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For equations of generalized Cahn-Hilliard type we present an a posteriori error analysis that is
robust with respect to a small interface length scale y. We propose the solution of a fourth order
elliptic eigenvalue problem in each time step to gain a fully computable error bound, which only
depends polynomially (of low order) on the inverse of y. A posteriori and a priori error bounds for
the eigenvalue problem are also derived. In numerical examples we demonstrate that this approach
extends the applicability of robust a posteriori error estimation as it removes restrictive conditions
on the initial data. Moreover we show that the computation of the principal eigenvalue allows the
detection of critical points during the time evolution that limit the validity of the estimate.

1. Introduction

The Cahn-Hilliard equation determines the evolution of interfaces in phase separation processes
on a mesoscopic length scale. This phase field model depends on a length scale 0 < y < 1
that is related to the width of the diffuse interfaces where the order parameter p interpolates
smoothly between the values —1 and 1. Moreover, for y — 0 the Cahn-Hilliard equation
approximates the motion of surfaces in Hele-Shaw flow and the Mullins—Sekerka model [1} 22].
Phase separation processes are of great importance in engineering applications because the
coarsening of microstructure leads to aging of materials and might result in failure of devices. To
model the demixing in solder alloys, it is necessary to include elastic stresses that are due to a lattice
misfit between pure materials. These stresses are neglected in the Cahn—Hilliard model but become
dominant at later stages of the time evolution [[16]. The Cahn-Larché equations describe a phase
field model that includes elastic effects [16} (9,117, [18]]. Their derivation is based on the formulation
of a Ginzburg—Landau free energy functional. Let £2 € R be the domain occupied by a binary
alloy and let the order parameter p(x) € [—1, 1] be given by the difference between the volume
fractions of the two components. We consider the energy functional

2
E(p,ii) == L(%valerf(p)JrW(p,E(ﬁ))) dx, (1)

where F(p) is a double well potential that defines the stable states at p = =1. Elastic effects
are modeled by the term W(p, £ (&)), where i is the displacement and £ (i) denotes the strain. The
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interface dynamics is modeled as the H ! gradient flow of , leading to the fourth order semilinear
parabolic equation

1 1 _
Btp—A<—VAp+;f(p)Jr;W(p,S(u))) =0, @

where f(p) := F'(p) and W(p, E@)) = IH,W(p, £(u1)). Because the time scale of mechanical
relaxation is much smaller than the scale at which diffusion takes place, we may assume an elastic
equilibrium state. The Cahn—Larché system consists of (2), a stationary equation of the form
Diui = p for the elasticity problem, and initial and boundary conditions.

Within this paper, we assume that deformations are small and the elasticity tensor is
homogeneous, i.e. independent of p. As a consequence, there is a linear solution operator of the
elasticity problem such that # = D~!p and we can formally eliminate # by writing W (p, £(it)) =:
Ap with some linear operator A. This allows us to reduce the Cahn—Larché system to the single
equation

1 1
8tp—A(—yAp+;f(p)+;Ap> =0 (3)

with additional initial and boundary conditions. The error analysis presented in this paper is valid
for generalized Cahn-Hilliard type equations of the form (3) with a linear selfadjoint and possibly
nonlocal operator A that does not have to be related to elastic stresses.

For a fixed size of the parameter y, the numerical analysis is well established for the Cahn—
Hilliard equations [10, [7] and Cahn-Larché equations [17, 24, [18]]. When y becomes small, the
solution p is of low effective regularity. Numerical approximation takes great advantage of mesh
adaptivity, which in turn requires error control based on a posteriori estimates. Unfortunately,
a straightforward analysis leads to error estimates with constants that depend exponentially on
y~!T, where T is a time horizon. For the approximation of the sharp interface limit, 7 has to
be independent of y, and we remark that the time scaling in (2)) is chosen accordingly. But then the
outlined estimates become useless for y — 0. Robust estimates have been derived in several simpler
situations, i.e. estimates that depend on y ~! only through a low order polynomial. For the Allen—
Cahn equation a robust a priori estimate was established in [13]] and a posteriori estimates followed
in [[19, 3]]. For the Cahn—Hilliard equation a robust a priori estimate was established in [14] and only
very recently a first a posteriori estimate was derived [15]. All these results are based on spectral
estimates of the linearized operator. The principal eigenvalue —A of the linearized generalized
Cahn-Hilliard operator is defined as the largest number A for which there exists a nonvanishing
function g such that

1 1
A= A(—VAq + ;f’(p)q + ;Aq>-

For the smooth evolution of interfaces it was proven in [, |8] that the principal eigenvalue of the
linearized Allen—Cahn and Cahn—Hilliard operator is bounded from below uniformly with respect
to y ~!. This holds provided that the order parameter p has an admissible profile across the interface,
and only as long as no topological changes occur. For more general operators there are no spectral
estimates available.

To avoid restrictive assumptions on the initial data, we follow the approach of [3] where, in
contrast to the references given above, the linearization is taken at the approximate solution py
instead of the exact solution p. We propose to numerically approximate the principal eigenvalue —A
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in each time step and thereby measure the stability of the evolution. The numerical computation of
the principal eigenvalue is of great importance for the Cahn-Larché system since, as mentioned
above, we are lacking a theoretical spectral estimate for these equations. Moreover it fits well
the methodology of a posteriori error estimation as it provides important information about the
approximation such as the detection of critical points of the nonlinear evolution. Our main result
states that robust a posteriori error estimation is possible as long as an approximation of —A remains
uniformly bounded from below in a time interval [y, T'] (cf. Theorem [3.4]and Remark [3.5]below).
Formal results of [22] suggest that an initially perturbed phase field develops an admissible profile
within a short time frame and our numerical experiments show that the principal eigenvalue is
bounded uniformly with respect to y~! after a time period of order O (y). It turns out that this is
sufficient to gain a useful error estimate on [0, y ], which together with our main result allows robust
error control in the time interval [0, T'].

In the context of this paper, there are several differences from the situation related to the Allen—
Cahn equation, which is only of second order, is nonconservative, and obeys a maximum principle.
Here, we have to measure the error in the weaker H~! norm. This makes it significantly harder
to get control on the superquadratic term in the error, so at least for space dimension d = 3 we
have to impose a nonstandard growth condition on the potential function f(p). We remark that if
a priori bounds are employed, then our error analysis could be modified to cover the case of more
general potentials. This however is not in the spirit of a posteriori error estimation. Since total mass
is conserved by the Cahn—Hilliard equation, i.e.

1 1
o(t) i= — ,x)dx = — dx =: po,
F16) |9|/9p(’ x) |9|/9p°(x) Ao

we obtain different constraints on the solution and the particular representation of the error defined
below. The eigenvalue problem which has to be approximated is also of fourth order and we derive
a computable a posteriori error bound for this problem.

The outline of this article is as follows. In the next section we introduce the weak formulation of
the problem in question and the relevant finite element method. The main result is stated in Section[3]
where the aforementioned a posteriori error estimate is proven. This estimate is formulated in an
abstract way that does not depend on a specific numerical scheme. The necessary ingredients to
get a fully computable estimate are given in the subsequent sections. In Section ] we present an
a posteriori upper bound for the numerically computed eigenvalue. A finite element method for the
Cahn-Larché system is given in Section[5|along with the corresponding residual estimators. Finally,
the numerical experiments in Section [6|show that the computation of the principal eigenvalue allows
the detection of critical points during the time evolution that limit the validity of the developed
a posteriori estimate. The results also demonstrate that restrictive assumptions on the initial data are
not needed because the principal eigenvalue is uniformly bounded after sufficiently short times.

2. Problem formulation and finite element spaces

Let 2 Cc R4, d = 2,3, be a bounded Lipschitz domain and 7 > 0 a time horizon. Since we are
interested in robust estimates for small y we assume 0 < y < 1. We use standard notation for
Lebesgue and Sobolev spaces and denote the inner product of L?(£2) by (v, w). The duality pairing
between a Banach space X and its dual X* is written (-, -). We define

6::/ vdx, HY(Q):={ve H'(2):7v=0)}.
2
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The inverse Laplacian with natural boundary conditions A;,l D H! (£2) —> H! (£2) is defined by
(VA v, Vo) = —(v,9) forallv e H'(2) and p € H'(2).

To reduce the regularity requirements on the solution p, we use the mixed form of [[11] and introduce
the chemical potential w defined as

wi=—yAp+y "' (f(p) + Ap).
Based on the solution space
Xcn = (L*([0, T), H'(2)) n H'([0, T1, H'(£2)%)) x L*([0, T], H'(82)).

the mixed variational formulation of the Cahn—Hilliard type equation with natural boundary
conditions reads as follows:

Given p(0, x) = po(x) € HI(Q), find (o, w) € Xcy such that for almost all ¢ € (0, T'),
®) | (9. dp) + (Vo, Vw) =0 forall p € H'(2),
(W, w) —y(V¥, Vo) =y ' (¥, f(p) + Ap) forally € H'(R2).

For the pure Cahn-Hilliard equation, i.e. for A = 0, the existence and uniqueness of a global
solution to (P) has been established in [12, [11]. The existence of a solution to the Cahn—Larché
system was proven in [17]], together with a uniqueness result for the case of homogeneous elasticity.
We restrict our analysis to continuous potential functions, of which the most common example is
Fa(p) := (p>—1)%/4. More realistic nonsmooth logarithmic potential functions have been proposed
and quantitatively studied e.g. in [2,[7] but they require further research. The following assumptions
on the double well potential and the linear operator A are essential for our analysis:

(A1) f e C'(R) and there is a constant Cy > Osuch that — ' < Cy.
(A2) There are a function g* and constants Cs > 0 and § € (0, 1], with § < 4/5 if d = 3, such that
foralla,b € R,

—(b—a)(f () — f(@) < —f (B)b —a)* + g*(b)Cslb — a|*™.

(A3) A : L2(22) — L2%*(£2) is a bounded linear selfadjoint operator and there are constants
o, C4 > 0 such that

—(9, Ap) < allgll}s g, forall ¢ € L2(£2),
(. Ap) < Call V¥l 2(2) V9l 2y forall .o € HY(92).
Because there is no maximum principle available for the Cahn—Hilliard equation, the properties of
f outside of [—1, 1] are of relevance. If d = 3 we cannot use fy := F, j‘ on all of R since f; fails to

satisfy (A2). Nevertheless, a proper modification of f4 outside of [—1, 1] is possible or alternatively
a suitable replacement for the free energy function may be used.

LEMMA 2.1 (a) Let f = F, for the quartic potential F4. If d = 2, then f satisfies (A1) and (A2)
with Cf = 1, S = 1, Ca =1 and g*(b) = 3p.
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0.5f

-1 0 1
FIG. 1. Left: quartic potential F4; right: alternative potentials: 7 and J, (dashed).
(b)Let0 < 8§ < land f € CH(R), a continuously differentiable function with a Holder

continuous derivative with exponent é or Lipschitz continuous derivative if § = 1. Then f
satisfies (A2).

(c) Define
1 1 8
F — 248 1 2 ’
1= T e s
—— — if -1,
1+5<2+3|x| +x>+2+5 ne=
1 1 1
Fa(x) = Zx4—§x2~l—z if x| < 1,
2 1 2
— [ — P —x )+ — ifx>1.
14+8\2+6 246
Then f1(x) := Fj(x) = x|x® —x and fr(x) := F5(x) satisfy (A1) and (A2).
Proof. (a) Since f(x) = x> — x, we have the lower bound f'(x) = 3x2 —1 > —1 =: —Cy.

Moreover, we note f”(x) = 6x. Then, for a, b € R, Taylor expansion yields
) = fl@) = fi0)(b —a)+ f"B)b —a)*/2+ f"(B) (b - a)’ /6.
We multiply this identity by —(b — a) to obtain
—(b—a)(f) — f@)=—f'B)b—a) - f' b)Y —a))2— (b —a)
< —f'(b)(b—a)* — 6b(b —a)* /2.

(b)Leta # b € Rand f € C'¥(R). By the mean value theorem f(b) — f(a) = f'(£)(b — a)
for some & € (min(a, b), max(a, b)) and there is a constant Cs such that

f'@&) = f1(b) = —|f' &) — f'(b)| = —Cslg — b* > —Csla — b|°.
Thus the assertion follows upon multiplying

fb) - f(a)

> = f'(&) = f'(b) — Cslb — al’
—dad

by —(b — a)>.
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(c) We first note f](x) = (14 8)|x|®> — 1 > —1 and then check f; € C!*(R): Without loss of
generality assume |a| < |b[; then

IA(B) — fl@] =1 +8|b]° —lal’| = (1 +8)(Ib]° — |al®)
<A +8)Ib —a| +al)® = |al®) < (1 +8)(Ib — al® + |al® — |a|®)
=(148)|b—al’,

where in the last inequality we used that for § < 1 the mapping x > x? is concave. We easily

verify that f> and fz/ are continuous at x = +1. Moreover fz/ is Lipschitz continuous on [—1, 1],
hence | f3(b) — f3@)| < Clb —al = Clb —al'®1b —al® < 2'7°C|b — al® =: C|b — a|® for
all a,b € [—1, 1]. By the same arguments as above, we see that fz/ is Holder continuous with
exponent § on the intervals (—oo, —1] and [1, 00), and by the triangle inequality we conclude that
fr e CHO(R). O

We consider discretizations of (P) using piecewise affine continuous finite elements for the
quantities p and w. Owing to the boundary conditions employed, the proof of an inf-sup condition is
a straightforward matter. For related estimates for the biharmonic equation with different boundary
conditions and Ciarlet—-Raviart mixed finite elements, we refer the reader to [|6]. Based on this stable
pair, we specify in Section[5]a discretization of (P) for a particular case (CL), where A is related to
linear elasticity.

We consider shape regular meshes 7 without hanging nodes, which consist of simplicial
elements and define the 7 -elementwise constant function A7 : 2 — R by h7|x := diam(K)
for all K € 7. The set of all element faces within 7 is denoted by £(7), and | JE(T) is the
skeleton {x € 2 : x € E,E € £(T)} of T. To each edge E € £(T) we assign its diameter h
and introduce the function hg € L (| JE(T)) that satisfies hg|g = hg for all E € £. The space
of elementwise affine continuous functions is denoted by S. On the subspace S of finite element
functions having mean value zero, the discrete inverse Laplacian A;,}l . S — & satisfies

(VA;}: vh, Vop) = —(vp, @)  forall vy € S and o €S.

The operators Az and divy satisfy A7enlxk = A(enlk) for all p € Sand K € 7 and
divy &g = d1v($h |x) for all 7 -elementwise affine vector fields E To each face E € £ we assign
a unique normal vector 7 and denote the neighboring elements K+, K~ € 7 in such a way that
E = K™ N K~ and the normal # points from KT to K~. Then the jump operator is defined by
[el := @lk+ — @| k- for all T-elementwise affine functions ¢. Let0 =1y <t; < --- <ty =T be
a partition of the time interval [0, T']. At time step j the mesh is denoted by 7). Throughout this
article, we abbreviate SU) := S(7W) and £V := £(TW)).

DEFINITION 2.2 (a) Let (p, w) € Xcpg be the solution of (P) and (pp,, wy) a conforming finite
element approximation. For almost all € [0, T'], we define the errors

Gii=ph—poER, éi=pp—p—& €H (), ex:=wy—weH (Q).

We set o, := pp — €1 and introduce z := —A;,le
(b) Fors € (0, T) the residuals R;(s), Ra(s) € H'(£2)* of the approximation (pp, wy,) are
(@, R1) == (Voo Vwn) + (. 9 on) forallp € H'(2), (4a)
(W, R2) := y(Vyr, Vou) — (W, wp) + ¥ (W, f(on) + Apyp)  forall yy € H'(2). (4b)
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REMARK 2.3 (a) Because of é; € I-OII(.Q), by Poincaré’s inequality there is a constant Cp,
depending only on £2, such that [|é, || ;2 (o) < CplIVé1ll 2(s)- We will repeatedly apply Young’s
inequality with a positive factor ¢ > 0 to insert appropriate powers of y:

1
o 112 _ o o 112 - 2
||€1 ||L2(Q) - (velv VZ) < 8||v€1 ”LZ(Q) + 48 ”VZ”LZ(_Q) (5)

(b) If ,5;(10) = po and a fixed triangulation 7U) = 7O for j = 1,..., M is used, or if 7 is a
refinement of 7~ for all j > 0, then &; = 0.
We note that if the finite element solution coincides with the exact solution then the residuals

vanish. In order to derive an error equation, we choose ¢ = z in {a)), set ¥ = ¢ in (4b) and subtract
the weak formulation from the definition of the residuals, i.e.

<Z7 R1> = (VZ, V62)+<Z7 alé1>+<zv 815/1)9 (63)

. . . 1,

(@1, Ra) = v Vel q) = (Groe2) + 21 f (on) = f(0) + Aoy = Ap). (6b)
Note (z,0:é1) = —(z,0;Az) = (Vz,0,Vz) = %%HVZH%Z(Q) and (z, 0;pp) = O because z €

H'(£2). By definition of z we have (&, e2) = (Vz, Vey). Thus, when adding (62) and (6b), the
mixed terms cancel and we obtain the identity
ld 2 o 12 . 1. -
EE”VZ”[)(Q) + V”Vel”Lz(_Q) = (Zv Rl) + <elv Rz) -V (elv A@])

— v 1, flon) — f(p) + Aéy). 7

3. A posteriori error estimate

Besides the error representation our main result needs two more ingredients. First, we need
residual estimators 11, 121 and 72 such that

(o, R1) < mlIVell2ey, (¥, R2) < maillVll 2y + m22llv il 2oy (3)

for almost every ¢t € [0, T]and ¢, ¥ € H! (£2). The estimators depend on the specific discretization
scheme used. When A is given by linear elasticity, i.e. the elasticity tensor is homogeneous, we
derive in Section E] computable estimates of the residuals R; and R,. Second, we need a lower
bound A* of the spectrum of the linearized operator,

—A*:= inf (—A —ny) < inf —A, 9)
s€[0,T] s€[0,T]

where —A is the principal eigenvalue of the linearized operator at the corrected discrete
approximation oy, i.e.

_ VIVl g + 7~ a ' @aNa) + v~ (g, Ag)
—XA(s) := inf .

gert @)\(0) VY1135 0
y=—4y'q

(10)
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LEMMA 3.1 (a) If (A1) and (A3) hold then

1. . (Crta)? 1o
—y N1, flon) — f(p) + Aé)) < fTuvZniz(m + 37 IVél7a )

—y @, FB) — fon)).
(b) Let —A* as in (9) be a lower bound for the principal eigenvalue —2 in (I0). If (A2) holds then

—y 1@ Flon) = f(0) + Aé) < AIVzl o) — v @1, £ @) — £ (on)

o C5 o 112
+ VIVe 20 + I8 Ol 1720s -

(c) Letn1, n21 and 122 be the residual estimators as in (@) and define

S L N T I L PEN
= m y4'721 y2’722 /6 Ph Pl 2 (o) A etliz2(2)

Then

(z, R1) + (&1, Ra) — y "' (é1, fF(Dn) — fon) + Aé))

<2+1+L V2|12 +14V°2
Sy 32 ” Z”LZ(Q) 2)/ ” el'lLZ(Q)
Proof. (a) From the fundamental theorem of calculus and assumption (A1) we get
-1 ~ -1 Ph / -1 2
Syl @ - =y [ -t <yed,
P

Integrating this identity over §2 and using (A3) we deduce

—y 7 @r, flon) — f(p) + Aér) = —y 11, F(BR) — f(p) + Aé)) — vy (1, flon) — F(Bh))
<y N Cr+@léilag, — v @ f(on) = FBi),

and then @) with ¢ = (Cy + a)y2/4 proves the first assertion. For (b) we set ¢ = ¢é; € I:II(SZ)
in (I0) and thus by definition y = z. To prove (c), we apply Young’s and Poincaré’s inequality to
obtain

y N ér, flon) — f(Bn) < Vﬁlllf(ph) — f(@z)IILz(g)lléllle(g)
C% 2 a 2
< EIF o) = f Bz, + IV 0):

By Holder’s and Young’s inequalities, —%(él, Aer) < ﬁﬁf‘ +soy2||él ”iz(m with some &g > 0,
and applying (5) with ¢ = y2, we have

1DA_<1-2 4ivs, |2 01,12
_;(elv el)\W”A—i_Eoy ” el||L2('Q)+Z” Z”LZ(Q)'
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In the same way we treat the residuals Ry and R; to deduce that

1 .
Nt + V2l + Wnﬁl +eny Vel g,

. 1
(z, R1) + (€1, R2) < 1

2 4vs 2 & 2
+4822)/2r)22+822y “ve1”L2(9)+ 4 ”VZ”LZ(_Q)

Combining the last three estimates and choosing e = 1/8, &9 = €» = 1/16, we get the
assertion. O

REMARK 3.2 Applying (a) and (c) of Lemma[3.1]to (7) we get

d 2 1 . 2 5 (Cf+0l) )

Integration over [0, 7] and application of Gronwall’s lemma leads to

T
7/ 2 200y 3T
sup IVz(s)I12, / Ve 112, ds |:||VZO|| 2 +2/ n ds]e o,
5€[0.7] L (9) 2 0 L=($2) L=(£2)

with Co = (1 4+ 1/32)y3 + (Cr + )2, This estimate has an exponential dependence on y ! and
is only useful for 7 < y>. In [15]] it was pointed out that this would be sufficient for robust error
control if the principal eigenvalue is uniformly bounded after a certain time of order O(y?). Our
numerical experiments in Section [6] show that for general initial data such a bound can only be
expected after some time of order O (y).

LEMMA 3.3 Suppose that § € (0, 1], with § < 4/5 if d = 3. Then there is a constant Cg s such
that

lé11720s o) < Cg 120520 1 VeI 720

Proof. 1f § < 1, then Holder’s inequality with exponents 1/6 and 1/(1 — §) implies
246 2-5
/ [é1] Hdx < H|el| HL]/(S(_Q) ”|el| ”Ll/(] -0@) = ||el||L2(Q)||el||L(2 §/1-8) (2" (11)
If d = 2, there is a constant Cs s > 0 such that

vl e-sr0-9 @) < Cs.sllVull 2oy forallve H'(£2). (12)

Ifd =3and§ < 4/5, then (2 — 5)/(1 — &) < 6, and again there is a constant Cs s > 0 such that
2) holds. Noting [1é111%, ) < IVé1 115, 192113, ), e conclude in either case

/ 1170 dx < 1é11172 o, (Cs.51 V1l 22)* " < €53 1Vl 2 ) I Ve T2 g)-

Letd = 2 and § = 1. According to the multiplicative Sobolev inequality [20, (2.10)] there is a
constant Cg s > 0 such that

ol740) < Cs.sllvlpa@IVoll 2, forallve H'(2)
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and we deduce with Holder’s inequality that

o 13 ° o 112 ° ° °
/Q|61| de < llerllz2@ylleills gy < lletll22)Cs.slléillz o) Vel g

2—
<CEPIVz 5 0, IVEI2,

(Q)| £2)

where in the last line we used ||&; ]2 = (Vz, Vé1) < IVzll 2 IVéill 2 |

L2(2) —

THEOREM 3.4 Let A, := 1+ 1/32 4 (Cy + a)?, ng+ := max(l, sup, (.77 18*(on) | L(s2)) and
define

) 672max(0,Ao+A*)T 1/8 2 3 2 0,Ao+A*)T
pny = <—28) and - p3 = fee” 2O AADT,

Given a tolerance 6 < y>/° ;,L%, suppose the approximation error of the initial values and the residuals

can be controlled by this tolerance 6 in the sense that
V20l 12) + V2IInll 207y < 120 < piuay™?, (13)

_ 0 _(0 _
where 2o := 2(0) = Ay (o — po — (3, — po))- Then

1
sup [IV2() 2 + oy / Ve, ., ds < 6%,
5€[0,T] L@ T 2" J @ d

Proof. Starting from and taking from Lemma a convex combination of y3 times (a) plus
(1 - y3) times (b) yields

3 4ios ; Clys e _
||Vz||Lz(m + 27 Vel Tag) < (@ Ri) + (@1 Ra) =y ™ @, f(Dn) = f (on) + Aé)
+(Cr + ) + (1= yH Azl ]a )

(1—y3)C;s
+ 222 sup gt (on) (e lén 12
4 1€[0,T] LM(Q)

By Lemma[3.T{c) the residual terms are bounded, so that

d 1 . ng:Cs
535 1Vel @) + 77 1Vé L2 ) < 17+ (Ao + ANIVallL2 o) + =l 175% ) (14
To apply a continuation argument as in [19], we define the time interval
Iy := {t €[0,T]:I'(t):= sup ||Vz(s)||L2(m + = y / ||Ve1||L2(_Q) 92}, (15)
s€(0,1)

Since [|Vzoll,2(p) < 0, the interval Iy is nonempty, and because I”(¢) is continuous, Iy is closed.
To establish Iy = [0, T'] we need to show that Iy is also relatively open in [0, T]. Let € Ip. Then
by definition of Iy we have [|[Vz(r)[[ 2oy < 0, as well as

t
f IVér 72 ds < 2y 7107, (16)
0
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Together with Lemma|[3.1] this allows us to bound the superquadratic term with an extra power of 6,

i.e.
f Ié117205 o, ds < y~'C5 000 / 1Vé11172g, ds
0
—5,2-86n2 2—48 2 2—8,,26n2
<2y €50 gchj( 5/5) 6% <205 ui’6”

T
By assumption (13) we have |V ||L2(m +2fy nds < (IVaoll ) + V21200 <
(u26)2. Upon integrating the estimate (14)) in time over [0, ] we deduce, with these two inequalities,

1 t t
2 4 o 12 * 2
”Vz(t)”LZ(Q) + Ey /0 ||V€] ||L2(Q) dS g 2max(0, AO + A ) / ”VZ”LZ(_Q) dS

+ u30% + dng=C5C3 P 0. (17)

We are now in a position to apply Gronwall’s lemma in such a way that the resulting exponent
2max(0, A, + A*)T is independent of )/_1. This yields

”Vz(t)llLZ(Q) + )/ / ”Vel”Lz(.Q) [(M2+4ng*C6CS(S /-1/28)0 ]e2max(()A +A*)T
3 1 1
<=+~ 10% < 26%
[16 * 4} =2
Hence I'(t) < 62 and Ip is also open. Altogether we have proved Iy = [0, T]. O

REMARK 3.5 (a) The theorem above guarantees error bounds that do not depend exponentially
on y~! provided that A* is independent of y~! or T < y. For the latter case we notice that
A Syl (cf below). Then we choose 71 < y and apply the theorem separately on [0, 7]
and [T, T'], in such a way that the error estimate on the first interval ensures the condition for
the initial error on the second interval.

(b) From we see that the minimal polynomial degree in which the error estimate depends on
ylis5,ifd =2and § = 1. If d = 3, due to the requirement § < 4/5 the minimal polynomial
degree is limited by 5/8 > 6. The estimate in [15] yields the same polynomial orders.

4. Estimates for the eigenvalue approximation

In this section we derive a version of estimate (9) following ideas for the a posteriori error estimation
of eigenvalue problems in [21]]. The principal eigenvalue —A from (I0) is well defined since,
possibly after a constant shift, the numerator on the right-hand side is a strictly convex functional.
Hence there is a minimizing g € H! (£2) \ {0} with

Av, AV =y (Vo, Vo) +y T o, fBig) + v (v, Ag)  forallv e H'(2).  (18)

In the discrete eigenvalue problem, we are looking for the smallest number —A and a function
qn € S\ {0} such that

Ay, Agrgn) = ¥ (Yo, Vau) + v~y fGidan) + v~y Angn)  forallv, € S, (19)
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Here, A;l and A are replaced by approximations A;”: and Ay, respectively. If A is related to linear
elasticity, an estimator 14 for the residual (A, — A)gy, is given in Lemma [5.3) below. Keeping the
definition y := —A;lqh in mind, the proof of the following lemma can be directly deduced from
standard a posteriori estimates for the Laplace equation.

LEMMA 4.1 ([23]) Let Cc be the constant related to estimates for the Clément interpolation
operator and define the residual estimator

_ 1/2 _
i = Carlhr (AT Ayran — awll 2@ + Callhd *18; Ayhanllll 2 )

Then
IV(AN'gn — Aypan)ll 2@y < nwn forall gy € S.

In the same way, we also get a lower bound of the form ny; < C||V(A;,1qh — Ag,}iqh) ||L2(Q),

where no oscillation terms appears because g, € S. Hence, with the standard a priori estimates for
the Laplace equation, we can always guarantee sufficient smallness of 1y, for small mesh width /.

DEFINITION 4.2 Given (A, gp) € R x S \ {0} satisfying , the residual R 4 is defined to be
such that for all v € H'(£2),

(v, Ra) = A, Ay'qn) — v(Vv, Van) — y v, f'Bidan) — v~ (v, Agn).
LEMMA 4.3 Let (A, qn) € R x S \ {0} be a solution of and define the residual estimator

_ —~ — 1/2
Ngy = Callhr (Y Arqn+y l(f/(ph)CIh+AhCIh)_AAN;}Qh)“LZ(Q)‘l‘CCl”hg/ y0agnllli 2 e

with the constant Ccy related to estimates for the Clément interpolation operator. If there is an
estimator 74 such that (v, (A, — A)gp) < nal|Vvl| forall v e H'(£2), then

(v, RA) < (ngy + ¥~ 0Vl 20 + Anwall VAR VIl 2y forallv e H'(£2).  (20)

Proof. Forall v € H! (£2) and vy, € S we subtract from the definition of the residual R4 to
find that

(v, Ra) =y (V@ — ), Van) + v~ = v, £/ @ian + Angn) — A(vy — v, Aylan)
— A, Ayhan — Ayt an) + v L@, (An — A)agn).

An elementwise integration by parts and Holder’s inequality imply

(v, Ra)l < D Ih7 @ = vidll 2 I (v Agn — v~ (F B an + Angn) + AAG a2

KeT
—1/2 1/2
+ 3 Mg P = vl 2y Iy 185an 2 )
Ee&

+ Alv, Ay'gn — Aytanl + v, (Ay — Agn)l.

Choosing v, = ITjv to be the Clément interpolant, from standard estimates and Lemma [4.1) we
deduce (20). O



GENERALIZED CAHN—-HILLIARD EQUATIONS 57

Let P; denote the L? projection onto the eigenspace related to the eigenvalue —A, i.e. the space of
allg € Hl(.Q) satisfying . Choosing v = gj and ¢ = P, gj, in leads to

0 = —A(gn, AN Pagn) + v (Vau, VPagn) + v~ (an, f'Bi) Pagn) + v~ (qn, APiqn).

We add this equation to the residual in Deﬁnition where we choose v = Py qy. Because A;l is

selfadjoint, i.e. (Pyqp, Ax,l%) = —(VA;,1 Pyqn, VAX,Iqh) = (A;,1 Pyqn, qn), and A is assumed
to be selfadjoint, we get a representation of the error in the eigenvalue approximation,

(Prqn, Ra)
=—F, 2D
(Prgn, Ay qn)

provided that the denominator does not vanish. Thus the numerical approximation space has to be
large enough to resolve the eigenvectors related to the principal eigenvalue, i.e. P,S # {0}.

THEOREM 4.4 Let —A be the smallest number for which there exists a nontrivial g satisfying (I8,
and P, the L? projection onto the eigenspace related to —A. Let (A, g;,) € (R, S) solve li with
||VA;,}1 gnll2(2y = 1. Assume S is sufficiently large, such that

IV(AN'an — Ayhan) 22y < nvn < 1/4, (22)

and moreover
IVAY @n = Prai)l}2 g, < 1/4. (23)
Then we have the following computable a posteriori error estimate for the eigenvalue:
r—A<na =8y (g, + n)F B llso + ) llgn > +4max(0, —A)'2 + 16 Anyy.  (24)
Proof. For the denominator in (21)), the assumed bound (23) implies
—2(Pogn, Ay'an) = 2(VAY Pogn, VAY an)
-1 2 -1 2 -1 2

= ”VAN P)th“LZ(_Q) + “VAN qh ||L2(Q) - ”VAN (P)th - ‘Ih)”Lz(_Q)

>0+ V(AN gn — Ayyan) + VA7 o) — 1/4,

> (IV(Ay'an — Agpan) 2@ — IV Agranll 2(0)* — 1/4

= V(A3 an = Bgpanlis o) + IV AR, anl 72 o)

—2V(AY an — Agpan)ll 2y IV Ayranll 2y — 1/4
1 1 1

>0+1-2-~--1——-=-,
* 4 474

Hence A — X < 8|(Pygn, Ra)|. Now we apply Lemma[d.3] where we choose v = P, g, to conclude
A =1 <801, + v DIV Panll 200y + 8AINGIV AR Prgill 252
With 22)), (23)) and Lemma4.T| we find that
IVAY Pranllioie) < IVAY (Pran — an)l 2@y + IV(Ay an — Agyam 2
+IVAyanl 22
S12+nnm+1<2 (25)
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To bound ||V Pygnl2(c) We choose v = g = Pig; in @) This yields

VIV PGnl}2 o) = —MIVAY PaanllFa g = v~ (Paan, f'Bi) Paan + APrgn)-

If =& < —A weuse | Pagnll 2oy < llgnll 2o and @ to obtain

VIV P72, < 4max(0, —A) + ¥~ (1 f @) oo + @) llgnll?

and deduce @]) Otherwise, if A < A, nothing remains to be shown since the right-hand side of
(24) is nonnegative. 0

The saturation assumption (23)) in Theorem [.4]is quite commonly used to derive error estimates
for eigenvalue approximation, but it is not clear how it can be verified in practice. To close this
theoretical gap we present an explicit a priori estimate that only requires that the Laplace operator
subject to homogeneous Neumann boundary conditions is H? regular on 2, i.e. there is a constant
Cy2 > Osuchthatif g, y € HY(2) satisfy —Ay = g in §2 and 9,y = 0 on 982, then |||l y2(o) <
Ch2llgllz2 (o). Instead of the difference g, — Prq in the a posteriori estimate, we now consider
q—7I7q, where Z7 denotes the nodal interpolation operator. Then we have the interpolation estimate

lg — Z7qll 20y + hIV(@G — T7) 20 < Czh2 1D 12 (0)- (26)

Analogous to the above, we need a suitable a priori estimate for (A, — A)gp. This can be
obtained by standard methods, if A is the operator related to linear elasticity (cf. Lemma [5.3).
From standard a priori estimates for the Laplace equation we get a constant Cyj > 0 such that
||V(A;lqh - A;,,lqh)lle(g) < Cnnhllgnllp2 (o) for all gn € S. The optimal constant C_j ; such

that ||VA;1v||L2(Q) < C:ll IVl 2oy forall v e 1-011(.{2) is needed to get an a priori estimate for
the principal eigenvalue —A. We note that C:llyl < C12>-
THEOREM 4.5 Assume that the Laplace operator subject to homogeneous Neumann boundary

conditions is H2 regular on £2 and suppose there is a constant C 45, > 0 such that (g, (Ap—A)gn) <

CAhh||th||iz(m for all g, € S. Set

g0 := y% 4+ Ca +max(Cp, CH)I f' Bl (2),
£ = (2)/280C31’1 +4(Cy +(¥)2)1/27
& 1= (80CH2(V2C31,1CP + 81)CITCP/2)1/2'

Assume & is sufficiently large so that 2)/_282/’1 < 1/2 as well as y‘l (48%/2(;1) 4+ ¥Y)Cnnh < Cp,
and define

£3 =262 + CNh(4)/8i/2 +y%/Cp)/2.
€4 1= €163 + £2(4e2 + £3/Cp).

Then the error of the computed eigenvalue is bounded by

A— A<y [Qy? + 680)(e1 + e/ (4e2))ea + Y2 Can(er + 1/ (4e2))*1h.
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Proof. In a first step we derive a priori bounds for ¢ and |1|. From the definition of the principal
eigenvalue —2 in (T0) and (A3) we get

Ivol2,
A<y P+ CRIF Bl + Ca)inf  ——— S <yl C? @)
veri @\ IVAR VI, o)

Let (A, g) satisfy with ||VA;,1q||Lz(_Q) = 1. We choose v = ¢ in || to infer with (A1), (A3)
and (9) that

VIVl = —MYAY G720 — v @, B0 — v~ (a, Ag)
<M+ (Cr +@llgll7a g,
<M+ 2y (Cr + P IVAY 120 ) + %”Vﬁluiz(m«
From (27) we deduce the estimates
IVal72) < 2r260C2)  +4y~H(Cr +)® =y~ el (28)
1911720 = —~(VAY'4. Vo) < IVAY' gl 12 IVal 20y < v e (29)

We note | Ay'qll 20y < CpIIVAY'qll 2@y = Cp to conclude from the strong form —AAy'q =
yAq —y ' (f'(Pr)g — Aq) and the assumed H? regularity that

<y ' CralMIAY qll 2y + v I Ba + Aqll 2]
<y 2Cply IMCp + (Crll ' B lliL=@) + CIVal 2]
< V_ZCHZ(EOCELICP +y 2e0e1) = y 263 /(C, Cp).

1D%q |l 120

The second step consists in the construction of a discrete approximate e1genfunct10n We define
the mean value corrected nodal interpolant ITq =T7rq — 2171, Zrq) € S. Then the triangle
inequality and g € H'(£2) lead to

lg —Z7qll 20y < 2C7,h* 1 D*ql 120y < 2h%y 4263/ Cp.

Since for any v € H! (£2) we have ||VA;,1v||Lz(Q) < Cpllvllg2(gp). the assumptions on the mesh
width & yield

IVAY' (¢ = T19) 120 < @y 2e2h)* < 1/4. (30)

On the other hand, from the a priori estimate for A;,l we get

CnnhliZ1qll 120y < CNnh(lglli 2oy + lg —Z7qll2(2)

Cninh(y~'e)> +1/(4Cp)) < 1/4.

IV(AN'T1q — A Zr )l 2o

NN

Combining both estimates, from the triangle inequality we get 1/2 < ||VA;,,1qu 222y < 3/2s0
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that we can define g, := fq—q/H VA;;qu l 12(s) and deduce

11— IVANZ1ql 20)| |
IVAZTal 20
<2|IVAY gl 2@ — IVANZTall 2o | IVITql 120
+IVZ1q — P22
<IVE71q = Dlre) +201VITql e
x (IVAN (¢ = T1) | 120 + IV (AN T1q — A3 T1rqll 2 00))
< 2@y 2e2)? + Cnh(y'e)* + 1/@GCPNIVITql 20
+1IVE19 — D20
=y ?e3hIVIrqll 20 + IVTTq — D120y,

where we applied (30) and the assumption on the mesh size in order to reduce the polynomial
dependence on y ~!. From and , we conclude

IV@n — D20y < v 2e3hlIVal 20y + A+ v 2esh)IVTrq — 9l 20
<y Yeresh + (14 &3/ (4e))dy =42/ Cp)h = y ~4e4h.

In the third step, we use the definitions of A and A to estimate their difference. Setting v, = g, in
(T9) and using the minimality of —A we get

—A <YVl 200, + G f' @G + @ns AT + v~ @ns (An = AGn). 31
Upon adding (T8)), where we choose v = ¢, we obtain
=A< yUIValTa g = IValGag) + 7~ @, (An = A)Tn)
+ v Y@, F BT — (. @D + @n. AGr) — (g, Ag)).

In order to apply the binomial formula a’? —b% < 2a (a — b), we define the shifted, positive definite
operator B := (f'(on) + soC,?z)Id + A. This yields

= A <y(IVanl7a g — IVal7a o) + v~ (@ B3 — (¢, Ba))
1

IV G — Dl 2 < VIl + IVErq — Dl

— v 0 Ch (Nanl 200y — 17200 + 7~ @ns (An — A)Gh).

For the term containing A, — A, we use the given a priori estimate from the assumptions to estimate
A=A <2y (Vqn, V@ — @) + 2y (BGn. Gh — q)
+2y 7 'e0Cp . G — @) + v T CanhlIVaul3 s o)
<27 1IVGnll 12y IV @ — D2y + 2~ 260lVGnll 2 IV @G — Dl 1200y
+2y'e0Cpl Nl 2 ldn — all 2oy + v CanhlI VGl 2o,
<2y 1Vanll 2@ + 2y 2ol Vanll 22y + v 2ol Vall 2o ly ~*eah
+ v CanhlI VG172 o)

We finally note || Vg, || 22) < ¥ ~2(e1 + €4/(4€2)) to deduce the desired estimate. ([
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5. Application to Cahn-Larché equations

The last missing parts to gain robust error control are the residual estimators. These depend on the
concrete application with a particular linear operator A and on the implemented numerical method.
In this section we present a practical method for a semi-implicit treatment of the general Cahn—
Larché system and derive computable residual estimators in the case of a homogeneous elasticity
tensor.

5.1 Homogeneous elasticity

We assume a small displacement field # so that the strain is approximated by the symmetric gradient
Ew) = %(Vﬁ + vi"). By £(p) := kIp we denote the stress free strain, where I is the unit tensor
and k > 0 is called misfit. For symmetric matrices A, B we define A : B := trace(ATB) =
Zi’j Ai;jBij and the scalar product (A, B)¢ := [, A : CBdx. The elasticity tensor C, which relates
the strain to the stress, may in general depend on p. It is called homogeneous if C is independent
of p. The elasticity tensor C € R¥*4*4xd i assumed to be a symmetric positive definite fourth
order tensor, i.e.

° Cijmn = Cijnm = Cjimn and Cijmn = Cmnij forall 1 <1, j,m,n <d,

e there is ¢* > 0 such that A : CA > ¢*|.AJ? for all symmetric matrices A € R*4,

Following [16], the elastic energy can be modeled by

_ . o
W(p, Eu)) := z(g(u) —&(p)) : C(Em) — E(p)).

Since the time scale of mechanical relaxation is much smaller than the scale at which diffusion takes
place, we may assume an equilibrium state governed by

0 =div(C[E®@) — E(p)])  in £2.

When the natural boundary conditions 7 - (C[£ (i) — I3 (p)]) = 0 are prescribed on all of the domain
boundary 92, then # is not uniquely determined by this equation. From the solution space we have
to exclude the kernel of £, which contains all rigid body motions. This does not affect the elastic
energy because W (p, £(ii)) depends only on £ (i), not on # itself. The set of all infinitesimal,
linearized rigid body motions is given by

{x,y) > (a,b)+c(y,—x):a,b,ceR, (x,y) € 2 C Rz} ford =2,

RM(R2) =
(62) x>a+cxx:a,beR3 xe R cR3 ford = 3.

We denote HI%M(.Q) = (HY(2))? /RM(£2) and define the solution space of the Cahn—Larché
system to be
XcL := Xcu x L%([0, T1, Hgp(2)).

In the weak form we seek the solution of the following problem:

Given p(0, x) = po(x) € Hl(.Q), find (p, w, #) € XcL such that for almost all ¢ € (0, T),
(EE), £ — E(pe =0 forall § € Hyy (%),

(@, 8:p) + (Vo, Vw) =0 forall g € H'(£2),

(W w) —y (VY. Vo) =y~ (, f(p) + W(p,E@))) forall y € H'(2).

(CL)
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If the elasticity tensor C is homogeneous, the first equation of (CL) defines the linear solution
operator D! : p > u, and the contribution of the elastic energy to (CL) is

W(p, E@)) = —l: CEW@) — E(p)). (32)

In the next lemma, we show that the mapping p — Ap = W (p, £(i)) satisfies (A3).

LEMMA 5.1 There is a constant C¢ g such that for given p € L%(£2) and 4 as in (CL) we have
”Vﬁ”LZ(Q) < KCC,K”:O”LZ(_Q)~ (33)

Moreover, the linear operator A : p — W(p, E@)) = —«I : C(E@) — E(p)) is selfadjoint and
there are constants o, C4 > 0 such that assumption (A3) is satisfied, i.e.

= (0, Ap) < allpll}s g, forall p € L*(£2),
W, Ap) < CallVY 1200 I Vol 2y forall p e H'(2).

Proof. Since we excluded rigid body motions, we can apply Korn’s inequality. On the other hand,
C is positive definite. Together this yields

_ IR R
Ck IVl ) < (EG@). £G@)) < —(EGD), E@)c. (34)
C

By choosing é: = u in (CL) and employing Holder’s inequality we infer

1 -
-2 - _ =y L
Vil 2 o) < oo €)@ = /Q p&(ii) : Cldx
K - -
< *Cx ||P||L2(.Q)||5(u) : CH”LZ(Q) < KCC,K||,0||L2(Q)||VM||L2(Q)

with some constant C¢ g > 0. The symmetry of C implies that A is selfadjoint and

(p, Ap) = — fﬂ xlp : C(E@) — E(p)) dx = —(E(p), E@) — E(p))c
= —(E@), E@)c + EP), E(p)e = —c*Cx Vil 72 ) + k101720

Upon setting ¢ = max(0, Kz(Cch, x — 182]))c* we get the lower bound for A. For the upper
bound, we set 5: =D~y and v = D~!p. An application of Holder’s inequality, and yield

(W, Ap) = —(EW), E@) — E(p))e = —(EE), E@))e + EW), Ep)e
< (EE).EENPE®), @G + kL CLIYliL2llol 20

< CRIVEN 2o IVE N 2() + 71 CICHIVY 1211Vl 120

<

(Cxk2Ch ¢ + 1T CICHIVY 21 Vol 120y

which implies the asserted estimate. O
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5.2  Numerical scheme and residual estimates

We define Spy := S9N HI%M(SZ) and propose the following decoupled semi-implicit numerical
method to approximate (CL):

Given the approximations p}(lj D at time tj—1, first compute ﬁ;lj ) e Slg\zl

such that for all §h c Sl({ﬁ,
0=(EE), EG@) =TV o )es

(CLy) then compute (p;lj), w}(lj)) e SU) x 8Y) such that for all ¢, ¥, € SV,
(ons py) + 75 (Von, Vw ) = (94, TV ™),
Wi wy) — v (V¥n. Vo) — y ", £/@P 05 )0
=y W, @0y ) = @D o )
+y W, W@V, £@)).

Each time step is decoupled into an elasticity part and a Cahn—Hilliard part. Existence of a unique
solution can be shown by standard methods. Because the elasticity tensor is positive definite, the
elasticity problem is elliptic and a unique solution is guaranteed. Owing to the validity of an inf-sup
condition, unique solvability of the discrete system is guaranteed if 7 < Cy?/|| f/(Z/) p;l] 71)) ”iw’
which is the same condition as for a fully implicit scheme considered in [24]. The scheme (CLj)
is equivalent to performing one Newton iteration step within each time step of an implicit Euler

discretization. From (CLj,) we extract the approximated linear operator A as

AT 0" = W@ p 7Y, £y
With this choice of A, the discrete eigenvalue problem (I9) is well defined, and in the lemma below
we show that A, satisfies the assumptions of Lemma.3|and Theorem

DEFINITION 5.2 _For p, € Lf(.Q) given, denote by i, the finite element solution of 0 =
(E&n), E(p) — E(pp))c for all &, € Spm. The residual Rs is defined as

(€, R3) == (E(), EGin) — E(on))e  forall € € Hpy(R2). (35)

LEMMA 5.3 Suppose C is homogeneous and let W (p, £(ii)) be given by (32). Let A : p
W (p, E(m)) with u defined by the first identity in (CL). Similarly, let Ay : pp — W (o, E(Up))
with i), as in Definition[5.2] Set

Ta = lh (@div CIEGR) — Em D) 20y + 1 T - CEGIR) — EoNTIl2ue)-

Then, with n4 := kCpC¢ g Cci7ja, we have

(€, R3

) STaCallVEl 2 forall§ € Hiy(£2),
(¢, (Ap — A)pp) <

allVell2g  forallp € H'(2). (36)
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Under the assumption of H? regularity of the elasticity equations in the sense that ||| HA(2) S
ClIVpnllp2(g), there is a constant C4p, > 0 such that we have the a priori estimate

|(ons (A = i)l < CanhllVonll 72

Proof. Let § € HI%M(.Q). By Galerkin orthogonality we can insert the Clément interpolant of é’
in (33). Using elementwise integration by parts and applying standard estimates we get

(€. R3) < TACCllVEll 2 (-

Define 3 := D~ !p;. Then App = —«1 : C(E®) — E(pp)) and for ¢ € HI(R2) set & := D lg.
Since up — v € HéM(.Q) is an admissible test function, we have

(. (An — A)pn) = (E(p). EGiin) — E@))e
= (&), EGin) — E@)e = EE). Ein) — E(om)e = (€. R3).
With Lemma [5.1] and Poincaré’s inequality we infer (36). For the a priori estimate, we choose

¢ = pj, and apply Holder’s inequality to deduce

|Gon (A — A )| = [(E@), Ein) — E@)el < (E@). E@N Y (Ein — D). En — 1)
<

*CkIVI[ICh|D* 12,
due to (34) and standard a priori estimates for linear elasticity with a constant C > 0. We finish the
proof by using and the H? regularity of . O
LEMMA 5.4 Let (p}(,j), w,(lj), u;j))jzowN be the solution of (CLjy) and let (pj, wy,, up) denote the
piecewise affine in time interpolation. Set /) := max(||p;l]_1)||Lm(9), ||p}(lj)||L00(Q)) and 1) =

[—rD, rD]. Let nf“j) be as in Lemma Define the residual estimators nij) = Ccmgl) + ni{)
+ ”ijc ). where

. ) ' N ; 1/2 j

2D = o @ (0P — D™ = A2y + 1122 180 2 e,
! - -1

my = CplVuw = Vu ™Vl g),
) _ . i—1 j—1

ni = CPIZV o ™0 = 0 Vi),

. . co
nst) = Camsl)y, + s + v ¢ + 0,

nsh = hro i +yAze e =y AP0 ™) + W@V £
+ /@00 =290 D20y + v g 10 W2 e,
nsh = v IV, = 0" Dlia),
n =y sl
ngor = Ny = wi/ Pl + v I aon 10y = 0 Vi)
+y W, €GN = WV € Na),
nsh =y WG Y €M) - W@ ol TV, G e

e 7 o m e
nsh = v o) = F@Pp! ™) = @0 "0y = o T M2

where

(O]
Wy
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Then, for almost all s € (tj-1,4),j=1,..., N, we have
(0, Ri1()) <0 1IVoll g forall g € H'(2), (37a)
(W, Ra(9)) <05 IV Il 20y + 052 W1l 12y forall v € A'(2). (37b)

Proof. We add and subtract terms to the residuals defined in Definition [2.2] so that we split the
residuals into Ry (s) = RY) + Ry, (s) + R and Ra(s) = RY) + Rai(s) + RY + R + (A —
Ap)pn, where the subscripts ¢, £, h and ¢ refer to coarsening, hnearlzatlon space dlscretization,
and time discretization residuals, respectively. The space discretization residuals are given by the
discrete operator applied to test functions in the whole space HY(0),

. R =17 (. o) =TV ") + (V. Vu), (382)
(W, Ry =y V¥, Vo )y 4y, 1@ )0y =TV 0 ) = (v wy)
+y W f@ )+ w@Dpd Y Ey)). (38b)

The linearization residual is
' - ' H (-1 H (-1 ' H (-1
W RS =y s o) = @070 = @0 e =TV ) 39)
and the coarsening residuals contain the remaining explicit terms in the scheme, i.e.
1 - H (-1 (j
(e, R(”> =y, W(p,,f ) s(u}”» W(I<f>p,§f L @M. (40b)
Finally, the time discretization residuals are given by
(@, Riu(s)) = (Vo, V() = Vo), (41a)
W, Rau()) 1= 7 (VY V() = Vi) — (0, wa(s) — i)

v @ Fon() — F(o) + Wpn(s), EGin(s))) — W(py ™V, £@y)).
(41b)

With Lemmawe can directly estimate (1, (A—Ap)pn(s)) < (ng)—kng 1))I|V1//||Lz(_(2) because
pn is affine in (¢j_1, ¢;). By Galerkin orthogonality we can insert the Clément interpolant I7j,¢

into the space discretization residual R%). Then, by elementwise integration by parts and standard
estimates, we conclude

1
0. R =3 (oMo, (0 =TV ") = Agywn) + Y (¢ — Mg, [0, 1)
KeTW EcEW)

< CamnllVellL2q)-

Analogously, we infer (1, R;{l)) < Ceinain ||¢f||Lz(_Q). Since p; and wy, are affine in (¢;_1, t;), by
Holder’s and Poincaré’s inequality we conclude

1 i i—1 i—1
(0. Rie) < 77D 07" = o "V 2y 10l 1200 < Micl Vol 2
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and in analogous way (¢, Rii )) < 778 ) IV@llL2(q)- Further application of Holder’s inequality proves

(W, RSY) < nShy Wl 2y and (W, RS)) < nShL 11w 1112 (q)- The first term of the time discretization
residual Ry, (s) is estimated with 1,;,. Moreover, W is linear with respect to £(i) and for each
x € §2 there is some r between py (s, x) and ,o}(l] )(x) such that

Flon(s. ) = f(py” () = F1 ) on(s, x) — o5 @) <N N peony oy’ @) — o3/ P @)1

Then, by Holder’s inequality, we deduce (i, Ré{)) < 77;{3||VW||L2(9) + Uéé;||¢||L2(g)- a

6. Numerical experiments

In this section we illustrate the theoretical results of the previous sections and analyze the asymptotic
behavior of the estimators as well as the range of applicability of the a posteriori error estimate. In
particular, we are interested in the endpoints of the time interval in which a uniform bound for
the principal eigenvalue holds. We analyze two prototypical examples of topological changes. The
relevant quantities are the approximate eigenvalue —A(¢) as well as the Ginzburg-Landau energy
E (¢) and the error estimators.

We used the numerical method (CLj) to approximate the nonlinear evolution. A rearrangement
of the estimators in Lemma [5.4] leads in a natural way to local indicators for grid refinement and
coarsening,

1 2 1 \? 1 4
2. 2 2. 2 2
M == 7 Mn + p (nzlh + ;m) o M= e + 72 N22¢-

The discrete eigenvalue problem in the jth time step reads as follows:
Given p}(lj), find (gn, zn, On, A) € SY) x U x Séﬁ x R such that
for all §h € 8]({13[ and for all ¢y, ¥y, € SW,

EVR Y G, £@r) — E@n))e =0,
v(en, qn) — vy (Vop, Vzp) =0,
Y (Y, Van) + v~ @ £ 0 Van + Wgn, EGR)) = — AW, 7).

We solve this problem by a shifted inverse vector iteration. Therefore, we introduce a term
eo(Yn, zp) to each side of the last equation of (EV},). We note that the eigenvalue problem cannot be
decoupled into an elasticity part and a Cahn—Hilliard part, so the size of the linear system to solve
is twice as large compared to each subproblem in (CLj). Due to the constraints related to the spaces

SYW and S](zﬁ this matrix has a large bandwidth, thus it is not well suited for direct solvers.

6.1  Sharp interface limit and detection of topological changes

To check the accuracy of the numerical method we compare the numerical solution to a reference
solution. We therefore neglect elastic effects and consider the pure Cahn—Hilliard problem, i.e.
A = 0. In the sharp interface limit y — 0, the Ginzburg—Landau energy E from converges to
the interface length in the corresponding Mullins—Sekerka problem.
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EXPERIMENT 1 Letr; = 0.55 and r, = 0.2 and choose

po(x) = min(— tanh(m;H) , tanh<m>> .
Y2 Y2

Initially the interface consists of two concentric circles. Then the smaller circle shrinks until it
vanishes completely and the solution reaches a stable state with only one circular interface (see
Figure [2). Given this initial data the Mullins—Sekerka problem can be reduced to a system of
ordinary differential equations for the radii r; and ry (cf. [4] 24]). For y — 0 the Ginzburg—
Landau energy E converges to the interface length 27 |r( (t) +r2(¢)]| (see FigureE[). In the numerical
computations we chose a uniform time step size of © = y%/10. We adaptively refined elements
K € T which the estimator 1, (K) > 1 maxgc7 1, (K'), but limited the mesh size to & < y/16.
Further reduction of step sizes did not lead to a significant change in E(¢) or A(¢).

When the inner interface vanishes, the system undergoes a topological change and the
numerically computed principal eigenvalue shows the expected peak in A that grows proportionally

FI1G. 2. Experiment 1. Left: initial values; right: final state.

0.8 ‘ ‘ ‘ ‘ ‘ ; 8000 :
—y=1/64 —y=1/64
075 --y=1/48]  7000f -y 1/48 .
—-y=1/32 ey ;
¥ so00ll= Y= 1/32 :
N - y=1/24]] ey = 1/24 :
5000} :
0.65¢ 4000} ¥—0
0.6 3000/
2000} :
0.55}
1000}
0.5 .
0 0002 0.004 0.006 0.008 0.01 0.012 0 0002 0.004 0006 0.008 001 0.012

F1G.3. Left: Ginzburg-Landau energy E(¢)/(27) and interface length in the Mullins—Sekerka problem (thin solid line);
right: numerically computed negative principal eigenvalue A(z).
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— eigenvalue A"’ —vy=1/64|

--.curvature K 0.752
1100
50 | 1 0.75
o
w < 0.7481
0.746¢
0.744f
‘ ‘ ‘ ‘ Poamres 0.742!
0 0.002 0.004 0.006 0.008 0.01 0.012 0 0.5 1 1.5 2 25

F1G.4. Experiment 1. Left: curvature of the inner interface in relation to the principal eigenvalue; right: the energy E(¢)
indicates a rapid decay of perturbations in the initial values.

to y~! (see Figure . The relation of the principal eigenvalue to the maximal interface curvature
in the solution is illustrated in Figure ] With decreasing parameter size y, the interface thickness
reduces and larger curvatures can be resolved.

In the given experiment, the moving fronts of the solution show a stable profile across the
interface. The chosen initial data pg does not perfectly match such a profile. Thus, the Ginzburg—
Landau energy E is initially larger than the corresponding energy in the Mullins—Sekerka problem,
but shows a fast relaxation during a time proportional to y (see Figure ).

6.2 Smooth transition layers after T ~ y

In [22] it is stated that perturbations of a smooth transition layer between the bulk phases vanish
within a short time frame. The maximal interface curvature can also be expected to be uniformly
bounded after short times, as long as there are no topological changes. The numerical experiments
below confirm a uniform lower bound for the principal eigenvalue — A after a time period of order
O (y). This is sufficient for robust error control on the whole time interval [0, T] (cf. Remark .
In the following experiments we used 7 = y2/400 and i < y/16.

EXPERIMENT 2 The initial configuration is given by a single circular interface

pox) = —tanh(';'y;f;‘),

where the profile is flat compared to the final state in Experiment 1. During the time evolution, there

are no other changes in the solution than a steepening of the interface profile to — tanh(‘xyl;f;l).

From Figure [5| we see that within a time proportional to y the initially large Ginzburg-Landau
energy E reaches a lower level related to the final interface profile. As required by the error estimate,
the negative principal eigenvalue A reduces to order O (1) during a period t ~ y.

When we prescribe initial values pg with a steep profile close to a jump, the principal eigenvalue
initially takes large negative values of A, which are uncritical with respect to the error estimate.
Again, A relaxes to order O (1) within a time frame proportional to y .
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F1G.5. Experiment 2. Left: reduction of the Ginzburg-Landau energy E(¢); right: negative principal eigenvalue A(t).

EXPERIMENT 3 The initial values take the form
lx| —r
Y2

Here, the circular interface is perturbed by noise on a length scale between the mesh width £ and the
interface thickness y (see Figure[6). As in Experiment 2, the numerical results confirm that the nega-
tive principal eigenvalue drops below an upper bound of order O (1) within a time proportional to y .

po(x) = — tanh( ) + noise.

F1G. 6. Experiment 3. Left: initial values; right: principal eigenvalue —A(?).

6.3  Application to Cahn—Larché equations

We set « = 0.1 and choose the elasticity tensor to be of cubic symmetry by setting Cy111 = Ca22
=2,Cq122 = 1 and Cy212 = 20.

EXPERIMENT 4 We set y = 1/64 and on 2 = (—2,2)?> we prescribe pseudo-random data
representing a mixture with a mass fraction of 48% for one of the phases. Until # =~ 0.0002, spinodal
decomposition takes place. Then regions of pure phases have developed but large parts of the domain
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F1G.7. Experiment 4. Coarsening after spinodal decomposition: snapshots of the solution pj at + = 0.0002, t = 0.0024
and 7 = 0.006. Top row: Cahn-Hilliard evolution; bottom row: Cahn-Larché evolution with the same initial data and cubic
symmetry of the elasticity tensor.

are occupied by interfaces. The subsequent coarsening of the microstructure is known as Oswald
ripening. It allows adaptive coarsening of the mesh while still tracking the moving interfaces with
locally refined elements. In the numerical calculations we set 7 = 32 /64 and limited the mesh width
to & < y /2. While we used a uniform grid with 2 = y /2 until t = 0.001, we afterwards adaptively
refined and coarsened the mesh so that n, < y/(27) and n. < y/(2567), resulting in a significant
reduction in the degrees of freedom (see Figure[8). The anisotropy in the elasticity tensor leads to a
preferred orientation of the phase boundaries in the directions of the coordinate axes (see Figure[7).

EXPERIMENT 5 We choose the same initial data as in Experiment 1, but now we are considering
Cahn-Larché equations with material parameters as in Experiment 4. First, we set y = 1/32. On a
uniform grid with 4 = 1/256 and using = y?/32, the indicator 7;,(r) is bounded by 6 := y /(41).
Figure [9] shows that the required amount of degrees of freedom to guarantee (1) < 6 = y/(471)
and even 1y, () < 6/2 is far less on nonuniform grids that were adapted according to the indicator j,.
Next, we simulated the same problem on several uniform grids, where we varied /& between 1/128
and 1/512 and set T = 16y 2h. For each simulation, we computed the quantity ||7]| 20,77 that
enters Theorem@ The numerical results in Figurel?l show |71l 12(10.0.012]) ~ h» Which is known to
be the optimal scaling when approximating a linear parabolic problem with P1 finite elements and an
implicit Euler time discretization with T ~ h. We also analyzed the dependence of |9l 2o, 77) on ¥ -
On a uniform mesh with 4 = 1/256 and T = h /128 we performed several simulations where y was
varied between 1/16 and 1/64. From the results in FigureElwe conclude (71l 72(0.0.0127) ~ y~ 12
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x 10 x 10

_________________________________ M, <0=v/4)|
8 4 2r _ _T]hSe/z i

_ uniform, n, <0,

6r 1 15¢ . ]
-,~\,..|~_,~-""-'-‘-~..'~"*~\
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F1G. 8. Degrees of freedom over time. Left: in Experiment 4, coarsening of the microstructure allows an overall reduction
of degrees of freedom over time. Right: Degrees of freedom required in Experiment 5 to ensure n, < 6 = y/(4tr) on a
uniform and on adaptively refined meshes.

‘ ; i T T T 10 ‘
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FI1G.9. Asymptotic behavior of ”'7”L2([0,T])' From Experiment 5 we see ”'7”L2([0,0.012]) ~ h (left) and ”'7HL2([0,0A012]) ~
y*7/2 (right).

6.4 Merging of particles

EXPERIMENT 6 We choose initial values pg that describe two circular particles, where one is
slightly larger than the other. The radius of the larger particle is 1/6 whereas the radius of the other
one is about 5.5% smaller. During the time evolution, the larger particle grows whereas the smaller
one shrinks and is finally absorbed by the larger one by diffusion (see Figure[10).

The numerical experiment underlines the importance of tracking the approximated principal
eigenvalue. As required for the error control, A(z) stays uniformly bounded with respect to y ~! as
long as there is no topological change in the solution. The critical point in time, when the smaller
particle vanishes, is a priori unknown but can be detected by a peak in A(z) that is proportional
to y 1. To illustrate the influence of the elasticity we compared the numerical solution with the

results of a simulation where elasticity was neglected but all other parameters have been kept fixed
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F1G.10. Experiment 6. Merging of two particles; snapshots of the solution p of the Cahn-Larché equation with
homogeneous elasticity and y = 1/32 are shown for 7 = 0, = 0.282 and t = 0.3.

1800

-y =1/48
16001 ___y_ 1/30 ol
1400f ~v=1/24
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-0.2-
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FIG. 11. Experiment 6. Left: Numerically computed eigenvalues. The singularity reflects the topological change when the
smaller particle vanishes; right: comparison of the interface shape when elastic effects are neglected (dashed lines). Isolines
W) (x) = 0 are shown at times short before and after the vanishing of the smaller particle.

and the same initial data was used. Due to the anisotropy of the elasticity tensor the interface shows
a more square like shape, compared to the pure Cahn—Hilliard case, where particles always develop
a spherical shape. Moreover with elasticity included, the particles stay at a larger distance from each
other (see Figure[TT).
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