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The combined effect of fine heterogeneities and small gradient perturbations is analyzed by means of
an asymptotic development by I"-convergence for a family of energies related to (one-dimensional)
phase transformations. We show that multi-scale effects add up to the usual sharp-interface limit,
due to the homogenization of microscopic interfaces, internal and external boundary layers, optimal
arrangements of microscopic oscillations, etc. Several regimes are analyzed depending on the “size”
of the heterogeneity (small or large perturbations of a homogeneous situation) and their relative
period as compared with the characteristic length of the phase transitions (slow or fast oscillations).
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1. Introduction

The object of this paper is the study of the asymptotic behavior of a family of nonconvex energies

of the form
d 2 2
/ (W(—,u) 4+ &“|Vu| )dx
o )

(possibly with a volume constraint on u), where W is a periodic perturbation of a double-well
potential W with wells in £1, the unperturbed situation being the one studied in the seminal papers
by Modica and Mortola [9}|8]. The combined descriptions obtained by homogenization with respect
to the variable § and by a sharp-interface limit as ¢ — 0 are not sufficient in this case to fully
describe the behavior of these energies at all scales, and a more complex multi-scale analysis
is needed. In fact, minimal sequences tend to develop microscopic interfaces by following the
oscillating minimal set of VV; such interfaces are possible in the case of slow oscillations (5§ > ¢),
while are asymptotically damped in the case of fast oscillations (§ < ¢). Note that, in contrast
to [9], the latter case is the only one where minimizing sequences are strongly compact in L', while
only weak compactness holds in the other cases. In their turn, optimal arrangements of microscopic
interfaces for small perturbations of W tend to oscillate between the states =1, while for large
perturbations of W their average tends to be 0. As a consequence, sharp interfaces are developed
only in the first case. Additional effects are due to boundary terms, to the interaction between
neighboring microscopic interfaces through internal boundary layers, to the asymptotically damped
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62 A. BRAIDES AND C. I. ZEPPIERI

interfaces in the case of fast oscillations, and to the optimal arrangements of microscopic interfaces
in the case of large perturbations. Such a complex multi-scale analysis can be captured by looking
at the development by I"-convergence of the energies above. In this paper we focus on a prototypic
one-dimensional case which we believe already contains the main features of the general case.

The prototypical energies we have in mind are governed by three different parameters: ¢ > 0,
the characteristic length of the phase transitions; k € (0, 1), the perturbation from the phases of a
given double-well potential; § > 0, the period of this perturbation. More precisely, for any choice
of the function § = §(¢g), with § — 0 as ¢ — 0, we consider the family of functionals

1
Fru) =/ (Wk<;—cu) +52(u’)2> dx, (1.1)
0

where WX : R x R — [0, +00) is I-periodic in its first variable and on the periodicity cell (0, 1) is
defined as

WeGy. 5) e {W(s k) ify €, 1/2),

W(s+k) ifye(1/2,1),

with W (¢) = min{(t — 1)%, (t + 1)?}. A first relevant simplification to the general situation is due
to this special choice of the double-well potential W* and to the related fact that its minimal value
does not oscillate, being always equal to zero. A step in the direction of removing this simplified
hypothesis is represented by a model recently proposed in [S] by Dirr, Lucia and Novaga (see
also [6]]). They consider a perturbation of the Modica—Mortola energy by a rapidly oscillating field
with zero average; specifically,

]—"s(u)zf <M+S|W|2+ig(i) u) dx,
o e ey ey

where g is a 1-periodic function and W a general double-well potential. Then for y > 0 both the
amplitude and the frequency of g become large (for & small) and the infimum of the energy can even
tend to —oo as ¢ — 0. Hence, in this case, to fit in the framework of I"-convergence, the authors
need to introduce an additive renormalization to the energies. In our model we do not encounter the
difficulty arising from this renormalization; moreover, our particular choice permits us to detail a
higher-order asymptotic analysis that is not pursued in [5]].

Coming back to our model, a first observation is that for k = 0, Wk = W and li reduces to

1
Fo(uw) = f (W) + 62u')?) dx,
0

for which a I'-development (with respect to strong L2-convergence) is given by the Modica—
Mortola Theorem [9, |8] and can be (formally) written as

1
Fo(u) £ / W (i) dx + eC#(S(u)) + o(e), (1.2)
0

where S(u) denotes the set of discontinuity points of # and Cy := 2 fil V' W(s)ds, with the
constraintu € BV ((0, 1); {£1}) given as understood for the second term of the development.
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Since the above I"-development is stable under adding a volume constraint, one may prescribe
the “volume” of the phases and address, for instance, the study of the minimum problems

1
me = min{Fg(u) : f udx = d}, (1.3)
0

with |d| < 1, to exclude the trivial case of constant minimizers. Then, since the minimizers of
Cw#S(u) are only the two functions £ sign(x — (1 — d)/2), one deduces the convergence of a
minimizer for (I.3) to one of these functions. In addition, we have the development of minimum
values

me =eCw +o0(e) ase — 0.

Moreover, in this case it is possible to compute that the next meaningful scaling is ee~!'/2¢ and thus
one may further write

me = eCy +ee 2 Cy + o(ee™ /%) ase — 0.

However, the minimizers being essentially uniquely characterized by the analysis at order &, this
last information only provides a better approximation of the minimum values ;.

For k > 0 we are dealing with a multi-scale energy. In this case, the spatial discontinuity of the
potential makes the zero set of W* oscillate on a 8-scale and induces the presence of microscopic
oscillations whose final effect depends on the mutual vanishing rate of ¢ and §.

As a particular case of a multi-dimensional model introduced in [7] by Francfort and Miiller, we
find that the energies F, gk I'-converge to a homogeneous functional

k ! k . 6()
Fy(u) = / W, (u)dx, where ¢:=lim —. (1.4)
0 e—>0 &
If ¢ = +o0,i.e.,8 > € (slow oscillations), the phenomenon due to periodic oscillations is dominant

while the gradient perturbation turns out to be irrelevant in the limit. One has W!fo = W{l‘om, where

W}];om is given by the well-known cell formula of nonlinear scalar homogenization, which only
involves the potential W¥ (see (3.2)).

If ¢ € (0,400), i.e., ¢ ~ &, oscillations and phase transitions interact and the singular pertur-
bation contributes to the definition of the “effective potential” W/f (see (B:3)).

If¢ =0,1i.e., § K ¢ (fast oscillations), oscillations of u on a §-scale are “forbidden” and W(')‘ is
simply (the convex envelope of) the average of W* over the period (see (3.4)-(3.3)).

In Section (and Section @) we show that F tf‘ is degenerate for any choice of k and ¢, so
that a higher-order asymptotic analysis for F, 8" is needed (note that for k > 1, F ek is strictly convex,
which explains our choice of k € (0, 1)). Since we are interested in describing how the two different
parameters ¢ and ¢ interact in the creation of the various scales occurring in the I"-development,
we mainly focus on the two extreme regimes § > ¢ and § < ¢. Nonetheless, for the sake of
completeness, in Section [ we briefly discuss also the “critical” case § ~ &.

A direct computation gives that for £ = +00, min W!jo =0= Wcljo (s) for every s with |s| < 1,
so that F§O has a large set of minimizers. Then in Section E] we turn to the analysis of the scaled
energies

1 k
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with k&) a suitable positive function, vanishing as ¢ — 0. The Modica—Mortola scale analysis
performed at the micro §-level suggests that a minimizing sequence for (I.I)) must oscillate on that
scale making optimal transitions on an e-layer (as, for instance, in Fig. [T)).

5
e
1+k |
}_{
€
0 X

FIG. 1. Microscopic phase transitions.

In Section.T|we show that we may have four different types of optimal transitions characterized
by three different energy contributions depending on the parameter k. More precisely, if these energy
contributions aCf‘ (i =1, 2, 3) are associated to each transition as in Fig. we prove that Cé‘ >C ’f
and Cé‘ > C’z‘ for every k € (0, 1), while C {‘ < C’z‘ if and only if kK < 1/2 (see Remark . Hence,
we have two different regimes for k: k < 1/2, which we call the regime of small perturbations, and
k > 1/2, the regime of large perturbations.

FIG. 2. Different types of optimal transitions with their energy contribution, for k < 1/2.

Since each of these transitions carries an energy contribution of order ¢, the next relevant scaling
for the energy turns out to be

AD(e) = e/8. (1.6)
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The asymptotic behavior of (I.3) is analyzed in Theorem @.2] which establishes that
gFg‘(u) N /01 k) dx = FFO () (1.7)
(with respect to the weak L2-convergence) with ¥ as in Fig.
vk k< 3 vk k> 3

k
2ck

FIG. 3. The function wk.

A first interesting observation is that the presence of microscopic phase transitions, with the
consequent distribution of the energy of a minimizing sequence on its whole domain, leads to a
I'-limit which is again a bulk energy. This represents a difference from the Modica—Mortola result
in which the energy of an optimal transition concentrates on a small layer, thus yielding a first-order
energy of surface type.

From the point of view of the construction of a recovery sequence for (I.7), Theorem [.2]
asserts that if we are in the regime of small perturbation, i.e., k < 1/2, any state |u| < 1 can
be approximated by mixing, in the right proportion, on a suitable meso-scale, minimal optimal
transitions, i.e., with average 1 and average —1. If instead we are in the case of large perturbations,
i.e., k > 1/2, the minimal transitions are those with average O which then only permit one to
approximate the state u = 0. To obtain a nonzero state we are then forced to mix minimal transitions
with “expensive” ones. Moreover, suggests that the characterization of the asymptotic behavior
of sequences of minimizers, as well as the development for the minimum values, can be improved
fork < 1/2.In fact, fork < 1/2, y* = ZC{‘ so that again the I"-limit only provides the information
that the weak limit of sequences of minimizers can be any function v € L?(0, 1) such that [v| < 1
a.e. Hence, in Section [4.3.1] we consider the scaled functionals

Ff—tmin FKO  FF—fminy*  FF—22C]

2 - 2 - 2
22 (e) 22 (e) A2 (e)

for a suitable scaling )»g)) (e).

We observe that F, gk - 52C ]1‘ is infinitesimal on a sequence whose qualitative behavior is as in
Fig. [

Moreover, since a microscopic optimal transition is a solution of an optimal-profile problem
stated on a §/e-interval, on any §-period we have to consider an extra exponentially small
contribution due to the interaction between two neighboring microscopic phase transitions. The
total energy of a minimizing sequence for ng - 52C ’1‘ turns out to be of order

€ _5)2¢
e+ = .
+ (Se
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FIG. 4. A transition between the two “oscillating phases” 1 and —1.

Then the natural assumption 8§ > e~%2¢ (notice that the converse inequality would be quite
restrictive for the possible choices of §) leads to

2D =e.

which is the scale of the transitions between the “oscillating states” around 1 and —1.
In terms of I"-convergence, Lemma[4.6]and Theorem [4.7) assert that

Fku) — £2c*
% = ngk(u) - ézc{‘ N (C5 — Chy#(S)) — C* (1.8)
Aoo (€) €
foru € BV ((0, 1); {£1}). The extra C ]f is a boundary-layer term that would disappear under some
periodicity assumptions. Hence, at scale ¢ we get in the limit a surface energy of Modica—Mortola
type but now with the convergence of minimizing sequences being only weak.
The combined computations of (I.4), and are formally summarized by the following
development:

1
Fru) £ /0 WE (u)dx + gch +e((Ck = ChH#S W) — Ch) + 0(%“3/28). (1.9)

We are also able to explicitly compute the optimal-profile problem energy, thus giving an accurate
estimate for the error O ((/8)e~*/%%) (see ([#.46))). A comparison between and shows that
the interaction between periodic oscillations and phase transitions gives rise to two new scales that
cannot be observed by a separate analysis of these two phenomena. These scales are ¢/§, which is
the scale of the microscopic interfacial energy, and (g/8)e~%/%¢, which is the scale of the interaction
of microscopic interfaces.

In the case of large perturbations k > 1/2 and slowly oscillating potentials £ = +oo, ¥¥ has
the unique minimizer s = 0 (see Fig. [3|or Fig.[5). Nonetheless, we may add an integral constraint to
the problem, which in turn allows us to add an affine perturbation to the energies without changing
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wk _ rk
k
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FIG. 5. The function y* — rk.

development for F, ;‘ in this case as well. More precisely, in Section we consider the functionals
(d € (0, 1) fixed)

their minimizer. The nonstrict convexity of the function ¥ makes it possible to determine a I"-
i3

Ff) ' Sk " !
oo r(u)dx = —F; (u) — r“(u)dx for u such that udx =d, (1.10)
A(oo 0 € 0 0

where r¥ is the affine perturbation chosen in such a way that lﬁk (s) = rk(s) > 0 for every |s| < 1
and 1//k(s) — rk(s) =0forevery 0 <s < 1 (see Fig..

A minimizing sequence for (I.TI0) (or equivalently for ng with the same constraint) is forced
to mix minimal optimal transitions with average 0 with more expensive transitions with average 1,
thus yielding a degenerate I'-limit having a large set of minimizers. The scale analysis for this
case is quite complex and in particular highlights the presence of the new scale £2/8% which takes
into account the interaction between these two different types of microscopic phase transitions (see
Theorem [A.10). What happens is that for any fixed ¢ > 0 a minimizer for (I.I0) is the result of
a suitable mixture of oscillations with average s > 0 (s; — 0 as ¢ — 0) and oscillations with
average 1 + s, (see Fig.[0).

1+ k+se

1+ se

1—k+se

Se | oo

—1+k+se |

FIG. 6. A minimizing sequence in the case of large perturbations k > 1/2.

Loosely speaking, using these two averages (instead of 0 and 1), a minimizer can satisfy the
volume constraint using a smaller proportion of energetically expensive transitions.
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For k > 1/2, we establish the I"-development

1 1 2 k k
Frauy £ / WE (u)dx + f/ vk dx — S (Ck — chy? - Lt 0<5e5/28>,
0 3 Jo 82 2 8

where the term at scale € accounts now only for the effect of the external boundary layers. Moreover,
the above development is valid under some additional assumption on &, needed, in this case, to get
the compatibility of the I"-limit procedure with the imposed integral constraint (see Remark [4.9).
Finally, in Theorem we carefully estimate the error O ((¢/8)e ™%/ 28).

For small perturbations k < 1/2 and fast oscillating potentials £ = 0, a direct computation
shows that min Wé‘ =k = Wé‘ (s) for every |s| < 1. Thus, in Section we determine the scaling

Aél) (&) in order to study the asymptotic behavior of the family of scaled functionals

FF—k?
i
15 (@)

We prove that, upon choosing § sufficiently small, the presence of small scale heterogeneities does
not essentially affect the I"-convergence process at first order. Specifically, we show that even if
ng(v) — k% =0 for v = £1 (as follows immediately from the definition of W¥), in this case it is
more energetically convenient to oscillate “around 41 than to be identically £1, and the cost of
these oscillations has a development in terms of powers of 82 /g2 (see Fig. .

FIG. 7. The qualitative behavior of a minimizer for F, f .

Then, since the presence of the singular gradient perturbation introduces ¢ as the length for the
layer of a transition between the two “oscillating phases” 41, we find that the contribution of a

minimizing sequence for Fé{( O _ 2 is of order
52
&+ poR
We only focus on the case 8 < &3/, which yields

1
1) =&,
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since we expect to obtain constant I”-limits for other choices of the scaling A(()l)(s). We also notice
that the asymptotic analysis for the “critical case” § ~ &3/ yields a I"-limit of Modica—Mortola
type. Nonetheless, it seems that in this case the two phenomena of oscillations and phase transition
may interact in a nontrivial way, thus introducing some technical difficulties to the problem.
Under the assumption § < £3/2_in Theorem we prove that
Ffu)— k> Ffuw) — k> r

= —> C —x
Do~ e G

#(S(u))

foru € BV((0, 1); {£1}) with

1 1
—k —k
W (s) :=/0 WX(y,s)dy and Cart_iz, :=2/_1\/W (s) — k2 ds.

In this case the equi-coercivity at scale & improves to strong-L? equi-coercivity, as for the Modica—
Mortola functional, so we may (a posteriori) compute also the “zero-order” I"-limit with respect to
strong L>-convergence, obtaining

-
Fé‘(u):/ W' (u) dx.
0

Thus, for 8 < &3? and k < 1/2 we find that a I"-development for FE]‘ (with respect to strong
L2-convergence) is given by

Fk(u)E/IWk(u)dx+sC v #(S(u))+0<§)
SR /8 (W' —k?) g2 )"

The above development in particular shows that in this case we may formally first perform the
homogenization procedure for fixed ¢ by letting § — 0, and then apply the Modica—Mortola
Theorem to

1
/ W) — k2 + 2w')?) dx.
0

Theorem [5.3]states that in this case the scale analysis performed for k < 1/2 applies unchanged for
k > 1/2, thus yielding an analogous I"-convergence result.

Finally, the case of potentials oscillating on the phase transition characteristic length scale, i.e.,
the case § ~ ¢, can also be described by a development, taking into account that optimal sequences
still have the form described in Fig. [/ with finite oscillations around £1 (or around two explicitly
computed positive values for the case of large perturbations with a positive volume constraint; see
(6.1)), now neither following the zeroes of WK as for slow oscillations, nor asymptotically dumped
as for fast oscillations. This case is briefly described in the last section.

2. Development by I"-convergence

For the reader’s convenience and in order to fix notation, in this section we recall the notion of
development by I"-convergence (or in brief, I"-development) and the related terminology. For an
introduction to the subject, we refer the reader to the classical paper by Anzellotti and Baldo [2]] and
to the more recent work by Braides and Truskinovsky [4].
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The procedure leading to a development by I"-convergence is aimed at a better characterization
of the asymptotic behavior of a family of minimum problems when the I'-limit is degenerate.
Specifically, if (F;) is a given family of equi-coercive microscopic energies, the fundamental
property of I"-convergence can be sketched as

P i) 7O me :=min F; - m® := min FO,
¢ {limits of minimizers of F;} C argmin(F Oy,

where argmin(F @) := {u : FO(u) = m©} and the inclusion may be proper. Hence, in general the
description given by F(® may fail to completely characterize the asymptotic behavior of the family
(F;). Then the idea is that the computation of the I"-limit F O, the zero-order I'-limit, is only the
first step in the description of the asymptotic behavior of Fg, as it may be necessary to refine the
above limit procedure to select those minimizers of F () which are actually limits of minimizing
sequences of F;.

The most intuitive refinement procedure of standard I'-convergence is the iteration of the
successive I'-limits. Once a I'-limit F© of a family (F,) is computed, and the next meaningful
scale AV (¢) (by a scale we mean a function A(V(g) > 0 such that AV () — 0 as e — 0) is
conjectured, we may look at the I"-limit of the scaled family of energies

F.(u) — m©

FUW =200

’

and, if it exists, we denote it by F M the first-order I'-limit (or, if more meaningful, the I"-limit
at order AV (¢)). Notice that the domain of F() is, by definition, a subset of the set of minimum
points of F©_ je., dom(F1) C argmin(F©@). If F(V is not trivial (which is the case if the scale
A (e) is “meaningful”), then the iterated application of the property of convergence of minima for
I"-converging sequences leads to a development of the minimum values

me =m@ + 2V @m® + 00 V(e)) ase — 0,

where mY := min FO. It is also clear that the minimizers for Fg(l) are exactly those for F;; then
we deduce that the limit of minimizers not only minimizes F(?) but also F(). Loosely speaking, we
have

{limits of minimizers of F,} C argmin(F(l)) - argmin(F(O)),

thus we have actually made a selection from minimum points of F(). The combined computation
of the zero-order and first-order I"-limit as above is formally written as the I"-development

F. ZFO L300 FD 4o Dey),

with o(A1 (¢)) meaning that the next relevant scale is of higher order than A(V(¢) as ¢ — 0.

If necessary, this procedure can be iterated to obtain other scales 2@ (), AP (¢), etc., and
consequently other terms in the development. This may provide a considerable improvement of the
description of the minimizing sequences, and in some cases may give a complete characterization
of the asymptotic behavior of (F;). Moreover, we remark that since in the applications one would
like to construct “theories” operative at small but finite ¢, a development by I"-convergence can also
be viewed as the simplest way to bring a small scale back into the problem (see [4]]).
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3. Zero-order I'-limit

In what follows, our notation will be consistent with that introduced in Section 2}

Our energy is a particular one-dimensional version of a more general multi-dimensional energy
introduced by Francfort and Miiller [7]]. Thus, having in mind the idea of a I"-development for (I.T)),
in this section we adapt to our setting the I"-convergence results of Theorems 2.1 and 2.3 in [[7]].
Those two results are summarized in the following theorem.

THEOREM 3.1 Letd = §(e) > 0 be such that § — 0 as e — 0 and set

1)
£ := lim ﬁ
e—>0 &

Then the family of functionals Ff 1 L%(0, 1) = (0, +00] defined by

1
FE ) = /(Wk<§,u)+82(u/)2>dx ifu e whH2(0, 1),
& - 0

+00 otherwise,

I'-converges with respect to weak LZ-convergence to the homogeneous functional defined on
L?(0, 1) by

1
FfOWw) = /O W) dx. 3.1)

The integrand Wlf‘ depends on £ in the following way:

(1) if £ = 400, then

1 1
Wé‘o(s)zinf{/ Wk(x, v)dx : v e L?(0, 1), / vdx =s}; (3.2)
0 0

(2) if £ € (0, +00), then
k . . " k 1 N2 1,2 "
W, (s) = inf 1nf{][ <W x,v) + =) >dx v e W0, n), ][ vdx = s}; 3.3)
neN 0 2 0
(3) if £ =0, then
Wi (s) = (W)™ (s). (3.4)

where

1
Ws) = fo W(y. 5)dy (3.5)

and (Wk)** is the convex envelope of Wk.

REMARK 3.2 From the definition of WX, a priori we only know that the family (Fsk) is equi-
coercive with respect to weak L2?-convergence (for any choice of § = 8(¢)); for this reason, in
Theorem [3.1] the I"-limit is computed, in each regime, with respect to that convergence.
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3.1  The effective potential Wé‘

The starting point of our analysis is a complete characterization of the zero-order I"-limit F, Lf‘ O,

Then, recalling the definition of our given W*, in this section we compute the explicit expression
for the effective potential Wé‘. Here we only treat the cases £ = 400 and ¢ = 0; since the case
£ € (0, +00) needs a different investigation involving some of the techniques developed in the next
sections, we refer the reader to Section[6]for that case.

If £ = 400, Theorem asserts that Wé‘o is given in terms of the cell formula , which is
equivalent to

1 1
Wk (s) = min{/ (W5 (x, v)dx : v e L0, 1), / vdx = s},
0 0

where the convexification is taken with respect to the second variable. Thus by using Jensen’s
inequality it is easy to check that

1 1
Wclfo(s) = min{EW**(sl —k)+ EW**(SZ +k):isg+s= 2s}.

Finally, a straightforward calculation gives

0 if |s] < 1
Wk (s) = W*(s) = ’ 3.6
2o (5) (s) {(|s|—1)2 if Is] > 1. (36)
If £ = 0, then trivially
W) 1(Wk( 0 + Wees + 1) 24+ (1—k)?  if|s| <k,
s) == s — N =
2 (Is| — D>+ k> if|s| > k,
hence by a direct computation we get
WhGs) k? if |s] < 1, 37
S) — .
0 (Is| — D>+ k> if|s| > 1,
for k < 1/2, while
24+ (1 —k)? if |s| <k —1/2,
WE(s) = 1@k —)|s| —k+3/4 ifk—1/2<|s| <k+1/2, (3.8)
(Is] = D? + k> if |s| > k+1/2,

fork > 1/2.

Now, the effective potential Wlk has a large set of minimizers for both £ = 400 and £ = 0,
k < 1/2; more precisely, Wlk (s) = min Wzk for every s such that |s| < 1. At this point some scale
analysis must be performed for both £ = +o00 and £ = 0, k < 1/2, to understand what the next
relevant scaling is. We expect this scaling to depend on the regime ¢ and on the parameter k as well
but, not to overburden notation, we only indicate the dependence on £ so that in what follows we
denote the first meaningful scaling by )\21) (e).
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FIG. 8. The effective potential W(I)‘ fork < 1/2and k > 1/2.

Finally, as for the remaining case £ = 0, k > 1/2, we want to point out that the nonstrict
convexity of Wé‘ (see Fig. [8) permits us to determine an asymptotic development for ng in this
case too by adding an integral constraint to the problem, which in turn allows one to add an affine
perturbation to the energies without changing their minimizers (see Section [5} and also Section

B.3.2).

4. 5 > ¢: the case of slow oscillations

In this section we treat the case when the scale of oscillation § is much larger than the scale of the
transition layer ¢, i.e., the case £ = +-o00.

In order to guess what the first meaningful scale k(olo) (&) is, we start by performing a preliminary
qualitative scale analysis. Using the same argument proposed to examine the Modica—Mortola
model 8 9] we estimate the order of m’; := min Fg‘ as ¢ — 0. To this end, we focus on a single
d-interval; to fix ideas, say the interval (0, §). Now, when we come to minimize Fsk , on one hand
the term f(f WK (x /8, u) dx favors those configurations which take values close to the (varying) zero
set of W, i.e., close to (at least) two different constant values: one chosen in {1 + k, —1 + k} when
x € (0, §/2), and the other chosen in {1 —k, —1 —k} when x € (§/2, §). In other words, the potential
term in the energy favors a phenomenon of phase separation. On the other hand, the gradient term
&2 f(f (u)? dx penalizes spatial inhomogeneities, thus inducing a phase transition phenomenon as
well. When ¢ is small the first term prevails, and the minimum of

8 x
/ <Wk<—, u) + sz(u’)2> dx
0 1)

is attained at a function which takes “mainly” values close to the set {1 4+ k, —1 + k} in (0, §/2)
and close to {1 — k, —1 — k} in (6/2, §), but which also makes a transition on a “thin” layer around
8/2. Then a scaling argument (see e.g. [1] and [3, Chapter 6]) proves that the transition between
two different zeroes chosen as above actually occurs in a layer of thickness of order ¢ (recall that
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8 > ¢) and gives an energy contribution of order ¢. Clearly the previous heuristics can be repeated
on each §-interval, thus yielding a total energy contribution of order /5. Hence, we claim that

23 (€) = £/8, and the proof of this claim will be made rigorous with Theorem

4.1  Estimate for the phase-transition energy

We now move the first step towards a rigorous justification of the qualitative argument discussed
in the previous section. In what follows, we make use of some well-known facts relating to the
so-called optimal-profile problem in the Modica—Mortola model. For a detailed treatment of the
one-dimensional case, we refer the reader to [1, Section 3a] or [3, Remark 6.1].

We want to find an explicit formula for the phase-transition energy; for this purpose we set

WEs) := W(s —k),  WE(s) = W(s +4k),

and for any fixed ¢ > 0, we let x1, xo € R be such that x; < x2, xo0 —x1 < 8/2 and §/2 € (x1, x2).
We start by estimating the contribution of the integration on (x1, x2) in Fg‘ (1) in terms of z; =
u(x1) and z7 := u(x2). After setting v(x) := u(ex), we have

fxz (Wk<;_cv u) + 82(1/1/)2) dx
1 §/2 1 X /1
= g</ (-W{‘(u) + s(u’)z) dx + f (—Wé‘(u) + 8(1/)2) dx)
X1 & §/2 \ €

§/2¢ x2/€
=g</ (W{‘(v)+(v’)2)dx+/ 2 (W§(U)+(v’)2)dx). (4.1)

1/¢ 8/2¢
By the change of variable y = x — §/2¢, {.1I)) becomes

0 T
e( f (WE@) + ()P dy + / 2(W§(z)+(z/>2>dy>,
0

— Tl

with T7 := (8 — 2x1)/2¢, T» := (2x3 — §)/2¢ and z(y) := v(y + §/2¢). Hence, a lower bound for
the energy of a transition between the values z1, z» is given by

0 T
e inf inf{ / W@ + @) dy + / “WEQ) + )P dy -
T, T,>0 -T; 0

ze WA(=T1, ), 2(-T) =z1, 2(T2) = Zz}- (4.2)
Now let Zf‘ be the set of zeroes of Wl.k fori =1,2,1i.e.,
Zy = {14k 1+k), Z5={-1-k—1+kj
ifz; € Z{‘ (i =1, 2) we know that

0
inf inf{ (Wi@) + (D dy:ze€ WH(=T1,0), 2(=T1) = z1, 2(0) = ZO}
T:>0 -7

0
- inf{/ (WE@) + () dy 1z € Wh2(=00,0), 2(—00) = z1, 2(0) = Zo} 4.3)



INTERACTION BETWEEN MICROSTRUCTURE AND SURFACE ENERGY 75

and

I
Tinfoinf{ (W5(2) + (&) dy : z. € WH(0, 1), 2(0) = 20, 2(T2) = zz}
2> 0

+o00
= inf{f (WE@) + () dy 1 2 € WhZ(0, +00), 2(0) = 29, z(+00) = zz} (4.4)
0

where z(—00) and z(400) are understood as the existence of the corresponding limits. Then it is
easy to check that (4.2)) can be rewritten in terms of the two optimal profile problems (4.3) and (4.4),
as

0
sig)f{inf{ / (W@ + () dy 1z € Wi (=00,0), 2(—00) = z1, 2(0) = zo}

~+00
+inf{ f (WE@) + () dy 1 2 € Wh2(0, +00), 2(0) = 29, z(+00) = zz}},
0

/ZO,/Wll‘(s)ds /Zz,/Wzk(s)ds

1 0

and finally as

sinf{Z +2
20

}. (4.5)

Hence, if for every ¢, {» € R, we set

20
Cpn (21, &) 1= 12)f{2‘/§] JWhes) as

/ 2<Wk<§, u) +82(u/)2) dx > eCyi(z1, 22). (4.7)

1

+2

¢
f V WX (s)ds

0

}, (4.6)

we have

Finally, recalling the definition of the potential W¥, in order to explicitly compute Cyy« (21, 22) we
have to distinguish three cases.

Casel:z1=14+k,z0=1—k.

1+k 20
cki=Cyr(1+k,1-k) =inf{2/ ,/W"(s)ds+2/ ,/W"(s)ds}
1 w ph . 1 - 2
1+k 1
=2/ ‘/Wk(s)ds+2/ JWE(s) ds = 2k2.
1 ! 1-k 2

Moreover, it is immediate that Cyx (—1 + &k, =1 — k) = C’f.

Case2:z1=—14+k,zp=1—k.

20 1—k
CK.=Cyr(=1+k,1—k) =inf{2/ ,/Wk(s)ds+2/ ,/Wk(s)ds}
2 v 20 —1+k ! 20 2
0 1—k
zf ‘/Wk(s)ds+2/ JWE(s)ds = 2(1 — k).
—1+k ! 0 2



76 A. BRAIDES AND C. I. ZEPPIERI

Case3:z1=1+k,zp=—1—k.

k+1 20
Ck=Cyr(1+k,—1—k) =inf{2/ ,/Wk(s)ds+2/ ,/Wk(s)ds}
3 w 20 o 1 ek 2
k+1 1
:2/ ,/Wk(s)ds+2/ JWE@) ds =201 + K2).
1 ! —k—1 2

REMARK 4.1 The constant C§ is greater than both C’f and Clz‘ for every k € (0, 1), i.e., the
transition between the two extreme zeroes 1 + k and —1 — k is always energetically unfavorable,
while

Cl <Ch & k<1/2, (4.8)

or in other words, the transition from 1 + k to 1 — k (or equivalently from —1 +k to —1 — k) is more
convenient than the one from —1 + k to 1 — k if and only if k < 1/2.

4.2 First-order I -limit

We are now ready to state the I"-convergence result for the family of scaled functionals

1
1) X
Fk s O k(X "2 . 1.2
ng(l)(u) — () =—F£k(u)= /0 <8W (8,u>+85(u) >dx ifu e W-4(0, 1), 4.9)
A(l)(s) P .
00 +00 otherwise.

Note that to ease notation, in ng M \we omit the dependence on £.

THEOREM 4.2 The family of functionals F,f ) defined in I'-converges with respect to weak
L?-convergence to the integral functional defined on L?(0, 1) by

1
k . 2 <
A Gy /0 YR@)ydx ifu e L20, 1) and [u] < 1 ae.,

+00 otherwise,

where

(4.10)

k .
sy = 126 if k <1/2,
2(CY = Chis|+2¢% itk > 1)2.

Before proving this we need some preliminary results.
In the following proposition, 7 is the small positive parameter that we will let go to zero in the
I'-limit procedure.

PROPOSITION 4.3 (i) The family of functionals G¥ defined on L2(—1/4, 1/4) by

1/4
‘ / <1W"(x, u) + n(u/)z) dx ifu e Wh2(—1/4,1/4),
G,(u) =13 J-1a\n

+00 otherwise,
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I'-converges with respect to strong L?-convergence to the functional defined on L2(—1/4, 1/4)
by
Cw (#H(S@)) — 1) + Copx (0%), u(07))
GFu) = ifue BV((—1/4,1/4); Z¥U Z%) and W*(x, u) = 0 ace.,
400 otherwise,

where Cy = 2[_11 VW (s)ds and u(0T), u(07) are the values taken a.e. by u on (0, r) and
(—r, 0), respectively, for r > 0 small enough.

(i) (Compatibility with integral constraint) Lets € R and let G’ff" be defined on L2 (—1/4, 1/4)
by

Gh(u) ifue W2 (~1/4,1/4) and f_l{j4udx =,

+o00 otherwise.

Gy (u) = {

Then the family of functionals G/,;'S I'-converges with respect to strong L2-convergence to the
functional defined on L% (—1/4, 1/4) by
. 1/4
Gh () = GK(u) ifu e L*(—1/4,1/4) and f_{/4udx =,
~+o00 otherwise.

Proof. The proofs of (i) and (ii) exactly follow the lines of those of Theorems 6.4 and 6.6 in [3],
with the only difference that now the zero set of the potential W* varies with x, being equal to Z]f
in (0, 1/4) and to Z’2‘ in (—1/4,0), thus forcing sequences with equi-bounded energy to make an
additional transition in an n-neighborhood of x = 0. O

COROLLARY 4.4 (convergence of minimum problems) For any fixed n > 0 and for every s € R,
let (pf] be the function defined as

1/4 /1 1/4
Py (s) = min{/ <—Wk(x, u)—}-n(u/)z) dx :ue Wh2(=1/4,1/4), ][ udx = s}. 4.11)
—1/4\1 —1/4

Then for every s € R,
lim @y (s) = ¢*(s)
n—0

where
ck ifs =—1orl,
ck if s =0,
o*(s) = {ck ifO < |s| <1, k<1/2,
Ck+Cy if0<Is| <1, k>1/2
400 if |s] > 1.

Proof. We first observe that
min GF+! = Ck, min G50 = CIZC,

Ck+coy=ck ifk<1)2

min G** = r )
Gy, +Cw ifk > 1/2

for0 < |s| < 1,
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while the set of functions u : (—1/4, 1/4) — R such that

1/4
ue BV((0,1/4);ZY), ueBV((—1/4,0); Z5) and ][ u=s with|s| > 1
—1/4

. . r . . . .
is empty. Then, since G** — G* and (Gg’s) is equi-coercive with respect to strong L>-
convergence, the desired result follows immediately from the general property of convergence of
minimum values. O

PROPOSITION 4.5 Let <p’,§ be the function defined as in lb Then

@) q)k (s) < c for some ¢ > 0 independent of 1 and for every s such that |s| < 1;
n P ry
(ii) if |s| < 1 and v¢ is a minimizing function for ¢¥(s) (i.e., a test function for which ¢¥(s) =
n n 1
f_l{z/“‘(%W" (x, vf]) + n(v‘f/)z) dx), then there exists a constant M > 0, independent of 1, such
that ||vf,||oo <M.

Proof. (i) For every s with |s| < 1, we exhibit a function vf, such that f_l{é/: vf7 dx = s and for

which
14 /1
/ (—Wk(x, v;) + n(vzl)2> dx <c
—1/4 \1

for some ¢ > 0.
For later references, we treat in detail the cases s = 0 and s = *1, while in the case 0 < |s| < 1
we only give the idea of the construction of vy.

We start with s = 0; then as US we take the function defined by

W00 m v (x) if —1/4 <x <0,
T ) if0 < x < 1/4,

where v%~, v27F respectively solve

n ]
0 1 1/4 71
min / (—(v—1+k)2+r)(v/)2) dx, min / <—(v+1—k)2+n(v’)2> dx:
veW!2(—=1/4,00J—1/4 \ 1 veWw!2(0,1/4) Jo n
v(0)=0 v(0)=0
or equivalently, the associated Cauchy problems
v —v+1—k=0 in(—1/4,0), v —v—14+k=0 in(0,1/4),
v(0) =0, V(-1/4) =0, v(0) =0, V(1/4) =0.

Hence, by directly solving the above equations we get

1
1—k+*k-1) cosh()—c> +k—1) sinh<£> tanh(—) if —1/4 <x <0,
0y _ n n 4n
vn(x) =

1
1tk — (k- 1)cosh<f> + k-1 sinh<’—“> tanh<4—> if0<x < 1/4,
n n n
4.12)
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1+k v%
1-k% 1
W0 ~///
— |1—k
N 1 1
—Z 0 7 X
—1+k _L_ll 0 %
FI1G. 9. The functions vg and v,17.
and thus immediately
1/4
/ vg dx =0.
—1/4

Moreover, a straightforward calculation gives

VAL, 0 0/12 _ k 1
—Wo(x, v;) +n((vy))” ) dx = C; tanh| — |,
—1/4\1 4n

and finally
1
os(0) < Ch tanh<4—> < C5  forall n > 0.
n

If s = 1, we proceed as above, now taking as a minimizing function for (pf‘,(l),

vy () if—1/4 <
vyt () if0<x <

v,ll (x) = {

where v,l”_, v,1]'+ are respectively solutions to

min
veWh2(—1/4,0) J—1/4
v(0)=1

0 1 1/4

/ (—(v—1+k)2+n(v')2>dx, min / <

n vew!2(0,1/4) Jo n
v(0)=1

or to
v —v+14+k=0 in(0,1/4),
v(O0) =1, v'(1/4)=0.

nzv// —v+1—k=0 in (=1/4,0),
v =1, V(=1/4) =0,

79

l(v—1—1<)2+n(1/)2

)dx,
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80
Hence, we find
X . X 1 .
1 —k+ kcosh(—) + ksmh(—) tanh(4—) if —1/4 < x <0,
vl(x) = K 7 1” 4.13)
X X
1+k— kcosh(—) + ksinh(—) tanh(—) if0 < x < 1/4,
n n 4n
and we have
1/4
][ v,]; dx = 1.
—1/4

Then a direct computation gives

1/4 1
gos(l) < / (—Wk(x, v%) + r}((v%)’)2> dx = Ci‘ tanh(—) < Ci‘ for all n > 0.
—1/4\7 4n

Notice that if s = —1, we simply take vn_l = v}] -2
A

1+

o
=
o
Ne L

|
I

—1+k

FIG. 10. The function v%.

We now turn to the case 0 < |s| < 1 and we sketch the proof for s > 0, the one for s < 0 being
¥ can be obtained as in Fig. |10| by suitably modifying v}]

analogous. In this case a test function vy
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and combining it, for instance, with an optimal transition v’,? between the two zeroes of the potential
Wlk , 1 +k and —1 + k. More precisely, vf’ is defined by

—s/4
ke = (S f SN oo
n n 4

where v is the solution to the optimal profile problem

+o00
inf{/ (W) + @)?) dx : u(—00) = 1, u(+00) = —1}.

—0o0

1

Then, as it can be easily checked that the energy contribution of the linear modification to v,

is (exponentially) small as  — 0, we get

k
and vy

(pf](s) <Ch4cw+o() asn—0,

and thus (p,l; is bounded.

We remark that the last construction is not “optimal” since the bound on go,’; can be improved for
O<ls|<1to
wl,;(s) < min{Cé‘, Cé‘ + Cw} forallnp > 0.

(i) Let |s| < 1 and let v; e Wh2(—1/4,1/4)be a minimizing function for goﬁ(s). We argue by
contradiction, supposing the existence of a point x” € (—1/4, 1/4) such that

v @) > M =31+ k). (4.14)

To fix ideas, and without loss of generality, we may additionally assume that x" € (0, 1/4).
Now, appealing to (i) we have for instance

1/4 1
oy (s) = / 1/4<;vvk<x, v)) + n(v;’>2> dr < %

and from this we deduce that the restriction of vy to (0, 1/4) converges in measure to Z’l‘ asn — 0.
In fact, for any fixed o > 0,

[{x € (0,1/4) : dist(v} (x), Z}) > o} min{W(r) : | |[z| = 1| > n} < Cn —> 0 asn— 0.
Thus, for sufficiently small n > 0 there exists x” € (0, 1/4) such that
min{lvy (x") = (1 + K|, [v;(x") = (=1 +k)|} < 0.
We may suppose that |vf7(x”) — (1 +k)| <o,and get
vy (x") <2(1 + k), (4.15)

having also chosen o = 1 + k.
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Finally, using the so-called Modica—Mortola trick together with (#.14) and {@.13)), we get

1/4 /4 vf](x’)
oh(s) > /0 (;Wf‘(v;;)Jrn((vf,)’)z) a2 [T fwheras

%(x//)
M
>/ 2(s — 1 —k)ds = M> = 2M(1 + k) > 3(1 + k)* > C%
2(14k)

and thus a contradiction.
Notice that if v; converges in measure to the constant —1 + k, then since —1 + k < 1 + k, the
same argument again applies to yield the conclusion. O

In all that follows, the letter C will stand for a generic strictly positive constant which may vary
from line to line and expression to expression within the same formula.

Proof of Theorem Step 1: I'-liminf inequality. We have to prove that if u, — u in L%(0, 1),
then F*M (i) < liminfe_o F£" (u,). Notice that if moreover sup, Fo" (uz) < +00 then, by the
definition of FX Ju| < 1 ace.

By virtue of the nonnegative character of WX, we have

1
8
FFO@u,) = /0 (EW"(;—C, u€> +55(u;)2> dx

[2/6=1/21 ,@i+1)8/4 P X
> > /( (—Wk<3,u£)+eé(ug)2)dx;

=1 2i—1)8/4 \€

then, by the change of variable x = §t +(6/2)i, denoting by [r] the integer part of » € R and setting
Vi) = u (St 4+1/2), i=1,...,[2/8 —1/2],
we get
[2/6—1/2]

k(1) VECS i PRNN
FFO @) > Z 5/ SWEH(r 4 20l ) + S @) ) dr

o 1/4\¢€ 2

1/4 /& . .
=Y 3/ <—Wk(t, vl + E((v;)/)z) dr
i even —1/4 & 8
KA R i & ivy2
+>8 —WHE, wl) + = ((wh)H? ) de,
fodd Y174 \E 8

/4

where wé ) = vé (t — 1/2). We observe that

1/4 /s 1/4
min{/ (—Wk(t, v)—i—f(v/)z)dt:][ vdt:s}
—1/4\¢ s —1/4
3/4 /5 3/4
=min{/ (—Wk(t,v)—l—f(v/)z)dt:][ vdt:s},
1/4 \& 8 1/4
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and as a consequence we find

[2/8-1/2] 14 /g . 1/4 Qi+1)8/4
FEOw) > ) (Smin{/ (—W" (t,v) + —(v’)z) dr :][ vdr =][ ugdt}.
= —1/4\¢& ) —1/4 Qi—1)8/4
(4.16)

Hence, by using the notation introduced in Corollary #.4} (#.16) becomes

K [2/6—1/2] 5 (2i+1)8/4

Fo o (ue) 22 Ei4 (][ u df>7
o ; 27\ Jaimnss

and if we define i1, : (0, 1) — R as

[2/8—1/2] (2i+1)8/4
g (x) = Z <][ Ug dt)X((zi1)5/4‘(2i+1)5/4)(3€),
= Qi—1)8/4

we finally have, using the uniform boundedness of (pé‘ /50
1
liminf F*D u,) > 21iminff @5 5 ii) dx.
e—0 e—=0 Jo
Note, moreover, that i1, — u in L2(0, 1).

Now our goal is to estimate (pé‘ 5 from below. To this end we first consider the case [s| > 1. On
one hand (see also (3.6)), for every s € R we have

s /4 1/4
(Pf/a(s) > inf{— Wk(t, v)dr : ][ vdt = s}
€J-1/4 —1/4
= —miny ~W*(s; +k) + W (s2 —k) 151 +520 =25 = (S),
2 4 4 e 2
so0 in particular
8 (Is| — 1)?
(pf/a(s) > - % for all s such that |s| > 1. 4.17)
3
On the other hand, for any fixed > O there exist o, &9 > 0 such that
9r5(s) = Cf —n* foralls € (1,1+0)and e < &, (4.18)

which can be proved by the following argument. If (#.18) does not hold we can find two sequences
s, — 1 and g,, — 0 for which

95 156 (5n) < Cf =g (4.19)
for every n € N and for some 79 > 0. Appealing to Corollary .4] we can also deduce

C{{ = wk(l) < lliin-‘fi-rggoé{n/‘s(gn)(sn)’

and combining it with (#.19) we find a contradiction. Note that, by symmetry, (#.18) also holds true
for every s € (—1 — o, —1). Hence, combining (#.17) and #.I8) we deduce that for every n > 0
and for any sufficiently small ¢ > 0,

5 (1s] = 1)?

¢§/5(S) >k -V < 5 ) for all s such that |s| > 1. (4.20)
e
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Now it remains to estimate (plg‘ /s for |s| < 1. To this end, for any fixed n > 0, consider the set
A; = {t € (—1/4,1/4) : dist(v. (), Zk(t)) > n},

. e . k
where v is a minimizing function for ¢ /s (s) and

ko |25 ifre(—1/4,0),
Zn = {z’; ift € (0, 1/4).

Then, arguing as in the proof of Proposition ii), we deduce that the measure of Aj tends to zero
as ¢ — 0. In fact, we have

AS I min{W (z) : | 2] — 1] > 0} < §c§ 50 ase— 0.

As a consequence, for any sufficiently small & > 0 we can find t~ € (—1/4,0) and ™ € (0, 1/4)
such that dist(vs (t%), Z*(1%)) < n.
If one of the following inequalities holds true:

i) = (=1 =R <n, [0 —A+k<n, 4.21)

say the first, we deduce

1/4 S e
k _ k s 5/\2
%/5(5)—/ <EW (t,v8)+5(v8) >dt>cwk(—1—k+ﬂ,—1+k—7]),
—1/4

with Cyyx (-, -) as in (#.6), and eventually
s )5(s) = Cf — Cn. (4.22)

We will now prove that whenever 4n < |s| < 1, at least one of the inequalities in (4.21) is fulfilled.
Arguing by contradiction we can find a number 19 > 0 and a sequence ¢, — 0 such that for every
neN,

lvg, 1) —(=1=k)| >no fort e (=1/4,0), |v; ()—(1+k)|>mno forte (0,1/4). (4.23)

If we set

1-k ifre(-1/4,0),
ZE(@t) = , /
—1+k ifre(0,1/4),
then in view of (4.23), A} can be rewritten as
Af]’(l) = {t € (—=1/4,1/4) : dist(v;, (1), Zé(t)) > o},

and again the complement of A} decomposes as

En J— En,— Sn"‘!‘
(A) = By~ U B (4.24)
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where
By~ = {t € (=1/4,0) : |v; (1) — (1 = k)| < no}, 4.25)
Bt = {1 € (0,1/4) : |v}, (1) — (—1 + k)| < o) '
and
|Bf)g’_| |B Tl >0 asn— +oo. (4.26)
Without loss of generality, we can suppose s > 0; then
1/4
2n0 < / vy, dt = / vg, dt + / v, dt.
1y i (A
Now by ([@.24), (@.25) and Proposition [A3(ii), we deduce
2o < / v, dt +/ v, dt +/ v, dt
A By~ Byt
< MIAD |+ (o + (L= k)B4 (o + (=1 + k) |By M
S MIAS | +n0/24+ (1= k) (IBi ™| — [Bor )
moreover by @.26), for any sufficiently large n, we have
[AS] > no/M,
which yields a contradiction. Then for |s| < 47 it is easy to check that
5 = C5 = O, (4.27)
Finally, combining (#.20), @.22) and #.27) we get
ch —Cn? if s] <7
cf —cn? if <1
O OSSN (Is| — 1)? e
(Cf—Cn)v ( 5 ) if |s| > 1,

for every s € R and for every 0 < n < 1; hence
1
1igng§<‘)(uS) > ligii(r)lfz fo Yy 5e (fle) dx.

To conclude the proof, we note that, for any fixed s € R, the sequence (1//,]; §/e (s)) increases with
d8/¢, so in particular for every m > 0, there exists &g > 0 such that

Yy 5/e(s) = ¥h ,(s) foralls € Rand e < .
Then

1 1
liminf f w,’;a/g(ﬁg)dx>liminf / Yk (iie) dx
e—=0 Jo ’ e—0 ’

hmmf/ (I/Ik Y (ltg) dx > /(1// ) () dx,
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using the fact that i, — u in L?(0,1) and the L?-weak lower semicontinuity of u >
fol (W,];, ) ¥ (1) dx in the last inequality. Moreover, by the Monotone Convergence Theorem,

1 1 1
lim /0 W) (W) dx = fo lim ()7 ) dr = /0 W)W dr.,

m——+00
where
Yh(s) = Cf —Cn* if|s| <1 fork <1/2
and
ck—cn? ifIs| <n
o) = —CI{_§§ISI+C§ - —Cf_ncgn—cif ifn <|s| <1 e

Collecting these inequalities we find that
1
r-liminf F¥O ) > 2/ vk () dx,
e—0 0
and by the arbitrariness of 7,

1
r-liminf F*O @) > 2sup/ Yk (u) dx.
e—0 7>0J0
Hence, again applying the Monotone Convergence Theorem we obtain the desired result for both
k<1/2andk > 1/2.

Step 2: I'-limsup inequality. To check the limsup inequality for the I"-limit, it will suffice to deal
with the case of a constant target function u = ¢ (—1 < ¢ < 1), since by repeating that construction
we can easily deal with the case of u piecewise constant and then the general case follows by density.

We start by approximating ¢ = 1. Fix n > 0; by (#.2) and (@.5) there exist 77, 7> > 0 and

v € WH2(=Ty, T») such that vi (=T) = 1 + k, v (T») = 1 — k and
0 T, n
/ (WE@1) + )2 dx +/ (W) + ()P dx < Cf + 3
—T 0

Note that it is not restrictive to suppose 71 = T>» =: T. Then as a recovery sequence we can take,

for instance,
1+k  if0<x<é/4,

ug(x) = vé,](x) if (4i —3)§/4 <x < (4i +1)8/4,
1+k if@[1/6—-1/4]+1)5/4<x <1,
fori =1,...,[1/§ — 1/4], where

1+k if (4i —3)8/4 < x < (2 — 1)8)2 — ¢T,
Xx—Qi-1Ds82\ . .
o (EEE T %72 i 20 — 1)8/2 — T < x < (2 — 1)8/2 + 6T,
&
vl 0 =1{1—k i (2 —1)8/2+ 6T <x <is—eT, (4.28)
.
m(’ x) ifis — eT <x <id+eT,
&
14k ifi8+ 6T < x < (4 +1)5/4,
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for i € N. In fact, recalling that ¢ < § it is easy to check that u, — 1 in LZ(O, 1), while

(1/8=1/41 ~@i+1)8/4 /5 x i
limsup F¥0 (u) = lim sup Z / <_Wk<—, v, 1> + &8((v, 1)’)2> dx
( , ,

£—0 e—>0 = Jui-3ss \€ 8
1 1
<lim| < ——|8QCk+n) =2CF4+n forally >0
e—0| & 4

implies that
limsup FXO (ue) < FFO(1).

£—0

If we replace 1 £ k with —1 &£ k and vy with its analogue v_1, a similar construction yields v;_l
and consequently the I"-limsup for c = —1.

If —1 < ¢ < 1, it is necessary to make a distinction between the cases k < 1/2 and k > 1/2.
Let k < 1/2 and write ¢ as a convex combination of 1 and —1,

1+c¢ 1—c¢
= 1+ — - (=1).
c > + 5 (=D

Now let (n7), (n3) be two sequences of positive integers such that

1
LIt v (4.29)

v v nllj
nt,ny, - +oo and —
1> %2 ) 1
n, —c

With fixed v > 0, for every sufficiently small ¢ > 0 we have (n] +nj + 1)§ < 1. We consider the
(n} + n3 + 1)8-periodic function U, on R™*, which on (§/4, (4(n] + ny) +5)8/4) is defined as
vé’l(x) ifx € (4i —3)8/4, (4i + 1)§/4) fori =1,...,n],
we (x) if x € ((4n} + 1)8/4, (4n] +5)5/4),
vé’_l(x) ifx € (4i —3)8/4, (4i + 1)§/4) fori =n| +2,...,n] +nj,
We (x) if x € ((4(n] +n}y) + 1)d/4, (4(n] +ny) +5)5/4),

U (x) =

where v; | is as in 1} and v; _, is analogous. Moreover, w, is given by

v:’llH(x) if (4n] +1)8/4 < x < 2n} + 1)8/2 + €T,
1—k if 2n} +1)8/2+ T <x < (n] +1)8/2 — T,

we(x) = x—mY+ 1§
e(x) vo<#) if (n! +1)8 — T’ < x < (n¥ + 1§ + &7,
&

—1+k if (00 + 1)8 4 6T’ < x < (4n¥ +5)8/4,

with 7/ > 0 and vg € WL2(=T’, T’) such that vo(=T") = 1 — k, vo(T’) = —1 + k and

0 T
/ (WE (o) + (v))*) dx + f (WX (v0) + (vp)?) dx < CK +
T/ 0

o=

El
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while w; is defined as

—1+k, (4(n] +n3) +1)8/4 < x < 2(n] +n3) +1)8/2 — T,
QMmy +ny) +1)8/2 —x
We (x) = ¥ — Q! + 1Y) + 1)8/2] < eT,
ljk’u QY +n) +18/2+eT" <x <) +ny+1)8 —¢T,
v;’,f”ﬁ‘(x), (Y + 18+ 1)8 — 6T < x < (4(n! +n) + 5)8/4.

Taking u, := U/}l(0,1), we have

: k(1 : k k
k,v

v %

nl—l—n2 .
- = a

nj+ny+1

k
P R

=@Ck 4+

Moreover,

lim a®V = 2C{‘ + 7,

v—0
and a standard diagonalization argument yields a positive decreasing (as ¢ decreases) function v =
v(e) such that v(¢) — 0 as & — 0, for which

lim sup FED 2®y <20 + 9.

e—0

Finally, using and the fact that ¢ < § it is easy to check that we also have ug(s) — cin
L2(0, 1), and hence the I"-limsup for —1 < ¢ < l and k < 1/2.

Let k > 1/2; now to approximate a constant c, on one hand, it is not any more “optimal” to
oscillate between 1 + k, 1 — k and —1 + k, —1 — k, because in this case the most convenient
transition is the one from 1 — k to —1 + k (see Remark . On the other hand, using convenient
transitions (following the construction made for ¢ = 1) only permits us to approximate ¢ = 0.
Then, for instance, to obtain a recovery sequence for 0 < ¢ < 1 it is necessary to mix, in the
right proportion, oscillations between 1 + k, 1 — k with those between 1 — k, —1 + k. In this way,
following a procedure which is similar to that of the previous case, but now with

asv — 0,

it is possible to construct a sequence u; — c in L2%(0, 1) such that

1
limsup F*O (u,) < lim (QCK + ) (n!® + 1)8 + 2CL + nnt©s [ }
0 ¢ s—>0( ! ! 2 2 ) (n?m + n;<€) + 1)8

= c2Cf + ) + (1 —)(2Ck + 1) =2(CY = CH) e +2Ck + .

This concludes the proof of the I"-limsup inequality. O
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4.3  Second-order I -limit

In the spirit of studying the asymptotic behavior of the family of functionals (Ff), Theorem
suggests that the characterization of the limit points of sequences of minimizers, as well as the
development for the minimum values m’bf , can be improved for k < 1/2. As for k > 1/2, the
functional F¥(1) admits the unique minimizer u = 0. Nonetheless, as we will show in Section
the nonstrict convexity of ¥* permits us to consider a further scaling, and thus another term in the
I'-development, in this case as well.

Since the two cases k < 1/2, k > 1/2 need a different handling, we discuss the second-order
asymptotic analysis for (F, &f‘ ) in two separate sections. The first one, Section , is devoted to the
case k < 1/2, which is also referred to as the case of small perturbations; while the second one,
Section[4.3.2] deals with k > 1/2, the case of large perturbations.

4.3.1 k < 1/2: small perturbations. In terms of the asymptotic development for the minimum
value m¥, the combined computation of the zero-order and the first-order I'-limit gives

&

&
mk = —ZCII‘ +0(8

) ase — 0.
8

Then, to further improve the above development, we need to quantify the “small” error o(e/§), and
hence to identify the next meaningful scaling that we denote by Aézo) (¢) (not to be confused with the
scaling for k > 1/2, which we will denote by ng) (©)).

Once &g) (&) is conjectured, we study the I"-limit of the scaled functionals
k k
k(Q2) ._ Fe — §2C1
F7 = o,
Aco (€)

To guess the second meaningful scale Aézo) (e), we first observe that in order to make Fsk — % ZC{‘
vanish, a sequence must oscillate (except possibly on a finite number of §-intervals) between 1 + &,
1 — k or between —1 4 k, —1 — k. Hence, we focus on a §/2-interval, for instance (6/4, 36/4), and
we estimate the contribution of F¥ — §2C ]1‘ over this interval. We have

36/4 .
f (Wk(—, u) + 82(1/!/)2> dx — 8C’1‘
8/4 3
35/4 1
= g(/ <—W’<<’—C, u) + s(u’)2> dx — C’f)
s/4 \€ s
12 /3 34 /5
_p / Swk) + Z)?) dx +/ SWh) + S@)? ) dx — Ck),  @.30)
1/4 \& § 12 \& $
with v(x) := u(8x). A direct minimization of {#.30) yields
8
eCh (tanh<4—> - 1) = 0(ee™*) ase — 0,
1

and it is easy to check that the above minimum value is attained, for instance, at the function v(x) :=
vl (1/2 — x/8) (with v} defined as in (#.12) of Proposition 4.5} with n = ¢/8). Thus, by repeating
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the previous argument over each §/2-interval (except possibly a finite number of them) we get a first
energy contribution of order (g/8)e~%/¢. The energy is minimized also by v(x) —2 (i.e., by a
transition with average —1), hence the total energy of a minimizing sequence may well be the result
of a finite number of transitions from oscillations with average 1 to oscillations with average —1 and
vice versa. Since each of these transitions between the “oscillating phases” +1 gives an additional
contribution of order ¢, the total energy contribution of a minimizing sequence turns out to be of
order

€ _5/2
- e.
(Se +
Then A(%) (€) = (g/8)e%/?¢ if we have
ge“s/% >e, e, e 9% >4,

Loosely speaking, when this scale is relevant, we have to consider first the error that we make by
“cutting the tails” of the 1/6 infinite transitions that we are gluing together. Thus, in this case we
expect to find again a constant /"-limit which is now given by

2CK(tanh(3/4¢) — 1)
m o—0/2¢

k
= —4Cy.

e—0

We instead get Ag)) (¢) = ¢ if we have
%% « 8. 4.31)
This choice penalizes the passages from the oscillations “around 1” to those “around —1”” and vice

versa. Therefore, if &(()%) (¢) = & we expect that (Ff (2)) I'-converges to a surface energy which
penalizes the jumps between 1 and —1 of the limit configuration. It is worth pointing out that
assumption (#.3T) covers the cases § = ¢2 for all « < 1, and hence seems more natural.

Since we are concerned not only with a better development for mlg but also with an improvement
in the characterization of the asymptotic behavior of sequences of minimizers, we decide to focus
on the case e—%/%¢ « §, and hence on the case

A2 =
Then we look at the scaled functionals

1
FF® @) = gng

e 2k
/ (—W"(f, u) + 8(14’)2) dx — =L ifu e w200, 1),
1) GG 5 (4.32)

+00 otherwise.

1 k
() — < 2C}

We now come to a rigorous justification of what has only been heuristically conjectured.
We start by proving that the uniform boundedness of ng @ (ug) implies, for the limit
configuration u, both the constraint u(x) € {£1} a.e. and that u is piecewise constant.

LEMMA 4.6 1If sup, ng @ (ug) < 400 then, up to taking a subsequence, (u#.) converges to some
function u € BV ((0, 1); {£=1}) with respect to weak L2—convergence.
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Proof. For fixed ¢ > 0, starting at 0, we partition [0, 1] into subintervals Ii‘s, i=1,...,[1/8], of
length § (except possibly the last of length less than §).

Let u, be such that sup, ng(z) (ug) < 400 and set ugt(x) = ui(x/8), where u~, uT are the
1-periodic functions on R, defined on (0, 1) by

- {—1+k if1 € (0,1/2), o :{H—k ifr e (0,1/2), 433)

-1 -k ifre(1/2,1), 1—k ifre(1/2,1).
The first step of the proof consists in showing that for any fixed n > 0, if I,‘? is the set of all indices

iin{l,...,[1/8]} such that

min{][ |ue — uy | dx, ][ |ue — uy| dx} <, (4.34)
I I
then

lim 8#(Z)) = 1. (4.35)
e—0

In other words, for every n > 0, (4.34) is satisfied on a “large” number of intervals Il.‘S (provided
that ¢ is sufficiently small). In order to prove (4.35), we estimate the cardinality of the family J,;S of

indices i for which
min ‘ug - uﬂ dx, ’us — u(ﬂ dx ¢ > n.
I’ I’
1 1

Before starting our computation, we notice that the statement
there exists M > 0 such that |u.(x)| < M forall x € I,-‘S (4.36)

holds true, with the same constant M (e.g., M = 2), except for at most a bounded number of
indices i. In fact, arguing as in the proof of Proposition [4.5[ii), one can easily deduce the above

statement from the uniform boundedness of ng @ (ug). So from now on, we focus on those intervals
Il.‘S in which (4.36)) is satisfied.
Ifi j,;s then

+ 1 + ! +
n < lue —ug |dx = < e — ug | dx + < | — ug | dx
Ii‘s 3 {xEII.‘Silug—u;rlgn/Z} d {xe]f:lug—u5+|>n/2}

c(M
<Q+ (8 )erll-‘s:|u5—u;|>ﬁ}

’

2 2

hence
> c(M, n)s.

{x EII-‘S : |u€—u;| > g}

The same conclusion also holds with u replacing u; As a consequence,

/ W"(js—c,ug) dx > C8 foreveryi € J°,
A

and this implies
Fl(ue) > #(T))Cs. (4.37)
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. k(2)
By hypothesis F; "~ (1) < C, and therefore
k € 5k €
Fo(ug) < eC+ EZCI =0\ - ase — 0. (4.38)

)
Combining and {@.38) we get
S#(T)) —> 0 ase — 0,

and hence the desired result follows.

Let N, be the overall number of transitions of u, between 1 +k+nand -1 —k+n; 1 +k=£n
and -1+ k£n 1 —kExnand -1 —kxn,and 1 —k £ 75 and —1 + k £+ n. From now on
we refer to these transitions as the expensive transitions. To conclude the proof we notice that the
most convenient of these transitions is the one from —1 + k + n to 1 — k — n and, in terms of

ng (O), it costs at least 8(C12‘ -C 172). Now, recalling that Cl2‘ > C '1‘ for sufficiently small n we have
C§ > C{‘ — Cn?, and thus from the uniform boundedness of ng @ (1) we deduce that N, < N for
some N € N. As a consequence, (a subsequence of) u, makes a number of expensive transitions
which is actually independent of &; we denote this number by N. Let S; = {t],...,t5_,} (with
ty <to 4o n=1,..., N —2)beaset of points dividing (0, 1) into N subintervals each containing
only one expensive transition for u,. Passing to further subsequences if necessary, we can suppose
that
tr —>1t, ae—0 forn=1,...,N—1.

Then, for fixed o > 0, if we consider the N intervals
JP=+o0,tyy1 —0), n=0,...,N—1 (withto=0,ty=1)
we see that
JINnS. =0 (4.39)

for sufficiently small ¢ and for every n = 0, ..., N — 1. By virtue of (4.39), applying to J the
result established in the first part of the proof, we find that, for instance,

lim sup/ lug — uy|dx < Cn. (4.40)
e—0 J!

On the other hand, by weak compactness we have u, — u in L2(J(’,1), while u;’ — lin LZ(J(’})
from (4.33)); thus by the weak lower semicontinuity of the L'-norm we deduce

f lu —1|dx < liminf | |ue —uf|dx,
Jn e—0 n

a

and combining this with (#.40) we find

/ lu—1|dx < Cn forall n,o > 0.
I

Finally, by the arbitrariness of n and o it follows that u = 1 on J" = (#,, t,41). Thus by repeating
the above argument on all intervals J” (n =0, ..., N — 1), which form a partition of [0, 1], we get
the conclusion. O

In the remainder of this section, we work under the additional assumption 1/§ € N. This assumption
will in some cases be essential, as it permits us not to consider the effects due to boundary mismatch,
while, at other points, it will provide only some technical help.



INTERACTION BETWEEN MICROSTRUCTURE AND SURFACE ENERGY 93

THEOREM 4.7 Let 8 be such that § > ¢~%2¢ and 1/8 € N. The family of functionals Ff(z) defined
in (4.32) I'-converges with respect to weak L2-convergence to the functional defined on L2(0, 1)
by

FFO) () = (Ch — CH#Sw)) — CF ifu € BV((0, 1); {£1}),
+00 otherwise.

Proof. Step 1: I'-liminf inequality. We have to prove that if u, — u in L%(0,1) and
sup, ng(z)(ug) < 400, then F¥@ (1) < liminf,_ ng(z)(us).

By Lemma4.6|we already know that u € BV ((0, 1); {£1}); set N := #(S(u)). For fixed ¢ > 0,
we consider the partition of (6/4, 1 — §/4) into subintervals Il.‘S = ((2i — 1)8/4, (2i + 1)5/4) with
i=1,...,2/8 — 1 and we rewrite Fsk(z)(ug) as

2/5—1

8/4 1 1
FEO ) = /O (EW{‘(ue) + s(u;)2) de+ Y <EF€k(ug; %) — C’f)

i=1

! 1
+ / <EW§(ug) + s(u;)2> dx — C¥,
1

—8/4

. 5 QitDS/A s
Fi(ug; 17) ::/ (W (—,Mg)-i-&‘ (ul,) )dx
Qi—1)8/4 )

By a straightforward calculation we find that

1 3
min (—ng(v; If) — C’f) = C]f <tanh(4—> — 1) = 0(6—5/25) ase —> 0
&

where

veWh2(15)\ &
foreveryi =1,...,2/§ — 1, and the minimum is attained at
1/: e e
: 2—x/8) if dd
ul | (x) = ”ﬁ(’/ x/8) ifiiso forx eI’ i=1,....2/8—1, (4.41)
’ vy (x/86 —i/2) ifiiseven
where v; is as in (4.13) with n = ¢/6.
If N =0, since
251 4
FFOw) >y (—Fé‘“)(ug; 1Py — Cf> —cf (4.42)
e

i=1
we obtain the assertion by simply taking the minimum of each term on the right hand side of (4.42)
and recalling that by hypothesis lim, ¢ e~%/% /8 = 0. If N > 0, let N, be as in Lemma Then,
as already observed, N, is bounded and moreover
lim i(1)1fN5 > N. 4.43)
E—>
To get the liminf inequality for the I"-limit we need a lower bound for the energy of the expensive
transitions. We first estimate the measure of the set where a transition between two zeroes of W*
may occur. Let n be a positive number and set

JP =1t e I} dist(ue, ZV° (1)) > ),
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where
ZK ifr e ((2i — 1)8/4,i8/2
758y = ! ! € ((2i = 1)3/4,i8/2) if i is odd,
! Zy ift € (i8/2, 2i +1)§/4)
while
k . - .
Z{"‘S(t) — Z% fft € (@i —1)3/4,i8/2) if i is even.
l Zy ifr e (i8/2, (2i +1)8/4)
We have 5
27

R

SFE(M€’I:') =z EFg(us,J,')/Cn
and from sup, Ff @ (ug) < +o0o we deduce that, for every i, |Ji‘3| = O(e) as ¢ tends to zero. Hence
we can conclude that an expensive transition may only be of two different types.

Type I: the transition entirely occurs in an interval Il.‘f) for some ig; in this case we have
Lok, s . k_ 2
st (ue; I;) 2 Cyn (1 =k —m, =1+ k+n) =2 C; —Cn”. (4.44)

Type 2:  the transition occurs between two adjacent intervals Ii‘?), I i‘i 4 for some ip; in this case we
have

1 1
EFSk(ug; )+ gng(us; .= Cyp(I+k=n =1 +k+n) (= Cy(l =k —n, =1 =k +1))
> Cw — Cn. (4.45)

Soif we let Ngj (j = 1, 2) denote the number of expensive transitions of type j, then N, = N, 61 +N, 82
By combining (.44) and {#.43)) we find that

2 8
FF® ) > (g —-1-N} - 2N§>c{‘ <tanh(£) - 1)

+ NNk -k —cn®) + N2(Ccw —2¢f — cn?) = CF

2 8
> gle<tanh<4—) —~ 1) + N(Cs — ¢cf — cn®) — ¢,
&

using the fact that Cy =2and2 > C ]1‘ +C /2‘ in the last inequality. Finally, passing to the liminf, in
view of [@.43) we get

limi(r)lfFEka)(ug) > N(Ck —ck—cn?y — ¢k forally >0,
e—

and thus letting 1 go to zero yields the I"-liminf inequality.

Step 2: I'-limsup inequality. Let xg € (0, 1). To check the limsup inequality, it will suffice to deal

with the case
—1 ifx < xo,
u(x) = . °
1 if x > xg.
Let “2,1 be as in lb and set ué’_l = uf;’] —2fori =1,...,2/5 — 1. As a recovery sequence
we take
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ul (8/4) if x € (0,5/4),
ul | (x) ifx € (21 — 1)8/4, (2i + 1)8/4) fori =1,...,2[x0/8] — 2,
e (x) = { e (x) if x € ((4[x0/8] — 3)8/4, (4[x0/8] + 3)8/4),
i (x) if x € ((2i — 1)8/4, (2i + 1)8/4) fori = 2[xo/81+2,...,2/8 — 1,
WP 8/4) ifx e (1-38/4.1),
with
TR €9 if (4[x0/8] — 3)8/4 < x < (4[x0/8] — 1)8/4 — &,
I (x) if (4[xo/8] — 1)8/4 — & < x < (4[xo/8] — 1)8/4 + ¢,

We(x) = 3 v0(x/8 — [x0/8]) if (4lx0/8] — 1)8/4 + & < x < (4[x0/8] + 1)8/4 — &,
Le(x —8/2) =2 if (4[x0/8] + 1)8/4 — & < x < (4[x0/8] + 1)8/4 + ¢,
w20/ 1y if (4[x0/8]1+ 1)8/4 4+ ¢ < x < (4[x0/8] + 3)8/4,

e,—1

where v?, v! are as in (4.12)) and 1| respectively and /; is the linear function defined by

0 _ | _
s BB (f5] ) (5 -3)

1+k

FIG. 11. The joining transition weg.

In fact, it is easy to check that u; — u in LZ(O, 1) and that the energy contribution due to the linear,
joining function /; is of order ¢~%/%¢. Then

1-8/4 1 2Ck
limsup FX® (u,) = limsup</ (—Wk<)—c, u8> + s(u’s)z) dx — —1>
£—0 e—0 8/4 2 8 8

2 5 5 8\ 2C}
< limsup( ( = —4)Cf tanh( — ) +2Cf tanh( — ) + Ch tanh( — | — =L
50 8 4e 4e 4e 8
= (C5 -ty — ¢t = FFO ),

and this completes the proof. O
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REMARK 4.8 In view of Theorem[4.7] in this case, ¢ is not only the scale of macroscopic phase
transitions but also that of external boundary layers. In the latter case the negative sign is explained
by a missing (half) transition of the recovery sequence in the intervals (0, 6/4) and (1 — §/4, 1).

The I'-convergence results stated in Theorems and [4.7] are formally summarized by the
I"-development

1
& &
Fru) L / W* (u) dx + 3 2CK 4 e((CE — chy#(S (W) — ¥ - ge*"/zs 4ck
0

+ O(se™9%). (4.46)

4.3.2 k> 1/2: large perturbations. Fork > 1/2 Theorem states that Ff(l) Ly PO where

1
F*O @) = / Yk (u) dx
0

with y (s) = 2(CK — C%)Is| + 2C5 for |s| < 1. In this case, miny <1 Y*(s) = ¥¥(0) = 2C5 and
F* has the unique minimizer # = 0. As is customary, to obtain a nontrivial behavior we add the
constraint

1
/ ve =d (4.47)
0

with d # 0; to fix ideas, letd € (0, 1).

REMARK 4.9 The zero-order and first-order I'-limits for the Modica—Mortola functionals are
stable by adding the “volume” constraint (see [8], and [3, Proposition 6.6, Theorem 6.7]
for the one-dimensional case). In our case, since we are dealing with a variant of the Modica—
Mortola model and with the different scaling ¢/8, and since moreover integral constraints may
not be automatically compatible with the refinement process of the computation of higher-order
I'-limits, we actually need to prove that (under some additional hypotheses) the I"-convergence
result stated in Theorem is compatible with the integral constraint. We notice that since the
equality is closed for the weak L?-convergence, the liminf inequality is trivial. To check the
limsup inequality it again suffices to deal with piecewise constant functions (satisfying @#.47)). For
simplicity we only detail the case of the constant target function u = d.

Let (uy) be a sequence mixing oscillations “around 1” with oscillations “around 0 as in
Theorem Step 2. Then, setting d; := folus dx, we have

dg =nl = (1 + O(g)) —i—ngg O(g) with 0 < ng,ni < %, n2+n; = %,
where, for fixed ¢ > 0, n; and ng are the numbers of transitions of u, between 1 + k, 1 — k and
between 1 — k, —1 + k, respectively. Hence if we let n; vary from O to 2/6, then d, goes from
d; >~ 0to d; >~ 1 (for ¢ small). Moreover, the difference between two values of d, corresponding to
two consecutive values of n! is of order 8. Thus, we may choose n2, n! in such a way that u, is a
recovery sequence for d, and we have

ld —d.| < O() ase— 0. (4.48)
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Now starting from u, we want to construct a sequence (v,) such that

1 1
ve —=d in L*0,1), /ngdxzd and Ff(l)(vg)—>/0 vk ) dx.

To this end, we focus on a §/2-interval of type ((2i — 1)§/4, (2i + 1)§/4) with i odd (the case of
i even can be treated similarly) and we suppose that on this interval u, = vé’l, where vé’ | isasin
(@28). Passing to a subsequence we can always assume that d — d, has a constant sign, say d. < d.
Then we define v, on the interval ((2i —1)8/4, (2i + 1)§/4) in the following way (see also Fig.[T2):

2(d — d)s 5 eT|  (d—do)s
_ AT im0 g
T ea—er2 | G =Dt | T Gamerny T T
Ve (x) := if (20 — 1)8/4 < x <i8/2 — T,
vl (x) ifis/2 —eT <x < (2 +1)5/4.

IT| = —dp)$

o)

14k -

O(e)

(2i -5 il 2 +1)§ x
FIG. 12. The recovery sequence v on the interval ((2i — 1)8/4, (2i + 1)5/4).

A straightforward computation gives

/(21+1)8/4(vl/k()_c7 us) o (i’ vg)) dx‘
i—1)8/4 & &
5 i8/2—T 2d — d.)s
e /(21‘—1)8/4( (8/4 —eT)?
1 (d—d;)*s*
T 3(/4—eT)e

8

&

8 eT|  (d—d)s \?

(4.49)

and
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(2i+1)8/4 Ly . i8/2—eT 4d _d€)252
Se / (Ul)? — ()3 dx =8£f LT
Qi—1)8/4 i—ns/4 (8/4—eT)
Ad - de)*8” (8/4 — eT) (4.50)
= 00— — & . .
(8/4 —eT)?

Since we want a recovery sequence satisfying the volume constraint (#.47), we repeat the above
construction (and a similar one for v ; o) on each interval of length §/2, thus obtaining a sequence
ve such that

1 1
2 8
/ vs(x)dx=/ UeO) +2(d—d)S =d, +d—d. =d.
0 0 8 2
Then, in view of #.48)—@.30) we get

63
FE O ue) = FEO(ve) = 0(;) ase — 0.

which proves the desired convergence under the assumption § < ¢!/3.

We now consider the family of integral functionals given by
1
FEO @) = FFO ) —/ I(u) dx (4.51)
0

where [ is a linear function. By the stability of I"-convergence under continuous perturbations, we
know that (#.51)) I"-converges to

1
fk(l)(u) — Fk(l)(u) —f I(u) dx
0

for any u € L2(0, 1) such that || < 1 a.e. and, under the additional hypothesis § « sl/3,
satisfying the integral constraint (4.47). Since .7-';‘ D differs from ng M by a constant, information

on minimizing sequences for ng @ (satisfying 1} can be recovered from information on those

minimizing ff(l).

Notice that in view of the nonstrict convexity of ¥, it is possible to choose the function / in
such a way that wk(s) — [(s) attains its minimum on a large set. In fact, choosing for instance
I(s) = r¥(s) :=2(C* — ck)s +2¢%,
by virtue of @.10) we have
vEs) —rf(s) =0 if]s| <1 and ¢*(s)—rfs)=0 if0<s <1.

Thus min F*D = 0 = F*D(u) for any u € L*(0,1) with 0 < u < 1 a.e. and [ udx = d. This

means that ]—f M -converges to a “degenerate” functional. Hence, we may look for a meaningful
scaling for (#.51)) and consider
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Theorem Step 2, combined with the choices [ = rk¥andd ¢ (0, 1), suggests that in this case the
relevant transitions are those from 1+ k to 1 — k and those from 1 — k to —1 +k (i.e., the transitions
with average 1 and 0, respectively).

Arguing as for k < 1/2, since the passage from oscillations around 1 to oscillations around 0
seems, at a first approximation, energetically negligible, one could guess that (under the usual
assumption 8 > e~%/2¢) the next meaningful scaling is § which now takes into account only the
external-boundary-layer effect (see Remark {.8). A more accurate scale analysis (performed in
Theorem .10 below) shows that the interaction between these two different types of microscopic
phase transitions gives rise to an extra scale that has to be compared with §. This scale, which turns
out to be ¢/§, takes into account the fact that we are mixing periodic phase transitions with different
energy contribution. What happens is that for any fixed ¢ > 0 a minimizer v, will be the result of a
suitable mixture of oscillations (i.e., periodic transitions) with average s; > 0 (s, — Oase — 0)
and oscillations with average 1+s,. Loosely speaking, using these two averages (instead of 0 and 1),
since v, has to satisfy the integral constraint (£.47), we can use a smaller proportion of energetically
expensive transitions.

Note that if 8§ > ¢/8, then the argument in Remark [4.9] for the compatibility of the integral
constraint with the I"-limit of (1/ 8).7-'§ M (1) cannot be applied. We then turn our attention to

the case § < ¢/§, for which we have XE,%) = ¢/8 and consequently

82 1 S 1
A wH(E ) + 2wy dx——f r* (u) dx
g2 0 8 & Jo
ifu e Wh2(0,1), f)u=d,

+00 otherwise.

]:f(Z) () = 4.52)

We prove the following result.

THEOREM 4.10 Let § be such that § <« ¢!/? and 1/8 € N. The family of functionals f§(2) defined
by @32) I"-converges with respect to weak L2-convergence to the functional defined on L%(0, 1)
by
. 1
FEO () — —(Cf = CH? ifuel?0,1), 0<u<lae,and fju=d,
+ otherwise.

Before proving the above statement, we need a refinement of the bound on <p,’§ in Theorem
Step 1, which will be the key ingredient in the proof of Theorem 4.10]

LEMMA 4.11 Let <p,’§ be defined as in CorollaryH Then

2
1
;_77 + C§ tanh(E) if [s| < c/m,

(Is] — 1)2

. (4.53)
o +ck tanh(ﬁ> if [s| > 1 — /7,

k
@y (s) =
for some positive constant ¢ independent of 7.

Proof. We handle the case of |s| < ¢,/ only (with ¢ suitably chosen), the proof of the other case
being analogous. We start by estimating go’g from above. By definition, we trivially have
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k . g k "2 . 1.2
(p,](s)gmln W x,u) +n@’)” )dx :u e W= (—1/4,1/4),
—1/4\ 7
1/4
][ udx =s, ||u||oo<k}
—1/4

1/4 74 1/4
= min{/ (—Wk(x, u) + n(u’)z) dx :u e Wh2(=1/4,1/4), ][

udx = s} (4.54)
174\

1/4
where

—14k? if—-1/4<x<0,
@—T+k 1 /<’; (4.55)

u+1-k? ifo<x<1/4

Following the Lagrange Multipliers Method we explicitly determine the minimum value (.54) by
means of the auxiliary minimum problem

Wk(x, u) = {

1/4
MEO) = min{/ (%Wk(x, u) +nu)? + Au) dx :u e Wh2(—1/4, 1/4)}, (4.56)
—1/4

with A € R. Taking into account the definition (4.55) of W*, it is easy to check that M,’; (A) can be
equivalently expressed as

0
min{min{/ (%(u —14+k)? +nw)? +Au> dx :u e Wh2(=1/4,0), u(0) = uo}
o —1/4

1/4
+min{/ (%(u +1—k)?+nw)? +Au> dx :u e WH2(0,1/4), u(0) = uo}}
0

Then, by a straightforward computation relying on the associated Euler—Lagrange equations, we
find that the minimum (4.36)) is attained at

A7) x . fx 1
1—k—7+(k—1)cosh — ) + (k — 1)sinh| — ] tanh o) —1/4 < x <0,
u)‘(x) _ n n n
n AN X . X 1
—1+k———(k—1)cosh{ — ) + (k — 1)sinh| — Jtanh{ — ), O0<x < 1/4.
2 n n 41
(4.57)
Moreover, in the dependence on A can be rewritten in terms of s by imposing the integral
constraint 14
/ uz(x) dx = i
—1/4 2
which gives A = —2s /7. Notice that u,7_2s/ " =) + s, with v as in @I2). Finally, evaluating the
energy in ll at u,i_zs/ " by a direct computation we get
52 1
ok (s) < = + CXtanh( — ). (4.58)
! 2n 41

Now we want to prove that there exists a constant ¢ > 0 such that for [s| < c¢,/7, (4.58) is an
equality. In particular, we show that if v;; is a minimizing function for (pf, (s), then [[v}llc < k. To
this end, we additionally assume that s > O (the case s < 0 being symmetric).
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To start, we claim that supposing v, (0) = k yields a contradiction. In fact, on one hand we have

k . 0 1 2 "2 1,2
@, (s) = min f1/4 ;(u—l—l—k) + @) )dx:ue Wo(—=1/4,0), u(0) =k

1/4
+ min{/ (%(u +1—k)?+ n(u’)z) dx :u e WH2(0,1/4), u(0) = k}
0

1 1
= tanh(ﬁ> + 2k —1)2 tanh<ﬂ>

=14+ Qk—1D>+ 1+ 2k—1? <tanh<$) — 1)
=Ck+ ko) asn—o. (4.59)
On the other hand, from , if 0 < s < ¢ /7, we also find
P(s) < c/2+4 C5 +o(D). (4.60)

As a consequence if we choose ¢ < 2C¥, combining and 1@} we get a contradiction, and
the claim follows.

It is easy to check that the case v; (0) = k is the most “convenient” one (in terms of the minimum
problem defining gof’) among those for which the function vj does not satisfy [[v}]| < k. So in
particular this excludes the existence of a point x, € (—1/4,1/4), x,, # 0, such that v;(xﬂ) > k.
Moreover, the additional hypothesis s > 0 combined with the previous argument also excludes
v; (xy) < —k for some x, € (—1/4,1/4), which would clearly be even more unfavorable. This
concludes the proof of the lemma for s > 0. O

Proof of Theorem Step 1: I'-liminf inequality. We prove that if u;, — u in L?(0, 1) and
sup, Fr@ (uz) < +00, then F¥® (1) < liminf,_, o Fr® (u). Notice that, in view of the definition
of ]—'5 (2), we immediately have 0 < u < 1 ae.

We start by writing ff @ as the sum of three terms,

82 (o4 s[4,
.7:5(2)(145) = 8_2/0 (Wi (ue) +82(u/€)2) dx — g/() r(ue) dx

2/8—1 ;02 pQ2i4+1)8/4 (i+1)8/4
é X 1)
+ (—2/ (Wk(—, u5> + 82(u2)2> dx — —/ rk(ue)dX>
= \&” Jai-1s/4 3 & Joi—1)s/4

2 1 1
8
+= (W5 (ug) + &% (u,)?) dx — = / r*(ue) dx,
e J1-s/4 & J1-s/4
and we set

52 o4 s 94

== (WE(ue) + e2(ul)?) dx — -/ K (ug) dx,
&= Jo € Jo

2 1 1

8 5
2= (W5 (ue) + &2 (ul)?) dx — —/ r*(ug) dx.
&7 J1-5/4 & J1-5/4
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Hence

liminf F*@ (u,) > liminf I} 4+ liminf 12
e—0 e—0 e—>0

2/6—1 ;02 ~Q2i+1)8/4 Qi+1)8/4
1) 1)
+ lim inf (-2/ (W"(f, ug) + ez(u;)z) dx — -[ K (uy) dx).
e=0 = \e? Joi-1)/4 8 € J©i—-1)s/4

We now claim that
liminf7! >0 and liminf7? > 0.
e—0 £—0

We prove this claim only for 7., the proof for 182 being analogous. Let i, := f(f /4 ug dx. Then,
recalling that § > e,

2 2
.. .. 8 _ _ ) _ _
liminf 1} > hgggfﬂ(;wl’f)**(us) — r"(w)) > liminf 2 (W)™ (i) — ¥ @e))
. . ﬁ . kN ks _ k T . f _ 2 _ _
2 liminf — min((W})™(s) — r"(s)) = liminf —(=7k" + 5k — 1) =0
e—0 4e seR e—~>0 ¢

where the last equality follows by hypothesis. Thus we get

liminf 75 (u,)
e—0
2/8=1 ;02 pQ2i4+1)8/4 (2i+1)8/4
1) 1)
> liminf ) <—2/ <W"<)—C, ug) +82<ug>2) dx — -/ rk(us)dx)
e=0 = \&* Joi-1)5/4 ) € J@ai-1s/4
2/6—1 (i+1)8/4 (2i+1)5/4
1) 1) 1
> liminf - )" -(/ 2<—W"<)—C, ug) + s(u;)2> dx —][ rk(ug)dx>
e=0 & = 2\Jai-1s/4 & 8 Qi—1)8/4
5 21
.. k o~ ko=
> 11?11(I)lf - Z 5(2%/3(”8) —r*(ug)),

i=1
with <pf /58S in Step 1 of Theoremand g : (0,1) — R defined by

2/8—1

Qi+1)5/4
e(x) := Z (][ Ug df)X((25—1)5/4,(2i+1)5/4)(X)-
= \Jei-1s/4

Notice that by virtue of Lemma4.11]
2¢§/5(0) —r%0) = 0@7%*) ase — 0.

Then in view of the definition of i, we deduce that

S 8/4 ' . S 1
lim = | (2pFGie) — r* (i) dx = lim =
0 e—=0¢

e—>0¢&

Q2¢F 5 (i) — r¥ (iie)) dx = 0,
1-8/4
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and consequently
8 1
liminf 75® (u,) >1iminf-/ @k 5 (iie) — r* (i) dx.
e—0 e—=0 € Jo

So now we need to estimate the function 2(,0’8‘ /s (s) — rk (s) from below. Since the estimate on goé‘ /s
already established in Theorem [4.2] Step 1 is too coarse to be used at this scale, we need to refine
it. By means of Lemma[4.T1] we start by improving this estimate in a neighborhood of s = 0. To
this end, for (small) fixed o > 0 we consider those s such that |s| < o and we denote by v} a
minimizing function for gpé‘ /s (s). Arguing as in Lemma for ||v] looc < k we have

) )
k 2 k
908/8(5’) = 2—85 +C2 tanh<£>,

while for [|vl|loc > k it is easily seen that the combined argument of Theorem Step 1 and

Lemma yields
9f)5(s) = Cf + C5 — Co™.

Thus, for every s such that |s| < o we have

) )
k : 2 k k k 2
<p8/6(s) = mln{—zgs + G tanh<—48>, Ci+C,—Co }

8 8
22y ck tanh<£> if Is| < 52,

=12 (4.61)
C{‘—i—C’z‘—CU2 ifsg(T < Is| < o,
with
0 . [8(rck 8 k 2\ €
Seo =3 2C5| 1 — tanh ™ +2Cy —2Co =0 3 ase — 0.
A similar analysis can be performed for o < |s| < 1, giving
8 8
k : 2 k k k 2
Pr/5(8) >m1n{£(|s|—1) + C; tanh(g>,C1 +C, —Co }
i(|s| — 1)?> + CFtanh 3\ sl < Is| < 1
=12 ! 4e go SR (4.62)

Cll‘—f—Clz‘—Ca2 ifo<s<s81’0,

s 1/2
Spqi=1— \/§<2C’1‘<1 - tanh<£>> +2ck - 2002) .

Hence, combinng (@.61), and Lemma (for |s| > 1), for every s € R we derive the
following estimate:

with

8 ok s .
25 6 tanh(5> if |s| <s2,,
(pff/(;(s) > ¢§/E’U(S) = C{‘ + C§ — Co? ifsga < |s] < sglya,

8 s
oz sl = 1)? 4 ¥ tanh(E) if [s] > s},
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A
k
¢5/s,o
ck+ck-co?
Cll‘tanh(%)
Cétanh(a‘%)
o/$)
-1 —s‘sl’a —Se.0 0 sgg sg"a 1 s
F1G. 13. The function ¢§/€.U.
As a consequence we get
5 1
liminf 75® (u,) > liminf - / Q5 o (i) — r* (i) dx
e—=0 e—=0 € Jo ’
8 ! ~ ~
> liminf — / Q5 /e.0) " (lie) — r* (i) dx,
e—=0 € Jo
where
8 8
2 k . -
—s“ + C5 tanh| — if |s] < §g,
2¢e 2 <4s> ISl < 5

) ) & )
k k k k ky2 2
Ct — C) tanh| — 4+ Citanh| — | — — (Cy - C tanh“| —
(¢§/8,a)**(s) =1 2)tan (48)|S| 21an <4e> 28( ! 2)" tan (48)

if 5, < |s| < 1+ 5,

8 8
—(|s] — )* + C} tanh | — if|s| =1+ 5,
2¢ 4e

with 5. := (¢/8)(C{ — C5) tanh(8/4¢). Since the sequence ((8/¢)(2(¢y5,, ,)**(s) —rk(s))) in-
creases with &/¢, for any fixed m > 0 there exists g9 > 0 such that

§(2<¢§/s,a>**<s> —r¥(9)) > mQ2(¢h, ) (s) —r¥(s))  foralle < e.

Then by lower semicontinuity,

1 1
limi(r)lf]-'f(z)(ug)>limi(r)1fm/ (2(¢L‘1ya)**(ﬁ€)—rk(ﬂ8))dx>m/ Q@F, ) ) —r* (w)) dx.
E—> E—> 0 0
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Finally, since it can be easily checked that

. k % ok N L 0 if s = O, 1,
mgr}rloom 2. o) " (s) —17(8)) = f(s5) = {—(C{‘ kR if0<s <1,

a direct application of the Monotone Convergence Theorem gives
1
liminf 75 (u,) >/ f(u)dx;
e—0 0

thus we have
liminf F¥® (u,) > —(C¥ — c5)?,
e—0
proving the I"-liminf inequality.

In view of the analysis performed above, to better explain the presence of the scaling

)_»((,%) (¢) = &/8, we remark that the final effect of subtracting r* from the original potential W* is
that of considering, in place of

) 1) ) )
-5+ 2C'2‘ tanh( — ), —-(s — 1)2 + 2C'f tanh{ — |,
e 4de e 4de

the two parabolas
8a_ 2(C* = ckys +2¢k( tanh Yy
g ! 2 2 4e ’
8 2 k k k 8
- —=1D"=2(C; —Cy)(s — D +2C;(tanh| — | — 1
& 4e
with vertices respectively at
& £ )
Vo = (E(c{‘ —Chy; —g(c{‘ —CcHr 1 ock (tanh<£> - 1))
_ (& Kk k L&k k2 k 8
Vi = E(C1 —-CyH+1; _E(Cl — C3)” +2Cy | tanh i —-1]).
Then, for instance, from
8
—g(c’f —ch? 420k (tanh<4—) — 1) - 0(%) 0@y = 0(2) ase — 0
e

we deduce that the correction due to the translation by r* is actually visible at scale &/8.

(4.63)

Step 2: I'-limsup inequality. To prove the limsup inequality, it is enough to deal with constant
target functions, since the case of piecewise constants can be treated similarly; then the general case
follows by density. Since the (constant) target function has to satisfy the volume constraint, we only
deal with the case u = d.

Let vg, v; be respectively as in @12), @13) with n = ¢/8, and set vy® := vg + S, v;'m =

vl + s, with s, = (¢/8)(CK — Ck). Then it is easy to check that v and v; ™ are minimizing
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functions for gaf /s (s¢) and gof /3(1 + s¢), respectively (see also the proof of Lemma , while in
view of (.63) we get

8
208 5(se) — ¥ (se) = —g(cf —CchHr 1 ock (tanh(£> - 1),
(4.64)
k ok _ &k ka2 k LAY
20 5(1+50) —=r“(1 +50) = 5(C1 C5)” + 2Cy | tanh " 1).

Now, arguing as in the proof of Theorem[d.2] Step 2, we consider two sequences of positive integers
(n}), (ny) such that

ny d

— = 1—4 asv — 0. (4.65)

nY,ny - +o0o and
1>
n, 1-—

For fixed v > 0, for any sufficiently small ¢ > 0 we have (n] + n; + 2)§ < 1. We consider the
(n} + nj + 2)8-periodic function uy, on R*, which on (§/4, (4(n} +njy +1) +5)8/4) is defined as

ul™e (x), x € (8/4, (4nY + 1)8/4),
W) = Ze(x), x € ((4n] + 1)8/4, (4n] +5)8/4),
T L (v, X € ((4n¥ +5)8/4, (4(nY + n) + 5)8/4),
zs((4n‘1’ + Zns +5)§/2 —x), x € ((4(n‘1’ + n;) +5)6/4), (4(n‘f + n; + 1)+ 5)§/4)),
where
v;“g (i — l — f), x € ((4i —3)5/4, (4i — 1)5/4),
ul—l—Sg(x) _ . 2 ) i = 1’ . ’nllJ’
pltse (5 - i), x € ((4i — 1)8/4, (4i + 1)5/4),
and
so | - 1 X . S .
veli —373) x € ((4i —3)7,4i —1)d/4),
uir (x) := . i=n{+1,...,n0 +n)+ 1
vgs(g - i), x € ((4i — 1)8/4, (4i + 1)5/4),

The joining transition z, is defined as follows:

1
e (,ﬁ rio ;_‘> x € ((n} + 13/4, x),
X
Ze(x) :i= 1 = + ¢s, X € (xz{:’xé/)’
i (5onr-1). xe o+,

with ¢, (and consequently x/, x_') chosen in such a way that

(@ny+5)8/4 (dn}+3)8/4 1 x @n+98/4 /x
/ Ze(x)dx = / vé“s (n‘f 4+ - — —) dx +/ vy (— —nj — 1) dx.
(dn}+1)8/4 AnY+1)8/4 2 6 (4nY+3)8/4 8



INTERACTION BETWEEN MICROSTRUCTURE AND SURFACE ENERGY 107

vé|.+sg

Se
Vg

1+

FIG. 14. The mismatch between v ' °¢ and v’ .

In fact, if we set

(4n‘|’+5)8/4
1(ge) = / 2 () dr,
(@nY+1)8/4

it can be checked (see also Fig. thatforg, :=1—k+s.+ (k — 1)(cosh(8/4¢))~" — (4n]+3)/4,

(4n¥+3)8/4 1 (4nY+5)8/4 X
— 1+se v Se v
I(qs)>/ v <n1+———>dx+f v€<——n —1>dx,
@nY+1)8/4 2 4 (4nV+3)8/4 J

while for q, = 1 —k +se — (k — 1)(cosh(8/4e)) ' — (4n} + 3)/4 we have

(4n}+3)8/4 1 X (4n\+5)8/4 X
I(q)é/ vg+sf(n‘{+———)dx+/ v?(——n”—l)dx.
= v 2§ v 8
(4n+1)8/4 @Y +3)5/4

Hence by the continuity of I there exists ¢. € (¢, g,) for which (.66 is satisfied.

We notice that x!/ — x| = 28e%/4¢ and it can be proved that the energy contribution due to the
linear modification in z, is of order e ~%/%€ too.

With an abuse of notation we now denote by u; the restriction of u} to the interval (0, 1); then

by virtue of (4.64),
) )
lim FE? () = lim (—(C{‘ — CH2(n} +n)s +n}s2C (tanh(—) - 1) u
e—0 e—0 4¢ c
+ny8 2C5 ( tanh CRN 1 J + 0(8e™%%) !
i € (Y +nl +2)8
ny +n)
—- _ Ck _ Ck 2 1 2 )
“ 2) n| +nj +2
Since

lim —(Cf — C5)?
v—0
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a diagonalization argument yields a positive increasing function v = v(¢) such that v(¢) — 0 as
& — Oand

lim FF® @l )y = —(ck — 52

e—0

Moreover, by using (4.64) it is easy to check that also ul® — din L2(0, 1). Finally, starting from
ut® a similar construction to that described in Remark together with the assumption § < &!/2,
yields a recovery sequence (u,) also satisfying fol us dx = d, and hence the limsup inequality. U

Theorem shows that the second-order I'-limit ¥ gives little information on the asymptotic
behavior of minimizing sequences. Moreover, the next meaningful scaling is )_»ffo) (¢) = § and takes
into account only the energy contribution of a minimizing sequence at the boundary. Thus we may
consider

1 €
FEO ) == E]—"f(”(u) + S—Z(C’l< - CH2. (4.67)
The analysis of this energy and the one at the next scale will actually be a refinement of the one in

the previous theorem, so that in the end Theorem .10 and Theorems .12 and [4.13| together give a
description of the effect of oscillations at a scale §, which spans three different energetic scales.

THEOREM 4.12 Let § be such that § < &'/? and 1/8 € N. The family of functionals ]—'Zf ® defined
by (@.67) I"-converges with respect to weak L2-convergence to the functional defined on L2(0, 1)
by
FHO () — —(Ck 4+ b2 ifueL?0,1), 0<u<lae,and fju=d,
00, otherwise.

Proof. The proof follows the one for the previous scale, the main difference being to modify the
recovery sequence so that u,(x) =1+ k + s, on (0,6/4) and u,(x) =1 —k + s, on (1 —§/4, 1).
Note that this is compatible with the construction in the proof of Theorem #.10] O

The scale analysis performed in Theorem [4.10] suggests that the next meaningful scaling could be

e%/2¢ a5 well as ee~%/#¢, as the higher-order energy contribution in terms of the scaled energy Ff ®
is
le—a/za 4 o8/,
Then, if
lefa/ze > e el e e

we deduce that X(oi) (¢) = e~%/2¢ and, as a consequence, the following I"-convergence result for the

aled famil
- Y k(1) k2, s CEHCh
Fe '(u) + 5(C{ = C3)” + 5152

k() () -
FOw = o—3/2¢

(4.68)

THEOREM 4.13 Let ¢ be such that ¢ <« e~%/% and 1/8 € N. The family of functionals f(4>

defined by (4.68) I"-converges with respect to weak L?-convergence to the functional defined on
L%(0, 1) by

4(Ck—clyd —4ack ifueL20,1),0<u<lae,and [} u=d,

F® ) =
(@) otherwise.
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Proof. The proof is a refinement of the computations in the proof of Theorem [.10} with the
boundary modifications hinted at in the proof of Theorem [#.12] We remark that at this scale we
see the correction due to the difference between the values of the ordinates of the vertices of the two
parabolas ([@.63). Loosely speaking, this is the scale of the energy contributions due to the periodic
optimal transitions with average 1 + s, and with average s., which, in the limit, give rise to

2 C¥(tanh(8/4¢) — 1) 2 CK(tanh(8/4¢) — 1)
1 _ k . 2 _ k
m p=vir = —4Cy, g% p=yir = —4C;,

e—0

respectively. Hence, we get the limit energy
4(Ch — cHa —ach

with a recovery sequence that in order to preserve the integral constraint is a suitable combination
of the two types of oscillations as above. O

We notice that unfortunately the assumption & < =%/ together with § < &!/2 (see Theorem
is quite restrictive since it essentially reduces & to be of type ye|loge| with0 < y < 4.

The last remark in this section is that actually )_\(050) (€) < e~/ gince a more accurate analysis
shows that the choice of the linear function, joining the two different types of transitions in Theorem
|10} Step 2, is not optimal and can be improved to obtain an energy contribution of higher order.
Finally, if

k k
FEO ) 4 £(C — 52 4+ 6952 — o9/24((Ck — Chyd — 4ch)

(5
e

FEO (u) :=

. r .
we conjecture that 7+ —— F*O) with

) () CH#(S@)) ifu € BV((0,1); {0,1}), and [} u =d,
+00 otherwise,

and CF a positive constant.
Summing up, in the case of large perturbations, by virtue of Theorems .2} .10} [F-12) and [F.13
we have established the following development by I"-convergence:

k k
Ci+G;

5 (4.69)

koo L : e (! k g2 k k2
Fs(u):/0 W**(M)dx‘i‘g/o 4 (u)dx—8—2(C1 -G —¢
2
+ ge_5/28(4(C12‘ — chyd —ack) + 0<%e‘5/48)

(with restrictions on ¢ and § for the higher-order terms).
We conclude by noticing that (#.46) and (@.69) turn out to coincide for k = 1/2.

5. § « ¢: the case of fast oscillations

In this section we treat the case when the scale of oscillation § is much smaller than the scale of
the transition layer . In particular, we show that in this case, up to choosing § sufficiently small,
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the presence of small-scale heterogeneities does not essentially affect the I"-convergence process at
first order either.

We recall that for k < 1/2 Theoremasserts that Ff N Fé‘(o) with Fé‘(O)(u) - fol Wé‘(u) dx
and min Fk(o) =k = Fé{(o)(u) for every u € L?(0, 1) with |u| < 1 a.e. Thus we are now

interested in determining the scaling k(()l) (&), to study the asymptotic behavior of the family of

scaled functionals
_ FFu) — k2

To this end, we perform a first heuristic scale analysis. For simplicity we assume that 1/6 € N.
Then we notice that, for instance, v, = 1 is a minimizing sequence for (ng) as Fsk (Te) = k2.
Nevertheless, we want to show that for any (small) fixed ¢ > 0, v, is not an absolute minimizer
for FX. In fact,

cu(0) = u(l) =1}

{Fe
{%/ <Wk<— u> +82(u’)2> dx : u(0) =u@d) = 1}
|

min F k< < min

1 82
< min 3[ (w—1—k)?*+&2w)?) dx
0
1 8/2
+5/ (u—14+k?%+e*w)?) dx u(O):u((S)zl}
0

: 2 52 2 2, 1\2 8
gmln{gf ((w—1-k%) +8(u))dx:u(0)=u<§>=l} 6.1
0

Y 8\ o, kK8r ks 8¢
—4k gtanh<4—8>—k —&5—24-@844-0 56 3.88—>0, (52)

and the minimum (5.1)) is attained at

5 —4x 5\\ !
v(x) .=1+k—kcosh< " )(cosh(ﬂ>) .

Hence the previous computations show that it is more energetically convenient to “oscillate
around 1” than to be identically 1. Clearly, the same conclusion still applies to the constant phase
—1. Thus a minimizing sequence may well be the result of a combination (on a suitable scale)
of oscillations around 1 with oscillations around —1. Finally, as the presence of the singular
perturbation in the gradient introduces ¢ as the length for the layer of a transition between the
two “oscillating phases” +1, we deduce that the contribution of a minimizing sequence in terms of
the energy F, gk — k2 is (at least) of order

3/2, which yields

This section will be entirely devoted to the case § < ¢
1
1) = e,

since in view of (5.2) we expect to obtain constant I"-limits for other choices of the scaling A(()]).
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We remark that also the asymptotic analysis for the “critical case” § ~ £3/2 (or more generally,
8 =~ @D/ for some n € N) yields a I"-limit of Modica—Mortola type. Nonetheless, it seems
that in this case the two phenomena of oscillations and phase transition may interact in a nontrivial
way, thus introducing some additional issues that will not be developed here.

THEOREM 5.1 Letk < 1/2 and let § be such that
8 < &2, (5.3)

Then the functionals ng defined on L2(0, 1) by

1
1) m f (é( "(% u) - kz) +£(u/)2) dx ifu e Wh2(0, 1),
e = 0

+o00, otherwise,

I"-converge with respect to strong L2-convergence to the functional

ﬁw>={qw““ﬁwwn ifu e BY((O, 1); {£1}),
+0oo otherwise,

with Wk as in (3.5) and

1
—k
Cart ey :=2/_l VW (s) —k2ds = 2(1 — k)? + 2k — 1) In(1 — 2k).

Proof. Step 1: I'-liminf inequality. Letu, — u in L*(0, 1) be such that sup, Isk(ug) < +o0; for
fixed ¢ > 0 define the set J% and, on J?, the function ve by

[1/8] (/8
Po= G =108.i8),  vex) =D ubxqi-ns.is) )
i=1 i=1
with

id
u’szz][ u.dr fori=1,...,[1/8].
(i—1)8

By the Jensen Inequality it is immediate to check that
||Ua||L2(18) < ||Ma||L2(15)s (5.4
while from the Poincaré Inequality and its scaling properties we have
lue — Us||L2(15) < 5||M;||L2(15)~ (5.5)

A first estimate gives

k 1 kX 2 7\2 kot
I (ug) > —\ W < ue ) — k") +e(uy)” |dx — — dx,
s \e 8 & Jo11/8)
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1
lim inf 7 (u,) > 11‘?1%1(1)1f/1a (g (Wk<§, u8> - k2) n e(u;)z) dx.

‘We now claim that

hence

lim © <W’<<f, u€> - Wk(ug)> dx = 0. (5.6)

e=>0¢ Jjs )
To prove this claim we first remark that W*(y, -) has the following local Lipschitz property:
(WG, 50 = WH(y, 521 < @+ D+lst|+Is2Dls1 —s2|  forae.y e Randsi,s2 € R (5.7)

By asimple averaging over (0, 1) it immediately follows that 1| is also satisfied by Wk. Moreover,
by the definition of v, and the 1-periodicity of WX (-, s),

x WSl i oy Wsl s oy
W(—,u)dx: / W(—,u')dx: / W(—,u’)dx
//5 8" ; (i—1)8 8 ; 0 8 °
[1/3] [1/3]

1
— Zs/ WG ulyde = Y SW (ul) =f W (ve) dx.
i=1 Y0 i=1 s

Then, by adding and subtracting 1/¢ f 78 Wk(i, vg) dx in li by virtue of l) and the local

. . . —k
Lipschitz continuity of W~ we have

L (we(5me) 7o)
< 1[ Wk()—c,m:) _ Wk(f, vs)‘dx +1/ W (e) — W (00)] dx
& Jys & Jjs

8 8
2
< - 5(2(k+ D)+ fue| + [veD)ue — ve| dx
J

1

&

1 8
< EC(I + lluell g2y + lvell 2gsy) lue — vell 25y < Cg”"‘;”LZ(OJ)? (5-8)
where we have used lj and li in the last inequality. Recalling that sup, I;‘ (ug) < 400 in
particular implies
””é”LZ(O,l) < m, (5.9)
and by combining (5.§)), and invoking hypothesis (5.3)) we get the claim.
As a consequence,

S1/81 fy
liminf I* (u.) > liminf/ (—(Wk(ug) -k + a(u;)2> dx, (5.10)
e—0 e—=0 Jo 3

so that we reduce to the case of a sequence of functionals with a homogeneous, double-well
potential, with wells at £1. Moreover, up to a slight modification of the proof of the Modica—
Mortola compactness result, (5.10) implies that if (u,) is such that sup, Isk(ug) < 400, then
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us — uin L2(0, 1), withu € BV ((0, 1); {£1}). Finally, a direct application of the Modica—Mortola
Theorem yields

liminflf(ug) > liminf/a <1(Wk(u5) — k) + s(u;)z) dx
e—0 =0 Jo &
1
> (2/ vV Wk(s) — k2 ds)#(S(u) N0, a))
-1

for any fixed a € (0, 1). Then, passing to the sup over a € (0, 1), we get the I"-liminf inequality.

Step 2: I'-limsup inequality. We have to construct a recovery sequence for u € BV (0, 1) with
u € {£1} a.e.; it will suffice to approximate

u(x) = {1_1 if ¥ < xo, (5.11)

if x > xg,

with xp € (0, 1).
We show that the limsup inequality easily follows from the limsup inequality for the functionals

1
/ (é(Wk(u) — k%) + e(u’)2> dx. (5.12)
0

To this end, arguing as in the Modica—Mortola construction, for any fixed > 0 we can find a
number 7 > 0 and a function v € W'2(—T, T') such that v(—T) = —1, v(T) = 1 and

T 1
f W @) — K2+ )?)dx < 2[ VW) — k2 ds + . (5.13)
-T -1

Then, recalling that § < &, we see that a recovery sequence for (5.11)—(5.12)) is given by

-1 if x < xj —eT,
ue(x) = Jv((x —x4)/e) ifx) —eT <x < x{+ T,
1 if x >x8+8T,

with xg = [x0/6]8. We claim that (u,) is also a recovery sequence for If . First we find

xo+eT /] X T e
¥ ) = / <—( k(-, us> - k2> + s(u;)z) dx = f (Wk<—x, v) — K+ (v’)2> dx.
xb—eT \& 8 T 1)

The next step is to prove that

T s T __,
lim Wk(—x, v) dx =/ W' (v) dx. (5.14)
e=0J_71 8 -T

Setting

k k(€
Wex) =W (Ex, v) forae.x e (—T,T),
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we have
0< WE<2((k+ 1)+ v/»)  ae.in(=T,T),

from which we deduce || ng 17,7y < € and that (Wf) is equi-integrable on (—7, T'). Then by
applying the Dunford—Pettis Criterion, upon passing to a subsequence (not relabeled) we have

Wk~ inLY(-T,T), (5.15)
while by the Lebesgue Theorem,

x+r
fx) = 1ir(1)1+][ f(y)dy forae.x e (-T,T).

Moreover, (5.13)) implies in particular that, for x € (—7, T') and for sufficiently small r > 0,

X—+r xX—+r
lim Wy dy = ][ () dy,
X—r

e—=0Jx—r

and consequently

X+r
lim lim WE(y)dy = f(x) forae. x € (=T, T).
r—>0te—0/_,
On the other hand,
X+r " X+r " e xX+r i e
][ We (y)dy :][ w <—y, v) dy —][ w (—y, v(X)) dy
x—r x—r 8 x—r s
x+r P
+][ Wk<—y, v(x)) dy (5.16)
x—r )
with

xX+r " P i e xX+r
][ (W (5% v) -W (gy, v(X)))(ly' <][ QM+ 1D + [v)] + [vDlv — v(x)|dy

and x+r P x+r
lim Wk(—y, v(x)> dy =][ W @) dy = W 0(x)).

e—=0 ), )

Letting in l) firste — 0, then r — 0, we obtain f(x) = Wk(v(x)) fora.e.x € (—T, T); hence,
from (5.15) we get (5.14). Finally, combining (5.14) and (5.13) gives
1
limsup I (ue) < 2/ \/Wk(s) —kK2ds+n=1u) + 1,
e—0 -1
and the conclusion follows by the arbitrariness of 7. O

REMARK 5.2 The above theorem states that formally we may first perform the homogenization
procedure for fixed ¢, by letting § — 0, and then apply the Modica—Mortola Theorem to the
functionals

1
/ W ) — k2 + 2w')?) dx.
0
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Since just as for the Modica—Mortola functionals, the equi-coercivity at scale & improves to

strong-L? equi-coercivity, we may (a posteriori) also compute the zero-order I"-limit with respect
to strong L>-convergence, obtaining

1
FFOw) = /0 W ) dx.

Thus, for § < 32 and k < 1/2 we find that a I'-development for F¥ with respect to weak
L?-convergence is given by

1 2
k _ —k ok (S
F(u) = [) W)™ () dx + EC(Wk_kz)#(S(M)) + 0(8—2) 5.17)
while a I"-development with respect to strong L2-convergence is

1 2
Fru) = /O W) dx + 6C it o, H(S@) + o(i—z) (5.18)

The last part of this section is devoted to the case k > 1/2. In this regime, for the zero-order I"-
limit we have min Fg o _ 1- k)2 and the minimum is attained at u = 0 (see Fig. . Nevertheless,

since the effective potential Wé‘ is not strictly convex, we may proceed as in Section Thus,
setting
t8(s) := 2k — 1)s —k +3/4

we can consider, for instance, the family of functionals

1
Fru) —/ % (u) dx, (5.19)
0

which, under the assumption
1
/ udx=dek—-1/2,k+1/2), (5.20)
0

only differs from F, gk by a constant.
Now it is immediate to prove that the I"-convergence result stated in Theorem [3.1] preserves the
integral constraint (5.20) and hence that (5.19) I"-converges to the functional

1 1
/ (WE@) — e*u))dx, u e L*(0, 1),/ udx =d,
0 0

which vanishes at any function u € L?(0, 1) with |u — k| < 1/2 a.e. and such that fol udx = d.
Moreover, a similar scale analysis to that performed for k < 1/2 also applies in this case, leading to
the following result.

THEOREM 5.3 Let k > 1/2 and choose § satisfying 1i Then the functionals I&’f defined on
L%(0, 1) by

1
T ) = / <é< k(;—c u) - tk(u)> + 8(1/{/)2> dx ifu e Wh2(0, 1) and fol u=d,
3 T 0

+00 otherwise,
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I'-converge with respect to strong LZ-convergence to the functional

Ty — {C(Wk_rk)#(S(u)) ifu e BV((0,1); (k+1/2)) and [} u =d,

+00 otherwise,

where C i, = 2 [T () — ths)ds = 172,

Proof. The proof exactly follows the lines of that for k < 1/2, while a recovery sequence
satisfying (5.20) can be obtained by a carefully chosen translation of a recovery sequence for the
nonconstrained problem (see, e.g., [3, Theorem 6.7]). O

To conclude this section we notice that the energy contribution of an optimal transition is continuous
ink,ie.,

1
lim C i =

lim C(Wk—kz) = by T 5

k— %_ k— %+
hence the result for k = 1/2 is described by both Theorem 5.1 and Theorem[5.3]
6. & ~ &: the critical case
In this last section we briefly outline the case when the scale of oscillation § is of the same order

as the scale of the transition layer . In this case the zero-order I'-limit’s energy density Wf is
described by the asymptotic formula (3.3). By optimizing the procedure leading to (5.2), we get

2Ck 4
——tanh| - |, Is] <1,
¢ 4

Wk(s) =
¢ , 2ct ¢
(s| = 1) +Ttanh 1) Is| > 1,

for k < 1/2, while

2C% ¢
s?+ 72 tanh(z>, Is] < (k — $)% tanh(%),

2% — 1) tanh ( £ o= P20 () (&
T T ) (R e ) FE 6

(k — $)3 tanh(%) < |s] < (k — 3)F tanh(¥) + 1,

2 ZC{( ¢ 1\4 L
(s — D~ + Ttanh(z>, Is| > (k — 3)7 tanh(z) + 1,

6.1)
for k > 1/2. Note that these potentials have the same form of the potentials Wé‘ for k < 1/2 and
for k > 1/2 (see Fig. . Moreover, recalling that C¥ = 2k2, C5 = 2(k — 1)? and 3:6)-(33) it
is immediate to check that for every fixed k € (0, 1) the effective potential Wé‘ is continuous with
respect to £ in the extreme regimes; i.e., Wé‘ — Wé‘o as £ — oo and Wé‘ — W(’)‘ as{ — 0.

The behavior of minimizing sequences in the case k < 1/2 can be pictured as in Fig. [/, where
the oscillations are not dumped as ¢ — 0. The same picture also holds in the case k > 1/2 but
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now the oscillations are “around” (k — 1/2)(4/¢) tanh(£/4) and (k — 1/2)(4/£) tanh(£/4) 4+ 1 if a
positive volume constraint is added. In both cases oscillations of the ground states do not reach the
minimum values for W, thus preventing the degenerate situation of the case k > 1/2 and £ = 400
(see Fig. [6), and hence the subsequent effects are at scale ¢ and are due to phase transitions and
boundary layers. Note that the bulk contribution due to oscillations is now at scale 1 and is included
in the definition of Wé‘. We state the first-order I"-convergence result for the case k < 1/2 only,
the other one being analogous upon addition of an integral constraint in the spirit of the previous
analyses of Section4.3.2]and Section 5]

It can be proved that there exists a unique 1-periodic function vZ (the ground state) minimizing

the problem, giving Wf(l) with average 1 and max v; — min v; < 2. Note that by the symmetries
of the problem, v, := v, — 2 is a minimizer for WX (—1).

The surface tension for the first-order I"-limit is then defined by

I 1 2ck ¢
ks _ i oo k N2 1 .
C, _nlglgmf{E/_n(W (v, v)—i—z—z(v) )dy— Ttanh(z> :

ve W' (—n,n), v(£n) = vf(in)},

and the corresponding boundary-layer energy by

1" 1 2ck ¢
k,b . . k 2 1 .
C,m = ’;ggmf{;/() (W (y,v) + Z—z(v’) )dy — Ttanh(z> :
NS WI‘Z(O, n), v(n) = v;(n)}.

The first-order I"-limit can then be stated as follows.

THEOREM 6.1 Letk < 1/2 and 1/§ € N. Then the functionals Hgk defined on L2(0, 1) by

(] 2Ck ¢ ’ .
Hsk(u) — /0 (g( k(%,u) - Tltanh(z>> + e(u )2> dx ifu e Wh2(0, 1),

+00 otherwise,

I'-converge with respect to weak L2-convergence to the functional

ik = | CEHS@) = 2CE it e BY(O, 1: (1)),
otherwise.

We omit the proof, which follows the one for the case ¢ = 0.
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