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We investigate support properties of nonnegative solutions to nonlinear parabolic equations with
variable density in bounded domains. The density can diverge or vanish near the boundary. Assuming
that the initial datum has support not intersecting the boundary, we provide simple conditions, in
dependence on the behaviour of the density, guaranteeing that the support of every nonnegative
solution intersects the boundary at some positive time, or, in the case of convex domains, that it
remains away from it for any positive time. These results extend to the case of bounded domains
those given in [KK] for the Cauchy problem.
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1. Introduction

We consider nonnegative bounded solutions to nonlinear parabolic equations of the following type:
pou = A[Gm)] in 2 x (0, 4+00) =: Q,

where £2 is an open bounded subset of R” (n > 1) with boundary 02 = S, and p = p(x),
which will be referred to as a density, is a positive function only depending on the space variable;
moreover, a typical choice for the function G is G(u) = u™, ,m > 1.

Following [KT], [PT], [P2], we allow the density p to vanish, to diverge, or to not have a limit
as the distance dist(x, S) = d(x) goes to zero. On the other hand, p is supposed to be positive and
continuous inside §2. More precisely, we always make the following assumptions:

(Hy) S is an (n — 1)-dimensional compact submanifold of R” of class c3,
1) p e C(£2), p>0in £2;
(ii) G € C1([0, +00), G(0) = G'(0) =0, G'(s) > O forany s > 0,
G’ is increasing in [0, §] for some § > 0;
(iii) ug € C(£2), ug = 0, suppug NS =40.

(H3)

Hence, it is natural to study the following initial value problem:

{paru =A[Gw)] inQ,

U =uo in £2 x {0}; .

notice that in (1.1) no boundary conditions are imposed at S.
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The well-posedness of problem (1.1) has been studied in [KT] for n = 1 and in [P2] forn > 1.
If p(x) — O fast enough as d(x) — O then nonuniqueness of bounded solutions is proved; on
the contrary, when p does not vanish at S, or p(x) — 0 slowly as d(x) — 0, then uniqueness of
bounded solutions not satisfying any extra conditions at S is showed.

The aim of this paper is to investigate support properties of nonnegative bounded solutions to
problem (1.1), in dependence on the behaviour of p near the boundary S; special attention will be
paid to the case G(u) = u™ (m > 1), when problem (1.1) reads

pou = AW™) in Q,
{u =ug in 2 x {0}. (1.2)

In particular, we shall prove that if p € L!(£2) and

1 /
(Hs) / ) s < oo,
0

N

then for every nonnegative solution # to problem (1.1), supp u(, fp) intersects S for some 79 > 0.
Moreover, when G(u) = u™ (m > 1), the hypothesis p € L'(£2) can be replaced by the
weaker condition ,o[d(x)]"/m e L! (£2) for some o € (0, 1). Instead, if 2 is convex and
px) = Cldx)]™ (x € £2) forsome C > 0 and o > 2, then for every nonnegative solution u to
problem (1.1), supp u(-, ¢) does not intersect S for any ¢ > 0.

Similar results have already been proved in [KK] (see also [GHP]) for the Cauchy problem

{pa,u = A[G@)] inR" x (0, +00), (13)

u = ug in R” x {0},
supposing that the functions p, ug, G satisfy the hypothesis

(i) p € C'R") N L®@R"), p > 0;
(ii) G € C([0, +00)), G(0) = G'(0) =0, G'(s) > O forany s > 0,
G’ is increasing in [0, §] for some § > 0;
(iii) ug € C(R™), ug = 0, supp ug is compact.

(Hy)

To be specific, in [KK] it has been proved thatifn > 3, p € LY(R") and (H3) holds true, then for
every nonnegative bounded solution u to problem (1.3) there exists 7o > 0 such that supp u(-, fp) is
not compact. Moreover, when G () = u™ (m > 1), the assumption p € L' (R") can be replaced by
the weaker condition p|x|?~/™ e L1(R"). On the contrary, when n > 1, G(u) = u™ (m > 1)
and

px) = (x €R"), (1.4)

1+ Py

for some0 < o < 2 and C > 0, then for every nonnegative bounded solution u to problem (1.3)
supp u(-, t) remains compact for any ¢ > 0.

In connection with these results of [KK] let us mention that if n > 3 and p — 0 fast enough as
|x] — oo, then nonuniqueness of bounded solutions to problem (1.3) has been proved (see [EK],
[KKT], [P1]). Instead, when n = 2 or n > 3 and condition (1.4) holds true, then uniqueness for
problem (1.3), in the class of bounded solutions not satisfying any extra constraints at infinity, has
been showed (see [KKT], [P1]).
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Roughly speaking, for problem (1.1) the boundary S plays the same role as infinity for
problem (1.3). Hence, to study problem (1.1), the requirement suppug NS = @ in assumption
(H>)(iii) corresponds to the requirement that supp uq is compact in (Hy)(iii) to study problem (1.3).

Clearly, results that we shall prove can be regarded as an extension to problem (1.1) of results
given in [KK] for problem (1.3).

1.1 Results
More precisely, we shall prove the following results.

THEOREM 1.1 Let assumptions (H)—(H3) be satisfied, and p € L'(£2). Let u be any solution to
problem (1.1). Then there exists 7o > 0 such that supp u(-, t) N S # @.

COROLLARY 1.2 Let assumptions (H;) and (H)(i),(iii) be satisfied; suppose that G(u) = u™
(m > 1) and p[d(x)]%/™ e L'(£2) for some a € (0, 1). Let u be any solution to problem (1.1).
Then there exists fg > 0 such that suppu(-, tp) N S # .

Let S® :={x € 2]d(x) < ¢} (¢ > 0).

THEOREM 1.3 Let assumptions (H;) and (H>)(i),(iii) be satisfied; suppose that 2 is convex and
that G(u) = u™ (m > 1). Assume that there exist C > 0, & > 0 and « > 2 such that

px) = (x € S°). (1.5)

C
[d(x)]*
Let u be any solution to problem (1.1). Then suppu(-, ) N S = Pfor any t > 0. Moreover,

(i) if @ > 2,then there exista > 0, b > 0, & > 0 such that, for any ¢ > 0,

suppu(-,1) € (2\S8)U {x e &t

1
d(x,S) > m}, (16)

(ii) if @ = 2, then there exista > 0, 8 > 0, & > 0 such that, for any ¢t > 0,

suppu(-, 1) € (2 \ S U {x €&t

1
d(x,S) > m}

In a forthcoming paper we shall study if Theorem 1.3 can be generalized to the case of a
nonconvex domain §2.

2. Mathematical framework

DEFINITION 2.1 By a solution of problem (1.1) we mean a nonnegative function u € C(Q) N
L*°(Q) such that

/O B {pu3z1ﬁ+G(u)A1ﬂ}dxdt=/g plux, )Y (x, ) — uo(x)¥ (x, 0)] dx

+/T/ Gw)(Viy, v) do dt 2.1)
0 0821
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for any open set £2; C £2 with smooth boundary, 2 € £, 7 > 0, ¥ € C>' (22| x [0, t]), ¥ > 0,
Y =0in 0821 x [0, ]; here v denotes the outer normal to £2| and (-, -) the scalar product in R”".

Supersolutions (or subsolutions) of (1.1) are defined by replacing “=" by “<” (“2>7,
respectively) in (2.1).

We will also consider, for any &€ > 0 small enough, the auxiliary problem
pur = A[G@)] in [£2\ §°] x (0, +00) =: Q.
u=20 in A% x (0, +00), (2.2)
U = ug in [£2\ S¢] x {0};
here A° ;= {x € 2 | d(x) = ¢&}.

DEFINITION 2.2 By a supersolution of problem (2.2) we mean a nonnegative function u €
C(Q¢) N L*¥(Q¢) such that

f {pudiy + Gw)Ay}dxdr < f plu(x, )Y (x, 7) —uo(x)¥(x, 0)] dx
0 21 2

+/f/ Gw){Vy, v)ydo dr
0 Jo\A¢

for any open set £2; C £2 \ S¢ with smooth boundary, T € (0, T], ¥ € C21 (2, x [0, 7)), ¥ >0,
Y =0in 90821 x [0, t]. Solutions and subsolutions are defined accordingly.

For further purposes, let us also introduce the elliptic equation
AU = f in$2, (2.3)
where f € C(£2), and the elliptic problem

{AU:f in 2\ S¢,

U=0 in A%, 24)

where f € C(£2\ S°).

DEFINITION 2.3 By a supersolution to equation (2.3) we mean a function U € C(§2) such that
/ UAwdxéf U(Vgﬁ,v)da%—/ fyrdx (2.5)
21 0821 £2

for any open set £2; C £2 with smooth boundary, 2] € 2, v € C2(221), ¥ > 0, ¥ = 0in 3£2;;
here v denotes the outer normal to §21. Subsolutions and solutions of problem (2.3) are defined
accordingly.

DEFINITION 2.4 By a supersolution of problem (2.4) we mean a function U € C (2 \ %) such
that

/ UAI/fdx</ U(Vy,v)ydo + | fydx
1 391\./46 2

for any open set £2; C £2 \ S¢ with smooth boundary, ¥ € C>(£21), ¥ > 0, ¥ = 0in 8£2;; here v
denotes the outer normal to £21. Solutions and subsolutions are defined accordingly.
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We need some preliminary material concerning the distance function x + d(x) (x € §2). First,
observe that in view of the compactness and regularity of S assumed in (H)), there exists o > 0
such that for any x € S? there exists a unique point x*(x) € S such that d(x) = |x — x*(x)|;
moreover (see [F]), x*() € C2(S%: S), d € C3(S°) and (see also [A])

IVd(x)] =1 foranyx € S°. (2.6)
Furthermore, when 2 C R” is a convex subset, then (see e.g. [AD])
Ad(x) <0 foranyx € §°. 2.7

For any xp € R”, R > 0 we set Bg(xp) := {x € R" | |x — xo| < R}.

Let y0 € S; let TS and Lo S denote respectively the tangent and the orthogonal space to S
at y°. For further purposes, observe that we can choose a new coordinate system X = (X1, ..., X,)
in R” such that, if p = p, : Bg(0) € R"~! — R (R > 0) denotes the local representation of S
near X*(X) with respect to this system, the following holds:

(i) X*(xX% =0;

(i) LoS={XeR" | X;=---=X;—1 =0}
(©) (i) X° = (0,...,0, X%, d(x%) = X9
92 92
(V) 22 0) = ZL20)s;; Gj=1.....n—1).

IX;dX; X7

LEMMA 2.5 Let assumption (H1) be satisfied. There exist &9 € (0,0) and Cy > 0 such that, if
e € (0, &), x0 € 8¢ is fixed and the choice (C) is made, then:

@@ foranyi=1,...,n,
ad(X)
3X; |x=x0 in ( )
(i1) we have
9*d(X) U
<Cy ifi=j=1,...,n—1, 2.9)
0X;0X; |y_xo
8%d(X
(X) =0 otherwise. (2.10)
3X,'8Xj X=x0

We refer the reader to [MP], [PPT] for the proof of the above lemma.

3. Proof of Theorem 1.1 and Corollary 1.2

We adapt to the present situation the proof of Theorem 1 in [KK]. In the proof of Theorem 1.1 a
central role will be played by

LEMMA 3.1 Let assumptions (Hj)—(H>) be satisfied. Let u be a solution to problem (1.1), and
T > 0. Suppose that suppu(-,1) NS = @ forany t € (0, T). Then for any 7 € (0, T),

/p(x)u(x,r)dx:/ p(xX)up(x)dx. 3.1
2 Q
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Proof. Lett € (0, T); take & > 0 so small that
u(x,r) =0 forany (x,1) € S¢ x (0, 7). (3.2)
Letn € C*°([0,7]),0 < n < 1,

if t € [0, T — 26]

”(’)2{0 ifrefr—sr ¢

and x € C°(2\ 8¢/2), x = 1in 2 \ §¢. Equality (2.1) with ¥ = nx, 2| = 2 \ S¢/? gives

fo L\W{puazlﬂJrG(u)Alﬂ}dxdt / plu(x, D) (x, T) — uo ()Y (x, 0)] dx

/ / Gu)(Vy,v)do dr,

T
/ f 7,ou8,1ﬂdxdt:—[ __pupdx. (3.3)
0 Jo\S¢ 2\SF

It is easily seen that (3.3) when § — 07 yields

—/ 7,0u(x,r)dxdt:—/ __pupdx.
22\S¢ 2\85¢

Letting ¢ — 0T, by the monotone convergence theorem we get the conclusion. O

hence

LEMMA 3.2 Let the assumptions of Theorem 1.1 be satisfied. Then there exists a minimal positive

solution W to the equation
AU = —pug in £2. (3.4

Moreover, W € C(£2) and W = 0O on S.

Proof. For any ¢ > 0 let W, be the solution to the problem

AU = —pug in 2\ S°,
{ U=0 in A%, 3-5)
By the strong maximum principle we have, for any ¢ > 0,
We >0 in 2\ S°. (3.6)

This implies thatif £ > &5 > 0, then Wy, is a solution, while Wy, is a supersolution, to the problem

AU = —pug in 2\ S,
U=0 in A°1.

Thus, again by the maximum principle, we infer that for any 1 > &2 > 0,

We < We, in2\S%. 3.7)
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Observe that, since supp uo N S =@and p € C(£2), there exists (see e.g. [PPT]) a supersolution
V e C*(S%) N C(£2) (for ¢ > 0 sufficiently small) to equation (3.4) such that V > 0 in £2 and

V=0 onS. (3.8)

In particular, V is a supersolution to problem (3.5).
Thus by comparison principles we have

We <V inf2)\S. 3.9)

By usual compactness arguments, there exists a subsequence {W;,,} € {W;} which converges
uniformly on compact subsets of 2. Let

W:= lim W, in$2.

m——+00
Then W is a solution to equation (3.4). Moreover, from (3.6)—(3.7) and (3.9) if follows that
O0<W<LV inf2. (3.10)

By (3.10) we see that W € C(£2) and W = 0 on S. Clearly, W is minimal among all positive
solutions to equation (3.4). |

LEMMA 3.3 Let the assumptions of Theorem 1.1 be satisfied. Then there exists a minimal solution
u to problem (1.1); moreover, for any ¢ > 0,

t
/ Gux,7))dt < W(kx) (xe ), (3.11)
0

W being the minimal positive solution to equation (3.4) defined in Lemma 3.2.

Proof. For any ¢ > 0 let u, be the unique solution to problem (2.2). By comparison results we have
0<us < luolloe  in Q.

By usual compactness arguments, there exists a subsequence {u,} < {u.} which converges
uniformly on compact subsets of £2 x (0, 400) to a solution u to problem (1.1). Clearly, u is the
minimal nonnegative solution to problem (1.1).

Define

t
U(x,t) = / Gu(x, r))dr ((x,1) € 0), (3.12)
0

t
Ue(x, 1) := / Gueg(x,1))dr  ((x,1) € Qc).
0

Observe that Ug,, — U in £2 x (0, +00) as m — +o0.
It is straightforward to show that for any ¢ > 0 the function U, (-, t) is a subsolution to problem
(3.5). In fact, by Definition 2.2 we obtain

/ Ug(x,T)Alﬁ(x)dx=/ ,O(x)[ug(xsf)—Mo(x)]lﬁ(x)dx-i-/ y Us(x, ) (VY (x), v) do
£2 29 ¢

0821\

> —/ p(X)uo(x)w(x)der/ Ue(x, (VY (x), v) do
21 321\ A¢

for any £21 and ¥ = ¥/ (x) as in Definition 2.4 and 7 > 0.
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Let {W;,,} be the sequence of solutions to problems (3.5) with ¢ = ¢&,, introduced in the proof

of Lemma 3.2. By comparison results we obtain
We, = Ug, in 2\ S

letting m — +o00 we get (3.11).

(3.13)

O

Proof of Theorem 1.1. Let u be the minimal solution to problem (1.1). From (3.11) we have

Ux,t) <maxW =:C; forany (x,?) € Q;
Q

here U is given by (3.12). Therefore
t
/ / G(u(x, t))dxdr < C;meas(£2).
0 Ja\S¢
From (3.15) we obtain
1+1
/ Gu(x,7))dxdtr - 0 ast— +oo.
t

Fix ¢ > 0 arbitrarily. Since p € L'(£2), we can find £ = £(o) > 0 such that

/,p(x)dx <o0;

moreover, by (H3) we have

o _ .
U< W‘FQG(E) in Q

for some a = a(o) > 0.
Using (3.16) and (3.18) we have

t+1 t+1
f f pudxdr < sup ,o/ f udx dt
t 2\8¢ 2\SF t 2\SF

1+1
< sup p[a —i—[z/ / G(g)dxdr] < sup p(1 +a)o
t 02\S¢

02\S¢ Q\SF

for any ¢ >  for some 7 = (o) > 0. Inequalities (3.17) and (3.19) give

141 1+1 141
/ /,ogdxdr:/ / pgdxdt—i—/ / pudxdr
t Q2 t 02\S¢ t €

< sup p(1+@)0 + uolloco = (sup p(1+a) + lluollos

2\SF 2\SF

Hence equality (3.1) cannot be satisfied with ¥ = u. Then Lemma 3.2 implies the result.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

)0 forany ¢ > 1.

O
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LEMMA 3.4 Let the assumptions of Corollary 1.2 be satisfied; let « € (0, 1). Then the minimal
solution to problem (1.1) satisfies

t
/ G(u(x,7))dr < Cl[d(x)]* foranyx € S¢ (3.20)
0

forsome C > 0,¢ > 0.
In order to prove Lemma 3.4 we will use problems of the following type:
AU =0 inS%\ S¢,
U=0 in A%, (3.21)
U=y inA%

here & > ¢ >0andy € C(A%).

DEFINITION 3.5 By a supersolution of problem (3.21) we mean a function U € C(S% \ S¢) such
that
/ UA1/xdx</ U(Vw,v)do—i—/ y{(V{, v)ydo
2, 3821\ A®

921NAE

for any open set £21 C Sé \ §¢ with smooth boundary, ¥ € C2([2_1), Y > 0,¢% =0in 0£2¢; here v
denotes the outer normal to §21. Solutions and subsolutions are defined accordingly.

Proof of Lemma 3.4. Define

V(x) :=Cldx)]* (x €8

with C > 0, &1 € (0, &9) to be chosen later. For any x € S andi, j = 1, ..., n we have
T = Catdeor 1 29,
832/3(;) = Cot{(oz - 1)[d(x)]0t—28;1_$8§$) + [d(x)]* ! Zz%;g} (3.22)
From (2.9)—(2.10) and (3.22) we get
AV(xX) < Cald)]* Ha =14+ (1 —1DCod(x)} <0 (x € 8), (3.23)
taking &1 € (0, &9) small enough. Choose & € (0, &1) so small that
suppug C £2 \825; (3.24)

then fix mg € N such that ¢, € (0, &) for any m > my.
Consider the sequences of functions {ug, }, {U;, } introduced in the proof of Lemma 3.3. It is
easily seen that for any ¢+ > 0 the function U, (-, t) is a subsolution to the problem

AU =0 inS%\ Sn

U=0 in Af’” (m > my). (3.25)
U=C; inA®
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In fact, by Definition 2.2 using (3.13), (3.14), (3.24) we obtain

/ Ue, (x, DAY (x) dx > —/ p(X)uoiﬂ(X)dXvL/ Ue, (x, T)(V¥ (x), v) do
2 §2 0821\ A¢

Us(x, T)(VY(x),v)do

./a.(z] \(Aem U AF)

L BUSCRT TN
d21NA¢

> Us, (. D)V (), v} do + / C1LVY (x), v) do

/391\(./45'" UA?) 982 1NA?8

for any £21 and v = ¥ (x) as in Definition 3.5, T > 0, m > my; here C; > 0 is the constant defined
in (3.14), and the inequality
(Vyr,v) <0 onds2 (3.26)

has been used.
Set C := C1/&“. Then, in view of (3.23), V is a supersolution (in the classical sense) to problem
(3.25). By comparison results we have

U, (x) < V(x) (x € SF\S™).

Letting m — 400 yields the result. O

Proof of Corollary 1.2. Let u be the minimal positive solution to problem (1.1) introduced in
Lemma 3.3. Fix any o > 0. In view of Lemma 3.4, since p[d(x)]*/™ € L'(§2) we obtain, for any

t >0,
+1 1+1 r+1 1/m
f / u,odxdté/ ,o[f udr]dxé/ p[/ u'”dri| dx
' e e t e t

< c‘/'"/ p()[dX)]*™Mdx < o, (3.27)
Ss

choosing ¢ > 0 small enough. Repeating the proof of Theorem 1.1, using inequality (3.27) instead
of (3.17), yields the conclusion. O

4. Proof of Theorem 1.3
Proof of Theorem 1.3. (i) Let ¢ > 2. Define

1 1/(m—1) R
} = FUOD (e ) e S x [0, 400),  (4.1)

o 1) = [a T d@) (b + 1P

+

wherea > 0,b > 0, 8 >A1 are constants to be fixed. Take & € (0, o) such that suppug C £2 \5.
Let NV := {(x,1) € 8 x [0, +00) | ¥(x, t) = 0}. Choose

A —1.
a>3/&+ uollss s (4.2)
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thus
d(x) < &/2 forany (x,1) € N. (4.3)
For any (x, 1) € [S? x (0, +00)] \ NV =: D we have:
aﬁ(x’ l) — ﬁb [d(x)]fl(bt + 1)7ﬁ7]F71+]/(WI71)’ (44)
ot m—1

OO _ 7 ptyon=0) gy 4 1)~y -2 22 (4.5)
dx; m—1 0x;
*{[v(x, D"} _p| FTHMm=D p _40d(x) 3d (x)
0x;0x; T m—1 (br +1) { m— 1 (bt + D )1 ox;  0x;
+F1/(m—1)|: 2Ad )] 3d(X)d(x) T ld )]_zazd(x)“ “6)
dx; 0x; ax;ox; |}’

herei, j = 1,...,n. From (2.6), (2.7), (4.4), (4.6), we obtain

v ~
px) s = Af[vx, 01"}

[ciix)] l(b {4 1)-F—1 pm1+1/ = “{bﬂp(x) nil(bt+1)_ﬂ+l[d(x)]_3}
forany (x,1) € D. (4.7)
By (4.7) and (1.5),if 23,8 > 1,b > Cﬂ( 1),then
00— A" >0 inD. 4.8)
Now suppose a € (2, 3). Define y := 5~ and take 8 > %1 = ﬁ Observe that
[d(x)]_l/y <a'l” (bt + DPIY. 4.9)

Inequalities (4.7) and (4.9) yield, for any (x, t) € D,

pX)3V(x, 1) — A{[v(x, )]}

[d(x)]7!

bt + 1)=F+!
> 8 (bt—i—l)ﬂlF 14+1/(m— 1){,3b()—m( +1)

: [d(x)]—l/y—3+1/y}

1
[d(x)] WOT b 4 1)=p=1p-14+1/m=1)

- {ﬁb[d(x)]—3+1/V — —l(bt + 1)—/3+1+/3/Va1/y[d(x)]—3+1/V} >0, (4.10)
o

taking b > A 71)a1/)’, for 1 — 8 + B/y < 0. Furthermore, observe that

V@™ =0 indN N Q. “4.11)
Define

1

1/n—1) A
W] ((x, 1) € (22 8%) x [0, +00)) (4.12)

(x,1) = |:a —
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(notice that, due to (4.2), a — m > 0). Clearly,

P30 — AD™ =0 in (2 \ S?) x (0, +00).
From (4.5) we have
(VI™), vg) = (V@™), Vd(x)) = (V(@™),v3) =0  in A® x (0, +00),

where v; is the outer normal to S¢ at A%,
Define .
(. 1) = {T)(x, 1) if (x,1) EASS x [0, 4+00),
o O(x, 1) if (82 \ §%) x [0, +00).

In view of (4.2)-(4.3), we have v € C(£2 x [0, +00)) and
v(x,0) = up(x) (x € 2).

4.13)

(4.14)

(4.15)

(4.16)

We claim that v is a supersolution to problem (1.1). In fact, take t > 0, £21 and ¥ as in

Definition 2.1. By (4.8), (4.10), (4.13) we have
T
/ / {pd;v — AWM} dxdr > 0.
0 J8£2

Hence, due to (4.1) we get

—fr/ pva,wdxdt+/ plv(x, DY (x, 1) — v(x, 0)y (x, 0)] dx
0 21 2

4.17)

T T
—/ / AA(ﬁm)l//dxdt—/ / CAG@E™) Y dxde > 0.
0 91\38 0 (21085

Then, integrating by parts, using (4.1), (4.3) and (4.11) we obtain

—/T/ pvatl/fdxdt—i—f plv(x, HY(x, 1) —v(x, 0)¥(x,0)]dx
0 21 2

T T T
—/ f ﬁ’”Awdxdt+/ / " (V, v)dadt—f / 0" (Vfr, v3) do dt
0 J2\S¢ 0 J302\S¢ 0 JANR

T T
—/ / AﬁmAl//dxdt—/ / (V(@™), vp)r do dt
0 21NS¢ 0 AEN$2y

T T
+ / / 1" {(Vy, vz)do drf + / f "V, vydo dt > 0.
0 JANZ 0 Jaanst

Therefore, from (4.14), (4.16), (3.26), since v € C(Q), we get

/ {pvo, Y +v" Ay} dxdr < / plv(x, DY (x, T) —uo(x)¥(x, 0)] dx
0 21 21

T
+/f V" (Vi v) do dt.
0 0821

Hence the claim has been proved.
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Now, let u be any solution to problem (1.1). Let u denote the minimal positive solution
to problem (1.1) considered in Lemma 3.3, and for any ¢ > 0 let u, denote the solution to
problem (2.2). By uniqueness results (see [P2]) we deduce that

u=u inQ. (4.18)

Observe that the claim above implies that v is a supersolution to problem (2.2) for any ¢ > 0.
Hence by comparison principles, for any & > 0,

us <v in Q. (4.19)
This implies that u < v in Q; thus by (4.18) we deduce
u<v inQ. (4.20)

Since supp v(-, t) is compact for any ¢ > 0, by (4.20), also supp u(-, t) is compact for any ¢ > 0.
Moreover, (4.20), (4.12), (4.15) and (4.1) imply (1.6).

(ii) Let & = 2. The result follows by arguing as in (i) above, replacing the definition of v in (4.1)
by the following:

B(x, 1) = |:a } = FYm=D " ((x, 1) € 8 x [0, +00)),
+

d (x)ePt
where a > 0, b > 0, 8 > 1 are constants to be chosen appropriately. O

REMARK 4.1 Observe that when 2 is a bounded interval of R or, for instance, 2 = Br(xg) € R”"
(n > 1) for some xop € R"” and R > 0, then the distance d(x) (x € §2) can be explicitly computed,
hence the proofs of Lemma 3.4 and Theorem 1.3 become more direct.
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