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We discuss long-time behaviour of Hele-Shaw flow with injection and suction for domains that
are small perturbations of balls. An evolution equation for the motion of these domains is derived
and linearised. We use spectral properties of the linearisation to show that in the case of injection,
perturbations of balls decay algebraically. For classical Hele-Shaw flow, convergence turns out to
be faster if low Richardson moments vanish. If for the three-dimensional case surface tension is
included, all liquid can be removed by suction if the suction point and the geometric centre coincide
and the ratio of suction speed and surface tension is small enough. An arbitrarily large portion of
the liquid can be removed if the initial domain is sufficiently close to a ball. The main tools are the
principle of linearised stability and H. Amann’s theory of abstract quasilinear parabolic evolution
equations.

2000 Mathematics Subject Classification: 35R35, 35K55, 76D27.

Keywords: Hele—Shaw flow; linearised stability; abstract quasilinear parabolic evolution equations.

1. Introduction

In the problem of Hele—Shaw flow with injection or suction at a single point one seeks both a family

of moving domains ¢ +— £2(t) C RN, 0 € £2(t), parameterised by time ¢, and two functions
v(-, 1) : 2(t) — RN and p(-, 1) : 2(t) — R such that

divv = ué in £2(1), (1.1)

v=—-Vp in (). (1.2)

The family ¢ +— £2(t) models a liquid domain that moves under influence of injection or suction at

the origin. Here v and p are the velocity and pressure field, respectively, u stands for the injection

speed if u© > 0, or the suction speed if © < 0, and § is the delta distribution. The evolution of the
boundary I7(¢) is specified by the requirement that its normal velocity v,, is given by

U, = V- (1.3)

To get a well-defined free boundary problem, a boundary condition has to be added. Here we shall
discuss two possibilities.

e Classical Hele—Shaw flow, where
p=0 onl(). (1.4)
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It is well known that for this problem only the injection case u > 0 is well-posed. By an
appropriate scaling of time we can assume p = 1.
e Hele—Shaw flow with surface tension, where

p=—yk onl(t). (1.5)

Here, « (-, t) : I'(t) — R stands for the mean curvature of the moving boundary 7 — I (¢) (taken
negative if §2(¢) is convex) and y is a positive constant. For this problem both the injection and
the suction case will be studied.

Equations (I.1)) and (I.2) give

Ap = —ps. (1.6)
Together with (I.4) or (I.3), this forms a Dirichlet problem for any time #. On I"(¢) we have, by

(2) and (T3),
dp
on’

Besides liquid flow in a Hele—Shaw cell [8]], the model and variations of it describe the growth of

tumors [5] and porous media flow [[LO} [11].

For similar problems, Escher and Simonett [[10}[13}|12]] proved existence of short-time solutions

t — $2(t). For the problem (I.I)—(T.4) weak solutions have been investigated by Gustafsson [16]

and Begehr and Gilbert [4]. For the suction problem for (T.I)—(T.3), (I.5), Tian [23]] proved that if

the geometric centre and the suction point do not coincide, then the solution breaks down before
all liquid is sucked out or the domain becomes unbounded with zero area. Prokert [22] proved
short-time existence and uniqueness of solutions for the problem with y > 0 and © = 0. Global
existence and exponential decay are proved for this problem in the same paper and in [15] for the
case where the initial domain is sufficiently close to a ball. The main tools are linearisation around
the equilibrium and energy estimates. In [14] a similar result has been proved for the two-phase
problem. In [6] an evolution equation for a conformal mapping in the complex plane is derived to
prove a corresponding result for the exterior problem in two dimensions.

Let o be the area of the unit sphere SV ~1in RN, We will assume that the initial domain 2 (0)
has the same volume as the unit ball BY in R" i.e. [£2(0)] = oy/N. The volume V(z) of the
domain satisfies

(1.7)

Uy =

V) = ‘%’ﬂn, (1.8)

because of
dv _

d
___/ dx = vndo‘:/ divvdx = .
dr dr Q) r) (1)

Note that for negative p, our problem can only make sense if

oN
t < TM = ——N (19)
%

By radial symmetry, if £2(0) = B" then 2(¢) = SN, ()BY, where

~| Nt
ON

sy () = + 1.
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In order to prove stability of these solutions, we rescale by a factor sy, (¢) such that BY becomes a
stationary solution. Star-shaped perturbations of this stationary solution are described by means of
a small function r(-, ) : SN =1 — R.

This paper is organised as follows. In Section 2 we derive a nonlinear nonlocal parabolic
evolution equation for r(¢). For the classical Hele—Shaw problem the evolution operator can be
treated as autonomous after introducing a new time variable. The linearisation of the evolution
operator around the stationary solution is of first order and essentially given by the Dirichlet-to-
Neumann operator for the Laplacian on BY. For the problem with surface tension, only the case
N = 3 can be treated as autonomous. The linearisation is a third order polynomial in the Dirichlet-
to-Neumann operator.

The spectral properties of the linearised operator for classical Hele—Shaw flow in little Holder
spaces are discussed in Section 3. Based on the spectrum, a global existence result is proved and
it is shown that r(#) decays algebraically. Here we use the principle of linearised stability (see
[19]). In Section 4 we show that convergence is faster for domains for which low Richardson
moments vanish. This is done by discussing the linearisation of the evolution operator restricted
to the corresponding invariant manifolds.

From Section 5 on we restrict our attention to the problem with surface tension in R3. For the
case of injection, we prove existence of small solutions for all # > 0. In the case of suction, we find
that all liquid can be removed under the conditions that suction takes place in the geometric centre
of the liquid domain and the ratio |u|/y is small enough. This gives a partial answer to a problem
posed in 1993 [17]. Furthermore, we get decay properties that show that the liquid domain vanishes
“as a round point”. In Section 6 we prove the following stability result: an arbitrarily large portion
of liquid can be removed if the initial domain is close enough to a ball. There we use the fact that
the evolution induces a semiflow on appropriate function spaces.

In future research we intend to discuss the problem with surface tension for N # 3. The problem
is not autonomous and therefore the principle of linearised stability cannot be used. We plan to study
long-time asymptotics of Stokes flow with injection and suction.

2. The evolution equation for the domain

In this section we derive a nonlinear nonlocal evolution equation describing the motion of the
domain, in a rescaled version. Furthermore, we determine the linearisation of the evolution operator
in terms of the Dirichlet-to-Neumann mapping.

Consider moving domains £2(r) that can be described by a continuous function R : S¥~! x
[0, o0) — (—1, 00) such that

Q1) = Qr(sy == {x e RV \ {0} : x| < 1+ R(x/[x|, )} U {0}.

Sometimes we will write R(¢) instead of R(-, t). Define

14+ R(t
rt) = 1+R® _ (2.1
SN,M(I)
From this we get
2,0 = SN,u(t)_IQR(t)-
We derive an evolution equation for perturbations » of the stationary solution r(#) = 0, and

investigate long-time behaviour.
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Now we shall consider the problem for fixed time and suppress the argument 7. Define
Tr:=02r = {(1+ RENE : £ €SV},
Let Z(R) = Z(R, -) : SN~! — Ik be the mapping given by
2R, &) =+ R(§))S.

The free boundary problem (T.I)—(T.4) or (T.I)—(T-3), (I.3) respectively translates into the following
evolution equation for R:

oR Vp((R, §)) - n(R,
IR 6y = — P(z(R.§))-n(R. &)

N—1
o )= TR E)E , EeSN ! (2.2)

where n(R) = n(R, -) maps an element & € SV~! to the exterior unit normal vector on I at the
point Z(R, &). For this we refer to [21, Chapter 3]. We shall write this evolution equation in terms
of r.

Define @ : RY — R by

1
~ 3 In |x|, N =2,
D(x) = T | (2.3)
- ) N = 37
(N —2)on|xIN=2 (N —2)oy
and U : 2r — Rby
U=p—ud.
Because A®@ = —§ we have
AU =0 in £2(2),
U=—ykrg—nu® onl(t).
Here xr : ' — R stands for the mean curvature of I'g. From
V& (x) :
X) = ————x,
on|x|V
[2.I) and (2:2) we get
OR VU(Z(R,§)) -n(r, §) %
FTA Ty v VT @4
nr, onSy,,, (1+7(8)

since r(§) > —1 and n(R, &) = n(r, ). Define u : 2, — R by

u(x) =U(sy,px).

Then Au =0 and on [,

u(x) = —yKkR(SN,uX) = p@(sn,uxX) = =Yy s (x) — psy N @ (x) + uCy,
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for some function Cy depending on ¢. Let A, : £2, — R and G, : 2, — R be the harmonic
functions that satisfy
A,=® onl,, G,=«k onlj.

Then
u=—ysyGr—usy i Ar + nCy.
We have
VUGR) = sy, VuEr) = —ysy’, VGrE0) = sy ) VA Gr).
Using
moq_
SN = as}v,,iv
we find from (2:4) that
a_r(g): 4 VG, (z(r,§)) n(r,§)
ot SN (1) n(r€)-&
M VA (Z(r, &) -n(r, &) 1 1+r(§)>
+ - ) 25
sV (OF ( n(r.§)-§ on(L+r@EVT oy )

In order to transform our free boundary problems to the fixed reference domain BY, the right-
hand side has to be written in terms of operators on function spaces on BY and S¥~!. For k € Ny
and o € (0, 1), let the little Holder spaces h5%(K)ona compact domain K be defined as the closure
of C*°(K) in the Holder spaces C¥%(K). These spaces have the property that 2% (K) is dense in
R (KYif k' + o <k +a.

By [[19, Theorem 0.3.2] there exists an extension operator E € L£(CH*(SN—1), ck*(BN)) for
k €{0,1,2} and ¢ € [0, 1), with the property

E(r)|gn-1=r. (2.6)
Introduce the mapping z : C>*(SVN~1) — (CZ’“(B_N))N as

z(r,x) = (1 + E(r, x))x,
where z(r, -) = z(r) and E(r, -) = E(r).

LEMMA 2.1 There exists a § > 0 such that if ||r[|p2.agn-1) < & then z(r) : BN — 2, is bijective.

Proof. This follows from the mean value theorem. A complete proof is given in [25, Lemma 2.2]. O
Define J : C2%(SN~1) — 1BV ))V*N by

0z(r)
ax

J(r) = 2.7)

Again J (r,-) = J(r).
LEMMA 2.2 There exists a § > 0 such that if r € Cz""(SN_l) satisfies ”r”cz,a(SN—l) < 6,

then J(r, x) is an invertible matrix for every x € BN and x — Jrx)" e (Cl’“(@))NXN.
Furthermore, z(r)~! € (C>*(2,)V.
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Proof. This follows from the fact that the Holder spaces are Banach algebras. For more detail we
refer to [25, Lemma 2.3]. O

We denote the components of 7 (r)~! by j**(r). By Lemmas [2.1]and 2.2} we see that there exists
a neighbourhood U of 0 in Cz’ﬂSN_l) and two mappings A : U — L(C>*BN), C%¥(BN)) and
Q:U — LC**BN), (C'*BN))N) such that

_ 0"~ o _ il O kit U
Ay = (Ao z(r)™") z(r)—%; "5y (1 (’)axk> 2.8)
and 5
Qi = (Vo z(r) ™)) o 2(r) = ;j’”(r)éei, 2.9)

where e¢; is the i-th unit vector in RY. Let P : U — L(CZ’“(IB%_N), CO""(IB%_N) x C2*(SN-1)) be

defined by
P(ryu = (AT(: 3”) . (2.10)

Because P(0) is invertible, P(r) is invertible as well for small 7. Let ¢ : U — C>*(SN1) be
¢(r,x) = @((1 +r(x))x), (2.11)

where ¢ (r,-) = ¢(r)and @ : RY - Ris defined by . Introduce « (r) as the function that maps
an element & € S¥~! to the curvature of I} at z(r, £).

We can choose U such that we can define £ : U — L(C>*SV Y, ¢ SN and! : U —
CZ,O{ (SNfl ) by

Q[P [ 1)) - n(r, &)

EMYE) = — N E) &

and
1 1+r

on(1+r)N-T oy

I(r) =

Now (2.5) gets the form

or y
— =1 _F
sy ()3 1+

"

SGLA —

where
Fi1(r) ==&k (r) and Fo(r) = —E@r)o(r) +1(r).

Introduce a new time variable t = t(¢) such that 7(0) = 0 and

dt 1 1

oy T N = Nt )
dt SN (®) o +1

thus

Ni
(1) = U—Nln<M— + 1). (2.13)
uN ON
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e For the classical Hele-Shaw flow (y = 0, u = 1) we get an autonomous evolution equation

oF
a—r = Fo(r), where 7(r)=r(1). (2.14)

T
e For the problem with surface tension, only the equation for N = 3 becomes autonomous. In this

case we get
or _ _ _
P you(r) ==y F1(r) + nFa(r). (2.15)

In the following we will write r instead of 7.

LEMMA 2.3 (i) There exists a neighbourhood U of zero in h%*(SN=1) such that the operator
E:U — LEC>*SNY, che(SN~) is analytic.
(ii) There exists a neighbourhood U; of zero in h**(S¥~1) such that the operator F; : U; —
R1*(SN=1) is analytic.
(iii) There exists a neighbourhood U, of zero in h2%(SN=1y such that the operator F; : U —
h1*(SN=1) is analytic.

Proof. This can be obtained in the same way as was done in [21, Chapter 3] for Sobolev spaces.
The proof is based on the fact that all components of £ can be expressed in terms of z, the fact that
compositions and inversion of analytic operators in Banach algebras are analytic, and the implicit
function theorem. For more details we refer to [25, Chapter 2] and [24, Lemma 2.3]. O

The next step is finding the linearisation of the evolution operators around zero.
LEMMA 2.4 The Fréchet derivative of F» at O satisfies

N

h,

ON

Fr(O0)[h] = —%Nh - (2.16)

where N : C>*(SN~1) — ¢l#(SN~1) is the Dirichlet-to-Neumann operator on the unit ball given
by
Nh =Tt VP(©0)™! (2) -n(0).

Proof. Let IT : U — C>*(BN) be defined by

_ -1 0
() = P(r) <_¢(r)>.

From A(r)IT(r) = 0, T(0) = 0 and ¢'(0)[h] = —%h we get

1
mou=-r0 (3).

We can write F>(r) as

QI (r) - n(r) 1 1+r
n@r)-T oy(1+r)N-T oy~

Far) = —
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From a Taylor expansion we get

TROIOm 1O N\ _ 1y ©)ia) ) —
n0) -7 oN oN

Fr(O)[h] = —

where 7 is the identity. (]

LEMMA 2.5 The Fréchet derivative of F| at O satisfies
F1(O)[h] = N (' (0)[h]) = N(Aor + (N — Dr) = N(N?r = (N =2)Nr+ (N = 1Dr). (2.17)
Proof. From [21, Chapter 6] we have
k' (0)[h] = Aoh + (N — )k,
where Ag denotes the Laplace—Beltrami operator on the unit sphere. From [20] we have
Aor = —N?r — (N = 2)N'r.

The proof can be completed as for Lemma[2.4] ]

3. The spectrum of the linearisation and stability for the nonlinear autonomous evolution in
the case of classical Hele-Shaw flow

In this section we apply the principle of linearised stability to the evolution equation for
the classical Hele-Shaw problem, in order to derive a stability result for the stationary solution
r = 0. For this purpose we study the spectral properties of the operator F(0) : 2SN —
h1*(SN=1) given by . First we find the eigenvalues and eigenfunctions of the Dirichlet-to-
Neumann operator N : h>%(SN=1) — ple@N -1,
We start by defining H, kN as the vector space of harmonic homogeneous polynomials of degree

k in N variables. Spherical harmonics are defined as the restriction of these polynomials to the unit
sphere,

SN ={qlsv-1 : q € HYY.
The dimensions dim S,iv =: V(N, k) are finite. In particular, v(2, k) = 2 for k # 0, v(2,0) = 1 and
v(3, k) = 2k + 1. For each S,iv we can choose an orthonormal basis with respect to the L, (SV-1H-
inner product,

SE = S )

We shall often suppress the index N in sly j It is well known that
Ns =ks (3.1)

fors € § ,iv ([20, Lemma 1]). The spherical harmonics

oo
Uftsirs - seoavn}
k=0

form an orthonormal basis for L, (S¥~!). Therefore, from (2.16) we get the following result.
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COROLLARY 3.1 The set of eigenvalues of N : h2e SNy - plesN-1) is Np. The eigenspace
corresponding to the eigenvalue k € Ny is S ,iv . The point spectrum of 77, (0) is therefore

/ N N+1 N+2
n<f2<0>>={—a,— - }

ON ON
and the eigenspace for the eigenvalue —(N + k) /oy is S,iv .

Now we will prove that all elements of the spectrum of 7 (0) : W2 SNy - pleasN=1y) are
eigenvalues, by showing that the resolvent (AI—fé )~ pbe Ny - pleSN-1) is compact
for suitable A € C.

LEMMA 3.2 The spectrum of F(0) : h2*(SN=1y — ple(SN=1) consists entirely of eigenvalues:

N N+1 N+2
G(FQ(O))=JT(7§(0))={—E,— a: — G: }

Proof. By [9, Appendix B, Theorems B.3 and B.4] we see that F}(0) generates an analytic
semigroup on hL%(S¥~1) with dense domain of definition A#>%(S¥~1). This implies that the
resolvent set of 77(0) is not empty. From the compactness of the embedding 2SN
R (SN=1) ([l Theorem 8.6]) we get existence of a . € C such that

O —F )~ ateshh — pteshh
is compact. From [18, Theorem II1.6.29] we get the desired result. g
THEOREM 3.3 Let0 < Ag < N/oy. There exists aé > 0 and an M > 0O such that the problem

or
—_— = f
Py 2(r)

with 7(0) = ro € h**(SV~1) and ||ro|lc2agn-1) < 8 has a solution r € C([0, 00), h2*(S¥~1)) N
C1 ([0, 00), h1-¥ (SN 1)) satisfying

—A
() lcza@gn-1y < Me " |Irgl c2.agn-1)-

Proof. As mentioned before, F;(0) generates an analytic semigroup on hb(SN=1) with dense

domain of definition 2>%(S¥~!). Because of Lemmathe spectrum is left of the imaginary axis
and it has distance —N /oy to it. Therefore we can apply [[19, Theorem 9.1.2] to show the global
existence of r in time and the estimate. O

Combining the above with (2.13) we get the following estimate for the nonautonomous problem

@.12):
Nt =4
||”(f)||c2,or(SNfl) <M a +1 ”r()”CZ,oc(SNfl)

for £ = Agon/N.
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4. Faster convergence in absence of low-order moments

In this section we show for classical Hele—Shaw flow that if the integrals of harmonic polynomials
with low degrees over the moving domain vanish, then convergence to the equilibrium will be faster.
Let K € Ny and define

K
My = rehzv“(SN”):/ dx:G—N/\/ h(x)dx =0vh e | JH .
2, N 2 j=1 ’

We have r e M g if and only if the volume of the corresponding domain 2, is equal to the volume
of the unit ball and the Richardson moments of order 1, ..., K vanish.

LEMMA 4.1 Let r be a solution of (2.14). If r(0) is in M} thenr(r) € M¥ forall ¢ > 0.

Proof. Tt follows from our choice of scaling that if the initial domain £2, (o) has the same volume
as the unit ball, then this will also be the case for £2,(;) for all # > 0. Let & be harmonic, R(¢) =
sy.u(t)(1+7(2)) — 1, and let p and v be the solutions of (T.T)—(T.4) on the corresponding domains
2R (). From Green’s identities, (I.3)), (T.4), and it follows that

d )
£ hdx = hv-ndx:—/ h—pdxz—/ hAp = h(0).
dr 2R TRty Tr(r) on TR

This means that integrals of harmonic homogeneous polynomials of nonzero degree over £2g(;) are
constant in ¢. This completes the proof.

Let /i, j be the harmonic homogeneous polynomials that satisfy
hi,jlsn—1 = sk,
For K, L € Ny define the Banach spaces
RSV = (r e KBS (s ,evy = 0, k < K

the index set
Ig ={k, ):0<k<K, 1< j<v(N,k)}

and the map fx : h>*(SN—1) — RIx by
/ON
fx (i, =/ hi,j dx — =—& 0.
2 N

Note that if we choose hoo = 1//on then fx(r) = O forr € M;}’. Let Px : hz‘“(SN*]) —
hi’“ (S¥~1) be the orthogonal projection onto hé’“ (SV—1) with respect to the L,-inner product and
define gpx : h2*(SN™) — RIK x h%* (SN~ by

o= (1500).

Because A (x) = |x[Fsg j(x/]x]|) we have

o (1 +re)+y NG
froy = [ S s = Yo,
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where ¢ = x/|x| € SV~!. The operators fx : W2 SNy - RIx are analytic, and Fréchet
differentiation leads to

F O j = (56 Diyn-1)-
By linearity of Pg we have

: /(0
Pk OIr] = (f Kéﬁf”) .

It is easy to see that ¢} (0) : h2* (SN 1) — RIK x h2%(SN 1) is bijective. By the implicit function
theorem, ¢ is a diffeomorphism in a neighbourhood of 0 in h2*(SN~1). There exists an open
neighbourhood V of the origin in /%% (S¥ =) and an analytic operator g : V — MY defined by

Yk (r) = ¢ 0, 7).

By straightforward calculation we see that v/} (0) is the identity on V. Let Gk : hi’a SVl »
h'«(SN=1) be the restriction of 75 to hi’“ (SN, It is easy to see that

1 N
Gy (0) = (’EN - —I)

oN

RE*(SN-1)

LEMMA 4.2 The spectrum of G} (0) consists entirely of eigenvalues and is equal to

)

N N+1 N+ K
a(%(0>)=a(f§(0))\{—a,_ U: _ ;V }

Proof. This is proved in [25, Lemma 4.4]. The proof is based on the fact that fé (0) respects the
decomposition

K
h2,a(8N—l) — h?{,ﬂ((sN—l) @ @Sliv D
k=1

THEOREM 4.3 Let0 < Ag < (N + K + 1)/on. There exists a § > 0 and an M > 0 such that the

problem

or
5—.7:2(”)

with r(0) = ro € MY and |rollce@gn-1) < 8 has a solution r € C([0, 00), B**(S¥~!)) N
CL([0, 00), K1 (SN~1)) satisfying

(T llc2agv-1y < Me 7 ||ro]l c2.agh-1).-
Proof. Existence follows from Theorem Note thatif r e M g then
Yk (Pkr) =r.
We have

(P 9
(am) = 1>K<_r> = Pk (F2(r) = (Px o F2 0 y5) (Pkr).
T ot
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This is an evolution equation for Pgr. Linearising the evolution operator Px o F2 o ¥k
h%éa SV hHnu - h}é“ (SN=1) around zero leads to

(Pk o F2 0 yx)'(0) = G (0).

G (0) is sectorial because ]—'é (0) is sectorial. By Lemma and [19, Theorem 9.1.2] we get

Ir (@ llzegn-1y = 1Yk o Pr)r(D)llcregn-1y < ClIPkr(T)llczegv-1y

< Ce 7| Pirollcra@v-1y < Ce M7 ||rgll 2o gh-1)- O

Combining the above with (2.13) we get the following estimate for the nonautonomous problem

2.12):
Nt -
lrllcregy-1y < M o +1 lrollc2.esn-1y

for ¢ = Aoon/N.

5. The spectrum of the linearisation and stability for N = 3 in the case of Hele-Shaw flow
with surface tension

In this section we apply the principle of linearised stability (see [19]) to the evolution equation
(2.15) for the three-dimensional problem with surface tension in order to derive a stability result for
the injection case. For the suction case we will derive stability if the suction point is the geometric
centre of the initial domain and the quotient of suction speed and y is small enough. We need to
study the spectral properties of the operator .7-")’,’ 1 (0) h**(S?) — h1*(S?) given by

Fy O = y N (N?h = Nh +2h) = 2= (W + 3h). 5.1
For each y > O and u € R\ {0} introduce
gk = yk(—k> —k +2) — =k +3).
4

The following lemma is a simple consequence of (3.1)) and (5.1).
LEMMA 5.1 The point spectrum of .7-'}/,’“(0) Ch(S?) - hb(S?) s

7(Fy 1 (0) = (g0, 81, 82, -}

The eigenspace for the eigenvalue gy is S,?. If © > 0O then all eigenvalues of .7-')’,, 1 (0) e (S?) —

h'-%(S?) are negative. If . < O then the eigenvalues gy and g| are positive. All other eigenvalues
are negative if

lul/y = =)y <321/5. (5.2)

For two Banach spaces X and Y such that X — Y we define H(X, Y) as the collection of
operators A € L(X, Y) for which — A is the infinitesimal generator of a strongly continuous analytic
semigroup.
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LEMMA 5.2 We have —F, ,(0) € H(h**(S?), h'*(S?)).
Proof. See Appendix A. O

LEMMA 5.3 The spectrum of F 10 h*(S?) — h1*(S?) consists entirely of eigenvalues and

U(}—y,ﬂ(o)) = {80, 81, 82, - ).
The resolvent (AZ — }")/,,M(O))_1 chbe(S?) — h1¥(S?) is compact for all A ¢ 0(]—'{,’”(0)).
Proof. This follows from Lemma[5.2]and the same reasoning as in the proof of Lemma[3.2} O

THEOREM 5.4 Letu > 0and 0 < A9 < 3u/(4m). There exists a§ > 0 and an M > 0 such that

the problem
ar

g =
with r(0) = ro € h**(S?) and [[rollcaee) < 8 has a solution r € C([0, 00), h**(S?) N
C' ([0, 00), h1-%(S?)) satisfying

(1)

||V(T)||C4U(SZ) Me_ 0t ||r0||c4ot(s2)

Proof. InLemma|5.2|we saw that 7, v, (0) is sectorial. Note that —3./(47) is the largest eigenvalue
of .7-" ! 1 (0). The theorem follows from Lemma . Lemma and [19, Theorem 9.1.2]. |

If we combme this estimate with (2.13) we get for the nonautonomous problem (2.12)) the estimate

3ut -4
||r(t)||c4.a(S2) < M 4_ + 1 ||r()||c4,oz(S2)
4
for ¢ =4mio/(Bp).

The case u < 0 is more complicated. We need some extra conditions for certain Richardson
moments of the initial domain in order to get results similar to Theorem Note that r € M 13 if
and only if the corresponding domain £2, has the volume of the unit ball and its geometric centre is
at the origin.

LEMMA 5.5 Suppose that r satisfies 1| Ifrg € Mf then r(z) € Ml3 forall t > 0.

Proof. 1t is easy to check that if £2, () has the volume of the unit ball, then so does £2, ;) for all
t.Let R(r) = sy(t)(1 4 r(z)) — 1 and let p and v be the solutions of (L.I)—(T.3), (T.3) on 2g().
We shall use the following identity for the curvature gy and the Laplace-Beltrami operator A gy
of I' R(t)-

KkRr(@t) = (AR®)X) * NR(1)» (5.3)
where 1 g is the outer normal on I'g(;y and x : I'rry — R3 stands for the identity. This is proved
in [7, Chapter 2]. Let x; denote the j-th component of x. By Green’s second identity, @), @,
(T-6) and the symmetry of the Laplace-Beltrami operator we have

d ap 0x;

— xjdx = xj(v,n)dx = —xj—dx =— p—=dx

dt on on
2R T'riry TR

= )// KR(;)njdx = ]// AR(;)XJ' dx = 0.
I'grr) I'r

The lemma follows from this. O
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THEOREM 5.6 Let u < 0 be such that (5.2)) holds and let 0 < Ag < 5u/(4m) + 8y. There exists
ad > 0and an M > O such that the problem

or
Pyl Fyou(r) (5.4)

with 7(0) = ro € h**(S?) N M3 and lIrollca.agzy < 8 has a solution r € C([0, 00), A**(S%)) N
CL([0, 00), h1-%(S?)) satisfying

(D) lleras2y < Me 0 [[rollcaas2)-

Proof. Introduce

gl,y,u = ‘7:)”“|h‘1"a(82)’
with h?’a(Sz) as defined in Section 4. We get

;,V’M(O) = ‘7:}//,#(0)'}1‘]1'“(82)’

Because ]—"J’/’M(O) is invariant with respect to the decomposition 15 (S?) = hlf’a SH o SS @S>, we
find

0(G1,.,0) = (82,83, 84, .- .}.
The operator g;% M(O) is sectorial because .7-'3’,, M(O) is sectorial (see Lemma . Let ¢
St > R x R x h?’a(Sz) be defined as in Section 4. We showed that there exists a
neighbourhood V C h?’“(Sz) of zero such that {0} x {0} x V C ¢1(U) and an analytic mapping
Y1:V — M13 given by
Y1(F) = ¢~'(0,0, 7).
Assume for the moment that r is a solution to |i andr(t) e M f’ NU. Then 7 = Pjr satisfies
or

Pl (ProFyuov)(). (5.5)

We will discuss the solvability of (5.5) first. Analogously to Section 4, we find that the linearisation
around zero of the evolution operator on the right-hand side is

(ProFyuoy)0) =G, 0.

From [I9, Theorem 9.1.2], we get a8 > 0 such that if 7o = Piro € hT*(S?) with [[Foll (s, < 3,
then the problem (5.5) with ¥(0) = 7o has a unique solution r € C([O, oo),h‘l"“(Sz)) N
c([0, 00), hi’“(Sz)). Furthermore, there exists an M’ > 0 independent of 7y such that

17 (D) lleaa g2y < M'e 07 [[Foll sy

Set
r=y1().
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Then 5 .
r !~ r /
3= Wl(r)[g} = Y1 (P1nIP1Fy, u ()]

Because Y1 (P1r) =r forallr € M13 NU, we have
Y (Pin)[Pih] = h
forall h € T, M3. By Lemmawe have F, ,,(r) € T, M; and therefore

ar
P Fyu(r).

There exists a § > 0 and an M > 0 such that for ¢y € M13 with [|[rol¢4.0(s2) < & we have

l7(7) ||C4.a(gz) < Me™07 ||r0||C4,a(gz).
This estimate follows exactly in the same way as in the proof of Theorem .3 This proves the
theorem.
If we combine this estimate with (2.13)) we get for the nonautonomous problem (2.12) the estimate
3u

t ;
+ l) ||7‘0||C4,a(g2)

Ir () llgte) < M( -

for { = —4mwio/(Bu) and t € [0, T),).

6. Stability for perturbations of the suction point

If the suction point is not at the geometric centre of the initial domain we cannot derive a result like
Theorem 5.6} As shown in [23], the solution either becomes unbounded or breaks down before all
liquid is sucked out. In this section we show that for the problem with surface tension an arbitrarily
large portion of the liquid can be removed if rg is sufficiently small. We do not need to restrict
ourselves to the case ro € M f

LEMMA 6.1 Letu < 0,1 € (0,), B € (a, 1) and assume that (5.2) holds. There exists a
neighbourhood U/ of 0 in 4% (S?) such that the problem

ar
9T Yo ()
has for each r(0) = rg € U N A**1(S?) a unique maximal solution

r € C([0, T*(r)), K1 (§%) N C¥"([0, T (r0)), h*(S?)),

where n = 1 — (¢ — «1)/3. The mapping (g, ) > r(7) is a semiflow on U N h*er(S2).
Proof. According to [12, Lemma 3.1], there exists a neighbourhood U of 0in h2P (82) and

K1 € COU, LIPS, kM 4(SP), k2 € COWU, P (SY)
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such that
k(r) = k1 (r)r +12(r).

From ([3;5]), we see that x| is a quasilinear differential operator of second order and «» is of first
order. Therefore there exists a small neighbourhood &/ C U of 0 in h3#(S?) such that

k1 € CPWU, L™ (S?), h2*(S?)))

and
Ky € COWU, WP (S?)).

Combining this with Lemma[2.3]we can choose U/ such that
r > EMki(r) € C*U, L (S?), k1 (S%))).
By [12, Remark 3.3] we have
EO)1 (0) = N + p(N),
where p is a polynomial of degree 2 and therefore from Lemma 5.2 we get
EO)1(0) € HH (), k' (%),

because £(0)k1(0) is in highest order equal to _‘7:)//711-(0)' By [3, Theorem I.1.3.1], the set
H(h**(S?), hb¥(S?)) is open in L(h**(S?), h'%(S?)). This implies that we can choose I such
that

r—> yEWk1(r) € COU, Hh*(S?), hH%(S?))). 6.1)
By Lemma[2.3] we can choose I such that
r> yEKa(r) + pEMG(r) + pl(r) € COU, hF (S%). (6.2)

Because little Holder spaces satisfy
(h4,0( (Sz)’ hl,ol (SZ))(])_(a_al)/:;’oo — h4,0(1 (SZ),
the result follows from (6.1}, and [2| Theorem 12.1]. O

THEOREM 6.2 LetT > 0,75 € (0, 1) and & < 0 be such that (5.2) holds. Define
a1 =a+3(n—1).
There exists a § > 0 such that the problem
g_:; = Fy.ulr)
with 7(0) = ro € A**1(S?) and ||rollgia; g2y < & has a solution r € C([0, T), A**1(S?)) N
CO1([0, T), ' (§%)).
Proof. From the semiflow property proved in Lemma [6.1| we see that the set
V ={(ro,7) €U x (0,00) : T < T"(rp)}
is open in R (S?) x (0, 00). Since TT(0) = oo, the point (0, T') is in V. Therefore there exists a
neighbourhood U of zero in h**1(S?) such that Tt (rg) > T for all ry € U. |

Note that by the same reasoning one can show that for any 7 > 0 and 7 € U N h*1(S?) with
T+ (#) = oo there exists a neighbourhood I/ of 7 in h*1 (S?) such that if ro € U then T*(rg) > T.
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Appendix A. Proof of Lemma5.2]

The structure of this proof is as follows. We relate /> to a Fourier multiplier operator ./\A/'O3 onR?. The
operator _'/%3 generates an analytic semigroup. Using techniques from [[13[], [12] and [9] together
with additional perturbation arguments we see that N 3 e H(**(S?), h1*(S?)). Since —]-'J’,’ «(0)
is in highest order equal to A/ the lemma follows.

1. Let (7;, Ei)f‘il be an atlas of S?, with Z;(7;) = U; and 0 € U;. Define
Ui = U; x (0, 0)
for some ¢ < 1,

W,={xeB:1-—0<|x| <1, x/x| € T;}
and &; : W; — U; by
Xi(x) = (&i(x/|x]), 1 — |x]).
Let A; : h2*(U;) — h%%(U;) and Q; : h>*(U;) — h'*(U;) be

ap

. _ A 9 -
Aip=ApoX)oX ™, Qip=—(poX)oX ' =—
on 9x3

)

where n is the normal on S? and

k,a .
ey ==y,

From now on we restrict our attention to one chart and omit the index i in U,-, U;, fti and Qi. There
exist functions @i, a; € C°°(U) such that

. 3 . 32 3 )
= P ajk 8xj an - = Clj%
Define
~ 3 2
Ag=—-1+ Z &jk(O) axjan.

jk=1

Note that a33(0) = 1 and a;13(0) = a3(0) = a31(0) = a3 (0) = 0. Let Tr denote the trace operator
for functions on the halfspace Ri = {x € R3 : x3 > 0)}. Define R : h1*(R? x {0}) — hl""(Ri)

as the solution operator Rgg = u of the problem

—Aou =0 in Ri,
Tru=g in R? x {0}.

Define the operator Mo by . .
Ny = ORy.
From (4.10) in [13] we get .
]F./\/()F_l = Mg¢(.1), (A.1)
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where [F denotes Fourier transform, f : R2 x R — R is defined by

2
fOy) = |y 4 ) ap0)xx,
jok=1
and My (. 1) stands for multiplication with the function f(-, 1). As (f(x, y))3 is positively homo-

geneous and its derivatives are bounded on |x|? +y? = 1, /\78 e H(h**([R? x {0}), k1% (R? x {0}))
(see [10, Theorem A.2]). In [[12} Corollary 5.2], the same strategy is used for a different operator.

2. The next step is relating ./\703 to N3 if the chart domains are small. The following statement
holds true. For any ¢ > 0 and ¢ € (0, ) there is a ¢ > 0, an atlas (7}, E,')l."i 12 partition of unity
(w,-)i/‘i | subordinate to (W,-)l."i ;»and a C > 0 such that for / € {1, 2, 3} and /\70 constructed from
the atlas as described above we have, for all p € h’“’”‘(Sz),

XN ) — KoXe(Up)llore ey < elX@p)lcirage + Cliplanegy.  (A2)

To see this, we argue as in the proof of Theorem B.4 in [9] and choose o sufficiently small,
depending on ¢. Here and below we identify Ch(R?) and CH*(R? x {0}). Functions X, (yp) can
be extended to the entire R? because of the smoothness of the partition of unity. Recall that

X f:=fox .

We want to show that for fixed ¢ € (0, @) and & > 0, we can derive from (A.2)) that thereisa C > 0
and an atlas such that for all p € e (Sz),

1N p) — NEX (Pl ooy < elXe(Up)licragey + Cliploss gy  (A3)
First we show that there exists a constant C’ independent of p such that
X (PN D) leseqgry < C' (1K)t + IPllcas s2) (A4)
and
1N Pl 2wy < C UXWP)lgta gy + 1Plloses2)- (A.5)

Estimate (A.4) follows if we apply (A.2) with ¢ = 1 and / = 3 together with the boundedness of
N : RFHL(RZ % {0}) — hK2(R? x {0}). Estimate |i follows in a similar way from 1| 1'
and the boundedness of A/ : A1 (S2) — p%%(S2). Let & > 0. Let y > 0 be a small number to be
chosen later. We have
12 (WA p) — NG X (Wp) leramey < I1X(WN? p) — No X (WN? )l oo r2)

+ INo X (YN p) — NG X (WN D)l o1 2y

+ ING XN ) — NG X (P ot gy -
The three terms on the right can be estimated separately. We denote by C,, constants depending on

n while C denotes constants independent of 7. Applying (A.2) to A2p with I = 1 and (A.5) we get
for the first term the estimate

12N> p) = No X (WA p) lera ey < nll X (WN?P)lc2a ey + Cpl N2 pllcae 2

<
S NCIX WPl crawey + Collplicss s2)-
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The other terms can be estimated in a similar way. Finally,

1WA ) = NG Xe(Up)lloreey < nCIX P llgseqe) + Cyll plloss s2.

We take 7 = ¢/C and get the desired result (A.3).

3. Now we prove that for all A > 0,
AT+ N3 R s?) > ple s
is an isomorphism. Note that
AL+ N3 = (VAT + N)YWVae™ PT + Ny(Vhe BT + N). (A.6)

We have surjectivity of uZ + N : hfFH1e(§2) — p52(S?) for u € C\ —Np and for all k € N.
Surjectivity of AZ + N3 : h**(§?) — r'%(S?) follows if we apply this result for k = 1,2, 3 and
w= E/X’ \3/X627u/3’ S/Xe—Zm/?:.

4. There exist C > 0 and A, > O such that for all » € A**(S?) and > € C with Re A > A, we
have
A7l e s2) + 17l pae 2y < C||(AI+N3)r||h1,a(Sz). (A7)

This can be obtained from (A.3)) via exactly the same procedure that is used in [9} proof of Theorem
B.4]. The estimate (A.7) and the fact that

AT + N3 S > h(SH

is an isomorphism imply that N3 € H(h**(S?), h1%(S?)) (see [3l Remark I.1.2.1(a)]).
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