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The Ohta—Kawasaki theory for block copolymer morphology and the Gierer—Meinhardt theory for
morphogenesis in cell development both give rise to a nonlocal geometric problem. One seeks a set
in R3 which satisfies an equation that links the mean curvature of the boundary of the set to the
Newtonian potential of the set. An axisymmetric, torus shaped, tube like solution exists in R3 if
the lone parameter of the problem is sufficiently large. A cross section of the torus is small and the
distance from the center of the cross section to the axis of symmetry is large. The solution is stable
in the class of axisymmetric sets in a particular sense. This work is motivated by the recent discovery
of a toroidal morphological phase in a triblock copolymer.
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1. Introduction

Ring shaped objects in space have been observed in many physical systems. Known as the vortex
ring in fluid dynamics, it is a region of rotating fluid where the flow pattern takes on a toroidal
shape [3]]. In a quantum fluid, a vortex ring is formed by a loop of poloidal quantized flow pattern.
It was detected in superfluid helium by Rayfield and Reif [27]], and more recently in Bose—Einstein
condensates by Anderson et al. [2]].

Our study is inspired by recent experimental findings in the block copolymer research. Block
copolymers are soft condensed materials characterized by fluid-like disorder on the molecular
scale and a high degree of order on a longer length scale. Various morphological phases have
been observed as orderly outcomes of the microphase separation property [4]. In 2004, Pochan
et al. produced a morphological phase of toroidal supramolecule assemblies, using a triblock
copolymer [26].

In this paper we show the existence of a torus shaped set as a solution of a nonlocal geometric
problem: Given two parameters m, y > 0, find a set E in R? and a number A such that the volume
of E is m and on the boundary of E the equation

H@OE) + yN(E) = A (1.1)
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holds. In @ ‘H(JE) stands for the mean curvature of the boundary of E, and AV is the Newtonian
potential operator

N(E)(x) :/E y- (1.2)

——d
4mlx —y|
The unknown constant A is the Lagrange multiplier associated with the constraint that the volume
of E is m. If the problem is considered in R2, then H(JE) is the curvature of the curve dE and N
takes the form

1
N(E)(x) =/ — log dy.
E2m T |x—yl
The equation ([.I) admits a variational structure. It is the Euler—Lagrange equation of the

functional

JE) = +pEy+ L / N(E) (o) do.
2 2 J;

Here P(E) stands for the perimeter of E, i.e. the area of 9 E.

There is an analogy to on bounded domains. Let D C R? be a bounded and smooth domain
anda € (0, 1) and y > 0 be two parameters. We look for a subset E of D whose volume is a times
the volume of D, and a number A such that the equation

HOpE) +y(—A) " (g —a) = A (1.3)

holds on dp E, the part of the boundary of E thatis in D. If d E meets d D, we require that they meet
orthogonally. Here (—A)~! is the inverse of —A and —A acts on functions with the zero Neumann
boundary condition on 9 D.

The problem may be deduced from the Ohta—Kawasaki theory for block copolymers [24]
as a strong segregation limit. This connection was first observed by Nishiura and Ohnishi [23]]. In
[29] this limit was shown to be a I"-limit [6} 21} 20, |16]; see the appendix for more details.

This problem is also connected to the Gierer—Meinhardt system with saturation. The Gierer—
Meinhardt system is an activator-inhibitor type reaction diffusion PDE system. It was first
introduced to model the head formation of hydra [13|]. More generally it can be used to study
morphogenesis in cell development [[18} |19} [22]. It is a minimal model that provides a theoretical
bridge between observations on the one hand and the deduction of the underlying molecular-genetic
mechanisms on the other hand. More information on the Gierer—Meinhardt type PDE systems may
be found in [11} [12].

In [7] del Pino discovered a radially symmetric solution to the Gierer—Meinhardt system
whose u component has one transition layer. The parameter range of the Gierer—-Meinhardt system
he considered does not quite lead to (I.3). Later Sakamoto and Suzuki found a similar radially
symmetric solution with one transition layer in a slightly different parameter range [36]. The u
component of their solution tends to a constant multiple of the characteristic function of a ball as
€ — 0. Their parameter turns out to be directly related to (I.3]), and their limiting ball is a solution
to ((1.3).

Due to the lack of a variational structure, the connection between the Gierer—Meinhardt system
in the parameter range considered in [36] and the nonlocal geometric problem (I.3)) cannot be
interpreted as a I"-convergence property. However an asymptotic analysis can be employed to show
formally that the activator of a steady state of the system is close to the characteristic function of a
set E, which satisfies the same equation (I.3); see the appendix.
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The equation (T.3) was solved completely in one dimension where the domain is a bounded
interval [29]]. There are countably infinitely many solutions and every solution is a local minimizer
of the energy functional associated with (I.3). Among these local minimizers, two or four are global
minimizers. In higher dimensions many types of solutions to (I.3) have been found [30H35] 25| [14]
28,115, 15]. The global minimizer has not been completely identified [L,37]. There are several ways
to associate dynamic models to the stationary problem (I.3). One case was studied in [10] where
every one-dimensional initial state converges to one of the local minimizers found in [29]].

There is a strong connection between (T.1)) and (T.3). One may use solutions to (I.I)) as building
blocks to construct solutions to (1.3). For instance, in R? the unit disc is a solution. This is
because the boundary of the disc, the unit circle, has constant curvature, and the Newtonian potential
of the unit disc is a radially symmetric function and therefore a constant on the boundary of the disc.
The sum of these two constants is again a constant and hence (I.I) is satisfied by the unit disc. Using
this unit disc we found solutions to (T.3) with multiple components, each of which is close to a small
disc (a scaled-down version of the unit disc) [32]. When the number of components is large, they
form a hexagonal pattern. This gives a mathematical explanation for the cylindrical morphology
phase in diblock copolymers. More discussion on the relationship between (I.I) and (L.3) is given
in the last section.

In this paper we construct a solution which has the shape of a toroidal tube as depicted in
Figure[T] It is a set obtained by rotating a small, approximately round disc in the yz-plane, far from
the z-axis, about the z-axis.

z

FIG. 1. A toroidal tube like solution.

The two parameters m and y can be reduced to one. Without loss of generality we assume that
m=1. (1.4)

The case m # 1 can be reduced to the case m = 1 by a change of space variable and a change
of y accordingly. Therefore the problem (I-I)) has intrinsically only one parameter, which we take
tobe y.

We define a function f = f(y) from (0, oo) to (0, co) through its inverse

2

= (1.5)
3log —
f 10g2n2f3

Note that f(y) — 0 as y — oo. Our main result is the following existence theorem.
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THEOREM 1.1 When y is large enough, (I.1I)) admits a solution of unit volume which is close to a
set enclosed by a torus. The torus is obtained by rotating a circle in the yz-plane about the z-axis.
Let p, be the distance from the center of the circle to the z-axis and g, be the radius of the circle.
Then

2n2pyg =1,  lim - =1, Jlim 277 () py = 1.

In the proof of the theorem we will see in what sense the solution is close to the region enclosed
by the torus.

The theorem is proved by mathematically rigorous singular perturbation techniques developed
in [33} 132, 134] for this type of nonlocal geometric problems. The proof consists of several steps.
In Section 2 we represent the Newtonian potential in (I.I)) by an integral operator whose kernel
is a Green’s function in the class of axisymmetric functions. The type of the singularity of this
Green’s function is determined in Lemma[2.1] In Section 3 a family of approximate solutions, sets
bounded by tori, are studied. Lemma [3.2] shows how much error an approximate solution generates
when plugged into (I.I). The value of 7 at an approximate solution is estimated in Lemma [3.3] In
Section 4 we specify a way to perturb each approximate solution and recast the problem (I.I) in
terms of the perturbation. Lemma [4.1] contains the properties of the linearized operator at each
approximate solution. In Section 5 we carry out a Lyapunov—Schmidt type argument to find a
particular perturbation to each approximate solution so that the exact solution of is in the
family of the perturbed approximate solutions. In the last section we identify the exact solution in
this family. The connections between the Ohta—Kawasaki theory, the Gierer—Meinhardt system, and
(T.3) are explained in the appendix.

In this paper C denotes a constant independent of the parameters in the construction process. Its
value may vary from place to place. Functions that are 27 -periodic are considered to be defined on
the unit circle S!. For example H?(S') denotes the W>? Sobolev space of 27 -periodic functions.

2. Green’s function

Axisymmetric objects are best described by cylindrical coordinates, i.e. x = rcoso, y = rsino,
and z = z, so that they are independent of the angle variable o . The variables r and z are in

R2 ={(r,2):r >0, z€R).

An axisymmetric object E in R? is identified by its description in Ri, so for simplicity we view E
as a subset of Ri. On such a set the A/ operator takes the form

N B2 = [ Gz dsar .
E
where £ C R%_ and the function G is our Green’s function. By li G may be represented by
s [ do

G(r,z,s,t) = —

. 2.2)
4w Jo  \/r24s2—2rscoso + (z —1)2

Moreover for each (s, 1) € Rﬁ_ as a function of (r, z), G (-, s, t) satisfies

0 0
—AG(.,5,1) — —G(-,5,1) =8¢, 1in ]R%r, —G0,z,5,t) =0 VzelR. (2.3)
ror ’ or
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LEMMA 2.1 Foreach (s, 1) € R2,

G(r,z,s,t)

) ! +Gy( )
= — 10— r,z,S,

mw Bl -G !

1 I 1 r—s1 + G )
= — 10 — (0] r,2,s,

2 S — 0l dns Sl — (o] AT

1 1 r—s 1 5r —5)* — (z — 1)? 1
= —log - log 3 g

2w [(r,z) = (s,8)]  4ms |(r, 2) — (5, 1)] 32ms [(r,2) — (s, 1)]

+ G3(r,z,5,1)

where, as functions of (r, z), G1(-, s, t) € CIOC(R ), Ga2(-, 5,t) € C10C (R ), and G3(-, s,t) €
Co(R%) foralla € (0, 1).

Proof. Since

F—s 1 5(r—s)2—(z—1)?
— 1 Cc% (R? d
a5 PG =G € Cloe®) an 32752

o —G.0l Cioe B,

it suffices to show that G3(-, s, t) € Cloc (R ). Compute

<A— 8)[1 1 _r—slo 1
or JL2r Bl — 0l dms 21z — (s.0)]
5(r — )2 — (z — 1)? 1 }
log
32752 [(r,2) — (s,1)]

1 9 /1 1
—A — —log—
( |(r 2)— (s, t)|> 3r<2ﬂ |(V,Z)—(S,t)|>
+A(r—s 1 )+ B <r—s1 1 )
d7s B ln ) — (. 0)] 4rs B 1n ) — G D)
5(r—s)*—(z—1)? 1
_A< 30752 ST — t)|>

i(S(r—s)2—(z—t)21 1 )
 ror 32752 08 |(r, 2) — (s, 1)|

+

r—s
=%+ 2mr|(r, 2) — (5, D2
r—s 1 1 (r—s)?
TSl =GP T amrs =G0l sl — G DP
e I 50 —5)*—(z—1)
452 [(r,2)— (s, 1) 8ms2|(r,2) — (s, 1)|?
BEGEDS 1 5r—s)—(z—1)2(r—s)

167rs? Eln ) —(s. 0| | 32w — G O
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Note that the above is 8(,s) plus a Cﬁ‘)c(Ri) function, since

r—s r—s (r—s)? 5(r—s)?—(z—1)* 0.1 2
— — € (. (R),
2rr|(r, )= (s, )2 2ms|(r, 2)—(s,)|>  4mrs|(r,2)—(s,1)>  8ms2|(r, 2)—(s,1)[? o
1 1 1 1
1 -~ 1 e C(R2),
drs i -0l st -] ¢ e
5(r—s) 5
— 1 e C* (R2),
torrs? &1 =Gy © Cloe®H)
5(r—s)’—(z—1)*(r—s) e COIR2).
32mrs?|(r, 7)—(s, 1)|? o¢
0,112 . . . . 5
Here C);,, (R7) denotes the space of locally Lipschitz continuous functions on R, . Because of ||
we deduce 5
2
(—A - E>G3(~, s,1) € Cpp (RY).
The elliptic regularity theory implies that G3(-, s, t) € C120éx (Ri). O

Some useful properties of G, G, G and G3 are listed below.

LEMMA 2.2 Denote the derivatives of G = G(r, z, s, t) (or G1, G2, G3) with respect to r, z, s,
and t by DG, DG, D3G and D4G respectively.
(i) ForA >0, G(Ar, Az, As, At) = G(r, 2, 5, 1).
@ii) Forr # s, D2G(r,0,5,0) =0.
(iii) Forr > 0and s > 0, D,G3(r, 0,s5,0) = 0.

Proof. Parts (i) and (ii) follow directly from (2.2). To prove (iii), we first assume r # s and deduce
from D>G(r, 0, s, 0) = 0 in (ii) that

1 1 r—s 1
D,G3(r,0,5,0) = —Dy| — 1o — lo
2G3( ) 2|:2rr g|(r,z)—(s,t)| 4rs gl(r,z)—(s,t)|
5 — )2 —(z—1)2 1
+ r=s) 2(Z ) log ]
327TS |(r’ Z)_(Sst)| z=t=0
__|:_ z—t r—s)(z—1)
27|(r,z) — (s, 0)|>  4ms|(r,z) — (s, 1)
z—t 1 5r—5)2(z—1)—(z—1)°
16752 [(r,2) — (s, 1) 32ms?|(r,2) — (s, DI 1.
=0.
Since G3(-, 5, 1) € Co (R2), D2G3(r, 0, 5, 0) = O remains valid even if r = s. O

3. Approximate solutions

A perfect torus is obtained by rotating a circle of radius g about the z-axis. Due to the translation
invariance of this problem in the z-direction, without loss of generality the center of the circle is
assumed to be in the xy-plane. Suppose that the distance of the center of the circle to the z-axis is
p where p > ¢ > 0. The region inside the torus is denoted by Ey whose volume is 272 pg?, and
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because of the constraint (T.4) we have
272 pg? = 1. (3.1

The region Ej is regarded as an approximate solution, parametrized by p. The next lemma
estimates the effect of A on Ej.

LEMMA 3.1 AN (Ep) on Ej is

N(Eo)(p + ghcos, ghsinf) = Tlogg +¢°|nG3(p, 0, p,0) + 17

q3

I\~ 7’ <k q* p
— —|log— |hcos® + —|npD1G3(p,0, p,0)h + — |cos6 + O —zlog— ,
A 4p q p 16 P q
where h € [0, 1].
Proof. In the Green’s function G(r, z, s, t) let
(r,z) = (p+hcosb,hsinf), (s,t) = (p+ pcosw, psinw)
where h, p € [0, g1, so both (r, z) and (s, ¢) are points in Ey. Then by Lemma[2.]

N(Ep)(p + hcos, hsinf)
2
Z// G(p+hcosf,hsind, p+ pcosw, psinw)p dwdp
0o Jo

/qun 1 1 |: hcos® — pcosw
= — log l-
V2 + p2 = 2hp cos(d — w) 2(p + p cos w)

5(h cosf — pcosw)? — (hsinf — p sinw)?
16(p + p cos w)?

]pda}d,o

2
+/ / G3(p+hcosO,hsinf, p+ pcosw, psinw)p dwdp
0o Jo

=1+1 (3.2)

where I and II in (3:2) are given by the two integrals above.
Because of the scaling property

. (33)

1 1 r—s  5(r—s)?%—(z—1)>
G3(Ar, Az, As, At) = G3(r, z,8,1) — 2_1ng 1-— +
T

2s 1652
which follows from Lemmas @Ki) and 2.1 11 becomes

e hcos@ hcost — pcosw
II:——l
2(p+,ocosa))

S(h cos@ — ,ocosa))2 (hsinf — p sinw)?
16(p + p cos w)>

q 2 h P P

—1—// G3<1+—cosé,—sin@,l—i——cosw,—sinw)pda)d,o
0o Jo p p p p

=17+ 1y

]pda)dp

where I1; and II;; are given by the two summands above.
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We introduce the rescaled variables / and 0 by
h=qh, p=qp.

Then I becomes

1 f f2”|: hcos@—pcosa)
= — O —
2(p/q + p cosw)

5(hcos€ —,ocosa))2—(hsm6’—,osma))2 . .
< pdwdp
16(p/q + pcosw)2
e hcos® — pcosw
+tom log ' 2pla + peosw)
T \/h2 —2hpcos(d — w) p/q+ peosw

5(h cos® — pcosw)? — (h sinf — p sinw)?
16(p/q + p cos )?

]ﬁdwdﬁ
=1+ 1y

where I; and Ij; are the two summands above.
Combining I; and II; we find

[ lo //2” hcos9—pcosa)
e 54  2(p/q + peosw)

S(h cosf — ,ocos.a))2 — (h sinf — p sin w)?
16(p/q + p cos w)?

i|,6da)d,5
2
= 2—10g [A+ B+ C]

where

1 p2n
A:// pdwdp = 7,
BZ//Z” hcos® — ,ocosa)Ad dp
2(p/q + p cos w)
2 s q Tq - q2
=——// (hcos@—,écosw—l—O(—)),@dwdﬁ:——hc039+0<—2)
2p Jo Jo p 2p )4

c_ /1 /2” 5(hcosf — p cos w)? —A(fz sin® _ﬁSinw)z,adwd[) _ 0(q_2>
16(p/q + p cos w)? P?

This shows

2 3 4
I —i—l],=%logg—Z—p(log?)hcos@—i—O(%logg). 34
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The term I;; must be estimated carefully. We write

/ //2”10 1 { hcosf — pcosw
=2 R 2(p/q + p cos w)
h? + )

02 —2hpcos(f —w

5(hcosf — pcosw)® — (hsinf — psinw)? 7. .
= pdwdp
16(p/q + p cos w)?
¢ : s =
= -—[A+ B+ C] (3.5)
2

where

A flfznl : 6 dwdp
= og pdwdp,
o Jo \/;12+A P

2 _2hpcos(f — w)

0 —2h,ocos(9 )

/- /ZIT 1
= log
0 Jo \/ﬁz + 2 h

—2hpcos(f — w)

_ //Zﬂlog hcost — pcosw 5dwdp,
\/h2+ 2(p/q+,ocosa))

5(hcosf — pcosw)? — (hsinf — psinw)? " q°
X — pdodp =0 —= ).
16(p/q + p cos w)? p?

To study A and B we need the trigonometric series

1 . B cos nw
—_— = _— 3.6
8 [T g ; , (3.6)
for B € [0, 1]. One consequence of (3.6) is that
2 A A ~
1 _
/ log do = { ;n iOg}ﬁ liﬁf ; Z’ (3.7)
0 \/h2+,62—2f1,600s(9—a)) —emlogp P =h
which implies that
N b ! 1 a2
A= —271/ (logh)pdp — an (logp)pdp =27 - — — (3.8)
0 h 4 4
Regarding B we write
2 R
/ / log hcos6 pdwdp
\/hz —2hp cos(d — w)
q 2 1 N ) ) q2
+2— log pcoswpdwdp+ O —
pJo Jo \/h2+[32—2h,600s(9—a)) p

~ ~ q2
=B +BZ+0<?>

where I§1 and I§2 are the first two summands.
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Using (3.7) again, we derive

h 1
By = —%[-/ (—2m logh)hcos6 pdp +/f, (—2m log p)h cos6 ﬁdp:|
0

g (fﬁ ﬁ)
=—cosf|———).
P 4 4

(3.9
For éz we note that
B 2
By = — / / log pcosw pdwdp
\/h2 + 02— 2hp cos(f — w)
q 2 1
=2—/ f log pcos(f — w)cos pdwdp
pJo Jo \/h2 AZ—Zh,@cos(G—a))
2
2 / / o sin(f — w) sin6 p dw dp
p \/ h2 + p2 — 2hp cos(d — w)
2
/ / log pcos(@ — w)cosh pdwdp.
\/h2 + p2 = 2hp cos(® — w)
To reach the last line, we have deduced from the absence of sin nw terms in (3:6) that
q 4 1
2—/ / log o0 sin(@ — w) sin@ p dwdp = 0.
pJo Jo \/h2+/32—2h,6005(6—w)
Another consequence of (3.6) is
2 1
/ log cos(fd — w)dw
0 \/h2+/32—2h,600s(0—a))
2 1
= log cos wdw
/0 V1+p2—2Bcosw
2 AT oA r
= /0 Beos’wdw =  where 8 = {g;g i’g ; Z
Therefore
- Yh, 1 mq (b W
B, = |:/ .y 2 cos6 d,o—i—/ —p-cosb d,o:|:—cos9<———) (3.10)
2p h h P 2p 2 4

Following (3.9) and (3.10) we deduce

2
B:n—qﬁ3cos9+0(q—2). 3.11)
8 P
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By (33), (3:8), and (3:11)) we find

LR\, 4 q!
Iy =q¢* - - — < Wcoso+0( = ). 3.12
" "(4 4)+16p cos0+ (pZ) G142

The estimation of Il is straightforward. Because G3(-,-,s,7) is in Cz’“(Ri) and
D>G3(1,0, 1, 0) = 0 according to Lemma [2.2[iii),
1 2
I = qZ/ f G3(1 + ghcos@, K sind, 1 + z,@cosa), Z[) sinw),éda)d,é
0o Jo P 14 p p
1 2 q - q -
= q2/ / |:G3(1, 0,1,0) + D1G3(1,0,1,0)—hcos® + D,G3(1,0, 1,0)—h sin6
0 Jo p 14

2
4+ D3G3(1,0,1,00L s cosw + DyG(1,0,1,00L p sinew + 0(4—2)}3 dwdp
p p p

1 2 q - q4
:q2/ f [G3(1,0,1,0)+D103(1,0,1,0)—hcos€],5dwd,6+0(—2)
0o Jo p p

) 7tq3 R 614
= 1¢%G5(1,0, 1,0) + 71)163(1, 0,1,0)hcosd + 0( ) (3.13)

2
p
We now combine (3:4), (3:12), and (3:13) to conclude that

> p 1 QW2
N(Eo)(p + hcos6, hsind) = 5 log +q2|:— -7 7610, 1,0)}
q

4
3 R 3rp3 .
— 2 (1og 2 )hcoso + | + 7D1G3(1,0, 1,00k | cosd
4p q p 16
4
+0<q—210g 3). (3.14)
p q
Since
1 1
G3(p,0, p,0) = G3(1,0,1,0) — — log —
2 p
and
1 1
pD1G3(p,0, p,0) = D1G3(1,0,1,0) + — log —
4 p
by (3.3), the lemma follows from (3.14). O

We insert Ej into the left side of the equation H(dE) + y N (E) = A and see how much it deviates
from a constant.

LEMMA 3.2 OnodEy,

(H(BEo) + yN(E0))(p + g cosb, g sin6)
1 cos 6 q q? 1 5
=—+—-—+0(5|+trvy5log—+7m9°G3(p,0,p,0)
2q  2p p? 2 Tgq
P

q° 1 q° 1 q*
— —(log —) cosf + —|:71pD1G3(p, 0, p,0) + —:| cosf + 0(—2 log —)}
4p q P 16 p q
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Proof. The mean curvature, as the average of the principal curvatures, of the torus d Eg at (r, z) =
(p+qgcosh,gsinb)is

. 1/1 cos @ 1 cos 0 q
H(BEO)(p+qcose,qsm9):5 -+ —)=—+ + 0 ? . (3.15)

q p+gcosf 2q 2p
Lemma[3.2]follows from (3:13) and Lemma 3.1} O
We proceed to estimate 7 (Ep).
LEMMA 3.3
1 72pat 4
J (Eg) = 27° pq + %(nzpq“ log _ + f:q +27°pg*Gi(p, 0, p, 0)) + O(J;gi2 log g).
Proof. The perimeter of Ey is
2
P(Eo) =Y _4r°pq, (3.16)
j=1

which is the area of 9 E.
The second part of 7 (Ep) is y /2 times

2 N (Ep)(r, 2)r drdz
Eg

q 2
:27{/ N(Eo)(p+hcos, hsin®)(p +hcos@)hdddh. (3.17)
0o Jo
By Lemma[3.1]

, @z 1, 1 hK?
N(Ep)(p+hcosf, hsinh) = —log— + g~ | tG3(p,0, p,0) + - — —
2 Tg¢q 4 442

q3 1\ & q3 h h3 q4 p
— —|log—)—cos® + —|npD1G3(p,0, p,0)— + cosd + O| — log .
p q 1643 p?

ar\ "4q/q q
Therefore (3:17) becomes

2 N(Ey)(r, 2)r dr dz
Eyp
2

q 2 q2 1 ) 1 h
=2nf / [?log—+q (nG3(p,0,p,0)+Z——2>:|(p+hc059)hd9dh
0 Jo q

4q
q 2w 613 1\ &
+27r// [——(log—)—cos@
o Jo 4p q9/4q
3

h K
+ 4 <rrpD1G3(p, 0,p,00—+ —3> cos 9i| (p+hcosB)hdb dh
p q -

16¢g

4

q p

+0 (—2 log —)
p q
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1 7.[2 4 6 4
= n2pq4 log — + b4 + 2713pq4G3(p, 0,p,0) + O(Q— log E) + 0<q_2 log B)
q 4 P q p q
2 4 1 77217‘]4 34 ‘14 P
=n"pq 10g;+ +27°pg"G3(p,0, p,0) + O ?logg : (3.13)

The lemma follows from (3.16) and (3.18), since G3(p, 0, p, 0) = G1(p, 0, p, 0) by Lemma[2.1] O

At this point we can guess what the sizes of p and g should be for Ey to be a good approximate
solution. We want the right side of the estimate in Lemma[3.2]to be as close to a constant as possible.
Therefore the cos 6 dependent terms should cancel out. Note that these terms are

0 3 1 3 1
cos +y _4 log — cos@—i—q— 7pD1G3(p,0, p,0) + — [cosb ;.
2p 4p q p 16

1 1
A; We'know pDi1G3(p,0, p,0) = D1G3(1,0,1,0) + - log > by the proof of Lemma the
above is

cos @ q° p g3 1
+yi——|log—)cos® + —|[nD1G3(1,0,1,0) + — | cosb ¢.
2p 4p q P 16

The leading order of this quantity is

— — ~Zlog = ~0. (3.19)

By (3.1), (3:19) becomes

Comparing this with the definition (I.3) of the function f, we find that for Eq to be a good
approximate solution we must have

q=~ f(y). (3.20)

Motivated by (3.20) from now on we require that the cross section radius ¢ of our approximate
solution satisfy

qgelfw/2,2fyl (3.21)

Consequently, p = ﬁ satisfies

1 2
e [8n2f2<y>’ n2f2(y>]' 6:22)

Note that
qg—0 and p—> o0 asy — oo.
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4. Perturbation to E

The exact solution will be found near an approximate solution Ey. For this reason we need a way to
perturb Ey. Let u = u(0) be a 2w -periodic positive function and define a set

E= |J {(p+hcost, hsing):h [0, u@®])
0el0,27]

in R%r. Corresponding to E there is an axisymmetric set in R3, which we again denote by E. If
u(@) = g forall 8 € [0, 2], E becomes our torus Ey considered before. When u(0) is close to g
for all 8 € [0, 27 ], E is a perturbation of Ej.

Once the set E is described by u, J (E) can be expressed in terms of u:

2
J(E)=m / (p + u(®) cos 9)\/(1/(9))2 + (u(0))2do + yrr/ N(E)(r, 2)r dr dz
0 E

where the first term gives half the area of 9 E and the second term is the nonlocal part of 7 (E).
It is often more convenient to introduce another variable v in place of u. The constraint (I.4)
requires

2w u(0)
1=27r/ rdrdz=2n/ / (p+ pcosB)pdpdo
E 0 Jo

2T 2 3
- 2n/ <p” © (9)0059>d9. 4.1)
) 2 3

We set
pu®(0) N u3(0) cos 0

2 3
The set E is now specified by the function v. With respect to v by (.1} the constraint (T.4) takes the

form
2 1
0)do = —,
/0 v(0) o

which is simpler than (4.1). Consequently, 7 becomes a functional of v: J = J(v). The variation
of J is written as

v() =

Hw) + yN(v)
where H(v) is the variation, with respect to v, of the first term of 7 and y A/ (v) is the variation

of the second term of [J. More precisely let ¢ = ¢(8) be a 2w-periodic function satisfying
7 $(0)d9 = 0. Then

dJ (v +€¢)

T ) (¢) = e

2
=2 / (HW) + yN ()¢ db.
e=0 0

Both H(v) and AV (v) are functions of 6.

The reader may have noticed that we used the same H to denote the mean curvature operator
of the surface d E earlier, and an operator on a 2w -periodic function v now. This abuse of notation
is deliberate. H(0E) and H(v) stand for the same mean curvature of the boundary of the set £
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described by v. Similarly A/ (E) and \V (v) are the same Newtonian potential of the set E described
by v. The equation (I.1I)) now becomes

HW) +yN W) = A. 4.2)

Since the same set E can be described by either the variable u or the variable v, to avoid
confusion we will call u the radius variable of the set E and v the volume variable of the set E. The
approximate solution E¢ described by the radius variable is

u®) =gq.
We denote the corresponding volume variable for Eg by ¥, given by

2 3
rq q” cosf
v(O) = — + .
©) 2 3

Note that unlike the radius variable u(0) = ¢, the volume variable v is not a constant function.
Note that if we integrate (4.2)) with respect to 6, then

1 2
A== (H) + y N (v)) do.
2 0
Introduce the notion of average
1 2 1 2w
HWw) = — H@)do, N(@) =— N(v)do.
27 0 2w 0

Also introduce the operator S by
S() = H() = H@) + yN(©) — yN ().

Then @.2) becomes <
(v) =0.

For S to be meaningful, we must specify its domain. Recall H2(S'), the W>? Sobolev space of
2m-periodic functions. Let

2
X:{veHz(Sl):/ v(@)d@:i}
0 2

be the metric space equipped with the H>(S') norm. Note that i € X. Our S is defined on the v’s
which are in a neighborhood of ¢y € X'. We often write v = i + ¢. Let

2
X = {¢> e HX(S"): / $(0)do = o}.
0
Then ¢ is in a neighborhood of 0 € X”. The target space of the operator S is

2
Y= {g e L*(ShH :/0 g(6)do =0}.
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Next we analyze S’ () where S’ stands for the Fréchet derivative of S. At ¥, S’(v) is a linear
operator from X’ to ). This operator will be written as the sum of a major part and a minor part

denoted by M and M respectively.

To identify M we treat the two parts of S, H(v) — H(v) and N'(v) — N (v), separately. The first

part of S comes from the perimeter part of 7 which is

2
T / (p +ucosd)v (u)*+ u?do
0

when the radius variable u is used. This is to be converted to an integral with respect to the volume

variable v. Let

pu?  udcoso

Then
v(0) = A(®),0).

Denote the inverse of A, as a function of # with 6 held fixed, by B = B(v, 8) such that
u(@) = B(v(9),0).
Define the Lagrangian L from R x R, x S! to R, with respect to the volume variable, by
L(0,v,0)=(p+u cos@)\/m,

where (it, u, 8) and (0, v, 0) transform to each other according the rules

u uA,(u,0)+ Ag(u, 0)
ulr—=>1lv]=\Aw,0)
0 0 0

and
) u VBy(v,0) + Bg(v, 6)
v] = lul]l=| B0
0 0 0

Following (4.3)) and (4.4) we find that as p — oo,
1/2 02
p- / L(,v,0)— /[ —+2v
2v

1
v(0) — m

inCP (R x Ry x s1, and

loc

in C*°(S"). The second derivative of the functional

1 (27 [((6))?
V> 5/0 N0 + 2v(0) do

(4.3)

“4.4)
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1

atv:m

is the linear operator
$eX > V'@ +¢) e
This gives us the first part of M:
peX > V2 p 2@ + ) e V. 4.5)
The second part of M comes from the Fréchet derivative of N'. Let u = B(y +€¢) and compute

ON(B(Y + €9))
de

e=0

2
= / G(p+gqcosb,gsinf, p+qgcosw, p+ gsinw)gD1 B (w), w)¢(w)dw
0

+¢(8)D1B(1ﬁ(9),9)/ (DlG(p—i—qcos@,qsinO,s,t),D2G(p+qcosé,qsin9,s,t))-eie ds dr.
Ey

(4.6)
Some smaller terms are ignored at this point. First note that
DiB(y(0),0) = 1 4.7
! " pg +q2cosf’ ’

We will replace D;B(y) by ﬁ Second we replace G(r, z, s, ) by 5 5 log m because of
Lemma[2.1] Then (4.6) is replaced by the outcome of the function

O (7 fq ge'

i9
dp dw. (4.8
2mpq qe”‘)—pe"”P pdpde. (48

2 1 1
¢ — / log e = w|¢(w)dw—

The double integral in (.8) may be evaluated:

2r pq )
/ f ge” % pdpdw = gr. (4.9)

|qel€ _ pelw|2

Then (@8) becomes
o stond [Towaor D [T Ll pran 20w
= ——log — — —log —/——— - .
amp Fqle PN 2 Bt —ee T Ty

Since our ¢ is in X’ where foz T ¢ (w) dw = 0, the first term in lb vanishes and |i becomes

2
¢eX’+—>/ 1 ! ¢ (w) do —&ey “.11)

619 | 2p
Combining (4.5) and (4.11) we find that H' (/) — H' () is dominated by

peX > —V213p' 2" +¢) eV, (4.12)
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and yN'(¢) — y N’ () is dominated by

Y9 )
m 4)(60) dw — 7 €

However p'/2 > y/p by || and l) The operator ) is negligible compared to lb We

have identified M:

y 2 1
peX — —/ — log V. (4.13)
pJo 2w

¢ € X' > M) =—v2rp' (¢ +¢) € V. (4.14)
The rest of S’(v) is denoted by M so that
S W) =M+ M. (4.15)
The eigenpairs of M are
2223p12(% —1);  cosnb, sinnf; n=1,23,.... (4.16)

Note that the functions in X’ have zero average, so the n = 0 mode is not included in (4.16). All
eigenvalues in (4.16) are positive except for the mode n = 1 where 0 is an eigenvalue and cos 6 and
sin @ are the corresponding eigenfunctions. To proceed we remove cos 6 and sin 6 from X’ and set

X,={peX :¢ Lcosh, ¢ Lsin0}, YVi={pec)Y:¢ Lcosh, ¢ Lsind}.
Let IT be the orthogonal projection operator
.Yy — Y., (4.17)

and consider the operator
as' () : X, — V.

The following lemma summarizes the properties of ITS' () : X, — Y, whose proof which
we omit is similar to that of Lemma 3.1 of [33]].

LEMMA 4.1 (i) There exists C > 0 independent of p, g and y such that

Ipll 2 < Cp~ VIS ()bl 2

for all ¢ € X. Moreover the operator I1S’(v) is one-to-one and onto from X, to V.
(i) There exists C > 0 independent of p, g and y such that for all ¢ € X,

g7, < Cp~" XIS W), b).

The second Fréchet derivative of S is estimated in the next lemma. The proof is similar to that
of Lemma 3.2 of [33]] which we again omit.

LEMMA 4.2 There exists C > 0 independent of p, g and y such that

I1S” (W) (b1, p) Nl 12 < Cp 2 lull g2 0]l 2

for all v near v, in the sense ||[v — Y| 52 < %HI/fHHz, and all ¢, ¢ € X7,
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5. Reduction

The nonlinear operator S maps a neighborhood of ¥ in X to V. In this section it will be proved that,
foreach p € [WI'Z(V)’ %], there exists a function ¢ € X, such that

S+ ¢)(@) = Ay cosh + Ay siné 6D
for some A1, A2 € R. The equation (5.1)) may be written as

IS +¢) =0 (5.2)

where [T is given in @) In the next section we will find a particular p, say p,, such that at
P = py, A1 = Az = 0. This means that by finding ¢ one reduces the original infinite-dimensional

problem 1i to a one-dimensional problem of finding p, in the interval [%, %].

Wlﬂ(y)’ m], there exists ¢ € X such that ¢ solves (5.2)) and
lollge < Mf 5(y) where M is a sufficiently large constant independent of y and p.

LEMMA 5.1 Forevery p € [

Proof. Expand S( + ¢) as
SW +¢) =SW) + S W) (@) + R(¢) (5.3)
where R is a higher order term defined by @ Rewrite @) in a fixed point form:
¢ =—UIS' W)~ TTS(Y) + MTR($)). (5.4)
To use the contraction mapping principle in the fixed point setting (5.4), let
T(¢) = —(I1S' ()" IIS(W) + TR(9)) (5.5)
be an operator defined on
D(T) =1{p € X : gl 2 < MfOy)) (5.6)

where the constant M is sufficiently large and will be made more precise later. Note that when y is
sufficiently large, every ¢ € D(7) is very small compared with v, and hence 7 is well-defined.

Lemma[3.2] (3:21)), and (3.22)) assert that

1 cosf 2 1 3 1
H) + yN W) = — + —— +y ["— log = + 7g2G3(p. 0, p,0) — <log —) cos 6
2  2p 2 g 4p q
3 1
+‘%(npDIG3(p, 0, p, 0) + E) cose} +O0(f>(¥)). (5.7)

Taking the average of (5.7) we find

2

H) + v NG = o + 7| Ltog L 422 ;
(1//)+7/N(¢)—Z+y 710g6—1+ﬂq G3(p.0,p,0) |+ O(f (¥)). (5.8)



146 X. REN AND J. WEI

Subtract (5.8) from (5.7) to obtain

16

3 1 3 1
SW) = cos + y[—q—<log 5) cos O + q;(nleGg(p, 0, p,0) + —) cos@i| + O(fs(y)).

2p 4p

After applying I1, the cos 6 terms vanish and

TSIz = O ().
From Lemma[d.1]and (3:22) we deduce that

I1S' @)~ < Cf )

where || - || stands for the norm of an operator. Hence
IS @) IS 2 < CrIO ().
Lemmaf4.2)and (3:22) imply that

IS"@)(¢1, o)l 12 < CF T 1l 22l 2

Therefore
IR@I2 < CF )12,

and consequently
1ATS' W) TR | 2 < Call 72

Using (5.3), (5.11), (5.6), and (5.13) we find that
1Tl g2 < Cro) + CoM? 2 (y) < MfO(y)

if M = 2C and y is sufficiently large. Therefore 7 is a map from D(7) into itself.
Next we show that 7 is a contraction. Let ¢y, ¢» € D(7). Note that

T(¢1) — T(d) = TS @)~ (=) (R($1) — R(¢2)).-

Because

R($1) — R(p2) = SW +¢1) —SW + ¢2) — S’ (W) (¢1 — ¢2),
we deduce, with the help of (5.12)) and (5.6), that

(5.9)

(5.10)

5.11)

(5.12)

(5.13)

(5.14)

IR(¢1) — R(¢2)ll 2 < IS' (W + d2) (@1 — $2) — S’ W) (@1 — )l 12 + CF T ()lIgn — 2l

< Cr ' Wldllp2lldr — allgz + CF o1 — 21172
<

Cr WUz + g2l ) lgr — 2l 2 < CME> ()1 — b2l o

Then (5.10) implies that

IT(p1) — T (@)l g2 < CMFO) 1 — Pall -

(5.15)

Therefore 7 is a contraction mapping from D(7) to itself when y is sufficiently large. There is a

unique fixed point in D(7"), which we denote by ¢.

O



TOROIDAL TUBE SOLUTION 147

6. Minimization

In this section we prove Theorem [I.I} From now on we emphasize dependencies on p. The

approximate solution ¥ = ¥ (6) is now denoted by ¥ = ¥ (6, p). By Lemma [5.] for every p €
1 2 i — / . . =0.i
[8n2f2(y)’ 7_12f2(y)] there exists ¢ = @0, p) € X, such that IS (-, p) + ¢(-, p)) =0, i.e. l)
holds. In this section we find a particular p denoted by p,, such that S(¥ (-, p,) + ¢(:, p,)) =0.
Let us denote the set specified by the volume variable ¥ (-, p) +¢(-, p) by Ey(., p). This notation

is consistent with our earlier notation E, the set characterized by ¥ (-, p).
LEMMA 6.1 J(Ey(.p) = J(Eo) + O(f ().
Proof. Expanding J (E,) yields

27 2 27
T(E,) = J(E) + 27 fo SWIwds+ = [ swwear +og . 6D

The error term in (6.1)) is obtained by Lemmaand the fact ||@|| 2 = o(fo(y)).
On the other hand ITS (Y + ¢) = 0 implies that

I(SW) +S' W) ) + R(@) =0

where R is given in (5.3). Multiply the last equation by ¢ and integrate to derive, again with the
help of Lemma[4.2]

2 27
/0 S(W)e do + fo S W) @pds = 0(F7 ().

Consequently, (6.1) becomes

2

2
J(E,) = J(Eo) + 7” | Stnedo+ o ().

Note that l) which follows from Lemma and the facts ¢ 1 cos6 and @]l g2 = O(fG(y))

imply that
2w

SWeds = o(f'(y))

Therefore

J(Ey) = J(Eo) + O(f ().
This proves the lemma. O

Lemma[3.3] shows that

szq4

1 4
J (o) = 27" pg+% <71'2pq4 log _+ +27°pg*Gi(p, 0, p, 0))+0 (’% log §>' 6.2)

Sometimes it is convenient to consider rescaled versions of p and ¢. Introduce P and Q so that

P

=722 g=fQ, j=12

p
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By B2 and (321,

P e[l/4,4], Qe[l/2,2].
The constraint 2772 pg? = 1 implies that
PO>=1. (6.3)

In terms of P and Q, J(Ey) is given by

LEMMA 6.2

1 PQ4) ( PO* 1 POt nPQ4 )
E))=—(P — —lo — 4+ —=_G(P,0,P,0
J (Eo) f(y)( 0+ 5 +yf2) gQ+ e T 1( )

+ O ().

Proof. Use (6.2), (3:21), (3:22), and the formula
1 1
Gi(Ar, Az, As, At) = Gy(r, z,8,1) — — log —,
2 A

which follows from Lemmas [2.2(i) and 2.1}

LEMMA 6.3 There exists p, € [
Moreover

m 712f2(y)] such that when p = p,, S(¢(, py)) = 0.

lim 272 f2(y)p, = 1 dy
Jim 2w f (v )py yoo f(y)

Proof. By Lemmas|[6.2][6.1] and the constraint (6.3),

1 PQ* Q4 1 PQ* =apPQ*
J(Ey) = f()(PQ+T>+Vf (J/)( 1 g5+7+ 5 GI(P,07P70)>

+0(f ()

1 Q“) :
= — _— O
f(y)( 0+ ——)+ 0w )

(f + —) + 0 (). (6.4)
~
We view J (Ey(.,p)) as a function of p, or P. Let P, € [1/4, 4] be such thatat P = Py, J(Ey(., p))

is minimized. Since 1/f(y) > yf*(y) and ~/P + 1/(2P) is minimized at P = 1, we conclude
that lim, . P, = 1. Let

Py . 1
m2f2yy T

Py = 272p,

As a function of p, J(Ey(.p)) is minimized at p = p,, and

lim 272 f2()p, =1, lim —2— = 1. (6.5)
y—>00 y—00 f(y)
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2__) Therefore

It follows from (6.5)) that when y is large, p) is in (%, 0

dT (Ey(,p))

=0. (6.6)
dp p=py

By @ and the invariance of the problem in the z-direction, S(¢(-, p,)) = 0. The proof of the last
assertion, which we omit, is similar to that of |33, Lemma 4.4]. (]

We have found the solution Ey(. ) and completed the proof of Theorem E} The fact that our
solution set Ey(.,p,) is close to the region Ey bounded by an exact torus comes from the estimate
loll g2 = O(fO(y)) in Lemma This quantity is much smaller than the size of ¥/ (6) = pg?/2+
(g3 cos 0)/3, which is of order 1.

7. Discussion

The stability of the tube solution in R? is not discussed in this paper. However within the class of
axisymmetric sets, the solution we found is stable in some sense. In this class every set is obtained
by rotating a two-dimensional subset of Ri about the z-axis, and the stability is reduced to the
stability of a 2-dimensional problem in the function space .

In Section 5 we constructed a family of sets Ey(. p) C Rﬁ_ identified by the volume variables
Y (-, p) + @(-, p) that satisfy IIS( (-, p) + ¢(-, p)) = 0. Now we shift each E(. ;) in z-direction
by an amount z to a new set E(p, z). As (p, z) varies, E(p, z) forms a two-dimensional manifold

1 2
5—{E(P,Z).pe<8n2f2(y),n2f2(y)>,zeR}. (7.1)
At each E(p, 0), the space of sets represented by functions in X, + ¢(-, p) is transversal to the
manifold and has codimension 2. We denote this space by F(p,0), viewed as a fiber space at
E(p,0). Shift each F(p, 0) in the z-direction by an amount z and denote the resulting fiber space
at E(p, z) by F(p, 2).

By Lemmal4.1{ii), Lemma.2]and the fact ITS (¥ (-, p)+¢(-, p)) = 0, one deduces that E(p, z)
is a nondegenerate local minimum of J in 7 (p, z). According to Section 6, E(py, 0) = Ey(.,p,) is
a minimum of 7 in the 2-dimensional manifold £. Hence as a result of the successive minimizations
E(py,0) = Ey(.,p,) is alocal minimum of 7, and hence is stable in the class of axisymmetric sets.
Note that since J(E(py,z)) = J(E(py,0)) forall z € R, E(p,,,0) = Ew(-,py) is a degenerate
local minimum of J due to the translation invariance in the z-direction.

In the introduction we mentioned the unit disc solution to (1.1) in R? and its connection to .
There are a few other solutions.

In R? there exists a ring shaped solution of the form {x € RZ:0 < R| < |x| < Ry}, ifyis
greater than a threshold value yy; see Kang and Ren [14]]. The inner and outer radii R; and R; of the
ring solution depend on y. There is another threshold y; > y9 such that the ring solution is unstable
if y € (y0, 1) and stable if y > y;. This ring solution to may be used to construct a solution
to (I.3) with multiple, small rings, or to construct a solution to (I.3) with a mix of small rings and
small discs [15]].

When y is slightly greater than 12, there is another solution to (1.1) in R? of an oval shape.
Corresponding to this oval solution, there exist two solutions to (1.3]), each of which is a small set
of an oval shape, as long as the domain D does not possess certain symmetry [35]. The two small
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oval sets center at the same point, but align along two orthogonal directions. The two directions are
determined by the shape of D.

In R3 the unit ball is a solution to . On any bounded domain there exist solutions with
multiple components each of which is close to a small ball [34]]. The small balls form a body
centered cubic pattern, consistent with the spherical morphological phase of diblock copolymers.

There is also a shell shaped solution of the form {x € R3:0< Ry < |x| < Ry} ifyis large
enough [28]]. However this solution is always unstable.

The toroidal solution found in this paper is a neighborhood around the circle

X+yi=pt =0, (x,y2eR. (7.2)

enclosed by a tube like surface. An interesting point is that the circle is not a geodesic and does not
have zero curvature. Also the boundary of our solution is not a constant mean curvature surface. This
is in contrast to a result of Mazzeo and Pacard [17]]. They showed that if (M, g) is a Riemannian
manifold and I" is a closed, nondegenerate geodesic in M, then most geodesic tubes of sufficiently
small radii around I can be perturbed into constant mean curvature surfaces. Some kind of converse
is also true. If a small tube around any curve I is a constant mean curvature surface with the second
fundamental form bounded then the curve must be a geodesic. This result differs from ours in two
aspects: first they need a metric and their curve is a geodesic. Second they do not have the Newtonian
potential term. In our case, we constructed a tube around a circle (which is not a geodesic under the
Euclidean metric) with the help of the Newtonian potential. Our tube does not have constant mean
curvature, but satisfies (L.I). It is unclear in our case if the circle can be replaced by any other
curve in R3.

A. Appendix

The Ohta—Kawasaki free energy functional for a diblock copolymer is a Landau type integral with
a unique long range interaction term. The density field of A-monomers is given by a function u on
a bounded domain D C R” (n = 1, 2, or 3) and the density of B-monomers is given by 1 — u. The
free energy of a diblock copolymer is

_ e 2 €y —1/2 2
Ip(u) = A EWMI +W(M)+7|(—A) (u—a)|” |dx (A.1)

with three parameters € > 0, ¥ > 0, and a € (0, 1), where u is in

{u e H' (D) : ﬁ/j)u(x)dx:a}.

The function W is a balanced double well potential such as W (u) = %uz(l—u)z. In , (—A)~12
is the long range interaction term. It is the square root of the inverse of the operator —A. The —A
operator acts on functions with the zero Neumann boundary condition.

One can show as in [29] that as € — 0, the functional e ~'Zp converges, in the sense of the
I'-convergence theory [6} 21} 20, [16], to a limiting functional [7p. The functional Jp is defined on
sets whose Lebesgue measure is a times the Lebesgue measure of D and takes the form

1

n—1

Jp(E) =

Pp(E) + g/ (= A) " 2(xg — ) dx.
D
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Here Pp(E) stands for the size of the part of d E which is inside D, and g is the characteristic
function of E. The Euler—Lagrange equation of Jp is exactly (T.3).

We mentioned in the introduction that the problem (I.3) is also connected to the Gierer—
Meinhardt system in developmental morphogenesis. The equilibrium state of the system is

P r 0
Y _0inD: dAv—v+L =0inD: &
(1 4+ kuP)vd v’ Jdv

—0: v

ezAu—u—I— —
3D 81)

=0, (A2)
aD

where p, ¢q, r, and s are positive parameters and they satisfy 0 < (p — 1)/g < r/(s + 1). Here the
constant « is the saturation parameter. We consider the case x > 0. Then is known as the GM
system with saturation. We derive a formal singular limit of as € — 0. It seems possible that
one may carry out a rigorous deduction using techniques developed by del Pino, Kowalczyk and
Wei [9] 18]

The diffusion coefficient €2 of the variable # must be small. The diffusion coefficient of v must
be large in the sense that d = dp/e where dyp > 0 is independent of €. This is the parameter range
considered in [36]].

The nonlinearity in the first equation of is denoted by

up

f(us U) =—u-+ —(1 T I{up)vq .

It has a bistable shape with respect to u. For each v > 0, there exist three zeros of f(u, v) as a
function of u. There is a particular value v such that at v = v, f(-, vo) becomes a balanced cubic
nonlinearity, in the sense foz f(u, vo) du = 0. Here z is the largest zero of f (-, vp).

A subset E of D is expected so that u(x) of a solution (u, v) to is close to z if x is in F
and close to 0 if x is in D\ E. The boundary of E in D is a collection of surfaces which we denote
by I'. The value of u changes abruptly across I". Away from I" we take u ~ zxg where xg is
the characteristic function of E. The shape of u near I" is more complicated. Let Q(&, s) be the
traveling wave solution of the problem

Qee +c(5)Q¢ + f(Q,5) =0, &eR. (A.3)

In (A.3), s is a parameter. As £ tends to —oo, we require that Q (&, s) tend to 0, and as & tends to 0o,
we require that Q(§, s) tend to the largest zero of f (-, s). The constant c(s) is the velocity of the
traveling wave. It is unknown and must be determined from the equation (A.3).

Let d(x) be the signed distance function from a point x to I". The sign of d(x) is positive if x is
in E and negative if x is in D\ E. We assume that approximately

u(x) = Q(d(x)/e, s)
where s is constant, discussed later. Insert this Q into the first equation in (A.2) to find
Q¢:|Vd|)* +€Q: Ad + f(Q, 5) = 0.

It is known that on the set I", |Vd| = 1 and Ad(x) = H(x) where H(x) is the mean curvature of I”
at x, viewed from E. Therefore we obtain

Qee +€HQe + f(Q,5) =0. (A4)



152 X. REN AND J. WEI

Comparing (A-4) with (A.3) we deduce
c(s) =€eH. (A.S)

Now we discuss c¢(s). On the boundary I, s must be equal to v(x). However unlike u(x),
v(x) changes slowly in x. Asymptotically we have the expansion v(x) =~ vy + ew(x), so that
c(s) = c¢(v) ~ c(vg) + ec’(vo)w. Since vy is the point where f(-, vg) is balanced, c(vg) = 0. Hence

(AZ5) implies that

H = (vo)w. (A.6)
It remains to find an equation for w. In the second equation of (A-2) we deduce
do u”
%4 - L
- Ao +ew) — (vo + ew) + (Vo £ ew)’
As e — 0, we find
,
doAw = v + - = 0. (A7)
0

The equations (A-6) and (A7) form a system for the boundary I'":

H=c@w)w onl, dyAw— vy+ IZFXE —0 inD. (A.8)
0

Note that the Neumann boundary condition for v implies the same boundary condition for w

and hence
Zr
/ <—vo + _SXE> dx =0.
D Ch)

s+1
Therefore |E| = Ug, | D|. Define
vt ' (vg)z"
a = 0 ’ _ _ (0) (A.9)
zr dovy,

to turn (A-8) into (T.3).

Acknowledgments

Research of X. Ren was supported in part by NSF grant DMS-0907777. Research of J. Wei was
supported in part by an earmarked grant of RGC of Hong Kong and Focused Research Scheme of
CUHK.

REFERENCES

1. ALBERTI, G., CHOKSI, R., & OTTO, F. Uniform energy distribution for an isoperimetric problem with
long-range interactions. J. Amer. Math. Soc. 22 (2009), 569-605. MR 2476783

2. ANDERSON, B. P., HALJAN, P. C., REGAL, C. A., FEDER, D. L., COLLINS, L. A., CLARK, C. W., &
CORNELL, E. A. Watching dark solitons decay into vortex rings in a Bose—Einstein condensate. Phys.
Rev. Lett. 86 (2001), 2926-2929.


http://www.ams.org/mathscinet-getitem?mr=2476783

10.

11.

12.

13.
14.

15.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

TOROIDAL TUBE SOLUTION 153

. BATCHELOR, G. K. An Introduction to Fluid Dynamics. Cambridge Univ. Press (1967). |Zbl 0152.44402

MR 1744638

. BATES, F. S., & FREDRICKSON, G. H. Block copolymers—designer soft materials. Phys. Today 52

(1999), 32-38.

. CHOKSI, R., & STERNBERG, P. On the first and second variations of a nonlocal isoperimetric problem.

J. Reine Angew. Math. 611 (2007), 75-108. |Zbl 1132.35029| MR 2360604

. DE GIORGI, E. Sulla convergenza di alcune successioni d’integrali del tipo dell’area. Rend. Mat. (6) 8

(1975), 277-294. [Zbl 0316.35036) MR 0375037

. DEL PINO, M. Radially symmetric internal layers in a semilinear elliptic system. Trans. Amer. Math. Soc.

347 (1995), 4807—-4837. [Zbl 0853.35009 MR 1303116

. DEL PINO, M., KOWALCZYK, M., & WEI, J. Concentration on curves for nonlinear Schrédinger

equations. Comm. Pure Appl. Math. 60 (2007), 113-146. Zbl 1123.35003 MR 2270164

. DEL PINO, M., KOWALCZYK, M., & WEI, J. Resonance and interior layers in an inhomogeneous phase

transition model. SIAM J. Math. Anal. 38 (2007), 1542-1564. |Zbl pre05194945 MR 2286019

FIFg, P. C., & HILHORST, D. The Nishiura—Ohnishi free boundary problem in the 1D case. SIAM J.
Math. Anal. 33 (2001), 589-606. [Zbl 1077.35121) MR 1871411

GHERGU, M., & RADULESCU, V. Singular Elliptic Problems: Bifurcation and Asymptotic Analysis.
Oxford Lecture Ser. Math. Appl. 37, Clarendon Press, Oxford, 2008. Zbl 1159.35030 MR 2488149
GHERGU, M., & RADULESCU, V. A singular Gierer-Meinhardt system with different source terms. Proc.
Roy. Soc. Edinburgh Sect. A 138 (2008), 1215-1234. Zbl 1171.35396/ MR 2488056

GIERER, A., & MEINHARDT, H. A theory of biological pattern formation. Kybernetik 12 (1972), 30-39.
KANG, X., & REN, X. Ring pattern solutions of a free boundary problem in diblock copolymer
morphology. Phys. D 238 (2009), 645-665. Zbl 1160.37386 MR 2590243

KANG, X., & REN, X. The pattern of multiple rings from morphogenesis in development. J. Nonlinear
Sci., to appear.

. KOHN, R., & STERNBERG, P. Local minimisers and singular perturbations. Proc. Roy. Soc. Edinburgh

Sect. A 111 (1989), 69-84. Zbl 0676.49011 MR 0985990

MAZZEO, R., & PACARD, F. Foliations by constant mean curvature tubes. Comm. Anal. Geom. 13 (2005),
633-670. [Zbl 1096.53035/ MR 2191902

MEINHARDT, H. Models of Biological Pattern Formation. Academic Press, London (1982).
MEINHARDT, H. The Algorithmic Beauty of Sea Shells. 2nd ed., Springer, Berlin (1998).

MobIcA, L. The gradient theory of phase transitions and the minimal interface criterion. Arch. Ration.
Mech. Anal. 98 (1987), 123-142. Zbl 0616.76004 MR 0866718

MobicCA, L., & MORTOLA, S. Un esempio di I"~-convergenza. Boll. Un. Mat. Ital. B (5) 14 (1977),
285-299. [Zbl 0356.49008] MR 0445362

MURRAY, J. Mathematical Biology 11: Spatial Models and Biomedical Applications. 3rd ed., Springer
(2008).

NISHIURA, Y., & OHNISHI, I. Some mathematical aspects of the microphase separation in diblock
copolymers. Phys. D 84 (1995), 31-39. Zbl :1194.82069| MR 1334695

OHTA, T., & KAwASAKI, K. Equilibrium morphology of block copolymer melts. Macromolecules 19
(1986), 2621-2632.

OSHITA, Y. Singular limit problem for some elliptic systems. SIAM J. Math. Anal. 38 (2007), 1886-1911.
Zbl 1141.35021! MR 2299434

PocHAN, D. J., CHEN, Z., Cul, H., HALES, K., Q1, K., & WOOLEY, K. L. Toroidal triblock copolymer
assemblies. Science 306 (2004), 94-97.

RAYFIELD, G. W., & REIF, F. Quantized vortex rings in superfluid helium. Phys. Rev. 136 (1964),
A1194-A1208.


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0152.44402&format=complete
http://www.ams.org/mathscinet-getitem?mr=1744638
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1132.35029&format=complete
http://www.ams.org/mathscinet-getitem?mr=2360604
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0316.35036&format=complete
http://www.ams.org/mathscinet-getitem?mr=0375037
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0853.35009&format=complete
http://www.ams.org/mathscinet-getitem?mr=1303116
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1123.35003&format=complete
http://www.ams.org/mathscinet-getitem?mr=2270164
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:pre05194945&format=complete
http://www.ams.org/mathscinet-getitem?mr=2286019
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1077.35121&format=complete
http://www.ams.org/mathscinet-getitem?mr=1871411
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1159.35030&format=complete
http://www.ams.org/mathscinet-getitem?mr=2488149
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1171.35396&format=complete
http://www.ams.org/mathscinet-getitem?mr=2488056
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1160.37386&format=complete
http://www.ams.org/mathscinet-getitem?mr=2590243
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0676.49011&format=complete
http://www.ams.org/mathscinet-getitem?mr=0985990
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1096.53035&format=complete
http://www.ams.org/mathscinet-getitem?mr=2191902
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0616.76004&format=complete
http://www.ams.org/mathscinet-getitem?mr=0866718
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0356.49008&format=complete
http://www.ams.org/mathscinet-getitem?mr=0445362
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an::1194.82069&format=complete
http://www.ams.org/mathscinet-getitem?mr=1334695
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1141.35021&format=complete
http://www.ams.org/mathscinet-getitem?mr=2299434

154

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

X. REN AND J. WEI

REN, X. Shell structure as solution to a free boundary problem from block copolymer morphology.
Discrete Contin. Dynam. Systems 24 (2009), 979-1003. Zbl :1178.35386/ MR 2505690

REN, X., & WEL, J. On the multiplicity of solutions of two nonlocal variational problems. SIAM J. Math.
Anal. 31 (2000), 909-924. [Zbl 0973.49007| MR 1752422

REN, X., & WEI, J. Concentrically layered energy equilibria of the di-block copolymer problem. Eur: J.
Appl. Math. 13 (2002), 479-496. Zbl 1010.82041 MR 1939157

REN, X., & WEI, J. Existence and stability of spherically layered solutions of the diblock copolymer
equation. SIAM J. Appl. Math. 66 (2006), 1080-1099. [Zbl 1103.34046/ MR 2216732

REN, X., & WEI, J. Many droplet pattern in the cylindrical phase of diblock copolymer morphology.
Rev. Math. Phys. 19 (2007), 879-921. Zbl 1145.82007| MR 2349026

REN, X., & WEI, J. Single droplet pattern in the cylindrical phase of diblock copolymer morphology.
J. Nonlinear Sci. 17 (2007), 471-503. |Zbl 1134.82048 MR 2361417

REN, X., & WEIL, J. Spherical solutions to a nonlocal free boundary problem from diblock copolymer
morphology. SIAM J. Math. Anal. 39 (2008), 1497-1535. |Zbl 1153.35091 MR 2377287

REN, X., & WEI, J. Oval shaped droplet solutions in the saturation process of some pattern formation
problems. SIAM J. Appl. Math. 70 (2009), 1120-1138. |Zbl 1198.35009) MR 2546355

SAKAMOTO, K., & SuzUKI, H. Spherically symmetric internal layers for activator-inhibitor systems
I. Existence by a Lyapunov-Schmidt reduction. J. Differential Equations 204 (2004), 56-92.
Zbl 1068.35013| MR 2076159

STERNBERG, P., & TOPALOGLU, I. A note on the global minimizers of the nonlocal isoperimetric
problem in two dimensions. Interfaces Free Bound. 13 (2011), 155-169.


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an::1178.35386&format=complete
http://www.ams.org/mathscinet-getitem?mr=2505690
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0973.49007&format=complete
http://www.ams.org/mathscinet-getitem?mr=1752422
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1010.82041&format=complete
http://www.ams.org/mathscinet-getitem?mr=1939157
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1103.34046&format=complete
http://www.ams.org/mathscinet-getitem?mr=2216732
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1145.82007&format=complete
http://www.ams.org/mathscinet-getitem?mr=2349026
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1134.82048&format=complete
http://www.ams.org/mathscinet-getitem?mr=2361417
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1153.35091&format=complete
http://www.ams.org/mathscinet-getitem?mr=2377287
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1198.35009&format=complete
http://www.ams.org/mathscinet-getitem?mr=2546355
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1068.35013&format=complete
http://www.ams.org/mathscinet-getitem?mr=2076159

	Introduction
	Green's function
	Approximate solutions
	Perturbation to E_0
	Reduction
	Minimization
	Discussion
	Appendix

