(x,1)| < a. Welet V := 9Up/9dv and we deduce, with similar arguments to

those in the proof of Theorem that V. = o in R D Q] (e1, 0), with R being the set of points
of {Uy > 0} N {tr < 0} which can be connected to (e, 0) by a continuous curve in {Uy > 0} along
which the 7-coordinate is nondecreasing. Then Up(x, ) = o(x, v) + C in R for a constant C € R,
and Up(0, 0) = 0 implies that C = 0. Finally, the fact that Uy = 0 in {x; < 0} implies that v = ¢
and hence

Up(x,t) = ax{ in{t <O},

where o = a(ey, M) by Theorem[5.1} O

7. Asymptotic development at free boundary points

In this section we prove that, under suitable assumptions, the free boundary condition is satisfied
in a pointwise sense. This happens either at free boundary points where there is an inward normal
in the parabolic measure-theoretic sense (Theorem [7.1), or at free boundary points where the free
boundary is locally a differentiable surface (Theorem [7.2), provided a nondegeneracy condition at
the point holds.

DEFINITION 7.1 We say that v € SN~! is the inward unit spatial normal to the free boundary
dofu > 0} at a point (xp, o) € 9{u > 0} for times ¢ < fy, in the parabolic measure-theoretic sense,
if

r—07t

) 1
lim —— // |X(u>0) = X{x.t): (x—xo,v)>0) | dx d = 0. (7.1)
r r (x0,%0)

In this case the point (xg, 7o) € d{u > 0} will be called regular.
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DEFINITION 7.2 We say that u is nondegenerate at (xo,t9) € D N df{u > 0} if there exists a
constant C > 0 such that, for every r > 0 small,

sup u>=Cr. (7.2)
0p Oy (x0,10)

In the isotropic case we get

THEOREM 7.1 Let u® be nonnegative solutions to (Pg;) in a domain D C RN*! and assume
(2.6) holds. Suppose that % — u uniformly on compact subsets of D and &; — 0. Let (xo, fp) €
D N d{u > 0} be a regular point and assume that u is nondegenerate at (xo, #p). Then, for ¢ < 1y,

u(x, 1) = a(M){x — x0, v) "+ o(lx — xol + |t — 10]'/?),

where v is the inward unit spatial normal to the free boundary d{u > 0} at (xo, tp) for times ¢ < 1y,
in the parabolic measure-theoretic sense, and «(M) is given by (5.9).

Proof. We follow the lines of Theorem 7.1 in [24]]. We assume that (xg, 7o) = (0,0) and v = e;.
Let

1
u)(x,t) := Xu(kx, Azt),

and let » > 0 be such that Q,(0,0) CC D. We have u; € Lip(l, 1/2) in Q,/5(0, 0) uniformly
in A, and u, (0, 0) = 0. Therefore, for every A, — 0, there exists a subsequence, which we still
call A,,, and a function U € Lip(1, 1/2) in R¥*+! such that u 1, — U uniformly on compact subsets
of RN+L,

Our aim is to prove that U = a(M )xf' for t+ < 0. By (7.1), it follows that for every k > 0, as
A— 0,

Hup >0N{x1 <0}N Q0,0 >0, [{un=0}N{x; >0}N Q. (0,0)] — 0.

This implies that U = 0 in {x; < 0} N {¢ < 0}. On the other hand, U is nonnegative, LU > 0 and
LU = 0in{U > 0}, with {U > 0} N {r < 0} C {x; > 0}. Then, by Corollary [A.T] there exists
o > 0 such that

Ux,t) = ax;t +o(x| + [t|Y% in{x; > 0}n{r <0} (7.3)

The nondegeneracy assumption on  at (xg, fp) implies that necessarily « > 0. Let us now show
that « = a(M). By Lemma there exists a subsequence ¢j, such that §, := ¢;, /A, — 0 and
wdn(x, 1) = (1/Apn)ubin (Ayx, )L,%t) — U (x, t) uniformly on compact subsets of RN+ and udn is a
solution to (Ps,,).

Now let Uy (x,t) = (1/A)U (rx, A2t). Then for a sequence Ay — 0, Uy, — ax1+ in {t < 0},
uniformly on compact subsets. As before, there exists a subsequence §,, such that &y := §,, /Axr — 0
and u®(x, 1) = (I/Ak)u‘s”k (Akx,kit) satisfies u% — ax1+ in {r < 0}, uniformly on compact

subsets. Since u’* is a solution to (P5,), we may apply Theoremﬂ and deduce that o = o (M).

Let us finally see that U = a(M)x1+ in {t < 0}. In fact, U > 0, 3{U > 0} # ¥ and thus by
Theorem [6.2] we have |[VU| < a(M). Using the fact that U = 0 in {x; = 0} N {z < 0} we deduce
that

U<LaM)x; inf{x; >0}Nn{r<0}. (7.4)
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Consider the function V := «a(M)x; — U which is nonnegative in {x; > 0} N {r < 0} and
satisfies V = 0 on {x; = 0} N {# < 0}. Moreover, if we define (see Remark [3.2)

LV =divF(VV) =V, with F(p)=—F@(M)e, — p),

we see that £V = 0 in {U > 0}.

Next, assume there exists (¥, ) € {x; > 0} N {t < 0} such that V(x,7) = 0. Then U > 0 in
0, (x, 1) for some p > 0, and therefore LV =0in 0, (x, t). It follows from the strong maximum
principle (Thm. 5, Chap. 3 in [26]]) that V = 0 in 0, (, 7). If we now define R to be the set of
points in {U > 0} N {x; > 0} N {¢ < ¢} which can be connected to (x, ¢) by a continuous curve
in {U > 0} along which the 7-coordinate is nondecreasing, then R D Q; (x,0) and U = a(M)x,
in R so necessarily R = {x;1 > 0} N {¢t < ¢} and V = O there.

It follows that the only possibilities are

V=0 in{x;>0}n{r<0l, (1.5)

or else
V>0 in{x;>01N{5§<t<0} (7.6)

for some § < 0. If holds, since £V < 0 and V(0,0) = 0, Lemma yields V(x,t) >
ox1 4+ o(jx| + |t]/?) in {x; > 0} N {r < 0} for some o > 0. But this contradicts the fact that (7.3)
holds with & = «(M). Therefore, we have (7.5)), which completes the proof. |

For a general operator we get

THEOREM 7.2 Let u® be a family of nonnegative solutions to (Pej) in a domain D ¢ RVN*! such
that u® — u on compact subsets of D and £; — 0, and assume that the free boundary DNa{u > 0}
is a differentiable surface at (xg, t9) € DN ad{u > 0} with nonvanishing spatial normal. Assume that
u is nondegenerate at (xg, #p). Then

u(x,t) = a@, M)(x —xo, )T 4+ o(lx — xo| + |t — 10]'/?), (7.7)

where v is the inward unit spatial normal at (xg, fp) and (v, M) is given by (5.4).

Proof. We assume that v = e;. We consider, for A > 0, uy(x, 1) := (1/M)u(xo + Ax, to + A%1),
and a sequence A; — 0. Then there exists a function U € Lip(1, 1/2) in RN*1 such that, for a
subsequence, u;; — U uniformly on compact subsets of RN+

It is not difficult to see that U = 0in {x; < 0} and U > Oin {x; > 0}. In particular, U = 0 in
{x1 = 0}. Moreover, LU = 0 in {x; > 0}, because this holds for u, in every compact set K CC
{x1 > 0} for A small enough.

Furthermore, in {x; > 0}, we have either U > 0 or U = 0. In fact, if U(x,7) = 0 at some
point (X, ) € {x; > 0}, then U = 0in {x; > 0} N {r < ¢} by the strong maximum principle. Then,
defining A := {x; > 0}N{t > 1}, we see that U € Lip(1,1/2)and U > 0 and LU = 0 in A. Since,
in addition, U = 0 on 9,,.A we apply Lemma@]to conclude that U = 0 in A and thus in {x; > 0}.

Now, since U = 0 in {x; > 0} contradicts the nondegeneracy assumption, we infer U > 0 in
{x1 > 0}.

Next, as in the proof of Theorem|7.1} we deduce that

Ux, 1) = aler, M)x; +o(x| + [t|'? in{x; > 0} N {r <O} (7.8)
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In addition, in the present situation we apply Theorem [6.3|to obtain |[VU| < «(ey, M) and then
deduce that U < a(ey, M)xy in {x; > O}.

We now define V. := a(e;, M)x; — U and LV = divF(VV) — V, with F(p) =
—F(a(e;, M)e1 — p). Then LV =0and V > 0in {x; > 0}, and V = 0 on {x; = 0}. Thus,
an argument similar to the one applied before to U allows us to deduce that in {x; > 0} either
V>0o0rV=0.

If we had V > 0 in {x; > 0}, then the application of Lemma [3.4] would contradict (7.8).
Therefore, U = a(e;, M )xlJr in RV*! which implies the result. O

8. Viscosity solutions

In this section we prove that the limit functions are viscosity supersolutions and viscosity
subsolutions of the free boundary problem (P) under suitable assumptions (Theorems and[8.2).
We refer to Remarks |8.2|to[8.4| for a discussion of our assumptions.

The notion of viscosity solution for a general class of free boundary problems of evolution type
(including the Stefan problem) was introduced in [2H4] in order to study the regularity properties of
the free boundary. There, the authors used classical subsolutions and supersolutions as test functions
to define viscosity solutions (see also [16] for a discussion and for an equivalent concept of viscosity
solution).

In the same spirit as in [2H4], a notion of viscosity solution was introduced in [[15]] for the linear
version of the free boundary problem (P) considered in the present paper. We here generalize the
definition in [15] to quasilinear problems.

We notice that the free boundary condition in the free boundary problem (P) does not involve
the speed of the free boundary as occurred in the class of free boundary problems considered in
[214]]. In fact, the free boundary condition in problem (P) is of the type of the conditions appearing
in the class of elliptic free boundary problems considered in [[10H12]] (see [16]] for equivalent notions
of viscosity solutions of such elliptic free boundary problems).

We start the section with some definitions, which extend naturally to any domain in RN+,

DEFINITION 8.1 Let Q := B x (T}, T»), B aball in RV, and let v be a continuous function in é
Then v is called a classical subsolution (resp. supersolution) to (P) in Q if

(1) Lv >0 (resp. < 0) in 27 := 0 N {v > 0}
(2) v is nonnegative, v € C2*1(9+).
(3) Forany (x,1) € 32t N Q, Vvt (x, 1) # 0 and

vl > a(, M) (resp. v} < a(v, M)),

where v := Vvt /|VuT].

We say that v is a classigal solution to (P) in Q if it is both a classical subsolution and a classical
supersolution to (P) in Q.

DEFINITION 8.2 Let u be a continuous, nopnegative function in Q Then u is~called a viscosity
subsolution (resp. supersolution) to (P) in Q if, for every subcylinder Q CC Q and for every v
which is a classical supersolution (resp. subsolution) to (P) in Q,

u<v (resp.u=v) ond,Q
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and
v>0on{u>0}Nd,Q (resp.u > 0on{v>0}N3,0)

implies that u < v (resp. u > v) in Q.
The function u is called a viscosity solution to (P) if it is both a viscosity subsolution and a
viscosity supersolution to (P).

REMARK 8.1 If u is a classical subsolution (resp. supersolution) to (P) in O then u is a viscosity
subsolution (resp. supersolution) to (P) in Q. In fact, this can be seen by reasoning as in the proofs
of Theorems [§.1]and [8.2

DEFINITION 8.3 Let u be a continuous nonnegative function in a domain D c RV*+!. We say that
a point (xg, fp) € D N d{u > 0} is a regular point from the right (resp. left) if there exist T > 0 and
yo € RN, with |xg — yo| = 7, such that PF;(yo, to) C {u > 0} (resp. PF(yo, to) C {u = 0}°).
Here we have set PF; (yo, o) = {(x,1) : |x — yol* + (to — 1) < T2, t < fo}.

We first obtain

THEOREM 8.1 Let u% be nonnegative solutions to (Pg;) in a domain D C RN*! such that
u® — u uniformly on compact subsets of D and ¢; — 0. Assume one of the following conditions
is satisfied:

(1) Assumption (2.6) holds.
(2) For every point (x, t) € D N d{u > 0} which is regular from the right,

limi 10, (x, 1) N {u =0}
im inf — >
r—0* 1Oy (x,1)]

Then u is a viscosity supersolution to (P) in D.

Proof. We will modify the proof of Theorem 4.1 in [[15]. Let O CC D be a cylinder which will be
assumed to be B1(0) x (0, T'), and let v be a classical subsolution to (P) in Q satisfying u > v on
0pQandu > 0on {v > 0} N3, Q. We will show thatu > vin Q.

If {v >0} N 3,0 =¥ thenv =0on d,Q and therefore v =0and u > vin Q.

If {v > 0} N 9,0 # @, it follows from the continuity of u and v thatu > 0 in {v > 0} N Q for
0 < t < 1 for some small 7 > 0. It is not hard to see that u > Oin{v >0} N Qfor0 < < s
implies u > vin Q N {0 < ¢ < s}. We set

0.

fp=sup{0<s<T:u>0in{v>0NQN{0<t <s}},

and we will get a contradiction assuming fo < 7. We have fp > Oandu > vin QN {0 < ¢ < no}.
In addition, there exists a sequence (x,, t;) — (xo, %) € ‘0 such that u(x,, t,) = 0 and (x,, t,) €
{v>0}N Q. Then u(xo, ty) = v(xg, tp) = 0 and (xg, 9) € d{v > 0} N Q. Since v is a classical
subsolution to (P), there exists a sequence y, — xo such that 0 < v(yy, t0) < u(yy, to), so that we
have proved

uzv imQON{0<tr<r}, (o) €d{u>0nafv>0nNQ.

Now for A > 0 set

1 1
u)(x,1) = xu(xo +Ax,fo+2A%1),  vix, 1) == xv(xo + Ax, to + A°1).
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Since u, v € Lip(1, 1/2) in Q and u, (0,0) = v,(0,0) = 0, there exist a sequence A, — 0 and
ug, vg € Lip(1,1/2) in RN+ guch that v, — vo and u;, — uo uniformly on compact subsets of
RN*1. Since v is a classical subsolution to (P), if we assume that Vv (xq, 10)/| Vvt (xo, f0)| = €1
and we set @ = |Vv T (xq, )|, we see that

vox, 1) = ax, &> aler, M).

In addition, uo(0, 0) = 0, and moreover ug > vy when ¢t < 0, so that Lug = 0in {x; > 0, r < 0}.
We also notice that

div F(Vwg) —wo, =0 inf{x; > 0,7 <0}, wo:=ug— v, F(p):=F(p+ae). (8.1)
There are two possibilities depending on whether the following assertion holds or not:
There isa § < O such that ug — vy > O whenx; >0andd < <O. (8.2)

Suppose that (8:2) does not hold. Then there is a sequence (xp, #,) in {x; > 0,7 < 0} such that
tn, — 0 and (4o — vo)(xy,1,) = 0. Making use of (8:I) and of Remark [3.2] we apply the strong
maximum principle (Thm. 5, Chap. 3 in [26]]) to ug — vg to conclude

l,tozvozétxiF in{x; >0, t <0},
implying that

1
)\—(u —v)(Aye1 +x0,00) > 0 asn — oo. (8.3)
n

We write (x, 1) = (x1, x, t) and for small p, r > 0 we define
E={f(,t) <xi < fG&,0)+p, X —xpl <r, |t —to] <r?},
where fisaC 2.1 function in a neighborhood of (x(/), tp) such that for a small r¢g > 0,
By (x0, 10) N 3{v > 0} = By (x0, 10) N {(x, 1) : x1 = f(x', 1)}

and
Byy(x0.10) N {v > 0} = By, (x0. 10) N {(x. 1) 1 x1 > f(x', 1),

If r, p are small enough, then £ C {v > 0}. Obseive that Lu = 0in E N {/t\ < 1y} withu €
C*N(EN{t < 10}), and Lv > 0'in E with v € C2!(E). Then, in E N {r < 10}, L(u —v) < Ofora
linear uniformly parabolic operator L. In fact, in E N {tr < ty}, we have

N
o F; OF;
0 2 ijZZI <8_pjl(vu)ax’x’u — ;%l.(vv)axixj U) —_ a[(l/l — v)

af N (BF; dF;
= Y @i, Doy =)+ Y | (Vi) = — (V) |00 — 8 (u — v), (8.4)
ij=1 ij=1 apj ap;j

oF

% (Vu). Now, fix (x,t) € EN{t < 1y} and write, for s € [0, 1],

where a;;(x,t) :=

N 9F
h(s) = 3 = (V0 + (Vi = Vo).
i,j=1 E
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Since F € C?, we have h € C!. Hence the second expression in the last line in (8:4) can be written
as

1 N
h(1) — h(0) = / h(s)ds = Zbk(x’ 1)y (u —v),
0 k=1

with

N 1 82Fi
bi(x, 1) = Zfo 8pjapk(w+s(w—VU))ax,.xjvds.

i,j=1

Then, since Vv, dy,x;v, Vu € L¥(EN{t < fo}) and F € C?, we see that ajj, by € L2(EN{t < to})
and u — v satisfies

N N
L —v) = Z aij (x, dy,x, (4 — v) + Zbk(x, 1)y, (u — v) — 3 (u —v) <0 (8.5)
i,j=I k=1

in E N {r < ty}. Now, the strong maximum principle implies that u — v is positive in E N {t < fp}.
We then observe that, since (u — v)(xg, 7o) = 0, and 9E = 3{v > 0} € C*!ina neighborhood
of (xg, tp) with Vvt (xg, 10)/|VvT (x0, tg)| = e, we can apply Lemma 2.6 in [25] at (xg, fp) to

conclude

— ) i
liminf & - WG E X0
A—0F A

which contradicts (8:3).
Hence necessarily (8:2)) holds. Recalling (8-1)) and Remark[3.2} we apply Theorem[A T|to deduce
that
(o — vo)(x. 1) = ox +o(|x| + [1]'/?)

when x; > 0, ¢t < 0 for some o > 0. That is,
ug(x, 1) = axi” +o(x| +1t|"%) in{x; > 0, r < 0} witha > .
Now for A > 0 set

(uo)y (x, 1) = %uo()»x, 221).

There exist a sequence A, — 0 and ugy € Lip(1, 1/2) in R¥*! such that (u0) %, — oo uniformly
on compact subsets of RV !, We have

uoo(x, 1) = ax;” in{x; >0, r <0}
We now apply Corollary [AT]to ugo in {x; < 0, # < 0} to get
uo(x, 1) = axy +o(lx| +[¢]'?) in{x; <0, t <0}
for some & > 0. We consider

1
(o) (x, 1) = Xuoo()»x, 221).

There is a sequence ):n — 0 and ugpp € Lip(1, 1/2) in RN+ such that (ugp) 5, > U000 uniformly
on compact subsets of RN*! and moreover

upoo(x,t) = owcfr +ax, fort <0.
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000
Applying Lemma three times we find a sequence 8})00 — 0 and solutions u®  to (Po00) in
J

aoo
01(0,0) such thatu™/ — ugpp uniformly on compact subsets of Q1(0, 0).

In case (2.6) holds, we apply either Theorem or Theorem [5.2]to uggo in a neighborhood of
some point (0, r) with 7 < 0. Now assume does not hold. Since (xg, #p) is a regular point from
the right,

.. 107 (xo, 10) N {u = 0}
lim inf — >
r—0% | Q7 (x0, t0)]

This implies that @ = 0, and thus we can apply Theorem In any case we deduce that

0.

oa <L aler, M).

But we have @ > o > a(e;, M), which is a contradiction. (]
Finally, we get

THEOREM 8.2 Let u® be nonnegative solutions to (ng) in a domain D c RM*! such that
u® — u uniformly on compact subsets of D and &; — 0. Assume that u is nondegenerate at
every regular point from the left in D N d{u > 0}. Then u is a viscosity subsolution to (P) in D.

Proof. We will modify the proof of Theorem 4.2 in [15]. Let O CC D be a cylinder which will
be assumed to be B1(0) x (0, T), and let v be a classical supersolution to (P) in Q satisfying
vZ>uond,Qandv > 0on{u > 0}N3,Q0. We will show that v > u in Q.

If {u > 0} N 3, Q = ¥ the result follows easily. If not, we proceed as in Theorem we define

to=sup{l0<s<T:v>0in{u>0NON{0<Lr<s}},

and we will get a contradiction, assuming fg < 7.

From the definition of 1y, it follows that fp > Oand v > u in Q N {0 < t < tp}. In addition,
there exists a sequence (x,, t,) — (xo, fo) € Q such that v(x,, t,) = 0 and (x,, ;) € {u > 0} N Q.
Clearly, u(xo, to) = v(xo, o) = 0 and (xg, tp) € d{u > 0} N Q. If (xp, 10) € {v = 0}° then, for §
small, we have u = v = 0 in Bs(xo, fp) N {¢t < o}, which contradicts our hypothesis. Thus,

v>u in0N{0<t <), (xo.f0) €dfu>0INadfv>0NQ

We consider u), v, asin Theorem There exist a sequence A, — 0 and ug, vg such that v;, — vo
and u;, — ug uniformly on compact subsets of RV*1, We have

vox, ) =ax, 0<a<ale, M),

where @ = |Vv™(xo, #9)| and we have assumed that Vv™ (x, t)/|VvT (x0, 10)| = e;.
In addition, uy(0, 0) = 0 and vy > ug when ¢ < 0, and thus

uolx,t) =0 in{x; <0, t <0}.
‘We also notice that

ljwo <0 in{x; >0, t <0}, ENwo =0 in{ug >0}, where 8.6)
wo = vy — Ug, ﬁwo = div F(Vwo) — Woy, F(p) = —F(xe; — p). .
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In a similar way to Theorem [8.1] we consider two cases depending on whether the following
assertion holds or not:

There isa § < O such that vg — ug > Owhenx; >0andd§ <t < O. 8.7)

Suppose does not hold. This implies that there is a sequence (x,, ;) in {x; > 0,7 < 0}
such that #, — 0 and (vo — uo)(xy, t,) = 0. Making use of (8.6) and of Remark and reasoning
as we did in Theorem [7.1] (with V), we conclude that wo = 0 in {x; > 0} N {¢ < #,}, and therefore

up=vo =ax; inf{x; >0, r <0},
implying that
%(v —u)(xg + Aper, o) > 0 asn — oo. (8.8)
As in Theorem we define, for small p, r > 0,

E={f(,t)<xi < fG&,0)+p, ¥ —xjl <r, |t —to] <r?},

where f is a C>! function in a neighborhood of (x( t0) defining d{v > 0} in a neighborhood of
(x0, tp) as in Theorem If r, p are small enough, then E C {v > 0}.

We know that v —u > 0in E N {t < fp}. Let us show that we actually have v — u > 0 in
EN{t < to). In fact, in {u > 0} N {t < o}, Lu = 0 with u € C%! and we have Lv < 0 in
E withv € C?>!(E). Then we can argue as in (84) in the set {u > 0} N {t < 1o} to conclude
that L(v —u) < 0in {u > 0} N {r < 1y} for the same linear uniformly parabolic operator £ with
bounded coefficients defined in (8.3). Then the strong maximum principle implies that v —u > 0 in
{fu>01N{r <r},andthusv —u > 0in E N {r < 1p}. R

On the other hand, we can argue as in (8.4) to deduce that £% (v — u%) < 0in E N {t < 1o} for
the linear uniformly parabolic operator

N N
L9U =) aj (x, 005U + Y _ b (x, )3, U — 3,U.
i,l=1 k=1

Here

Y= B, 5= S [ LR Gyt s(vu - Voyaggd
aj(x,t):= 3_171( uv), e (X, 1) = IZI A 31)13pk( v+ s(Vu® — Vv))oy,yvds
i,l=

and so aiglj, b,ij € L*°(E N {t < ty}), with bounds independent of j.

We now define ¢ := supgny, ) 4 — u| and w® = v — u® + ¢*. Then Lws < 0in
E N {t < ty}. In addition, from the discussion above we see that w® > 0in E N {tr < fp} and
moreover, for every K CC E, there exists cx > 0 such that w® > cg in K N {¢t < 1p}.

Since, in a neighborhood of (xg, 19), dE = d{v > 0} € C>! with Vvt (xq, f0)/|Vv™ (x0, 10)|
= e}, there exists T > 0 such that

PF:={(x,1): |x —yol? + (to —1) <12, t < 1o} C EN{r < 10}
with yg = xo + te;. Defining

P :={(x,t) e PF:|x —yo| > t/2},
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we can follow the ideas in Lemma 2.6 in [23]] and construct a smooth function w in P such that
Lw>0 inP, w<w’ on 9,P,  with w(xo, 1) = 0, wy, (xo0, 10) > 0.

We point out that we can take the function w independent of j, since the constants in the construction
can be chosen independent of j. We then have v — 4% 4+ ¢% > w in P, and thus

v—u>w inP,
implying
1

liminf — (v — u)(xo + Ley, 1) = wy, (xo, fo) > 0,

A—0t A
which contradicts (8.8)).

The above argument implies that necessarily (8.7) holds. Then, recalling and Remark [3.2]
we can apply Theorem[A.T]|to wy to obtain
(vo — uo)(x, 1) = oxi” + (x| + [¢]'7?)

when x; > 0, ¢t < 0 for some o > 0. That is, we have proved that

uo(x, 1) = ax;’ +o(lx| +1¢1"% in{r <0} with0 < @ < @.

Now consider (up); for A > 0. There is a sequence An — 0and ugy € Lip(1,1/2) in RN+
such that (uq) 5, —> U100 uniformly on compact subsets of RN+ We have

uoo(x, 1) = ax;” in{r <0}

with @ > o > 0. Since (xg, fo) is a regular point from the left, # is nondegenerate at (x, #p), and
therefore o > 0. 0
Applying Lemmatw1ce we find a sequence sj — 0 and solutions u*/ to (P, oo) in 01(0,0)

0
such that u®/  — wug uniformly on compact subsets of Q1(0, 0). We now apply Theorem l to
uoo in a neighborhood of some point (0, r) with 7 < 0 and deduce that « = a(e;, M). Since
o <a < aler, M), we get a contradiction, thus proving the theorem. O

REMARK 8.2 We point out that limit functions with regular points from the left that are degenerate
do exist. This can be seen, for instance, with the following example. For simplicity we consider the
heat operator.

Let © c RY be a smooth bounded domain, 7 > 0, and let u be smooth in O x [0, T'] such that

Au—du=0 1inO x (0,T),
u=0 inO x [0, to],
u>0 in0Ox (1, Tl
forsome 0 <ty < T.Setu® =u+efore > 0,and D = O x (0, T). Then u = lim,_,. o u®, with

u® nonnegative solutions to
Au® — 9,u® = B, (u®) inD.

We now observe that D N af{u > 0} = O x {fp}. Moreover, for any xo € O, we see that (xg, 7o)
is a regular point from the left, and it is a degenerate free boundary point, in the sense that (7.2) in
Definition 7.2 is not satisfied.
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REMARK 8.3 Let us now present an example of a limit function having regular points from the
left that are degenerate, for which the conclusion of Theorem [8.2] does not hold. For simplicity we
consider the heat operator, and welet N = land M = [ B = 1/2.

In Q0 = (—1,1) x (0,3/4) define

v(x, 1) = Xpxpe=13(xpx +1 — 1) — 1) + x{—x4e>1y(exp(—x +¢ — 1) — 1)

(i.e., colliding traveling waves before singularity develops, see Figure 1 in [28]]).
Then v is a classical supersolution to (P) in Q according to Deﬁnition@ Observe that

vzel—1=¢>0 ond,0Nir=1/4).

Now let u be a solution of the heat equation in some bounded domain D C R2, with QO cc D, such
that
u=0 onDN{r<1/4}, O<u<cy onDN{t > 1/4}

(u is a limit function of nonnegative solutions to problems (P;) chosen as in Remark [8.2)).
Then, by construction, v > u on 9,0 and v > O on {u > 0} N 9, Q. But it is not true that v > u
in Q, since u(0,¢) > 0 =v(0,¢) fort > 1/4.

REMARK 8.4 Our assumptions in Theorem exclude regular points from the left that are
degenerate. In fact, we want to avoid situations like the one in Remark @] where the result fails
to hold. However, our assumptions in Theorem [8.2]do not exclude free boundary points with other
types of singular behavior—points that can certainly be present in limit functions. For an example
of a free boundary point with another type of singular behavior see, for instance, Section 1 in [17]],
where a self-similar limit function with an extinction point is constructed for the heat operator.

REMARK 8.5 In the recent work [[L], under a certain flatness condition on the free boundary in
some space direction, the free boundary was proved to be smooth in the case of the heat operator. In
particular, Corollary 8.5 in [1]] says that, in the case of the heat operator, if holds at (xg, 1) €
D N o{u > 0} (and thus u is nondegenerate at (xo, fo)), then the free boundary is a smooth surface
in a neighborhood of (xo, #p).

Appendix A

In this section we obtain results on asymptotic developments for nonnegative functions U satisfying
either LU < 0 or LU > 0, which are used throughout the paper. These results are modifications of
Lemma A1l and Corollary Al in [14].

Forv € S¥~!and t > 0, we define

CY = 07(0,0) N {{x,v) > 0},

and we first prove

THEOREM A.1 Let U € Lip(1,1/2) in C_;’ with U; € LIZOC(C;’) for some 7 > 0. Assume that

U > 0and LU < 0inC}, and that U (0, 0) = 0. Then, in C}, U has the asymptotic development
Ux,t) = ax,v) + o(lx| + [t]'/?)

with some o > 0.
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Proof We assume T > 1 and v = e; and we write C; := Cs'. Let
e :=sup{e : U(x,t) > exy in Cy—x}.

Then & is a nondecreasing sequence and it is bounded from above by the Lipschitz seminorm of U
in the space variables. Let o := limg_ o &¢. Then U(x, ) > ax; + o(|x| + |t|1/2) in C1. Assume
that there is a sequence (x¥, t*) € C; with ry := max{|x¥|, |t¥|/2} — 0 such that

U(xk, tk) — (xx]f > Sork

for some &y > 0 and let

Ul(r x,r2t
Upte 1) = DD
Tk

Since U € Lip(l, 1/2) it follows that there exists a nonnegative function V € Lip(1, 1/2) in Ci such
gat, for a subsequence, Uy — V uniformly in C;. From the construction we have V — ax; > 0 in
C1 and, in addition, there is a point (X, 7) € 9p,C1 N {x1 > 0} and & > 0 such that

V —ax; 2 60/2 on 31,61035()?,[_).

We can take ¢ small enough so that B (x, 1) C {x; > 0}.
Recalling Remark , we define F(p) := F(p 4+ ae;) and let w be a solution of

Lw:=divFE(Vw) —w, =0 inC,
with smooth boundary data such that
w=0 on 8PC1 \ Bepa(x, 1),

w=2680/2 ond,CiN Bglx, 1),
O0<w<é/2 on 8,,61035/2()2,?).

Then w € C%(C) N C(Cy), w > 0in C, for some o > 0, and w(0, 0) = 0, and therefore from
Lemma[3.4]it follows that
w(x, ) = px;  inC,

for some small u, y > 0. Letting

ck :=sup|V —Ui| and 0k::Uk—ax1,
C

and observing that Ef]k < 0, we deduce from Lemmathat Uk > w — ¢ in Cy, and thus

Uk 2 pxy —cx  inC,. (A.1)
‘We also notice that 5
U, >0 on{x3 =0} (A2)

Now let £2 be a smooth domain such that B3, ,4(0) N {x; > 0} C £ C B, (0) N {x; > 0} (and
thus B3y, ;4(0) N {x; = 0} C 9£2), and let D,, := £ x (—y?, 0] (notice that Csya C Dy, CCy).
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Next, let wy € CZ’I(Z_Dy) be such that ﬁwk =0in D), and wx = ¥ (ux; — cx) on 9, D), with ¢ a
smooth function satisfying

Yy =0 inQ,u(0.0, y=1 inR¥*'\ 0,00, 0<y<L

By combining (A-1) and (A-2) it follows that Uy > wy on 8,D, . Then we apply Lemmato infer
that 0k > w in D,
Moreover, wy — px uniformly in D,, and

Vwy — we;  uniformly in Z_)y.

This implies that, in C,, /4,
Ur.n) —axi = Op(x ) > wi(.1) > S

if k is large enough. This is in contradiction with the definition of « and hence
Ux, 1) = axt +o(x| + e inCy.

Since U > 0in C; and T > 1, we apply Lemma [3.4] to deduce that > 0, thus concluding the
proof. O

As a consequence we obtain

COROLLARY A.1 LetU € Lip(1, 1/2) be nonnegative in C_;’ with U; € LIZOC(C;’) for some 7 > 0.
Assume that LU > 0in C} and that U = 0 on {(x, v) = 0}. Then, in C}, U has the asymptotic
development

Ux, 1) = Blx,v) +o(lx] + [t]'/%)
with some 8 > 0.

Proof. Let V(x,t) := 2L(x, v) —U(x, r) where L is the Lipschitz constant of U with respect to the
space variables. Defining F(p) = —F(2Lv — p), we observe that LV := div F(VV) — 9,V <0
in C}. Together with Remark [3.2] this implies that V satisfies the assumptions of Theorem O

Appendix B

For the sake of completeness we devote this appendix to briefly review how equation appears
in combustion theory and derive equation (P;) as well. For more details we refer to the classical
literature on the subject [0, [7,8]]. See also [27]].

Let us first recall how equation (I.I) appears in the description of the propagation of curved
premixed equi-diffusional deflagration flames with high activation energy. In fact, we consider
a situation in which we have a homogeneous mixture of one fuel and one oxidizer. The model
under consideration is based on isobaric and constant-density approximations, in which pressure
and density fluctuations are neglected so that the reaction-diffusion equations for the combustion
variables (temperature and mass fraction of the reactant) decouple from the equations involving
the hydrodynamic variables (density, pressure and velocity). We thus obtain a system for the
temperature 7" and the mass fraction of the reactant Y of the form

{ T +v-VT —div(D7VT) = Yf(T),

Y +v-VY —div(DyVY) = =Y f(T), (B.1
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where v is a specified velocity field and D7, Dy are positive constants (D7 is the thermal diffusivity
and Dy the mass diffusivity).

We next consider v = 0 together with the hypothesis of equi-diffusion (i.e., D7 = Dy). Then a
suitable change of variables allows us to assume that Dy = Dy = 1 and system becomes

{ 0T — AT = Yf(T), B2)

Y — AY = —YF(T).

We introduce the function H = T + Y, which by satisfies AH — 0, H = 0. Assuming
that we work in the whole space and that H(x, 0) = 1, we obtain H = 1 and therefore we get the
equation

Au — dru = B(u), (B.3)

foru:=Y =1-—T,with B(s) =sf(1 —s).

The function f involves a constant £ called the activation energy. In the present situation, the
limit analysis of flame propagation for very large E can be done by considering (B.3) with a family
of reaction functions ¢, chosen as in Section m and then letting ¢ — 0 (see [27]).

A natural extension to the above model consists in allowing nonlinear diffusion (cf. [27,
Sect. 15]). In fact, it is natural in the theories of thermal propagation and combustion to consider
nonlinearities of quasilinear type—where different nonlinearities reflect properties of the particular
medium under consideration (see for instance [9] and the survey paper [20], as well as their
references; see also [21]]).

Thus, we propose to study the above model replacing in the linear laws Dy VT and Dy VY
by more general nonlinear ones of the form F7(VT) and Fy (VY). We then obtain the system

T +v-VT —div(Fr (VT)) = Yf(T),
&Y +v-VY —div(Fy(VY)) = =Y £(T).

We assume again v = 0 and a single diffusion law (i.e., Fr = Fy = F) and we get

(B.4)

8T —div(F(VT)) = Y£(T),
3 Y — div(F(VY)) = —=Y£(T).

Considering as before the function H = T + Y and assuming that H(x,0) = 1 and F(—p) =
—F(p), we find again that H = 1, since now, by (B.4), H satisfies an equation of the type
Dot Gij (6, D H + D 4y bi(x, )0y H — 9, H = 0 (here we use arguments similar to those
in (8.3)).
Thus, the equation for u := Y = 1 — T of interest in the high activation energy analysis now
reads
div F(Vu) — o,u = Be(u),

with B, as in Section [T}
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