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This paper considers a free boundary problem that describes the motion of contact lines of a liquid
droplet on a flat surface. The elliptic nature of the equation for droplet shape and the monotonic
dependence of contact line velocity on contact angle allows us to introduce a notion of “viscosity”
solutions for this problem. Unlike similar free boundary problems, a comparison principle is only
available for a modified short-time approximation because of the constraint that conserves volume.
We use this modified problem to construct viscosity solutions to the original problem under a weak
geometric restriction on the free boundary shape. We also prove uniqueness provided there is an
upper bound on front velocity.

1. Introduction

This paper is concerned with solutions of the free boundary problem in RY x [0, 00),

—Au(,t) = At;u) in{u(-, 1) > 0},

f ulx,t)ydx =V,

{u(-,1)>0} (P)
V = F(|Du|) ondfu > 0},

u(-, 0) = ug,

where F : Rt — R is continuous and strictly increasing. Here V = V (x, t) denotes the outward
normal velocity of the free boundary d{u > 0} of u at (x, ). In spatial dimension N = 2, this
problem describes the motion of a liquid droplet on a planar surface whose free surface height
is u(x,t) and volume is Vy [Gr, Hol IG1]. In this context the positive phase {u > 0} denotes
the wet region and the free boundary denotes the contact line between the drop and the surface.
The first equation in (P) defines the shape of a quasi-static droplet. The second equation is a
volume conservation condition which is enforced by a suitable choice of the Lagrange multiplier
A(t; u) (which is physically the hydrostatic pressure). The third equation in (P) defines the contact
line motion by a relationship between the free boundary normal velocity V = u;/|Du| and the
“apparent” contact angle | Du/|.
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The initial condition for the evolution is specified by an open, bounded set 29 ¢ RY and
volume V. The initial droplet shape ug : RN — R™ is the smallest (weak) solution of

—Aug = ro > 0 in £,

- ey
up=0 inRY — 2,

where by linearity Ao > 0 can be chosen to satisfy any volume constraint. Also, given Ag > 0, ug is
uniquely determined by

uo = inf{v : —Av > Ao in 29, v = 0in RV}.

Many formulas for the constitutive velocity relation F appear in the literature (e.g. [T]). The
present paper focuses on the most widely used one [VL |C]]),

F(|Dul) := |Dul® — 1. (2)

The techniques which we use for global existence of solutions, however, only rely on the fact that
F is continuous and strictly increasing.

The free boundary problem (P) has been used as a fundamental model for contact line motion
for the last 30 years. Mathematical understanding of this problem has been slowly accruing in the
form of numerical methods [G1} [Hul, stability calculations [Hol] and homogenized dynamics [G2].
On the other hand, very little is known for (P) in terms of rigorous analysis. To the best of our
knowledge the short-time existence of classical solutions has not been established. Furthermore,
no notion of weak or generalized solutions has yet been put forth. There are, however, compelling
reasons to consider non-classical solutions to this free boundary problem. Numerical (and even
physical) experiments indicate that the free boundary evolution with initially convex positive phase
develops corners (see Figure [T). Of course, other more standard topological singularities of the
positive phase, such as splitting and reconnection, are possible as well (in fact we demonstrate this
must happen for certain initial data, see Lemma B.6). Our results address only the former type of
singularity. There is a good reason for this: during splitting of the free boundary, for example, the
model itself breaks down since separate volume constraints for each connected component would
be required. While there may be a more general model that admits changes in topology, we do not
address this here.

initial data

FIG. 1. Development of a nonsmooth corner in the free boundary, using the numerical method in [G1].

Originally invented by Crandall and Lions [CL] for Hamilton—Jacobi equations, viscosity
solutions allow for singularities of their level sets, and enjoy strong stability properties under various
limits. The notion of viscosity solutions has been applied to a variety of free boundary problems that
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satisfy a comparison principle, which states that if one solution is smaller than the other at one time,
then the order is preserved for later times (see, e.g., [K2]). For example, in [K1] a notion of viscosity
solutions was introduced for Hele—Shaw and Stefan problems with zero surface tension.

In this paper we define a notion of “viscosity” solutions for problem (P) (see Section 3), and we
show that it is well-posed in the sense of existence and uniqueness of solutions. Furthermore, under
a moderate geometric restriction (see condition (/) in Section 3.3 and Appendix B), solutions will
exist for all time. Below is the summary of the main result (see Theorem 3.8 and Corollary 6.4):

THEOREM 1.1 Suppose £2 is star-shaped with respect to a ball B it contains. Then the following
holds:

(a) A solution of (P) exists in R" x [0, T'] for some maximal time 7" > 0.

(b) At the maximal time T, the ball B is not entirely in the support of u.

(c) If the velocity function F is bounded, the solution is unique, at least until the time when B is
not entirely in the support of u.

In our case, solutions of (P) do not satisfy a comparison principle directly since the Lagrange
multiplier A(¢; u) is time-dependent, thus a straightforward definition of viscosity solutions is more
difficult. In particular, the comparison principle we employ only holds for discrete time intervals of
an approximating problem (P)M (see Section 3) which relaxes the constraint and fixes A over small
time intervals.

The paper is organized as follows. In Section 2 we define viscosity solutions for problem (P)
and a modified problem (P)™ which puts an upper bound on the free boundary velocity. We also
outline the strategy for constructing solutions of (P) by approximating problems (P)f:’[ .In Section 3
the small-time-approximation problem (P) is defined, and a comparison principle and existence
theorem for this problem are given. We also introduce a geometric restriction (/) and discuss
settings for which it is satisfied to yield global-in-time existence. In Section 4 we use the results
of Section 3 to show existence of a weak solution for (P)fy , and derive regularity properties for
uM . In Section 5 we use the equicontinuity of the approximating sequence {u} to show that it
converges to a viscosity solution as n, M — oo. In Section 6 we prove that u™ can be obtained
as the local uniform limit of the whole sequence {u,’}” } as n — oo, and the solution u™ of (P)M
is unique. In Appendix A we prove the comparison principle and the existence result for solutions
of (P) stated in Section 3. Finally, in Appendix B we show that the geometric restriction (/) holds
for all times when the initial data is (a) symmetric with respect to two axes or (b) symmetric with
respect to one axis and convex in two dimensions.

2. Definitions and preliminaries

Consider a domain D C R" and a time interval I/ c R*. For a nonnegative real-valued function
u(x, t) defined for (x, ) € D x I, we will use the notation

QLWw)={(x,)eDxI:ulx,t)>0}, £2,w)={xeD:ulx,t)>0},
I'(u) =082u) —3o(D x 1), Ii(u) = 082;(u) —dD.

We call £2(u) and I" (u) respectively the positive phase and the free boundary of u.
For x € RY we also denote by B, (x) the ball of radius r with center x in RY,
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2.1 Viscosity solutions

We first define the notion of viscosity solutions for problem (P), with open, bounded initial positive
phase £29 and initial shape given by (T).

DEFINITION 2.1 A nonnegative function u(x, t) in Q := RY x [0, 00) is a viscosity solution of
(P) in Q with initial positive phase £2¢ and volume Vj if the following is true:

1. u is continuous with u(-, 0) = ug(x).
2. Ateacht > 0, —Au = A(t; u) in £2; (u) where A(t) := A(t; u) is chosen such that

fu(x, t)dx = /uo(x) dx = V.

3. Forevery ¢ € C%1(Q) such that u —¢ has a local maximum in £2 (1) N{r < 1o} at (xo, to) € I'(u)
with [D¢|(xo, 19) # 0,
(¢ — IDBI(IDBI* — 1)) (x0, 70) < 0.
4. Forevery ¢ € C%1(Q) such that u — ¢ has a local minimum in 2 () N{r < 1o} at (xo, t0) € I' ()
with [D¢|(xo, 19) # 0,
(¢ — IDBI(IDBI* — 1)) (x0, 70) > 0.
Note that classical solutions of (P) are also viscosity solutions.
One can similarly define viscosity solutions of a problem which has an imposed upper bound on

velocity,
—Au(-,t) = A(t;u) in{u > 0},

u dx = Vp, M
KL!>O} (P)
Uz . 3
= —— =min(|Du|” — 1, M) ond{u > 0}.
|Dul|

Since the upper bound is arbitrary, there is no loss of generality in the physical problem where one
expects finite speeds. This modification considerably simplifies our analysis of proving uniqueness
in Section 6.

Note that (P) does not satisfy a comparison principle: since §2; C £2; implies A () < A(s), one
cannot use the maximum principle to conclude that u(x, ) < u(x, s). Therefore the usual viscosity
solution approach must be modified. To do this, we consider the “discrete time approximation”
problem

—AuM (1) = Ao (kty) i {uM > 0} N [kty, (k + Diy),

V = min(F(|DuM|), M) ond{u} > 0}, (P)M
M (x, 0) = uo(v),

where t, := 27" and A, s (kt,) is chosen so that
/uf,”(-,krn)dxzvo fork=0,1,2,.... Q2.1

This problem will satisfy the desired comparison principle in each time interval [k, (k + 1)z,).
Note that if I} (u,) and u,’;” change continuously in time, then by (2.1),

)\'l’l ktﬂ .
M (Kin) lim u™ (x, ). (2.2)

M
Jkty) = —M——————
O Kt = (k= D) 10
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To construct a viscosity solution of (P), we first construct the solution uf,” of (P),IIVI by finding a
viscosity solution in [kt,, (k+ 1)t,) on each interval and restart at = (k + 1)¢,, using (2.2). We will
then show that u,ﬁ"’ and £2; (u,’y ) converge uniformly as n, M go to infinity to a viscosity solution of
the original problem.

3. The small-time problem and a comparison principle

As a small-time approximation of (P), we consider

—Au(-,t) = A in{u > 0},

- |lb;tu| — F(|Dul) ond{u > 0}, (7)

where A is a prescribed constant, rather than determined by an additional constraint. For purposes of
this section only, we allow F : [0, c0) — R to be any continuous, increasing function. In particular,
if F is replaced with min(F, M), then a solution uf}” of (P)ﬁ” will also solve (f’) with A = A(kty,)
on intervals [kt,, (kK + 1)t,).

Let 0 = RN x (0, 00).

DEFINITION 3.1 A nonnegative upper semicontinuous function u defined in Q is a viscosity
subsolution of (P) if

(a) foreacha < T < b the set £2(u) N {t < T} is bounded;
(b) forevery ¢ € Cz'l(Q) such that # — ¢ has a local maximum in £2 (1) N {t < 19} N Q at (xo, tp),
(i) —A¢(x0,10) < A when u(xo, o) > 0,
(i) (¢r — [D@|F(ID|))(x0, t0) < Oif (x0, t0) € I"(u) when —Ag (xo, f9) > A.
Note that because u is only upper semicontinuous there may be points of I" () at which u is positive.
DEFINITION 3.2 A nonnegative lower semicontinuous function v defined in Q is a viscosity
supersolution of (P) if for every ¢ € C>'(Q) such that v — ¢ has a local minimum in Q N {r < 1}
at (xo, fo),
(i) —A¢p(xo, 10) = A if v(xo, 70) > 0,
(i) if (xo, 10) € I"(v), [D@|(x0, 10) # 0 and —A¢(xo, 1) < A, then (¢ — |D@|F (|Dl))(xo, to)
> 0.

For a nonnegative real-valued function f(x, ¢) in a cylindrical domain D x (a, b) we define

0= lim sup f,s), filx,t):= lim inf f&,s).

(€,5)eDx(a,b)— (x,1) (&,s)eDx(a,b)—(x,t)

DEFINITION 3.3 A lower semicontinuous function u is a viscosity solution of (P) if u is a viscosity
supersolution and u™* is a viscosity subsolution of (P). Moreover, u is a viscosity solution of (P)
with initial positive phase $2¢ if 20(u™) = 20(u) = 2.

For later use we show that free boundaries of solutions of (P) do not “jump” at any positive
time.

LEMMA 3.4 Let v solve (15) in Q. Then for xg € I7,(v) with fy > 0, there exist x,, € I, (v) with
t, < to such that x, — xp and t,, — ty asn — oo.
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Proof. Suppose otherwise. Then there exists r > 0 and a sequence of #; converging to fy such that
for large k, either (i) v(-, %) = 0 in B, (xo) or (ii) B (xp) C £2;, (v).

First note that, due to Definition 3.1(a), M = suppn [0, ) v 18 finite. If (i) holds, we construct a
barrier function ¢ (x, t) in X' := B,42(xg) X [#k, to] such that

—Ap(-, 1) =21 in By12(x0) — Br(r)(x0),
¢(,1) =0 ondB(xo),
¢(,t) =M ondB,2(xp),

where (1) = r + (to — 1)/ (2(to — t)). (Note that r(¢) is positive for #; < ¢t < fp.) Since r(t) €
[r,r 4+ 1] fort € [, tp], we have |[D¢| < Cop = Co(M, r) on 3 B,(;)(xp), and thus

¢ — |DPIF(ID|) > 2t — 1))~ — CoF(Co)  on dBr(s)(x0).

Hence if #; is sufficiently close to #, then ¢ is a supersolution of (15) in X with¢ € C 2*1(.(_2 (@)).
Using Definition 3.1, one can check that v < ¢ in X and in particular x lies in the interior of the
zero set of v(-, ty), a contradiction.

If (ii) holds, we construct the barrier ¢(x, t) in X such that

—A@(, 1) =1 inBrp(x0),  @(,0) =0 inRY — B, (x0)

where r(t) is given above. If 7 is sufficiently close to 79, then ¢ is a subsolution of (P) in ¥ with
¢ € C*>1(2(p)) and with smooth positive phase. Hence using Definition 3.2, one can check that
v > ¢ in X and in particular xg lies in the interior of £2;,(v), a contradiction. g

3.1 Convolutions

An important set of tools for the subsequent analysis are the inf- and sup-convolutions over space
balls. These are employed to obtain larger or smaller sub- and supersolutions from existing sub- and
supersolutions.

LEMMA 3.5 (a) If u is a viscosity subsolution of (P), then the sup-convolution

u(x,t):= sup u(y,t)
YEBr ¢t (x)

is a viscosity subsolution of (P) with F(|Du|) replaced by F(|Du|) —c,aslong asr —ct > 0.
(b) If u is a supersolution of (P) then the inf-convolution

u(x,t):= inf u(y,t)
YEBy ¢ (x) Y

is a viscosity supersolution of (13) with F(|Dul) replaced by F(|Du|)+c, aslongasr—ct > 0.

Proof. We only prove (a).

First suppose (-, 1) — ¢ (-, t) has a local maximum at xg € $2;(z). By the definition of i,
u(-, t)—¢(-+(xo—yo), t) has a local maximum at yy, where yg € B—¢ (xo) and i (xg, t) = u(yo, t).
Since u is a viscosity solution of (I~’), it follows that —A¢ (xp, t) < A. Hence our claim is proved.
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Next suppose that iz (-, ) —¢ (-, t) has a local maximum zero in 2@@)N{r < 1o} at (xg, to) € I (i)
with | D¢ |(xg, tp) # 0. By definition of i, the function u — ¢, where

G(x, 1) := ¢ (x + (1 — clxo — yol ™' (t — 10))(x0 — Y0), 1),

has a local maximum in £2(u) N {r < 1o} at (yo, o) € I'(u), where |yo — xo| = r — cto and
ii(xo, 1) = u(yo, t). Note that B, (yo) lies in §2;,(&z) and touches I7,(it) at xo. Since # touches ¢
from below, it follows that yy — xq is parallel to the direction of D¢ (xo, #p). Since u is a viscosity
solution of (13), it follows that

% (o, 1) = 2

Do D] (x0, 0) + ¢ < F(ID¢]) (o, t0) = F(|D¢])(x0. f0)- 0

3.2 Comparison principle
Here we state the comparison principle for viscosity solutions of (P).

DEFINITION 3.6 We say that a pair of functions ug, vg : D — [0, 00) are (strictly) separated
(denoted by ug < vg) in D if

(1) the support of ug, supp(ug) = {up > 0}, restricted to D is compact,
(ii) the functions are strictly ordered in the support of uq:

up(x) < vo(x) in{ug = 0}.

Variations of the following theorem, whose proof is deferred to Appendix A, will be used later
in the paper.

THEOREM 3.7 (Comparison principle) Let u, v be respectively viscosity sub- and supersolutions
of (P)in X = D x (a,b) withu(-,0) < v(-,0)in D.If u(-,t) < v(-,t) ondD fora < t < b, then
u(-,t) <v(-,t)in D fort € [0, T).

3.3 A geometric restriction and global existence

As discussed in the introduction, one cannot expect viscosity solutions to exist for all time in every
circumstance. This fact will be encoded into a restriction on the shape of the positive phase, which
is the following: We say that a domain £2 C RY is star-shaped with respect to a point py € §2 if
the line segments connecting po to boundary points g € 952 lie in §2.

The following theorem, whose proof is deferred to Appendix A, establishes existence for small
times of star-shaped solutions to problem (P). We will later prove short-time existence for the full
problem as well.

THEOREM 3.8 There exists a viscosity solution of (15) in Q with initial positive phase §2 if 2o
is star-shaped with respect to B, (0) for some r > 0.

For long time existence for the full problem (P), we need to ensure that star-shapedness is
preserved. Below we prove this is true provided the free boundary does not collapse in on the
“center”; that is, there must always be some ball in £2; so that £2; is star-shaped with respect to
points in that ball. In particular, this allows us to side-step issues involved with topological changes,
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such as when the free boundary pinches off. The precise requirement is the following: there exists
r > 0 so that solutions v(x, t) satisfy

1
B, (0) C £2;(v). @

! £20(v) is star-shaped with respect to B, (0),
We will in general invoke requirement (/) when referring to approximating solutions uﬁ” (see
Definition 4.1), but we could just as well suppose that (/) holds for the limits as n, M — oo,
that is, for viscosity solutions to the full problem. We briefly detail some natural cases where (I) is
expected to hold:

1. If the free boundary is expanding, then B, (0) will always be in £2; (u,]:” ), and therefore the free
boundary will always be star-shaped. Conversely, a contracting free boundary would still satisfy
(I) with possibly different r up to the point at which B,.(0) was entirely outside the positive
phase.

2. A convex positive phase is star-shaped with respect to every ball, and therefore remains that way
if it is contracting. In other words, convexity is preserved for strictly contracting free boundaries.
We also suspect, but cannot prove, that this is the case for expanding free boundaries.

3. If the initial data has certain symmetries, (/) is guaranteed for all times. Details of this are given
in Appendix B.

4. Since there is a lower bound on the free boundary velocity, B, (0) will at least stay inside £2; for
a short time. For short-time existence, we can therefore always assume (/) holds, so long as the
initial data is star-shaped.

We will now prove that star-shapedness is preserved as long as (1) holds in problem (P), and
later observe the same is true for the full problem. Therefore if (/) is preserved by the evolution, we
will be able to obtain global existence and uniqueness.

LEMMA 3.9 Suppose that v solves (P) with F(|Dv|) = min(|Dv|> — 1, M) and condition (/) is
satisfied. Then £2;(v) is star-shaped for all # > 0.

Proof. Let xg € B,(0). We claim that for all x,

2 X — X0
vix,t) <1+ e)v = + xo,t for any € > 0. 3.1
€
Fort € [0, c/(2M + 2)] define
B, 1) = inf (14 e)zv(y — 20 4 o, r) 3.2)
YEBee—@M+2)et (X) 1+€

where ¢ (which only depends on r) is chosen small enough so that v < v at t = 0.
Notice this is just an inf-convolution of a rescaled version of v, which is easily checked to be a
supersolution, so Lemma 3.5 applies. Therefore,

II;I = (1 +e)min(|Dv]® — 1, M) + M + 2)e
v

> (14 e)min((1 — 3¢)|D3|° — 1, M) + @M + 2)e > min(|D3|° — 1, M).
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Moreover, —AvD(-,t) = X\ in £2;(v) due to Lemma Hence v is a supersolution of (P). Now
Theoremapplies to v and 7 in RY x [0, c/2M+2)]toyieldv < vfor0 <1 <11 :=c/2M+2),
which yields (3.1). Since € > 0 in (3.1) is arbitrary, it follows that v(-, #) satisfies (I) if ¢ € [0, #1].
One can repeat this process indefinitely on time intervals of length ¢/(2M + 2). O

4. Construction of the approximating sequence

Our next goal is to construct solutions u,’l"’ of the approximating problem (P),’y with star-shaped
initial positive phase £2p and initial volume Vj, under condition (/). By definition of (P)ﬁ’l , U ,1:/1 is
in general discontinuous in time at the endpoints of the time intervals I} := [kt,, (k 4+ 1)t,), and as
mentioned before the comparison principle only holds for « in small time intervals /; and thus a
conventional notion of viscosity solutions will not apply. It is therefore necessary to first establish a
weak notion of solutions for (P),’}” .

DEFINITION 4.1 u,j:” is a weak solution of (P)f,” with initial positive phase §2¢p and volume V; for

0 <t < ( + D, wherel € Nif the following holds fork =0, 1, ..., [:

(i) up! (-, 0) = up,
(i) uﬁ” (-, t + kty,) is a viscosity solution of (P) in (0, 1,,] with initial positive phase £2y;, (uﬁ” ) and
A = An m(kty), where A, p(kty,) satisfies (2.1),
(iil) $2%, (u,’y ) is continuous from below, that is,

d(2,w™), u, wM)) - 0 ast 1 kt,.

Note that due to Lemma , uM has its positive phase star-shaped in space with respect to B, (0)
as long as B, (0) lies in £2; (un ). It follows that the family of domains {£2, (uf}” )}n.¢ 1s uniformly
Lipschitz in space if they are uniformly bounded (see Remark below Lemma 4.4). Using this fact,
in Proposition 4.5 we will show that for weak solutions uf}” satisfying (1), .Q(uﬁ” ) is uniformly
Hoélder continuous in time. This establishes equicontinuity for the family of functions {u ,1:/1 } needed
to obtain convergence to a solution of (P)™ in Section 5.

First we give an upper bound for A(kt,) in terms of the circumradius of §2;;, (uff’ ).

LEMMA 4.2 Suppose u,’y exists and satisfies (/) with »r > 0 for 0 < ¢t < kt,. Then for xp in

I, (uﬁ”), A(kt,) < Co/lxol, where Cp only depends on r, Vy and N.
Proof. Due to Lemma uf:/[ is star-shaped with respect to B, (0). Therefore £2;, (uf:/[ ) contains a
cone with vertex xp, axis parallel to xop and bottom B, (0) N {x - xo = 0}. It follows that the function
f(x) solving

—Af =1 inQ2,uM), f=0 on I, uM)

is larger than the superpositions of A (x — krxo/|xo|), k = 1, ..., |xo|/2r, where h solves —Ah = 1
in B, 2(0) with & = 0 on 9B, /2(0). Thus

[ rwar= 52 [hean > el
r

Multiplying by A(kt,,) and noting the definition of V), we can obtain the desired bound. O

LEMMA 4.3 Suppose u,’f’ satisfies (/), with r > 0 independent of n and M, for 0 < ¢ < T.
Define R(t,n, M) := sup{|x| : x € .Qt(u,’}”)}. Then R(t,n, M) < R(T) fort < T, where R(T) is
independent of n, M.
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Proof. Let f solve —Af = 2Cp in B1(0) with f = 0 on dB;(0), where Cy is as given in
Lemma Let A be the value of |[Df|? on 3By (0) (note that f is radially symmetric). Next define

X

h(x, 1) = R(t)f(R(t)

) with  R(t) = R(0) + At,

where R(0) is large enough such that Bg()(0) contains 0. Note that

2Co
—Ah = —— in Bg((0
RO) in Br()(0)
with 2 = 01in 0 Bg()(0) and
h
|D’h| = R'(t) > |Dh]> > |Dh|> =1 on I;(h). “4.1)

We claim that £2; (uﬁ’[ ) is always strictly contained in Bg(;)(0). To see this, suppose otherwise.
Then due to the definition of u ,1,"1 and Lemma Ii(u ,1,” ) intersects 0 B ;) (0) from inside of the ball
for the first time at t = 1y € (kt,,, (k 4 1)t,]. Choose the smallest ball Bg(0) containing £2y;, (uﬁ” ).
If R(kt,)/2 < R < R(kt,), then A(#g) = A(kt,) and by Lemma A(kt,) < Co/R(tp) and thus
u,’:”(~, to) < h(-, t9). This and (4.1) imply that A is a supersolution of (15) with A = A(kt,) on
(kty, (k + 1)t,), and Theorem [3.7]leads to a contradiction.

Hence R < R(kt,)/2 and

—AuM (., 1) = A(kty) < Co/R  fort € (kty, (k + Dit,]. 4.2)
Again Theoremyields uflw < hin RN x (kt,, (k + 1)t,], where

h(x,1) := (R 4+ A(t — k1)) f (x/(R + A(t — kty))).

Since
{h(-,1) > 0} = Briar(0) C Breks,) N [kty, (k + Dit,]if A, < R(kty)/2,

we obtain a contradiction for sufficiently small n. O

REMARK Lemma and the star-shapedness of £2;(u}) imply that for each > 0, 2,(uM) is
a Lipschitz domain (i.e. its boundary is locally the graph of a Lipschitz function), whose Lipschitz
constant is uniformly bounded for 0 < ¢ < T independently of n and M. This yields the following
proposition:

PROPOSITION 4.4 Suppose uﬁ” satisfies (I) for 0 < t < T with r = r(T) > 0. Then the
distance function d,i” (.HtoI (uﬁ’l ) is locally uniformly Holder continuous in time for 0 < ¢t < 7,
independently of M and n.

Proof. Due to the previous lemma, £2; (uf:/[ ) C Bg()(0). Moreover, for xo € 17, (ufq"l ) with 1y €
(kt,, (k + 1)t,], there is a cone that touches the free boundary on which u ,’1"’ is zero:

I i y—Xx0 X0 |xo]
u, (-,t9) =0 inC:= : — > 1.
w (- 10) {y ly —xol Ixol ~ ,ﬁ2+|x0|2}
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Let Br(0) be the smallest ball which contains 2%, (u,’,” ). Due to Lemma Mkt,) < Co/R.
Moreover, arguing as in the proof of Lemma it follows that £2; (uﬁ” ) C Bryat(0) for t > kt,,
where A only depends on r, Vj and N.

Note that, by (1), |xg| = r. Fix 0 < m < |x¢|, | and let g solve

—Ag =Co/(R—1) in Br41(0) — (C + mxo),
with ¢ = 0 on the boundary. Then for any / > 0,

sup g(x) < Col°, (4.3)
xeB((14+m)xp)

where Co = Co(N) and 0 < « < 1 only depends on R, r and N. Note that, since £2; (uﬁ’l) is
star-shaped and the normal velocity of I (uﬁ” ) is greater than —1, £2; (ufl"l ) does not shrink more
than distance 1/A from £2;,, (u,’;”) byt = kt, + 1/A. Lemmanow yields, if we choose A > 1,

—AuM (1) < Co/(R—1) forkt, <t <kty+ 1/A.
Due to (4.2), it follows that
ul(x,1) < gx) forkt, <t <kt, +1/A (4.4)

as long as uf:”((l +m)xp,t) = 0.
Next we construct a barrier ¢ (x, t) of the form

—A¢(-, 1) = Co/R in (Bamyixg) — Brn)) (1 + m)xo),
¢, 1) =0 ondB,q)((1+m)xo),
(. 1) = Co(2m/|xo|)*  on d B x| (1 + m)xo)

where Cy is as given in (4.3) and
r(t) = m/|xo| — Cim* 3t — 1) with C; = c(N)C]

in the domain

S 1= (Bam)jxg| — Br) (1 +m)x0) x [t0, 111, 11 := to + (2|xo|C1) ' m*=3.

It then follows that, on 9 B, (1) ((1 + m)xg) x [t9, 1], ¢ satisfies

¢:/|1D¢| > |D¢|> > |Dp|* — 1

if ¢(N) is a sufficiently large dimensional constant. Due to (4.4), Theoremapplies to unM and ¢
in S as long as u,]:’[((m + Dxp, t) = 0. But u,jy((m + 1)xg, 1) = 0 as long as uﬁ” < ¢. Thus we
conclude that uM < ¢ in S.

In particular, the above argument shows that for any m > 0, if xo € I3, (u ﬁ’[ ), then forany m > 0,
F(uﬁ/l) does not reach (1 + m)xp until t; = 79 + C(r, T, N)m*~3%. On the other hand, a parallel
argument, based on the fact that V = |Du 2” I?—1 > —1, shows that I' (u ,’i” ) does not reach (1—m)xq
until #; = typ — m. Since m > 0 can be chosen arbitrarily small, we can conclude that I” (u,’lw ) for
t < T is Holder continuous in time with Holder constant 1/(4 — 3«), where @ = «(r, T, N).
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Let now x be arbitrary. For times #; < t, choose x; € I3, (u,’,” ) so that |x — x3| = d(x, ),
and choose x1 to be the unique point on I, (u}) parallel to x;. Using the Holder continuity proved
above, we have

dx,n) <lx —xil < lx2 —xi] + |x —x2| S COr, T, N)Ita — t1]* +d(x, 12)

sothatd(x,t)) —d(x,t) < C(r, T, N)|to — t1]*. We can analogously show d(x, t2) — d(x, #]) <
C(r, T, N)|ta — t1|%, which verifies uniform Holder continuity. O

We now prove the main result of this section.

THEOREM 4.5 (Existence of uﬁ/’) Suppose any weak solution ufy of (P)ﬁ’[ inR" x [0,£],t0 < T,
satisfies (1) for 0 < t < tp, with r = r(T) > 0. Then there exists a weak solution u,ﬂ” of (P),Ilu
with initial positive phase §2¢ and volume Vj for 0 < ¢ < T. Moreover, £2; (uﬁ’l ) is star-shaped with
respect to B,(0) and I} (u) is locally uniformly Holder continuous in time, independently of n
and M.

Proof. We use induction on /. Suppose we have constructed u,ﬁ” in RV x [0,11,]. Due to
Proposition 2,(uM) uniformly converges to §2;;, uM) as t — It,. Since 2y, (uM) is star-
shaped, A(lt,) and u ,11"1 (-, It,) are well-defined and continuous in space. Due to Theorem there
exists a viscosity solution u,’y of (i’) with A = A(lt,) in (It,,, (I 4+ 1)t,] with initial positive phase
2, (u,’y ). Now the induction can be continued to show that uf:” can be found for 0 < ¢t < T. The
rest of the theorem is due to Lemma [3.9]and Proposition 4.4} O

5. Convergence of ' and existence of u* and u

In this section we prove the existence of the viscosity solution u of our original problem (P), by
passing to limits in #» and M, and verifying that the result is a viscosity solution. First we fix M and
send n — 00. Due to Theorem for 0 < ¢t < T the signed distance function d,jlu (-, 1) to the set
I (uM) is locally uniformly Lipschitz continuous in space and locally uniformly Holder continuous
in time, independently of n and M. Hence due to Arzela—Ascoli, dM converges locally uniformly
to dM in R” x [0, T] along a subsequence. It then follows that

(a) .Q,M = {dM(~, t) > 0} is star-shaped with respect to B, (0),

(b) IM := {dM(-,t) = 0}, and the limiting distance function d¥ (-, t) = 0 is locally Lipschitz in
space and locally uniformly Holder continuous in time,

(c) 2M = .

Let u™ (x, 1) solve
—AuM () = a@;uM)  in2M

with zero boundary data on I'M, where A(¢; u™) is the volume preserving constant such that
/uM(x, t)ydx = V.

Then u™ (-, 0) = uy.

PROPOSITION 5.1 uM(x, 1) is a viscosity solution of (P)™ in R"” x [0, T] with initial positive
phase £2p and volume Vj.
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Proof. First observe that A, p(kt,) converges to A(t; u™), locally uniformly in time, because
;M) locally uniformly converges to £2, (™) and I (u}) is locally uniformly Holder continuous
in time independently of n (in the sense of the corresponding distance function). Therefore u
locally uniformly converges to u™.

Now, suppose uM — ¢ has a local maximum zero in QM) N (B, (xg) x [t — r, to]) for some

r > 0at (xg, 70) € I'w™) with ¢ € C%1(Q) and | D¢|(xo, to) # 0. Assume that, for some € > 0,
(¢:/|D$| — min(|D|* — 1, M))(x0, 1) > . (5.1)

We may assume that this maximum is strict in B, (xg) X [fo — r, fo]—otherwise one can replace ¢
by ¢ + €(x — x0)* + €(t — to)? to make it strict. Since ¢ is smooth with | D¢|(xo, fo) # 0, we may
assume that a space-time ball of radius r, B,N +1 (Py) with Py € R+ lies in the zero set of u™ and
touches I' (u™) at (xo, ty) (see Figure 2). Moreover due to (6.1) the outward normal vector v of the
ball BN+1(Py) at (xo, 1) is given by v = (v, b) € RY x R, where |vj| = 1 and the slope b of the
ball at (xg, 1) satisfies

b > min(|D¢|® — 1, M)(xo, 1o) + €.

F1G. 2. Exterior ball B,N +1 (Pp) at the contact point Py.

Let us tilt and shift the ball so that the new ball BN ! passes through (xo — avy, t9) with slope
b — €/2 for a « €. Note that if a is small compared to € and 7, then

dB"H' n{r =1 — 1}, ™)) > 0(). (5.2)
Now let us choose a, 7, § such that a < T < § K r, € and define h(x, t) in the domain
Y :=1+a)B ' N[ -1, 1)
such that
—Ach(x, 1) = A1)+ in (1 +a)BN*' = BV N (19 — 7, 101,
h(x,t) = ¢(x,t) on(1+a)@B" N[t -7, 1,
h(x,t)=0 in BN N[t — 7, 10].
Since ¢ is smooth with | D¢|(xg, t9) # 0, if r is chosen small enough then (5.1) yields
h;/|Dh| > min(|Dh]> —1,M) onT'(h)N X. (5.3)
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Moreover, due to (5.2), u™ < h on the parabolic boundary of X. Since ufy and .Q(ufy ) locally
uniformly converge to u™ and 22 (u™), it follows that u™ crosses & from below for the first time at
(Vn, $p) in X with s, € (kt,,, (k + 1)t,] for some k € N, for sufficiently large n. This contradicts
Theorem 3.7]if n is large enough that A, a7 (kt,,) < A(to) + 8.

The above arguments prove that u™ is a viscosity subsolution of (P)M. A parallel argument
would similarly prove that u™ is a viscosity supersolution of (P)¥. O

So far we have proved the existence of viscosity solutions of (P)M. By a similar process, we can
send M — oo to obtain the most general existence result.

THEOREM 5.2 Suppose u,’f’ satisfies (/) for0 < ¢ < T withr = r(T). Then, along a subsequence,
uM and 22 (u™) locally uniformly converge to u and £2(x) in R* x [0, T] as M — oo. The limit
function u is a viscosity solution of (P) in R” x [0, T'] with initial positive phase £2¢p and volume Vj.

COROLLARY 5.3 Suppose uf:’[ satisfies (1) for 0 < t < T with r = r(T). Then there exists a
viscosity solution u of (P) in R x [0, T'] with initial positive phase £2 and volume V. Moreover,
£2(u) is star-shaped in space with respect to B, (0), and I" (u) is Lipschitz continuous in space and
Holder continuous in time.

Since £2(u) is only Lipschitz, difficulties arise in the analysis due to the lack of upper bound on
the free boundary velocity. For this reason we will prove a uniqueness result for only the modified
problem (P)M in the next section.

6. Uniqueness of u"

In this section we show that u™ given in Corollary is the unique viscosity solution of (P)M.
Recall that u,’y is a weak solution of (P),’}” with initial positive phase £2p and volume V).

PROPOSITION 6.1 Suppose uﬁl” satisfies (/) for 0 <t < T with r = r(T). Then for k > n and
0 <t < T, there exists A > 0 depending only on r, M,T and the spatial dimension N such that

A ()N 2uM (A, (x, 1) < ul (e, 1) < AN TPuM (x /A1), 1),
where A, (1) := 1 + Ae?'t,.

Proof. For simplicity we set r = 1/2. A parallel argument holds for the general case.

Let A = CoM, where Cy is a sufficiently large constant which depends on L, the Lipschitz
constant associated with the domain £2;, (u,i” ). Note that, due to Lemmas and L =
L(r,T,N).

For each r € [0, 1/((6N + 6)A)], we claim that

(L4 AN 2uM (L4 Apx, 1) < uM(x, 1) < U+ ANV P2uM (1 + A) 7%, 1) 6.1)

where A, = At,. Att = 0 the inequality is true due to the star-shaped initial data. Suppose the
second inequality in (6.1) is violated for the first time at t = ¢ty € (0, 1/((6N + 6)A)].
By (6.1),

(4 At) 7' 2, ") € 2iup') € (1 + A)2,u) - for 0 <t < to.
Thus by definition of A, p and Ax s,
(1 + Atn)_N)“n,M(ltn) < )Vk,M(l[n) < (1 + A[n)NArz,M(ltn)

forany It, <19, =0,1,....
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We claim that for any x € £2; (u,i”),
d(Q2, @), x) < Aty forlt, <t < (I + iy, (6.2)

To verify (6.2), pick any point xo such that d(£2;,, (ulj‘w), x0) = At,. Since £, (u’]‘v,) is Lipschitz
with Lipschitz constant L, there is a ball

B := By (x0) C {u}' (-, 1ty) = 0}
which touches I7;, (u,ﬁ” ). Let us define

A= sup Ak,m (mty).
(I—Dty <mt, <+t

Note that A <~V by (I).
Consider ¢ (x, t), a nonnegative function in X' := 3B X [It,, (I + 1)t,] such that for I#,, < ¢ <
( + Dy,

t—It,
—Ap(-, 1) = A in3B—<2— >B,

n

¢(, 1) =supu! ond(3B),
b

¢(.1) =0 in (2— t_lt">B.

In

Then ¢ is a supersolution of (P)in ¥ with A = A and F(|Du|) = M. Moreover, uf{” < ¢ on

the parabolic boundary of X', and ”11:1(" t) < ¢(-,t) as long as .Q,(u,i”) N 3B C $£2/(¢). Hence

Theorem applied to u,ﬂ” and ¢ in each time interval (mtx, (m + )tx) N [It,, (I + Dt,] yields

u,i” < ¢ in X In particular, xq lies outside of .Q(u,i”) forlt, <t < (I + 1)t,. This yields (6.2).
Due to (6.2),

(14 At) N (mty) < a(ty) < (1 + Aty)*N Ay (mty) (6.3)

formt, € [(I — D¢, I + D, ] N[O, t9], where m,[ =0, 1, ....
Using (6.3) and Lemma one can now check that for 0 < ¢ < 19 < 1/((6N + 6)A), the
function
i (x, 1) == (1 + Ar,)*N+? inf ul (14 Ary) " 'x, 1) (6.4)

XEB . (6N+6)A2tn1

satisfies the free boundary motion law
M
Vs (1 +|2ll:]1{)w(rk )t
= (1 + At,) min[(|DuM > — 1), M]+ (6N + 6) A1,
> min[(1 + Az,) VT DuM P — 1, M] — (6N +2)At, M + (6N + 6) A1,
> min[| Dl P — 1, M)

+ (6N + 6)A’%1,

if 7,, is sufficiently small. The first inequality is due to Lemma[3.5]and the last inequality holds since
A > M. (For arigorous argument one needs to use the definition of viscosity solutions of (P). See
for example the proof of Proposition 5.5 in [CJK].)
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Observe that due to (6.3) and Lemma[3.5] forany /,m =0, 1, . ...

— A (1) = (1 + A) ™ ag (i)

=
> A(t,) fort € (mty, (im + Dtx] N [y, I + Dt,].

Note that u ,11” -,0) < zl,lc” (-, 0) since £2 is star-shaped with respect to zero and contains B (0). Thus
Theorem applied to u,’f’ and 11,’1” on each time interval [m#;, (m 4 1)#;] gives for 0 < ¢t < 1,

uM 0 < a0 <A+ A P2uM (A + Any) " x, 0.

This contradicts our hypothesis at ¢+ = fy. Similar arguments lead to a contradiction if we assume
that the first inequality breaks down the first time at 1 € [0, 1/((6N + 6)A)]. Thus (6.1) holds for
0<t <t :=1/((6N +6)A).

Next we show that for t; < < fr1(1+1/2),

(14 246) 72V 2uM (1 4 2A8)x, 1) < uM(x, 1) < A+ 2A6)" N P2ud (1 4+ 248,) 7 x, 1),
For example if the second inequality breaks down, then we compare u ,11” with
i (x, 1) == (1 4+ 2A1,)>N 2 inf ul (14 248,) 7 x, 1)

YEB 4 (N4 A2tt

using similar arguments as for (6.1). Note that due to (6.1) and the fact that £2;(u,) is star-shaped
and contains B1(0),

uM (x, 1) < (14 Ap)* N 2u (14 A) " 'x, 1) <l (x, 1).
One can repeat the argument for each interval
[A+12+---+1/n),nd+1/2+---+1/n+1)].
This proves the lemma since
n(+1/2+---4+1/n) ~t;(logn). O
Note that the proof presented above can be used as long as one of the functions being compared,

u,i‘” in the above proof, satisfies (/). Thus we obtain the following corollary.

COROLLARY 6.2 Suppose u,’l‘” satisfies (I) for 0 < ¢t < T with r = r(T). Then the whole
sequence {u,’y } converges locally uniformly as n — oo to a viscosity solution u™ of (P)™ for
0 <t < T with initial positive phase §2p and volume Vj.

REMARKS 1. Besides proving the uniqueness of the limit, Proposition [6.1] provides an estimate
on differences between discrete-time approximation solutions u* in terms of the discrete time
interval size t,,.

2. Note that we need to keep track of both inequalities in the lemma in each time interval to
guarantee that A, ps(f) and Ay s (¢) stay close together.

Now let v be any other viscosity solution with initial data u( defined in the previous section.
Parallel arguments to the proof of Proposition yield the following:
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LEMMA 6.3 Suppose uﬁ/[ satisfies (I) for 0 < t < T with r = r(T). Then for the same A, (t)
given in Proposition [6.1]

_ON-2. M MY
(14+ A, () u, (14+A,)x,t) <vlx, 1) <14+ A,(1) Uy (1 +A,,(t)’t>

for0<r<T.

Applying the same argument for two viscosity solutions u* and v™ of (P)™ (in this case the
time step size #, > 0 is replaced by arbitrary small constants in the arguments ) yields the following
corollary.

COROLLARY 6.4 Suppose uf:’[ satisfies (I) for 0 < ¢t < T with r = r(T). Then u™ is the unique
viscosity solution of (P)™ in R” x [0, T'] with initial data u.

REMARK To prove uniqueness results for the original problem (P), one needs some type of bound
on free boundary velocity. At least for star-shaped spreading droplets, we expect solutions of (P) to
have smooth positive phase for positive times and locally uniformly bounded free boundary velocity
for any positive time interval. Such results have been proved for the Hele—Shaw problem with zero
surface tension (see [CJK]).

Appendix A. Comparison principle and existence for (P)

Here we prove Theorem and the existence of the viscosity solutions of (P) with star-shaped
initial positive phase 2.

Most arguments presented here are similar to the proofs of Theorem 2.2 and Theorem 4.7 of
[K1]. We only sketch the proof below.

Sketch of the proof of Theorem[3.7} Forr,§ > 0and 0 < h < r, define the sup-convolution of u

Zx,t) ;=148  sup  u(y, (1+8)°>)
[(y,8)—(x,0)|<r

and the inf-convolution of v

Wi(x,1):=(1—235) v(y, (1 = 8)3s)

in
[(y,8)—(x,t)|<r—ht
in the domain
Y:=Dx[rr/hl, D:={x:xeD,dx, D) >r}.

By upper semicontinuity of u — v, Z(-,r) < W(., r) for sufficiently small ,§ > 0. By our
hypothesis and the upper semicontinuity of u — v,

Z(,t) < W(,t) ondDforr <t<r/h

for sufficiently small § and r. Moreover, Lemma [3.5|shows that Z and W are respectively sub- and
supersolutions of (P)in D x [r, r/h].

If our theorem is not true for u# and v, then Z crosses W from below for the first time at Py :=
(x0, 1)) € D x [r,r/h] for h < r. Due to the maximum principle of harmonic functions and
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H

FI1G. A. Interior and exterior balls at the contact point F.

Lemma[3.4] Py € I'(Z) N I"(W). Note that by definition §2(Z) and §2(W) have respectively an
interior ball By and exterior ball B; at Py of radius r in space-time (see Figure 3).

Let us denote by H the tangent hyperplane to the interior ball of Z at Py. Since Z < W for
t <tgand Py € I'(Z) N I"(W), it follows that

BiNn{t<ncR22)NL2(W), ByN{t<nCc{Z=0Nn{W =0}

with B; N By N {t < 10} = {Py).
Moreover, by Lemma [3.5]

|§—IZ|(x,t) < F(DZ)(x,t) onI'(Z) (A.1)
and W
t

W(x, t) > F(|IDW))(x,t)+h on I"'(W). (A.2)

In particular, by (A.1) the argument of Lemma 2.5 in [K1] applies for Z to show that H is not
horizontal. In particular, By N {t = tp} and B> N {t = fy} share the same normal vector vy, outward
with respect to By, at Py.

Formally speaking, it follows that %(xo, tg) < oo and

S o (P < FUDZIPY) < FADWD(R) < T (P = .
where the second inequality follows since F(r) is increasing in r and Z(-,tp) < W(., 1) in a
neighborhood of x. The above inequality says that the free boundary speed of Z is strictly less than
that of W at Py, contradicting the fact that I"(Z) touches I" (W) from below at Py.

For a rigorous argument one can construct radially symmetric barrier functions based on the
exterior and interior ball properties of Z and W at Py to derive a version of (A.1) and yield a
contradiction. For details see the proof of Theorem 2.2 in [K1]. (|

Next we prove Theorem [3.8]

Proof of Theorem We apply Perron’s method. Without loss of generality we assume that
F(r) > F(0) > —1. Since £2 is star-shaped with respect to By (0), thereexist C > 0and0 < @ < 1
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such that for any r > 0 and x¢ € Iy,

sup uo(x) < Cr¥. (A.3)

x€By(x0)
Let us define
2,2 X 2
(l—t/h)u()(m) forO <t < h°,

0 fort > h2,

Uilx,t) .=

and
Upr(x,0):=(1+r)? inf  ug((1+r)"1y),
YEBy(1)(x)

where r(t) :=r — Cir* i for0<r < (C])_lr"‘. Note that due to (A.3), U, is a supersolution of
(ﬁ) for sufficiently large C1. Moreover Uj(x, t) is a subsolution of (13) since F' > —1 and £2(ug)
contains By (0).

Let z € P if and only if z(x, t) is a viscosity subsolution of (P) with z(-, 0) < upg(x) and U; < z
in RN x [0, 00). Let

Ux,t) :=sup{z(x,?t) : z € P}

Arguing as in the proof of Theorem 4.7 in [K1] shows that U™ and U, are respectively viscosity
subsolution and supersolution of (P). Moreover, by Theorem , U* < Up,for0 <t < r* for

any r > 0. In particular, U, = U* = ug at t = 0. In other words, U, is a viscosity solution of (f’).
O

Appendix B. Global-time existence and uniqueness for solutions with symmetry

The purpose of this section is to illustrate some examples where uﬁ’l satisfies (/) for all # > 0 with
r = r(t). For simplicity, we set f-‘?o u =1and £2,(u) C B1(0).

B.1  Reflection comparison

LEMMA B.1 (Strong comparison principle) Let u, v be resp. viscosity sub- and supersolutions of
(P)in ¥ = D x (a,b) withu < vatr =aandon dD X (a, b). In addition suppose that u satisfies
(I)fora <t <b.Thenu(-,t) <v(,t)in D fora <t < b.

Proof. For simplicity let a = 0. Let us define

i(x,t):=0+e)"% sup u((l4e€)y,1).
YEBye(x)

Observe that # is a subsolution of (15) by Lemma 3.5. Also observe that, since £2;(u) is star-shaped
with respect to B, (0) and —Au = A in £2(u),

u(x,t) < v(x,t) on the parabolic boundary of X.

Hence Theorem 3.7 shows that # < v for 0 < ¢ < b for any € > 0, and thus u < v. O

Recall that uﬁ:” solves (P)fl"l with given initial positive phase Qo(u,’:” ) = 20 (see Definition 4.1).
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LEMMA B.2 Suppose uM satisfies (I) for 0 < t < T. Let H be any hyperplane in R” and let
¢n (x) be the reflection of x with respect to H. Let D1 and D; be the half-spaces in R" determined
by H.If
wy (x, 10) < uy' (¢ (x), 10) in Dy
then
uM (x, 1) <uM(py(x),r) inDjforrg <t <T.

Proof. Set v(x,t) := u,’y(qby(x), t). Then v solves the following equation in (kt,, (k + 1)¢,],
k=1,2,...:

—Av(, 1) = AM(kt,) in 2(v),

v; = |Dv|min((|Dv]® — 1), M) on I"(v).
Moreover, v = uM on H = 9Dy = 3 D5. Since u has a compact support in any finite time period
(Lemma 4.3), Lemmaapplies to u,’y <vin Dy in (kt,, (k+ 1)t,] fortg <t < T. O

COROLLARY B.3 Suppose that .Qo(u,’y) C Br(0), R > 1 and uﬁ” satisfies (/) for 0 <t < T.
Then 2, (uM) C B3r(0) for0 <t < T.

Proof. For xg € B3r(0) — Bar(0), define

1
C(xo) = {yiy-XO< —Elxollyl}- (B.1)

If we pick a hyperplane H normal to a vector yp € C(xp) containing xo, then
ul (pp(x),0) =0 < uM(x,0) inDy:={tyo+h:t>0,heH).

Hence Lemma shows that u,’f’ is increasing in the cone of directions C(xg).
Suppose F,(un) touches d B3 (0) for the first time at xq at # = #y. Then (B.1) yields

(x0 + C(x0)) N (B3r(0) — B2r(0)) C $24(u).

Since fuf,”(-, kt,)dx = 1, we obtain A < R™~2. On the other hand, uﬁ”’(~, to) = 0 outside of
B3 (0). Now comparing uﬁ’[(~, fo) with f(x) := BR)™ — (3R) " 2x2 yields |Du,1,”|(x0, t) < 1.
Therefore the outward normal velocity of I"(u}) at (xo, to) is strictly negative, contradicting the
definition of #;. O

For B, (x) C £29, let
t(x,r) :==sup{t : B,(x) C 2, (uM)). (B.2)

Note that, due to Lemma 3.4, B, (x) is touched by I} (u) for the first time at t = 7 (x, r).

LEMMA B.4 Suppose u satisfies (I) for 0 < ¢ < T. Suppose £2¢(u) is star-shaped with respect
to B, (xo) with #g := t(xo,7) < T.Lety € 9B, (xo) N I, (u) and let H be the hyperplane normal to
y — Xp containing xo. Then

uy (P (x), 1) up(x, 1) in Dy x [1g, T,
where D is the half-space determined by H containing B, (xg).
Proof. Note that, since £2;,(u ,1,” ) is star-shaped with respect to B, (xo) with yg € 9B, (xo) N 17, (uﬁ” ),
u,! ($r(x),1) =0 in Dy. (B.3)
Now we can conclude by applying Lemma B.2. O
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B.2  Example 1: Two symmetric axes
Leteq, ..., e, be an orthonormal basis in R”.

THEOREM B.5 Suppose §2 is star-shaped with respect to B, (0) and is symmetric with respect to
the eq-axis and ej-axis. Then for any 7 > 0, n and M, uf:” satisfies (I) with r = r(T) > O for
0<t<T.

REMARK Due to Lemma B.2, £2; (uﬁ” ) stays symmetric with respect to the ej-axis and ep-axis.

Proof. Define 1y :=1(0, r) > 0. If 7o = oo then we are done, so suppose ¢ is finite. Then B, (0) C
£2(ug) and Iy, (uﬁ” ) touches B, (0) at some point xo € d B, (0).

Hi

FI1G. 4. Parallel hyperplanes bounding £2; (uflw ).

Let v := —xp and let H be the hyperplane which is orthogonal to v. Let D be the half-space
bounded by H which does not contain B, (0). Note that up to t = 1y, §2; (u,ﬁ” ) is star-shaped with
respect to B,(0). Hence uf:” (-, t0) = 0in D;. By symmetry, uf:” (-, o) = 0 in the reflected image
of D; with respect to the ej-axis and e;-axis. Thus £2;, (uﬁ’[ ) lies between two parallel hyperplanes
with distance at most 2r (see Figure 4). Recall that due to Corollary 24 (uf:’[ ) C Bg(0) for some
R > 0. Thus it follows that

Vol(£2, ™)) < C(m)R" 1.

Recall that £2;, (uﬁ’[ ) = 0 in Dy. If we choose r sufficiently small it follows that |Du,11” [(x0, tg) > 1
(a detailed argument is given in the proof of Theorem B.7, Case 1). This means that .Q(uf,” ) is
strictly expanding at (xg, #9), contradicting the definition of #;. a

The above theorem in particular states that if a droplet with two symmetry axes satisfies (/) initially,
then it never changes its topology at a later time, however thin and long it is. On the contrary, we
will show below that a dumbbell-shaped droplet changes its topology in finite time.

LEMMA B.6 Suppose uM solves (P)M with initial positive phase
20 := B1(=3e)) UB1(Be) U{x = (x1,x") s x| <, |x1] < 3}

If  is smaller than a dimensional constant, then £2 (u¥) changes its topology before r = 1/2.
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Proof. First observe that, since the free boundary velocity is greater than —1, for 0 < ¢ < 1/2 we
have Bj2(33e1) C £2,(uM). Hence A(uM; 1) < C(n) for 0 < ¢ < 1/2 and some C(n) > 1. Pick
T = T(n) sufficiently small so that 2, () C By¢(0) for 0 < t < T. Now one can compare u¥!
with
h(x, ) := C(n) min[(|x|> = 100)4, (r()x] — 3*|x"1> 4+ 3*%)4 ]

where r(t) := (1 — (10C(n))>1)~'3 for 0 < t < 19 := (10C(n))~*. One can choose C(n)
sufficiently large such that 7o < T'.

Observe that £2 (ug) C £20(h) and —Ah(-, t) > C(n). Also a straightforward computation yields

hy = 4C(n)r'(t)x7 > |Dh|(=1/2 + |Dh*)  on I;(h)

for0 <t <t if0<r <44
Hence if we set

h(x,t):= inf h(y,t),
YEB; /2 (x)
then  is a supersolution of (P) with > = C(n). Now Theoremyields u,’}” < hinR" x [0, 10].
Ifr < %to then it follows that £2, (k) is no longer simply connected, and therefore neither is
£y, (uﬁ” ) (a change of topology occurred before t = #p < 1/2.) O

B.3  Example 2: One axis symmetry with convexity
Here we set the dimension N = 2.

THEOREM B.7 Suppose £29 C R? is convex and symmetric with respect to the e1-axis. Then for
any T > 0,n and M, u satisfies (I) withr = r(T) > 0for0 <t < T.

Proof. Let B
S:={B(y) C0:ye€2N{x=(x,0,...,0)}

Then for each ball in S there is the first time E(u,’q” ) touches the ball. Let 7y be the supremum
of these times. Then I7, (ufy ) touches yg € 9B, (xg) for some B,(xg) C S. We may assume that
(yo — x0) - e1 < 0. Let [ be the line normal to yy — xo with yg € [.

First assume that B,(x1) C £2o, where x1 := xo + r1/2e;. Then when the free boundary hits
the boundary of B, (x1) for the first time at r = #; < fg it does not cross B, (xg). Therefore the first
touching point y; € dB,(x) satisfies (y; — x1) - e; > 0. Let [; be the line normal to y; — x1 with
y1 € [1 and let e; point to the right, horizontally.

By the above, u (-, ty) = 0 on the left side of /y. Moreover, u (-, #;) = 0 on the right side of /;.
By symmetry, uM (-, #1) = 0 on the right side of I, the reflection of /; with respect to the e;-axis
(see Figure 5). Let 6y be the angle between [y and e, and 6, be the angle between /; and e;.

Case 1: 0; < ri/2, By the above argument u,ﬂ”(~, t1) = 0 outside of the cone of angle rl/2

the e;-axis. Since £2; (u,’,”) C Bgr(0) for some R, £2; (u,’i”) is contained in a cone of angle r
height 6R. Let Ag := A(f1; ufl"l) = Ag and

along
172 and

h) = 2ORPP — @),

Since —Ah = Ag and
Qfl(u;jy) C 2(h) = {x : |X2| < 3er/2}’
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lg /

FIG. E. The lines [, /1 and their reflections.

we have u¥ < h. Thus
/ uy (- 1) dx < / h(x) dx < (oR?r) Vol(82y, (uy) < hoGRr'/?)>.
Q4 (uh?)

Since [uM(-, kt,)dx = 1, we obtain »g > (BRr'/2)73if r < (3R)7S. Note that B,(x;) C
24, M), and thus

ul (.0 = f) =GR/ -

3Rr1/2)-3
%(x - xl)z-

In particular, |DuM|(y1, 1) > |Df|(y1) = BR)3r~Y2 > 1if r < (3R)~5. This contradicts the
fact that the outward normal velocity of I (uf:” ) at (x1, t1) is nonnegative.

Case 2: 9; > r'/2.  Note that, uptor =ty, §2; (uﬁ” ) is star-shaped with respect to both B, (xg) and

B, (x1). Hence Q,(uﬁl” ) contains the strip
Y :={x:x € B(2), z=x0+1er, t €[0,r?]}.
Let ¢ be the reflection with respect to the line parallel to e and going through x;. Then
M M : — [y -
uy (@x), 1) <u, (x,n1) inD3:={x:(x—x1)- e <O}

Hence, by Lemma [B.T| we have

u, (¢ (), 10) <y (x, 10). (B.4)
If we combine (B.4) with the fact that uﬁ’l (x, t9) = 0 on the right hand side of ly, then it follows that
2, (uM) is contained in the channel of width at most 2r'/2 and height 6R. Now the same argument
as in Case 1 yields a contradiction if < 3R)~°.

Lastly, suppose

y1 € Br(xo 4+ Te1) N 382 forsome 7 € [0, r'/?).
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Let /3 be the line parallel to e; containing y;. Since §2y is convex and symmetric with respect to the
e1-axis, we have uo(x) = 0 on the right side of /3. Therefore Lemma [B.T|implies that for z > 0,

uM (1) <uM(p(x),r) on the right side of 3,

where ¢ (x) is the reflection of x with respect to /3. Now one can proceed as in Case 2 to derive a
contradiction. O

REMARK One class of initial configurations covered by the above theorem are circular sectors

Qo) ={re'? :0<r <R, 0<0 <)
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