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This paper is concerned with the motion of an incompressible, viscous fluid in a Hele-Shaw cell.
The free surface is moving under the influence of gravity and the fluid is modelled using a modified
Darcy law for Stokesian fluids.

We combine results from the theory of quasilinear elliptic equations, analytic semigroups and
Fourier multipliers to prove existence of a unique classical solution to the corresponding moving
boundary problem.
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1. Introduction

Starting from a non-Newtonian Darcy law as presented in [9]], we derive a mathematical model
for the flow of a Stokesian ﬂui located between the plates of a vertical Hele-Shaw cell. The
pressure on the bottom of the cell is assumed to be constant. The corresponding mathematical setting
is a fully nonlinear coupled system consisting of a quasilinear elliptic Dirichlet problem for the
velocity potential and an evolution equation for the free boundary, i.e. the interface separating the
fluid from the air. The contact angle problem is avoided by considering periodic flows only. The
Newtonian case, studied in [3]]-[7] in various contexts, is also included in this model. Our setting
is general enough to embrace shear thinning fluids, like Oldroyd-B or power law fluids, as well as
shear thickening fluids.

We shall attack this problem by transforming it into a problem on a fixed manifold S! x (0, 1).
This will be done in Section 1. In Section 2 we identify the new setting with an abstract Cauchy
problem on the unit circle S!:

f+@(f)=0, f(O)=fo.

Our analysis shows that @ is a pseudodifferential operator of first order with a symbol depending
nonlinearly on the function f modelling the free boundary. Moreover, the operator f — @ (f) is
fully nonlinear, in the sense that its nonlinear part is of first order as well. Nevertheless, we prove
that given any positive constant ¢, the Fréchet derivative —d® (c) generates a strongly continuous

1 In a Stokesian fluid the stress tensor is a continuous function of the deformation. A Newtonian fluid is a linear Stokesian
fluid. In particular, the viscosity p is constant in this case.
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analytic semigroup in £(h'T%(S')) with dense domain h¥te(sh). Working with small Holder spaces
(S, m € Nand o € (0, 1), is a significant advantage, because 4”111 (S!) is dense and
compactly embedded in h”2122(S!) provided m| + oy > ms + a. It is known that this property
does not hold for the usual Holder spaces.

The main result, a well-posedness result for the full flow, is proved in Section 3 and is based on
a multiplier theorem for periodic Besov spaces. This theorem generalizes a result of Arendt and Bu
presented in [2]. As in [2], our multiplier theorem is also based on Marcinkiewicz type conditions.

1.1 The mathematical model

Given a positive function f € C 1 (R), which is bounded away from 0, we define the set
Qp={x.y)eR?: 0<y < f(0)}
and denote the components of its boundary by

Iy={(x, f(x)) : x €R), Tp:=Rx {0}

0 o T
The domain ﬁf consists of a Stokesian fluid at pressure p and we denote by v the velocity field
inside the fluid’s body. The motion of the fluid is governed by the following modified version of
Darcy’s law:
_ Du
(| Dul?)

(ctf. [9]), where

p(x,y)

u(x,y) = +y, (¥ e §f,

is the so-called velocity potential or piezometric heat, g is the gravity acceleration, p is the density
of the fluid and Du = (01u, dou) is the gradient of u. The effective viscosity i is defined (see [9])

by

1 g2
— = oyl ds
ary " /_1 f(rs?)
for all » > 0, where c,, is a positive constant. Denoting by 1 € C*°([0, 00), (0, 00)) the viscosity
of the fluid, we have assumed that the mapping r — h(r) := ru?(r) is invertible. This is true for
example if 11(r) + 2ru/(r) > 0 for all » > 0. The mapping [ is defined by 7 := o h™ L.
We assume the fluid is incompressible (div v = 0), thus we get

di < Du ) 0 ing 1)
wV| ———— = .
(| Dul?) !
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On the boundary component Fo the velocity potential is known, namely

()f’o) — b(x), xeR. )

u(x,0) = 2452
g p

Moreover, we assume that the fluid is surrounded by air at atmospheric pressure, normalized to be
zero. Then p(x, f(x)) = 0 for x € R, and so

ulx, f(x)) = fx), xeR. 3

Set F(t,z) =y — f(t,x) forz = (x, y) € Rand 7 > 0. Then the interface Ff can be described by
the conservative property that F' is identically equal to zero on Iy. Differentiating with respect to
the time variable ¢ we get

d
aF(z, ) == ft,x)+ (=fe, -7

Replacing z’ by —Du/7i(|Du|?), we obtain

V149, f?

- du=0 onlYy, 4
mZ(Du?) " /

& f +

with v denoting the outer normal of I . Finally, we set

where f corresponds to the initial surface. We shall make the following periodicity requirement on
f and u:

flt,x +2m) = f(t,x), VxeR,t>0,

u(x +27,y) = ulx,y), V) € 2@, t > 0.

Thus, instead of (T)—(5) we study

d'< bu ) 0 in Qpp.1>0
W\ ———>7 | = n s b= U,
72(|Dul?) 1o

u=>b only, >0
u=yf onlyy,t =0, (6)
V143 2, )
‘(A Du(-, £, - N

o f(t, )+ du(-, f(t, -))=0 onS', >0,
£, )= fo onS',

where

Qe ={(x,y) eS' xR : 0 <y < f(t,%)},
Ty i={(x, f(t,x) : x eS'), Tp=8'x{0}.
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for t+ > 0, and S' is the unit circle. For the sake of simplicity, we identify periodic functions on
R with functions on S', and periodic functions in the x variable on £2; with functions on £2/, for
positive functions f on S'.

Givenm € Nand « € (0, 1), we define the so-called little Holder space 2"+ (S!) as the closure
of C®(S!) in C™+*(Sh). If f is a positive function in C(S!), then we denote by buc™+*(£2y) the
closure of BUC™(£2y) in the Holder space BUC™ ¥ (£2). The notation BUC™ ¥ (£2y) stands for
the space of all maps from 2 to R which have bounded and uniformly continuous derivatives up
to order m, and in addition uniformly «-Hdolder continuous derivatives of order m.

Throughout this paper we fix o € (0, 1) and we define

U:={fec*esh: misr}f(x) >0}, V:=Unh*resh.

A pair (u, f) is called a classical Holder solution of @ on[0,T], T > 0, if

fecqo,T1,Vv)ynclqo, 11, n' s,
u(-, 1) € buc*™(Qrqy), 1 €l0,T],

and (u, f) satisfies the equations in @ pointwise. Suppose there exist two positive constants n1,,
and M, such that

(A1) m

w S )< My, Vr=0,
(A2) my <@

(r)=2r@'(r) < My, Vr

NN
WV

0.

Our main result reads as follows.
THEOREM 1.1 Assume (A1) and (A») hold true. Then we have:

(a) Letc and b be two positive constants. There exists an open neighbourhood O of ¢ in V such that,
foreach fy € O, problem @) has a classical Holder solution (u, f) on aninterval [0, T], T > 0.
Moreover, there exists a constant y € (0, 1) such that f € C}’,/((O, T1, k2T ShH).

(b) Let (u1, f1) and (u2, f2) be solutions of (§) with fi € C}((0,T1,h>"*SY), y € (0. 1),
and f» € C3((0, T1, K2t (Sh))), § € (0,1). If f1([0,T]) € O and f£o([0,T]) C O, then
(ur, f1) = (u2, f2).

For the definition of the weighted Holder spaces C ,’,/ (0, T1, K2t (SY), ¥ € (0, 1) see [10]. If
the viscosity u is decreasing then the Stokesian fluid is called shear thinning. If u is increasing then
the fluid is called shear thickening. Notice that, if u is constant, then i is also constant. Moreover, if
W is a strictly decreasing or strictly increasing function of its argument, then so is . The conditions
(A1) and (A;) ensure that at great velocities the fluid behaves like a Newtonian fluid.

We now look for conditions on p which imply (A1) and (A). We remark that (A1) and (Aj)
are satisfied iff there exist positive constants ¢ and C with
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Using the definition of & we compute

! +2r<l)/(r)—c /1s2|: ! +2(rs2)<l>/(rs2)i|ds
E(r) w) L Laes?) i ’

hence (A;) and (A;) are satisfied if there exist positive constants ¢ and C with

BN

<

Further we compute

1y 1 —1 /g —1 —1y/
() + 2”(ﬁ> (r) = m(#(fl () =2rp (h™ (r))(h™) (i’))
o= #< (s) — 2h(s)1a'(5)— )
- 2o\ )
1 1
— - _ 2 2 /
w2 (s) (M(S) S (S)MZ(S) + ZSM(S)M’(S))

1
w(s) +2sp'(s)’

thus, (A1) and (A;) hold if there exist positive constants ¢ and C such that

(Vi) e<nu@) <C,
(V2) e<p(r)+2rp'(r) <C,

for all r > 0. The class of fluids with viscosity satisfying (V1) and (V) is quite large.
For Oldroyd-B fluids, e.g. blood, the viscosity is given by

1+ In(1 4+ Ar)
= - ) 2 0»
p(r) = voo + (Vo — Vo) T5or r
where A > 0 is a material constant and v9 > Vo > 0. The conditions (V;) and (V») hold if
(€2 4+ Dveo > vp. Also, various variants of power law fluids belong to this class:

2)s/4 5/2

p(r) = veo +vo(1 +r or u(r) = veo +vo(l +r)"%,

forall » > 0, where vy and v, are positive and s < 0. In this case (V1) and (V») holdif —1 < s < 0.
Notice that the above examples are all shear thinning fluids. We now give an example of a shear
thickening fluid which can be considered in our model. If

yr+ro

u(r) = o , Yr>=0,
r+ro

withrg > 0,y > 1 and o > 0, then (V1) and (V;) hold for any choice of the parameters rp, (o
and y.
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1.2 The transformed problem
For simplification we introduce first the operator Q : Cz(.Qf) — C(827) with

Du

Qu = d“(m

), u e C*(82).

In order to solve the problem we transfer it onto a fixed reference manifold. Let £2 := S! x (0, 1).
For f € U we define ¢ € Diff>T* (2, £2¢) by

Prx,y) =, A=y fx), (x,y) €.
Defining the push-forward and pull-back operators induced by ¢/,

% BUC(2p) — BUC(R), > uody,
¢{ 1 BUC(2) - BUC(2y), vi>vog, ',

we introduce the transformed operators A(f) and 5, acting on BUC?(£2) and U x BUC**(£2)
respectively by

A(f) = ¢} 0 Qo gl
D(¢{v)

—————— . f)-n(x), xeS,
A(D @ v)?)

B(f, v)(x) :=
with n(x) := (—f'(x), 1), x € SL.
Transformation of () to £2 yields

A(f)v=0 in £2 x [0, 00),
v=f on Iy x [0, 00),

v="b on I x [0, 00), 7
of+B(f,v)y=0 on Iy x (0, 00),
f©0) = fo,

where v := ¢>}“u. A pair (v, f) is called a classical Holder solution of (7) on [0, T], T > 0, if

feCqo,T1,V)nc(qo, T1, k'S,
v(-, 1) € buc(2), te[0,T],

and (v, f) satisfies the equations in (/) pointwise.

LEMMA 1.2 Let fo € V and b € h®>T%(S') be given.

(a) If (u, f) is a classical Holder solution of , then (q)}ku, f) is a classical Holder solution of .
@ ' o)

(b) If (v, f) is aclassical Holder solution of (7)), then (q&f v, f) is a classical Holder solution of (
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Proof. The main difficulty is to show that qb{ (buc®(82)) = buc®(82y) for each f € V. We show
just the inclusion qb,{ (buc®(£2)) C buc®(82y). The proof of qb;‘- (buc®(82¢)) C buc®(£2) is similar.
Let f € Vand v € buc®(£2). We find two sequences (f,,) C C®(S") and (v,) C BUC®(£2)

such that f,, N\, f in C*(S!) and v, — v in BUC*(£2). Let u := ¢,{v. We show that each
neighbourhood of u in BU C%(£2y) contains a function u ,, n, m € N, where

y

are smooth functions on £2¢. The functions u, ;,, n, m € N, are well-defined because f,,, > f for
all m € N. First we have

(X, ) = vn (@], (¥, 1)) = v (x, -

[t (. 3) = u(x, V)| = [va (@} (x, 1) = v(gy ' (x, 1) < ||avn||ow + llva — vllo

forall (x, y) € £2f. Let now (x, y) and (x’, y) be two different points in £2;. We have
|nm — u)(x, y) — (g — u)(x', ¥
= lva (@} (x, 1)) = v(e7 ' (x, ) = va(@, (', ¥ + v(@; (', V)
< ey (6, 3)) = v(@7 ' G, 9) — va(@7 (L)) + (g (¥
+ (@7 (6, 9)) — (@7 (6, ) — Va7 (L 3)) + (g (', ¥
< llow = vllsuce () - 167 (x, 3) — 67 (&, ¥)I
+ (@7 (6, 9)) — (@7 (6, 9)) = va (@7 (&, ) + (97 (L ¥,
Since

-1 —1
9 N = GO ) =yl L o 1
ey =@y T ey =Gyl T minf - min f2
it remains to estimate the second term on the right hand side. Using the mean value theorem we
obtain

o (¢, (6, 1)) = v (@7 (0, ) = v (@7 O, ¥)) + (87 (&, )]

1
= ' /0 v (19, (x, ) + (1= D¢, (', YN i - (8 (x, ) — b7 (¥, 3)

1
- fo v (197 (x, 1) + (1= D¢y (0, yNdr - (87 (v, 1) = 67 (YD)

/! !

y _ ¥y Y
(X)) ) G fx)

1 _ / _ /
+/0 1820, 10 ty (I -0y ty (I=0y

- — d -1 , _ -1 /’ /
0 TG Te@ a0 o0
y/ y y/ y

o) e F0) T F®

LA ol fm = £llo, S
Tﬂwﬁ(x,y)—qsfl(x,yn.

< [[9vallo

< [9vallo

+ 118%vnllo
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Using the estimates

/

y y

Y y
" ~ me ~ 760+ 7wl < IfI Ifm = fllo 1 £l - I fm = Fllcest
[(x,y) — (x/, y)|* =T min f2 min f2
Il fllo - Il fmllcasty + 1 f lcasty = Il fmllo
+ 11 llo 1 fw = Fllo - . :
min f
|6 =" 7t — 7))l _ oo 4 (Wb Sl If o
I, y) — (0l min f min 2
we obtain the desired conclusion. O

2. The abstract Cauchy problem

We have already noticed that the conditions (A1) and (A») on w imply the existence of two positive
constants ¢ and C such that

1
c<——<C, Vr>0, ®)
u(r)
1 2w
¢ < T e v so. 9)

B w0
Under these assumptions the quasilinear operator Q is uniformly elliptic in R?. For u € C%(£2 £) we
compute
Qu = a;j(Du)u;j,
and the coefficients (a;;)1<;, j<2 are
8j  2pipi(p1*)
mlp®  EpP)

Actually, the eigenvalues of (a;;)1g;, j<2 are

. p=(p1,p) eR%

aij(p) =

() = — ) L 2pPERApP)
0 m(p B (pP)

I —
(lpl?) 2(p)

and we have
clE? < aij(p)&i&; < CIER,  VE = (51,6) e R, p e R%.
LEMMA 2.1 Given f € U, we have
A(f)v = bij(y, f, Dv)vij +b(y, f, Dv)vy  for v € BUC*(£2),

where, using the notation

Dev - ad=»f 1 2
rvi= v + Tvz, —71)2 for f e, ve BUC(£2) and y € [0, 1],

we have
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b11(y, f, Dv) = a11(Dyv),

(1= 1
bi2(y, f, Dv) = by (y, f, Dv) = Tdu(va) — ?alz(va),
1—y)?2f"7 21— y) f’ 1
b (y, f, Dv) = %auwfv) - (f—zy)fau(Dfm +—3an (D).
b(y, f,Dv) =1 —y) /! ; (Dyrv) + 21 (Dyv)
. fs =(1- — = a —a .
y y 7 Iz 11(Pf 72 12Dy
Proof. This follows by direct computation. O

Given f € U, the quasilinear operator A( f) is uniformly elliptic. Indeed, for (y, p) € [0, 1] x R?
and & = (&1, &) € R? we have

(1 — / 1 (1 _ / 2
bij(y, f, p)&i§j = an (m + Ty)fm —7172) (&‘1 + —fy)f g2>

d=»f 1 Ad=»f &
2 2y —— — 5| (-2
+ 2a12 (pl + 7 )2 fm) (51 + 7 Sz) ( f)

— / 2
+ ax (171 + %m, —%Pz) (—%) )

and the assertion follows from @ and (E[) upon taking also into account that ¢y is a diffeomorphism.
Using maximum principle arguments and Morrey and De Giorgi—Nash type estimates as in [8]
one can show that, given

feu, qi,q.q8beCSH, oelo,1],

there exist constants 6 > 0, 8 € (0, 1) and M > 0 such that every solution v € BUC?(£2) of the

Dirichlet problem
A(f+q)v=0 in £2,

v=o0g+q> onlp, (10)
v=ob+q3 onlj
satisfies the estimate
”v”BUCle(_Q) <M

provided ||g;[lc2+agty < & for i € {1,2,3}. This a priori estimate allows an application of
the techniques developed in Chapter 10 of [8] to derive the following existence, uniqueness and
regularity result.

LEMMA 2.2 Let f € V and b € h>t*(S!). Then there exists a unique solution 7(f) €
buc?*t(2) of the Dirichlet problem

A(f)u =0 in £,
u=f only, (11)
u=>b onliy.

The mapping [V 5 f — T(f) € buc?>T¥(£2)] is smooth. O
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We fix b € h2t%(S!). Replacing v in the fourth equation of (7) by 7 (f), the unique solution to
(11), we reduce the full problem (7) into an abstract Cauchy problem over S',

f+@(f)=0.  f(O)= fo 12)

where @(f) := B(f,7(f)). The operator @ is a pseudodifferential operator of the first
order, with a symbol depending nonlinearly on the variable f. Further we show that @ €
C®(h*teSh, k2 (S)) and compute the derivative d® (¢) in the special case ¢, b € R..

The restriction of the operator B defined in Section 1 to the set )V x buc?t(Sh) satisfies

B(f.v) = f'yovr + L f/Z)V0v2> for (f,v) € V x buc®™ (),

1
~Z(yoDsv]?) < f

where yy is the trace operator on I7. Together with the relation

f/ 1+f/2
lyoDyvl* = yovi + 27)/01)11)2 + e

we conclude that the operator B defined above is smooth. More precisely, we have:

Yous
LEMMA 2.3 The mapping B : V x buc*>T%(£2) — h'+*(S!) is smooth. The Fréchet derivative of
Bat (f,v) € V x buc®>t¥(£2) is given by

1 1
AB(f, v)[h, u] = — ﬁ(wonvP) [f/youl + W your + 7(1 + )yous

11,/ 2
_(h 20 )ym]

f? S 1?
1 ' 2 / 1 72 h/
-2 = (lyoDrvl9)| fyov1 + ?(1 + oz || voviur + 7V0U1v2
/ / /h 11,/ ) 12
+ —yYoui1v2 + —Yoviua — —5YoV1V2 + —5-Yov; + —5 Yovauz
f f f? R

WP, h 2}
— —=YoV5 + —5Yov2U2 — —x YoV
R 3
for all [, u] € W2t (SY) x buc?t*(2).
Combining Lemmas andwe conclude that @ € C®(V, h!'T%(S')). Since

D(f)=Bolf = (£, T(N]

the chain rule implies that 0@ (f) = dB(f, 7 (f)) o (idj2+a Shys o7 (f)) for f € V. We are thus left
with the task of computing the derivative 7 (f).

LEMMA 2.4 Given f € V and h € h?>T*(S") the mapping 7 (f)[h] is the unique solution of the
linear Dirichlet problem
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bijwij + bws + wa[unaa”(ofu) + 2u12<(1_Ty)f/8a11(Dfu) - %3a12(Dfu))
+u22<(1_;#aau(ufu)—2(1_f—§)f/aa12(0fu)+%aazz(uf-u))
+u2((1 —y)<f7// —21;—/22>aa11(0fu)+2;—;aa12(Dfu)>]

- —uz((l—y)fh/fth ;lz> |:u118a11(Dfu)+2u12<(1_Ty)f/8a11(Dfu)—%aan(Dfu))

2 2 _ /
+u22<f—f3a 1(Dru) — 2( fy )f 8a12(Dfu)+f—8a22(Dfu))

” 72
+u2<(1—y)<f——2f >3a11(Dfu)+2]jc‘ 3a12(Dfu)>]

f f?
Jh —f'h
—2M12((1—Y)Tall(DfM)+fzalz(Dfu))
1- h — f”h B —2fh h
—2us <( )’ (fj]:3 f )a“(Dfu)—(l—y)—f f3f alz(Dfu)—FaD(Dfu))
W — f"h h— /2h W —=2fh
—Mz((l—y)<f fzf 4!t f3f )au<Dfu>+2%alz<Dfu>) in 92,

w=h only,
w=0 onl,
where u := T (f) and b;; = b;;(y, f, Du), b = b(y, f, Du) are the coefficients of A(f).
Our next goal is to compute d® (¢) when ¢ and b are positive constant functions. More precisely,

we would like to know how it acts on Fourier series. The solution 7 (c) of the Dirichlet problem

s
T()(x,y)=0—=y+yb, (x,y) €.
Given (h, u) € h*T¥(S) x buc®>T¥(£2), we therefore get

aB(c, T(c)h,u]l =

)

() ) () () () o

1 b—
I(Olh] = —=Tyows + —5—Ch.

where

Consequently,

where w := 37 (¢)[h] € buc*t*(£2) denotes the solution of the linear Dirichlet problem

2 _C—b " .
wi + B wyp = —— (I—-yr” in$2,
(13)

w=~h on Iy,
w=0 onl1,
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L. %(1 B 2(0 : b)Zﬁ_’((:_Tb))j))> =0

a((<”

and where

We now expand 4 and w in the following way:

h(x) = ce™,  wix,y) =Y Ci(y)e™.

keZ keZ

Substituting these expressions into equations and comparing the coefficients of ¢!** for every k,
we get the following equations for Ci(y) :

b_
BAC) — K2Cy = Tckzck(l —y), O0<y<l,

Cr(0) = cx. a4
Cr(1) =0,
for k € Z\ {0}, and
Cy=0, 0<y<l,
Co(0) = cp, (15)

Co(1) = 0.
One can easily verify that the solution of (T3] is Co(y) = (1 — y)co. The solutions of (T4) are given
by
Cr(y) = crdi(y)

c—b b/ ohIB L.
W ===+ A\ an i)

with

Thus we obtain

wee, N =1-pa+ Y dMae™, Y,y e, (16)
keZN (0}
and _ _
8(15(6)[2 cke’kx] =3 ke (17)
keZ keZ

forall h = Y, 7 cxe’™ € n>T(S), with

be b  e*k/B 41
)\,() = C—z, )\.k—@ m, k;éO (18)
Notice that equations (T4) and (I3) have been obtained formally by differentiating w with respect
to the variables x and y. Thus, it remains to show that the mapping w, given by (TI6)), is the solution
of the Dirichlet problem . Since i € h?+*(S!), there is a positive constant L such that

L

el < 57

Vk € 7\ {0}.
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The functions di, k € Z \ {0}, are uniformly bounded on [0, 1], i.e.

M = sup max|dy| < oo.
kez\{0} [0.1]

Therefore w € BUC(S2). Let w denote the solution of @I) Pick further a sequence (h,), C
C*°(S") which converges to i in C>+*(S!), and denote by w, € BUC™(£2) the solution of
which corresponds to /,,. Then

wp, — W in BUC*T*(£2). (19)
Using the Fourier expansions '
hp — Zcp,kelkx’
keZ

we find for each / € N a constant L, ; > 0 such that
Kl lepkl < Lpa. Yk €Z,
and, as before, we obtain

wy(r, ) = (1= epo+ Y diyepre™, V(x,y) e 2.
keZ)\{0}

Notice that these Fourier series are smooth for all p. Fix now y € [0, 1]. Given p € N, we have

wp(x, y) —w(x, y) = (1= y)(cpo—co)+ Y d(¥)(cps —cr)e’™,
keZ\{0}

and so
lwp (- y) = w(-Miagy = 1 =0 po—c)*+ Y dZMlepr — il
keZ\{0}
<SM? Y lepk — el = M21lhy = bl 1.
keZ

Observing hp, — hin C 2+ (S!) and invoking , we see that the previous inequality implies that
w,y) =w(-,y) inL*Sh

for all y € [0, 1]. Using the continuity of w and w, we conclude that w = w, and formula (T7) is
proved.

3. The proof of the main result

In this section we regard the spaces A”t*(S!), m = 1,2, as Banach spaces over the
complex numbers. In order to prove Theorem 1.1 we have to show that the complexification of
—3dP(c), which we also denote by —d®(c), considered as an operator in 1T (S!) with domain
h>te(S!), generates a strongly continuous analytic semigroup in L(h!T¥(S")), ie. 3@ (c) €
f}_{(hZ-i-ot(Sl)7 hH_a(Sl)).
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d
Using the same notations as in [1]], we have A>**(S!) — h!*%(S!) and, given ¥ > 1 and

w > 0, we write
AP (c) € HW*T4(SY, n't*(Sh), k, w)

ifw+ 9P (c) € Lis(h2T(ShH, hite(S!)) and

-1 ¢ ||()"+a¢(c))h||hl+a(gl)
S A Al et + Mllpragn

Since
H(h2+a(Sl), hl-‘ra(Sl)) — UH(h2+a(Sl), hl+a(Sl), K, (1)),

k>l
>0

kK, heh®™*SH\{0}, Rei>ow.

it is sufficient to show that 9@ (c) € H(h*t*(Sh), h't*(S!)), k, w) for some k > 1 and w > 0. In

fact, it is enough to find ¥ > 1 and @ > 0 such that

A+ 0D (c) € Lis(h*T (S, h' T (Shy),
|)\'| : ”R()"’ _a¢(c))||£(hl+a(gl)) < K,

forallRe A > w.

3.1 Sobolev spaces over the unit circle

Let us recall that the Fréchet derivative d® (c) € L(h>T%(S!), h'+*(S)) is defined by
30 () Y h(k)e™ =3 ach(k)e’™

keZ keZ

(20)
2y

forallh = Y,y h(kelk e h2+(Sl), with (At)gez given by . We denote here by 7 (k) the

k-th Fourier coefficient of & € h?T¥(S!). For r > 0 we introduce the Sobolev space

H'(S") = {f e L*Sh) : Y A +KY I f(RP < oo},

keZ

equipped with the scalar product (f, g) = ) ;71 + k)" f(k)'g(k). The smooth functions are

dense in H” (S!), and the Sobolev embedding
H™ (Y — cmsh
holds for all m € N provided o > 1/2.
PROPOSITION 3.1
Hms (S & pmtegt)
forallm e N, ¢ € [0, 1] and s > 3/2.
Proof. Givenm € N, « € [0, 1] and s > 3/2 we have the embeddings

COO(SI) C Hm-‘rS(Sl) s Cm+a(Sl),

thus 2"+ (S) = COO(SI)” Memtagty c Hm+s(§1)” : ”cm+a<s1>_

(22)

(23)
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. Il .
Fix now u € H™ts(S!) c"**EH and choose & > 0. We can find ug € H"HS(SY) with
lu = uollcmie(sty < &/2. Due to @) there is a constant C > 0 such that

ol emtesty < Cllvll gmsry. Vv € H™ (S,
Let u; € C®(S!) be a smooth function with |lug — u; | gm+s(s1y < €/2C. Combining these last

inequalities, we get [[u — u1 || cm+e(s1y < € and the proof is complete. O

Let us now consider the coefficients A;, k € Z. We notice that Ay = A_, and that A is positive for
every k € Z. Moreover,

. A bt
lim — = —. 24)
k—oo k ,3C2

We now fix
w:=1. 25)

PROPOSITION 3.2 Givenr > 0and Re A > w, we have A 4+ 9P (c) € Lis(H™T1(SY), H" (SY)).
Proof. We first prove that & (c) is well-defined. Due to there is a constant M > 0 such that

Al < M+ KHY2, VkeZ.

Given h = Y, 5 h(k)e'** e H'+1(S!), we have

H 10(0) Y ket

keZ

[ =2 AR 0P < M2 Y1+ k) P
keZ

keZ
— M2 H Zil\(k)eikx
keZ

Hr (Sl

Hr+l (Sl)

Thus 0@ (¢) is well-defined. For Re A > w we have A +A; > 1, and therefore A 40 @ (c) is injective.
In order to show that A + d®(c) is onto, we have to show that for k = ) , Ziz\(k)e"kx e H'(SY,
the function ) ;. (1/(A + Ak));z\(k)e"k" is in H"T1(S"). Invoking again , we find M; > 0 such
that

A+ Ael> > M (1 + k%), VkeZ.

Now
PN hky 21 2 P
> h(k)ye'* =D A+ —| <— > A+ [hK)]
keZ At M HIESYH ez At M M. keZ
rl e
= — h(k)e'™ ,
M, keZ H" (81
and the proof is complete. (]

Combining these two propositions we obtain the following result.

COROLLARY 3.3 Let m € {1,2} and suppose R(A, —3®(c)) € L(C'TSh, cm*te(Sh) for
some Re A > w. Then R(A, =3P (c)) € LTS, h e (S)).
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Proof. We prove just the case m = 2. The proof in the case m = 1 is similar. By assumption,
R(A, —3®(c)) € LH'teShH, c?te@Sh). Given f e hlte(Sh, Propositionensures the
existence of a sequence (f,), C H'(S"), r > 3, such that f, — f in C'**(S!). Thus

R(h, —0®(c)) fy — R(A, —3®(c))f in CFT(Sh.

We know that R(A, =3P (c)) f, € H T1(S!). Consequently,

R\, —0®(c)) f € Hr+1(Sl)”'”C“"<S‘> = p2tesh. O

3.2 Periodic Besov spaces

Let (¢;)j>0 C S(R) be a sequence with the following properties:

(i) suppgo C[=2,2], suppey; C {x : 27" < x| <27H1), > 1,
(ii) Zd)j =1 iR,
jeN
(i) VkeN3ee>0: 2M1p o <cr, ¥jeN.
Further, let D'(S") denote the topological dual of D(S'). The Fourier coefficients of f € D'(S!)

are f(k) = 2n)~ ! f(e7™**), k € 7Z, and the series Y ke f(k)e’kx converges to f in D'(S'). The
Besov spaces Boo,oo(Sl) s > 0, are defined as follows:

Bl = {1 € DG < 1l oy = 50027 [ 350 e

| < OO}
jeN keZ CEH

If s > 0 is not an integer, then Bgo’oo(Sl) = C5(S"). For details see e.g. [11]. As one sees from
previous computations, the operators R(A, —0®(c)) are Fourier multiplier operators. In order to
prove (20) and (Z1) we can use, due to former considerations, multiplier theorems for operators
between Besov spaces. Using the techniques of [2]], it is not difficult to prove the following
generalization of a result presented there.

THEOREM 3.4 Let r, s be positive constants and let (My)rcz C C be a sequence satisfying the
following conditions:

() sup [k|"7V M| < oo,

keZ\{0}

i) sup k"5 Myt — Myl < oo,
keZ\{0}

(i) sup [kI" T2 Miga — 2Myyy + Mi| < oo.
keZ\{0}

Then the mapping . ) ~ ,
Zh(k)e’kx > Z Myh(k)e'*™

keZ keZ
belongs to E(Bgoyoo(Sl), Bgo’oo(Sl)).

Proof. The case r = s is proved in [2]. For r # s the proof is similar, with obvious modifications. [
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COROLLARY 3.5
{AeC :Rer>w}C p(—0D(c)).

Proof. Fix & € C with Re 1 > w. Due to Corollary[3.3] it is enough to show that R(A, —9®(c)) €
L(Cre(Ssh, ¥ (Sh)). Here R(A, —d®(c)) denotes the multiplier operator

> hke™ 3 MRk

keZ keZ

with M,? = 1/(A+ Ag) for k € Z. In order to prove this assertion, we use the previous theorem with
r:=2+aands := 1 + «. Using relation (24), we obtain

2
tim &M} = 5
|k|— o0 b;’

thus condition (i) in Theorem@is satisfied. Given k # 0, we have

k| k| B
K\Mg . — M} = i1 — el —— —,
[A + Mgt A+ Al k|00 b¢
and (ii) is verified. Furthermore, we have
|k| |k| |k|

kPPIM}, —2M} — M} | = Avg2 — 2041 + )

T+ Akl A Mg ] 1A+ Akl
+ A (k1 — Akt2) + A2 (k1 — Ap),

with (Ag+2 — 2Ak4+1 + Ax) = O as |k| — oo. One can easily verify that

be \2
et — Ak2) + A2 (g1 — Ag) ———> 2<_§2) ,
[k|—>o00 Bc
and the proof is complete. 0

It remains to prove assertion (2T). We shall make again use of Theorem 3.4} but now in the special
case r =5 = 1 + «. Notice that for k € Z and Re A > w we have

A+ A = max{1, A, Ag}. (26)
COROLLARY 3.6 There exists « > 1 such that
|)"| : ”R()"’ _a®(c))”£(hl+ot(gl)) S K

forall Re X > w.

Proof. Let » € C with ReA > w. Then |A|R(A, —3®(c)) belongs to L(h'T*(S')). We regard
[M][R(X, —0®(c)) as a multiplier operator,

> hke* Y MRk,

keZ keZ
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with
a Al
k — )
A4 Ak
and we wish to find positive real numbers s1, s> and s3 such that

Vk € Z,

(i) sup M| <si,

keZ
. A A
(ii) sup|k| |Mk+] — M| < 52,
keZ
2 A A A
(iii) :uglld IMp o — 2M + M| < s3,
€

for all Re X > w. The existence of such constants is equivalent to the uniform boundedness of the
family {|{A|R(A, —0P(¢))}Rerzw C L(h'T(Sh)). For details see [2]]. From relation we obtain

for all k € Z and Re . > w. We also have

i d [Akr1 — Akl < |k|l?~k 1— Akl
+1 = X T +1 — 5
[A+ A1l A+ Al Ak

kI 1My — M| =

which, together with (24), implies estimate (ii). Further,

_ 2] |k| |k|
[A 4 Aegal A4 Aggal A4 Akl
+ M1 — Met2) + A2 (1 — Ak

kI*IM},, — 2M — M} | — AChig2 — 2041 + Ai)

Lq
< Elkl [Akt2 — 2hp11 + Akl
k| |kl
+ — — Akt — Aeg2) + A2 (g1 — A
A1 Ak

The relation
k| [Ak+2 — 2Ak+1 + M| —— O
|k|— 00

completes the proof. O

We have proved that for every positive constant ¢, the complexification of the derivative
dd(c) generates a strongly continuous analytic semigroup in L(h!7*(S!)), i.e. it belongs
to H(Zte(ShH, k1t (Sh). It is known that H(h>T(S"), h!T(S")) is an open subset in
L(hZre S, k2 (Sh) (see [1]), and because 9@ is continuous, there is a neighbourhood O of
¢ in V such that the complexification of 3@ (fp) is an element of H(h2t*(Sh), K1+ (S")) for all
fo € O. The proof of Theorem 1.1 is now similar to the proof of Theorem 8.1.1 in [10].
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