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We consider two-phase solutions to the Neumann initial-boundary value problem for the parabolic
equation u; = [¢(u)]xx, Where ¢ is a nonmonotone cubic-like function. First, we prove global
existence for a restricted class of initial data u(, showing that two-phase solutions can be obtained
as limiting points of the family of solutions to the Neumann initial-boundary value problem for the
regularized equation u; = [¢ (u®)]xx + €uf,, (¢ > 0). Then, assuming global existence, we study
the long-time behaviour of two-phase solutions for any initial datum uyy.
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1. Introduction

In this paper we consider the Neumann initial-boundary value problem for the equation
ur =[x in Q 1= 2 x (0, 00), (1.1)

where £2 C R is a bounded interval (w;, w>) and the function ¢ € C2(R) satisfies the following
assumption:

¢'(u) >0 ifue(—o0,b)U(c,0), b<0<c,
¢'(uw) <0 ifuc (b, c),

B:=¢b) > ¢p(c)=A, ¢u)—> Fooasu — Fo0,
¢"(b) #0, ¢"(c) #0.

We also denote by @ € (—o0, b) and d € (c, 00) the roots of the equation ¢ (1) = A, respectively
¢ (u) = B (see Figure[l).

In view of the nonmonotone character of ¢, is a forward-backward parabolic equation,
since it is well-posed forward in time at the points where ¢’ > 0 and it is ill-posed where ¢’ < 0. In
this connection, we denote by

(Hy) (1.2)

Spi={u, ¢)) | u € (=00, b]} = {(51(v), v) [ v € (=00, B]} (1.3)

and
S = {(u,p)) | u € [c,00)} = {(52(v), V) | v € [A, 00)} (1.4)
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FIG. 1. Assumption (Hy).

the stable branches of the equation v = ¢ (1), whereas

So == {(u, ) | u € (b, )} = {(s0(v),v)) | v € (A, B)} (1.5

is referred to as the unstable branch.

Equation (I.T) with a function ¢ satisfying assumption (H;) naturally arises in the theory of
phase transitions. In this context, u represents the phase field and equation (I.I)) describes the
evolution between stable phases. With a nonlinearity ¢ of a different shape, whose main feature is
degeneracy at infinity, equation (I.1]) describes models in population dynamics ([Pal]), oceanography
((BBDU]), image processing ([PM]]) and gradient systems associated with nonconvex functionals
(IBEGI). In these cases equation (I.I) can be obtained by differentiating the one-dimensional
Perona—Malik equation

7t = [¢(z)]x (1.6)

with respect to the space variable x. The transformation u := z, gives a relation between
equations (T.6) and (T-I). Here typical choices of the function ¢ are either ¢(s) = s(1 + %)~
or ¢ (s) = s exp(—s). Observe that in both cases ¢ degenerates to zero as s diverges to infinity.

The initial-boundary value problem for equation (either under Dirichlet or Neumann
boundary conditions) has been widely addressed in the literature. Most techniques consist in
modifying the (possibly) ill-posed equation (hence the boundary conditions) by some regularization
which leads to a well-posed problem. Then a natural question is whether the approximating
solutions define a solution (in some suitable sense, depending on the regularization itself) of
as the regularization parameter goes to zero. Many regularizations of equation have been
proposed and investigated ([BBDU, INP| [S1]). Among them, let us mention the pseudoparabolic
regularization, described by the Sobolev equation

ur = [@)]xx + &lur]ix. (L.7)

In particular, (I.7) has been studied in [NP] for the corresponding Neumann initial-boundary
value problem in Qr = £2 x (0,T) (T > 0) and for cubic-like response functions ¢
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satisfying assumption (H;) (analogous results have been given in [Pa] in the case of “Perona—
Malik” ¢). Moreover, in [P11] it is shown that the limiting points of the family of the approximating
solutions (u#°, ¢ (u®)) define a class of solutions (u, v)—precisely the weak entropy measure-valued
solutions—to the Neumann initial-boundary value problem in Q7 for the original unperturbed
equation (T.T)). The main properties of such solutions (¢, v) obtained in the limiting process ¢ — 0
can be summarized as follows:

e uc L®Qr), velL®(Qr)NL20,T); H'(£2)) and there exist 1; € L>®(Q7) (i =0, 1,2),
0<A; <land 21-2:0 A; = 1 such that

2
u= Z)»isz'(v);
i=0
e the couple (u, v) solves in the weak sense the equation

ur = vy inD(Qr);

e the couple (u, v) satisfies the following class of entropy inequalities:
// [G*r — gW)ve e — g'(v) iyl dx dt +/ G(uo)y(x,0)dx >0
Oor 2

for any ¥ € C'(Qy) with ¢ > 0, ¥(-,T) = 0. Here, for any g € C'(R) with g’ > 0, the
function G* is defined by setting

2 A
G* = ZAiG(s,-(v)), where G(A) := / g(d(s)ds+k (keR).
i=0 0

Let us also mention that both in [NP] and [P11] the general case 2 C RY, N > 1, is considered
as well.

As already pointed out, the main results in [Pl1] show that weak entropy measure-valued
solutions to both the Neumann and Dirichlet initial-boundary value problems for equation (I.I)
exist for any initial datum uo € L°°(§2) and for any regular cubic-like ¢ satisfying assumption (Hj).
As a matter of fact, actually the uniqueness of such solutions is unknown, albeit this class seems
a natural candidate in view of the entropy inequalities (see also [H. [Z] for general nonuniqueness
results). On the other hand, a natural question is whether uniqueness can be recovered by introducing
some additional constraints. For this purpose, two-phase solutions have been introduced in [EP]
and investigated in [MTTI, IMTT2, [T]]. Roughly speaking, a two-phase solution to the Neumann
initial-boundary value problem associated to equation in Qr = £2 x (0, T) is a weak entropy
measure-valued solution (u, v) (in the sense of [Pl1]) which describes transitions only between
stable phases. Such solutions exhibit a smooth interface & : [0, T] — 2 such that

u=-s1(v) in{(x,7) € Orl|wr <x <§&(@)},
u=s2(v) inf{(x,7) € 0r|&@) <x < wa}.
Here s; and s, are defined in (T.3)) and (T.4) (recall also that £2 = (w;, @7)). It is worth observing

that the interface £(¢) evolves obeying admissibility conditions which follow from the entropy
inequalities (see Remark [2.2)).



372 F. SMARRAZZO

Local existence and uniqueness of smooth two-phase solutions to the Cauchy problem associated
to equation (I.I) was studied in [MTT2] for piecewise response functions ¢. Actually, global
existence of such solutions is proven to hold for initial data functions u¢ satisfying the condition
a < ug < d (see Figure[T)), whereas it is still unknown in the general case.

In this paper we obtain global existence of two-phase solutions to the Neumann problem
associated to equation (I.I) in the case of cubic-like response functions ¢ and initial data functions
ug subject to the constraint a < ug < b in (w1,0) and ¢ < ug < d in (0, wy); such a result can
be regarded as the counterpart of the one obtained in [MTT2] for the Cauchy problem associated to
equation (L.I)) in the case of piecewise nonlinearities ¢. In particular, we will prove that global
two-phase solutions (in the sense of Definition below) can be obtained as limiting points
of the solutions (u°, ¢ (u?)) to the Neumann initial-boundary value problems associated to the
pseudoparabolic regularization of equation (L.T).

We also study the long-time behaviour of two-phase solutions in the general case of arbitrary
cubic-like response functions ¢ and for arbitrary initial data u.

The paper is organized as follows. In Section [2| we describe the mathematical framework and
give the main results, while Sections [3H6] are essentially devoted to the proofs.

2. Mathematical framework and results

2.1  Basic properties

Let us consider the initial-boundary value problem

ur =[¢)lex  in §2 x (0, 00) =: Q,
[pw)]y =0 on 982 x (0, 00), 2.1
U =ug in £2 x {0},

where ¢ € C?(R) satisfies assumption (H). For simplicity, in what follows we will always assume
that 0 € £2. Concerning the initial datum uo € L°°(£2) we formulate the following, quite natural,
assumption:
(H) { ug < b almost everywhere in (w1, 0),
ug > ¢ almost everywhere in (0, wy)

(see Figure [I). Following [EP, MTTI, MTT2)], we give the definition of two-phase solution to
problem 2.).

DEFINITION 2.1 By a two-phase solution of problem (2.I) we mean any triple (u, v, £) such that:

() u € L®(Q), v e L®(Q) N L*(0,T); H'(£2)) forany T > 0, and & : [0,00) — £2 is
Lipschitz continuous, £(0) = 0;

(i1) we have

u=s;(v) inV; (@(=1,2), 2.2)

where
Vi={x,) e Q|ws <x <&(@), t €(0,00)}, 2.3)
Voi={(x,t) e Q| &) <x <, t € (0,00)}, 2.4)

y=0VinaVy={(E@),1) |t €[0,00)}: (2.5)
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(iii) forany 7' > Oset Q7 := £2 x (0, T'); then
f/ [uvr; — vy ]dx de +/ ug(x)Y(x,0)dx =0 (2.6)
or 2

forany ¢ € C'(Q7), ¥(-, T) =0in 2;
(iv) for any g € C'(R), set

s
G(L) :=/ gd(s)ds+k (keR), Q2.7)
0

where k is arbitrary, so that G is any primitive of the function g o ¢; then, for any 7 > 0 and
under the assumption g’ > 0, the entropy inequalities

‘/Q mewf—gwnawx—gm»ﬁwhudr+A;wax»wuamdx>o 2.8)
T

hold for any ¥ € C'(Q7) with ¥ > 0and ¥ (-, T) = 0 in 2.

REMARK 2.1 Let us denote by C%1(Q) the set of functions f € C(Q) such that f;, fx, fex€
C(Q). Let (u, v, §) be any two-phase solution of problem (2.I) (in the sense of Definition [2.T).
Then u is a weak solution of the equation

ur =[xy nV;
(i = 1, 2). This implies that u € C(V;) ([AdBI). Moreover

we CHWVi\Vp), Vpi={(x,1) € Vi|u(x,1)=b)},
MECZ’I(V2\VL')7 Vc = {(x’t)€V2|M(.x,t)=c}
(ICSUL [Va)).

REMARK 2.2 Let (u,v, &) be any two-phase solution of problem (2.1) and assume that § €
C([0, 00)), u € CZX(V;) (i =1, 2). Moreover, denote by

Lf(E@, D] := hl_i)f&{f(é(t) +ho) = fEO =Dy =fEOT, D~ fEDT, 1)

the jump across the interface y of any piecewise continuous function f. Then:
e the Rankine-Hugoniot condition

[vx(§(®), D]

SO = e w0

(2.9)

holds for any ¢ > 0 ([EP, MTT1]);
e by the entropy inequalities (2.8) we obtain

EOIGWE®, D] = —gWE®), e, 1)] (2.10)
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for any ¢ > 0 and for any G defined by (2.7) in terms of g¢ € C!(R) with g’ > 0. Observe that
the above condition implies that for any ¢ > 0,

g =0 ifvE@),n=A,
g'(t) <0 ifvE@),1) =B, 2.11)
gt =0 ifvE@),1) #A, vE@),1) #B

([EP, IMTT1]). That is, jumps between the stable phases S; and S» occur only at the points (x, )
where the function v(x, t) takes the value A (jumps from $> to S1) or B (jumps from Sj to S).

Finally, if we weaken the conditions & € C'([0, 00)), u € C>'(V;) (i = 1,2) to the less restrictive
assumptions & € Lip([0, 00)), u € CZL(Vy) and v, (-, 1) € BV($£2) for almost every ¢ > 0, then the
Rankine—Hugoniot conditions (2.9) and the jump conditions (2.10)—(2.11)) continue to hold almost
everywhere in .

Let us conclude the section with the following refinement of the entropy inequalities (2-8).

PROPOSITION 2.1 Let (u, v, &) be a two-phase solution of problem (2.1)). For any g € Cl(R), let
G be the function defined by (2.7). Then, for any 0 < #; < #; and for any ¢ € C 1 (82) with ¢ > 0,

15}
/QG(u(x,tl)%p(x)dx—/QG(u(x,tz))tp(x)dx >/ /Q[g(v)vxwx+g/(v)vf<p]dxdt (2.12)
n

for any g € C!(R) with g’ > 0.

REMARK 2.3 Observe that inequalities (2.12) can be regarded as a pointwise version of the entropy
inequalities (2.8).

2.2 The case a < ug < d: smoothness and uniqueness

This subsection is devoted to the study of problem (2.I)) in the case of initial data u satisfying the
following reinforcement of assumption (H>):

a <up < b almosteverywhere in (w1, 0),
c <up <d almosteverywhere in (0, ).

(H3) {
The following proposition shows that the interval [a, d] is positively invariant for problem 2.T))
and that under assumption (H3) the interface y = {(£(¢), 1)} does not move.

PROPOSITION 2.2 Assume that ug € L°°(§2) satisfies assumption (H3) and let (u, v, §) be any
two-phase solution of problem (2.1)) with initial datum uq. Then

a<ulx,t)<d 2.13)
for almost every (x, t) € Q. Moreover,
E(t)=0 foranyr > 0. (2.14)

REMARK 2.4 As a consequence of the above result, for initial data ug subject to assumption (H3)
we have V] = (w1, 0) x (0,00), Vo = (0, w3) x (0, 00). Therefore, following the terminology
in [MTT2], problem (2.1)) can be regarded as a steady boundary problem, since &£’(¢) = 0 for any
t>0.
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The following proposition shows that the set where ¢’(«) = 0 is nonincreasing in time.

PROPOSITION 2.3 Let ug € L*°($2) satisfy assumption (H3), assume ¢ (ug) € C(£2) and let
(u, v, 0) be a two-phase solution of problem (2.1 with initial datum ug. Then:

(i) for any x € (w1, 0) such that ug(x) < b, we have u(x, t) < b for any ¢ > 0O;
(ii) for any x € (0, wy) such that ug(x) > ¢, we have u(x, t) > c forany r > 0.

In view of the above proposition and Remark [2.1] the following smoothness result holds.
COROLLARY 2.4 Letug € L*(£2) satisty the following assumption:
¢ (o) € C(2),

(A1) up < b in(w,0),
ug > ¢ in (0, w»).

Let (u, v, 0) be a two-phase solution of problem (2.1) with initial datum u¢. Then u € C 21w
i=172).

Let us denote by BV (£2) the set of functions with bounded total variation on £2. The following
uniqueness result is the counterpart of the one proven in [MTT?2].

THEOREM 2.5 Let uq satisfy assumption (A1) and let (u1, v, 0), (u2, vz, 0) be two two-phase
solutions of problem (2.T)) with initial datum u(. Moreover, assume that vy, (-, 1), vox (-, 1) € BV(£2)
for almost every ¢t € (0, c0). Then (u1, v1) = (uz, v2).

2.3  The case a < ug < d: global existence

STEP 1: The approximating problems. For any ¢ > 0 let us consider the pseudoparabolic
regularization of (2.1)), described by the problem

ur =[@W) + euslxxy = vxx  in Q,
[¢pw) + eusly =v, =0 in {w, w2} x (0, 00), (2.15)
U = ug in £2 x {0},

where the chemical potential v is defined by setting
vi=¢Uu) + cu;. (2.16)

DEFINITION 2.2 Letug € L®°(£2). For any ¢ > 0 a solution to problem (2.15)—(2.16) is a couple
(u®, v8), where u® € C'([0, 00); L®(£2)) and v¢ € C([0, 00); WX (£2)), which satisfies (2.13)—
(2:16) in the strong sense.

The following well-posedness result was proven in [NP].

THEOREM 2.6 For any ug € L*°(£2) and ¢ > 0 there exists a unique solution (u*, v®) of [2.15)-
(2.16). Moreover, for any ¢ > 0 the function v (-, ¢) solves the problem

{—8v§x(',t)+vg(',l) =¢W)(.1) ing, (2.17)

V(1) =0 in {1, w2).
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For any ¢ > 0 the solution (u*, v*) to problem @2.15)—([2.16) satisfies a family of viscous entropy
inequalities, this terminology being suggested by a formal analogy with the entropy inequalities for
viscous conservation laws ([EP, MTT2, NP, [P11]).

PROPOSITION 2.7 Forany ug € L*°(£2) and ¢ > 0 let (u®, v®) be the solution of problem 2.15)-
(2.16) given by Theorem For any g € C!(R) let G be the function defined by (2.7). Then, for
any g € C'(R) with g’ > 0, the entropy inequalities

/QG(us(x,tz»w,rz)dx—/ch%x,n))wa,max
n
< / /Q (G — gy — g W)W P dedr  (2.18)
4]

hold for any ¥ € C'(Q) with ¢ > 0, and for any 0 < 1] < 12.

One of the main consequences of the viscous entropy inequalities (2.18) is the existence of
positively invariant regions for the regularized problems (2.13)-(2.16) ([NPI]), therefore a priori
estimates for both the families {u*}, {v®}. In particular, the following theorem holds.

THEOREM 2.8 For any ug € L*(£2) and ¢ > 0 let (u®, v*) be the solution to problem Z.13)—
(2.16). Assume that the initial datum u satisfies assumption (H3). Then
a<u®<d (2.19)

almost everywhere in Q. Moreover, for any ¢ > 0 we have:

(1) a < uf(x,t) < b for almost every x € (wy, 0);
(i1) ¢ < uf(x,t) < d for almost every x € (0, wy).

In view of Theorem for any initial datum ug € L°°(§2) subject to assumption (H3) the
solution u® of problem 2:13)-(2:16) satisfies

e {sl (¢(u®)) almost everywhere in (wy, 0) x (0, 00),

s2(¢p(u®)) almost everywhere in (0, wp) x (0, 00), (220)

where 51 and s, are defined in (I.3) and (T.4), respectively.

STEP 2: Vanishing viscosity limit. Fix any ug € L*(£2) and for any ¢ > 0 let (u®, v®) be the
solution of problem (2.13)—(2.16) with initial datum u. As already remarked, crucial consequences
of the viscous entropy inequalities (2.18) are a priori estimates for both the families {u®} and {v®}.
In particular in [P11] (see also [EP,IMTT1,IST]) the following estimates are proved:

luf|lL(0) < C, 2.2
[v¥ o0y < C, (2.22)
105l 200y + IVEU; | 12(0) < C, (2.23)

for some constant C > 0 independent of ¢. In view of (2.21)-(2.23), we obtain the following
convergence results.

THEOREM 2.9 Letug € L°°(£2) and for any ¢ > 0 let (u®, v®) be the solution of problem 2.15)—
(2.16) with initial datum ug. Then:
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(i) there exist a sequence {et}, &y — 0, and two functions u € L*°(Q), v € L®(Q) N
L2((0, T); H'(£2)) for any T > 0 with v, € L*>(Q), such that

u* Xy in L%(Q), (2.24)
o), vt Sy in L2(Q), (2.25)
vk —~ v, in L*(Q) (2.26)

as k — oo;
(i1) forany T > Olet Q7 = £2 x (0, T); then for any T > 0 the couple (u, v) satisfies the equality

/ {uyry — vy} dx dr + / up(x)Y(x,0)dx =0 2.27)
or Q

for any ¢ € C'(Q7) with ¥(-, T) = 0in 2.

If we had v = ¢(u), the couple (u, v) given by Theorem [2.9] would be a weak solution of
problem (2.T). However, in view of the nonmonotone character of ¢, we cannot guarantee such a
conclusion in the general case of arbitrary initial data ug € L°°(§2). In particular, in [PL1] it is shown
that there exist A; € L*°(Q) (i =0,1,2) with0 < A; < 1 and 21'2:0 A; = 1 almost everywhere in
0 such that

2
u(x.1) =Y Ai(x, s (w(x, 1) (2.28)
i=0
for almost every (x,¢) € Q, where s;(v) denote the three roots of the equation v = ¢ (u)

(i = 0,1,2). In other words, for arbitrary initial data uy € L°(£2), the limiting function u is
a superposition of different phases and the coefficients A; (i = 0, 1, 2) can be regarded as phase
fractions (see also [EP, IMTTI, [Sml IST]). In the light of the above characterization, a natural
question is whether all the coefficients A; play a role in (2.28)) or whether under suitable assumptions
on the initial datum uo we can arrange that v = ¢ (1) almost everywhere in Q. Observe that in this
last case the couple (u, v) would be a weak solution of problem (2.1)). In this connection, using an
alternative proof of the results given in [P11], in the following theorem we show that under the more
restrictive assumption (H3) the characterization (2.20) carries over to the limiting functions u, v.

THEOREM 2.10 Let ug € L°°(£2) satisfy assumption (H3) and let (1, v) be the limiting couple
given by Theorem [2.9] corresponding to u. Then:

(i) the following characterization holds:

_|s1(v) in (w1, 0) x (0, 00),
"= {Sz(v) in (0, ©2) x (0, 00); (2.29)
(ii) there exists a subsequence {&;} € {gx} such that
¢ W), v — v, (2.30)
ub — u (2.31)

almost everywhere in Q;
(iii) forany g € C'(R) with g’ > 0 let G be the function defined by (2.7), corresponding to g; then
the entropy inequalities (2.8) hold.
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In other words, if assumption (H3) holds, Theorems 2.9H2.10] give a triple (u, v, 0) that is a
natural candidate for a two-phase solution to problem (2.I)) with initial datum wug. Such a global
existence result is the content of the following corollary.

COROLLARY 2.11 Letug € L*°(£2) and let assumption (H3) hold. Then there exists a two-phase
solution (u, v, 0) to problem (2.1).

REMARK 2.5 (i) The global existence result of Corollary is analogous to the one obtained—
with very different methods—in [MTT2] for the Cauchy problem associated to equation (1.1J).

(ii) As already remarked, when uy € L°°(£2) is an arbitrary initial datum to problem
subject to the only assumption (Hy), passing to the limit as ¢ — 0 in the regularized problems (2.13)
need not give a two-phase solution to problem @]) ([EP, P11, ISTY]). In other words, global existence
of two-phase solutions to both the Neumann initial-boundary value problem (2.1)) and the Cauchy
problem for equation is proven to hold under assumption (H3), but if we consider arbitrary
initial data u( subject to the less restrictive assumption (H3), the situation is more complicated and
global existence actually remains an open problem. However, under the weaker condition (H>), in
[MTT2] local existence of two-phase solutions to the Cauchy problem associated to equation (I.1))
is established for piecewise response functions ¢.

2.4 Long-time behaviour

In what follows, assuming global existence, we investigate the asymptotic behaviour in time of two-
phase solutions to problem for any initial datum ug € L°°(§2) satisfying assumption (H,). The
techniques and the results we obtain are quite similar to those proven in [ST] where the long-time
behaviour of general weak entropy measure-valued solutions is studied. However, in this case some
specific novel features arise, in particular the characterization of the asymptotic behaviour of the
interface £(¢) (see Theorem[2.16]below).

STEP 1: A priori estimates. Let us begin with some basic properties of two-phase solutions to
problem (2.1). For any initial datum uy € L*°(£2) set

)
M, = — uop(x)dx. (2.32)
R e
By the homogeneous Neumann boundary conditions in @ we deduce the following conservation
law.

PROPOSITION 2.12 Let ug € L% (£2) and let (u, v, £) be a two-phase solution of problem (2.1
with initial datum uq. Then for any ¢ > O,

1
@ /Q u(x, 1) dx = M,,. (2.33)

Moreover, by the pointwise entropy inequalities (2.12) we obtain the following two results,
whose role will be crucial below.

PROPOSITION 2.13 Let (u, v, &) be a two-phase solution of problem [.1). For any g € C'(R),
let G be the function defined by (2.7). Then for any nondecreasing g the following limit exists:

Ly = tlim/G(u)(x,t)dx (Lg € R). (2.34)
—> 00 0
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PROPOSITION 2.14 Let (u, v, &) be a two-phase solution of problem @]) Then there exists
C > 0 such that ~
/ / v2(x, 1) dxdr < C. (2.35)
0o Jo
STEP 2: Convergence results. Fix any two-phase solution (u, v, §) of problem (2.1). Here we
try to establish existence (or nonexistence), in some suitable topology, of the limit of the families

v(-, 1), &), u(-,t) as t diverges to infinity. To this end, let us define good sequences to be the
diverging sequences {#,} < (0, co) such that

supf v)%(x, t,) dx < 00, (2.36)
neNJ 2
and bad sequences to be the diverging sequences {#,} < (0, co) such that
Sup/ v (x, 1,) dx = o0. (2.37)
neNJ 2

The following theorem describes the long-time behaviour of the function v(-, #) along any diverging
sequence {t,}.

THEOREM 2.15 Let (u, v, &) be a two-phase solution of problem (2.1) with initial datum u and
let My, be defined by (2.32). Then there exists a constant v* € R (uniquely determined by the
solution (u, v, &) itself) such that:

(i) for any diverging good sequence {t,} satisfying (2.36) we have
v(-, 1) = v*  in C(R2); (2.38)
(i) for any diverging bad sequence {¢,} satisfying we have
v(-,t,) = v* in measure; (2.39)

(iii) A < v* < Bifandonlyifa < M,, < d; finally, if M,, < a (respectively, M,, > d) then
v* = ¢ (M,,) and for any sufficiently small ¢ > O there exists 7 > O such that v(-, 1) < A —¢
(respectively, v(-,¢) > B+ ¢)in 2 forany ¢t > T.

The above theorem gives a characterization of the asymptotic behaviour in time of the function
v(-, t). The next step is the study of the interface &£(¢) as ¢ diverges. This is the content of the
following theorem.

THEOREM 2.16 Let (u, v, &) be a two-phase solution of problem (2.I) with initial datum ug, let
My, be defined by (2.32)) and let v* be the constant given by Theorem Then the limit
lim £(r) =: £* (2.40)
—00

exists. Moreover:

(1) if A < v* < B there exists T > O such that £(r) = §* forany r > T}
(ii) if v* < A (respectively, v* > B) then £* = w; (respectively, £* = w) and there exists T > 0
such that £(#) = w, (respectively, £(¢) = wy) forany ¢t > T.
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REMARK 2.6 Some remarks concerning Theorems [2.15H2.16| are in order:

(i) Theorem[2.16]shows that if v* # A, B the interface &(7) stabilizes to the value £* in finite time.

(i) In the light of Theorems 2.T5H2.16] when we consider initial data uo of problem (2.I) with
mass M,, < a (respectively, M,, > d), there exists T > 0 such that for any t > T we
have u(-,t) = s1(v(-, 1)) in £2 (respectively, u(-,t) = s2(v(-,¢)) in £2). Here (u, v, §) is any
two-phase solution of problem (2.1)) with initial datum uy.

Finally, let us proceed to give a characterization of the long-time behaviour of the function
u(-, 1). Since by Definition [2.1](ii) for any > 0 we have
uC, 1) = X(o,eenS1WE D) + XE@),wns2(0(, 1) in £2,

we have to take into account the asymptotic behaviour of the interface £(¢) (here xg denotes the
characteristic function of any set E C £2). Combining Theorems [2.15H2.16 we will show that, in
the limit as ¢t — oo, u(-, t) approaches the function u™ € L°°(£2), where

u = {X(wl,g*)sl(v*) + X@EFwns2(0*) ifa < My, < d, 2.41)

if My, <aorM,, >d.

uo
This is the content of the following theorem.

THEOREM 2.17 Let (u, v, §) be a two-phase solution of problem (2.1I)) with initial datum u. Let
M, be defined by (2.32)) and let u* be the function defined by (2.41)). Then:

(i) for any diverging good sequence {t,} satisfying (2.36) we have
u(x,t,) — u* forany x € 2\ {€*} (2.42)

ifa < M,, < d; otherwise,

0

U ty) = u* =M, inC(RQ) (2.43)

if either M, < a or My, > d;
(ii) for any diverging bad sequence {z,} satisfying (2:37) we have

u(-,t,) = u* in measure. (2.44)

3. Proofs of the results in Section 2.1]

Proof of Proposition[2.1} Consider any #; < 1 and for any n € N set
nit—1t+1/n) ift e[ty —1/n, 1],
—n(t —tp—1/n) ift €lh,tr+ 1/n].

Fix any ¢ € C!(£2) with ¢ > 0 and choose

Yn(x, 1) := hp(D)@(x)
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as test function in the entropy inequalities (2-8)). We obtain

f th+1/n
n/ dt/ Gu(x,t)p(x) dx — n/ dt/ G(u(x,1)p(x) dx
t 2 t 2

1—1/n

t2+1/n
> / / T (D18 (W) vex + 08/ @210, 1) dx di
Hnh—1/n J2

for any g € C'(R) with g’ > 0. Let us prove that

t
n/l dt/ G(u(x,t))(p(x)dx—>/ G(u(x, t))p(x)dx
t 2 2

1—1/n

381

3.1

3.2)

as n — oo. Fix any ¢ > 0 small enough and write the left-hand side of (3.2) in the following way:

n f &(t))—e
n/ dr / Gux,t)px)dx =n dr Gu(x,t)p(x)dx
f—1/n Q

n—1/n wq

1 E(t)+e
+n/ dt/ G(u(x,1))p(x)dx
n—1/n £

(t1)—e

151 w)
+n/ dt/ Gu(x, 1)g(x)dx.
n—1/n E(t)+e

Since & € Lipl[0, 00), for every ¢ there exists n, € N such that for any n > n, we have |£(t1) —

Leforallt € (f; — 1/n, t1). Therefore
{x,) e Qlwy <x<&Mn)—e te(—1/n1n)} <V,
{(x,)e Q&) te<x<wy te(ty—1/n, 1)} C Vs,

for any n > n,. Thus, by the continuity of « in V; and V> (see Remark [2.T)) we obtain

1 §(t1)—¢ §(t))—¢
n/ dl/ Gu(x, n)p(x)dx — G(u(x, 11))p(x) dx,
n—1/n w

1 w1

n ) w2
n/ dt/ Gux,t)px)dx — Gu(x,t))e(x)dx
n—1/n E(t1)+e E(t))+e

as n — 00. Moreover, since u € L°(Q),

1 §(t)+e
n/ dt/ Gu(x,t)p(x)dx
t &

1—1/n (t1)—e

L 2e|G@)llLegyll@lliLe () < eCg p.

In view of the arbitrariness of ¢ > 0, (3.4)—(3.6) imply (3.2). Similarly, we can prove that

th+1/n
n/ dt/ G(u(x,t))(p(x)dx—>/ G(u(x, n))p(x)dx
t 2 2

(3.3)

£(0)]

(3.4)

(3.5)

(3.6)

3.7

as n — oo. In view of (3.2), (3.7), taking the limit as n — oo in inequality (3.1I) gives 2.12) and

concludes the proof.

O



382 F. SMARRAZZO

4. Proofs of the results in Section 2.2]
Proof of Proposition Let us begin by proving (2.13)). Set

(s —A)?® ifs < A,
gap(s):=1{0 ifs € [A, B], 4.1)
(s — B)® ifs > B.

Observe that gap € Cl(R), g;w >0, gap <0in (—o00, A), gap =0in[A, Bl and g4p > O in
(B, o0). Let G 4p be the function defined by (2.7) for g = gap and k = 0. Choosing g = g,
t1 = 0 and ¢ = 1 in the pointwise entropy inequalities (2.12)) gives

/ G ap(u(x. ) dx < / G ap (1to(x)) dx 42)
22 2

for any r+ > 0. Since in view of assumption (H3) we have a < up < d, hence G4p(up) = 0,
inequality (4.2) reads

/ Gap(u(x,1))dx <O0. (4.3)
Q

On the other hand, we have

{GAB(A)>O if either A < aor A > d, 44

Gap(\) =0 ifx €la,d].

Therefore, since Gap > 0 on R, inequality @I} implies that G 4p(u(-, t)) = 0 almost everywhere
in £2; thus G4p(u) = 0 almost everywhere in Q by the arbitrariness of + > 0. This implies a <
u < d almost everywhere in Q (see again) and concludes the proof of (2.13).

Let us prove (2.14). To do so, we will show that:

(1) u(x,t) <bforanyx € (w1,0),t > 0;
(i) u(x,t) = cforany x € (0, w2),t > 0.

Let us address (i), the proof of (ii) following by similar arguments. Fix any ¢ > 0 and observe that
for any ¢ € Cf((a)l, 0)) with ¢ > 0 the pointwise entropy inequalities (2.12) give

t
/Q G u(x, 1))p(x) dx — /Q G luo()p(x) dx < — fo /Q (Wix. )y (x, )y (1) dr ds (4.5)

for any g € C'(R) with g’ > 0 and G defined by (2.7). By standard regularization arguments the
assumption g € C'(R) can be dropped so that inequalities (&.3) hold for any nondecreasing g.
Following [PL1], for any p > 0 we set

“2 i > B —p,

ifs < B —p. (4.6)

8p(s) = {g

Let G, be the function defined by (2.7) for g = g, and k = 0. Choosing g = g, in inequalities
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@3) gives
/Q G p(u(x, 1) (x) dx — /Q G (o)) (x) dx
t
<- f / 8o (0r. )0y (. 8, (x) dx ds
0 Je

t
=p 12 / / (W(x,5) — B+ p)pux(x)dxds  (4.7)
0 J{xef2|v(x,s)>B—p}

for any ¢ as above. Let us study the different terms of the previous inequality in the limit p — 0.
Since in view of (2.13) we have v < B in Q, taking the limit on the right-hand side of (.7) gives

t
p*‘”/ / (V(x,5) = B + p)¢ux(x) dr ds
0 J{xe2|v(x,s)>B—p}

t
< lim ,01/2/ / lger ()| dxds = 0. (4.8)
p—0 0 Jo

lim
p—0

Next, consider the second term on the left-hand side of (Iﬂ[) Observe that for almost every x €
(w1, 0),
s1(B — p) —so(B — p)

JP
for any p > 0. Moreover, for any x € (w1, 0) such that ug(x) < b there exists p* > 0 (depending
on x) such that

s1(B—p)
/ 1gp (@ (s))]ds

so(B—p)

|G p(uo(x))| <

<

4.9)

s1B=p) s1(B = p) — s0(B — p)
Gpup(x)) = / 8p(P(s))ds =
g 0B=p) NG
for any p < p*. On the other hand, for any x € (w1, 0) such that ug(x) = b, we have
b b —so(B — p)
Gp(up(x)) =/ 8p(@(s))ds = —————.
g 0B=p) VP

In view of assumption (H|)—in particular ¢ (b) # 0—we have:
—2/2/1¢"(b)| ifuo(x) <b

—V2/19"(b)|  ifup(x) =0
e in view of (4.9) and (H,), there exists p > 0 such that |G, (ug(x))| < 4,/2/|¢"(b)| for almost
every x € (w1, 0) and for any p < p.

° lim0 Gy(up(x)) = { fora.e. x € (w1, 0);
p—>

Hence, by the Lebesgue dominated convergence theorem we obtain

[ 2
li G dr = =2 d
/01—13)/_(2 (P () () /{xe<w1,o>|uo(x><b}¢(x) )
wor )
— = @(x)dx. (4.10)
|¢ (b)| {xe(w1,0) | ug(x)=h}
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Finally, let us study the first term on the left-hand side of (7). We decompose the function
G, (u(x, t))e(x) in the following way:
G,o(u(‘v Ne() = G,o(u(', t))X{xEQ | u(x,t)<b}(p(')
+ G, 1)) Xixe2 |ux,n=b)9(-)
+Gou(, D) Xxe2 | e<ut,n<dy®() 4.11)

(recall that in view of (Z.13) we have u(-, 1) < d = s2(B) a.e. in §2). Arguing as above, passing to
the limit as p — 0 in the first two terms of the right-hand side of @.11)) gives

. 2
hm/ Gp(x, 1)) X(xe |ux.n<by@(x) dx = =2 ,,—/ Xixef2 |utx,ny<by@(x) dx  (4.12)
p—0J0 l¢”" (D) Je

and

lim [ Gp(u(x, ) xixe =p}p(x) dx = lim bonB=p)
p—0J0 r ’ b Jutx.n=h) pr—0J02 101/2

[ 2
BRYRYVIIAY X u(x,t)= dx. 4.13
| (b)| /.;ZX{ €82 Ju(x,t) h}‘ﬂ(x) X ( )

Concerning the third term on the right-hand side of (.11) we have

Xixe |u(x,n=by@(x) dx

/ Gpu(x, ) Xre |c<utrn<aye(x) dx =17 + 17, (4.14)
2
where

10 = /QGp(u(xvt))X{xE.Q|c<u(x,t)<s2(B—p)}‘p(x)dxEO»

1= /Q Gp(u(x, 1)) Xixe2 | s2(B—p)<u(x,))<s2(B)}P(X) dx (4.15)
s2(¢p(u(x, 1)) — s2(B — p)
= X{xef | s2(B—p)<u(x,1)<s2(B))@(X) dx.
2 :01/2

Taking the limit as p — 0 in If gives

52(B) — 52(B — P)pl/z
0

(here the assumption s5(B) = 1/¢'(d) < oo has been used). Therefore, in the light of .13)) and
(@:16), taking the limit as p — 0 in @.14) we obtain

31_%/9 Gpu(x, D) Xixe@ | e<ux,n<ay(x) dx = 0. (4.17)

From (@.12)), (#.13) and (#.17) we deduce
1'/0((0)()(1)6 2 2 / (x)d
im u(x, t))e(x =— o(x)dx
p—0Jo " [&” (D) Jixe(r,0) | utx,i)<b)
2 f Odr.  (@418)
- [— o(x)dx. )
lp” (D) {xe(w,0) | u(x,t)=b}

. p . p—
lim 11 < im 911100 =0 (4.16)
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Therefore, in view of (@.8)), (@.10) and (@.18), taking the limit as p — 0 in inequalities gives

1
o(r) dx + / o(x) dx
{xe(w1,0) | ug(x)=b}

1
< / ex)dx + = / p(x)dx (4.19)
{xe(wy,0) | u(x,t)<b} 2 {xe(w1,0) | u(x,t)=b}

for any ¢ € Cf((a)l, 0)) with ¢ > 0, and for any # > 0. Fix any ¢+ > 0 and, arguing towards a
contradiction, assume that the set {x € (w1, 0) | u(x, t) > b} has a nonzero Lebesgue measure. Let
K C {x € (w1,0) | u(x,t) > b} be any compact set with a strictly positive Lebesgue measure,
|K| > 0, and let {¢,} S C°(R) be any sequence of smooth functions such that:

—/{Xe(wl,o) [ uo(x)<b}

0<p,(x)<lforanyx e R, n e N;
¢on(x) =1foranyx € K, n € N;

supp ¢ C (w1, 0) forany n € N;

©n(x) = xgx(x) asn — oo for any x € R.

Write inequality (.19) for ¢ = ¢, and observe that the right-hand side converges to zero as n — oo.
Therefore, passing to the limit as n — oo gives

1 10 .1
0 < —|K|= lim — (Pn(x)dxz lim
2 n—o00 2 o) n—00 2 {x€(w1,0) | up(x)<b}

. 1
< lim {[ gon(x>dx+—/ %(x)dx}
=00 | J{xe(wy,0) | ug(x)<b} 2 {xe(w1,0) | ug(x)=b}

. 1
< lim {/ (p,,(x)dx—i——/ <pn(x)dx} =0
=00 | J{xe(w,0) | u(x,r)<b} 2 {xe(®1,0) | u(x,t)=>b}

(here the assumption ug(x) < b in (w1, 0) has been used). This contradiction proves (i). a

@n(x) dx

Proof of Proposition[2.3]  Let us address only claim (i), (ii) following by similar arguments. Fix any
X0 € (w1, 0) such that up(xg) < b. Then by the continuity of ug in (w1, 0)—which is ensured by the
assumption ¢ (ug) € C (£2)—there exists r > 0 such that ug(x) < b, < bin I, := (xo —r, xo + r).
To prove that u(xg,t) < b for any r > 0, it suffices to observe that in the strip /, x (0, 0o) the
function u is a weak solution of the porous medium type equation

ur = [¢@)]xx,
with initial datum uq subject to the following conditions:
upe C(y), wuo(-)<b<b inl, (4.20)

(recall that ¢’ (b) = 0, ¢”(b) # 0, and ¢’'(s) > 0 for any s < b). Moreover, in view of Proposition
(see in particular (2.14))), u satisfies the boundary conditions

u<b ondl x (0,00). 21

In the light of (4.20)—(4.21), by the comparison principle ([DKI]) the claim follows (see [dPVI]; see
also Section 7 in [Val]). O
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The proof of Theorem [2.5| needs the following preliminary result.

LEMMA 4.1 Let ug satisfy assumption (A) and let (u, v, 0) be any two-phase solution of problem
(2-T) with initial datum ug such that v, (-, r) € BV($2) for almost every ¢ > 0. Then the limit

lim vy (1, 1) =: v, (0F, 1) (4.22)
n—0%

exists for almost every ¢ € (0, 0co). Moreover, for almost every ¢ € (0, 00),
ve (07, 1) = v, (0T, 1). (4.23)

Proof. Let ug satisfy assumption (A1) and let (u, v, 0) be any two-phase solution of problem (2.1))
with initial datum ug. The assumption vy (-, t) € BV(S2) for almost every ¢t > 0 implies the existence
of the limits @]} Moreover, in view of assumption (A1), we have u € C 2’I(VI-), where V| =
(w1,0) x (0, 00) and V> = (0, @2) X (0, 00) (Corollary [2.4). Therefore, arguing as in [[EP] gives the
Rankine—Hugoniot conditions (2.9) almost everywhere in 7 (see Remark [2.2). Thus, equality (@D
follows, since under assumption (A1) we have &'(z) = 0.

Proof of Theorem[2.5] ~ The proof is almost the same as in [MTT2]]. We give it for the convenience
of the reader.

Let ug satisfy assumption (A;) and let (u1, v, 0), (u2, v2, 0) be two two-phase solutions of
problem 2.1 with initial datum wuq such that v, (-, r) € BV(§2) for almost every r > 0 (i = 1, 2).
For any n € N set

Q21 = (01, —1/n), 25 :=0/n,w), V= .Q,% x (0,00), V' =827 x (0, 00).

Since u; € C(Vy) and u; < b in V| (Proposition , we have u; € C>1(Vy) (Corollary and
for any n € N there exist two constants b! < b such that u; < b} in V' (i = 1,2). Analogously,
since u; € C(V;) and u; > c in V, (Proposition , we have u; € C21(Vy) (Corollary and
for any n € N there exist two constants ¢/’ > ¢ such that u; > ¢! in V' (i = 1, 2). This implies that
for any n € N we can find a constant C,, > 0 such that
lix (s DllLeo(2ry < Callvie (s DllLeoceny < Callvix (- DllBv(e)- (4.24)
llix G, Ol oo(@ny < Callvix G, DllLe@ny < Callvia (5 DllBvie) (4.25)

(i =1, 2). Next, for any k € N let {5y} € C%(R) be a family of functions such that:

e 1) converges to the absolute value | - | in C(R) as k — o0;

° 77;/{(5) — sgn(s) as k — oo for any s # 0, and In,’{(s)l L 1lforanys e Randk e N;

e there exists C > 0 such that 0 < n”(s) < Ck for any s € R, and n”(s) = O for any s ¢
(—1/k, 1/k).

Since u;; = vixx in V; (i, j = 1, 2), for any fixed # > 0 we obtain
/ [k (uy — u2)]s(x, t) dx =/ [y (1 — u2) (V1 — v2)xxl(x, 1) dx
2 o
= / {[n (1 — u2)(v1 — v2)x 1} (x, 1) dx
on
J

- /;2”{77//{/@1 —up)(u1y — u2y)(V1x — v20)}(x, 1) dx  (4.26)
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and also

- fm[n;’!(ul —up)(u1y — u2x)(V1x — v2x)](x, 1) dx

J

- /Qn [7 (w1 — u2)ep' () (1 — ua)* 1(x, 1) dx
- /m (g 1 — u2)(@'(u1) — @' () uox (uix — uze)(x, 1) dx

< - /9" [0y (u1 — u2) (@' (u1) — @' (u2))uoy (u1x — uz)l(x, ) dx  (4.27)

(j = 1, 2). For almost every t > 0, taking the limit as k — oo on the right-hand side of the above
inequalities gives

limsup{— /Qn[fh/g(ul —u2)(@ (u1) — ¢’ W2))uae (uix — uze)l(x, l)dx}

—
k—o00 |

< lim ||¢//||L°°(a,d)Ck||M2x(',t)||L°°(m)/. [l — uz| lurx — uox|l(x, 1) dx
k—o00 J lkj(l‘)

< lim ||¢N||L°°(a,d)cl|u2x(nl)||L°°(.(2*?)/, [lu1x — uzx|l(x, 1) dx =0, (4.28)
k—o00 J 1]-{’([)

where for almost every ¢ > O we have set
) ={xe 27 | Jur(x, 1) —uz(x, )| < 1/k}

(j = 1, 2). Concerning the left-hand side of (.26)), for any fixed n € N and for almost every 7 > 0
we obtain

Dkt (x, £) = w2 (e, )il = InjeCun (e, 8) = o, )] e (o, 1) = g (x, 1)
< g (x, 1) —ugi(x, 1)) € LN

(j=1,2),and
[k (1 (x, 1) —ua(x, 1))y — [sgn(ui(x, £) —ua(x, )1 (x, 1) —uz(x, 1))

as k — oo for almost every x € .Q]" (j = 1, 2). Therefore, in view of the Lebesgue Theorem and in

view of @.27), @28), in the limit as k — oo in {#.26)) we obtain

> [t = w0l ndr = tim 3 [ e k.o
=127} koo TTa ey
< jm 3 /| Dk = )01 = 215 ) 0

= [sgnui(=1/n,1) —uz(=1/n, )] (=1/n, 1) = vox(=1/n, 1))
— [sgn@ui(1/n, 1) —us(1/n, )] (ix(1/n, 1) — v2:(1/n, 1)).
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Integrating the above inequality between 0 and 7y and letting n — oo gives

/Iul(x,to)—uz(x,fo)ldx
22
fo
< /0 [sgn(uy (07, 1) — u2(0™, 1) (w1x (0~ 1) — var (0™, 1)) di
1
- / [sgn(u1 (0%, 1) — (0, )i (OF, 1) — v (O, ) i, (429)
0

Observe that since ¢ is nondecreasing in the interval (—oo, b) and in (c, 00), and since v(-, 1) €
C($2) for almost every t > 0, we have: u;(07,¢) > wu2(07,7) = v1(0,1) > v2(0,1) =
u1 (0%, 1) > up(0™, 1). In other words, for almost every ¢ > 0,

sgn(uy (07, 1) —uz(07, 1)) = sgn(ui (07, 1) — us (01, 1)). (4.30)
In view of @23) and [@30), inequality #.29) reads

/ lur(x, 10) —ua(x, fo)[dx <O
2

for any 79 > 0, and this concludes the proof. O

5. Proofs of the results in Section 23]
5.1  The approximating problems: proofs

The proofs of Theorem [2.6) and Proposition [2.7] are almost the same as in [NP], so we omit them
(see also [PI3} Sml, [ST]).

Proof of Theorem 2.8} Tt is formally analogous to the proof of Proposition[2.2} so we only sketch
it.

Let gap € CL(R) be the nondecreasing function defined by (]71;1'[) and let G 4 be the function
defined by (2.7) for g = gap and k = 0. Choosing ¢ = gap, 11 = 0 and ¥ = 1 in the viscous
entropy inequalities (2.18) gives

/ G ap(u (x, 1)) dx < / G ap(o(x) dx = 0
2 2

for any ¢+ > 0O (here assumption (H3) has been used). Since G4p(s) > 0 for s € R\ [a, d] and
G ap(s) = 0fors € [a, d], estimate (2.19) follows.

Next, let us address claim (i), the proof of (ii) following by similar arguments. Firstly, we observe
that (2.19) implies A < ¢ (u®(x, 1)) < B for almost every (x, ) € Q. By standard results on elliptic
equations, since for any ¢ € (0, co) the function v(-, t) € W2:20(£2) solves problem , it follows
that

essinf @ (u®(x, 1)) < v°(x,t) < esssupop(u®(x, 1))
xXER xes

for any x € £2, that is,
A<v¥(x,t) <B 5.1
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for any (x, ) € Q. Next, for any p > 0 let g, be the nondecreasing function defined by (4.6). Let
G, be the function defined by (2.7) for ¢ = g, and k = 0. Choosing g = g, in the viscous entropy

inequalities (Z.I8) gives
/QGp(us(x,t))(p(x)dx—/QGp(uo(x))w(x)dx
t
<—/ / 8o (V° (x, )5 (x, $)@x (x) dx ds
0o Je
t
=p””/ / (W (x.$) — B+ p)gxr(x)dxds  (5.2)
0 J{xef2|vé(x,s)>B—p}

for any ¢ € C2((wy, 0)) with ¢ > 0 and for any ¢ > 0. Then, arguing as in the proof of Proposition
2.2](in particular, see (#.8), (.18)), taking the limit as p — 0 in inequalities (5.2)) gives

mmM+1/ o(x) dx

/{‘xe(wl,o) [uo(x)<b} {xe(@1,0) [up(x)=b}

1
< MMM+—f pdr  (5.3)

Axe(wl,O) | u (x,t)<b} {x€(w1,0) | ut(x,t)=b}

for any ¢ € CCZ((a)l, 0)) with ¢ > 0, and for any r > 0. Fix any + > 0 and, arguing towards a
contradiction, assume that the set {x € (w1, 0) | u®(x,t) > b} has a nonzero Lebesgue measure.
Fix a compact set K C {x € (w1,0) | u®(x,t) > b} with |K| > 0, and choose a sequence
{on} € C°(R) such that:

e 0<p,(x) < lforanyx e R, n e N;

e g,(x) =1foranyx € K, n € N;

e suppy, C (w1, 0) forany n € N;

e ¢,(x) > xkx(x)asn — ooforany x € R.

Since ug < b almost everywhere in (wy, 0), passing to the limit as n — oo in inequality (5.3) (for
@ = @y,) gives 0 < %lK | < 0. This contradiction proves (i). |

5.2 Vanishing viscosity limit: proofs

Fix any ug € L*(£2) and for any & > 0 let (4, v*) be the solution of problem (2.13)—(2.16) given
by Theorem [2.6] In what follows we will study the limiting points of both the families {u*}, {v®} as
the regularization parameter € goes to 0. Let us begin by proving Theorem 2.9]

Proof of Theorem2.9] (i) In view of estimates (2.21)—([2.23)) there exist three subsequences {u®*},
{¢(uf%)}, {v¥*} and three functions u € L®(Q), v € L®(Q), § € L®(Q), with 7, € L2(Q), such
that

u Xy in L%°(Q), (5.4)
o™ v in L%(Q), (5.5)
v A5 in L®(Q), (5.6)

vk —~ g, in L*(Q). (5.7)
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Moreover, by (2.16) and estimate (2:23) we have

'// @ —v)Yy dxdf| = lim ‘// (¢ (%) — vy dx dr
0 k—o00 0

for any ¥ € C.(Q). This implies v = v almost everywhere in Q and concludes the first part of the
proof.
(i) In view of (2.24)-(2.26), passing to the limit as & — 0 in the weak formulation of problems

R.I15)-2.16) gives equality 2.27). U

Next, let {e;} be the vanishing sequence given by Theorem Let {n®} be the sequence of
Young measures over Q x R associated to the family {¢ (u®*)}. In view of the uniform estimate
¢ )Ly < C (see 2.21)), for any T > 0 the sequence {n°} is relatively compact with
respect to the narrow topology of Young measures over Q7 = §2 x (0, T). This is the content of
the following proposition (see [GMS| [V] for the proof).

< lim s;/zf/ e uf*| |yl dxdr =0
k—o00 0

PROPOSITION 5.1 Forany ¢ > 0and ug € L*(£2) let (u®, v*) be the solution of problem .15)—
(2.16) with initial datum ug. Let {n°} be the family of Young measures associated to the family
{¢(u®)} and let {ex} be the vanishing sequence given by Theorem[2.9] Then:

(1) there exist a subsequence {¢,} = {&x,} < {ex} and a Young measure n on Q x R such that for
any T > 0,
n®" — n narrowly in Q7 x R,

where Q7 = 2 x (0, T);
(i1) forany f € C(R),
f@@™) — f* in L¥(Q), (5.8)

where, for almost every (x, t) € Q,

freet) = /Rf(S)dU(x,t)(E)- (5.9

Here oy ;) is the disintegration of the Young measure 7.

The main result of Plotnikov in [P11] is the characterization of the Young measure disintegration
O(x,1)» which allows one to define weak entropy measure-valued solutions to the original Neumann
(or Dirichlet) problem associated to equation (I.I). Analogously, with methods of proof slightly
different from those used in [PL1], we will investigate the structure of the measure o(y ), proving in
this way the existence of a two-phase solution to problem (2.I)). In this direction, we begin by the
following three lemmata, whose proofs will be postponed until the end of this subsection.

LEMMA 5.2 Letug € L*°(£2) and for any ¢ > 0 let (u®, v¥) be the solution of problem ([2.15)-
([2:16) with initial datum u¢. For any g € C!(R) let G be the function defined by (2.7). Then for any
T > 0, for any g as above and for any ¢ € C'(£2), there exists a constant C ¢.0 (depending on g
and @) such that for any ¢ > 0,

[

dr < CyollIVeuf 1729, + VTIVE N 200) + 105117, (5.10)

/ [G ()], dx
2
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LEMMA 5.3 Let assumption (H3) hold, let ug € L°°(£2) and for any ¢ > 0 let (u®, v*) be the
solution of problem (2-13)—(2.16) with initial datum u. Let {¢5} and n be respectively the vanishing
sequence and the Young measure over Q x R given by Proposition @ Finally, let o(, ;) be the
disintegration of the Young measure 7, defined for almost every (x, ) € Q. Then:

(i) suppo(x, € [A, B] for almost every (x, ) € Q;
(ii) there exist a subsequence {gj,} C {g} and a set E' C (0, 00) with |E!| = 0 such that for any
t €(0,00)\ E',

0
lim G (x,1)p(x)dx = /
2 w

[—o0

(/ [G0S1](~‘§)d0(x,t)(€)>§0(x)dx
[A,B]

1

)
+/ </ [G082](€)d0<x,z)($)><p(X)dx (5.11)
0 [A,B]

for any ¢ € C'(£2) and for any G defined by (2.7) with g € C'([A, B]).

LEMMA 5.4 Let assumption (H3) hold, let ug € L°°(£2) and for any ¢ > 0 let (u®, v*) be the
solution of problem Z.I5)—(2.16) with initial datum ug. Let {e5,} be the vanishing sequence given
by Lemma Then there exists a subset E> C (0, o) with |E%| = 0 and with the following
property: for any ¢ € (0, 00) \ E? there exist a subsequence {en,,} € {en,}, possibly depending on ¢,
and a function v’ € H'(£2) such that

S (-, 1)) > v'() ae.in . (5.12)

We can now prove Theorem [2.10]

Proof of Theorem Let E', EZ C (0,00) be the sets of zero Lebesgue measure given
respectively by Lemma[5.3]and Lemmal[5.4] Let us define the set

E:=E'UE?

(clearly of zero Lebesgue measure) and fix any ¢ € (0,00) \ E. Let {g3,,} and v' € H'(£2) be
respectively the sequence and the function given by Lemma [5.4] so that convergence (5.12)) holds.
Since we have assumed that the initial datum u satisfies assumption (H3), from Theorem @ we
deduce that a < u®"1 (-, t) < d almost everywhere in £2, and

ubhi (1) = S1 (¢(”8hl‘t (-,1))) a.e.in (w1, 0),
T U sa(p (1)) ace. in (0, w)).

Therefore we have

s1(v'(+)) ae.in (w1, 0),

ue (1) —> u' (1) = {s2(vt(.)) a.e.in (0, @)

(here Lemmahas been used). This implies that for any ¢ € C 1(2) we have
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0
1im0 G (x,)p(x)dx = lim [G o s11(¢p(u1 (x, 1)))p(x) dx
en ,—~0J2 Eh 7Y oy
w)
+ lim [G o s2](¢p (u™1 (x, 1)))g(x) dx
8;,“—)0 0

0 w)
_ / G510 (¥))e(x) dx + /0 Gl () dx  (5.13)

w1

for any G defined by ([2.7) in terms of g € C!([A, B]). Combining (5.11) and (5.13) we obtain

0 [07)
/ (/ [Gosu@)da(x,,)(s))cp(x)dx+ / (/ [G082](€)d0(x,z)($)><ﬂ(X)dx
w1 [A,B] 0 [A,B]

0 w)
_ / G510 (1) (x) dx + /0 Gl () dx  (5.14)

w1

for any G and ¢ as above. Here for almost every (x, ) € Q the measure o, ) is the disintegration
of the limiting Young measure 7 given by Proposition[5.1] We proceed in three steps.

STEP (i). Let us prove the characterization (2.29). Let u € L*°(Q) be the weak* limit of the
sequence {u®f} given by Theorem and let {5} < {er} be the vanishing sequence given by
Proposition [5.1] Observe that in view of Theorem [2.8] and Proposition [5.1] (in particular see (2.20)

and (3:8)-(3.9)),

/f ulx, )Y (x,1)dxdsr = lim // u (x, )y (x, 1) dx dr
0 h—o00 0

oo 0 00 ro
= hlim / / s1(p W (x, )Y (x, 1) dx dr + hlim / / ’ s2(p W (x, )Y (x, 1) dx de
—>00 Jo o —00 J0o 0

00 0
/ f (/ sl(ado(x,,)(s))w(x,t)dxdt
0 [ [A,B]
00 pwn
+ / / (/ Sz(é)da(x,z)(é))llf(x,t)dxdt
o Jo [A,B]

forany ¥ € C Cl (Q). The above equalities imply

u(x,z)=</ s1<s>do(x,,>(s))x(wl,o>x<o,oo)+(/ sz(s)doa,t)(s))x(o,wz)x(o,oo) (5.15)
[A,B] [A,B]

for almost every (x, 1) € Q. Therefore, the characterization (2.29) will follow if we prove that oy ;)
is the Dirac mass:

O@x,t) = Su(x,) (5.16)

for almost every (x, ) € Q, where v € L°°(£2) is the limit of both the sequences {¢ (u®")}, {v®} in
the weak* topology of L>°(Q) (see Theorem 2.9). In fact, in the light of (5.16) equality (5-13) will
then read

u(x,t) =510, 1)) X(w,0)x(0,00) T 2V (X, 1)) X(0,w7) x (0,00)

for almost every (x, ) € Q, proving (2.29).
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So, let us prove (5.16). Fix any 7 € (0, 00) \ E and observe that for any ¢ € C!((w1, 0)) equality

(3-T4) reads

0 0 .
/ (/[A B][G ° sd(é)do(x,t)(é))wx)dx = f [G o 51](v (x))@(x) dx (5.17)

w] w]

for any G defined by (2.7) in terms of g € CL([A, B]). The above equality implies that there exists
aset F C (wi, 0) of zero Lebesgue measure such that for any G as above,

/ (G 0 11(6) doe 1 (€) = [G 05110 () (5.18)
[A,B]

for any x € (w1, 0) \ F. Fix any x € (wy, 0) \ F such that (5.18) holds. Choosing

=0 ifsel[A, v ()],

A
>0 ifse (v (x),Bl, G :/a g(p(s))ds

8(s) {

in (3.18) gives
/ (G osil®)dog (&) = 0.
(v (x),B]

Since G(1) > O for A € (s1 (vf(x)), b], the above equality implies that suppo(, 7) < [A, v?(x)]. On
the other hand, if we choose

=0 ifse [ (x),B],

A
=0 ifselA v, °P ::/,, 89 (s)) ds.

8(s) {

equality (5.18) reads
[ Gesi© do© =0
[A,v"(x))

Since G(1) < 0 for A € [a, s1(v'(x))), the above equality implies that supp o, ;) C [v/(x), B]. In
other words, we have obtained B

supp oy 7y = {v' (x)}
for almost every x € (w1, 0). Moreover, by similar arguments we also obtain

SUppo(x 5y = v’ (x))

for almost every x € (0, wz). Therefore for almost every x € §2 the probability measure oy, 7 is the

Dirac mass concentrated at the point vf(x):
O‘(Xj) = 81)?()()' (519)

Combining (5.19) with the basic properties of the narrow convergence of Young measures (in
particular see (3.8)—(5.9) in Proposition [5.1]), we obtain

o(x,7) = / £ o (€) = v/ () (5.20)
[A,B]
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for almost every x € £2. Here the function v € L°°(Q) is the limit of both the sequences {¢ (1)},
{v®} in the weak™ topology of L>°(Q) (see Theorem . Since v € L*((0, T); H'(£2)) for any
T > 0,and 7 € (0,00) \ E where |E| = 0, we can suppose that v(-,7) € H'(£2) € C(£2). Since
V() € HY(2) € C(£2) too, the above equality holds for all x € $2, 80 o, ;) = 8y 7) Jor all
x € £2. As1 is arbitrary, the characterization (3.16) follows.

STEP (ii). Let us prove the convergences in (2.30)—(2.31). To this end, let {;} be the vanishing
sequence given by Proposition[5.1] In view of standard results on the narrow convergence of Young
measures, the characterization (5.16) implies that

¢ (") — v in measure

in every cylinder Qr := §2 x (0, T), for any T > 0 ([V]]). Since Q7 has finite Lebesgue measure
for any 7 > 0 and the sequence {u®/} is uniformly bounded in L°°(Q), we deduce that

o™y — v inLP(Q7) (5.21)
forany 1 < p < oo ([B). By (2.23) we also obtain
&n _ 2 &n _ eny\ 12 Eny _ 2
||U v||L2(QT) < ”U ¢(l/l )||L2(Q) + ||¢(M ) v”LZ(QT)
Je ., Eh 2 £ 2
< €h|| ehut ||L2(Q) + ||¢(l/t h) - v||L2(QT) - O

as h — oo, that is,
" > v in L2(Q7) (5.22)

for any T > 0. In view of (5.21)), (5.22) there exists a subsequence {&;} = {es;}  {ex} such that

¢ u), v — v  almost everywhere in Q7, (5.23)

therefore by the arbitrariness of T > 0 the convergence in (2.30) follows. Let us address (2.31)). For
this purpose, observe that by the convergence in (2.30) we obtain

ul(x, 1) = s1(p U (x, 1)) — s1(v(x, 1)) (5.24)
for almost every (x, t) € (w1, 0) x (0, c0) and
Ul (x, 1) = 52(p U (x, 1)) — s2(v(x, 1)) (5.25)

for almost every (x,1) € (0,w) x (0,00) (here Theorem [2.8] has been used). The above
convergences imply (2.31).

STEP (iii). Let us prove the limiting entropy inequalities (2-8). To do so, fix any 7 > 0 and pass
to the limit as j — oo in the viscous entropy inequalities (2.I8) for e = ¢j, 1 = 0, 1o = T and
fory € C1(Qr), ¥ =0, ¥(-,T) = 0in 2 (here Q7 = £ x (0, T)). In view of Z.21)) and the
convergence in (2.31)), we have

// Gu) Y, dx dt — // G(u)y, dx dt (5.26)
Or o
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forany g € C I(R) and G defined by (7). Moreover, since v/ — v almost everywhere in Q and
v — vy in L2(Q) (see (2:26)), it follows that

gy — gwyv,  in LA(Qr)

(here (2.22)) has been used), therefore

// g v Yy dx dr — // (V) Ve Py dx dr (5.27)
or or
for any g and  as above. Finally, observe that since

Ve @ = Vg inL*(Qr)

(recall that g’ > 0), we have
// g vy dxdr < lim inf// ¢ W)y dx dr (5.28)
or j=oo JJor

for any ¢ € C'(Qr) with ¢ > 0. Combining (5.26)—(5.28) gives the entropy inequalities (2.8) and
concludes the proof. O

Proof of Lemma Fixany T > 0, ¢ € C!(2), and g € C'(R), and let G be the function

defined by 2.7). In view of (2.16) and (2.17)),

T T
/ dt:/
0 0
T
</0 /Q[g(¢>(u8(x,t)))—g(v*’"(x,t))]uf(x7t)¢(x)dx
T
v
0

Since the family {#¢} is uniformly bounded in L>°(Q) (see (2.21))), we can find a constant C* > 0
such that

dr

/ﬂ (G (u (x, ) ip(x) dx

/Qg(qﬁ(ug(x,t)))uf(x,l)w(X)dx

dr

dr. (5.29)

/Qg(vg(x,l))vix(xyl)w(x)dx

C* > sup || (u®) | L= (0)-

e>0

Let us study the different terms on the right-hand side of (5.29). We have

[

dr

/Q[g(qﬁ(us(x,t))) — 8" (x, )]uf (x, He(x) dx

T
< ||g/||C([—C*,C*])/0 /Qe[uf(x,t)]zw(x)dx dr

< g leq-cx.cplVeus 32 o, 10l e (5.30)
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(here (2:23)) has been used). Moreover,

T T
/ dr < / / (0 (e )V (x. 1) () dx
0 0 2

T
_I_/
0

< ”g”Cl([—C*,C*])”‘p”CI(ﬁ)[ﬁ”U;”LZ(Q) + ||v§||i2(Q)] (5.31)

dt

Lg(vs(x,t))vﬁx(x,t)w(mdx

/Q g (v (x, )[E (x, H]%@(x) dx| dr

(here (2.23)) has been used). Set

Cg,ga = ||g||cl([7c*,c*])||</)||Cl<§)-
Then combining (3:29)—(3.31) gives estimate (3.10) and concludes the proof. O

Proof of Lemma[5.3} (i) Firstly we observe that in view of assumption (H3),
A<¢ow®) <B (5.32)

almost everywhere in Q (see Theorem[2.8). Let {¢;} be the vanishing sequence given by Proposition
[5.1] and choose any f € C(R) such that f = 0in[A, B]and f > 0in R\ [A, B]. In view of

E-8)-E.9) and (532,
0= f(Pu™) = /Rf(é)do(.,.)(é) in L(Q).

SO

/Rf(%“) do,n(§) =0 (5.33)

for almost every (x, ) € Q. Fix any (x, ¢) € Q such that the above equality holds. Since f > 0,
equation (3.33) implies f = 0 o(y n-a.e. in R. On the other hand, f > 0in R\ [A, B], therefore
supp o, € [A, B]. By the arbitrariness of (x, ), claim (i) follows.

(i) Fix any 7 > 0 and set Q7 := £ x (0, T). Fix any g € C!([A, B]) and let G be defined by
@77). Forany & > O and ¢ € C'(£2) let G%¢ € W!1(0, T) be the function defined by setting

G (1) ::[(ZG(us(x,t))w(x)M. (5.34)

In view of estimate (2:23) and Lemma [5.2] (in particular see (5.10)) the family {G*} is uniformly
bounded in W!1(0, T), therefore there exist a subsequence {8f"p} C {ep}, in general depending
on g and ¢, and a function G¥ € L0, T) such that

Gga' e 5 g inL'0.T) (5.35)
as sf '? 5 0. On the other hand, in view of Theorem we have

s1(p@®h” (x,1))) forae. (x,1) € (w1, 0) x (0, 00),

wh (1) = s2(p @ (x,1))) forae. (x,1) € (0, w) x (0, 00).
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Therefore, by Proposition [5.1] (see (5.8)—(5.9)) we obtain

T
lim h(t) dt / Gt (x, 1))e(x) dx
0 2

T 0
_ / Bty dr / (/ G(sl(s»dcr(x,,)(s))go(x)dx
0 o) [A,B]

&y, —0
T w)
+ / B di / (f G(Sz(é))dd(x,z)(é))fﬂ(X)dx (5.36)
0 0 [A,B]

for any h € C!([0, T]). Combining (5.33) and (5.36) we have

T T 0
/ G¥(h(r) dt 2/ h(t)dt/ (/ G(Sl(é))da(x,z)(é))w(X)dx
0 0 w1 \J[A,B]

T )
+/ h(f)dl/ (/ G(sz(é))da(x,,)(g))go(x)dx
0 0 [A,B]

0
g“’(r):/ </ G(S1(f;'))dff(x,r)(é))w(x)dx
w1 \J[A,B]

1

+ / (/ G(Sz(é))dff(x,z)(é))(ﬂ(x)dx
0 [A,B]

for almost every t+ € (0, T). This implies that the convergence in (5.35) holds along the whole
sequence {ep}, so

for any 4 as above, hence

0
gone s / ( / G(sl@))dcr(x,.)(é))w(x)dx
| [A,B]
1233
+ f </ G(SZ(E))dU(x,-)(E))w(X)dX (537)
0 [A,B]

in L'(0, T). In view of (5.37), there exist a subsequence {efl’w} C {e;) and a set E&¥ C (0, T) of
zero Lebesgue measure such that

ggﬁ;w’(p(t) - /

w1

0

(/ G(sl(s»da<x,,><s>><p<x>dx
[A,B]

)
+ / </ G(s2(5)) dff(x,t)(é))w(x) dx (5.38)
0 [A,B]

for any t+ € (0,T) \ E$?. Here in general the sequence {sf”’w} and the set E$? depend on the
choice of g € C'([A, B]) and ¢ € C!(£2). Let us show that the convergence in (5.38) holds along
a subsequence {gy,} and off a set £ T C (0,T) of zero Lebesgue measure, both independent of g
and ¢. To see this, observe that the spaces C! ([A, B]) and C1(2) are separable, hence there exist
countable sets D; € C!([A, B)]) and D, C C! (£2) such that

Dy =C'([A,B]), Dy=C'(2).
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Since D; and D, are countable, by standard diagonal arguments, there exist a subsequence {e;,} <
{en) andaset ET C (0, T') of zero Lebesgue measure such that, for any g € Dy and for any ¢ € D
convergence (5.38) holds along the sequence {ey,} and for all t € (0, T) \ ET. In other words,

0
im [ G (x, 0)p(x) dx = / ( / G(sl(s»dor(x,n@))go(x)dx
2 [A,B]

=00 o1
2
+/ (/ G(Sz(é))do(x,t>(é))<p(x)dx (5:39)
0 [A,B]

forallg € D1, ¢ € Dy, andt € (0,7) \ ET. To prove that (5.39) holds for all g € CY([A, B))
and ¢ € C'(22), fixany r € (0, T)\ ET, g € C'([A, B]) and ¢ € C'(£2). Choose {g,} C D; and
{wn} € D5 so that

{gn — g inC'([A, B, (5.40)

on— ¢ inCY(RQ).
Let G and G, be respectively the functions defined by (2.7) for g and g, (n € N) for k = 0. Then

A
IGA) = Ga(M)| = Vo [8(¢ () — gn(P(s)]ds| < g — &nllci(ra, By 2] (5.41)

for any A € [a, d] (see Figure[I). For the sake of simplicity set
21 :=(01,0), $25:=(0, w),

and recall that in view of assumption (H3) we have u® (x,t) = s1(¢ @ (x,1))) in £ and
ut(x, 1) = s2(¢ (™ (x,1))) in £2, (see Theorem2.8). Then

' / G ™ (x, 1) (x) dx — / (/ G(si(.s))da@,t)(@)w(x)dx‘
2; £2; [A,B]

< /Q G (x, 1)) — G (x, )] |9 (0| dx + /Q |G (1 (x, )] () — ()] dx

+ V [Gn(ug”l (x, 1) gn(x) — </ Gn(Si(S))dU(x,z)(%'))wn(X)] dx
2; [A,B]

+/ </ |Gn(si(§)) dd(x,t)(E))lfﬂn(X) — ()] dx
2; \J[A,B]

+/ (/ IGn(Si(E))—G(Si(é))ldff(x,z)(é))(p(X)dx (5.42)
£2; [A,B]

(i = 1,2). Let us study the five terms on the right-hand side of (5.42)) first as / — oo and then as
n — oo. In view of (5.41),

lim sup/ |G W (x, 1)) — G (x,1))| |p(x)| dx
[—»o0 J82;

< limsup (g, — g||cl([A,B])/ u (x, )] dx < Cillg — gnllcrqa By  (5:43)

[— 00 f
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(i = 1,2); concerning the second and fourth terms on the right-hand side of (5.42) we obtain
respectively

1imSHP/Q_ |G (" (x, )] |9 (x) — @n(x)] dx

[—o00 i

< limsup |lg, — <p||cl(§)/9 |G (x,)|dx < Collgn — @licr) (544

[— o0

and
/ (/ 1Gn(si(€)) dU(x,z)(é))k/)n(x) —9)|dx < Csllon — ¢llc1(g)- (5.45)
2; \J1a.B]
Finally we address the fifth term on the right-hand side of (5.42). By (5.41)) we obtain
/;2 </[A ] 1Gn(si(6)) — G(si(§))] dU(x,t)(E))ﬂl’(x) dr < Calign — gliciqa. ) (5.46)
; B

(i = 1, 2). Here the constants C, (p = 1, 2, 3, 4) are independent of n. Concerning the third term
on the right-hand side of (3.42)), observe that in view of (5.39),

=0

[—o0

lim’ / [anfh/(x,z))— / Gn<s,-<s)>dcr(x,n@)]cpn(x)dx
2; [A,B]

fori = 1,2 and any n € N (recall that {g,} € D; and {¢,} € D;). The above equality and
(5-43)—(5.46) imply there exists a constant C > 0 such that

/ G ™ (x, 1))p(x) dx — / ( / G(sz-(s»da@,,)(s))w(x)dx‘
2; 2; [A,B]
< Cllign — gllerga + I9n — elerg] (A7)

lim sup
[—o00

(i = 1,2). In view of (5.40) and in view of the arbitrariness of g, 7, ¢, letting n — oo in (3.47)
gives equality (5.11) fort € (0, T) \ ET, g € C([A, B]), and ¢ € C! ().

Finally, fix any diverging and strictly increasing sequence {7;} < (0, c0). Let {S}Ll} and
ET' C (0, Ty) be respectively the subsequence and the set of zero Lebesgue measure such that
the convergence in (5.11)) holds for any g € C!([A, B]), ¢ € C!(2) andt € (0, T;) \ ET'. Then
we can find a subsequence {s,%]} C {8}11} and a set F! C (T1, Tz) of zero Lebesgue measure such

that the convergence in (5.11)) holds for any g € C'([A, B]), ¢ € C'(2) andt € (0, T») \ E™,
where

E™:=ETUF"
Therefore, using an inductive procedure, for any i € N we can construct a sequence {8;'”} and
aset ETi € (0, T;) with |ETi| = 0 such that (3-11) holds along the sequence {821} and for any
t € (0, T;) \ ETi. By standard diagonal arguments, setting

o0
E':=|JE"
i=1

gives the claim and concludes the proof. O
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Proof of Lemma In view of estimate (2.23)) and the Fatou Lemma, we have

/Ooliminf{f [ (x, )% + n, ()" (x, t))z]dx} dr < C.
0 22

[— 00

The above estimate implies that
lim inf{ / [y (e, 1)) 4 e ()" (x, 1)) dx}
[—o00 Q

belongs to the space L1(0, 00). Therefore we can find a set E2 C (0, co) with |E2| = 0 such that
for any ¢t € (0, 00) \ E? there exist a subsequence {gp,;} < {ep,} and a constant C(t) > 0, both
depending on ¢, such that

sup {/Q[(vih"t @ )2+ emr (" (x, t))Z]dx} < C@). (5.48)

5h,,t>0

Fix any ¢ € (0,00) \ E? and observe that estimate (5.48) implies that the sequence [Vt (-, 1))
is uniformly bounded in C(§2) and equicontinuous. Therefore, passing if necessary to a further
subsequence that we continue to denote by {ey, }, there exists a function v’ € C(£2) such that

V(L 1) —> V() in C(R) (5.49)
as | — o0o. Moreover, in view of (5.48)) again (possibly extracting another subsequence) we obtain
Ehpt w,"" (x, 1) > 0
for almost every x € £2. The above convergences imply that

Q) (x, 1) — v’ (x)

for almost every x € £2 (here (2:16) has been used). By the arbitrariness of ¢ € (0, 00) \ E2, (5.12)
follows and this concludes the proof. O

6. Proofs of the results in Section[2.4]

6.1  Basic estimates: proofs

Proof of Proposition Fix any # > 0 and for any n € N set

1 ift € [0, 1),

hZ(S)Z {_n(s—t—l/n) ifs e[t,t+ 1/n]. D

The choice of
Yn (x, 8) 1= h, ()
as test function in the weak formulation (2.6)) of problem (2.1)) gives

t+1/n
n/ / u(x,t)dx:/ ug(x) dx. (6.2)
t Q Q

Arguing as in the proof of Proposition 2.1} letting n — oo in (6.2) gives (2.33) and concludes the
proof. O
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Proof of Proposition[2.13]  Choosing ¢ = 1 in the pointwise entropy inequalities (2.12)) gives
| e [ Gty ar (63)
2 fo)

forall #j < # and g € C'(R) with g’ > 0 (recall that G is defined in terms of g by @.7)). By
standard arguments of approximation with smooth functions, the assumption g € C'(R) can be
dropped. Inequalities (6.3) imply that the map

tr—)/ G(u(x,t))dx
Q

is nonincreasing in (0, co) for any nondecreasing g, hence the claim follows. O

Proof of Proposition Let us choose in inequalities 212) g(A) = A, 11 = 0, 1, = T and
¢(-) = 1 in £2. We obtain

T
/ /v)%(x,t)dxdtgf I(uo)dx—/ I(u(x, T))dx, (6.4)
0 2 2 2

where N
I} ::/ ¢ (s)ds.
0

Since u € L®°(Q) (see Definition i)) and T > 0 is arbitrary, inequalities (6.4) imply estimate
|

235).

6.2  Convergence results: proofs
Most proofs of the results in Subsection[2:4] need the following technical proposition.

PROPOSITION 6.1 Letv!, v? € [A, Bland &', £2 € 2 = [w}, w,] be such that

s2(v1)

sl
&' - w1)/0 g(¢p(s))ds + (wr — s‘)/o g(¢(s)) ds

5%

51(v?)
=~ o) /0 g(¢(s)) ds + (0 — £2) fo g(¢(s))ds

for any g € BV(R). Then vl =vZand &' = £2.
Proof. The proof is almost the same as in [ST], so we omit it. O

Proof of Theorem [2.I3] (i) Let {,} be any diverging good sequence satisfying (2.36). Then the
claim is a consequence of Theorem 3.6 in [ST]. Precisely, there exists a constant v* € R, uniquely
determined by the solution (u, v, &) itself, such that for any diverging good sequence {#,} we have
v(-, ;) — v* uniformly in £2.

(i) Let {#,} be any diverging bad sequence satisfying (2.37). Also in this case the claim is a
consequence of the results obtained in Theorem 3.7 in [ST] for general weak entropy measure-
valued solutions to problem (2:1). However, in the case of two-phase solutions the techniques and
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the methods of proof are much easier than those used in [ST]. Therefore we give below the details
of the proof.

To start with, observe that when {z,} is a bad sequence, the main complication in comparison
to the proof of claim (i) is the weakening of the a priori estimates for the family {v(-, #;)}. In
particular, comparing to (2.36), it is easily seen that the sequence {v(-, f,)} need not be
relatively compact in the strong topology of C(£2). Therefore, in the investigation of the asymptotic
behaviour in time along bad sequences it is natural to look for weaker convergence results, in
particular convergence in measure. In this connection, let us define

Vg, (X, 1) i=0(x, 1 + 1)

where x € 2, t € (—1, 1). Since

1 th+1
/ /(v,n)i(x,z)dxdtzf f v (x,s)dxds — 0
—1J8 t—1 2

as n — oo (see estimate (2.35)) in Proposition [2.14)), there exist a subsequence {f,,} € {,} and a
set E C (—1, 1) with |E| = 0 such that

/ (i, )2 (x, 1) dx E/ v 0, 1+ 1) dx — 0
o * Q

forany t € (—1, 1)\ E. This implies that there exist a subsequence {#,,} C {f,} and t; € (—1,0)\ E,
t € (0, 1) \ E such that if we set

1. 2.
Sp =ty 1, Spi=lny + 1,
then {s,ﬁ} are diverging good sequences and

s,} <ty < s,g, |20, — s,{l <1, (6.5)
v(,s)) = vt inC(R) (6.6)

(j = 1,2), where v* € R is the constant given by (i). Moreover, there exist subsequences {s,{h} C

{s,{} (denoted again {s,{ } for simplicity) and £/ € §2 such that
E(sp) — &/ ©6.7)
as k — oo (j = 1, 2). Observe that in view of Proposition [2.13] for any g € BV(R),

s2(v*)

s1(v*)
& - wl)/o (@) ds + (@2 sl)/o 2(6(s)) ds

= lim G(u(x,s,i))dx: lim / G(u(x,s,%))dx
Q k—oo Jo

k—o00
52(v¥)

s1(v%)
= (&2~ wl)/o g(p(s))ds + (w2 — s%/o g(¢p(s))ds.
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The above equality easily implies that
§l=g=1¢" (6.8)

Finally, there exist a subsequence {t,,kh} C {#4,}, which we will continue to denote by {z,,}, and a
constant £} € 2 such that
Eln) — £l (6.9)

as k — oo. In view of the pointwise entropy inequalities (2.12), for any ¢ € C 1(2) with ¢ > 0, we
obtain

ll‘l
/ G(u(x,s,l))w(X)dx—/ G(u(x,tnk))w(x)dXZ/ k/ g(x, D)y (x, )@y (x) dx dr
Q 2 i Je

(6.10)
(recall that s,l < ty, for any k) and

XZ
/ G(M(x,tnk))w(x)dx—/ G(M(x,slg))fﬂ(x)dx >/k/ g(x, )y (x, 1)y (x)dx dr,
2 Q ty, /02

(6.11)
for any G defined by (2.7) in terms of g € CL(R) with g’ > 0 (recall also that #,, < s,% for any k).

Since |1, — s | < 1 for j = 1,2, by estimate (2.33)) we have

J
Sk

/g(v(x,l))vx(x,t)wx(X)dxdt
2

tllk
1/2 )
1/2 1/2
ltn, — s{ 121212 — 0

< lg@liz=ollelicr g

J
Sk By
/ / vi(x, 1) dxdt
tn, J2

as k — oo (j = 1, 2). Therefore passing to the limit as k — oo in (6.10)—(6.11) gives

*

klim / G(u(x,tnk))go(x)dxz/ G(sl(v*))go(x)dx—}-/ 2G(sz(v*))<p(x)dx (6.12)
— 00 J R i g*

for any G and ¢ as above. Let us proceed in two steps.

(o) First we will prove that
glind =g (6.13)

(B) Then we will show that along the subsequence {z,,} C {#,} we have
V(- 1) —> v in LP(2) (6.14)

forany 1 < p < oo.

Observe that the constant v* is uniquely determined for any fixed two-phase solution of problem
(T-1)), therefore the convergence in (6.14) holds along the whole sequence {v(-, #,)}. Finally, since
the set §2 has finite Lebesgue measure, (6.14) is equivalent to (2.39), namely v(-, ,) converges to
v* in measure ([BlIGMS] [V]]). This concludes the proof of claim (ii).
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Proof of (a). Towards a contradiction, assume that
g{tnk} < £*
(the case & g} S &* can be treated in a similar way). Since &(,,) — S{’"k} and S(s,{ ) — &% as

k — oo (j = 1,2), forany § > 0 such thaté{’"k} + 8 < &* — & we can find ks € N such that for
any k > ks,

glind 5 < £(ty) <&M 45 <€ — 8 <E(s]) <&+ (6.15)
(j = 1, 2). Therefore choosing ¢ € CC1 ((E{t”k} +§8,&* —§)) with ¢ > 0 and g(s) = 1 in equality

(612 gives

£*=3
lim / u(x, ty)e(x)dx = lim sz(v(x,tnk))go(x)dxzf
k—oo Jo k—o00 %'(t”k}+8 E{t”k)

§*=3
51 (V) (x) dx.
+

Since the family {v(-, #,,)} is bounded in L*°(£2) (see Definition , the above equality implies

5200, 1)) = 510 in L¥(E) 46,6 — 5). (6.16)
Observe that s> (v(x, t,,)) = c for any x € (5{"%} + 8, &* — 8), while s;(v*) < b < c. Therefore
(6:16) gives a contradiction and equality (6.13) holds.
Proof of (B). Arguing as in the proof of Step («), for any § > 0 there exists ks € N such that
E" =8 <&(tn) <& +6
for any k > ks (here @) has been used). For any 1 < p < oo, set

() == —(p+ D7 =151
Let G, be the function defined by

A
Gp(M) i=/b gp(@(s))ds.

Observe that for any A < b,
Gp() = AP — Pt
Choosing ¢ € Cl((w1, £* — 8)) and g = g, in (6.12) gives

lim ls1((x, )P (x) dx = s1 ()P (x) dx

k— 00 w1 w1

(for any 1 < p < 00). Similarly, we obtain
(27}

)
im [ 500 ) () dx = / I52(*) [P (x) dx
k—)OO E*-HS %-*_;’_5

for any ¢ € C Cl((é *+8,w)) and 1 < p < oo. By the arbitrariness of 8, the above convergences
imply
s1(v(, 1)) = s1(v™)  in LP (w1, £7), (6.17)
52(0(, 1)) = 2(v™)  in LP(£", wn). (6.13)

In view of the continuity of the two branches s; and s7, (6.17)—(6.18) imply (6.14).
(iii) The proof is almost the same as that of Theorem 3.3 in [ST], so we omit it. |
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The following lemma gives properties of monotonicity in time of the interface £(¢) and can be
regarded as the counterpart of Proposition 6.1 in [[ST].

LEMMA 6.2 Let (u, v, £) be any two-phase solution of problem (2.I) with initial datum u( and let
v* be the constant given by Theorem corresponding to the solution (u, v, £). Then there exists
T > O such that for ¢t > T the map ¢ — &(¢) is:

(i) nondecreasing if v* < B;
(i1) nonincreasing if v* > A.

Proof. (i) Assume v* < B (the case v* > A being analogous). Fix any diverging good sequence
{t,}, so that v(-, ;) — v* in C(£2) by Theorem i). Since we have assumed v* < B, there
exists 7 € N such that v(-, #,) < B forany n > n. Set

T = ty.

Write the pointwise entropy inequalities 2.12) for ¢ = 1in 2,4 = T, 1, = t, g = gp and
G = G zp, where the nondecreasing function gp and G 4 p are defined by

(5) 1= 0 if s < B,
§BY) =1 (s — B)? ifs > B,

and .
Gap(D) ¢=f0 gaB(@(s))ds.

For any t > T we obtain

E(Z) [©2)
/ Gap(s1(v(x, 1)) dx + /g() Gap(s2(v(x,1))) dx
w1 t

w2

&(T)
<[ Ganeiee st [ Ganan T dx =0, (619)
W &(T)
the last equality in (6.19) following by our choice of 7" and by the uniform convergence of v (-, #,)
to v* in £2. On the other hand, observe that the nonnegative function G 4 () is strictly positive for
any A > s2(B) = d, therefore inequality (6.19) implies

v(-,t) < B foranyr >T. (6.20)

Next, for any p > 0 let g, be the function defined by {#.6) and let G, be the function defined by
2.7) for g = g, and k = 0. Writing the pointwise entropy inequalities (2.12) for g = g, and
th >t =T gives

[2/]

&)
/ Gp(s1(v(x, 11)))p(x) dx +[g( )Gp(32(v(x,tl)))</>(X)dx
wq 1

§(2) )
- (/ Gy(s1(v(x, 2))e(x)dx + /g( )Gp(SZ(U(-xs tz)))(/)(x)dx)
w1 n

t t v(x,1)
P> /2/ gp(v(x,t))vx(x,t)gox(x)dxdt:_/2/ (pxx(x)</ gp(s)ds> dxdr (6.21)
n 2 1 2 0
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for any ¢ € C2(£2) with ¢ > 0. Concerning the right-hand side of (6.21)), we have

1% v(x,t)
/ / ‘pxx(x)</ gp(s) dS) dx dr
151 2 0

5]
f f o7 2 ((x, )= B4p)prx (x) dx dr
ty J{v(x,0)=2B—p}

15}
< o2 / / 0 (0] dx — 0 622)
n 2

as p — 0 (here (6.20) has been used). Moreover, for any t > T,

w2

£t
/ Gp(s1(v(x, 1))e(x)dx + /E() Gp(s2(v(x,1)))e(x) dx
t

]
&) s1(B—p) i
2/ X{v(x,t)<3—p}(x,t)</ 0 /ds)dx
@1 so(B—p)

&) sp(v(x,1)) in
+/ X{w(x,t)=B—p} (X, 1) </ oV ds) dx
S

w1 0(B—p)
[25) s2(v(x,1)) 1

+/ X, =B—p} (X, 1) </ o / ds) dx. (6.23)
£(1) $2(B—p)

Since ¢” (b) # 0, arguing as in the proof of Proposition gives

&@) w)

gim Gp(s1(v(x, 1))e(x) dx + /g( : Gp(s2(v(x, 1)))e(x) dx
- ()] t

2 £(n)
-5 | Pt em 0 + om0l . (624
o]

In view of (6.22)—(6.24), taking the limit as p — 0 in (6.21) gives

E(t) &(t)
/ 2Xwt<8) + Xot—slo() dx < / 2K (0te<8) + Kpote.rsy o) dx (6.25)

w] w]

for any ¢ as above. Aiming for a contradiction, suppose that £(f;) < £&(#1). Fix any ¢ €
C2((£(t), £(11))) with @ > 0, and observe that (6.25) gives the absurd:

&(r) &(t)
0< / p(x)dx < / X, m<B)y (X, 1) + Xue,m=8)(x, t)]e(x) dx < 0.
&(12) &(n2)

This concludes the proof. O

Proof of Theorem[2.16] ~ Let us distinguish the cases A < v* < B, v* = A, v* = B and v* < A,
v* > B.

If A < v* < B, in view of Lemma there exists 7 > 0 such that the function &(¢) is both
nonincreasing and nondecreasing for + > T. This implies that £(¢) is constant for + > T and the
claim follows.

In the case v* = A (respectively, v* = B), by Lemma|6.2|there exists 7 > 0 such that the map
t — &(t) is nondecreasing (respectively, nonincreasing) on (7', co). Therefore the claim follows.
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If v* < A, by Theorem iii) there exists 7 > 0 such that v(-,#) < A in 2 for anyt > T.
Hence, in view of Definition [2:1(ii) we have u(-, #) = s1(v(-, 1)), s0 £(t) = wy forany r > T.

Finally, if v* > B, by Theorem iii) there exists 7 > 0 such that v(-, ) > B in &2 for any
t > T. In other words, u(-, t) = s2(v(-, t)) and this implies £(¢) = w; forany ¢t > T. (]

up and let v* € R, £* € 2 be the constants given by Theorems 2.16|corresponding to (u, v, £).
Fix any diverging sequence {#,} and recall that the sequences {u(-, #,)}, {v(:,t,)} and {£(¢,)} are
related as follows:

Proof of Theorem2.17}  Let (u, v, ) be any two-phase solution of i roblem (2:1)) with initial datum

(X, ty) = X(w,66))S1VX, 1)) + XEw) 0520, 1)) (6.26)
for any x € £2.

(i) Let {t,} be any diverging good sequence satisfying ([2.36). Since v(-,,) — v* in C(2)
(Theorem i)) and &(#,) — &* (Theorem[2.16), taking the limit as n — oo in (6.26) gives

u(x, ty) = u*

for any x € £2 \ £*, the function u* being defined by (2.47).
Moreover, if My, < a (the case M,, > d being analogous), by Theorem [2.T5(iii) we have
v* = ¢(My,) < A and equation (6.26) reads

u(x, ta) = s1(v(x, 1))
for any x € £2 and for n € N sufficiently large (see Remark 2.6). Thus, for any n large enough,
ls1(v(x, ;) — Mu0||c(§) = [Is1(v(x, 1)) — 51 (d)(Muo))”c(ﬁ)
< Bty 106, 1) = ¢ (Mup) o - (6.27)
where
B,y = ST L (¢ (Myg) .6 (M) +e) < OO

(here we have chosen & > 0 so that ¢ (My,) + & < A). Since the right-hand side of (6.27) vanishes
as n — oo by Theorem , the sequence {u(, t,)} converges to M,,, uniformly in £2.

(i) Now let {t,} be any diverging bad sequence satisfying (2.37). In this case, by Theorem

ii) and Theorem we have v(-,f,) — v* in measure (hence strongly in LY(£2)) and
&(tn) — &*. Passing to the limit as n — oo in (6.26) gives

u(- 1) — u*in L1(£2),
proving the convergence in measure (2.44)) ([BI)). O
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