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This paper is concerned with the study of a geometric flow whose law involves a singular integral
operator. This operator is used to define a non-local mean curvature of a set. Moreover, the associated
flow appears in two important applications: dislocation dynamics and phasefield theory for fractional
reaction-diffusion equations. It is defined by using the level set method. The main results of this
paper are: on one hand, the proper level set formulation of the geometric flow; on the other hand,
stability and comparison results for the geometric equation associated with the flow.
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1. Introduction

In this paper, we define a geometric flow whose law is non-local. We recall that a geometric flow of
a set £2 is a family {£2;};~0 such that the velocity of a point x € 9£2; along its outer normal 7 (x)
is a given function of x and n(x) for instance. In our case, this velocity does not only depend on
x and n(x) but also on a fractional mean curvature at x. Our motivation comes from two different
problems: dislocation dynamics and phasefield theory for fractional reaction-diffusion equations.

1.1 Motivation and existing results

Mathematical study of non-local moving fronts recently attracted a lot of attention (see in particular
[[12]] and references therein). An important application is the study of dislocation dynamics [3].

Dislocation dynamics. Dislocations are linear defects in crystals and the study of their motion
gives rise to the study of a non-local geometric flow. In recent years, several papers were dedicated
to this problem. We next briefly recall the results contained in those papers.

A dislocation creates an elastic field in the whole space R and this field creates a force (called
the Peach—Koehler force) that acts not only on the dislocation that created it (self-force) but also
on all dislocations in the material. We restrict ourselves here to the case of a single curve. We also
assume that this curve moves in a plane (called the slip plane).

The level set approach [24} 13} [16]] is a general method for constructing moving interfaces. It
consists in representing £2; as zero level sets of functions u(¢, -). The geometric law satisfied by
the interface 0£2; is thus translated into an evolution equation satisfied by u. This approach is used
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in [3] to describe the dynamics of a dislocation line. If 9£2; is the zero level set of a function u(z, -),
the following non-local eikonal equation is obtained:

oiu = (c1(x) + k[x, u])|Du|

where ¢ is an external force and «[x, u] is the Peach—Koehler force applied to the curve (N = 2 in
this application).

We briefly mentioned above that the Peach—Koehler force is created by the curve. Let us be a
bit more specific. This force is computed through the resolution of an elliptic equation on a half
space (corresponding to the law of linear elasticity). This equation is supplemented with Dirichlet
boundary conditions. On one hand, the boundary datum equals the indicator function of the interior
of the curve. On the other hand, loosely speaking, the force on the curve equals the normal derivative
of the solution of the elliptic equation. Hence, the integral operator which defines the Peach—Koehler
force is a Dirichet-to-Neumann operator associated with an elliptic equation. In particular, the
operator is singular.

In order to define solutions for small times, the authors of [3] consider a physically relevant
regularized problem and «[x, u] reduces to

/ co(z)dz
{z:u(z) 20}

with cg € WHLRN). The major technical difficulty of this paper is that co does not have a constant
sign, and consequently solutions corresponding to ordered initial data are not ordered; in other
words, the comparison principle does not hold true. In particular, this is one of the reasons why
solutions are constructed for small times. If ¢ is assumed to be large enough, Alvarez, Cardaliaguet
and Monneau [2] managed to prove the existence and uniqueness for large times.

The difficulty related to the comparison principle is circumvented in [19] by assuming that the
negative part of cq is concentrated at the origin. The Peach—Koehler force «[x, u] (in the case of a
single dislocation line) is defined in [19] as

/sign(u(x +2) —u(x))co(z)dz = /

co(2) dz — f c@dz (1)
{z:u(x+z)Zu(x)} {z:u(x+z)<u(x)}

where sign(r) equals 1 if r > 0 and —1 if r < 0. After an approximation procedure, the problem
can be reduced to the study of

U = [q (x) + f (U(x +2) — U@)eo2) dz}IDU |

where cq is smooth, non-negative and of finite mass. We used the letter U instead of « in order to
emphasize the fact that a change of unknown function is needed in order to reduce the study of the
original equation to the study of this new one.

A second important remark is that solving such non-local eikonal equations does not permit one
to construct a geometric flow properly. More precisely, if the initial front 0£2g is described with
two different initial functions u( and vy, it is not sure that the zero level sets of the corresponding
solutions # and v coincide. In other words, the invariance principle does not hold true.

Still assuming that the negative part of ¢ is concentrated at the origin, a good geometric
definition of the flow is obtained in [17]] by considering a formulation “a la Slepev” of the geometric
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flow. The equation now becomes

du = [m(x) +/ co(2) dz}|D”|~ @
{2 u(t,x+2)>u(t,x))

We point out that, with such a formulation, we cannot deal with singular potentials cg.

Notice that in [[17], several fronts move, and they are interacting. The motion of a single front
is a special case. Eventually, existence results of very weak solutions in a very general setting are
obtained in [S]] and uniqueness is studied in [[6].

In [15], it is proved that if co(z) is smooth and regular near the origin and behaves exactly like
|z| 7™~ at infinity, then a proper rescaling of (2)) converges towards the mean curvature motion (see
Proposition[I]and Theorem [ below).

We finally mention that Caffarelli and Souganidis [11]] consider a Bence-Merriman—Osher
scheme with kernels associated with the fractional heat equation (that is, the heat equation where
the usual Laplacian is replaced with the fractional one). They prove that this scheme approximates
the geometric flow at stake in this paper.

Phasefield theory for fractional reaction-diffusion equations. Our second main motivation comes
from phasefield theory for fractional reaction-diffusion equations [21]]. If one considers for instance
stochastic Ising models with Kac potentials with very slow decay at infinity (like a power law with
proper exponent), then the study of the resulting mean field equation (after proper rescaling) is
closely related to phasefield theory for fractional reaction-diffusion equations such as

1
o + (="t + o fu) =0

where (—A)*/2 denotes the fractional Laplacian with o € (0, 1) (in the case presented here) and f
is a bistable non-linearity. In particular, it is essential in the analysis to deal with singular potentials.
Indeed, we have to be able to treat the case where

1
co(z) = W

with « € (0, 1). It is also convenient to use the notion of generalized flows introduced by Barles
and Souganidis [9]] in order to develop a phasefield theory for such reaction-diffusion equations. See
[21]] for further details and [18]] for analogous problems.

1.2 A new formulation
The main contributions of this paper are the following:

e to give a proper level set formulation of dislocation dynamics for singular interaction potentials; in
particular, sufficient conditions on the singularity to get stability results and comparison principles
are exhibited;

e to shed light on the fact that the integral operator measures in a non-local way the curvature of
the interface;

e to study the geometric flow in detail: consistency of the definition, equivalent definition in terms
of generalized flows, motion of bounded sets etc.
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Because v(dz) = co(z)dz is singular, we cannot define «[x, u] as in (2). Indeed, we must
compensate the singularity as is commonly done in order to get a proper integral representation
of the fractional Laplacian. We recall that the fractional Laplacian can be defined as follows:

(=) u(x) = —cy (@) / (U(x +2) —u(x) |Z|dTZ+a

where cy (o) is a given positive constant depending on N, «. Notice that if « < 1 and u is Lipschitz
continuous at x and u is globally bounded, the integral is well defined. If « > 1, the integral is not
convergent in the neighbourhood of z = 0. In this case, the fractional Laplacian is defined either by
considering the principal value of the previous singular integral or by writing

s dz
(—2)*u(x) = —cy(a) /(”(x +2) —ux) - Dulx) - z15(2) |z|N+e

where 15(z) denotes the indicator function of the unit ball B. Notice that we have used the fact that

the singular measure
dz

v(dz) = |Z|T+°‘ 3)

(with @ € (0, 2)) is even in order to get (at least formally)

dz
/(Du(x) -z13(2)) e =0

As far as the fractional mean curvature is concerned, we must compensate the singularity of
the measure v in a geometrical way. We explain how to do it when v(dz) = co(z) dz with ¢o(z) =
|z|]~N 2, Hence, we start from (T). We use the fact that ¢ is even in order to get (formally)

vz e RY : Du(x)-z >0} =v{z e RV : Du(x) -z < 0}.

Straightforward computations yield

/ sign(u(x + z) — u(x))co(z) dz
=viz:u(x+2z) > ulx), Du(x) -z <0} —vi{iz:ulx+2z) <ulkx), Du(x)- -z > 0}.
We thus define an integral operator k [x, u] for a general singular non-negative measure v as follows:
klx,ul=v{z:u(x+2) 2 ulx), Du(x) -z <0} —vi{z:ulx +2) <ulx), Du(x) -z >0}. 4)

We explain below in detail (see Lemma 2)) the rigorous links between the different formulations we
have considered up to now.

Notice that this definition makes sense even if v is not even. We recall that the fractional
Laplacian is a Lévy operator. Since Lévy operators [4] are defined for singular (Lévy) measures
that are not necessarily even, it seems to be relevant to define fractional mean curvature for singular
measures that are not necessarily even.

We can say that this singular integral operator measures in a non-local way the curvature of the
“curve” {u = u(x)}. Indeed, loosely speaking, we can say that in (@) the first (resp. second) part
measures how concave (resp. convex) the set 2 = {z : u(x + z) > u(x)} is “near x”. Moreover, we
prove (see Proposition[2]below) that, when v is given by (3)), the function (1 — )« [x, u] converges
as o € (0, 1) goes to 1 towards the classical mean curvature of {u = u(x)} at x. This is why we
refer to «[x, u] as the fractional mean curvature of the curve {# = u(x)} at point x.
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The variational case. When the singular measure v(dz) has the form
v(dz) = =(V-G(2))dz

for a vector field G, the previous singular integral operator can be written as follows:

Vu(x + z) Vu(x) Vu(x)
,u] = G —_— dz) — b . 5
el ul /{z:u<x+z>=u<x>}< @ |Vu<x+z)|)°( 2 G<|Vu<x)|> vuo] O

where o denotes the surface measure on the “curve” {z : u(x 4+ z) = u(x)} and where bg =
f{z V() 2=0} G(2) o (dz) is a vector field on RY.
Remark that the example we gave above is of this form. Indeed,

dz 1 z
2 —_(v.—= )4
B a( |z|N+a> ¢

It is quite clear from this new formula that the singular integral operator is geometric (in the sense
that it only depends on the curve and not and its parametrization «) and “fractional”.

After this work was finished, we have been told that non-local minimal surfaces are being
studied by Caffarelli, Roquejoffre and Savin [10]. Loosely speaking, they study sets whose indicator
functions minimize a fractional Sobolev norm || - || ge, @ € (0, 1). They prove in particular that local
minimizers are viscosity solutions of «[x, u] = 0.

Comments and related work. We gave two different formulations in the case of singular potentials.
We think that formulation (4)) is the proper one in order to get a complete level set formulation of the
geometric flow even if formulation (3] is somehow more intuitive since it only involves the curve
itself. In particular, the approach proposed by Slep&ev [26]] can be adapted (see (I4) below).

The level set equation we study has the form

du = p(Duw)ler (x) + «[x, ull[Du|  in (0, +00) x RV 6)
supplemented with the initial condition
u(0,x) = up(x) inRY (7

where p denotes p/|p| if p # 0, u denotes the mobility vector field, and ¢ (x) is a driving force.

Equation (6) is a non-linear non-local Hamilton-Jacobi equation. A lot of papers are dedicated
to the study of such equations. In our case, the main technical issues are the definition of viscosity
solutions, the proof of their stability and the proof of a strong uniqueness result. We use some ideas
from [26] and combine them with the ones from [7]], even if the results of those two papers do not
apply to our equation.

From a physical point of view and as far as dislocation dynamics is concerned, the measure
v(dz) = co(z) dz should be v(dz) = g(z/|z|)|z|_N_1 dz, but in this case, the fractional mean
curvature is not well defined (see Remark [I). It is also physically relevant to say that close to the
dislocation line, in the core of the dislocation, the potential should be regularized. On the other
hand, it is important to assume that v(dz) ~ g(z/|z])|z| ™! dz as |z| — o0 since this prescribes
the long range interaction between dislocation lines. Another way to understand this difficulty is
to say that in the core of the dislocation, the potential is very singular and the singularity should
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be compensated at a higher (second) order. On one hand, this can explain the loss of the inclusion
principle for such flows (if one can define them for large times). On the other hand, one can think
that in this case, the first term in such an expansion should be a mean curvature term. This can make
sense since curvature terms are commonly used to describe dislocation dynamics. It may be relevant
to add one in (6). However, we choose not to do so in order to avoid technicalities and keep clear
some important points in the proof of the stability result and the comparison principle.

In order to better understand properties of the fractional mean curvature flow, a deterministic
zero-sum repeated game is constructed in [[20] in the spirit of [23| 22]].

Organization of the article. In Section [2] we first give the precise assumptions we make on data.
We next give the definition(s) of the fractional mean curvature «[x, -]. In Section [3] we first give
the definition of viscosity solutions for (6)), we then state and prove stability results. We next obtain
strong uniqueness results by establishing comparison principles. We also construct solutions of (6]
by Perron’s method. We finally give two convergence results which explain in which limit one
recovers the classical mean curvature equation. In Section[d we verify that the zero levet set of the
solution u we have constructed in the previous section only depends on the zero level set of the
initial condition. This provides a level set formulation of the geometric flow. In the last section, we
give an alternative geometric definition of the flow in terms of generalized flows in the sense of [9].

Notation. SN~! denotes the unit sphere of RY. The ball of radius § centred at x is denoted by
Bs(x).If x = 0, we simply write Bs and if moreover § = 1, we write B. If p € RN \ {0}, p denotes
p/Ip|. If A is a subset of RY with d = N, N + 1 for instance, then A¢ denotes R¢ \ A. For two
subsets A and B, A U B denotes A U B and means that A N B = . The function 14(z) equals 1 if
z € A and 0 if not.

2. Preliminaries

In this section, we make precise the assumptions we need on data and we give several definitions of
the fractional mean curvature.

2.1  Assumptions
Here are the assumptions we make on the singular measure throughout the paper.
ASSUMPTIONS

(A1) The mobility function u : SN ~1 — (0, 400) is continuous.
(A2) The driving force c; : RY — R is Lipschitz continuous.
(A3) The singular measure v is a non-negative Radon measure satisfying

forall 8§ > 0, (RN \ Bs) < 400,

forallr >0, ee SN vizeB:r|z-e| <|z— (z-e)e|*} < +o00,
SV(RN \ Bs) > 0 as§ — 0,

foralle e SN 71, rvize B:rlz-e| <|z—(z-e)e|*} - 0asr — 0

®)

(Bj; denotes the ball of radius § centred at the origin and B = Bj), and the last limit is uniform
with respect to unit vectors e € SV 1.
(A4) The initial datum ug : RY — R is bounded and Lipschitz continuous.
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We point out that the set {z € B : r|z-e| < |z — (2 - e)el?) appearing in the second and the fourth
lines of (@) is the region between an upward and downward (with respect to vector e) parabola.

Even if the assumptions on the singular measure look technical at first glance, they are quite
natural in the sense that they imply several important properties:

e the measure is bounded away from the origin;

e the singularity at the origin (if any) is a weak singularity in the sense that the fractional mean
curvature of regular curves can be defined; if the reader thinks of the example given in (B), this
means that we choose ¢ < 1;

e the parabolas {z : rzy = |Z/|*} (which are the model regular curves for us) can be handled even
when they degenerate (r — 0).

EXAMPLE 1 The Standing Example for the singular measure is

b4 dz
vse(dz) = g<m) 1z

with g : S¥=1 — (0, +00) continuous and « € (0, 1). The measure in (3) corresponds to the
isotropic case (g = 1).

2.2 Fractional mean curvature

In this subsection, we make precise the definition of fractional mean curvature. Our definition
extends the ones given in [[15, [17] where v(dz) = co(z) dz to the case of singular measures.

Let us define the fractional curvature of a smooth curve I' = {x € RN : u(x) = 0} =
d{x € RV : u(x) > 0} associated with v. If u is C1"! and Du(x) # 0, then the following quantities
are well defined (see Lemma [T below):

K*[x, 'l = «*[x, u] = 5 [x, u] =« [x, ul,

9
ielx, Tl = ieilx, ul =« [x, u] — i*[x, ul, ©)
where
K:'[x, ul =vi{z:ulx+z) > ulx), Dulx) -z <0}, (10)
ky [x,ul =v{z:ulx +2) <u(x), Du(x) -z > 0},
and

kil ul =viz u(x +2) > u(x), Du(x) -z <0},
kX¥[x,u] =viz:ulx +z) <ulx), Du(x)- -z >0}

We will see later (see Lemmabelow) that these functions are semicontinuous, which explains our
choice of notation. In order to understand the way these quantities are related to the geometry of the
curve {# = u(x)}, it is convenient to write for instance

K:[x, ul =v{z:0 < —Dux) -z <u(x+z) —u(x) — Du(x) - z}.
As shown in Figure Kj [x, u] measures how concave the curve is near x, and k" [x, u] how convex
it is.
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I'={u=uk)}

FIG. 1. Fractional mean curvature of a curve

LEMMA 1 (Fractional mean curvature is finite) If u is C!-! at a point x, i.e. there exists a constant
C = C(x) > 0 such that for all z € R,

lu(x +z) — u(x) — Du(x) - z] < C|z|?

and its gradient Du(x) is not 0, then «} [x, u] are finite.
If uis CV! at x and Du # 0 everywhere on {y € R : u(y) = u(x)} and v is absolutely
continuous with respect to the Lebesgue measure, then «} [x, u] are finite and

K*[x, u] = kslx, ul.

REMARK 1 One can check that this lemma is false if @ = 1 in the Standing Example/[I]
Proof. We only prove the first part of the lemma since the second part is clear. Since v is bounded

on RN \ Bj forall § > 0, it is enough to consider

() [x, ul = viz € Byt u(x +2) = u(x), Du(x) -z < 0}
=v{zeBs:0<re-z<ulx+z) —ulx)+re-z}

where r = |Du(x)| # 0 and e = r~'Du(x). If now zy denotes ¢ - z and z’ = z — zye, and if we
choose § such that r — C§ > 0, we can write

()P, ul < viz € Bs: 0 <rzy < Czy + ClZ/ )
<

vz e Bs:0<Cr — Cozy < 1717,

NN

and the result now follows from (). U

The following lemma explains rigorously the link between (6) and and the link with the
formulation used in [17]] in the case where v is a bounded measure.
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LEMMA 2 (Link with regular dislocation dynamics) Consider co € L'(RY) such that co(x) =
co(—x). Then

1
/ co(z)dz = _/C0+K*[X, ul,
{z:u(t,x+2)>u(t,x)} 2

1
/ sign” (u(x +2) — u(¥))eo(2) dz = 3", ),

1
fsign*(u(x +2) —u(x))co(z) dz = EK*[X’ ul,
with sign*(r) = 1 (resp. sign,(r) = 1) if r > 0 (resp. r > 0) and —1 if not, and with v(dz) =
co(z) dz.

Since the proof is elementary, we omit it.

We conclude this section by stating two results which explain the link between two special
cases of fractional mean curvature operator and the classical mean curvature operator. The first one
appears in [15} Corollary 4.2]. We state it in a special case in order to simplify the presentation.

PROPOSITION 1 (From dislocation dynamics to mean curvature flow, [15]) Assume that v = V¢

has the form .
z
dz) = v¥(dz) = —— o = ) d
v(dz) = v (d2) 8N+1|lns|co<s> ¢

with ¢o even, smooth, non-negative and such that co(z) = |z| ™V ~! for |z| > 1. Assume that u €
C2(RV) and Du(x) # 0. Then

e Cdi Du
klx,u]l =[x, u] - 1V(|Du|>(x)

as ¢ — 0 for some constant C > 0.

REMARK 2 In [15]], general anisotropic mean curvature operators can be obtained by considering
anisotropic measures v(dz).

This result can be compared with the following one.

PROPOSITION 2 (From fractional mean curvature to mean curvature) Assume that v has the form

o Z
v(dz) =v¥(dz) = (1 — U)W

with o € (0, 1). Assume that u € C2(RY) and Du(x) # 0. Then

[x, u] = «“[x,u] - Cdi .
= N 1 [
KlX, U K |X,U v | ul

asa — 1,a < 1, where C is some positive constant.

REMARK 3 Anisotropic mean curvature can be obtained by considering

G 1 z) dz
Vi =d “)g<|z|> 2] NFe
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Sketch of the proof of Proposition[2}  For all n, we first choose § such that

1
u(x+z)—u(x)—Du(x)-z—EDZu(x)z.z < nlzl? (11)

If e denotes —Du(x) and W(z) denotes u(x + z) — u(x) — Du(x) - z, we have

K, ul ="z e RV :0<e -2 < W)} — vz e RY : W(z) <e-2 <0}
dz dz

=(0-a v~ 7@ 1zt

{z€Bs : 0<Le-z<W(2)}
+0(01 —a)

{ze€Bs : W(z)<e-z<0}

since |z] 7N is a bounded measure in B§.
In view of @), it is enough to prove the result for W(z) = Bz-z where B is a symmetric N x N
matrix. Hence we study the convergence of

dz dz

“=(1-a) —(l—a)

{z€Bs : 0<e-z< B2z} |Z|N+a {zeBs : Bz-z<e-z<0} |Z|N+a

We next use the following system of coordinates: z; = ¢ - z and z = (z1, z’). We now write
Bz-z=biz} +210)-2)+B'7 -7

for some b; € R, b’1 eR¥-landan (N — 1) x (N = 1) symmetric matrix B’. We thus want to
prove
K = le| 't B’

as @ — 1. We can assume without loss of generality that |e| = 1. For z € Bs, we have

<Bz-z =>z1<(1-C87'B'7 -7,
(1—05) le 7 = e-z>Bz-z.

Hence, it is enough to study the convergence of

dz dz
f=l-o R Gl S
{(z1,7/)€Bs : 0<z1 <B'7-7'} |z] {(z1,2/)€Bs : B'7' -7/ <71 <0} ]
If 0 (d6) denotes the measure on the sphere SN2 we can write
dz dz

“=(1-a) —(l—a)

N
((21,2):12/1<8,0<a <B'z -2} 121V T

r2B'6-6 FN-2
=0-a / / 4z dro(dd)
{0eSN-2:B'9-0 20} Jr=0 Jz;= (Z +r2)(N+ )/2

FN=2
—(- / / dz; dr o (d9).
{6€SN-2:B'9-0<0} Jr=0 Jz1=r2B'6-0 (Z +r2)(N+a)/2

We next make the change of variables z; = r27 to get

5 B0

- 1

K”‘:/ (1—a)/ r7“/ drdro(dd) —(...).
{8eSN-2:B6.9 0} r=0 =0 (P2 4+ 1HWNF)/2

N
(21,2 121<8,B'2" 2/ <z <0y 121V T
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We finally remark that

’
B'9-6 dr

Vr € (0, d), B'0-0 s — 0.
re0.9) /r:() 272 1+ HWN+02 as o0 —

In particular, for § small enough,

B'6-6 dr ,
NI EmYE <A+nBoO-6.

(1—n>B’9~9</

=0 (,,2.[2

It is now easy to conclude by remarking that

§
(1—a)/ r%dr =879, / 0®00(dd) = Cly_1,
0 SN—Z

where I denotes the (N — 1) x (N — 1) identity matrix and C is a positive constant. O

3. Viscosity solutions for (6)
3.1 Definitions

The viscosity solution theory introduced in [26] suggests that the good notion of solution for the
fractional equation (6) is the following one.

DEFINITION 1 (i) An upper semicontinuous function u : [0, T'] X RY isa viscosity subsolution
of (6) if for every smooth test function ¢ such that u — ¢ admits a global zero maximum at

(t, x), we have
(1, x) < (D (1, x))[c1(x) + k¥ [x, (2, )] DI (2, x) (12)

if Do (¢, x) #0, and 9;¢ (¢, x) < 0if not.
(ii) A lower semicontinuous function u is a viscosity supersolution of () if for every smooth test
function ¢ such that # — ¢ admits a global minimum O at (#, x), we have

(1, x) = (DG, 0))[e1(x) + kulx, ¢, ]I DSI (x0, 10) (13)

if Do (t, x) # 0, and 9;¢ (¢, x) > 0 if not.
(iii) A locally bounded function u is a viscosity solution of (@) if u™ (resp. u.) is a subsolution (resp.
supersolution).

REMARK 4 Given § > 0, the global extrema in Definition |I| can be assumed to be strict in a ball
of radius § centred at (¢, x). Such a result is classically expected and the reader can have a look, for
instance, at the proof of the stability result in [7].

If one uses the notation introduced in [26]], the equation reads
ou+ F(x,Du,{z:u(x+2)>ux)}) =0 (14)
with, for x, p € RN and K c RV,

F(x, p, K) = {au(ﬁ)[m(x) +{KN{p-z <O} —v{KN{p-z>0}]lpl grllﬂozé 0,
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where K€ is the complementary set of K. With this notation, one can check that this non-linearity
does not satisfy Assumption (F5) of [26]. The idea is to check that Assumption (NLT) in [7] is
satisfied and stability results thus hold true.

Let us be more precise. We previously associated with «[-, -] the following non-local operators
(see the proof of Lemma I)):

(kH M x, ¢l = viz € Bs : p(x +2) > ¢(x), z- Dp(x) < 0},

(15)
> [x, p.¢pl =viz ¢ Bs : p(x +2) > ¢(x). z- p <0},

In the same way, we can define
o the negative non-local curvature operators (k- )i"g, i=1,2, _
e upper semicontinuous envelopes of the four integral operators (Ki)’*‘s, i=1,2,
e lower/upper semicontinuous total non-local curvature operators (K*)i’s, (K*)i's, i=1,2.
By using the idea of Lemma[2] it is easy to see that

(K*)Z’a[x, p,ul=v{iz¢ Bs:u(x+z) >ux)} —v{z¢ Bs: p-z> 0}, (16)

()’ [x, pul = v{z & Bs 1 u(x +2) > u(x)} —viz ¢ Bs : p-z >0},

We can now state an equivalent definition of viscosity solutions of (6)).

DEFINITION 2 (Equivalent definition) (i) An upper semicontinuous function u : [0, T] x RY is
a viscosity subsolution of (@) if for every smooth test function ¢ such that u — ¢ admits a
maximum O at (¢, x) on Bs(t, x), we have

% (1, %) < (D (t, 2))[e1() + ) e, o2, )+ >, DY (e, ), u(t, )] IDPI(, x)
a7
if Do (¢, x) # 0, and 9;¢ (¢, x) < 0 if not.
(ii) A lower semicontinuous function u is a viscosity supersolution of (6) if for every smooth test
function ¢ such that u — ¢ admits a global minimum O at (¢, x), we have

hp(t, x) = w(D(t, x)[c1(0)+ (k) [x, p(t, )]+ k)™ [x, DB(t, x), u(t, )1]| Dl (x0. to)
(18)
if D¢(t,x) # 0, and ;¢ (¢, x) > 0if not.
(iii) A continuous function u is a viscosity solution of (@) if it is both a subsolution and
supersolution.

REMARK 5 Equivalent definitions of this type first appeared in [25] and since the proof is the
same, we omit it.

REMARK 6 Remark [d]applies to the equivalent definition too.

REMARK 7 Definition [2] seems to depend on §. But since all these definitions are equivalent to
Definition[T} it does not depend on it. Hence, when proving that a function is a solution of (6), it is
enough to do it for a fixed § > 0.
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3.2 Stability results
THEOREM 1 (Discontinuous stability) Assume (A1)—(A3).

e Let (u,),>1 be a family of subsolutions of (6) that is locally bounded, uniformly with respect
to n. Then its relaxed upper limit u* is a subsolution of (6).
e If moreover u, (0, x) = ug(x), then for all x € RV,

u* (0, x) < ug(x)

where ujj is the relaxed upper limit of u.
o Let (4g)qec4 be afamily of subsolutions of (6) that is locally bounded, uniformly with respect to
a € A. Then i, the upper semicontinuous envelope of sup,, u, is a subsolution of (@)).

Even if this result follows from ideas introduced in [7]] together with classical ones, we give a
detailed proof for the sake of completeness.

Proof. We only prove the first part of the theorem since it is easy to adapt it to get a proof of the
third part. The second one is very classical and can be adapted from [1]] for instance.

Consider a test function ¢ such that u™ — ¢ attains a global maximum at (¢, x). We can assume
(see Remark@) that u* — ¢ attains a strict maximum at (¢, x) on Bs(¢, x). Consider a subsequence
p = p(n) and (¢, xp) such that

¥ .
u (t,x)= lim u ty, Xp).
( ) 00 p(n)( P p)

Classical arguments show that u, — ¢ attains a maximum on Bs (¢, x) at (s, y») € Bs(¢, x) and that

(p, yp) = (t,x) and  up(sp, yp) = u™(t, x).

Since u,, is a subsolution of (6), we have

39 (sp, yp) <
1(De(sp y)[c1 () + k) 2y, 9(sps I+ €231y, De(sp, ), t(sps ]I DOI (5 ¥p)

if Do(ty,xp) # 0, and 0,¢(tp, xp) < O if not. If there exists a subsequence g of p such that
Do(sq, yq) = 0, then it is easy to conclude the proof. We thus now assume that D (s, yp) # 0 for
p large enough. In view of the continuity of u and ¢y, the following technical lemma completes the
argument. O

LEMMA 3 Assume that D(s,, yp) # O for p large enough.
e Assume moreover that Dg(¢, x) # 0. Then

(5, 9) = HYy, 05,91 and (s, y) = > [y, Dyp(s, y), up(s, )]

are well defined for i = 1, 2 in a neighbourhood of (¢, x) and

limsup (k") [y,, @(sp, )1 < N [x, (r, )],
P

limsup (k*)>° [y, Dx@(sp, ¥p), ulsp, )] < (*)*°[x, Drg(t, x), @(t, )],
P

as soon as u,(sp, yp) —> u(t, x) as p — +0o.
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e Assume now that Dg(z, x) = 0. Then, fori =1, 2,
[ 2 Lyps @Csp. D1+ (> Lyp. Dp(sp. yp). u(sp. N|ID@l(sp. yp) — 0 as p — +o0.
As we shall see, this lemma is a consequence of the following one.
LEMMA 4 ([26]) Let f, and g, be two sequences of measurable functions on a set U and f >
lim sup* f),, g > limsup* g,,, and a,, b, two sequences of real numbers converging to 0. Then
v({fp = ap, gp 2 bpi\{f 20,8 20}) -0 asn— +oo.

We mention that in [26], the measure is not singular and there is only one sequence of
measurable functions but the reader can check that the slightly more general version we give here
can be proven with exactly the same arguments. An immediate consequence of the lemma is the
inequality

limsup v{f, > ap, gp =2 bp} < v{f = 0,g > 0}.
P

Proof of Lemma E] Let us first assume that De(t, x) # 0. In this case, for (s, y) close to (¢, x),
Dy(s, y) # 0 and all the integral operators we consider here are well defined (see LemmalT). Recall
next that, fori = 1,2, («*)% = (Kj)"‘S — (K;)“‘S. Hence, it is enough to prove that

limsup (k)" [y, @(sp, )1 < 5 [x, (1, )],
P
lin;)inf(m"‘*[yp, P(sp, )1 = () [x, o, ],

limsup (k)2 [y, Dx@(sp, ¥p)s tp(sp, )1 < (X)*°[x, Deo(t, x), u*(t, )],
P

11n;)inf(x;>2’5[yp, Da(sp, Yp)s tp(sp, )1 < ()0 [x, Dyop(t, x), u*(z, )]

In order to prove the first inequality above for instance, choose f,(z) = @(sp, yp +2) — @(t, x),

ap = (p(sp’ yp) - (p(tv x), gp(Z) = _D(/J(Sp, yp) - Z, bP =0in LemmaE}
We now turn to the case Dg(z, x) = 0. We look for § = §,, that goes to 0 as p — +o00 such that
[Du(sp, yp)| < Cé)p and

k)2 [y, @(sps VID@(sp, yp)l = 0 and (k)2 [y, 9(sp, D@ (sp, yp)| — O

as p — —+oo. This is enough to conclude the proof since condition () implies that

()22 [y, DP(sp, Yp), u(sp, NIDG(sp, yp)| — 0,

k)% [y, DO(sp, p), u(sp, NID@(sp, yp)| — 0.

We only prove that the first limit equals zero since the argument for the second one is similar. If 7,
denotes | Dy(sp, yp)| and e, denotes —rp_lDw(sp, ¥p),and zy =ep - z and 7 =7— Znep, then

) Iyp, 9(sp, IID@(sp, yp)]
=rpv{z € Bs, : 0 <rpep -2 < @sp, yp +2) — @(sp, yp) +rpep - 2}
<rpviz e Bs, : 0<rpzn < Clz/l2 + CZ%V}

10 < rpzy < ClZ'1* + C8pzn)

~
< rpv{z € By, rpZ
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where C is a bound for the second derivatives of ¢ around (¢, x). Now if we choose §, = r,/(2C),
we get

rpviz € Bs, : 0 < (rp/2C)zy < |27}
rpviz € B:0 < (rp/2C)zy < 17/}

)21y, @(spy VID@(sp, yp)| <
<

and the last limit in (8) permits us now to conclude. U

3.3 Existence and uniqueness results
Let us first state a strong uniqueness result.
THEOREM 2 (Comparison principle) Assume (A1)—(A4). Assume moreover

(A3) Foralle e S¥"landr € (0, 1)
r{z€Bs:rlz el <|lz—(z-e)e|’} >0 asd—0 (19)
uniformly in e and r € (0, 1) and
v(dz) = J(z)dz  with J € WHI(RN \ By) forall § > 0. (20)

Consider a bounded and Lipschitz continuous function ug. Let u (resp. v) be a bounded subsolution
(resp. bounded supersolution) of (6). If #(0, x) < ug(x) < v(0, x), then u < v on (0, +00) X RV,
The proof is quite classical. The main difficulty is to deal with the singularity of the measure.

Proof of Theorem E} We classically consider M = sup, ,{u(t, x) — v(z, x)} and argue towards a
contradiction by assuming M > 0. We next consider the following approximation of M:

C—s?  l—yP

2
t— .
> 2o~ —alxl }

M., = sup {u(z, x) —v(s,y) —

t,5>0, x,yeRN

Since u and v are bounded, this supremum is attained at a point (7, §, X, ). We first observe that

M, o > M/2 > 0 for n and o small enough. Since u# and v are bounded, this implies in particular

s =2
nf+e’“|x2—y| + ali> < Co 1)
where Co = lufloc + [[0]c- ) -

Classical results about penalization imply that (f,s,x,y) — (f,t,x,y) as y — 0 and

(t, 1, x, y) realizes the following supremum:
L2
Mgy = sup {u(t, x)—uv(t,y) — eKt|x2—y|

£

—nt — oelxlz}.
t>0, x,yeR

It is also classical [14] to get, for ¢, n fixed,

alx? >0 asa — 0. (22)
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We next claim that this supremum cannot be achieved at r = 0 if ¢, «, n are small enough. To
see this, remark first that M, , > M /2 > 0 for  and « small enough, and if 7 = 0, use the fact that
ug is Lipschitz continuous to get

M—yF}

2 1
< supy Cor — L g —C2¢
2¢ 0%

M
0<— < sup {uo(x) —uo(y) —
r>0 2e 2

x,yeRN

which is obviously false if ¢ is small enough. We conclude that, if the four parameters are small
enough, then 7 > O and § > 0.

Hence, we can write two viscosity inequalities. In order to clarify computations, we introduce
the function M (p) defined as follows:

_ [u®lpl ifp #0,
M(p)—{o it p=0.

It is easy to see that M is uniformly continuous and it trivially satisfies

IM(p)| < lnlloolpl.

In the following, wys denotes the modulus of continuity of M.
We now write viscosity inequalities: for all § > 0,

-5

A
n+ + Ke’“% < (c1(®) + WHMOLE, ¢u (@, )+ WHPO[E, p + 20F, u(f, -)])

X M(p + 2ax),
t—3 < Lors 4 (= 2815 5 . 0% ~
- > (c1(9) + (k) 13, ¢ (5, )] + (1) >°13, P v(E, )M (D),

where p = eKE()Z — y)/e and

t—52 g lx—73

¢u(t,x)=v(§,i)+7+e T+nt+o¢|x|2,

- (s—1)? Ay —x%

¢U(S»y):M(tax)_—_eKt—_nt_a|.x|2.
2 2¢

Subtracting these inequalities yields

S _ =2
n~|—KeKt~|x_y|

[x — ¥
2¢e £

_ 2
< lullssll Detlloce™! + lletlloownm 2y/Coa) + Ty (23)

(we used 1)) where

T = ((*)°IF, ¢u @ )]+ (NP [X, p + 20F, u(@, V)M (p + 20%)
— (kD13 ¢, I+ (k)[F, p, v(E, )M ().

Our task is now to find § = §(«, ¢) so that the right hand side of this inequality is small when the
four parameters are small. We distinguish two cases.
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Assume first that there exist sequences «,, — 0 and ¢, — 0 such that

In this case, we simply choose § = 1, K = 2||u|loc || Dc1 [loo and we let n — +o00 in (23)) to get the
desired contradiction: n < 0.
Assume now that for « and ¢ small enough, we have a constant C, independent of « such that

|pl = Ce > 0. (24)

In this case, the following technical lemma holds true.
LEMMA 5 By using (19), we have
_ 1 1 ki 1% =31
nl < 505(1) + EwM(Z\/ Coa) + 0 (1)[e] + Cse —

where Cp appears in (ZI)) and C; only depends on J, ||/t|loo and § (we emphasize that the third term
goes to 0 as o — O for fixed ¢€).

The proof of this lemma is postponed. We thus get (recall that p = X (- y)/e)

X — ilx — 1 1 5 —
U+K€Kt% < CeKtleyl—l—C(1—l—g)wM(Z\/Coa)—i-goa(l)+0a(l)[8]+CaeK’—lx 8y|

where C only depends on c1, v and ||u#]lc + ||V]lco, and Cs is given by the lemma. By choosing
K =2(C + Cs), we get

N < c<1 + é)wM(Z\/Coa) + Zos(1) + o (De].

By letting successively o and § go to 0, we thus get a contradiction. This completes the proof of the
comparison principle. O

Proof of Lemmal3]  We first write

T < itlloo| (™) PR, @uE, )11 P + 2] + litlloo] Gex) 11T, du(E, )11
+ ()[R, u(F, ) o (120F])
+ (6H*°[F, p+ 20, u(@, )] — () >°[3, p, v(E, V)M ().

We now estimate the right hand side of the previous inequality. We start with the first two integral
terms. First

1) P [E, @u(F, )1 < (KDL, du(F, )]+ () IR, pu(F, ]
<v{zeBs:0< —(f+2a8) 2 < (a + KT/ 2e)) 1212

+v{z€Bs: 0> —(p+2aF) -z > (a+eKT/2e)) 2%}
< v{z € Bs: |ep +2eai|le-z| < Clz)?)



170 C. IMBERT

where we use (Z1) to ensure, for «, & small enough,

1
- +ae < EeKCO/" +1=:C(p).

If now rg, ¢ denotes |ep + 2eax| and we choose § < 1y, /(2C (1)), we use (]E[) to write

N - . » 1
()Y [R, o (T, NP+ 2ak| = racv{z € By tracle 2| < C(n)lz*}

1 1
< ;ra,gv{z € By : Sraele -zl < Cmlz — (e Z)e|2}
2C
< (77){ sup rvize Bs:rle-z| < |z —(e- z)e|2}}
€ eeSN-1 re(0,1)
1
= —os(1).
3

Since aX — 0 (see (21)), we choose for instance
< elpl ‘
4C(n)
Arguing similarly, we get
. _ - 1
|06 2115, 60 5, NIBI < Zos(1).

As far as the third integral term is concerned, we simply write
L - . . 1
|(HPONE, u@, )eow (1205]) < v(BYww (20F) < sop 2y Con)

(we used (21)). We now turn to the last two integral terms. In view of (T6), we can write

T = (KX, p + 20k, u(@, )] — (k) [F, p, v(E, )]
=v{iz¢ Bs:ulf,x +2) > ul,X)) —v{iz ¢ Bs: v,y +2) > v, y)}
—v{z¢Bs: (p+2ax)-z>0+vi{z¢ Bs:p-z >0}

Now, we use (20) to get

T = /1;0 J(@ =Dy ysui. (@) dz — /1;6 J(z = N, )>uG.5)) (@) dz + 0g ().
8 8
Remark next that the definition of (7, §, %, ¥) implies the following inequality: for all z € RV,
X — 3
2e

u(i, 2) — u(@, %) < v, 2) — G, §) +allzl? — 77 — X
This implies that for |z| < Rg.¢, we have

Lo o=u.in @ < LG osui.5) (@)
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where

1/ . e 1 eC? eC?
RZ - _ 2 Kt — 1 I3 > £
we T (O’M te T A\ D300 ) 2 scma

where C, appears in (24). We have used (22) here. Hence, we have

T g/ J(z—;)dz+/ |[J(z—%)—J(z —9)|dz
‘Z|>Ra,£

c
ZEBa

</ TG+ ol — 51 = 0 (DIl + Gl —
|21 2/€Ce / (2/BC (1)
where we have used once again. It is now easy to conclude the proof. O

‘We now turn to the existence result.

THEOREM 3 (Existence) Assume (A1)—(A4) and (A3’). Then there exists a unique bounded
uniformly continuous viscosity solution u of (6)), (7).

Proof. We first construct a solution for regular initial data. Precisely, we first assume that ug €
CZ (R (the function and its first and second derivatives are bounded).

Because we can apply Perron’s method, it is enough to construct a subsolution and a
supersolution u® to (6) such that (u™),(0,x) = (u")*(0,x) = up(x). We assert that uT(t,x) =
up(x) = Ct are respectively a supersolution and a subsolution of (@) for C large enough. To see this,
we first prove that there exists Co = C0(||D2uo||oo) such that for all x € RY with Dug(x) # 0, we
have

(s llx, uol + |x*|[x, uol)| Duo(x)| < Co. (25)

In order to prove this estimate, we simply write, for x such that Dug(x) # 0,

()P Lx, w0l + () [x, ug])| Dug(x)| < 2v{z €Bs:rle-z| < %||D2uo||oo|z|2}r
<2v{zeBs:rle-zl < Clz— (e 2el*}r < C,
where r = |Dug(x)|, C = max(||Dug|loo, 1), ¢ = Dug(x)/r, 8 = r/(2C) and C, is given by (g).
On the other hand,
(> uol + (e*)*°Lx, o)) | Dug (x)] < %r =2G,C.

We thus get estimate (23).

If now u is not regular, we approximate it with ug € Ci (RM) and prove that the corresponding
sequence of solutions u, converges locally uniformly towards a solution u. Since this is very
classical, we omit the details (see for instance [[1]]). (]

We now explain in which limit one recovers the mean curvature flow. To do so, we state two
convergence results. Their proofs rely on Propositions [I| and 2} The first one (Theorem [ appears
in [[15]] and the second one can be proved by using Proposition

THEOREM 4 ([15]]) Assume that u = 1, ¢y = 0, ug is Lipschitz continuous and bounded and

1 4
dz) =v°(d2) = ——co| - | d
v(dz) = v (dz) aN+1|lne|C0<5) z
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with ¢o even, smooth, non-negative and such that co(z) = |z|~V~! for |z| > 1. Then the viscosity
solution u* of (6), (7) converges locally uniformly as ¢ — 0 towards the viscosity solution u of

. Du
o;u = C|Du| div
| Du|

(C is a positive constant) supplemented with the initial condition (7).

THEOREM 5 Assume that u = 1, ¢c; = 0, ug is Lipschitz continuous and bounded and

dz

v(dz) = v¥dz) = (1 — W)W

with & € (0, 1). Then the viscosity solution u® of (6), (7) converges locally uniformly as « — 1
towards the viscosity solution u of

. Du
dru = C|Du| div
| Du|

(C is a positive constant) supplemented with the initial condition (7).

4. The level set approach

In the previous section, we constructed a unique solution of (6)) in the case of singular measures
satisfying (A3) and (A3’) and for bounded Lipschitz continuous initial data (see (A4)). In the present
section, we explain how to define a geometric flow by using these solutions of (6). Precisely, we first
prove (Theorem|6) that if  and v are solutions of (6)) associated with two different initial data u( and
vo that have the same zero level sets, then so have u and v. Hence, the geometric flow is obtained by
considering the zero level sets of the solution u of (6) for any (Lipschitz continuous) initial datum.
We also describe (Theorem [7)) the maximal and minimal discontinuous solutions of (6)) associated
with an important class of discontinuous initial data.

THEOREM 6 (Consistency of the definition) Assume (A1)-(A3) and (A3'). Let up and vg be two
bounded Lipschitz continuous functions and consider the viscosity solutions u, v associated with
these initial conditions. If

(x eRY :up(x) > 0} = {x e RY : vp(x) > 0},
{x e RN 1 up(x) < 0} = {x € RN : vg(x) < 0},

then, for all times ¢ > O,

{(x eRY 1u@t,x) >0} = {x e RV : v(z, x) > 0},
(x eRY :ut,x) <0} ={x e RN : v(r, x) < 0}.
In view of the techniques used to prove the consistency of the definition of local geometric fronts

(see for instance [8]), it is clear that this result is a straightforward consequence of the following
proposition.

PROPOSITION 3 (Equation (6)) is geometric) Letu : [0, +00) xR¥ be a bounded subsolution of (@)
and 6 : R — R an upper semicontinuous non-decreasing function. Then 6 (u) is also a subsolution

of (6).
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Such a proposition is classical by now. It is proved by regularizing 6 (in a proper way) with a
strictly increasing function 6", by remarking that «*[x, 6" (1)] = «*[x, u] in this case, and by using
discontinuous stability. Details are left to the reader.

Thanks to Theorem@ we can define a geometric flow in the following way. Given ([, DO+ »Dy)
such that I is closed, Dat are open and RN = yu DJ U Dy, we can write

Df ={x eRY :up(x) > 0}, Dy ={x e R 1up(x) <0}, Ip={xeR" :up(x)=0}

for some bounded Lipschitz continuous function uq (for instance the signed distance function). If
u is the solution of () with the initial condition u(0, x) = wug(x) for x € R, then Theorem E]
precisely says that the sets

DF={xeRY :u(t,x)>0), D ={xeR": ult,x)<0), I ={xecRY:u@x) =0)

do not depend on the choice of uy.
The next theorem states that there exists a maximal subsolution and a minimal supersolution of
(6) associated with the apropriate discontinuous initial data.

THEOREM 7 (Maximal subsolution and minimal supersolution) Assume (A1)—(A3) and (A3).
Then the f}ll’lCthl’l 1 DU L 1 by (r.es’p'. 1 Dy~ 1 Dyun ) is the maximal subsolution (resp. minimal
supersolution) of () subject to the initial datum 1 pFury ~ 1 Dy (resp. 1 b~ 1 DyU )

This result is a consequence of Proposition |3| together with discontinuous stability and the
comparison principle. See [I8, p. 445] for details.
We conclude this section by showing that a bounded front propagates with finite speed.

PROPOSITION 4 (Evolution of bounded sets) Assume (A1)—(A3) and (A3’). Let £2¢ be a bounded
open set of RV, ie. there eygists R > 0 such that .Q_o C Bpg. Then the level set evolution
(I, DY, D;") of (8820, 220, (£20)°) satisfies D}t U I, C Bgryc; with

C=cillo — inf vizeRY:0<e -z< 2%}
eeSN-1

aslongas R+ Ct > 0.

REMARK 8 Another consequence of this proposition is that, if there is no driving force (¢ = 0),
then the set shrinks till it disappears.

Proof. The proof consists in constructing a supersolution of (6), (7). It is easy to check that C is

chosen such that
u(t,x) =Ct ++e2+ R* — /2 + |x|?

is a supersolution of (6. Since Br = {x € RN : u(0,x) > 0}, we conclude that DtJr Ul C
{x € RN : u(t,x) > 0} = Bpre(;y with R*(t) = \/(Ct—i-\/sz—i— R2)2 — &2, Hence, D} U T, C
(e=0 Bret) = Br+ci- O

5. Generalized flows

In this section, we follow [9] and give an equivalent definition of the flow by, roughly speaking,
replacing smooth test functions with smooth test fronts.
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In order to give this equivalent definition, we use the geometrical non-linearities we partially
introduced in Section For all x, p € RN and any closed set # C R" and open set O C R¥, set

—u(P)c1@) +v(FN{p-z2<0) —v(FN{p-z>0}]ipl ifp#0,
0 if not,

F(x. p.O) = {au(ﬁ)[cwx) +v(ON{p-z<0}) —v(©O N{p-z=0}]pl iiff 0,

F*(xap7f)={

We can now give the definition of a generalized flow.

DEFINITION 3 The family (O;);c(0,7) of open subsets of RY (resp. (Fi)ie(o,1) of closed subsets
of R¥)isa generalized superflow (resp. subflow) of () if for all (9, x9) € (0, +00) x RN r >0,
h > 0, and for any smooth function ¢ : (0; +00) x RV — R such that

1. 3,0+ F*(x, Do, {z:d(t,x +2) > ¢(t,x)}) < —8¢ in [tg, to + h] X B(xo, C)
(resp. 0i¢p + Fu(x, D, {z : p(t, x +2) = ¢(t,x)}) = =8 in [t0. 10 + h] x B(xo,r))
2. D¢ #0in {(s, y) € [to, to + h] x B(xo,7) : (s, y) = O},
3. {y eRY 1 ¢(t0.y) =0} C O
(resp. {y € RV : ¢(19, y) <0} C RV \ Fy).
4. {y ¢ B(xo,7r): ¢(s,y) =0} C O] forall s € [ty, to + h]
(resp. {y ¢ B(xo,r) : (s, y) <0} C RV \ F; forall s € [19, 19 + h)),

we have {y € B(xq,r) : ¢(to + h,y) > 0} C Otlo+h (resp. {y € B(xg,r) : ¢p(to + h,y) < 0} C
RN \ ft0+h)~

Loosely speaking, for generalized superflows, condition [I] says that in a prescribed
neighbourhood V of (7, x¢), the normal velocity of the test front {¢p > 0} is strictly smaller than
the one of the front O; condition ] asserts that the front {¢ = 0} is smooth in V; conditions [3|and 4]
assert that the test front is inside the front O outside V. The conclusion is that the test front is inside
the neighbourhood O at time ¢ + 4.

REMARK 9  As far as local geometric fronts are concerned, conditions [3|and 4] require that the test
front is inside O on the parabolic boundary of the neighbourhood. Here, because the front is not
local, the test front has to be inside O everywhere outside the neighbourhood.

The next theorem asserts that Definition 3] of the flow coincides with the level set formulation of
Sectiond

THEOREM 8 (Generalized flows and level set approach) Assume (A1)-(A3) and (A3'). Let
(Op)teo,7) be a family of open subsets of RN (resp. (Ft)ie,1) of closed subsets of RY) such
that (U, ¢(o.my{t} x O is open in [0, T] x RY (resp. Ureo. 7t} x Fi is closed in [0, T] x RM).
Then (O;)se0,7) (tesp. (Fi)ie, 1)) is a generalized superflow (resp. subflow) of (6) if and only if
xt,x)=10,(x) — IRN\O[ (x) (resp. x(t,x) = 1x(x) — IRN\_'F, (x)) is a viscosity supersolution
(resp. subsolution) of (6)), (7).

Since the proof of [9]] can be readily adapted, we omit it. We give a straightforward corollary of
Theorems[7] and 8] that is used in [21]].

COROLLARY 1 (Abstract method) Assume (A1)—(A3) and (A3'). Assume that (O;); and (F;); are
respectively a generalized superflow and generalized subflow and suppose there exist two open sets
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, Dy such that RY = 90y u Df u Dy and Df C Op and Dy C F§. Then if (I3, D}, D;)

denotes the level set evolution of (00, D(J)r , Dy ), we have, for all times ¢ > 0,

DfcO,cDtUr, D CcF CcDy CI.

REMARK 10 One can check that under the assumptions of the previous corollary, we have in fact

+
DO

= Op and D, = F.
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