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We prove the global-in-time existence of weak solution for a hypersurface evolution problem where
the velocity is the sum of the mean curvature and arbitrarily given non-smooth vector field in a
suitable Sobolev space. The approximate solution is obtained by the Allen—Cahn equation with
transport term. By establishing the density ratio upper bound on the phase boundary measure it
is shown that the limiting surface moves with the desired velocity in the sense of Brakke.
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1. Introduction

In this paper we establish the existence of a family {I"(¢)}o<;<co Of hypersurfaces whose velocity is

Vr=@w-n)n+H onlI(t), t=0. (1.1)

Here 7 is the unit normal vector and H is the mean curvature vector of I (¢), respectively. A domain
R7T0) c 2 =T = (R/Z)? with boundary I"(0) and a vector field u which depends both
on x and ¢ are given. The main result of the present paper is that there exists an integral varifold
solution for as long as the given transport term u belongs to Lff)c([O, 00): (WLP(§2))?) for
p>(d+2)/2andd = 2,3 (see Theorem[zi] for the precise statement). The result is a natural
generalization of the pioneering work by Brakke [S] who proved the existence of integral varifolds
moving by mean curvature (u = 0). Various notions of weak solutions for motion by mean curvature
have since been developed along with approximation schemes such as viscosity solutions via the
level set method ([4. 16, [11]]), minimizing movements method ([3,17]) and phase field method ([L14])
to name but a few. As for local regularity of weak solutions, we mention the works by Brakke [5]],
White [28[29] and Ecker [8,9].

Motivations to consider (I.I)) are (i) to understand the range of perturbations within which we
may obtain the integral varifold solutions and (ii) to obtain results applicable to coupled problems
which typically set # in a Sobolev space. The latter problems include the two-phase fluid flow
problem considered in [16}|18]] where u satisfies a coupled Navier—Stokes equation. For that problem
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we cannot expect a good global-in-time regularity of u such as Lipschitz in the space variables. We
note that the natural class for the level set method for problem (I.1) is for u to be in the Lipschitz
class in the space variables [4]. An application to the two-phase flow problems will appear in a
separate paper.

For the construction of the weak solution, we utilize the phase field method via an equation
similar to the Allen—Cahn equation [2],

9 W' (p)

= Ap — ) AC
» %] 2 (AC)

Here W is the equal depth double-well potential and we set W (¢) = (1 — ¢*)?/2. When ¢ — 0 and
with an appropriate set of initial data at t = 0, the solution ¢ is approximately £1 on a bulk region
with a thin interface region of thickness O (g). It has been proved by many authors under various
assumptions that the limit interface evolves by mean curvature. In the setting of geometric measure
theory, Ilmanen [14] proved that the limit surface measures u; of (AC) are rectifiable and satisfy the
mean curvature flow equation in the sense of Brakke. The third author [27]] proved that u; is integral
(see Sec. 2.2) so that the limit measures obtained as the limit of (AC) have all the measure-theoretic
properties satisfied by the varifold solutions constructed by Brakke in [S]]. For d = 2, 3, the second
author [24] noticed that one can give a very short and unified proof of [[14] and [27] by utilizing
the results by Roger and Schitzle [[23]. We use the latter method in the present paper instead of that
of Ilmanen. The main point of the present paper is the analysis of the Allen—Cahn equation with
transport term

d¢ W'(p)

—_ + u - V — A —_ 1.2

” ¢ = A4¢ 2 (1.2)
which is expected to approximate the motion law (1.1I)). We point out that we need a certain growth
rate control of |ullr@x[0,7)) = o(e~Y2) for the approximation scheme in order to tame the

transport effect. Though such bound may not be sharp, some type of control in terms of the power of
& seems necessary to preserve the O (¢)-scale phase boundary profile of hyperbolic tangent. The key
technical point is the claim that the upper density ratio of the surface measure is uniformly bounded
(see Theorem [3.1)) under the natural assumptions in our setting. It roughly says that the regularizing
effect of mean curvature flow ‘wins’ over the transport effect as long as u retains the regularity
specified in Theorem [3.1] In proving this we utilize the monotonicity formula due to Huisken [12]
and Chen-Struwe [7]], which again was first used in the context of the Allen—Cahn equation by
Ilmanen [14]. In this part of the proof p > (d + 2)/2 is essential but d does not need to be 2, 3.
Regarding the approximation scheme via the Allen—Cahn equation and its derivatives, there
have been a colossal amount of related work. Thus we restrict the references to the ones with
geometric measure theory settings and sufficiently close technical relevance. Soner [26] considered
the phase field equation similar to (I.2) coupled with a nonlinear parabolic equation. The system
is equipped with a natural energy dissipation law and a candidate for a Chen—Struwe—Huisken-
type monotonicity formula. The main thrust of [26] is to prove that the so-called discrepancy
measure vanishes in the limit, which is similar to our concern in the present paper. Mugnai—Roger
introduced the notion of L2-flow [20] which was developed to describe an evolution of integral
varifolds with L2 mean curvature and L? generalized velocity. They subsequently studied a wide
range of surface evolution problems including (T.2) in [21] and derived that the limit measure is
L2-flow. The notion of L?-flow can characterize a very wide class of surface evolution problems
with little regularity requirement for the velocity, typically under the assumption or a priori estimate
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that LIZOC([O, 00); (L%(£2))9) is bounded. The results of the present paper have some intersections
in this regard, particularly for n = 2, but are different from [21]] for n = 3.

The paper is organized as follows. In Section 2 we set out the basic definitions and explain the
main theorem. Section 3 concerns the main technical proof of the upper density ratio bound (3.8).
In Section 4 we characterize the limit measures of surface energies, and Section 5 completes the
proof of the main existence theorem. In Section 6 we make final remarks.

2. Preliminaries and main results

2.1 Basic notations

For A, B € R we denote A : B = > AjB;j and |A] = VA:A. Fora € R?, a ® a is the
matrix with the entries a;a;, i, j =1,...,d. We write B,(x) = {y | |x — y| < r} and wy is the k-
dimensional volume of the unit ball in R¥. We write L”(£2) for the space of p-th power integrable
functions and WP (2) = {u € LP(2) | Vu € (LP(2))4}. (LP(£2))? is the d-vector valued
LP(£2) functions and similarly for (W!?(£2))¢. For a Radon measure y, L? (1) is the space of p-th
power integrable functions with respect to ;. We write the space of bounded variation functions as
BV (£2). We denote by x4 the characteristic function of a set A. For the standard notions related to
BV -functions such as sets of finite perimeter and reduced boundaries we refer the readers to [10].
Finally 7* is the k-dimensional Hausdorff measure and £¢ is the Lebesgue measure in R,

2.2 Varifold notations

We recall some notions from geometric measure theory and refer to [1} (5 125] for more details.
A general k-varifold in R? is a Radon measure on R? x G (R%), where G (R?) is the Grassmann
manifold of unoriented k-dimensional subspaces in R¢. We denote the set of all general k-varifolds
by Vi(R%). When S is a k-dimensional subspace, we also use S to denote the d by d matrix
representing the orthogonal projection R? — . The first variation of V can be written as

§V(g) =/ Vgx):§dV(x, S) = —/ g)-Hx)dIVI(x) ifIsVI<[VI. (2.1
R9 x Gy (RY) R4

Here V € Vi (RY), | V| is the mass measure of V, g € (CC1 (R4, H = Hy is the generalized
mean curvature vector if it exists and [|6V || < || V| denotes that ||§V] is absolutely continuous
with respect to ||V ||.

We call a Radon measure u k-integral if it is represented as = 0H¥| x, that is, fRd ¢du =
f x #0 dHF for ¢ € CC(R"). Here X is a countably k-rectifiable, H¥-measurable set, and 0 €
LIIOC(H" lx) is positive and integer-valued H* a.e on X. When # = 1 a.e. on X, we say u has
unit density. We denote the set of all k-integral Radon measures by ZM; (R?). To each such u
corresponds a unique k-varifold V defined by

/ ¢(x,S)dV(x,S) =/ ¢(x, Tep) dp(x)  for ¢ € Co(RY x Gr(R?)),
R x G (RY) R

where T, u is the approximate tangent k-plane of X at x which exists 7* a.e on X. Note that
u = ||V under this correspondence. We make this identification in the following. For this reason
we define H,, as Hy (or simply H) if the latter exists. When X is a C? submanifold without
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boundary and 6 is constant on X, H corresponds to the usual mean curvature vector of X. In the
following we suitably adapt the above notions to 2 = T, such as Vi (£2) and ZMy(§2), which
presents no essential difficulties.

2.3 Weak formulation of velocity

For a sufficiently smooth surface I"(#) moving by the velocity (I.1)), the following holds for any
¢ € C?(£2; RY) due to the first variation formula (2.1):
d d—1 d—1
— odH" < (—pH + Vo) -{H+ (u-n)n}dH*". 2.2)
dt Jrq) ra
One can check that having this inequality for any ¢ € C2?(£2;R*) implies (T.I)), thus @2.2) is
equivalent to (I.I). Without the transport term u this is Brakke’s approach to the mean curvature
flow. To define u as the trace on I"(¢) we need the following

THEOREM 2.1 (Meyers—Ziemer inequality) For a Radon measure pu on RY with D =
SUP,~.q, xeRd W(Br (1)/(@g-1r'"") and 1 < g < d,

U

—1

q(d—1) d—q
/Rd 1617 dpu < cyzD /Rdwqux 23)

for ¢ € Ccl(Rd). Here cpyz = cmz(d, q).

See [19] and [30, p. 266] for g = 1. The statement for | < g < d is easily derived by the Holder
inequality and will be used later. By localizing Theorem to £2 = T and choosing ¢ = 1 we

obtain (with D = Supy 2,0, xee H(B; (¥)/ (@a-1r"1)

fg 16 die < cuzDId 20 IVl 20, 2.4)

where cyz may differ from (2.3) and only depends on d. The inequality allows us to define
f o ||? dp for ¢ € W12(2) by the standard density argument.
We define, for any Radon measure p, u € (Wh2(2))? and ¢ € C2(2; RY),

Bl u, §) = /Q (—$H + V) - (H + (u-nyn} dx 25)

if 4 € TMg_1(R2) with H € (L*(u))? and sup, 5., ¢ ceq 1(Br(x))/(@q—1r?~") < oo. This
gives a well-defined finite value due to the stated conditions and (2.4). If any one of the conditions
is not satisfied, we define B(u, u, ¢) = —oo.

2.4 Main existence results
Our main results are the following.

THEOREM 2.2 Supposed =2 or 3, p > (d +2)/2 and £2 = T%. Given any

p
u e LIOC

and 27 (0) C £2 having c! boundary 77(0), there exist

([0, 00); (WP (2))%)
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(1) a family {u;}re[0,00) of Radon measures with p; € ZMy_1(82) for a.e. t € [0, 00) and
(ii) @ € BVioe(£2 x [0, 00)) N L([0, 00); BV (2)) N CLL2(10, 00); L1 (£2))

loc

such that the following hold:

(a) Forall0 <t <t <ocoand ¢ € C%(£2;: R") we have
15}
Wi (@) — ey (@) < / B(pe, u(- 1), ¢) dr. (2.6)
3l

Moreover B(u;, u(-, 1), ¢) € L} . ([0, 00)) and o = H™ [ (o).

(b) The function ¢ satisfies the following properties.
(1) ¢(-,t) = £1 a.e. on £2 and for all ¢ € [0, c0),
(2) (-, 0) = x@+@©) — Xe\2+©) a-¢.on £2,
(3) spt |V x{o(.,n=13] C sptu, forall ¢ € [0, 00).
(¢) There exists T1 = Ti(l[ullpjo,17:(wr(s2))d)> 271(0), p) < 1 such that y, has unit density for
ae.t € [0, T1]. In addition |V x(p=1;] = p, fora.e. t € [0, T71].

The inequality (2.6) shows that u, satisfies the desired motion law in the sense stated in (2.2) in
the integral form. Define I"(¢) by the relation u; = OHA! Lr@) whenever u; € TMg_1(£2). It is
appropriate to say that {I"(¢)};>0 (with multiplicity 6) moves by the velocity in the sense of
Brakke. In addition we have

THEOREM 2.3 The family {u,}sc[0,00) of Radon measures obtained in Theorem @] satisfies the
following properties.

(a) Forall0 <] <t < ooand ¢ € C3(£2 x [0, 00); RT) we have
5] a¢
1

(®) Sup;cio,7], xen, 0<r<1/2 wi(Br(x))/(wg—1r?~1) < oo forall T > 0.
The property (a) may be useful to establish the partial regularity ([15, Sec. 3.5]).

REMARK 2.4 The difficulty of multiplicities have been often encountered in the measure-theoretic
setting like ours. Varifold solutions constructed by Brakke [S] have the same properties in this
regard. On the other hand, (c) says that there is no ‘folding’ for some time interval [0, T1].

REMARK 2.5 The initial data I"(0) = 321 (0) can be less regular than C'. The same statements
of Theorems and except for (c) hold for I"(0) with the following properties: we assume
HI=1(I"(0)) < oo and that there exists a sequence of domains £2%(0)! with C3 boundary I"(0)’
such that

HA=Y(B, (x) N T (0)")
sup < 00

i,0<r<1)2, xeQ wg—1rd! ’
lim £4(270) A 27(0))) =0, (2.8)
1—> 00

1lim [Vxg+)il =IVXxe+ol asmeasures.
1—> 0
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For (c) to be true we additionally require that

\Y B, (x
sup Xm(o)'fi_’l( D <14 oro). (2.9)
O<r<rg, xe2 wdq—1r

By a suitable application of the implicit function theorem, partition of unity and smoothing, one
can show that C! boundary satisfies all of the above conditions. They are also satisfied by surfaces
with irregular thin spikes, which are not C!, for example. The proof is given for I"(0) with the
above conditions. On the other hand it is clear that the above conditions exclude finite perimeter
sets whose measure-theoretic boundaries have infinite density points.

2.5 Theorem to be used
We use the following theorem in a similar way to [24]:

THEOREM 2.6 (Réger and Schiitzle [23]) Suppose d = 2 or 3 and £2 € R? is an open set. Let
@ € C%(£2) and set

1 Vot |2 W (ot W' (0f 2
M8:—<8| ®°| + (¢ ))dx, aazi(Aq)s_ (;,0 )) dx
o 2 £ o £

where o0 = f_ll V2W (s)ds. Assume lim;_, o, &; = 0 and ¢* satisfies

liminf(u® (2) + «®(£2)) < oo, lim u® = p  as measures.
11— 00 11— 00

Then:

(1) ueIMg-_1(£2).
(ii) f olH |2 du < liminfi_, o %, where H is the generalized mean curvature of .

3. Density ratio upper bound for interface energy

In this section we prove that the diffused interface energy satisfies a certain uniform upper density
ratio bound which is crucial in the subsequent limiting procedures when ¢ — 0. Since the estimate
is of independent interest and is true for all dimensions, we state the assumptions in the form
independent of the existence results in the following sections.

3.1  Main Theorem on the upper density ratio

THEOREM 3.1 Supposed > 2, §2 =Td,p >d+2)/2,T>0,1/2>y >20,1>¢>0andg
satisfies

dp W (p)
i Vo = Ap —
ot tu-Ve ¢ g2

@(x,0) = go(x) on £2, (3.2)

on 2 x [0, T], 3.1
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where Viu, Vigp, Vkg, € C(£2 x [0, T]) fori, k € {0, 1} and j € {0, 1, 2, 3}. Let 1, be the Radon
measure on £2 defined by

2
/ d () dpy (x) = l/ ¢(x)(8|v‘/’(x’f)| N W(cp(x,t))>dx
2 o Jo 2 e

for ¢ € C(£2), where 0 = f_ll V2W (s) ds. Also assume that

sup ol <1 and supe|Vigg| <ci fori e ({l,2,3), (3.3)
2 2
e|Veol> W
Sup( [Veol® (¢0)><8_V7 (3.4)
2] 2 &
sup {e”[ul, &' |Vul} < c2, 3.5)
£2x[0,T]
||M||Lp([o,T];(W1’p(Q))d) < cs. (3.6)

For t € [0, T] define

1
D(t) = max{ sup ﬁ,ut(Br(x)), 1}, and assume D(0) < Dy. 3.7
xeR,0<r<1/2 Wd—17

Then there exist ¢4 which depends only on ¢3, d, p, Dg and T, and €; > 0 which depends only on
d, p,W,c1,c2,c3, Do,y and T such that forall 0 < & < € andt € [0, T],

D) < cs. (3.8)

3.2 Monotonicity formula

First we derive the monotonicity formula for the surface energy , which is analogous to [[14]. One
essential difficulty is the control of the so-called discrepancy measure &¢|Vg|?/2 — W/e and our
analysis concentrates mostly on this issue.

We fix (y, 5) € R4 x [0, 0o) and define, for any (x,1) € R4 x [0, ),

1 b=y

4(s—t)
(@r(s —y@-nre

p(y,s) (xa Z‘) =

To localize the formula to £2, we fix a radially symmetric cut-off function n € CZ°(B1/2(0)) with
n =1on By/4(0) and 0 < n < 1. We then define

1 lx—y

=y
(@n(s —1))@dD2°¢ L= n(x — y).

Py,s) (X, 1) = pysy (X, Onx — y) =

The following can be obtained by similar computations to [[14]], the only difference being the extra
term u - Vg and the cut-off function.
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PROPOSITION 3.2 There exist constants cs, ce > 0 depending only on d such that for y € £2,
O<t<s<ooandr < T,

d [ . . 1 elVel> W)\ .
— d < 24 - dx
ol L0 /Qmm m(x>+2(s_t)a/9( . )5

/ 2
+ cse 6/ 5D (u,(.Q) + ! / 3<A<p v g‘p)) dx>. (3.9)
o Jo &

Note that o = p(y,s)(x, ) is integrated with respect to x.

Proof. We present the computations on R? and without the cut-off function # for simplicity. In the
following we write p for p(y 5)(x, t) and set

\V/ 2 /
:8| o +W(<p) W(w)'

E , L= u-Vo=Agp—
5 . potu-Vo=A4p - —

We calculate by integration by parts and completing the square:

d w’
— Epdx:/ {Ept—8¢t<Vp~V<p+pA<p—p §¢))}dx
dt Jpa R4 &

= /Rd{Epf —e(L—u-V)(Vp- Vo +pL)}dx

Vo -V Vo -V
=/ {Ept_€p<Lz+Lu>+8pu.w(L+u>}dx
Rd o o
Vp - Ve\? Vp - V)2
=/ {E,ot—sp(L—l—u) +g(LVp.V¢+M>
Rd o o

Vo -V
+apu~V(p(L+u>}dx
I

< Ad{Ept+8<LVp-V¢+M>+%sp(u~V¢)2}dx. (3.10)
By integration by parts we have
/Rd eLVp - Vedx =/Rd(—gw®v(p :V2p 4+ EAp)dx. (3.11)
Two important identities which p satisfies are
pt+Ap:_2(sp—t)’ pt—i—Ap—V(lva;;@:VZp—i-%zo, (3.12)

and substituting (3:11) and (3:12) into (3.10), we obtain (3.9) without the last term. When one
computes the above with p instead of p, we have the additional term

/Isz ep:pVe - Vndx (3.13)
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in the first integration by parts in (3:10). Deriving (3.11)) we also have additional terms which can be
bounded by o, (£2)ce /=" with a suitable constant ¢ > 0. For (3.13) we estimate, using (3.1),

/ elo| Vol [Vl dx
]Rd

1 . W/ 2 V 2
<yl eavupiversacs [ o(iwor (a0 -5 ) )T pax
4 Jix—yi>1/4 Rd & ]
dx ).

1 , w\?
< —f e|u|2|w|2/3dx+cef/<‘*'><w,(9)+/ S(A‘P__2> )
4 Jra Q €

Thus with suitable choices of ¢s and ¢ depending only on d, we obtain (3.9). O

(3.14)

3.3  Estimates on 2 x [0, T']

Here we collect estimates which hold on £2 x [0, T'] for sufficiently small & > 0. These are in contrast
with the next subsection where we assume the density upper ratio bound (3:8) for ¢ € [0, T]. First
we prove the following uniform gradient bound. Even though the estimate may be well-known,
we include the proof for completeness. The point here is that we want a uniform gradient estimate
which is independent of the terms such as u;.

LEMMA 3.3 There exists c¢7 depending only on d, c1, ¢c2 and W such that

sup |Vo| < cy/e.
2x[0,T]

Proof. Rescale the domain by x — x /e and ¢ > t/¢2. Then the equation (BI)is
@0 +su-Vo = Ap — W (p). (3.15)
By the L? estimate of the heat kernel [15| p. 288], we have
v, —Av = fonB x[0,2] =
o, V20l xij2p < ed. @) (Lf. Vv, vllLasoxo2y + (1= DIvC. Ollyzapy)  (3.16)

for j =0 (uptot = 0)or j = 1 (interior estimate) and for 1 < g < co. Here we discuss the case
of up to ¢ = 0. The interior case is similar. By multiplying (3.13) by ¢>¢ where ¢ € Cl(B3) is a
suitable cut-off function, and by integration by parts, we easily obtain (with |¢| < 1 and (3:3))

2
f Vol dx dr < (W, ¢2). (3.17)
0 B,
Thus by (3.15), (3:3). (3.3), (3-16) and (3-17),
2
/ (o) + V2P dx dr < c(d. W, ey, e2). (3.18)
0 B

By differentiating (3.13) with respect to x; we have

((px,')l‘ - A‘Pxi = _8ux,~ : V‘P —&u - Vﬁl)x,- - W//(‘P)‘Px,w (319)
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By (3:16), (3:18) and (3:3) with ¢ = 2 applied to (3:19),
2
/ (Ve >+ V3?) dx dr < e(d, W, 1, 2). (3.20)
0 By

Then we have a W 2-norm estimate of Vo on B; x [0, 2] and by the Sobolev embedding theorem,
”V‘PHLZ(dJrl)/(dfl)(Blx[o,z]) <cld,W,cy,c2).

We can use this estimate in (3.13). By (3.16) with ¢ = 2(d + 1)/(d — 1), we obtain the
improved estimates for ¢, and V¢, and then for Vg, by (3:19). We can repeat this process until
the integrability exponent g exceeds d. Then this gives the desired estimate for ¢ in terms of
d,ci,c, W. O

The next lemma is proved in a similar manner to 13| Proposition 3.3].

LEMMA 3.4 There exists e = €3(d, W, c1, ¢2) > 0 such that, for 0 < ¢ < €,

Vo> W
el 2‘”' YO 48 on@2 x (0. 71, (3.21)
&
Proof. Rescale the domain as in Lemma[3.3] Define
_ |VeP?
§= T Wi(p) — G(p), (3.22)

where G will be chosen later. We compute & + eu - VE — A€ and obtain
E+eu-VE—AE=Vp -V, — (W +Ggr +eu® Ve : V2o —e(W +Gu- Vo
— V292 =V - V(Ap) + (W +G)Ag + (W' + G")|Vel*. (3.23)

Differentiate (3.T3) with respect to x;, multiply by ¢,; and sum over j to obtain

Vo Vo +eVu: Vo ® Vo +eu® Ve : Vi = Vo - V(Ap) — W V| (3.24)
Combining (3:13), (3:23), and (3.24), we obtain
E+eu-VE—AE =W W +G)— |V —eVu: Vo ® Vo + G"|Vp|>. (3.25)

Differentiating (3.22)) with respect to x;, we derive, by the Cauchy—Schwarz inequality,

d d d
Z(Z ‘px,'wmx,-)z = Z(Exj + (W’ + G/)‘Px_,')z
1 i1 =

j:
= |VEP? +2(W 4+ G)VE - Vo + (W + G)?|Ve|> < |Ve|? V20| (3.26)
Divide (3.26) by |V¢|? and substitute into (3.23) to obtain

& +eu-VE — A

/ / / 1 2 l / / N2 2

KWW +G) — Ivg0|2(|V’§| +2(W' 4+ G)HVE - Vo + (W + GH* |Vl
—eVu: Vo ® Ve + G"|Ve|?
2(W + G

<—(G)Y—-WG - VE-Vo—eVu:Vo® Ve + G|Vl (3.27)

IVo|?
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By substituting [Vo|*> = 2£ 4+ 2(W + G) into (3.27),

2W' 4+ G’
& 4 eu-VE — AE < —(G)? = W'G' +2G"(W + G) — %vg Vo
@
—eVu : Vo ® Vo +2G"E. (3.28)
Let ¢(x, 1) = ¢(x) € C*(B;,-1(0)) be such that
M= sup (IVo[*/2—W(p)) on By-1(0)\ By-1(0),
¢ = RYx[0,672T]
0 on B,-1(0),
and
0<p <M, |VP|<2eM, |Ap|<2de*M. (3.29)

Note that M may be bounded depending only on d, W, ¢y, ¢ by Lemma[3.3] We then set

E=¢t—¢ and G(¢)=81/2<1—é¢2>.

Suppose, to derive a contradiction, that

sup E2> el/2,

B,_1 x[0,672T]

Since & < 0 on (By,—1 \ B.-1) x [0,672T] and & < &'77 on Bs,—1 x {0} by (34), and since
sup B,y x[0,6-2F] é > ¢1/2 there exists some interior maximum point (xg, fo) of E where

£, >0, VE=0 AE<0, E>¢'
With (3:29) we have at this point
£ >0, |VEl<2eM, Af<2de*M, |Vo|> >2¢'/2. (3.30)

Substitute (3.30) into (3.28). Using eVu : Vo ® Vo < 2¢|Vu|(§ + W + G) and (3.3), we have

AW +1G"heM
(281/2)1/2

+2G"E + 26"V (E + W+ G) + 20267V M. (3.31)

0<2de’M — (G)?> = W'G' +2G" (W +G) +

We have WG’ > 0, G” = —¢!/?/4 < 0, and since y < 1/2, for sufficiently small ¢ = &(W, 2, ),

2G"E + 2006 77E K0, 2G"(W 4+ G) 4226V (W + G) < G"(W + G). (3.32)

If |p(x0, tp)| < 1/2, then
el/2
G'W < ——— min_ W(),
2 z21<1/2
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which is a ‘big’ negative number compared to the rest, and one can check that this and (3:32) lead
to a contradiction in (3:31). If |@(xo, 70)| = 1/2, then we would have ‘big’ negative contributions
coming from

1 1
—(G"?* < —cz¢ and —W'G' < —§81/2|W’|,

which again leads to a contradiction with (3.31) for sufficiently small . This shows that (since
G < 81 /2)

sup  (IVel?/2 — W(p)) < 28'/2.
B x[0,672T]

Now repeat the same argument with M replaced by 2¢!/? and G replaced by 8coe! =7 (1 — %goz). If
we assume
sup &> 26177,
B__1x[0,672T]

£ = £ — ¢ would attain some interior maximum in By,-1 x [0, e ~2T] by (3.4) and by the subtraction
of ¢. This time we would have & < 0, |V&| < 4¢3/2, Af < 4de/? and |Vg|? > 4¢'~7. Now (B3:31)
becomes

8(IW'| + |G')e/?

5/2 _ (N2 _ w ! "
0 < 4de (G2 —W'G' +2G" (W + G) + GeT I

+2G"E + 2"V er(E+ W+ G) + 4877V ¢y,

Exactly the same type of argument as before shows that we have a contradiction, and since G <
8c2e!77 and € — G < 2¢!77, we obtain (3:21)). a

LEMMA 3.5 Fors, R,r > OwithO <s — (R/r)2 < T and R < 1/2, there exists cg = co(d) > 1
such that
/.;2 P(y,s)(x, 8) duz(x)

< (r/ (VAT R Y us (BR(y)) + 115 (2) exp(—r? /(16R?))} + coD(5) exp(—r2/8).  (3.33)
Here § = s — (R/r)>.

Proof. We note that
rd-1 r2—y?

A S) — 2 —
p(y,S)('xﬂs)_ (\/4_]TR)d_le 4R n(x y)'

We evaluate the integrand separately on Br(y) and on §2 \ Bg(y). On Br(y),

d—1 202
_ . . r _ x|
O(y.s) (X, §) dps (x) </ P(y.5) (X, §) dus(x) = —/ e 48 dug
/B‘my) Br(y) (V4 R)4=1 JBr(y)
d—1
-

< Wﬂ&(&e()})). (3.34)
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On £2 \ Bg(y) and R < 1/2, we use (3.7) to derive

(\/ 47T R)d_l - - _r2|xfy\2
d—1 P(y,s)(x,8) dus (x) < e 48 duz(x)
r 2\Br () Bi2()\Br()

r2 x—y |2

1
=/0 1s((Bio() \ BRO)) N{x;e” 42~ >A))dA

exp(—r2/(16R%)) exp(—r2/4)
< 1z (Bia(y)\ BR()’))d)\"r‘/ us(Byp —1 =t (¥)) dA
/0 i exp(—r2/(16R2)) P 2Rr YA

r2/(16R%)
< Eexp(—r?/(16R%) + D) wq—1 2R/r)*! / s@=D/2 exp(—s) ds
r2/4
< Eexp(—r?/(16R%) + ¢(d) D) (R/r)? " exp(—r?/8). (3.35)

Here we wrote E = 5(§2). Combining (3:34) and (3:33), we obtain (3:33). If necessary we may
choose cg > 1. O

3.4 Proof of Theorem[3.]]

In the following we show that the growth of the density upper ratio is controlled in time in the
following sense.

PROPOSITION 3.6 There exist ¢, = cp(d) > 1, Tp = Tp(d,p,c3) > 0 and ¢ =
ep(d, p, W, c1, c2, c3, Do, T, y) such that

sup D) < ¢pD(10)
telty,to+Tp]

foralltg € [0,T — Tp] and & < €p.

If this holds, D(¢) satisfies
D(t) < Docl)/ ™! (3.36)
where [x] is the integral part of x. Thus (3:36) finishes the proof of Theorem [3.1] We assume in the
following that D(r) satisfies

(= c10d, p, c3, T, Dy)) (3.37)

D(t) < Docl!/ ™!

for t € [0, T1]. Note that 77 > 0 (a priori depending on ¢) since ¢, > 1 and by the continuity of
D(¢) in time. Under this assumption we have

LEMMA 3.7

T 2
sup M[(.Q)-i-/ 1/ ( gp)) dxdr < Eg = Eo(d, p,c3, T, Dy).  (3.38)
t€(0,T1]
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Proof. By (3:1) we can compute

d /
@ <= [ e(a0- S")) ae = [ e verax

By (2.4) we have

w
—m( >\——/ ( “")) dx+fgclocMz<|u|2+|W|2>dx.

Thus by integrating with respect to 7 and by (3.6)), we obtain (3.38). Note that 1£0(£2) < ¢(d)Do. O

The next Lemma 38| gives a lower bound of the density of u, when there i 1s some piece of interface.
For the rest of the present section we fix y’ such thaty <y’ < 1/2and y' = 5 (1/2 +y),a=3/4
and k = 11/6 so that W (s) > « fora < |s| < 1.

LEMMA 3.8 There exist positive constants cj; and c12 and €3 with 0 < €3 < € depending only
ond, W, ¢y, ¢, c3, p, Dy, v and y’ with the following properties: Suppose 0 < ¢ < €3 and
lo(y, )] < o < 1 with s € [0, T1]. Then, for all ¢t € [0, T1] with max{0, s — Szy} <t < sand
ec11 <R K g7 c11, we have

1
12 S g (BR(Y))- (3.39)

Proof. In this proof we write p = p(, ;4.2)(x, 1) for brevity. Suppose |¢(y,s)| < a < 1. If we
change the variable ¢(X, s) = ¢(ex + y, 5), we obtain

‘ eIRP/A V@1
5. () = e R W
/Qp s (x) /Q/s( H)Hgn( x)( ot (@ ))

Since |¢(0,s)] < o < 1, Lemma implies that there exists a positive constant c13 =
c13(d, W, y, c1, ¢2) < 1 such that

Senn < [ Bausto) (3.40)
2
Next, we use (3.3), (3.9) and (3:21) to obtain, for A € [z, s),
d 248 -
[ s < e 2y/ Sy g 2 8VEET
dk o oA/s — A

—;6 W/ 2
+ csestet=r | Eg + el Ap — 7 dx ). (3.41)
Q

. 2.2y (¢ .
Multiply (34T) by ¢2° " ¢~*) and integrate over [z, s]. Here we use t > s — 2" and (338) to
estimate the right-hand side as

N

e / 5 iy (x)
2

2200 -y)

A=t
£20/=v)

__% ,
<&’V 07122 + 8¢2) /T + csEge e 2+ (14+6%).  (3.42)
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220" ~y)

Next, we restrict & to be so small that the right-hand side of (3.42) is less than c3 and e <2
Then, for ¢ € [0, Ty] with s — 2" <t < s, (3.40) and (3.42) show
2c13 < / p dpy (x). (3.43)
2

Next we use Lemma with r = /81n(2c9c19/c13), where the argument of In is > 2 due to
c9 = 1,c10 =2 1 and c13 < 1. The equality yields

6‘96‘106‘_r2/8 =c13/2. (3.44)
In Lemma we replace s and s — (R/r)? by s +&2 and ¢ respectively, so that R> = r2(s +&> —1).

Note that since s —2' <t < s, R < rv/e2 + 2V’ and we have R < 1/2 by restricting & depending
only on cg, ¢jo, c13. From Lemma 3.3 we obtain

/ B (x) < (r/ (VAT R (s (Br(3)) + Eoe ™" /UR)) 4 coerpe /8.
2
Due to (3.44), (3.43) and restricting ¢ further we obtain

c13 < (r/ (VAT R i (Br ().

Note that R lies in [re, 7/ (g2 + £2¥")], so setting c;; = r and ¢jp = r!~¢(V/4mw)?~1¢|3 we have
the desired estimate. O

LEMMA 3.9 There exist €4 < €3 and c4 depending only ond, W, ¢y, c2, ¢3, p, Do and y with the
following property. For 1/3 > r > ¢V and ¢ < €4,

1 Vo2 W ,
—/ <8| oI”_ ﬁ) (x. 1) dx < cae” rd-1 (3.45)
Br(y) € /4

o 2

fort e [¢2, T1N[0, T1].

Proof. If T < 2 there is nothing to prove. Assume that 77 > £2¥" and t, € [82”,, T1N[0, Ty].
In the following, we estimate the integrand on two sets, near the interface and on the complement.
Define

A = {x € By (y) | for some 7 with 1, — 2" <7 < t,, lo(x, D] < a}, (3.46)

A={x€B, ) |dist(A,x) <) (3.47)

Points belonging to A have some piece of interface during [f, — 821’/, tel, a_nd A is the 821’/
neighborhood of A. By Vitali’s covering theorem [10} 1.5.1] applied to ' = {B,2,(x) | x € A}
(note A C (Jger B), we can choose a set {B 2y (xi)}lN: | of pairwise disjoint balls such that

N
xi€A foreachi=1,...,N and A C | JBg,, (x). (3.48)
i=1
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For each x;, let 7; be such that
teo— e KB <t oG, i) < a (3.49)
Write 7 = t, — £2". We next use Lemma By 3:49), 1; — Pt — (te — 327/) = ¢ and the

assumption of Lemmais satisfied fors = #;, y = x;,t = fand R = £2¥" where we restrict &
depending on c11 and y’. Thus, we conclude

126 @D < (B oy (7)) fori=1,...,N. (3.50)
Since {B,,, (xi)}V_, are pairwise disjoint and B,o, (xi) C By, 2, (¥), (3:30) gives
Nepe® 0 < By, oy (1)) (3.51)
Then the d-dimensional volume of A is estimated using (3:48) and (3.31)) as

’ a)deSZV,
LY(A) < Nwg(5e*7 ) < oy By ). (3.52)

Since 7 € [0, T11, by (.7), (3-37) and (332) with r > &2,

’
wg59e?r

12

where ¢15 = wgwy-1543"¢10/c12. Thus by (G21), 333) and ' > y,

£4A) < crowa—12r + &) < 5?4, (3.53)

Vo2 W ,
/ (8| oI _ ﬂ) (x, 1) dx < LYA)YQ2 4 8c2)e™” < 2+ 8cr)cise’ ri™l. (3.54)
AnB,(\ 2 e /4

Next we show that the surface energy decays quickly on the complement of A. Fix the integer J > 2
such that
(J-D2-4y) =y, (U-D2-4) <y (3.55)

Since ¥’ < 1/2, such a J does exist. Define
G =1, —sQV’+§82V’ G=0.1,....J).

Next define ¢; € Lip(B2,(y)) (j =1, ..., J) so that

1 ifdistx, B,(y) \ A) < L5,
(x) = ¢i(x, 1) = T , 3.56
9 () =¢;(x.1) {o if dist(x, B, (y) \ A) > L=i+p2" (3.56)
Vgl <2772 and 0< ¢; < 1. (3.57)

By (3:36), (3-46), (3.:47) and r > ", one can check that spte; N A=4fforj=1,...,J,thus by

(B.46),

lp(x, )| > a forx €spte), s € [t — &, 1,]. (3.58)
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For each j = 1, ..., J, differentiate the equation @ with respect to x;, multiply by ¢}a¢ /0x;,

sum over { and integrate to obtain

1
m z|V<p|2¢j2dx+/ U ® Vo : Ve + Ve ® Ve : Vu)p? dx
2 2

W//
:/Q(V¢.AV¢— 8§¢)|V¢|2>¢/~2dx. (3.59)

By integration by parts and the Cauchy—Schwarz inequality we obtain from (3.39)

d (1 242 1 219 (242 2 2
SIVelgidx < o | |ul®IVel“¢idx + [ [Vel"|Vulg; dx
) J 2 /o j o j

W//( )
+4/QIV¢]-I2|V¢|2dx—/Q 2 1VePg? dx. (3.60)

dt_Q
&

By (B38), W (¢) > k onspt¢; fort € [t, — &2, 1,]. Using also (3.57) and (3.3), we obtain

1 242
— | v 2d
o 92| @l ¢; dx

=2y ’
< / (8_ +81V)|V(p|2¢j2dx+l6.1284y [ |Vg0|2dx—£2/ |Vol*¢7 dx
e\ 2 sptep; e Jo
< —%/ IVol*¢7 dx + 16125—47'/ Vo|? d (3.61)
2¢e Q sptd;

for small €. By integrating (3.61)) over [#j_y, s] with s € [1j, 1], j = 1,..., J, we obtain

1 K (5—f: 1
/ SIVoPg(x sy dr <o ‘)/ 51VelP¢ (v, 1) dx
2 2

s K o I
+f e 2SN 62 (/ |V<p|2(x,,\)dx> dr.  (3.62)
i1 spt;

[j—

For j =1,...,J define

1
Mj = sup / —|Vo|?(x, ») dx. (3.63)
)\-e[tjfl,t*] spt¢j
Since s —tj_1 > t; — tj_1 = +&? fors € [t;, 1,], (3-62) with the notation of (3.63) shows

1 _ K (s—t: ,
/.;2 E|V(P|2¢]2(X7 S) dx g (e 2 (s tj,l) + 16/(71]28274)/ )M/
< (e 12 416 2T M. (3.64)

By (3:36), spt¢j+1 C {¢; = 1}. Thus by (3.64) and for j =1, ..., J — 1 we have

My < (e 1275 416k 122 M. (3.65)
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With a suitable restriction on & depending only on W and y'(< %), 3:63) for j = 1,...,J — 1

gives
!
My < 177 267 M.

Thus, by (3:66) and (3.33)),
My < (17 72 100D < (1713 e My,

From spt¢hy C By, (y) and (3:37),

£
eMy = sup / §|V<p|2(x,k) dx < wd_1010(2r)d7].
spt i

A€[to,14]

Since B.(y) \ A C {¢; = 1} by (3.56), we have

& £
/ 5|ch|2<x, 1) dx < / 5|w|2<x, 1095 dx < eMj.
B, (y)\A {ps=1}

Thus combining (3:67), (3:68) and (3.69) we obtain

£ /
/ §|V<p|2(x, t)dx < (17 I3 e erowar 2r)? 7L
B, (y)\A

With a suitable choice of ci4 in (3.54) and (3.70) we obtain (3.43).

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

LEMMA 3.10 There exists a constant c1g such that for ¢ < e4,¢ € [0, T1] and ¢t < 5, we have

! eIVl W@ .
- ,AMdxgda < vi-v,
/0{2(S—)»)/9< 2 : )ﬂwﬂx ) } 16

Proof. Incaset < 82)//, usin and [ra P(v.s) (X, A)dx = /4w (s — 1), we have
g Rd P(y,s)

| Vo2 W (24 8cp)e™Y
/ /(gl ol° (<p)> By (62 1) dx di < Q+8c)e?ym
0 26— Ja 2 e )y 0

VS = A
< (2 +8cy)me’ 7.

’ . .
Incases >t > s — &2, we have similarly

t 2
/ ! /<8|W| - W(‘p)) pdxdi < (24 8co) /e’ V.
“n o\ T2 .

s—g2v’ 2(S &

(3.71)

(3.72)

(3.73)

Thus we only need to estimate the integral over [2, 1] with t < s — €2’. When integrating
over £2, we integrate on B,/ (y) and £\ B, (y) separately. For the first estimate we use (3.21) and

2y’ .
s —t > g7V to estimate

t 2 t —y dy’
/ 1 <8|V(p| B W((p)) Sdvdi < / 24+ 8c2)e Ve wy
g2’ 2(s — A) B 2 & + e

2+ 862)87/,7Va)d
T WaAmd-ld - 1)

2 (V4m)d—12(s — A)(@+D/2

(3.74)
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On 2\ B, (y), by Lemmaand s—1t >, computations similar to (3:33)) give

t 1 Vo2 W
/‘ <8| ol” (<p)> 5dx di
¢ 2(s — A) 2\B_, () 2 e )4

< da : elVel> W@\ |,
S ) oy 2( Ay d—1))2 d+1)/2 _hop 2 1
e 2(V4m) (s =2 0 Unipmntxle” 564 2g0\B_, () ¢ /4

< d
2 G =)@z

A < cae” (c(d) + y'In(1/e)). (3.75)

Combining (3.72)-(3-75) we obtain the desired estimate (3.71). O

Next we estimate the effect of velocity terms in (3:9). Since §2 is bounded, the p = d case is covered
by choosing p’ < d. The argument for p > d is similar and simpler than for p < d so we omit the
proof.

LEMMA 3.11 Suppose (d +2)/2 < p < d. Then there exists a constant c1g = c1g(d, p) such that
foralls >t > 1 >0,

I B ) 2p—d—2 2/p
[ [ foslul? ausar < erster =057 sup D(t))( [0 g ) . 376)
ty J telty, 1] to
For p > d we have
n
/ f Bolul?duedr < (sup D@) | G030 g dr. (3.77)
t€lfo, 1] fo

Proof. By the Holder inequality and (3.37)),

1/1 (I-n/1 1/1
f ﬁ|u|2dm<< f |u|”ﬁdu,> ( f ﬁdut> <D<t>“—””< / |u|”ﬁdm)
22 2 2 2

1 1/1
< D(t -1/l / 2l d ,
(3.78)

where we choose [ so that 2/ = p(d — 1)/(d — p) (I > 1 for (d +2)/2 < p < d). Then we apply
Theoremto the measure u; and ¢ = |u|7, where the condition on the density ratio follows from
(3:37). 7 is another suitable cut-off function so that 77 = 1 on {n # 0}. From (3.78)) we then obtain

- ci7(d, p)D(t)
pluldp, < ————
fg t

(s — )d=p)/p lu ”W'P(fz)

After integrating over [fo, ¢1] and using the Holder inequality and (s — #9)" — (s — #1)" < (t1 — tp)"
for0 < 2p —d —2)/(p —2) = ¢ < 1, we obtain (3:76). O

PROPOSITION 3.12 Assume d > p > (d+2/2) and set cj9 = 3e1/4(4n)(d_1)/2/a)d_1. For
Ty > t1 > tg = 0assume D(t1) = c19D(ty) and SUP;e(s0.11] D(t) < c19D(ty). Then there exists
€s = ¢5(cy, 2, c3, Do, Eo, T, y) such that for all € < €5, we have

2p—d—2 | » 2/p ]
(t1 — 1) 772 (/;0 ||u(-,t)||W1_p(9)df> = (c18€19)” - (3.79)
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Proof. Lety € 2 and 0 < r < 1 be such that D(¢;) = W“ﬁ (Br(y)). Sets = t; + r? and

use (3.9), (3.76) and (3.71) to obtain

- - 2p—d-2 n » 2/p
/ Ply,s) ey, < / O(y,s) Aty + croc1g D (to) (t — to) 772 </ € O ) df)
2 2 to
+ (11 — to)esEg + cre” 7. (3.80)

By the choice of s = #] + 12,

—lx—y[?/@4r?) e 1/4
/ O(y,s) A, = / W dusy > Wﬂtl (Br(y)) =3D(to). (3.81)

The last equality follows from the assumption c19D(ty) = D(t1). Since f o Py.s) iy < Do),

(5:80) and (381) prove

2p—d—2 1 2/p .
2D(t9) < croc18D(to)(t1 — 19) 772 (/ e D115 ) ) + (t1 — to)esEg + cree” 7.
0]

(3.82)
Using D(tp) > 1 and restricting ¢ depending only on y and cj¢, and then restricting 7| —#y depending
only on ¢¢ and E( (which depend only on d, p, ¢3, T and Dy in turn), we obtain (3.79) from
(3.82). O

Proof of Proposition[3.6]  Following the result of Proposition[3.12] set 7, > 0 so that

2p—d—2

T, "7 ¢ = (cizc10)” (3.83)

and ¢, = c19. Note that T;, depends only on d, p, and c3 and c;, depends only ond. Let T} < T be
the first time when the inequality
D(t) < Doc,, L/ T 11

fails. On [0, T] we have D(1) < Docb T/To1+1 and we carry out the argument of the present section.

Propositionwith to = 0 shows that we have at least Ty > Tp,. If Ty € [T}, 2T},), then D(T}) =

Do Thus there exists some T, < fo < 77 such that D(f9) = cpDg and 11 — t9 < Tp. But
Proposmon [B.12]says that t; — fo > T, so T} > 2T},. Continuing in this manner, we conclude that
Ty = T. The argument for p > d is similar and is omitted. O

4. Existence of limit measure and Brakke’s inequality

In this section we prove the existence of limit measures which correctly describes the motion law of
phase boundaries.

THEOREM 4.1 Suppose that sequences ¢® and u® with lim;_, o, &; = 0 satisfy all the assumptions
in Theorem where &, @o and u; are replaced by ¢;, <pgi and ', respectively. Assume that c1, c2,
¢3, Do, y and T are independent of i. In addition assume that d = 2 or 3 and that

u® — y weakly in L?(0, T; (W"P(£2))?),  u® — u strongly in L>(0, T; (L*(2)%). (4.1)

Then there exists a subsequence (denoted by the same index) and a family {u, }og/ <7 of measures
such that
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(@) lim; o0 17 (¢) = s (¢) forall £ € [0, T] and ¢ € C(£2),

) wu; € IMy_1(£2) forae.t € [0, T],

(¢) u, H e L?(0, T; (L*(uy))%) where H(-, 1) is the generalized mean curvature of i,
(d) forany0 <ty <t < T,

1 1%) . . . W/ & 1%)
lim —f / giub - Vi (—A(pg’ + (f )> dxdr = / f H -udy,de, 4.2
imo0 0 Jy Jo &; n Je

1

(e) forany ¢ € C2(2;RT)and0 <1y <1 < T,
15}
Py (@) — ey (@) < f B(pe, u(-, 1), ¢) dr. 4.3)

3|

We prove Theorem [.1] through the next four propositions. For notational simplicity we often
drop the dependence on i from ¢® and ;" when there should be no confusion in the proofs. Without
loss of generality we assume that &; < €; so that we have for ;' forall ¢ € [0, T]. As a result
we also have with 7 in place of T7. We first show

PROPOSITION 4.2 For any fixed ¢ € C2(.Q; RT) the function

t 1/2
ufi(d))—czot—czl/() (/QIVME"(x,S)VdX) ds (4.4)

of ¢ is decreasing on [0, T']. Here cy9 and c»1 depend only on ¢, d, p, T, Do and c3.

Proof. By integration by parts and (3.)), one obtains

3/ $d 8</ (¢|u8|2+—|v¢|z>d ‘ 4.5)
ar Jo P S g ¢ H .

The second term of {.3)) can be bounded in terms of E( and a ¢-dependent constant. Use Theorem
(with p = 1) and Theorem 3.1]to estimate the first term as

12
/¢|u8|2duf<CMzC4/ |V(¢|u8|2)|dx<C23(c§+c§/2(f |w8|2> ) (4.6)
2 2 2

Here we used (3.6) to estimate the L?-norm of u. By {#.5) and (#.6), we conclude that @#4) holds
with suitable ¢y and ¢31. O

Next we prove the existence of a convergent subsequence {x;'} and the limit measure g, for all ¢.

PROPOSITION 4.3 There exist a Radon measure 1, and a subsequence {/i;' }i>1 such that for any
t €0, 7],
&
K, — u; as Radon measures.

Proof. Fix ¢ € C?(£22; RT). By Schwarz’s inequality and the assumption p > (d 4 2)/2 > 2,

n 1/2
/ </ |Vui 2 dx) ds < (tp — 1) P~/ P i oy owip2yyyd < (B2 — 1) PV Py,
151 22
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which implies that the last term in (.4) is uniformly bounded in Holder continuous norm with
exponent (p — 1)/p. Thus by the Ascoli—Arzela compactness theorem, there exists a subsequence
which converges uniformly on [0, T']. By Proposition .2] we may then choose a subsequence such
that uf‘ (¢) converges on a co-countable set B(¢) C [0, T]. Now choose a countable set {¢r} C
C?%(£2;: R™) which is dense in C (£2; RT). We can choose a subsequence such that ,ufi (¢x) converges
on a co-countable set B = (), B(¢x). Define p;(¢r) = lim;_ o w;' (¢x) for t € B. By density
argument, we conclude that u;(¢) = lim;_ ,ufi (¢) for all ¢ € C(£2) for t € B. Since the
complement of B is countable, we may further choose a subsequence so that p;(¢x) converges on
[0, T\ B as well, and so does u;(¢) for all ¢ € C(£2). (]

PROPOSITION 4.4 Fora.e.t € [0, T], u; is integral and

T T 1)\ 2
1 w i
/ / |H|?dp, df < liminf—/ / & <Ag08" - #) dx dz.
0 9] 1—0o0 0 Jo Q gi

Proof. By (3.38), d = 2, 3 and Fatou’s Lemma, the conditions to apply Theorem [2.6] are satisfied
for a.e. t € [0, T']. The claim is a direct consequence. a

PROPOSITION 4.5 We have (4.2) and (4.3).

Proof. First note that by arguing as in Section 2.2, the right-hand sides of (4.2) and (4.3) are well-
defined since u € LP(0, T; (WP (£2))?) is enough for them. Compute %uf[ (¢) using (3.1) and
integrate over ¢ € [f1, f2] to obtain

1 15} w’ 2 W’
w@ - =~ [ (-w(mps - _2) R ( gt — _2)
o 151 2 & £

+ 8¢<A(p8 - ‘2/—2>u5 -Vt 4+ e(Ve® - Vo) (u® - V<p8)> dx dr. 4.7

The left-hand side converges to 14, (¢) — s, (¢) as € — 0 by Proposition By exactly the same
argument as in [24, Lemma 3.2], we have

1 2 w’ 2 w’
lim sup —/ / (—s¢<A<p8 - —2> — Ve - V¢° <A<p8 - —2)) dx dr
i—-oo0 O Jn JQ2 & 2
n
< / / (—pIHP + Vg Hydu di (48)
1 2
for the first two terms of the right-hand side of (4.7). For the third term, we show that it converges
to ;12 [¢H - udp,dr. Let {g;} € C®(2 x [0, T]; R?) be a sequence of functions such that

lim;j oo [l — &illp200,7:(wi2(2))y = 0. Here we have a sequence u® converging strongly to u
and Vu® converging weakly to Vi both in L2(§2 x [0, T']). We interpolate as

1 %) W/ 15

—f / s¢<A¢8——2>u8~V<p8dxdt+f / ¢u - Hdu, dr
o Jy 2 & t 2

1 15 W/ %)

—/ / 8¢(A¢£——2>(u£—gi)~vw8dxdt / f ¢(gi —u) - Hdpu,dt
o 11 2 & 151 2

1 %) W/ 153
—/ /8¢(A¢5——2>8i'v<ﬂsdxdl+/ f¢gi~Hdutdz
oJy Je & n J

< +

I . (4.9)




MEAN CURVATURE FLOW WITH TRANSPORT TERM 273

Using varifold convergence, the third term on the right converges to 0 as ¢ — 0. The first and second
terms are bounded by C|lu® — gill 2(oxjo.7) @nd Cllu — gill 2 (0.7 Where C depends on ca,
cyuz, Eo and L2(0, T; (W12(£2))4)-norms of g;, u® and u, which are all uniformly bounded. Thus
@9) goes to 0 as ¢ — 0. A similar argument using approximation and varifold convergence shows
that

15}
hn%) f /E(pr Vo) (u® - Vo)dx dr = / /(qu “n)(u - n)dp, dt. (4.10)
E— A
Combining (@.7)—@.10) and rearranging terms, we obtain (4.3). 0

The proof of Theorem is now complete except for u € L2(0, T; L?>(us)?). But this follows
easily from (3.8) and (2:4).

REMARK 4.6 We note that the proof for (4.3) goes through even when ¢ € C3(2 x[0,T)
depends on 7, except that we have the extra term ft Jo % du, in . This gives the proof of
[277). Theorem 2.3|b) also follows from (3-8 and Proposmon@

THEOREM 4.7 Under the same assumptions as in Theorem 4.1 we have a subsequence {¢% } and
a function ¢ € BV (£ x [0, T]) N L®(0, T ; BV(£2)) N C'/2([0, T]; L'(£2)) such that for all
1[0, T],

(@) Timisoo 195 (1) = 9 Dl L1y = 0,
(i) ¢(-,t) = £l ae.on £2,
(ii1) spt|V xip(.n=1} C Spt ;.

Proof. For the convergence of ¢¢, let

1 N
(s) = —/ JIWO)dy, w = b ot
o J-1

Note that @ (1) = 1. Then

1 1 (elVet>  W(pt
[Vw'| = 199 [V 2W(g) < (' oLy (“’)).

o 2 €
Therefore by (3:38),
Vo2 W
/ IV (-, 1) dx < /ﬂ<8| ;' + ?))dxgEo @.11)

forall ¢ € [0, T]. By an argument using Theorem[2.1] the upper density ratio bound (3-8)) and (3:38)
we also deduce that

T T 39° 2 P
// dél//<8lat|+w((p)>dxdt
0 &
1o 8N\ 2 e
// {(u V) + ( ; W;f)>}d dr + — //W(“’)d dr

<cpyzeses + Eg+ TEy. 4.12)
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Thus @.1T) and @.12) show that {w?®} is bounded in BV (£2 x [0, T]). By the standard compactness
theorem, there exists a subsequence and w € BV (§2 x [0, T']) such that w® converges to w strongly
in L'(£2 x [0, T]) and a.e. pointwise. Thus by defining f = &' o w we have

0 — ¢ ae.inf2 x[0,T],
and by combining this property and |¢® | < 1 we obtain

¢ > ¢ inL'(£2 x [0, T).

The energy bound also gives ¢ = 1 a.e.on 2 x [0, T]. Forae. 0 <t < < T,

15 &
/|w(~,r1>—w<~,rz)|dx= lim/ |w€f(~,r1)—w8f<-,r2>|dx<1iminf// w
Q i—oo Jo i—oo JoJy dt

1 2 (gi|dpt /01| W(p®)
< liminf — —Jth — t + ——— | dt dx.
i—00 (T/_;Q‘/,-1 ( 2 2 +8,’./l‘2—t> *

a i
dr dx

By a similar argument to (4.12)), we obtain
/ |U)(,t1)_U)(,t2)|d.x<(C+E0)Vt2_t1
2

Consequently, ¢ € BV (£2 x [0, T]) N C'/2([0, T1; L' (£2)). The continuity of w(-, r) in L'(0, T')
gives a well-defined w(-, r) for all r € [0, T] and one can show that w® (-, t) — w(, t) strongly in
L'(£2) forall ¢ € [0, T] (not justa.e. t € [0, T]) and the same for ¢ — ¢ with ¢(-, 1) = £1 a.e.
on £2. Finally for any ¢ € C(§2) and ¢ € [0, T],

[ sa¥npcomni = [ o1vwi < timint [ 19uipas

1 Vi W(pf
ghm_/(e,ller (¢))¢dx=/¢du,,
2 2

i—00 0 2 &i

which yields (iii). ]

5. Proof of Theorem 2.2]

The proof of the main theorem can be completed by suitably fitting the given data I"(0) and u so that
the approximate data satisfy the assumptions of Theorem We give a proof for £27(0) belonging
to the class described in Remark For such £27(0) C £ suppose £2*(0)' are approximating
domains which have C3 boundary I"(0)!. Let d’(x) be the signed distance function to I"(0)' so
that d(x) > 0 on £21(0)!. Choose b* > 0 so that d' is a C> function on the b'-neighborhood of
I (0). Let h' € C®(R) be a function such that A’ is increasing, h’(s) = s for 0 < s < b /4 and
hi(s) = b’ /2 for b' /2 < s, and define h' (s) = —h'(—s) for s < 0. Then define d'(x) = h (d' (x)).
We then choose a sequence ¢; so that lim;_,  ¢&; /bi = 0 and define

@y’ (x) = tanh(d" (x)/e;). (5.1)
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Then ¢, € C3(52). We may also choose &; so that (3:3) holds for all i. By using a well-known
property of (5.1) and choosing smaller ;s if necessary, we may assume that
A 1 (&i|Veoy 1 Wigy
lim / (¢ +1)/2—xg+@ldx =0 and lim —( iVey I W)
i—o0 Jo i 2 Ei

i1—00 O

)dx = [Vxa+ol 6.2

as measures by (2.8). As the initial data in Theorem g, satisfies (3:3), (3:4) and D(0) is
uniformly bounded due to (2.8)), and thus we have some Dg independent of i. Thus (3.7) is also
satisfied.

SetT; =i foralli € N. Foru € L{:)C([O, 00); (WhP(£2)9), by a density argument, we may
choose a sequence u' € C(2 x [0, T;]; RY) with limj o0 lu' — ull 0. 7;.wir(2ya) = 0. We
then associate to each u’ some small enough ¢, so that ||8};ui, s}ierVui lzoo@2xio,r;p < 1 and so
that ¢, < €; where €; depends on quantities corresponding to 7; in Theorem@ We then renumber
Ej as &;.

Now we solve

a Ei X W/ &i
8(pt +u' - Vefi = Agfi — (f ) on 2 x [0, T;],
&;
9°i(x,0) = @ (x) on £2.

The existence of a smooth solution is standard. Since u' satisfies and converges to « in the
sense required in Theorem the solution ¢® satisfies all the assumptions of Theorems and
|.7 for each arbitrarily fixed T > 0. By extracting a diagonal subsequence, this completes the proof
of Theorem [2.2)(a)&(b). The conclusions on the initial data in (a) and (b) follow easily from (5.2).
We are left with the proof of (c). Since u, is integral, we only need to prove that {#;, > 2} has
measure zero for a.e. 0 < ¢ < Ty for a suitable T7. Suppose the converse. Then we have some point
x with 6,(x) = N > 2 and lim,_¢ u; (B, (x))/(a)d,lrd_l) = N. Then after a computation as in
(3.35) we find that
}E)I(l) o ﬁ(x’t_;’_rZ) d[,L[ =N.

By we have [ o, duo < 14 0(1) ast — 0. By letting ¢ — 0 in withzp = 0
and #; = t, we would then have N < 1 + o(1), where the smallness depends on c3, £2(0)
and p ultimately. This gives a contradiction and w, has unit density for r < Tj. To prove the
last claim, |V x(o(.n=1}] = u: a.e. t € [0, T1], suppose # for a contradiction for a positive
measure. We may assume that u,; is integral and has unit density. Then we may assume that
Hr = Hd_le(,) with (d — 1)-rectifiable set I'(¢). Since |V x(p(,n=1}| < w; by (b-3), having
# means that HA=N( (1) \ 0*{p(-,t) = 1}) > 0. Then there is a density point which does not
belong to the reduced boundary and also the density is 1 there. In addition we may assume that
liminfi_, o & /, o(Ap® — W'/ 81.2)2 dx < oo for such ¢. Then one can check the proof of integrality
of the limiting varifold in [23] Proposition 5.2] to see that x € 3*{¢(-, t) = 1}. This contradicts the
assumption and completes the proof of Theorem

6. Remarks

Generalizations. In this paper we worked with £2 = T¢. It is obvious that the claims and proofs
are identical for a flat torus with any size. For £2 = R?, suppose we have some R > 0 such that
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I'(0) C Br(0) and u = 0 on the complement of Bg(0) for all # > 0. Then the same conclusions
can be deduced by considering a flat torus large enough to include Bg(0). One can prove by using
an argument as in [S]] that the support of u, remains in Bg(0) for all # > O by using a suitable test
function. For d > 3, we expect that the approach of [[14]] and [27] should go through since we have
the key estimate though we may be missing some technical difficulties.

Critical power.  As for the power p, p = (d + 2)/2 is a critical value in the sense that

o
/ / |Vu|P dx dt
0 R4

is invariant under the natural scaling ¥ = Ax, 7 = A%r and & = A~ 'u. It is not clear if the density
upper ratio bound (3.8)) holds for the critical case. It is not clear either if the measure i, (£2) remains
finite in that case. Nothing seems to be known for this problem as far as we know.

Coupled problems. In case u satisfies additional equations (such as Navier—Stokes or just
incompressibility condition divu = 0 for example) we may expect the same type of conclusions
to hold under relaxed conditions such as a smaller exponent for W!-”. We should mention the work
of Plotnikov [22] who considered the kinematic condition Vi = (u - n)n for the two-phase fluid
problem in d = 2 and p > 2 which comes naturally with the interface length control due to
coupling. He obtained the existence of a rectifiable varifold which satisfies the motion law. He used
incompressibility to deduce the rectifiability of the varifold even though there is no control of mean
curvature.
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