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Ice melts at 0◦C under a pressure of 1 atm, and increasing the pressure decreases the melting
temperature. In the present paper, a new problem is posed that describes the process of phase
transition in an incompressible viscous fluid, taking into account the above-described pressure effect.
This problem is described as a free boundary problem in terms of the Navier–Stokes equations
coupled with the heat equation, where the equilibrium temperature is assumed to be related to the
pressure by the Clapeyron–Clausius equation. We prove the existence of a global-in-time solution.

1. Introduction

Let Ωt be a time-dependent bounded domain in R3. Let the boundary of Ωt consist of two
pieces, namely, a time-dependent piece Γt and a rigid piece Σ . Let Ωt represent a liquid region,
and Γt represent an interface with another phase. In Ωt , the velocity v, the pressure p, and the
temperature T are assumed to satisfy

∇ · v = 0,
∂v

∂t
+ (v · ∇)v +

1
ρ
∇p − ν∆v = 0,

∂T

∂t
+ (v · ∇)T −

κ

ρCp
∆T =

2ν
Cp

D(v) : D(v),
(1)

where ν, ρ, Cp, and κ are the kinematic viscosity, the density, the specific heat at constant pressure,
and the heat conductivity, which are assumed to be positive constants, and D(v) is the velocity
deformation tensor with elements (D(v))ij = 1

2 (
∂vi
∂xj
+

∂vj
∂xi
) (i, j = 1, 2, 3). Equation (1) includes

the Navier–Stokes equations and the heat equation with transport and viscous dissipation terms.
On Γt , we assume the following conditions, which are derived by applying the laws of conservation
of mass, conservation of momentum, and conservation of energy across the interface (see, e.g.,
[7], [14]): v · n =

(
1−

ρe

ρ

)
V, T(v, p)n = [v(v − V n)t ]n− pmn,

lρeV = −κ∇T · n, T = Tm,

(2)

where ρe and l are the density of the solid and the latent heat, which are assumed to be positive
constants, Tm is the equilibrium temperature, n and V are the unit normal to Γt pointing into the
liquid region and the normal velocity of the interface, respectively, and T(v, p) = −pI+ 2νρD(v)
is the stress tensor. The notation at is used for the transposed vector of a. In addition, we assume
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that the equilibrium pressure pm at the interface is given by

pm = −
ρρel

ρ − ρe
(ln Tm − ln Tc), (3)

where Tc is a constant, and, for convenience, instead of T , Tm, we take T −Tc, Tm−Tc as unknowns
and denote them by T , Tm. To complete the problem, we give the boundary condition on Σ ,

v|Σ = 0, T |Σ = H, (4)

and the initial condition
(v, T )|t=0 = (v0, T0) on Ω̄ ≡ Ω̄0. (5)

When two phases are in equilibrium, a variation in pressure induces a corresponding change in
temperature. This is an important consideration in technological applications. For example, the use
of pressure as a factor in controlling crystal growth has been reported [8], [11], [19]. In order to take
into account this pressure effect, we adopt the condition (3) as a thermodynamic condition at the
interface. This is achieved by integrating the equation

dpm

dTm
= −

ρρel

ρ − ρe
·

1
Tm
, (6)

known as the Clapeyron–Clausius equation.
The Stefan problem is a mathematical model describing the process of liquid/solid phase

transition. If the liquid region is assumed to be stagnant, this problem is formulated as a free
boundary problem for the heat equation, in which the unknowns are the interface separating the
liquid region and the solid region and the temperature distributions in both regions (see, e.g., [13],
[15], [25]). Since the 1980’s, more generalized Stefan problems, which describe the phase transition
in flowing media, have been investigated in mathematics (see, e.g., [1], [2], [4], [5], [9]). However, in
many cases, in the formulation of models, the melting point is given independently of the pressure,
which means that the pressure effect mentioned above is neglected. The primary difference between
the problem examined in the present paper and the models considered in earlier studies is that such
a pressure effect is taken into account. This is a new problem, and as far as the authors know, there
is no mathematically exact result.

In the present paper, we prove the unique (global-in-time) solvability of problem (1)-(5). The
basic concept of the proof is based on a study by Shibata and Shimizu [18], who proved the existence
of a global-in-time solution of the free boundary problem for the Navier–Stokes equations by
iteration based on a maximal regularity result for the linearized problem on the time interval (0,∞).

The remainder of the present paper is organized as follows. In Section 2, we rewrite the problem
as an initial boundary value problem defined in the initial domain and state the main result. Sections
3 and 4 are devoted to the investigation of the linear problem, which is arranged to define an
iteration scheme to obtain the global solution to the nonlinear problem. In Section 3, we consider the
resolvent problem, and, in Section 4, we prove the maximal regularity result. Finally in Section 5,
we solve the nonlinear problem by successive approximation.

2. Reduction of the problem and the main result

The first step of the proof is to rewrite problems (1) through (5) as an initial-boundary value
problem defined in a domain with a fixed boundary. The transformation from Eulerian coordinates
to Lagrangian coordinates was first introduced in order to solve the free boundary problems of the



A FREE BOUNDARY PROBLEM 159

Navier–Stokes equations [23]. This method has an advantage in that no geometric restrictions on the
interface are required, although the following kinematic condition is required. The interface consists
of the same particles as those located on the interface at the initial time. Such a condition cannot be
assumed in the phase transition problem, because mass transfer occurs at the interface. However, in
the model considered herein, the following consideration enables the use of the transformation into
the Lagrangian coordinates.

Let us define v′ ≡ (1− ρe/ρ)−1v. Then we have

∇ · v′ = 0,
∂v′

∂t
+

(
1−

ρe

ρ

)
(v′ · ∇)v′ − ν∆v′ + (ρ − ρe)

−1
∇p = 0,

∂T

∂t
+

(
1−

ρe

ρ

)
(v′ · ∇)T −

κ

ρCp
∆T

=
2ν
Cp

(
1−

ρe

ρ

)2

D(v′) : D(v′) in Ωt × {t}, t > 0,

v′ · n = V,

2νD(v′)n− (ρ − ρe)−1pn

=
1
ρ

[
v′
((

1−
ρe

ρ

)
v′ − V n

)t]
n+

ρρel

(ρ − ρe)2
(ln(T + Tc)− ln Tc)n,

lρeV = −κ∇T · n on Γt × {t}, t > 0,

v′ = 0, T = H on Σ × {t}, t > 0,

v′|t=0 =

(
1−

ρe

ρ

)−1

v0, T |t=0 = T0 on Ω̄.

Note that, in the above problem, the kinematic condition, V = v′ · n, is satisfied. Hence, by the
transformation from the Eulerian coordinates (x, t) to the Lagrangian coordinates (ξ, t) defined by

x = Xu(ξ, t) ≡ ξ +

∫ t

0
u(ξ, τ ) dτ, (7)

where u(ξ, t) is the velocity at time t of the particle located at ξ at t = 0, we can rewrite this
problem in the given cylindrical domain Ωt̄ = Ω × (0, t̄) as follows:

∇u · u = 0,
∂u

∂t
−
ρe

ρ
(u · ∇u)u− ν∇

2
uu+ (ρ − ρe)

−1
∇uq = 0,

∂U

∂t
−
ρe

ρ
(u · ∇u)U −

κ

ρCp
∇

2
uU =

2ν
Cp

(
1−

ρe

ρ

)2

Du(u) : Du(u) in Ωt̄ ,

2νDu(u)nu − (ρ − ρe)
−1qnu

=
1
ρ

[
u

((
1−

ρe

ρ

)
u− V nu

)t]
nu +

ρρel

(ρ − ρe)2
(ln(U + Tc)− ln Tc)nu,

lρeV = −κ∇uU · nu on Γt̄ ≡ Γ × (0, t̄),

u = 0, U = H on Σt̄ ≡ Σ × (0, t̄),

u|t=0 = u0

(
=

(
1−

ρe

ρ

)−1

v0

)
, U |t=0 = T0 on Ω̄,

(8)
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where q = p ◦Xu, U = T ◦Xu, ∇u = (J −1)t∇ ≡ J ∗∇, nu = n ◦Xu, and Du(u) is the tensor
with elements 1

2
∑3
k=1(a

jk ∂ui
∂ξk
+ aik

∂uj
∂ξk
) (i, j = 1, 2, 3). Here, we denote the Jacobian matrix of

Xu by J and the (i, j)-element of J ∗ by aij .
Now, let us introduce the function spaces. Let m > 0, and let 1 6 p 6 ∞. In addition, let

Ω ⊂ Rn. Here, Wm
p (Ω) denotes the space of functions defined on the domain Ω with the finite

norm defined as follows:
If m is an integer, then

‖f ‖
(m)
p,Ω ≡

∑
|α|=m

‖Dαf ‖p,Ω ,

where

‖f ‖p,Ω ≡

(∫
Ω

|f (x)|p dx
)1/p

(1 6 p <∞), ‖f ‖∞,Ω ≡ ess sup
x∈Ω

|f (x)|.

If m is not an integer,
‖f ‖

(m)
p,Ω = ‖f ‖

([m])
p,Ω + [f ](m)p,Ω ,

where

[f ](m)p,Ω =

∑
|α|=[m]

(∫
Ω

∫
Ω

|Dαf (x)−Dαf (y)|p

|x − y|n+p(m−[m]) dx dy
)1/p

.

Next, let ΩT ≡ Ω × (0, T ). Then Wm,l
p (ΩT ) denotes the space

Lp(0, T ;Wm
p (Ω)) ∩W

l
p(0, T ;Lp(Ω))

with the norm
‖f ‖

(m,l)
p,ΩT
= ‖f ‖

(m,0)
p,ΩT
+ ‖f ‖

(0,l)
p,ΩT

,

where

‖f ‖
(m,0)
p,ΩT
≡

(∫ T

0
(‖f (·, t)‖

(m)
p,Ω)

p dt
)1/p

, ‖f ‖
(0,l)
p,ΩT
≡

(∫
Ω

(‖f (x, ·)‖
(l)
p,(0,T ))

p dx
)1/p

.

For the same space defined on a cylinder Ω∞ ≡ Ω × (0,∞), we use the same notation as above,
except that∞ is used instead of T .

Finally, W−1
p (Ω) = W 1

0,Γ,p′(Ω)
∗ denotes the dual space of W 1

0,Γ,p′(Ω) ≡ {φ ∈ W
1
p′
(Ω) |

φ|Γ = 0}, where p′ = p/(p − 1), with the norm

‖f ‖
(−1)
p,Ω = sup

{∣∣∣∣∫
Ω

f φ̄ dx
∣∣∣∣ ∣∣∣∣ ‖∇φ‖p′,Ω = 1, φ ∈ W 1

0,Γ,p′(Ω)

}
.

The following is the main result of the present paper.

THEOREM 2.1 Let 3 < q <∞. Assume that

u0 ∈ W
2−2/q
q (Ω), T0 ∈ W

2−2/q
q (Ω), H ∈ W

2−1/q,1−1/2q
q (Σ∞), Γ = Γ0 ∈ C

2, Σ ∈ C2.
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Then there exists a constant K such that if ‖u0‖
(2−2/q)
q,Ω + ‖T0‖

(2−2/q)
q,Ω + ‖H‖

(2−1/q,1−1/2q)
q,Σ∞

6 K2,

then problem (8) with t̄ = ∞ has a unique solution (u, q, U) ∈ W
2,1
q (Ω∞) × W

1,0
q (Ω∞) ×

W
2,1
q (Ω∞) satisfying

‖eγ tu‖
(2,1)
q,Ω∞

+ ‖eγ tq‖
(1,0)
q,Ω∞

+ ‖eγ tU‖
(2,1)
q,Ω∞

6 K

for some positive constant γ .

3. Resolvent estimate

In this section, we consider the following problem:

λu− ν∆u+ c0∇q = f, ∇ · u = g,
λU − χ∆U = h in Ω,

2νΠD(u)n = F (= (F1, F2)), 2νD(u)n · n− c0q − c1U = F3,

∇U · n+ c2u · n = G on Γ,

u = 0, U = H on Σ.

(9)

Here, Π is a projection operator on Γ defined by Π f = f− (f · n)n.
The goal here is to prove the following theorem.

THEOREM 3.1 Let 1 < q <∞ and π/3 < ε < π/2. Assume that

f ∈ Lq(Ω), g ∈ W 1
q (Ω) ∩W

−1
q (Ω), h ∈ Lq(Ω), F = (F1, F2), F3 ∈ W

1−1/q
q (Γ ),

G ∈ W
1−1/q
q (Γ ), H ∈ W

2−1/q
q (Σ), Γ ∈ C2, Σ ∈ C2.

Then, for every λ ∈ Σε ∪ {0}, where Σε ≡ {λ | λ 6= 0,−π + ε < arg λ < π − ε}, problem (9) has
a unique solution (u, q, U) ∈ W 2

q (Ω)×W
1
q (Ω)×W

2
q (Ω) satisfying

[u](2)q,Ω + |λ| ‖u‖q,Ω + ‖q‖
(1)
q,Ω + [U ](2)q,Ω + |λ| ‖U‖q,Ω

6 C(‖f‖q,Ω + [g](1)q,Ω + |λ| ‖g‖
(−1)
q,Ω + ‖h‖q,Ω

+ [F](1−1/q)
q,Γ + |λ|1/2−1/2q

‖F‖q,Γ + [F3](1−1/q)
q,Γ + |λ|1/2−1/2q

‖F3‖q,Γ

+ [G](1−1/q)
q,Γ + |λ|1/2−1/2q

‖G‖q,Γ + [H ](2−1/q)
q,Σ + |λ|1−1/2q

‖H‖q,Σ ), (10)

where C = C(q, ε,Ω) is a positive constant.

REMARK The constants c0, c1, and c2 correspond to (ρ − ρe)−1, ρρel/((ρ − ρe)
2Tc), and lρe/κ .

Note that in both cases ρ − ρe > 0 and ρ − ρe < 0, we can assume that c1c2 is positive. This
assumption is essential for the argument in this section and the following section.

First, we prove the existence of the weak solution. By introducing the new unknown functions
u−∇Φ and U − Ū , where Φ, Ū are the solutions of the problems{

∆Φ = g in Ω,

Φ = 0 on Γ, ∇Φ · n = 0 on Σ,
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λŪ − χ∆Ū = 0 in Ω,

∇Ū · n = 0 on Γ, Ū = H on Σ,

we can reduce problem (9) to the problem with g = 0, H = 0. Hence, we assume g = H = 0 in
the following argument.

Through integration by parts, we have

λ

∫
Ω

u · v dx + 2ν
∫
Ω

D(u) : D(v) dx −
∫
Γ

c1Uv · n dΓ =
∫
Ω

f · v dx +
∫
Γ

(F, F3) · v dΓ (11)

and

λ

∫
Ω

UT dx + χ
∫
Ω

∇U · ∇T dx +
∫
Γ

c2χT (u · n) dΓ =
∫
Ω

hT dx +
∫
Γ

χGT dΓ. (12)

Multiplying (12) by c1/(c2χ) and adding to (11), we have

λ

∫
Ω

(
u ·v+

c1

c2χ
UT

)
dx+2ν

∫
Ω

D(u) : D(v) dx+
c1

c2

∫
Ω

∇U ·∇T dx−c1

∫
Γ

(Uv−Tu) ·n dΓ

=

∫
Ω

f · v dx +
c1

c2χ

∫
Ω

hT dx +
∫
Γ

(F, F3) · v dΓ +
c1

c2

∫
Γ

GT dΓ. (13)

The left-hand side of this equality defines a bilinear form Bλ[(u, U), (v, T )]. Then the following
condition is also satisfied:

|Bλ[(u, U), (u, U)]| > C(λ)((‖u‖
(1)
2,Ω)

2
+ (‖U‖

(1)
2,Ω)

2) (14)

for arbitrary (u, U) ∈ W 1
σ,2(Ω) × W

1
0,Σ,2(Ω), where W 1

σ,2(Ω) and W 1
0,Σ,2(Ω) are the function

spaces defined asW 1
σ,2(Ω) = {f ∈ W

1
2 (Ω) | ∇ ·f = 0, f·n|Σ = 0} andW 1

0,Σ,2(Ω) = {f ∈ W
1
2 (Ω) |

f |Σ = 0}, respectively. Hence, the Lax–Milgram theorem implies the following theorem:

THEOREM 3.2 Let W 1
σ,2(Ω)

∗ and W 1
0,Σ,2(Ω)

∗ be the dual spaces of W 1
σ,2(Ω) and W 1

0,Σ,2(Ω),
respectively. Then, for arbitrary λ ∈ Σε , f ∈ W 1

σ,2(Ω)
∗, h ∈ W 1

0,Σ,2(Ω)
∗, F, F3,G ∈ L2(Γ ), there

exists a unique (u, U) ∈ W 1
σ,2(Ω)×W

1
0,Σ,2(Ω) satisfying the equality (13).

Now, let us consider the case of λ = 0. Set f = 0, h = 0, F = 0, and F3 = G = 0. Then, from
(13) we have

[u](1)2,Ω + [U ](1)2,Ω 6 CB0[(u, U), (u, U)]1/2
= 0.

In addition, using Korn’s inequality and Poincaré’s inequality, we have ‖u‖2,Ω +‖U‖2,Ω = 0, and
so it follows that u = 0 and U = 0. Thus, the conclusion of Theorem 3.2 holds for λ = 0.

Now, we proceed to the estimation of the solution. Here, the proof is based on Schauder’s
method. The problem is reduced to the following whole space problem and half-space problems
using a partition of unity: {

λu− ν∆u+ c0∇q = f, ∇ · u = g,

λU − χ∆U = h in R3,
(15)
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λu− ν∆u+ c0∇q = f, ∇ · u = g,

λU − χ∆U = h in R3
+ ≡ {(z1, z2, z3) ∈ R3

| z3 > 0},

u|z3=0 = I, U |z3=0 = H on R2,

(16)

and 

λu− ν∆u+ c0∇q = f, ∇ · u = g,

λU − χ∆U = h in R3
+,

ν

(
∂uj

∂z3
+
∂u3

∂zj

)∣∣∣∣
z3=0
= Fj (j = 1, 2),

2ν
∂u3

∂z3
− c0q − c1U

∣∣∣∣
z3=0
= F3,

∂U

∂z3
+ c2u3

∣∣∣∣
z3=0
= G on R2.

(17)

Before stating the results, let us introduce the following function spaces:

• Ẇ−1
q (R3) = Ẇ 1

q ′
(R3)∗, where

Ẇ 1
q ′(R

3) = {f ∈ W 1
q ′,loc(R

3) | Df ∈ Lq ′(R3)}, q ′ =
q

q − 1
.

• Ẇ−1
q (R3

+) = Ẇ
1
q ′
(R3
+)
∗, where

Ẇ 1
q ′(R

3
+) = {f ∈ W

1
q ′,loc(R

3
+) | Df ∈ Lq ′(R

3
+)}, q ′ =

q

q − 1
.

• Ẇ−1
0,q (R

3
+) = Ẇ

1
0,q ′(R

3
+)
∗, where

Ẇ 1
0,q ′(R

3
+) = {f ∈ W

1
q ′,loc(R

3
+) | Df ∈ Lq ′(R

3
+), f |z3=0 = 0}, q ′ =

q

q − 1
.

For problems (15), (16), and (17), we have the following results.

THEOREM 3.3 Let 1 < q <∞ and 0 < ε < π/2. Assume that

f ∈ Lq(R3), g ∈ W 1
q (R

3) ∩ Ẇ−1
q (R3), h ∈ Lq(R3),

and that g has a compact support. Then, for every λ ∈ Σε , problem (15) has a unique solution
(u,∇q,U) ∈ W 2

q (R3)× Lq(R3)×W 2
q (R3) satisfying

[u](2)
q,R3 + |λ| ‖u‖q,R3 + ‖∇q‖q,R3 + [U ](2)

q,R3 + |λ| ‖U‖q,R3

6 C(‖f‖q,R3 + [g](1)
q,R3 + |λ| ‖g‖

(−1)
q,R3 + ‖h‖q,R3), (18)

where C = C(q, ε) is a positive constant.

THEOREM 3.4 Let 1 < q <∞ and 0 < ε < π/2. Assume that

f ∈ Lq(R3
+), g ∈ W 1

q (R
3
+)∩Ẇ

−1
q (R3

+), h ∈ Lq(R3
+), I ∈ W 2−1/q

q (R2), H ∈ W
2−1/q
q (R2),
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and that g has a compact support. Then, for every λ ∈ Σε , problem (16) has a unique solution
(u,∇q,U) ∈ W 2

q (R3
+)× Lq(R3

+)×W
2
q (R3
+) satisfying

[u](2)
q,R3
+

+ |λ| ‖u‖q,R3
+
+ ‖∇q‖q,R3

+
+ [U ](2)

q,R3
+

+ |λ| ‖U‖q,R3
+

6 C(‖f‖q,R3
+
+ [g](1)

q,R3
+

+ |λ| ‖g‖
(−1)
q,R3
+

+ ‖h‖q,R3
+

+ [I](2−1/q)
q,R2 + |λ|1−1/2q

‖I‖q,R2 + [H ](2−1/q)
q,R2 + |λ|1−1/2q

‖H‖q,R2), (19)

where C = C(q, ε) is a positive constant.

THEOREM 3.5 Let 1 < q <∞ and π/3 < ε < π/2. Assume that

f ∈ Lq(R3
+), g ∈ W 1

q (R
3
+) ∩ Ẇ

−1
0,q (R

3
+), h ∈ Lq(R3

+),

F1, F2, F3 ∈ W
1−1/q
q (R2), G ∈ W

1−1/q
q (R2),

and that g has a compact support. Then, for every λ ∈ Σε , problem (17) has a unique solution
(u,∇q,U) ∈ W 2

q (R3
+)× Lq(R3

+)×W
2
q (R3
+) satisfying

[u](2)
q,R3
+

+ |λ| ‖u‖q,R3
+
+ ‖∇q‖q,R3

+
+ [U ](2)

q,R3
+

+ |λ| ‖U‖q,R3
+

6 C
(
‖f‖q,R3

+
+ [g](1)

q,R3
+

+ |λ| ‖g‖
(−1)
q,R3
+

+ ‖h‖q,R3
+

+

3∑
i=1

([Fi]
(1−1/q)
q,R2 + |λ|1/2−1/2q

‖Fi‖q,R2)+ [G](1−1/q)
q,R2 + |λ|1/2−1/2q

‖G‖q,R2

)
, (20)

where C = C(q, ε) is a positive constant.

We next present the proof of Theorem 3.5. Theorems 3.3 and 3.4 can be proven in a similar, and
simpler, manner.

Proof. In the proof, we use C for various positive constants independent of λ. We seek the solution
of problem (17) in the form

u = U+∇V +w, q = −
1
c0
(λ− ν∆)V + π, U = τ + θ,

where U, V , τ and (w, π, θ) are solutions of the following problems:{
λU− ν∆U = f in R3

+,

U|z3=0 = 0 on R2,
(21){

∆V = g −∇ · U ≡ g′ in R3
+,

V |z3=0 = 0 on R2,
(22)
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λτ − χ∆τ = h in R3

+,

∂τ

∂z3

∣∣∣∣
z3=0
= G− c2

(
∂V

∂z3
+ U3

)∣∣∣∣
z3=0
≡ G′ on R2,

(23)



λw − ν∆w + c0∇π = 0, ∇ ·w = 0,

λθ − χ∆θ = 0 in R3
+,

ν

(
∂wi

∂z3
+
∂w3

∂zi

)∣∣∣∣
z3=0

= Fi − ν
∂

∂z3

(
Ui +

∂V

∂zi

)∣∣∣∣
z3=0
− ν

∂

∂zi

(
U3 +

∂V

∂z3

)∣∣∣∣
z3=0

(i = 1, 2),

2ν
∂w3

∂z3
− c0π − c1θ

∣∣∣∣
z3=0

= F3 − 2ν
∂

∂z3

(
U3 +

∂V

∂z3

)∣∣∣∣
z3=0
− (λV − ν∆V )|z3=0 + c1τ |z3=0,

c2w3 +
∂θ

∂z3

∣∣∣∣
z3=0
= 0 on R2.

(24)

For problems (21), (22), and (23), we have the following estimates:

|λ| ‖U‖q,R3
+
+ [U](2)

q,R3
+

6 C‖f‖q,R3
+
, (25)

|λ| ‖∇V ‖q,R3
+
+ [∇V ](2)

q,R3
+

6 C([g′](1)
q,R3
+

+ |λ| ‖g′‖
(−1)
q,R3
+

), (26)

|λ| ‖τ‖q,R3
+
+ [τ ](2)

q,R3
+

6 C(‖h‖q,R3
+
+ [G′](1−1/q)

q,R2 + |λ|1/2−1/2q
‖G′‖q,R2). (27)

Next, let us prove the solvability of problem (24). To simplify the notation, we denote the
members on the right-hand side again by F1, F2, and F3. By applying the Fourier transformation

F(f )(ξ ′, z3) ≡ f̃ (ξ
′, z3) ≡

1
2π

∫
R2
e−iz

′
·ξ ′f (z′, z3) dz′

to (24), we obtain the following system of ordinary differential equations:

(λ+ ν|ξ ′|2)w̃1 − ν
d2w̃1

dz2
3
+ c0iξ1π̃ = 0,

(λ+ ν|ξ |2)w̃2 − ν
d2w̃2

dz2
3
+ c0iξ2π̃ = 0,

(λ+ ν|ξ ′|2)w̃3 − ν
d2w̃3

dz2
3
+ c0

dπ̃
dz3
= 0,

iξ1w̃1 + iξ2w̃2 +
dw̃3

dz3
= 0,

(λ+ χ |ξ ′|2)θ̃ − χ
d2θ̃

dz2
3
= 0,

(28)
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with boundary conditions 

ν

(
∂w̃1

∂z3
+ iξ1w̃3

)∣∣∣∣
z3=0
= F̃1,

ν

(
∂w̃2

∂z3
+ iξ2w̃3

)∣∣∣∣
z3=0
= F̃2,

2ν
∂w̃3

∂z3
− c0π̃ − c1θ̃

∣∣∣∣
z3=0
= F̃3,

∂θ̃

∂z3
+ c2w̃3

∣∣∣∣
z3=0
= 0,

w̃i, π̃ , θ̃ → 0 (z3 →∞).

(29)

Solving the above equations, we obtain

θ̃ = −
c1c2|ξ

′
|(r + |ξ ′|)F̃3 + c1c2(r − |ξ

′
|)(iξ1F̃1 + iξ2F̃2)

ν(RQ+ 2c1c2|ξ ′|(r + |ξ ′|))
e−Rz3 ≡

3∑
j=1

G̃j e
−Rz3 F̃j ,

w̃i = W̃i −
c1iξir(r − |ξ

′
|)

νQ

3∑
j=1

G̃j e
−rz3 F̃j +

c1iξi(r
2
+ |ξ ′|2)

νQ

3∑
j=1

G̃j e1(z3)F̃j ,

w̃3 = W̃3 +
c1|ξ

′
|(r + |ξ ′|)

νQ

3∑
j=1

G̃j e
−rz3 F̃j −

c1|ξ
′
|(r2
+ |ξ ′|2)

νQ

3∑
j=1

G̃j e1(z3)F̃j ,

π̃ = P̃ +
c1(r + |ξ

′
|)(r2
+ |ξ ′|2)

c0Q

3∑
j=1

G̃j e
−|ξ ′|z3 F̃j .

(30)

Here, 

W̃i = −
F̃i

νr
e−rz3 − iξi

(
(3r − |ξ ′|)(iξ1F̃1 + iξ2F̃2)− r(r − |ξ

′
|)F̃3

νrQ

)
e−rz3

+ iξi

(
2r(iξ1F̃1 + iξ2F̃2)− (r

2
+ |ξ ′|2)F̃3

νQ

)
e1(z3),

W̃3 = −
(r − |ξ ′|)(iξ1F̃1 + iξ2F̃2)+ |ξ

′
|(r + |ξ ′|)F̃3

νQ
e−rz3

−
2|ξ ′|r(iξ1F̃1 + iξ2F̃2)− |ξ

′
|(r2
+ |ξ ′|2)F̃3

νQ
e1(z3),

P̃ =
2(r + |ξ ′|)r(iξ1F̃1 + iξ2F̃2)− (r + |ξ

′
|)(r2
+ |ξ ′|2)F̃3

c0Q
e−|ξ

′
|z3 ,

(31)

where

r =

√
λ

ν
+ |ξ ′|2, R =

√
λ

χ
+ |ξ ′|2, e1(z3) =

e−rz3 − e−|ξ
′
|z3

r − |ξ ′|
,

Q(λ, |ξ ′|) = r3
+ |ξ ′|r2

+ 3r|ξ ′|2 − |ξ ′|3.
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For Wi and P , the following estimate has been obtained in [17]:

3∑
i=1

([Wi]
(2)
q,R3
+

+ |λ| ‖Wi‖q,R3
+
)+ ‖∇P ‖q,R3

+
6 C

3∑
j=1

([Fj ](1−1/q)
q,R2 + |λ|1−1/q

‖Fj‖q,R2). (32)

Let us estimate the remaining terms. We first prove that

[θ ](2)
q,R3
+

+ |λ| ‖θ‖q,R3
+

6 C

3∑
j=1

([Fj ](1−1/q)
q,R2 + |λ|1−1/q

‖Fj‖q,R2). (33)

The following lemmas are used to derive this estimate.

LEMMA 3.1 ([17]) If |arg λ| 6 π − ε, then

|Q(λ, |ξ ′|)| > C(ε)(|r|2 + |ξ ′|2)3/2,

where C(ε) is a positive constant.

For λ satisfying |arg λ| < 2π/3, we have |arg(RQ)− arg(|ξ ′|(r + |ξ ′|))| < π . This implies the
following lemma.

LEMMA 3.2 If |arg λ| 6 2π/3− ε, then

|RQ+ 2c1c2|ξ
′
|(r + |ξ ′|)| > C(ε)(|R| |Q| + |ξ ′|(|r| + |ξ ′|)),

where C(ε) is a positive constant.

We set

θj ≡ −

∫
R2
eiz
′
·ξ ′ c1c2(r − |ξ

′
|)iξi

ν(RQ+ 2c1c2|ξ ′|(r + |ξ ′|))
e−Rz3 F̃j (ξ

′) dξ ′ (j = 1, 2),

θ3 ≡ −

∫
R2
eiz
′
·ξ ′ c1c2|ξ

′
|(r + |ξ ′|)

ν(RQ+ 2c1c2|ξ ′|(r + |ξ ′|))
e−Rz3 F̃3(ξ

′) dξ ′.

We estimate only θ3, because θ1 and θ2 can be estimated in the same manner. Since∫
R2

[∫
R2
eiz
′
·ξ ′ c1c2|ξ

′
|(r + |ξ ′|)

ν(RQ+ 2c1c2|ξ ′|(r + |ξ ′|))
e−Rz3 dξ ′

]
dz′ = 0,

we can write

θ3 = −

∫
R2

(∫
R2
eiζ
′
·ξ ′ c1c2|ξ

′
|(r + |ξ ′|)

ν(RQ+ 2c1c2|ξ ′|(r + |ξ ′|))
e−Rz3 dξ ′

)
(F3(z

′
− ζ ′)− F3(z

′)) dζ ′.

Set

I ≡

2∑
k=0

∫
R2
Dkζ ′

(
eiζ
′
·ξ ′ c1c2|ξ

′
|(r + |ξ ′|)

ν(RQ+ 2c1c2|ξ ′|(r + |ξ ′|))

)
D2−k
z3

e−Rz3 dξ ′.
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Let us choose a rotation of the coordinates such that Rζ ′ = (|ζ ′|, 0), and let us perform the change
of variables ξ ′ = |λ|1/2Rη′ and ζ ′ = |λ|−1/2Z′. Then, by shifting the path of integration for α to
the contour s + iδ(|β| + |s|), s ∈ R, δ > 0, where (α, β) = Rη′, I is estimated as follows:

|I | 6 C

2∑
k=0

∫
∞

0

∫
∞

0
e−|Z

′
|(β+s) |λ|2|Rη′|k+1(r + |Rη′|)|R|2−k

|λ|2|R| |Q| + |λ| |Rη′|(|r| + |Rη′|)|
e−Rz3 |λ| dβ ds ≡

2∑
k=0

Ik.

In addition, let us introduce the new variable ρ =
√
β2 + s2. Then we have

|Ik| 6 C

∫
∞

0
e−c|Z

′
|ρ |λ|3ρ1+k(1+ ρ)3−k

|λ|2(1+ ρ)4 + |λ|ρ(1+ ρ)
e−c(1+ρ)|λ|

1/2z3ρ dρ

6 C

∫
∞

0
e−c|Z

′
|ρ |λ|3ρ1+k(1+ ρ)3−k

|λ|3/2(1+ ρ)2ρ1/2(1+ ρ)1/2
e−c(1+ρ)|λ|

1/2z3ρ dρ

6 C

∫
∞

0
e−c(|Z

′
|+|λ|1/2z3)ρ |λ|3/2ρ2 dρ 6 C

|λ|3/2

(|Z′| + |λ|1/2z3)3
6

C

(|ζ ′|2 + z2
3)

3/2
. (34)

Using this estimate, we obtain

‖D2
zθ3‖z′,q 6

∫
R2

1
(|ζ ′|2 + z2

3)
3/2
‖F3(z

′
− ζ ′)− F3(z

′)‖z′,q dζ ′

6

(∫
R2

‖F3(z
′
− ζ ′)− F3(z

′)‖
q

z′,q

(|ζ ′|2 + z2
3)

3/4+q/2

)1/q(∫
R2

dζ ′

(|ζ ′|2 + z2
3)

1+q ′/4q

)1/q ′

6
1

z
1/2q
3

(∫
R2

‖F3(z
′
− ζ ′)− F3(z

′)‖
q

z′,q

(|ζ ′|2 + z2
3)

3/4+q/2
dζ ′
)1/q

.

Thus,

‖D2
zθ3‖q,R3

+
6

(∫
R2
‖F3(z

′
− ζ ′)− F3(z

′)‖
q

z′,q
dζ ′

∫
∞

0

dz3

z
1/2
3 (|ζ ′|2 + z2

3)
3/4+q/2

)1/q

6 C[F3](1−1/q)
q,R2 . (35)

On the other hand, we have

|λ| ‖I‖1,ζ ′,R2 6 C|λ|e−c|λ|
1/2z3

∫
R2
e−c|Z

′
|ρ
|λ|−1dZ′

∫
∞

0

|λ|2ρ2(1+ ρ)
|λ|3/2(1+ ρ)2ρ1/2(1+ ρ)1/2

dρ

6 C|λ|
1
2 (1−1/q)

|λ|1/2qe−|λ|
1/2z3 ,

which implies
|λ| ‖θ3‖q,R2

+
6 C|λ|

1
2 (1−1/q)

‖F3‖q,R2 . (36)

Thus, we have the estimate given in (33).
Next, we estimate the remaining terms in (30). We set

Kj,k = F−1
(
−
c1iξj r(r − |ξ

′
|)

νQ
G̃ke

−rz3

)
, Lj,k = F−1

(
c1iξj (r

2
+ |ξ ′|2)

νQ
G̃ke1(z3)

)
,
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K3,k = F−1
(
c1|ξ

′
|(r + |ξ ′|)

νQ
G̃ke

−rz3

)
, L3,k = F−1

(
−
c1|ξ

′
|(r2
+ |ξ ′|2)

νQ
G̃ke1(z3)

)
,

Mk = F−1
(
c1(r + |ξ

′
|)(r2
+ |ξ ′|2)

c0Q
G̃ke

−|ξ ′|z3

)
(j = 1, 2, k = 1, 2, 3),

where F−1(f ) denotes the inverse Fourier transformation

F−1(f )(z′, z3) ≡
1

2π

∫
R2
eiz
′
·ξ ′f (ξ ′, z3) dξ ′.

We then set

Wi ≡

3∑
j=1

(Ki,j ∗ Fj + Li,j ∗ Fj ), P ≡
3∑

j=1

Mj ∗ Fj , (37)

where f ∗ g denotes the convolution
∫
R2 f (z

′
− ζ ′, z3)g(ζ

′) dζ ′.
Using the inequality |RQ+ 2c2c3|ξ

′
|(r + |ξ ′|)| > C|ξ ′|

∣∣r + |ξ ′|∣∣, we have

|λ| |Ki,j | + |D
2
zKi,j |, |DzMj | 6

C

(|z′|2 + z2
3)

3/2
.

On the other hand, using the inequalities |e1(z3)| = e
−|ξ ′|z3

∣∣∣∣1− e−(r−|ξ ′|)z3

r − |ξ ′|

∣∣∣∣ 6 Ce−|ξ
′
|z3 ,

|RQ+ 2c2c3|ξ
′
|(r + |ξ ′|)| > C|RQ|1/2|ξ ′|1/2

∣∣r + |ξ ′|∣∣1/2,
we have the following estimate:

|λ| |Li,j | + |D
2
zLi,j | 6

C

(|z′|2 + z2
3)

3/2
,

which is derived in the same manner as (34). These inequalities imply

3∑
i=1

(|λ| ‖Wi‖q,R3
+
+ [Wi]

(2)
q,R3
+

) 6 C

3∑
j=1

[Fj ](1−1/q)
q,R2 (38)

and

‖∇P‖q,R3
+

6 C

3∑
j=1

[Fj ](1−1/q)
q,R2 . (39)

Thus, we have completed the proof of Theorem 3.5.

Next, we derive an a priori estimate of the solution of problem (9). Let x0 be an arbitrary point
on Γ . Let us denote the neighborhood {x | |x − x0| 6 δ} of x0 by Bδ(x0). Let φ ∈ C∞0 (R

3) be such
that φ(x) = 1 (|x| < 1/2), φ(x) = 0 (|x| > 1). With no loss of generality, we may assume that x0
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is the origin and that the x3 axis is directed along the normal to Γ at x0. Let us introduce the new
coordinate z defined by

z′ = x′, z3 = x3 − F(x
′)

where F is a function defining the surface in the neighborhood of x0 = 0 by x3 = F(x
′). In addition,

let us denote u(Uz), q(Uz), U(Uz) by ū, q̄, Ū , where U represents the transformation from x

to z defined above, and let us denote ūφδ(z), q̄φδ(z), Ūφδ(z) by ũ, q̃, Ũ , where φδ(z) = φ(z/δ).
Then ũ, q̃, and Ũ satisfy

λũ− ν∆ũ+ c0∇q̃ = f̃− ν(∇2
− ∇̃

2)ũ+ c0(∇ − ∇̃)q̃

−ν(∇̃ūi · ∇̃φδ)i − νū∇̃
2φδ + c0q̄∇̃φδ ≡ f′,

∇ · ũ = g̃ + (∇ − ∇̃) · ũ+ ū · ∇̃φδ ≡ g
′,

λŨ − χ∆Ũ = h̃− χ(∇2
− ∇̃

2)Ũ − χ∇Ū · ∇φδ − χŪ ∇̃
2φδ ≡ h

′,

2νΠD(ũ)n = F̃+ 2νΠD(ũ)n− 2νΠ̃D̃(ũ)ñ+ 2νΠ̃((D′iφδ)ūj + (D
′

jφδ)ūi)ñ ≡ F′,

2νD(ũ)n · n− c0q̃ − c1Ũ

= F̃3 + 2νD(ũ)n · n− 2νD̃(ũ)ñ · ñ+ 2ν((D′iφδ)ūj + (D
′

jφδ)ūi)ñ · ñ ≡ F
′

3,

∇Ũ · n+ c2ũ · n = G̃+ (∇Ũ · n− ∇̃Ũ · ñ)+ (∇̃φδ · ñ)Ū + c2ũ · (n− ñ) ≡ G′,

(40)

where 

∇̃ = (D′1,D
′

2,D
′

3) =

(
∂

∂z1
−
∂F

∂z1

∂

∂z3
,
∂

∂z2
−
∂F

∂z2

∂

∂z3
,
∂

∂z3

)
,

ñ =
(−∇̃z′F, 1)√
|∇̃z′F |

2 + 1
,

Π̃ f = f− (ñ · f)ñ,

D̃(u) =
1
2
(D′iuj +D

′

jui)ij .

For the right-hand sides of (40), we have the following estimate:

‖f′‖q,R3
+
+ ‖g′‖

(1)
q,R3
+

+ ‖h′‖q,R3
+
+ ‖F′‖(1−1/q)

q,R2 + ‖F ′3‖
(1−1/q)
q,R2 + ‖G′‖

(1−1/q)
q,R2

6 C{‖f‖q,Bδ + ‖g‖
(1)
q,Bδ
+ ‖h‖q,Bδ + ‖F‖

(1−1/q)
q,B̃δ

+ ‖F3‖
(1−1/q)
q,B̃δ

+ ‖G‖
(1−1/q)
q,B̃δ

+ δ([u](2)q,Bδ + [U ](2)q,Bδ + [q](1)q,Bδ )+ δ
−2(‖u‖q,Bδ + ‖U‖q,Bδ )+ δ

−1
‖q‖q,Bδ },

where Bδ = {z ∈ R3
| |z| 6 δ} and B̃δ = {z ∈ R3

| |z| 6 δ, z3 = 0}. From the expression
g′ − g̃ = ∇ · R, where

R = (Ri) =
(
δi3

∑
j=1,2

Fzj ũj −

∫
R3
+

∂E(z− y)

∂zi
ū(y) · ∇̃φδ(y) dy

)
, E(z) = −

1
4π |z|

,

we have the following estimate:

‖g′‖
(−1)
q,R3
+

6 C(δ−1
‖u‖

(−1)
q,Bδ
+ ‖g‖

(−1)
q,Bδ

).
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Therefore, applying Theorem 3.5, we have

[ũ](2)
q,R3
+

+ |λ| ‖ũ‖q,R3
+
+ ‖∇q̃‖q,R3

+
+ [Ũ ](2)

q,R3
+

+ |λ| ‖Ũ‖q,R3
+

6 C
(
‖f‖q,Bδ + [g](1)q,Bδ + |λ| ‖g‖

(−1)
q,Bδ
+ ‖h‖q,Bδ + [F](1−1/q)

q,B̃δ
+ |λ|1/2−1/2q

‖F‖
q,B̃δ

+ [F3](1−1/q)
q,B̃δ

+ |λ|1/2−1/2q
‖F3‖q,B̃δ + [G](1−1/q)

q,B̃δ
+ |λ|1/2−1/2q

‖G‖
q,B̃δ

+ [u](1)q,Bδ + |λ| ‖u‖
(−1)
q,Bδ
+ ‖q‖q,Bδ + [U ](1)q,Bδ + (1+ |λ|

1/2)‖U‖q,Bδ
)
.

Similar inequalities can be obtained in the same manner for the solution to the problem localized in
Bδ(x), where x is an arbitrary interior point of Ω , which is more distant than δ from the boundary,
or an arbitrary point on Σ . Since Ω is bounded, we can choose a finite collection {Bδ(xk)}k
covering Ω̄ . Summing all of the estimates over {Bδ(xk)}k , we have

[u](2)q,Ω + |λ| ‖u‖q,Ω + ‖∇q‖q,Ω + [U ](2)q,Ω + |λ| ‖U‖q,Ω

6 C
(
‖f‖q,Ω + [g](1)q,Ω + |λ| ‖g‖

(−1)
q,Ω + ‖h‖q,Ω + [F](1−1/q)

q,Γ + |λ|1/2−1/2q
‖F‖q,Γ

+ [F3](1−1/q)
q,Γ + |λ|1/2−1/2q

‖F3‖q,Γ + [G](1−1/q)
q,Γ + |λ|1/2−1/2q

‖G‖q,Γ + [H ](2−1/q)
q,Σ

+ |λ|1−1/2q
‖H‖q,Σ + [u](1)q,Ω + |λ| ‖u‖

(−1)
q,Ω + ‖q‖q,Ω + [U ](1)q,Ω + (1+ |λ|

1/2)‖U‖q,Ω
)
.

Since the solution of problem (9) is unique, we can eliminate the term [u](1)q,Ω + |λ| ‖u‖
(−1)
q,Ω +

‖q‖q,Ω+[U ](1)q,Ω+(1+|λ|
1/2)‖U‖q,Ω from the right-hand side. Thus, we have proven Theorem 3.1.

To end this section, we state a result concerning the following nonstationary problem:

∂u

∂t
− ν∆u+ c0∇q = f, ∇ · u = 0,

∂U

∂t
− χ∆U = h in Ω∞,

2νΠD(u)n = 0, 2νD(u)n · n− c0q − c1U = 0,

∇U · n+ c2u · n = 0 on Γ∞,

u = 0, U = 0 on Σ∞,

(u, U)|t=0 = (u0, U0) on Ω.

(41)

Let us formulate the problem as an evolution equation. Let us introduce a decomposition Lq(Ω) =
Jq(Ω) ⊕ Gq(Ω), where Jq(Ω) = {u ∈ Lq(Ω) | ∇ · u = 0, u · n|Σ = 0} and Gq(Ω) = {∇p |
p ∈ W 1

q (Ω), p|Γ = 0}, and let us introduce the projection operator P on Jq(Ω). Then, applying
P to problem (41), we have the evolution equation{

(u, U)t = A(u, U)+ (f, h) in t > 0,

(u, U)|t=0 = (u0, U0),

where A(u, U) is the operator (−P(ν∆u)+∇q̃, χ∆U) defined on
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D(A) = {(u, U) ∈ (Jq(Ω) ∩W 2
q (Ω))×W

2
q (Ω) | 2νD(u)n− c0q̃n− c1Un|Γ = 0,

∇U · n+ c2u · n|Γ = 0, u · n|Σ = 0, U |Σ = 0},

and q̃ is the solution of the problem
∆q̃ = 0 in Ω,

c0q̃ = 2νD(u)n · n− c1U |Γ on Γ,

∇q̃ · n = 0 on Σ.

From Theorems 3.1 and 3.2, we can obtain the following theorem.

THEOREM 3.6 Let 1 < q < ∞. Then A generates an analytic semigroup {e−At }t>0 with the
property of exponential stability.

4. Linear problem

In this section, we consider the following nonstationary linear problem:

∂v

∂t
− ν∆v + c0∇p = f, ∇ · v = g,

∂T

∂t
− χ∆T = h in Ω∞,

2νΠD(v)n = F (= (F1, F2)), 2νD(v)n · n− c0p − c1T = F3,

∇T · n+ c2v · n = G on Γ∞,

v = 0, T = H on Σ∞,

v|t=0 = v0, T |t=0 = T0 on Ω.

(42)

The goal is to prove the following maximal regularity result.

THEOREM 4.1 Let 1 < q <∞. Assume that

f ∈ Lq(Ω∞), g ∈ W 1,0
q (Ω∞), h ∈ Lq(Ω∞), H ∈ W

2−1/q,1−1/2q
q (Σ∞),

F = (F1, F2), F3 ∈ W
1−1/q,1/2−1/2q
q (Γ∞), G ∈ W

1−1/q,1/2−1/2q
q (Γ∞),

v0 ∈ W
2−2/q
q (Ω), T0 ∈ W

2−2/q
q (Ω),

and g = ∇ · R, R ∈ W 1
q (0,∞;Lq(Ω)). Then problem (42) has a unique solution

(v, p, T ) ∈ W 2,1
q (Ω∞)×W

1,0
q (Ω∞)×W

2,1
q (Ω∞)

satisfying the estimate

‖v‖
(2,1)
q,Ω∞

+ ‖p‖
(1,0)
q,Ω∞

+ ‖T ‖
(2,1)
q,Ω∞

6 C(‖f‖q,Ω∞ + ‖g‖
(1,0)
q,Ω∞

+ ‖R‖(0,1)q,Ω∞
+ ‖h‖q,Ω∞ + ‖v0‖

(2−2/q)
q,Ω + ‖T0‖

(2−2/q)
q,Ω

+ ‖F‖(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖F3‖
(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖G‖
(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖H‖
(2−1/q,1−1/2q)
q,Σ∞

), (43)

where C = C(q,Ω) is a positive constant.
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We begin by investigating the following model problems:
∂u

∂t
− ν∆u+ c0∇q = f, ∇ · u = g,

∂U

∂t
− χ∆U = h in R3

∞ ≡ R3
× (0,∞),

u|t=0 = 0, T |t=0 = 0 on R3,

(44)



∂u

∂t
− ν∆u+ c0∇q = f, ∇ · u = g,

∂U

∂t
− χ∆U = h in D3

∞ ≡ R3
+ × (0,∞),

u|z3=0 = I, U |z3=0 = H on R2
∞,

u|t=0 = 0, U |t=0 = 0 on R3
+,

(45)

and 

∂u

∂t
− ν∆u+ c0∇q = f, ∇ · u = g,

∂U

∂t
− χ∆U = h in D3

∞,

ν

(
∂ui

∂z3
+
∂u3

∂zi

)∣∣∣∣
z3=0
= Fi (i = 1, 2), 2ν

∂u3

∂z3
− c0q − c1U

∣∣∣∣
z3=0
= F3,

∂U

∂z3
+ c2u3

∣∣∣∣
z3=0
= G on R2

∞,

u|t=0 = 0, U |t=0 = 0 on R3
+.

(46)

For the above problems, we have the following theorems. Theorems 4.2 and 4.3 can be proven in
essentially the same manner as Theorem 4.4, and these proofs are simpler than the proof of Theorem
4.4. Therefore, we present only the proof of Theorem 4.4.

THEOREM 4.2 Let 1 < q <∞. Suppose that

f ∈ Lq(R3
∞), g ∈ Lq(0,∞;W 1

q (R
3)) ∩W 1

q (0,∞; Ẇ
−1
q (R3)), h ∈ Lq(R3

∞),

and that g has a compact support. In addition, assume that the solution (u, q, U) of problem (44)
tends toward 0 as |z| → ∞. Then problem (44) has a unique solution satisfying the following
estimate:

[u](2,1)
q,R3
∞

+ ‖∇q‖q,R3
∞
+ [U ](2,1)

q,R3
∞

6 C(‖f‖q,R3
∞
+ ‖gt‖

(0,−1)
q,R3
∞

+ [g](1,0)
q,R3
∞

+ ‖h‖q,R3
∞
), (47)

where C = C(q) is a positive constant.

THEOREM 4.3 Let 1 < q <∞. Suppose that

f ∈ Lq(D3
∞), g ∈ Lq(0,∞;W 1

q (R
3
+)) ∩W

1
q (0,∞; Ẇ

−1
q (R3

+)),

h ∈ Lq(D3
∞), I ∈ W 2−1/q,1−1/2q

q (R2
∞), H ∈ W

2−1/q,1−1/2q
q (R2

∞),
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and that g has a compact support. In addition, assume that the solution (u, q, U) of problem (45)
tends toward 0 as z3 → ∞. Then problem (45) has a unique solution satisfying the following
estimate:

[u](2,1)
q,D3
∞

+ ‖∇q‖q,D3
∞
+ [U ](2,1)

q,D3
∞

6 C(‖f‖q,D3
∞
+ ‖gt‖

(0,−1)
q,D3
∞

+ [g](1,0)
q,D3
∞

+ ‖h‖q,D3
∞

+ [I](2−1/q,1−1/2q)
q,R2
∞

+ [H ](2−1/q,1−1/2q)
q,R2
∞

), (48)

where C = C(q) is a positive constant.

THEOREM 4.4 Let 1 < q <∞. Suppose that

f ∈ Lq(D3
∞), g ∈ Lq(0,∞;W 1

q (R
3
+)) ∩W

1
q (0,∞; Ẇ

−1
0,q (R

3
+)), h ∈ Lq(D3

∞),

F1, F2, F3 ∈ W
1−1/q,1/2−1/2q
q (R2

∞), G ∈ W
1−1/q,1/2−1/2q
q (R2

∞),

and that g has a compact support. In addition, assume that the solution (u, q, U) of problem (46)
tends toward 0 as z3 → ∞. Then problem (46) has a unique solution satisfying the following
estimate:

[u](2,1)
q,D3
∞

+ ‖∇q‖q,D3
∞
+ [U ](2,1)

q,D3
∞

6 C(‖f‖q,D3
∞
+ ‖gt‖

(0,−1)
q,D3
∞

+ [g](1,0)
q,D3
∞

+ ‖h‖q,D3
∞

+

3∑
i=1

[Fi]
(1−1/q,1/2−1/q)
q,R2
∞

+ [G](1−1/q,1/2−1/q)
q,R2
∞

), (49)

where C = C(q) is a positive constant.

Proof. In the proof, we denote various constants that are independent of t by C. Let us seek the
solution in the form

(u, q, U) =

(
W+∇Φ +w, π −

1
c0

(
∂Φ

∂t
− ν∆Φ

)
, U + θ

)
,

where W, Φ, U and (w, π, θ) are solutions to the following problems:
∂W
∂t
− ν∆W = f in D3

∞,

W|z3=0 = 0 on R2
∞,

W|t=0 = 0 on R3
+,

(50)

{
∆Φ = g −∇ ·W ≡ g′ in D3

∞,

Φ|z3=0 = 0 on R2
∞,

(51)



∂U
∂t
− χ∆U = h in D3

∞,

∂U
∂z3

∣∣∣∣
z3=0
= G− c2

(
∂Φ

∂z3
+W3

)∣∣∣∣
z3=0
≡ G′ on R2

∞,

U |t=0 = 0 on R3
+,

(52)
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∂w

∂t
− ν∆w + c0∇π = 0, ∇ ·w = 0,

∂θ

∂t
− χ∆θ = 0 in D3

∞,

ν

(
∂wi

∂z3
+
∂w3

∂zi

)∣∣∣∣
z3=0

= Fi − ν
∂

∂z3

(
Wi +

∂Φ

∂zi

)∣∣∣∣
z3=0
− ν

∂

∂zi

(
W3 +

∂Φ

∂z3

)∣∣∣∣
z3=0

(i = 1, 2),

2ν
∂w3

∂z3
− c0π − c1θ

∣∣∣∣
z3=0

= F3 − 2ν
∂

∂z3

(
W3 +

∂Φ

∂z3

)∣∣∣∣
z3=0
−

(
∂Φ

∂t
− ν∆Φ

)∣∣∣∣
z3=0
+ c1U |z3=0,

∂θ

∂z3
+ c2w3

∣∣∣∣
z3=0
= 0 on R2

∞,

w|t=0 = 0, θ |t=0 = 0 on R3
+.

(53)

For W, Φ, U , the following estimates are easily obtained:

[W](2,1)
q,D3
∞

6 C‖f‖q,D3
∞
, (54)

[∇Φ](2,1)
q,D3
∞

6 C([g′](1,0)
q,D3
∞

+ ‖g′t‖
(0,−1)
q,D3
∞

), (55)

[U](2,1)
q,D3
∞

6 C(‖h‖q,D3
∞
+ [G′](1−1/q,1/2−1/2q)

R2
∞

). (56)

Let us next estimate the solution of problem (53). We denote the terms on the right-hand side
by Fi , i = 1, 2, 3. The solution is given as follows:

wi = (FL)−1(W̃i)+ L−1(Wi),

q = (FL)−1(P̃ )+ L−1(P),

θ = (FL)−1
( 3∑
j=1

G̃j e
−Rz3 F̃j

)
,

where W̃i and P̃ are given in (31) and Wi and P are given in (37). In the above formula, L−1 and
(FL)−1 denote the inverse Laplace transformation and the inverse Fourier–Laplace transformation,
respectively, which are defined as follows:

L−1(f )(z, t) ≡
1

2πi

∫ a+i∞

a−i∞

eλtf (z, λ) dλ,

(FL)−1(f )(z, t) ≡
1

(2π)2πi

∫
R2
eiz
′
·ξ ′ dξ ′

∫ a+i∞

a−i∞

eλtf (ξ ′, z3, λ) dλ.

For (FL)−1(W̃i) and (FL)−1(P̃ ), the estimate
3∑
i=1

[(FL)−1(W̃i)]
(2,1)
q,D3
∞

+ ‖∇(FL)−1(P̃ )‖q,D3
∞

6 C

3∑
i=1

[Fi]
(1−1/q,1/2−1/2q)
q,R2
∞

(57)

has been reported in [22].
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Let us next estimate the remaining terms. We begin with the derivation of the following estimate
of the kernel Gi(z, t) = (FL)−1(G̃i), where G̃i is given in (30).

LEMMA 4.1 The following inequalities hold:

|D
µ
t D

ν
zGi(z, t)| 6 Ct−µ−|ν|/2−3/2e−c|z|

2/t (i = 1, 2, 3). (58)

First, we prove the following lemma that is essential to obtaining estimate (58).

LEMMA 4.2 The roots λ of RQ+ 2c1c2|ξ
′
|(r + |ξ ′|) satisfy the following condition:

Re λ 6 −δ|ξ ′|2 (59)

for a positive constant δ.

Proof. Set lδ ≡ {λ | Re λ = −δ|ξ ′|2} for a positive constant δ. On lδ , r is written as
r =

√
(1− δ/ν)|ξ ′|2 + i Im λ/ν. Then, for arbitrary δ < ν, we have |arg r| < π/4, and R has

the same property: for arbitrary δ < χ , we have |argR| < π/4 on lδ . These properties imply
|arg(RQ)− arg(2c1c2|ξ

′
|(r + |ξ ′|))| < π , and so

|RQ+ 2c1c2|ξ
′
|(r + |ξ ′|)| > C

(
|RQ| + |ξ ′|

∣∣r + |ξ ′|∣∣) (60)

on lδ for some positive constant C. Since the roots of RQ and |ξ ′|(r + |ξ ′|) satisfy Re λ 6 −δ′|ξ ′|2

for a positive constant δ′, the inequality (60) shows that |RQ+ 2c1c2|ξ
′
|(r + |ξ ′|)| has no roots on

lδ for arbitrary δ 6 min(ν, χ, δ′). This implies that the lemma holds.

Now, let us proceed to the proof of Lemma 4.1. We shall give the proof only for G3. The estimates
for G1 and G2 are derived in the same manner. First, we set

λt = λ′, ξ ′
√
t = η′, z′ =

√
tζ ′, z3 =

√
tζ3.

Then we have
G3 = t

−µ−|ν|/2−3/2Gµ,ν,

where

Gµ,ν =

∫ a+i∞

a+i∞

λ′
µ
eλ
′

dλ′
∫

R2
eiζ
′
·η′ (iη′)ν

′

c1c2|η
′
|(r + |η′|)(−R)ν3

ν(t−1/2RQ+ 2c1c2t1/2|η′|(r + |η′|))
e−Rζ3 dη′.

Lemma 4.2 indicates that it is possible to replace the path of integration {λ′ | Re λ′ = a} by
l(a) ≡ {λ′ | Re λ′ = a− δ|η′|2− ε|Im λ′|} for sufficiently small δ and ε. Therefore, we estimate the
following integral:

Gµ,ν =

∫
l(a)

λ′
µ
eλ
′

dλ′
∫

R2
eiζ
′
·η′ (iη′)ν

′

c1c2|η
′
|(r + |η′|)(−R)ν3

ν(t−1/2RQ+ 2c1c2t1/2|η′|(r + |η′|))
e−Rζ3 dη′.

First, we prove that
|Gµ,ν | 6 Ce−c|ζ

′
|
2
. (61)

Here, we introduce the new variables α′ ≡ η′|ζ ′|−1 and p′ = λ′|ζ ′|−2 and shift the path of
integration from l(a/|ζ ′|2) to l(a). Then we have
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Gµ,ν

=

∫
l(a)

|ζ ′|2µp′
µ
e|ζ
′
|
2p′ dp′

∫
R2
ei|ζ

′
|(α′·ζ ′) |ζ

′
|
|ν′|+3+ν3(iα′)ν

′

c1c2|α
′
|(r + |α′|)(−R)ν3

ν(t−1/2|ζ ′|RQ+ 2c1c2t1/2|α′|(r + α′|))
e−Rζ3 dα′.

We then shift the integration contour α′ to β ′ + iγ ′. By elementary calculations, it is easily verified
that if we choose γ ′ = (γ ′1, γ

′

2) satisfying |γ ′| 6
√
a/(ν + δ), then |arg r| < π/4. Thus, from (60),

if we take ρ
√
a/M ζ ′/|ζ ′| as γ ′, whereM = max(ν+δ, χ+δ) and ρ is a sufficiently small positive

constant, then |RQ+ c1c2|ξ
′
|(r + |ξ ′|)| > C|RQ|1/2|ξ ′|1/2

∣∣r + |ξ ′|∣∣1/2 on this integration contour.
Thus, using the inequalities

|Q| > C(1+ |β ′|2 + |Imp′|)3/2,

|R| > C(1+ |β ′|2 + |Imp′|)1/2,∣∣r + |α′|∣∣, |R| 6 C(1+ |β ′|2 + |Imp′|)1/2,

we have∣∣∣∣∫
l(a)

|ζ ′|2µ+2
|p′|µe|ζ

′
|
2p′ei|ζ

′
|(β ′+iγ ′·ζ ′)

|ζ ′||ν
′
|+ν3+4

|β ′ + iγ ′||ν
′
|+1
∣∣|β ′ + iγ ′| + r∣∣|R|ν3

|ζ ′|3|RQ|1/2|β ′ + iγ ′|1/2
∣∣r + |β ′ + iγ ′|∣∣1/2 dp′

∣∣∣∣
6 C|ζ ′|2µ+|ν

′
|+ν3+3e(a+δρ

2a/M−ρ
√
a/M)
|ζ ′|2

×

∣∣∣∣∫ ∞
0
|Imp′|µe−χ |Imp′| (1+ |β

′
|)2µ+|ν

′
|+1/2(1+ |β ′|2 + |Imp′|)1/2+ν3

1+ |β ′|2 + |Imp′|
e−δ|β

′
|
2
|ζ ′|2 d|Imp′

∣∣∣∣
6 |ζ ′|2µ+|ν

′
|+ν3+3e(a+δρ

2a/M−ρ
√
a/M)|ζ ′|2(1+ |β ′|)2µ+|ν

′
|+ν3−1e−δ|β

′
|
2
|ζ ′|2 .

As a consequence of this estimate, we have

|Gµ,ν | 6 C|ζ ′|2µ+|ν
′
|+ν3+3e(a+δρ

2a/M−ρ
√
a/M)|ζ ′|2

∫
R2
(1+ |β ′|)2µ+|ν

′
|+ν3−1e−δ|β

′
|
2
|ζ ′|2 dβ ′

6 C|ζ ′|2e(a+δρ
2a/M−ρ

√
a/M)|ζ ′|2 .

Since a + δρ2a/M − ρ
√
a/M < 0 for sufficiently small a, if we choose such an a, we have the

estimate given in (61).
Next, we prove that

|Gµ,ν | 6 Ce−cζ
2
3 . (62)

For this purpose, we introduce the new variables q = ζ−2
3 λ′ and α′ = ζ−1

3 η′. After changing the
variables and shifting the path of integration from l(a/ζ 2

3 ) to l(a), we have

Gµ,ν =

∫
l(a)

ζ
2µ+2
3 qµeζ

2
3 q dq

∫
R2

ζ
|ν′|+ν3+4
3 (iα′)ν

′

c1c2|α
′
|(r + |α′|)(−R)ν3

ν(ζ 4
3 t
−1/2RQ+ 2c1c2ζ

2
3 t

1/2|α′|(r + |α′|))
e−Rζ

2
3 dα′. (63)

Using the estimate |RQ+ 2c1c2|ξ
′
|(r + |ξ ′|)| > C|RQ|1/2|ξ ′|1/2

∣∣r + |ξ ′|∣∣1/2 and the inequalities
|Q| > C(a + |α′|2 + |Im q|)3/2,

|R| > C(a + |α′|2 + |Im q|)1/2,∣∣r + |α′|∣∣, |R| 6 C(a + |α′|2 + |Im q|)1/2,
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(63) is estimated as follows:

|Gµ,ν | 6
∫
∞

0
ζ

2µ+2
3 |q|µe−χ |Im q|ζ 2

3 d|Im q|

×

∫
R2

ζ
|ν′|+ν3+4
3 |α′||ν

′
|+1
∣∣a + |α′|2 + |Im q|

∣∣ν3+1

ζ 2
3

∣∣a + |α′|2 + |Im q|
∣∣3/2 e−δ|α

′
|
2ζ 2

3 e(a−c
√
a)ζ 2

3 dα′

6 Cζ 2
3 e
(a−
√
a)ζ 2

3 .

Thus, if we choose a sufficiently small, we obtain (62). Combining (61) and (62), we have the
desired result. Thus, we have completed the proof of Lemma 4.1.

Now, we estimate the following kernels:

Ki,j (z, t) = L−1(Ki,j (z, λ)), Li,j (z, t) = L−1(Li,j (z, λ)), Mj (z, t) = L−1(Mj (z, λ)).

LEMMA 4.3 The following inequalities hold:

|D
µ
t D

ν
zKi,j (z, t)| 6 Ct−µ−|ν|/2−3/2e−c|z|

2/t , (64)

|D
µ
t D

ν
zLi,j (z, t)| 6 Ct−µ(z2

3 + t)
−ν3/2(|z|2 + t)−(|ν

′
|+2)/2, (65)

|D
µ
t D

ν
zMj (z, t)| 6 Ct−1/2−µ(|z|2 + t)−(|ν|+2)/2 (i, j = 1, 2, 3). (66)

Proof. Estimate (64) can be obtained in the same manner as the proof of Lemma 4.1.
Let us proceed to the proof of (65). We estimate only L1,3 because the other kernels can be

estimated in the same manner. We can represent L1,3 in the form

L1,3(z, t) =

∫ z3

0
dy3

∫
R2
L(z− y, t)Dy3E(y) dy′,

where

L(z, t) = FL−1
(
c1iξ1(r

2
+ |ξ ′|2)

Q

c1c2|ξ
′
|(r + |ξ ′|)

ν(RQ+ 2c1c2|ξ ′|(r + |ξ ′|))
e−rz3

)
and E(z) = −

1
4π |z|

.

As in the proof of Lemma 4.1, we can obtain the estimate

|DνzD
µ
t L| 6 Ct−µ−|ν|/2−3/2e−c|z|

2/t .

Using it, we will obtain

|DνzD
µ
t J (z, y3, t)| ≡

∣∣∣∣DνzDµt ∫R2
L(z− y, t)Dy3E(y) dy′

∣∣∣∣
6 Ct−1/2−µ−ν3/2(|z|2 + t)−(|ν

′
|+2)/2e−c(z3−y3)

2/t , (67)

by calculations similar to those used in the proof of Lemma 2.2 in [22].
First, we have

DνzD
µ
t J (z, y3, t)| 6 Ct−µ−|ν|/2−3/2

∫
R2
e−c|z−y|

2/t
|Dy3E(y)| dy

′

6 Ct−µ−|ν|/2−3/2e−c(Z3−Y3)
2
. (68)

The last inequality is derived by substituting z/
√
t = Z, y/

√
t = Y .
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On the other hand, through integration by parts, we obtain

DνzD
µ
t J (z, y3, t) =

∫
Bρ/
√
t (z)

Dν3
z3
D
µ
t L(z− y, t)D

ν′

y′Dy3E(y) dy′

+

∫
Bρ/
√
t (z)

c

DνzD
µ
t L(z− y, t)Dy3E(y) dy′

+

∑
|k′|+|l′|=|ν′|−1

∫
∂Bρ/

√
t (z)

Dk
′

z′D
ν3
z3
D
µ
t L(z− y, t)D

l′

y′Dy3E(y) dS

≡ I1 + I2 + I3,

where ρ = |z| and Bρ/√t (z) = {y
′
∈ R2

|

√
(z′ − y′)2 + z2

3 6 ρ/2
√
t}. Then we have

|I1| 6 Ct−3/2−µ−|ν|/2 e
−c(Z3−Y3)

2

(ρ/
√
t)2+|ν

′|
, (69)

|I2| 6 Ct−3/2−µ−|ν|/2e−c|Z−Y |
2
, (70)

|I3| 6 Ct−3/2−µ−|ν|/2
(

1+
1

(ρ/
√
t)2+|ν

′|

)
e−c|Z−Y |

2
. (71)

Combining estimates (68) through (71), we have

|DνzD
µ
t J (z, y3, t)| 6 Ct−3/2−µ−|ν|/2(1+ ρ/

√
t)−2−|ν′|e−c(Z3−Y3)

2

6 Ct−1/2−µ−ν3/2(|z|2 + t)−1−|ν′|/2e−c(z3−y3)
2/t ,

which is (67). Hence we can obtain (65) as in the proof of Corollary 1 in [22].
Estimate (66) is obtained in the same manner. Thus, we have proven Lemma 4.3.

Based on the pointwise estimates given in Lemmas 4.1 and 4.3, we can obtain the following
estimate:

3∑
i=1

[L−1(Wi)]
(2,1)
q,D3
∞

+ ‖∇L−1(P)‖q,D3
∞
+ [θ ](2,1)

q,D3
∞

6 C

3∑
i=1

[Fi]
(1−1/q,1/2−1/2q)
q,R2
∞

. (72)

Combining the estimates given in (56), (55), (57), and (72), we obtain (49). Thus, the proof of
Theorem 4.4 is complete.

Next, we prove Theorem 4.1. We shall find a solution in the form (v, p, T ) = (w+u, π+P+q,
W + U), where (w, π), W, P, and (u, q, U) are solutions to the following problems:

∂w

∂t
− ν∆w + c0∇π = f, ∇ ·w = g in Ω∞,

2νΠD(w)n = F, 2νD(w)n · n− c0π = F3 on Γ∞,

w = 0 on Σ∞, w|t=0 = v0 on Ω,

(73)


∂W

∂t
− χ∆W = h in Ω∞,

∇W · n = −c2w · n+G on Γ∞,

W = H on Σ∞, W |t=0 = T0 on Ω,

(74)
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∆P = 0 in Ω∞,

c0P = −c1W on Γ∞,

∇P · n = 0 on Σ∞,

(75)



∂u

∂t
− ν∆u+ c0∇q = −c0∇P, ∇ · u = 0,

∂U

∂t
− χ∆U = 0 in Ω∞,

2νΠD(u)n = 0, 2νD(u)n · n− c0p − c1U = 0,

∇U · n+ c2u · n = 0 on Γ∞,

(u, U) = (0, 0) on Σ∞, (u, U)|t=0 = (0, 0) on Ω.

(76)

In the manner described in [19], we can prove that problem (73) has a unique solution (w, π)
satisfying the following estimate:

‖w‖
(2,1)
q,Ω∞

+ ‖π‖
(1,0)
q,Ω∞

6 C(‖f‖q,Ω∞ + ‖g‖
(1,0)
q,Ω∞

+ ‖R‖(0,1)q,Ω∞

+ ‖F‖(1−1/q,1/q−1/2q)
q,Γ∞

+ ‖F3‖
(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖v0‖
(2−2/q)
q,Ω ). (77)

Problems (74) and (75) have unique solutions W and P satisfying

‖W‖
(2,1)
q,Ω∞

6 C(‖w‖
(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖G‖
(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖H‖
(2−1/q,1−1/2q)
q,Σ∞

+ ‖T0‖
(2−2/q)
q,Ω )

(78)
and

‖P ‖
(2,0)
q,Ω∞

6 C‖W‖
(2−q/2,1−1/2q)
q,Γ∞

. (79)

Finally, we consider problem (76). First, using the localization method with the local estimates
obtained in Theorems 4.2 through 4.4, we have

[u](2,1)q,Ω∞
+ ‖∇q‖q,Ω∞ + [U ](2,1)q,Ω∞

6 C(‖∇P ‖q,Ω∞ + ‖u‖q,Ω∞ + ‖U‖q,Ω∞).

Since the derivation is basically analogous to the argument presented in Section 3, we omit it.
The term ‖u‖q,Ω∞ + ‖U‖q,Ω∞ is estimated as follows. From Theorem 3.6, we have

‖u(t)‖q,Ω + ‖U(t)‖q,Ω 6 C

∫ t

0
e−γ (t−τ)‖∇P(τ)‖q,Ω dτ

for a positive constant γ . From this estimate, by using Young’s inequality, we obtain

‖u‖q,Ω∞ + ‖U‖q,Ω∞ 6 C‖∇P ‖q,Ω∞ .

Then we have

‖u‖
(2,1)
q,Ω∞

+ ‖∇q‖q,Ω∞ + ‖U‖
(2,1)
q,Ω∞

6 C‖∇P ‖q,Ω∞ . (80)

Combining the estimates in (77) through (80), we deduce (43). Thus, we have completed the proof.

In the following section, we prove the solvability of the nonlinear problem. For this purpose, it
is more convenient to restate the above result as the following theorem easily derived from Theorem
4.1 for a sufficiently small γ .
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THEOREM 4.5 Let 1 < q <∞. Assume that

v0 ∈ W
2−2/q
q (Ω), T0 ∈ W

2−2/q
q (Ω),

eγ t f ∈ Lq(Ω∞), eγ tg ∈ W 1,0
q (Ω), eγ th ∈ Lq(Ω∞), eγ tH ∈ W

2−1/q,1−1/2q
q (Σ∞),

eγ tF ∈ W 1−1/q,1/2−1/2q
q (Γ∞), eγ tF3 ∈ W

1−1/q,1/2−1/2q
q (Γ∞), eγ tG ∈ W

1−1/q,1/2−1/2q
q (Γ∞),

and g = ∇ · R, eγ tR ∈ W 1
q (0,∞;Lq(Ω)). Then problem (42) has a solution

(v, p, T ) ∈ W 2,1
q (Ω∞)×W

1,0
q (Ω∞)×W

2,1
q (Ω∞)

satisfying the estimate

‖eγ tv‖
(2,1)
q,Ω∞

+ ‖eγ tp‖
(1,0)
q,Ω∞

+ ‖eγ tT ‖
(2,1)
q,Ω∞

6 C(‖eγ t f‖q,Ω∞ + ‖e
γ tg‖

(1,0)
q,Ω∞

+ ‖eγ tR‖(0,1)q,Ω∞
+ ‖eγ th‖q,Ω∞ + ‖v0‖

(2−2/q)
q,Ω + ‖T0‖

(2−2/q)
Ω

+ ‖eγ tF‖(1−1/q,1/q−1/2q)
q,Γ∞

+ ‖eγ tF3‖
(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖eγ tG‖
(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖eγ tH‖
(2−1/q,1−1/2q)
q,Σ∞

), (81)

where C = C(q,Ω) and γ are positive constants.

5. Nonlinear problem

In this section, we prove Theorem 2.1. First, let us rewrite problem (8) in the following equivalent
form: 

∂u

∂t
− ν∆u+ (ρ − ρe)

−1
∇q = F1(u, q), ∇ · u = F2(u),

∂U

∂t
−

κ

ρCp
∆U = F3(u, U) in Ω∞,

2νΠD(u)n = F4(u),

2νD(u)n · n− (ρ − ρe)−1q −
ρρel

(ρ − ρe)2Tc
U = F5(u, q, U),

∇U · n+
lρe

κ
u · n = F6(u, U) on Γ∞,

u = 0, U = H on Σ∞,

u|t=0 = u0, U |t=0 = U0 on Ω,

(82)

where

F1(u, q) = ν(∇
2
u −∇

2)u− (ρ − ρe)
−1(∇u −∇)q + ρeρ

−1(u · ∇)u,

F2(u) = −(∇u −∇) · u,

F3(u, U) =
κ

ρCp
(∇2

u −∇
2)U + ρeρ

−1(u · ∇)U +
2ν
Cp

Du(u) : Du(u),

F4(u) = −2νΠ(Du(u)nu − D(u)n)

+
1
ρ
Πu

[
u

((
1−

ρe

ρ

)
u− (u · nu)nu

)t]
nu,
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F5(u, q, U) = −2ν(Du(u)nu · nu − D(u)n · n)

+
1
ρ

[
u

((
1−

ρe

ρ

)
u− (u · nu)nu

)t]
nu · nu

+
ρρel

(ρ − ρe)2

(
ln(U + Tc)− ln Tc −

U

Tc

)
,

F6(u, U) = −(∇uU · nu −∇U · n)+
lρe

κ
u · (nu − n).

For K, γ > 0, we set

Xγ,K ≡ {(u, q, U) ∈ W
2,1
q (Ω∞)×W

1,0
q (Ω∞)×W

2,1
q (Ω∞) | ‖(u, q, U)‖γ 6 K},

where ‖(u, q, U)‖γ ≡ ‖eγ tu‖
(2,1)
q,Ω∞

+ ‖eγ tq‖
(1,0)
q,Ω∞

+ ‖eγ tU‖
(2,1)
q,Ω∞

.

LEMMA 5.1 Let 3 < q <∞. Then, for arbitrary (u, q, U) ∈ Xγ,K ,

‖eγ tF1(u, q)‖q,Ω∞ + ‖e
γ tF2(u)‖

(1,0)
q,Ω∞

+ ‖eγ t F̂2(u)‖
(0,1)
q,Ω∞

+ ‖eγ tF3(u, U)‖q,Ω∞

+‖eγ tF4(u)‖
(1−1/q,1/2−1/2q)
q,Γ∞

+‖eγ tF5(u, q, U)‖
(1−1/q,1/2−1/2q)
q,Γ∞

+‖eγ tF6(u, U)‖
(1−1/q,1/2−1/2q)
q,Γ∞

6 CK2,

where F̂2(u) = (J −1
− I )u and C is a positive constant that is independent of u, q, U , γ, and K.

Proof. Here, we derive the estimates only for F1, F2, and F̂2, because the other terms can be
estimated in the same manner. In the proof, the notation ‖f ‖q,r,Ω∞ denotes the norm defined
by (

∫
∞

0 (
∫
Ω
|f (x, t)|q dx)r/q dt)1/r , and C represents various constants that are independent of

u, q, U, γ, and K .
We first estimate the nonlinear terms

(∇2
u −∇

2)u, (∇u −∇)q, (∇u −∇) · u, (J −1
− I )u,

which are derived from the transformation of coordinates in (7).
For (∇2

u −∇
2)u, we have

‖eγ t (∇2
u −∇

2)u‖q,Ω∞

6 ‖eγ t ((J ∗ − I )∇ · J ∗∇)u‖q,Ω∞ + ‖eγ t (∇ · (J ∗ − I )∇)u‖q,Ω∞
6 C

(
‖J ∗ − I‖∞,Ω∞‖DJ ∗‖q,∞,Ω∞‖eγ tDu‖∞,q,Ω∞

+ ‖J ∗ − I‖∞,Ω∞‖J ∗‖∞,Ω∞‖eγ tD2u‖q,Ω∞

+ ‖D(J ∗ − I )‖q,∞,Ω∞‖eγ tDu‖∞,q,Ω∞ + ‖J ∗ − I‖∞,Ω∞‖eγ tD2u‖q,Ω∞
)
.

Using the estimate∥∥∥∥∫ t

0
Du dτ

∥∥∥∥
∞,Ω∞

6 C

(∫
∞

0
e−γ q

′τ dτ
)1/q ′

‖eγ tu‖
(2,0)
q,Ω∞

6 CK,
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we have ‖J ∗ − I‖∞,Ω∞ , ‖D(J ∗ − I )‖q,∞,Ω∞ , ‖DJ ∗‖q,∞,Ω∞ 6 CK , and ‖J ∗‖∞,Ω∞ 6 C,
and consequently ‖eγ t (∇2

u − ∇
2)u‖q,Ω∞ 6 CK . In the same manner, ‖eγ t (∇u − ∇)q‖q,Ω∞ ,

‖eγ t (∇u −∇)u‖
(1,0)
q,Ω∞

6 CK .
The nonlinear term (u · ∇)u can be estimated as follows:

‖(u · ∇)u‖q,Ω∞ 6 C‖u‖∞,Ω∞‖e
γ tDu‖q,Ω∞ 6 CK2.

From these estimates, we obtain the estimates for F1 and F2 as stated above.
Next, let us estimate F̂2. From the estimates ‖ ∂

∂t
(J −1

− I )‖q,Ω∞ 6 C‖u‖
(1,0)
q,Ω∞

6

C‖eγ tu‖
(1,0)
q,Ω∞

6 CK and ‖J −1
− I‖∞,Ω∞ 6 CK , we have

‖F̂2‖
(0,1)
q,Ω∞

6 C‖eγ t (J −1
− I )u‖

(0,1)
q,Ω∞

6 C

(∥∥∥∥ ∂∂t (J −1
− I )

∥∥∥∥
q,Ω∞

‖eγ tu‖∞,Ω∞ + ‖J −1
− I‖∞,Ω∞

∥∥∥∥ ∂∂t (eγ tu)
∥∥∥∥
q,Ω∞

)
6 CK2.

Thus, we have proven the lemma.

In a similar manner, we obtain the following lemma.

LEMMA 5.2 Let 3 < q <∞. Then, for arbitrary (u1, q1, U1), (u2, q2, U2) ∈ Xγ,K ,

‖eγ t (F1(u1, q1)− F1(u2, q2))‖q,Ω∞ + ‖e
γ t (F2(u1)− F2(u2))‖

(1,0)
q,Ω∞

+ ‖eγ t (F̂2(u1)− F̂2(u2))‖
(0,1)
q,Ω∞

+ ‖eγ t (F3(u1, U1)− F3(u2, U2))‖q,Ω∞

+ ‖eγ t (F4(u1)− F4(u2))‖
(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖eγ t (F5(u1, q1, U1)− F5(u2, q2, U2))‖
(1−1/q,1/2−1/2q)
q,Γ∞

+ ‖eγ t (F6(u1, U1)− F6(u2, U2))‖
(1−1/q,1/2−1/2q)
q,Γ∞

6 CK‖(u1 − u2, q1 − q2, U1 − U2)‖γ ,

where C is a positive constant that is independent of u1,u2, q1, q2, U1, U2, γ, and K.

Now, we define the mapping F that maps (u, q, U) ∈ Xγ,K to the solution (ũ, q̃, Ũ ) of the
problem L(ũ, q̃, Ũ ) = F(u, q, U), where L(u, q, U) and F(u, q, U) represent the left-hand side
and the right-hand side, respectively, of (82).

Lemmas 5.1 and 5.2 indicate that F is a contraction on Xγ,K for suitably chosen K .
From Theorem 4.1 and Lemma 5.1, we have

‖(ũ, q̃, Ũ )‖γ 6 C(‖u0‖
(2−2/q)
q,Ω + ‖U0‖

(2−2/q)
q,Ω + ‖H‖

(2−1/q,1−1/2q)
q,Σ∞

+K2).

Thus, if we choose K 6 1/2C, then for arbitrary (u0, U0, H) satisfying ‖u0‖
(2−2/q)
q,Ω +

‖U0‖
(2−2/q)
q,Ω + ‖H‖

(2−1/q,1−1/2q)
Σ∞

6 K2, we have the estimate

‖(ũ, q̃, Ũ )‖γ 6 K. (83)

This implies that F maps Xγ,K to itself.
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Next, let us consider the equation

L(ũ1 − ũ2, q̃1 − q̃2, Ũ1 − Ũ2) = F(u1, q1, U1)− F(u2, q2, U2),

where (u1, q1, U1) and (u2, q2, U2) are arbitrary elements ofXγ,K . By the same argument as above,
considering Lemma 5.2 and Theorem 4.5, we have the estimate

‖(ũ1 − ũ2, q̃1 − q̃2, Ũ1 − Ũ2)‖γ 6 CK‖(u1, q1, U1)− (u2, q2, U2)‖γ . (84)

Thus, if we choose K < 1/2C, then F is a contraction on Xγ,K .
Therefore, from the contraction mapping principle, we can obtain the solution of problem (82).

Thus, we have completed the proof of Theorem 2.1.
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