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We study the regularity of the free boundary in two-phase problems for fully nonlinear elliptic
operators. In particular, we prove that flat free boundaries are cly.

1. Introduction and main results

In this paper we prove that flat free boundaries of the solutions of elliptic two-phase problems
associated with a class of fully nonlinear operators are C'? . In [[I1]] the C-¥ regularity of Lipschitz
free boundaries of two-phase problems was proved for a class of homogeneous fully nonlinear
elliptic operators F (D%u(x), x), containing convex (concave) operators, with Holder dependence
on x. Here we consider the same class of operators. More precisely, we prove the regularity of flat
free boundaries of the solutions of the following two-phase problems:

F(D>u(x),x)=0 in2tw)={xeR cR":u> 0},
F(D*u(x),x)=0 in2 (u)={xeR CR":u<0},
u=20 on F,,
ul =Guy) on Fy,

ey

where F, = 327 N £2 is the free boundary, and u™ € C(£2) is a viscosity solution of the equation
F(D%u(x), x) = 0 respectively in 27 () and 2~ (u).

We denote by B, (xp) the ball in R” centered at xo with radius r. Hence (see []]), the conditions
on the free boundary F, are satisfied in the following sense: if xo € J, and there exists a ball B, (y)
such that xo € 3B, (y) and B, (y) is contained either in 27 (u) orin 2~ (u), then

u(x) = a(x —xo,v)" — B{x —x0,v)” +o(lx —xo|) asx — xo,
where v is the unit normal to d B, (y) at x( pointing to 27 (1) and
a=G(p).
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Moreover, we assume that the function G (z) is continuous, strictly increasing and for some N > 0,
2N G(z) is decreasing in (0, +-00).

We say that free boundaries are flat whenever they are contained in an e-neighborhood of some
Lipschitz continuous graphs (see Theorem [I.I). Here we solve the problem of the regularity of
flat free boundaries of the solutions of problem assuming a nondegeneracy condition on the
positive part of the solution. Roughly speaking, we are going to consider solutions u such that
ut/dist(x, F,) behaves like a constant in a neighborhood of the free boundaries (see Theorem
[L.1(i) for the precise condition).

Under these hypotheses we can prove a sort of weak monotonicity of the solutions, the so-called
e-monotonicity (see Definition [3.2)), which plays a key role in the proof of the regularity of the free
boundaries. In this note we follow the main ideas contained in [2] and [16] adapting the approach
used in [[13] for the linear case with variable coefficients, where the notion of strict e-monotonicity
was introduced.

Regularity of the free boundaries has been studied following a geometric approach since the
papers by Luis Caffarelli ([[L], [2]) for the Laplace operator. Successively these results were extended
to fully nonlinear operators with constant coefficients (see [9], [[LS]], [LO] and [16]), and to linear and
nonlinear operators with variable coefficients (see [6]], [11], [12] and [13]).

We are now going to introduce a class of fully nonlinear operators for our free boundaries
problems.

Let S be the space of n x n symmetric matrices. Let Pt and P~ be the Pucci extremal operators
on the class Aj;_ 4 of symmetric matrices with lowest eigenvalue not smaller than A > 0 and highest
eigenvalue not bigger than A (see Section [2|for the definitions).

Concerning our class of fully nonlinear operators, we assume that F : S x £ — R in (I)
satisfies the following conditions:

(a) Forall M, N € Sand x, y € §2,

P™(M =N, i A)—o(x —yDIM] + [N])
< F(M,x)— F(N,y) <PT(M =N, %, A)+o(x —yDUM[ + INID, ()

where o is a nondecreasing continuous function satisfying w(0) = 0, and ||M || denotes the
(L?,L*»)-norm of M € S (ie. |M| = Sup|y|=1 |Mx|). In particular F' is a fully nonlinear
uniformly elliptic operator (see [3l]).

(b) The operator F is positive homogeneous of degree 1, i.e.

FaM,x) =aF(M, x)

foralle > 0, M € S and every x € 2.

(c) F has C!! interior estimates: there exists a positive constant ¢, such that for every xo € £2,
every r > 0 such that the ball B,(xg) is contained in £2, and every w € C(dB,(xp)), there
exists a solution & € C2(B,(x0)) N C(B,(xg)) of the Dirichlet problem

F(D*h(x),x0) =0 in B,(xp),
h(x) =w on 3B, (xp),

and this solution / satisfies the estimate

II’;IIcl.l(B,/z(XO)) < cer 21| Lo (8, (xo)) -
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We observe that the condition (c) replaces, in a sense, convexity (concavity) assumptions on F'
in order to ensure, with the further hypothesis of (Lipschitz) regularity of the boundary of £2 and

of (C%) dependence on x, the existence and uniqueness of L”-viscosity solutions u € Wli‘cp £2)N
C(£2) of the Dirichlet problem for F in £2 (see [4]). Moreover, such hypotheses ensure interior
W2P estimates for u (see 3], [4] and [[14]). Indeed, under hypotheses (a)—(c), the Dirichlet problem

F(D*h(x),x) =0 in D,
ﬁ(x) =w ondD,

admits a unique LP-viscosity solution & € Wli’cp (D) N C(D) in a domain D satisfying a uniform
exterior cone condition when there exists a constant M = M (n, p, A, A) such that

rn

1 1/p
(—/ B(x, x0)? dX) <M, r<r, 3)
By (x0)

where

_|F(M,x) = F(M, x)]
B(x,x0) = sup
Mes L+ [M]

is the oscillation of F' in the variable x. In our case

|F(M,x) — F(M, xo)|
B(x,x0) < sup < 20(|x — xol)
MeS\{0) M|

so that condition holds if w(s) = Cs?, and a is a fixed number, a € (0, 1].
Let now B/ be the ball in R"~! centered at 0 with radius r. We define C, = B, x (—r, r). The
main result of this paper can be summarized in the following theorem.

THEOREM 1.1 Let u be a solution of the free boundary problem (f.b.p., for short) (I) in C; for
F(M, x) satisfying (a)—(c) and assume that w(s) = Cs“ witha € (0, 1] and C > 0 fixed. Suppose
moreover that:

(i) there exist positive numbers ¢, o1 such that

u™ (x)

o T — oap,
0= dist(x, F)

(ii) G(0) > 0, G is a Lipschitz continuous function, strictly increasing in R* and, for some large
constant N, s NG (s) is decreasing.

Then there exist ¥ € (0, 7/2) and € > 0 such that if for some ¢ € (0, ¥) the set F, is contained in
the e-neighborhood of the graph of a Lipschitz function &, x, = h(x’), with Lipschitz norm

Lip(h) < tan(r/2 — ©)
then in Bi/z c R"1, hisa Cl” function with y =y, a, C,ag, a1, A, A, N, Lip(h)).

We always assume that F(M, -) satisfies hypotheses (a)—(c) and moreover that w(s) = Cs“
with a € (0, 1] and C > O fixed. Hence, we shall not repeat those assumptions in the following
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statements even if, sometimes, we shall stress the dependence of the constants on the several
parameters involved in problem (TJ).

Concerning the notation, the various constants c, C, etc. that will appear may vary from formula
to formula. In any case, if for such constants we do not give any explicit dependence, we mean that
they depend on some of the relevant parameters n, a, C,A, A,L,N.

2. Preliminaries

For M € S, we define Pucci’s extremal operators as

P (M4, A)=P (M)=21) e+A) e,

e;>0 e; <0
PHM A A)=PT(M)=21) ei+A) e,
e; <0 e; >0

where e; = ¢; (M) are the eigenvalues of M. Let now A be a symmetric matrix whose eigenvalues
belong to [A, A], i.e. AlE|> < A;j&i& < A|E|? for any & € R”. We will then write A € Ay a.
Define a linear functional L4 on S by

LaM = Tr(AM).
It is known (see [3]]) that

P (M, x, A)= inf LaM, PYWM, A, A= sup LM.

AeA; A AeA; A

In this paper we deal with C-viscosity solutions of problem (I)). Nevertheless in order to prove
some monotonicity properties (see Lemma3.1]), we still apply some results concerning L”-viscosity
solutions. For this reason we recall both notions and we refer to [3]], [4] and [[14] for further details.

DEFINITION 2.1 u € C(£2) is a C-viscosity subsolution of F(D%*u(x), x) = 0in £2 if for every
Xo € £2 and every test function ¢ € C 2(R™), whenever u — ¢ < u(xg) — ¢(x0) in a neighborhood
of xq, then

F(D*¢(x0), x0) > 0;

analogously u is a C-viscosity supersolution of F(D*u(x),x) = 0 in §2 if for every xo € §2 and
every test function ¢ € CZ(R”), whenever u — ¢ > u(xp) — ¢(xg) in a neighborhood of xg, then

F(D?p(x0). x0) < 0;
u is a C-viscosity solution if it is both a C-viscosity subsolution and C-viscosity supersolution.

Let p be such that 2p > n, and let h € L{Z)C(.Q).

DEFINITION 2.2 A function u € C(£2) is an LP-viscosity subsolution (respectively, supersolu-
tion) of F(D?u(x), x) = h(x) in £2 if, for all (S Wli‘cp(.Q), whenever ¢ > 0, D C 2 is open
and
F(szp(x), x)—h(x)<e ae.inD
(respectively, F(D2<p(x), x) —h(x) > —g ae.in D)
then u — ¢ cannot have a local maximum (respectively, minimum) in D; u is an L?-viscosity solution
if it is both an L”-viscosity subsolution and L?”-viscosity supersolution.
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REMARK 2.1 We observe that if u is a viscosity solution of F(D%u(x), x) = 0 (in one of the two
senses), then u, (x) = u(rx) is a viscosity solution of F, (D%u,(x), x) := F(D*u(rx), rx) = 0.

Let Ty = {(x',xy) € R" : |x| <, f(x') < x, < 2Ls}, where f is a Lipschitz function with
Lipschitz norm L. For every positive r and for every positive constant M we set Qpr = (1/r) Ty, -
The boundary Harnack theorem for fully nonlinear operators can be found in [8]] (see also Lemma
2.1 in [15]] and Proposition 2.2 in [10]]). In particular, we state here the so called boundary (Harnack)
comparison theorem with its main corollary.

PROPOSITION 2.1 Letu, v be two nonnegative L?-viscosity solutions of F(D%*u(x),x) =0inT»
and let u, v vanish on {x, = f(x)} N d7T>. Suppose that u > o v in T, for some o > 0. Then

1) There exists C = C(n, L) > 0 such that in 775,

u(A) —ov(A) < Uu—ov
v(A) S

where A = (L/2)e,. B
2) If in addition u(A) = v(A) thenu/v € C*(T1,2), where a € ]0, 1.

In the case of operators independent of x the proof can be found in [[10, Proposition 2.2]. We
omit the proof for operators depending on x enjoying conditions (a) and (b), since it repeats the
same argument used in [[10].

3. e-Monotonicity and full monotonicity

LEMMA 3.1 Let
T, ={(x",x,) e R" . |x| <5, f(x") <x, <2Ls}

where f is a Lipschitz function with constant L. Let u be a positive solution (_)f F(D%*u(x),x) =0
in Ty, vanishing on ¥ = {x, = f(x’)} N Ty. Then there exists n = n(n,a, C, A, A, L) > 0 such
that, in

Np(2) ={f(x") <xp < f&)+ )N T1,

u is increasing along the directions 7 belonging to the cone I'(e,, ) with axis e, and opening
Y = %cot’l L. Moreover, in NV, (%),

_qux) u(x)
¢! i < Dyu(x)<c i

where d, = dist(x, X)andc = c(n,a, L, A, A).

Proof. Let z be the solution of the following Dirichlet problem, associated with the operator F'(-, x)
frozen at xo € T1/7:
F(Dzz(x), x0) =0 in Bjg,,
{zz wy on dBage,

where

wy(x) = u(rx) .
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For simplicity let us assume that xg = 0. Then

F(D*w,(x), rx) — F(D?z(x), rx) = Tr(A(x, r)D*(w, (x) — z(x)))

where

A(x,r) = (a;j(x, M)1<i,j<n € L7 (Bage)
and

VaF )
ajj(x,r) = / —— (Dz(x) + t D" (w,(x) — z(x)), rx)dz.
0 8m,-j

Moreover,

F(D*2(x),0) — F(D*2(x), rx) = f,(x)
and

1> ()] < 20(x)| D?z(x)].

We set h, = w, — z. Then h, satisfies the equation
Tr(A(x, r)D*hy) = fr(x) in T N Byge )

where
T° ={x € T :dist(x,dTr) > o}.

Now by the Aleksandrov—Bakelman—Pucci maximum principle, the W27 estimate on z and the
boundary Harnack principleﬂ (see [8l, [10] and [[L1]), we find, arguing as in [11, Lemma 2.5], that
in any ball B, (y) such that B4, (y) C T and dist(y, 07°) < Co,

sup || < co® max z < coz(y) and  sup |k < (0 + w(r)z(P).
3B5 () Bs (3) B, (3)

On the other hand, 4, is the solution of the equation
F(D?v,rx) = F(D?h,,rx) € L,
because
P~ (=D?z2(x)) < F(D*hy, rx) = F(D*hy, rx) — F(D*w,,rx) < PT(=D*z(x)). (5

Let v be a viscosity solution of F(D?*v,x) = f € LP. Then the following W>” estimate on v
holds:

o> MPID* Lo,y + 0 TP IDVILe (B, Yy < CUVILBay ) + 0PI f L0 (Boy (51))
(see [7], [3] and [[14]). In particular, by the Sobolev theorem we know that 4, € C Le and
o|Dhrlcis, 5y < CURr LBy 5y + 07 PIF (D?hy, 1) L0(Byy 50))-
As a consequence, from (5)) keeping in mind the W>? estimates on z we get

< y).
IIfrIIL(sz”@) < Co(r)z(y)

1 The proof of the boundary Harnack principle holds with minor changes for this class of operators.
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In particular, we deduce, recalling the W27 estimates of &, as an LP-viscosity solution of (4) (see
[4]]), that
z(¥)
|Dhr|C1(B(,(S;)) < Ca)(r)T
On the other hand (see [[10] and [[11]]), there exist ¢; and ¢, such that

z2(y) _ z(y)
22 LD < )
1 & n2(y) < 2 4

As a consequence there exist positive constants ¢, C such that
(I = ca(r))Dpz(y) < Dywr(y) < (1 + Co(r)) Dpz(y).

Hence there exists rg such that D,w,(y) > 0 for every r < ro. The rest of the proof follows
the techniques applied in [11, Lemmas 2.6 and 2.8] (see also steps (3) and (4) of Theorem 2.1
in [13]). O

A key notion in the regularity of flat free boundary is e-monotonicity.

DEFINITION 3.1 A function u is e-monotone in a domain D, along a direction 7, if
u(x+¢et)—ukx) =0

for every x € D and every &’ > &.

Lemma|[3.2]and Corollary [3.1|below were proved in [2] (see also Section 5 in [5]]). They depend
only on purely geometric considerations and continue to hold in our context.

LEMMA 3.2 Let u be e-monotone in the cone I" (¢, e). Let

v(x) = sup u(y)
yeBg(x)(x)

where g is a positive smooth function. Suppose that, for every x in question,

— 1
sind < —(sinﬁ—icoszzﬁ‘—|Vg|). 6)
I+ Vgl 2g

Then v is monotone in the cone I’(?, e).

COROLLARY 3.1 For any ¢-monotone function u in the cone I" (¥, e), the level surfaces of u,
d{u > «}, are contained in the (1 — sin ﬁ)s-neigllborli)od of the graph of a Lipschitz_ function 4. In
particular, denoting by L’ the Lipschitz norm of £, if ¢ satisfies 1i then L’ < cot .

Analogously to the linear case with variable coefficients (see [13]), we need to introduce a
slightly stronger notion than ¢-monotonicity.

DEFINITION 3.2 A nonnegative function u is strictly e-monotone increasing with constant A > 0
in a domain D, along a direction t, if

u(x +€'t) —u(x) > reu(x)

for every x € D and every &’ > ¢.
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Accordingly, a nonpositive function u is strictly e-monotone increasing if u~ is strictly &-
monotone decreasing, i.e. u~ (x + &'t) — u~(x) < —Aleu (x). Finally, u is strictly e-monotone
if u™ and u™ are strictly &-monotone increasing and decreasing, respectively.

The next result shows that strictly e-monotone solutions of our f.b.p. are indeed fully monotone
g-away from the free boundary as long as the coefficients are very close to being constant. This is
the situation one finds after a suitable initial blow up centered at a free boundary point. Precisely,
we have:

LEMMA 3.3 Let u be a positive viscosity solution of F(Dzu(x), x) = 01in B4gre = B4r:(0) such
that

ulx +&'t) —ulx) > reu(x)

in Byge, for some A > 0 and every ¢/ > &. There exists a positive number m = m(p, n, a) such
that for every m > m + 4, then there exists R = R(n) and positive constants C, ¢ such that if
gMm=2)/(m+2) < -3 and

~

lo(xDllee < Ce™, @)
then

DLu(0) > eV =@
&

Proof. Let z be the solution of

F(D?%2(x),0) =0 in Bage,
Z=ws on By,

where, as in Lemma we define w,(x) = u(rx)/r. Proceeding now as in Lemma 3.1} we have

F(D*w,(x), rx) — F(D*z(x), rx) = Tr(A(x, r) D*(w, (x) — z(x))),
F(D*2(x),0) — F(D*2(x), rx) = f,(x),

and
| £+ (0] < 20(|x])| D?z(x)].

We set h, = w, — z. Thus A, satisfies the following problem:

Tr(A(x,r)D*h,) = f,(x) in Bage,
h,=0 on 0BRe.

Now by the Aleksandrov—Bakelman—Pucci maximum principle we get, whenever p < 1,

sup |h,| < _max |y | +w(r)(2p£R)2_"/pIIDZZIILP(BMR)-

Boper 2peR
On the other hand, if o = 1 — p then by the boundary Harnack principle,

max || < c(RoeR)?z(0).
332p£R
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We can cover By,sg with balls centered at x; with radius r; = coeR such that B, C By.g. We
need N balls. Moreover, N ~ c(p/c)". On each ball we can apply the W2P estimate on z (see also
Lemma 3.1). Thus

N
sup [ly| < C(cQoeRY2(0) + " QpeR)*P Y D%l s, )

Boper i=1

N
< C(c(2a£R)”z(0) + " (2,08R)2_”/p Z V;H”/p ||Z||L°°(Bzr,~))

i=1
N H
< C<c(2aeR)“z(0) + " Qpe RPN (f) z(O))
i=1
< C(R)((0e)* + "0 %)z(0)

where k =2+4+n —n/p+ H and H = log Cy, where Cp is the Harnack constant. Minimizing in

o, we get

Omin = cg(m—a)/(l(-ﬁ—a).

As a consequence, assuming m > a we get

sup |h,| < coe?°z(0) 3
BZpsR
where
_ a(m + k)
q0 = atr

In B¢ /3, for omin < 1/3, we get, recalling the Harnack inequality and @),
2(x +et) —z(x) =z(x +6T) —u(x + 1) +ux + 1) — u(x) + u(x) — z(x)
re(u(x) — z(x)) + Aez(x) — 2c0e?°z(0)
—core TZ(0) + Ac'e2(0) — 2c0e902(0)
(M(c"e — coe'T90) — 2¢96%)2(0)
(" re — 2c0e99)z(0) > crez(x),

WV

VoWV WV

that is, z is strictly e-monotone along 7 in Ba.g/3 whenever
1—c)A
|10g ( ZC? |
gozl+—"—
llog ]

It follows from Lemma 1 in [2]] that we can choose R = R(n) large enough such that

Dez(0) > cw > ce1nz(0). ©)

Now we can estimate the gradient of 4, in Bgg/4. Recalling the W2P estimate we have

RPN D*hpllLr Bogja) < CUr Lo (Boryp) + ERZ PN frll Lo Be o))
< C(cos®2(0) + (eR)* P e™ | D*zl|Lr(B,x))
< C(coe®z(0) + £"2(0)) < Ce®2(0).
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Now by the Sobolev imbedding we get

& —
—R sup |[Vh,| < C(R)* P D*h;||Lp (B0 < Ce®2(0). (10)
Berya

As a consequence, recalling (9), we get
D u(0) > D;z(0) — Ce?z(0)/e > (ccih — Ce9071)z(0).
In particular, it follows from (I0) and (9) that

e(ccih+Ce® Nz(0) > |u(er) —u0)| > |z(e7) —z(0)| — & sup |Vh,| > g(ccih — Ce®~1z(0).

Ber/a
Eventually, if go > 2 and ¢ is small, we complete the proof, since

D,u(0) > CWT)E—_M(O)'Z

0). O
We now prove that for a strictly e-monotone solution u of our f.b.p., at least Re-away from the free
boundary F,, |Vu(x)| behaves like u™ /dist(x, F,), since u becomes fully monotone and its level
surfaces become Lipschitz graphs.

LEMMA 3.4 Assume that u € C(Cy) is strictly e-monotone along I" (9, ¢,) and u is a solution
of F(D?u(x),x) = 0in C?E(u). Then there exist positive numbers g9, R, C = C(¢) such that if
e < &9, x € C12 and dist(x, F,) > CRe, then

u(x)

LI e
Gster, 7y Vel

Proof. Since the proof for the two phases is similar, we give the proof only for the positive one. Let
X € Cf(u), d, = dist(x, F,). From interior estimates, we get

dy|Vu| < cou(x).
We have to prove the reverse inequality
dx|Vu| = cu(x)

when dy > cRe. Let xg € C]Jr(u) be such that dy, = 100L’Re, and set u(xp) = b. Notice that
{u = b} is the graph of a Lipschitz function with Lipschitz norm L’, since by Lemma u is
fully monotone along the directions of a cone I" (¥, e,,) outside the neighborhood Ny, of F,, and
moreover the geometric arguments in Corollary [3.T)and Lemma [3.2] apply. Let v be the solution of
the problem

F(D?*v(x),x) =0 inT,,

v=1 on X,

v=20 ond7; \ X,

where

T, = By}, (x0) x [-200L'Re, 200L’ R¢],
XY =0T: N {x0y, —20Re < x;, < 20R¢}
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and k = k(1) is properly small. By the strong maximum principle, we have

b=u(xg) <v(xp)maxu® =y maxu™
Xe Xe

with 0 < y < 1. Then there exists a point X € 97, such that dy > CL’'Re for all x € {u = kb}
N Bake (X). Proceeding now as in Lemma 2.6 of [11], we obtain the result. O

4. The auxiliary perturbation function

In this section we consider flat free boundaries. First we recall the following two results proved in
[L1]. Let # : £ — R be continuous and g be a positive C? function on R”. We define v(x) =
SUPB, ) (x) U in{x € 2 : Bg(xy(x) C £2}.

PROPOSITION 4.1 Assume that F satisfies conditions (a)—(c). Let g be a positive C 2 function in
By, with g < mg in B (m¢ a positive number), such that

2
P~ (D g(x)) — C(IVg(X)Igv:xa))(g(X))) > 0. an

Let u be a continuous function defined in a domain large enough so that the function

v(x) = sup u = sup u(x + gx)v)
Bg(x)(x) |U|:1

is well defined in Bp. Then there exist constants w, wg, co depending only on A, A, n such that if
IVg| < u, w(g(x)) < wg, C > cp and u is a viscosity solution of F(D%*u(x),x) = 0in {u > 0},
then v is a viscosity subsolution of F(D?*v(x),x) =0in {v > 0}.

COROLLARY 4.1 Let u, g be as in Proposition[4.1] with g, in particular, satisfying (IT). Let

vrg(x) = sup u(y— 1),
By () (%)

where T € R" is a fixed small vector. Then v,  is a subsolution of F(D%*u(x),x) =0in {ve,g > 0}.

To prove Theorem@] (see Section 5) we follow the main ideas in [1], [2] and [13]. The strategy
of the proof is based on the following main steps:

1) We improve the cone of strict e-monotonicity in a half size cylinder C; > (as in Section 3).

2) We keep, by rescaling to Cy, a proper control on the coefficients (see Lemma[3.2)) and we can start
reducing €. As a consequence, in a slightly smaller ball, we obtain an increase in flatness along
directions in a larger cone. This is what we call the basic iteration step (Lemma[4.2)). Repeating
the process, in the course of each iteration the constant of strict e-monotonicity deteriorates at
the rate of the cone opening so that, once again, a delicate balance is required between that speed
and the improvement of flatness.

3) We get a geometric improvement of e-monotonicity in a sequence of dyadic cylinders, along the
directions of a sequence of cones whose defect angles decrease at a geometric rate (Theorems

and . This gives the final C*7 regularity.
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We now construct a family of subsolutions that plays a decisive role in the improvement of
e-monotonicity. Assume that u is a solution of our f.b.p. which is strictly e-monotone along the
directions of a cone I' (9, e,), with & small and the defect angle § = 7w /2 — ¥ close to zero.

Let R > 0 and

Ngre = Npe(Fy) = {x : dist(x, F,) < Re} Ny,

the Re-neighborhood of F,. Moreover, let £2; be a smooth, flat domain such that
NRej2 C 2re C Nie
and denote by F, the upper part of 2., that is,
FF =0Qr:.NC N{u > 0}.
Moreover, for fixed positive ¢ and o we set
Seq = {x 1 x| < 1 —¢%}

where x = (x', x,,). We now construct a perturbation family of functions.

LEMMA 4.1 Let C, ¢, wp be positive numbers. If C_> 1 and wy is small enough, there exists a
family of functions ¢,, 0 < ¢ < 1, such that ¢; € CZ(QRE) and:

@ 0<l—-wy<¢ <1+1t—wo,

(b) ¢ P~ (D*¢py) = C(IVey|* + w}).

() ¢ <1in Qpe N{x: 1 —%/2 < |x’| < 1}, where 0 < a < 1;
(d) ¢ =1 —wo+1t(1—ce”), withy <1—a,in 2ge N Se.q;
€ IVey| < ce™.

Proof. Let F;" be the upper part of 9§2g,. Under the dilation x — ¢, F," becomes a uniformly
smooth surface H; at a distance of order 1 from the dilated free boundary. Due to the flatness of
Fe, the curvature of 'H;’ is bounded by ¢d, where § is the defect angle. Then, the distance function
d.(x) = dist(x, Hj) is well defined up to distance of order 1/8 and we have |D;;d,| < c8.

Let g € C®°(R™) be such that

(s) = 1 ifl—e*/2<s<1,
88 =10 if 0 < s <&,

Gx)=g(x')) + K82“|:1 —od; (z)}d€<§>

for K > 0 and o to be chosen later. We have

VG(x) = Ve(lx']) + Ke' ™ (1 - 20d8<§>>Vd5 (E)

IVG(x)| < cr1e77.

We now define

and
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Moreover,

T
D2G(x) = D%g(|x']) + Ks_‘"|:<1 - 20d8<)—c>>D2d8<)—c> - 2an5(f> : Vd8<’ﬁ) ]
& & & &

In particular, for every A € A, _4, by properly choosing 0 = o (¢) and K > 0 we have
Tr(AD*G(x)) < —CKe™°.

We now define
1+ G(x))l/(l_zc)

1//(X)=< 3

‘We have
%Tr(ADzG(x)) = Tr(AD?y (x)!72C)

=2CQ2C — DY) "TXAVY, Vi) — 2C — DY (x) € Tr(AD* ¥ (x))
1

< —=CKs™“.

3
Then 5

Te(AD Y (x)) > YV O | Sk ivy o,

¥(x)
and as a Consequence we get
2CA|IV 2
P (DY (x)) > % +3CK|IVY @) (12)

‘We now define

_ 72 1/’()‘) - 1
¢ (x) =1+ wo(|x'| _])‘i‘t(m , 0<r<l.
From (T2), it is not difficult to check that the family ¢, has all the properties (a)—(e). ([
Let now

v = sup u(y—1)=sup ulx +0¢ (X — 1),
B gy (x) (%) lv|=1

where ¢, is the function constructed in the previous lemma, with /2 < 0 <2eand0 <t < 1, and
T is a small vector, i.e. there exists a positive constant such that |t| < ce. Then v, is well defined in
Cl_4e. We set 271 (v;) = C1_4e N {v; > 0}. If (7) holds, according to Propositionand Corollary
vy 1S a viscosity subsolution of F (D?v,(x), x) = 0in {v; > 0}, and, from Lemma(we know
that u is fully monotone outside an Ng.. neighborhood), it also follows that v, is monotone along a
cone with |9 — 9| < ce. In particular, the level sets of v, are uniformly Lipschitz graphs. This is a
straightforward consequence of Lemma 2 in [2] and property (e) of Lemma[4.1] Before introducing
the basic iteration step contained in the following Lemma [.2] we remark that our operators are not
linear. So we have to slightly modify the classical proof contained in [2, Lemmas 4 and 5] (see also
5} Lemma 5.7] and [12, Lemma 4.2], or [[16, Lemmas 4 and 5]).
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Actually, we have to modify the family of functions containing the perturbation as we need to
take in account the distortion on the free boundary. Indeed, we deal with nonlinear operators (see [2],
and [13] for the linear case). Moreover, we cannot simply add a perturbation, as in [16, Lemma 4 and
Remark]. More precisely, we recall that the operators considered in [16] have a particular structure
(see Remark in [16]). As a consequence, in general, we cannot assume that adding a subsolution to
a solution, of a given fully nonlinear operator, still yields a subsolution of the same operator. We
recall that our class of operators strictly contains the fully nonlinear operators considered in [16].
Hence, we proceed by adapting the idea contained in [10, Lemma 3.1]. In particular, we define v,
as the solution of the problem

F(D?0;(x),x) =0 in 2g: N 27 (v)),
U = v +A1e’u  onFy,, (13)
b= v on 3(2ge N 27 (W) \ Fr,-

We extend v, to v; in C; \ 27 (v;) and, for simplicity, we still denote this new function as v;.
Hence, ©; is still a viscosity subsolution of F(D?u(x),x) = 0 in Dgre = (C1 \ 27 (vy)) U Qg
forO0 <t <1, A >0,a <y < 1. Notice that whenever Ng is Lipschitz, we can consider the
solution of (T3) to be well-defined when we take £2g, = Ng,.

The next result is the basic iteration step in the e-monotonicity improvement.

LEMMA 4.2 Suppose that G is strictly increasing in RT and assume that there exists a large
positive number N such that s~V G(s) is decreasing. Let u be a solution of our f.b.p. in C; such
that u is strictly e-monotone along the cone of directions I" (dg, e,,) with m/4 < 99 < 7/2. Then
there exist cp > 0 and 0 < A < 1, depending on ¥y, and &g depending on ¥y, such thatif ¢ < &g
and 99 < ¥ < /2 then u is Ae-monotone along the cone I" (¥ — coel’?, e,) in C,_,1ss and strictly
Ae-monotone outside the A Re-neighborhood of F,,.

Proof. Let A < 1, to be chosen later, and u1(x) = u(x — Aeey). If 1 — A < \/5/2, we have
Be(sing—(1-1))(x — Aeey) C Beging (x — €ey)
and by the e-monotonicity hypothesis,

sup up < ulx) (14)
Be(sin o —(1—-2)) (%)

inCy_ 8 N N&ge. Notice that, choosing a slightly smaller radius g(sin® — (1 — 1)), A’ < A, we
have strict inequality in (T4). On the other hand, by Lemma [3.3] u is fully monotone outside the
Nz neighborhood of F,, therefore

sup  up < u(x)
Bje sino (X)

for any x ¢ Nk, and for every unit vector t € I (¥, e,). To obtain the Ae-monotonicity of u, first,
we prove that, for a suitable X,

sup{ui(y) : |y — x| < Aesin(d — C081/4)} < u(x).
Moreover, in C;_ 18 N (Nge \ Nire/2).

sup{ui(y) : |y — x| < resin(® — o'/} <u(x) — Ce'*ut(x),
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so that we get strict Ae-monotonicity of #™ in that set. To obtain our estimates, we use the family
¢;, constructed in Lemma to find a suitable 7, 0 < 7 < 1, and a corresponding intermediate
radius o ¢, such that

vr<u 15)

inC,_,1g N Nge and
¢7 > Asin®? —gel/4

for some ¢ > 0. Indeed, since

¢7 = A(sin® — coe/*) > Asin(® — 35/48),

from the above estimates we get

sup U < sup up < sup u; <u

174y(x) B ~1/48)06) Beg(x)

B, .
resin(@—cqe e sin(ﬂfco

in Cy_,1/s N Nge. Since u(x) ~ d(x, F,)|Vu(x)| in C;_g18 N (Nge \ Nage/2) N 271 (1) by Lemma

B:4 we have

sup u; < sup up < sup uy < u(x) —A181/4u+(x).
B e sin@—cgel 4 ) Bsksin(97;$/48)(x) Beg (x)
Choose y = 1/4 and o = e(sin® — (1 — A)) with A > 3/2 — 1/4/2. Now to select 7 we first make
sure that for every ¢ € [0, 7],
oy < e(Asind —581/4)

for some positive constant ¢ that we will choose later. Since, keeping in mind the meaning of @y in
Lemma[4.1] we have
oy < egfsiny — (1 — A)](1 +1 — wp),
we require that
elsin® — (1 — M) 41 — wp) < e(Asin® —ce'/?),
and
[sin® — (1 = M)](1 +7 —wp) = Asin® — ce'/*. (16)

Since
Asin® — cel/4 ksin%
<

sind —(1—4)  sinZ —(1—2)’

by choosing A < 1 close enough to 1 to have

: T
Asmz

~— < - a)07
sinf — (1 —2)
there exists 7 € (0, 1] such that holds. With this choice of 7 we deduce that, in C;_,1/2 N Ng,,

opr = o[l —wy+7(1 — e/ =¢[sin® — (1 — )] — wo + 7(1 — ce'/*)

=e(Asin® —cel/*) — cted* > e(Asin® — cel/?),
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since, in C;_, 172 N Ngg,
¢ =1 —awp+1(1—ce'lh.

In order to emphasize the comparison between u and u we denote u as uy (up = u). We are now
ready to prove (15), i.e. we verify that
Uy < U2

in C;_,1;4a NNk, forevery ¢ € [0, 7]. Indeed, along C;_ 1,4 NdNg,, we have, fork; < kp < Aesin®,

kr — k
sup uy < sup uy — (ka — k1)C|Vuy|(x) < (1 —#)uz,
By, (x) By, (x) Ce

since (recalling the definition of u; and u, in terms of u), we know from Lemma [3.4] that u(x) ~
d(x, F,)|Vu(x)|. By taking

C
ki = Aesind — ce't1/4  and ky = Aesin — §€1+1/4’

(recalling (16), (sin®® — (1 —A))(1+f—wp) = Asin ¥ — Cel/%), we see that, adjusting the constant c,
for every ¢t € [0, 7],
v < (1=CYu,

along C;_,1/4 N Nk, and hence v, = v, + A18”u < uy there, provided we choose A; > ¢ and
y < 1/4.

Along 9C;_,1/4 N Ng, we have 0, = v;. Moreover, on dC;_,12 N N (since ¢'/% > &, ¢, =
¢1 = 1 in the e-neighborhood of 9C;_,1/4 N Nge), we get v, = SUPR, () U1 where |¢; — 1] is
small. In particular, by abuse of notation, we write simply v; = supg_ ooy (@) U whenever |¢; — 1|
is small. Hence

172

vi(x) < ua(x),

and arguing as before yields
v =v1(0) < (1= Ce'Mua(x)

on dC;_,174 N Ng,. In particular, if wp is small (see the definition of ¢; in Lemma there exists
aty = to(wp) > 0 (possibly small) with 7p < 7 such that ¢, = 1 and

E={t €lto,1]: ; <uz, Ci_gia N Npe} # 9,

because 1y € E. The set E is closed. We prove that it is also open, showing that E = [fo, 7]. Indeed,
arguing as in [5, Lemma 5.7], we prove that

2T Ww) cc () NCi_p1a N Nge.

If not, there exists f € (fp,f) N E such that Fy, and F,, have to touch each other at a regular
point xq that is a regular point for both free boundaries. Since ¢; > 1 in the e-neighborhood of
9C,_p1/4 N Nge we must have xo € Qre N Se.« and the set F,, has at xo a one-sided tangent ball
with center y from the 27 (v;) side.
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Notice that 27 (3;) C 2% (uz) and F,, has the same tangent ball at xo. Moreover, u is a
solution of the free boundary problem, so that

Uz (x) = a1 {x — x0, V)" — B1{x — x0, V)~ + o(lx = xo|)

and o] = G(,B]).
Recalling Lemma 2 in [2] or Lemma 4.10 in [3]], and keeping in mind the estimate of Lemma
4.1] it follows that
v = a(x —x0,v)" = Blx —x0, 1) +o(lx = xo), (17)

where b = 22V o — g1|v + 0 V|, B = Bilv + o V|, and

[v+o V|’
S G( p ) (18)
1 — 0|V, 1+ 0|V,
Notice that
U (x) — vy (x) S U (x) — U, (x)
u(x) T B(x)

where
F(D?*%;(x),x) =0 in Dgg,
17; = 5[ on aDR’g.

Moreover, Fj, are equi-Lipschitz with Lip(F3,) < L 4+ Ce and Ngej2 C 2ge C Nre C 27 (0p).
Hence by the boundary Harnack comparison principle (see Lemma@) and remarking that v, (x) —
Uy (x) is a positive supersolution of F (D?u, x) = 0, and thus a supersolution of P~ (D*u) = 0, we
deduce that there exists a positive constant C’ independent of ¢ such that

U (x) — v (x)

>C'Are? > 0. (19)
v (x)

It follows from (T8) and (T9) that
U (x) = @(x — xo,v)" — B{x — x0,v)” +o(lx — x0l),

where @ > (1 + CA18¥)a and,B_ < B.
‘We want that )
a = G(B). (20)

Notice that, recalling (¢) in Lemma[4.1]
0|V < coe™.
Thus we get
&> (14 CAe") = co|Vg Dy = (1 4+ CA1e”)(A — cos)ay

and )
B< 1+ Coe™)p.
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Moreover, G is increasing. Hence inequality (20) will be satisfied if
(1+CAe")(1 —coe™)ar = G((1 + Coe™)p1),

in particular if
(1+CA1e")(1 —coe™)G(B1) =2 G((1 + Cae™“)B1). ey

On the other hand, s~V G (s) is decreasing. Hence will be satisfied if
(1+CAe") (1 —coe™) = pr V(1 + Cas™)pn)Y, (22)
and in particular when
1+ CA1e")Y1 —coe™®) = (1 + Coe )N, (23)

Hence, if we assume that 0 < €9, 0 < o < g < 1 and take A; large enough, will be
satisfied and (20) holds.

This produces a contradiction with the free boundary conditions and Hopf’s lemma; for the
remaining details see Lemma 4.12 in [5]] or Lemma 3.1 in [10].

Now, v; 2 v; on Cy_c,1/s. Also, on such a domain, ¢, can be estimated from below by 1 —wq +
(1= Cel/t by construction of ¢;. For maximal possible ¢, ¢; > Ae sinF — Celtl/4 that s,

sup up < ur(x).
B, o sinp—ze1/4) ()
Since
Asin® — e/ > Asin(® — cpe'/?)
for a suitable positive cg, the proof is complete. O

Notice that u™ satisfies analogous estimates. Indeed, it is enough to remark that u™ is a solution of
F(D%*u=(x),x) = 0in £~ (u) where F(M, x) = F(—M, x). Notice that F (M, x) still satisfies all
our hypotheses, and previous arguments apply.

5. Strict e-monotonicity implies C'-”

Using a double iterative argument based on Lemma 4.4 of [11]] and Lemma[.2] we can prove that
strict e-monotonicity implies C17 .

THEOREM 5.1 Let u be a solution of our f.b.p. in C;. Suppose G is Lipschitz continuous, strictly
increasing and that 77V G(z) is decreasing in (0, +00) for some N > 0. Let 7/4 < 9y < /2 be
given. There exist &g = €o(Jo) such that if u is strictly e-monotone along the cone of directions
I'(9, e,), for some ¢ < g9 and & > vy, then, in Cy/3, F,, is the graph of a C7 function with
y =y@n,a, C, )\, A, %o, N).

Proof. Lemma [3.4] gives full monotonicity for u, Re-away from F,. Proceeding now as in Lemma
4.4 of [[L1], we conclude the proof. O

We now prove the following intermediate result.
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THEOREM 5.2 Let u be a solution of our f.b.p. in C;, and assume that hypotheses (i) and
(ii) of Theorem [I.I] hold. Then there exist ¥ < /2 and &9 > 0, both depending on
n,a,C,ay, ar, A, A, N, such that if u™ is strictly e-monotone along any directions in I" (J, e, ) for
some ¢ < &g, then F,, is the graph of a C! function in Cippwithy =y(n,a, C,ap, a1, A, A, N).

The proof of Theorem [5.2]is based on the so called dichotomy Lemmal[5.1} We follow the same
approach as in [13].

LEMMA 5.1 (Dichotomy Lemma) Assume that (ii) in Theorem holds. Let u be a solution of
our £b.p. in Cy, and let umax = maxc, |u|. There exist ¥ and &g such that if 7/4 < ¥y < ¥ < ¥
and ¢ < ¢gp, the following alternative holds: there are constants K (large) and p > 0, n > 0,
0 < 7 < 11 < 1 such that:

(a) if u’(—%e,,) > KelZupay, then u is strictly ¢”-monotone along the cone I (¥, e,) in the
n-neighborhood of 7, in Cy2;

(b) if u’(—%en) < KeY2upmay, then u™ is strictly Ae-monotone, for some A(Jy) < 1, along the
cone I'(Y — e",e,) inCi_gnn, Wwhere 0 < 1 < 71 < 1.

Proof. Assuming we are in case (a), denote by G the graph of the Lipschitz function x, = h(x’),
with Lipschitz norm
L <tan(m/2 — 1)

(see Corollary 3-T]and Lemma [3.3), whose A, neighborhood contains F,. Let
Ge = {xn =h(x") +2¢} and T, = {x, < h(x) + 2¢}.

The function u™ is_ a viscosity solution of F(Dzu_,x) = 0 in 2~ (u), where F(M,x) =
—F(—M, x), and F still belongs to our class of operators. Moreover, let v, U be the solutions
of the Dirichlet problems

F(Dzv(x), x)=0 in C7/g N Ty,

v=20 ong,
v=u" on 3(Crs NTp) \ G,
and B
F(D?%(x),x) =0 inCy/sN T,
=0 on Gog,
V=u" on 3(C7/8 N Tae) \ Goes

respectively. By the Aleksandrov—Bakelman—Pucci maximum principle, we have
v<u in C7/8 N Ty,

and
V>u” inC7/8ﬁT28,

because u~ is a subsolution in C7/8 N T5;.

Since G is a Lipschitz graph, from Lemma 2.8 in [11], there exists a positive number n =
n(L’, n) such that in the N, (F,) neighborhood of F,, Dru(x) > 0 for every t € I' (9, e,). The
maximum principle gives, along F,,

U < CeUmax.
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We can now write
v<u <V < v+ Ce%pmax. (24)

For 91 < 9y,
() > |x — xo|ﬂ°u—(—%en) (25)
for x — xp € I'(¥1, —e,) and a < Py. Take x1, xp in Ny (I') with
Cief < |x1 — xo] < Cre? (26)
and x| — xp € I' (¥, —ey,), p > 0 small; we want to show
W (x2) —u” () = ceu () @7

for a suitable B1. Choose ¥y such that © < 99 — n/8. If x; € 21 (u), then is trivial. We
restrict x| to be below {y = g(x) + &} (so x; is far below G). From Lemma 2.8 in [11] we have

D;v>0
where

XX

lx2 — x1]
and
v(x2) .
Dv>C R for x —x1 = A(x2 — x1) with A € [1/2, 1].
0

Then, by (23) and hypothesis (a), we have

C 1 CK
v(x2) — v(xy) = C%e” > %u_<—§en>8(ﬁ°+l)p > ES('SOH)”H/ZMmax, (28)

s0, by (24), (23) and (28)), we obtain

u” (x2) —u” (x1) = v(x2) — v(x1) = v(x2) — v(x1) — Ce%Umax

> [C(S_Kg(ﬁwnpﬂ/z _ Cga}umax > CePu(u)
0

by taking 81 = (Bo + 1)p + 1/2 < a, where the constant C depends on §y in the third equation.
This concludes the proof in case (a).

Assume now (b) occurs. Here we take u; = u™(x — Aee,) and u» = u™t and we argue as in
Lemmal4d.2]

In particular (see ), we define v, starting from ™, with y to be chosen later. We want to
show that, for some 7 in Lemma vy < up. It is enough to show that, for any 0 < 79 < ¢ < 7,
the function v7 is a subsolution at every point xo € F,, N F5, N C7/3. We argue as in Lemma
@, by contradiction. Precisely, at xq there is a touching ball from the left to F,,,, so that near xo,
nontangentially,

u(x) = ar{x —x0, V)" — Bi{x —x0, V)~ 4+ o(|x — xol)
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with o1 > G(B1). Therefore, at xg, v; satisfies the following asymptotic inequality:
0 (x) > @(x —x0,v) " — Blx — x0,v)” + o(lx — xo]).
where (recalling that by (e) in Lemma 0|V < coe™),

&> (1+ CAe")anlv + 0V, > (1+ CA1e?")(1 = CalV NG (B1)
> (14 CA1e")(1 — e’ )G (1)

and, by (I8),

o p
> G .
1 —0o[Vyl 1+ 0[Vxl
For simplicity assume that ¢ — o = 1/2. Now if v; < u we deduce that oy < @ and 81 > B.
Moreover, since G is increasing, we get

@ > (14 CAEe")(1 —ce'?)G(B1) = (14 Ce”)(1 - ce'*)G(0). 29)
Thus, v; will satisfy the condition on the free boundary and v; will indeed be a subsolution whenever
(14 Ce")(1 —ce'"HG ) > G(B). (30)

Now, proceeding as in the Claim of Lemma 7 in [16], by using a barrier argument, we can show
B1 < ce® with § > 0 small. In particular, inequality will be satisfied if

(14 Ce”)(1 = ce'®)G(0) > G(ce?), (31

because G is increasing. Notice moreover that we have assumed that G is Lipschitz. Hence
G(ce®) < G(0) + C1€%. As a consequence, recalling once more that G is increasing, inequality
(30) will be satisfied whenever

(14 Ce”)(1 = ce' )G (0) = G(0) + C;£°.

In particular, we must require that
CG0)e” > Cyé°

and y < §. Then we get a contradiction by Hopf’s lemma, and the proof proceeds as in Lemma

2 O
Proof of Theorem As noted in [13]}, the proof reduces to Theorem 5.1 through Lemma 5.1} O
Finally, we are in a position to prove the main theorem.

Proof of Theorem We show that u™ is stricly e-monotone in an 5-neighborhood of 7, along
acone I (0%, e,) with 0* slightly smaller than . Then we apply Theorem Let

G = {x, = h(x") — coe}
with ¢q such that 27 (u) C {x, > h(x’) — cpe}, and let v be the solution of the problem

F(D?*v(x),x) =0 inf{x, > h(x)) — coe},
v=20 in G,
v=u" on aC; N {x, > h(x") — cos}.
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Then in 21 (1) we have
ut(x) + 2coe = v(x) = ut(x) > apdist(x, F,) > cp dist(x, G) — 6.

It follows from Lemma [3.1] (see also Theorem 2.2 in [[11]]) that v is monotone increasing along a
cone I" (9%, e,), with ¥y < ©* < ¥ (notice that we have to start from a large cone in order to apply
Theorem this justifies the hypothesis on the f.b. F;,; here ¥ is the same as in Theorem , in
the n-neighborhood NV, N C3/4 of F,, and

v(x)

bov™ ~ .9

for every T € I' (9%, ey).

Thus, if n > d(x, G) > c3¢, we get

e 1
—c

W 2 AT g T 2

as long as ¢3 > 2¢a/cy. Therefore, in Ny N Cay4 N 27 (u),
c4€
ut(x + caet) —ut () = v(x + cagt) — V(x) — 2c08 = / Div(x +st)ds — 2coe
0

cq€
> / Div(x +st)ds — 2cpe = c(cqg — c3)e — 2c0e = Ce
c

3€

provided ¢ is large enough. The proof of Theorem [I.T]is complete. O
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