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Distributional equation in the limit of phase transition for fluids
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We study the convergence of a diffusive interface model to a sharp interface model. The model
consists of the conservation of mass and momentum, where the mass undergoes a phase transition.
The equations were considered in [W3] and in the diffuse case consist of the compressible Navier—
Stokes system coupled with an Allen—Cahn equation. In the sharp interface limit a jump in the mass
density as well as in the velocity occurs. The convergence of mass and momentum is considered in
the distributional sense. The convergence of the free energy to a limit is shown in a separate paper.
The procedure in this paper works also in other general situations.

2010 Mathematics Subject Classification: Primary 82B26; Secondary 35Q30.

Keywords: Compressible Navier—Stokes equations; phase transition; sharp interface model.

1. Introduction

We show by an example how phase field models converge to problems with sharp interface.
Although we are interested in flow problems connected with phase field equations, we think that
the approach introduced here is quite general, and applies also to other situations. Flow problems
as considered here are treated in [AR], [AF], [DG], [FG], [LW], [LT] and existence theorems were
achieved in [Ab], [AR], [LS], [R]. This shows that the underlying system of differential equations
is of main interest.

The phase field model (see Section 3) is governed by the compressible Navier—Stokes system
and the Allen—Cahn equation with a parameter § > 0. It models the interactive flow of a mixture
of two different materials. Therefore we have two mass conservations for the two masses, and one
momentum conservation for the sum of the two masses. The sum of the two mass conservation
laws results in conservation of the total mass, that is, the sum of the two masses. Together with the
momentum equation this is the compressible Navier—Stokes system. As remaining law we do not
pick the difference of the two mass conservations, but instead we use the second mass law. This
turns out to be the Allen—Cahn equation, which is the second equation of system (3.1) below. The
first and third equations of (3.1) are the above mentioned compressible Navier—Stokes system.

The purpose of this paper is to take the Navier—Stokes/Allen—Cahn system and to study its
limit behaviour as § — 0. We show that in the distributional sense the equations converge. For
explanation of these concepts we refer to the appendix.
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The sharp interface problem concerns two fluids occupying £2,' and .Qtz separated locally by a
free boundary I'; (see Section 2). The two components interact on I” by mass transfer with a reaction
rate T5. In fact, such an interface might be a thin layer, but looking at the phase transition from a
certain distance, the transition zone will appear as a surface I".

Therefore, mathematically we consider the limit as § — 0 (see the proofs in Sections 5 and 6).
In the case § > 0 the independent variables are the two masses ,031 and pg, and the velocity v. With
p=0p g + ,og we have the following conservation laws for the two masses and the momentum:

o3 + div(psv) = 75,
3 ps + div(psv) = —Ts, (1.1)
9; (pv) +div(pv®v + I15) = 5.

The quantities T5 and I15 and how they depend on § are explained in Section 3, together with the
mass equations in an equivalent form for p and ¢ := (1/ p)pg, which we treat as order parameter,
since the free energy depends on V.

It is shown in Sections 5 and 6 that under suitable assumptions the quantities under the
derivatives converge pointwise to quantities in 2, m = 1,2, and I". These assumptions contain
the special form of g,

8 b
5= na(p,¢>)5—fs, ns(p, ) = 10 P
¢ ) (12)
1 |Ve? '
fs = ng(cﬁ) + 6h(p) > +U(p, d),

where the §-scaling is essential.
The basis for this convergence is the distributional formulation, which requires the measures
W om and p - defined in (2.3). We arrive at the following set of equations:

h(p'mg) +divip'v' pon) =T,
3t(,02llv92) + diV(szzl‘Lﬂz) =-—Tur, (1.3)
3z(z pmvmy,_qm) + diV(Z(pmvm@)vm + T pon + Hsy,r> = Zt""u.gm,
m m m

where
T’ =—-yI—-v®v)
with v := v51 = —V2, and where the surface tension y is given by
00 RO @0 RO
y = / h(RY) — 2RLP) enRDY o p0p g
oo a(RY, @% 2

00 az(RY 0, @10) en(RY0)
= / (h(Rg/IO) - Mo >|a,¢>1°wo|2dr
—00 a(RM(), (pMO) 2

=yM%, M°=p"A'=p%2 onrI
(see Section 6), where 1! and A2 are defined in 5.3. For the reaction rate T there is no additional
formula except T = MY, so that it is defined by the distributional equation

3 (Z pmum) + diV(Z o v’”um) =0
m m
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via the strong equation
._ 1,1 _ 2,2
T:=—p (v —vr)evor =+p°(v"—vr)evy onl.

All other quantities are explained in 5.2 and 6.2. We mention that the standard way to describe the
weak formulation of such problems makes use of test volumina (see e.g. [K], [S], [JR]). But we
think that the usage of test functions is a more elegant way to formulate the system.

Besides these distributional equations there are additional boundary conditions at the
interface I". They are derived in Section 7 and can be written as

1 2
Vian = Vian»
o' =g1(p'Ah, (1.4)

0% = g2(p*2%),

with g1 (M) := RY,(—00) and g>(M) := RY,(+00).

With these boundary conditions the description of the limit problem is complete, that is, the
problem is completely determined by (1.3) and (1.4).

There are also equivalent forms of these additional conditions in (1.4); one version is given by

1 _ .2
vtan - vtan’

W' =—vHev=0, ©=woM’), (1.5)
G(p', p?) =0,

which one can find in Section 7.
The corresponding strong version of the above distributional equations is

9 p" +div(p""") =0 in2", m=1,2,

/ol(v1 —vr)evol + ,02(1)2 —vr)evoo =0 onl,

o (™™ +div(p™v"" V" + M) =" in2", m=1,2,

div IT* = Z(pm(vm —vr) evomv™ + IMMvgom) on T,

m
where the last identity is the Delhaye condition [Del], which can also be written as
—yir —Vy =M% =Yy — 1> =Ty, M= p'al = p2A? (1.6)
taking the Laplace formula into account. This can also be written as
Vvly = ((1* = IY)an, -y krev+ M0 =Y = —veT? — M.

Altogether, one describes the limit problem with conditions at the interface containing quantities,
here y, g1, and g, which are described by the inner coordinate to the problem.

Therefore the phase field model enables one to derive and describe constitutive equations for the
limit problem.
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2. Sharp interface problem

We consider the interface problem in the distributional sense, since then it is in its natural form.
This is because the space-time divergence, that is, d; and div, is an operation that really acts on the
test function. Here the distributional formulation is also appropriate, because the interface comes by
taking a limit of phase field equations (see Section 3).
The problem lives in a local domain £2 C R x R” (for physical reasons one has to set n < 3, but
in this paper # is arbitrary), which consists of two domains £2! and £2? and a smooth interface I,
that is,
=2'urun’ 2.1

We assume that I" is timelike, so that 2, = £ U I'; U £2? for each ¢ with a smooth surface
I;:={x; (t,x) e} 2.2)

Here I is the time slice of I, and £2' and £2? are defined in the same way. We define measures
pon(E) :=L""NENQ™), wurE):= / H' '({x € I; (t,x) € E}) AL (). (2.3)
R

Note that |

pr=—F——
V1+or?

where H” L I" is the n-dimensional Hausdorff measure on I", and v is the normal surface velocity
on I". We consider mass and momentum equations in the distributional sense, that is, the mass
equations read

H'LT, 2.4)

(" pom) +div(e" v uon) =t"uyr  for m=1,2, 2.5)
' 42=0 (@:=t'=-1%, .

and the momentum equation is
o (Z ,OmUmlL_Qm) + div(Z(,omvm@vm + T pon + HS;LF) = Zf’"p,_qm +fur. (2.6)
m m m

This means that there is no mass at the interface, but there is a surface tension tensor I7° on I". These
equations are equivalent to versions in the strong sense (see [Al, Section 2]). By this we mean the
mass conservation

0; 0" + div(p™v™) =0 in 27,

2.7
-7 = ,ol(v1 —vr)ev = ,02(1)2 —vr)ev onl (V:i=vo1 =—Vvg2),

where v is the outer normal of £2™ and v is the normal velocity of I” (it is not a “velocity”, but
rather a “normal velocity”), and the momentum equation

o (Z pmvm> + div(Z(pmv’"@vm + 17'")) =0 in 2™,
n n

2.8)
divi 1* = + me(vm —vr)evom v 4+ Zﬂmvgm on I
m m
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The last equation on I is the Delhaye interface condition (see [Del]). Another version of this
condition in the situation of this paper is presented in (1.6).

Besides these interfacial conditions given by the distributional equations we have to assume
additional conditions on the interface to ensure the existence of a unique local solution (see for
example (1.4) and (1.5)). For a phase field model this additional information is included in the
8-equation. These equations have to be extracted in the limit procedure; this is done in Section 7.

3. Phase field problem

In [W2] the flow of a mixture of two different materials has been considered, which is governed by
the compressible Navier—Stokes system and the Allen—Cahn equation. It can be written as

9o + div(pv) =0,
p(0rp +ve Vo) =—15, (3.1
3 (pv) +div(pv®v + I15) = fs,

where the term fs is an external force and is there for an arbitrary observer (see e.g. [Al]). The
reaction rate T4 fulfills (3.8) below, and I7s is given by (3.5). The unknown functions p(t, x) > 0,
¢(t, x) € R, and v(¢, x) € R" denote the total mass density, the mass fraction, and the velocity. We
write

pi=pi+pi. s =pi/o. O =pi/p. b :=05.

| i (3.2)
ps =0 —¢¢)p, p5=dp.

This means that the mass densities (,oal, pg) are equivalent variables to (p, ¢). The reaction
rate T5 is a function of (p, ¢, Vp, Vo, D2¢), and the total tension tensor [7s is a function of
(p, ¢, v, Vo, Dv). The dependence on V¢ can be understood as a dependence on a certain linear
combination of the gradients of p ; and pg, since

¢ = ;(‘Pa ps — &5V ps)-
The system can be written as the mass conservation for each mass and the momentum conservation
for the total mass:

s + div(pjv) = Ts,
3oy + div(pjv) = —5, (3.3)
9 (pv) +div(pv®v + I15) = f5.

So far the system has rarely been treated mathematically. In this connection we refer to [HS], [W1].
Concerning the systems we state the following

3.1. THEOREM With definition (3.2) the system (3.1) is equivalent to (3.3).

Proof. This has been shown in the appendix of [W2]. The conservation of momentum is the same
in both systems. The sum of the first two equations of (3.3) gives the conservation of the total mass.
The first equation of (3.3) reads 9;(p¢) + div(p¢v) = —T 5 and conservation of the total mass turns
itinto p(9;¢ + v e Vo) = —t5. O
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The quantities T5 and I7s are defined in the general case by the internal free energy density

s = fs(p, ¢, Vo) (3.4)
and besides (Dv)S by the Lamé coefficients aj (o, ¢) and az(p, ¢). The tensor ITs has the form
IIs =P —S§, 3.9

where IP is determined by the internal free energy fs, containing the pressure py;,

P=P(p,¢.V9) :=ps [+ Vo f5rvy, (3.6)
and the stress tensor
S =S(p, ¢, (DV)S). (3.7)
The mass transition rate T is given by
8fs
5 = T5(p, ¢, Vo, Vo, D’¢) :=ns(p, 93" (3.8)

The variation of a function g depending on (p, ¢, V¢) with respect to ¢, and the pressure pg, are
defined by

g .
36 =gy —div(givg), Pg:=pg)p — & (3.9

Here g/, and g/v4 denote the derivatives of g with respect to the variable p and V¢ (no new notation
is introduced for these variables). The total free energy f includes the dynamical part and is given
by

f=rlo. ¢, v, V¢)=fa(p,¢7v¢)+§lv|2. (3.10)
For the total free energy f the following energy identity has been shown in [W2].
3.2. THEOREM The total free energy f defined in (3.10) together with the free energy flux
Vo= fo+ v —dfrvg
satisfies

1 6
atf+divw—vof5=——15£—DU:S<0. @3.11)

p 8¢
Here for the inequality the assumptions in 3.3 are required. For every function g the total derivative
is defined by
g:=0;+veV)g=0,g+veVg.

Proof. Let (p, ¢, v) be a solution of system (3.1) (or (3.3)). For the dynamical part one computes
1 1
8t<5,0|v|2> + div(§p|v|2v + H(;Tv> =vefs+Duv: ;.
Then for a general total free energy flux ¥ with ¢ = fv 4+ ¥ and f as in (3.10) one obtains

. 1 . 1
W f +divy = a,(fa + 5p|v|2> +d1V<f5v + §p|v|2v + %)

= 0, f5 + div(fsv + Yo — [1{v) + v e fs + Dv : IT;
= f5 +div(yo — IT{v) + v e f5 + Du = (f51+ ITy).
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Now, for the free energy one gets
fs = fspb+ fsupd + fsrvg e (Vo)
= fsph + fsp® + f5vp © Vo —Dv : (VO® fsrvp)
= fsph + (fsp — div(fsrve))d + div(d fsvs) — Dv : (VO® f3rv).

Therefore, using definition (3.9), one finally obtains

8 f +divy = div(Yo — I3 v+ fyrvg) + v e fs + fspp + % ¢
+Duv: (51— VR fsrvg + Is).
Inserting p and ¢ from the mass equations, that is, p = —p divv and pq'ﬁ = —74,0ne is led to
8fs

. 1
O f +divy = div(o — v+ ¢ fyrvg) +vefs — 2%

+Dv: ((fs — pfsp)] — VO® fyrvg + ITs).

Now, if the free energy flux v is chosen as in the assertion, and if the tensor I7; is defined as in
(3.5) and (3.6), one ends up with the identity (3.11). The inequality comes from 3.3 below. O

Let us now introduce the special representations for S and fs. The stress tensor S in (3.7) is linear
in (Dv)S and given by the classical formula

S:=ai(p,¢)diveI+ az(p, ¢)<(Dv)s ! divvﬂ) (3.12)
n

with Lamé coefficients a; and a; depending on the mass quantities, that is, p and ¢. For the free

energy density f5 we consider the following representation:

Vol
2

1
f5(p.$.9) i= 5pW (@) + 8h(p) =2 + U (p. $).
Up(p.0)=0. Upy(p.1) =0,

W has two local minima at O and 1.

(3.13)

There is no assumption on the values of W (0) and W (1). The first variation with respect to ¢ is

S 1
(S—J;S = E/OW@(@ — 8div(h(p)Ve) + Py (p, P). (3.14)

The function W depending on (p, ¢) stands for a “double-well potential” and has two local minima
in ¢ at ¢ = 0 and ¢ = 1. The data fulfil the following three assumptions.

3.3. LEMMA The entropy condition is satisfied if
ns >0 and a; =0, ap > 0.

We assume the stronger conditions ns > 0, a; > 0. Hence we consider Newtonian flows in this
paper.
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4. Asymptotic expansion

We consider the case that the phase change happens in a small region around a smooth timelike
surface I, that is, we assume that I" is at least a C>-interface. In a neighbourhood of I" one
introduces coordinates

(t,x) =(,y+drv(t,y)) with (t,y)el,r eR, “4.Dn
where v = v1 = —vg2 on I'. One considers a neighbourhood of I" given by
s :=A{@t, y+sv@t,y); @, y) €T, |s| < esh (4.2)

where g5 is chosen so that the solution outside the set I's converges towards the outer solution in the
open sets 2! and 22, that is, the total domain is decomposed into the three sets

e=lunyuRl=2'vruoe?

where .Q_g” converges to 2™ locally in Hausdorff distance, and also I'y converges to I" locally in
Hausdorff distance (see Appendix, (A3)).

After the set [y is stretched one has to consider in the (¢, y, r)-coordinates with (¢, y) € I" and
r € R the inner expansion, which in our case satisfies the equations (4.5)—(4.7) below. Therefore
gs —> 0asé — Oandrs := (1/8)es — oo as § — 0. Also we define

I;:={x; (t,x)erl}. 4.3)

In a phase field model the function ¢ stands for an order parameter depending on § > 0, here for
the equations (3.1). Depending on this function we define for small ¢ > 0 and all ¢ an interfacial
region

Vse(t) :={x; e <@t,x) <1—e¢}, Vse:={x); xe€Vs0)} 4.4)

In the limit § N\ O for each ¢ > 0 the set V; . approaches the interface I". This is because ¢ — 0
pointwise in 2! and ¢ — 1 pointwise in 22, therefore Vs.e C I's for small enough §, if ¢ is fixed.
Let x € I's. We denote by P;(x) the projection of x onto I;. The function s(¢, x) denotes
the signed distance from x to I, with s < 0 in 2'and s > 0in £22. Since I's ¢ lies in a small
neighbourhood around I, we assign to each point (¢, x) € I's a unique pair (y(¢, x), r(¢, x)) by

1
y(t, x) = P(x), r(t,x):= gs(t,x),
—dist(x, I}) for (¢, x) € 21,

s(t,x) = )
+dist(x, I7) for (, x) € £22.

With these definitions we calculate some first and second derivatives of the transformation:
Vs(t, x) = v(t, P(x)),
0 (Pr(x)) = vr(t, P(x)) + O@),
os(t,x) = —vr(t, P(x)) ev(t, P (x)),
D%s(t, x) = DT v(t, Pi(x)) + O(5),
trace(D%s(t, x)) = As(t, x) = —k(t, P,(x)) e v(t, Pi(x)) + O(),
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where the differential operators D/" and 3! for a vector function w are defined by

n—1
D w(t, y) ==Y (@Oqw(t, y)®w, 9 wt,y) = @ +vr,y) e VIw,y),
k=1
where 4, k = 1,...,n — 1, is an orthonormal system of the tangent space to I'; at y. The vector

vem (¢, ¥) is the unit outer normal vector to I at y with respect to £2/", and v = v1. The function
vr(t, y) is the normal velocity vector of I} and k- (z, y) is a normal vector denoting n-times the
mean curvature of I} at y.

Now we write the functions in the new coordinates (z, y, r) as

p(t,x) = R(t, y(t, x), r(t,x)) = R(t, y(t, x), §5(1, X)),
G(1,x) = P, y(t,x), r(t,x)) = P, y(t, x), 55, X)),
v(t,x) =V, yt, x),r(t,x) =V, y, x), %s(t,x)).

In [W2] the equations (3.1), that is, the mass conservation, the momentum conservation, and the
Allen—Cahn equation, in these new inner variables are shown to be equivalent to

éa,(RA) =3l R +divi (RV) + O(3), (4.5)

R.®),
L) (kW' (@) — b, Ry 2)

= RA3® — no(R, ®)(Wis(R, @) + k1 o v h(R)3, D) + OB),  (4.6)

1 |0, ®|? 1
3 dr| en(R) 5 v —0,(aod,V ev)v — 0, EazarV

|9, ® >

=3, (RAV) — 3 (py)v — vf(ph ) — 3 (h(R)3, @V @)
+kr o v h(R)|3,®@%v + VI (@d,V ev) + d,(@@divi Vv

1 1 1
+ divl <5a2v®a,v> + a,(zazvf V>v — K[ ev zaza,v +06), @7

where
A:=@r—V)ev,
1
ns(p, @) = 5770(,0»¢), (4.8)
n—2 _ 1
a:=a;+ ar, a:=a — —ap.
2n n

The term O(8) in (4.5)—(4.7) indicates that there are additional terms in the equation, which are
estimated by 8. In [W2] it is further shown that if one takes the inner expansion in §,

R, y,r) =R, y,r)+ SRz, y,r) + O(?),
D(t,y,r) =%, y, )+ 80 (1, y, r) + OB,
Vt,y,r) =V, y,r)+ 8V, vy, r) + O,
where RO, RY, <D0, @l VO, V1 are bounded functions,

(4.9)
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one derives from the equations in (4.5)—(4.7) the corresponding equations for (RY, 9, v9) and
for (Rl, dl, Vl), which are linear equations in (Rl, @l Vl) with coefficients depending on
(RY, @9, v9) (see [W3, Section 8]). Higher order equations are not required for the purpose of
this paper.
We assume an outer expansion, for (t,x) € 2™, m =1, 2,
p(t, x) = pp, (1, X) +8py (1, ) + O,
¢, x) = dp (1, %) + 84,1, ) + OF),  with¢) =0, ¢3 = 1,
u(t, x) = v (1, x) + 8v) (1, x) + O, 4.10)
fs = £ + O(3),
0

where o0, pl ¢l v vl f, are bounded functions.

Besides this, for the values of the expansion of (R, @, V) there are boundary conditions at
r = =o00. These conditions come from the fact that in the region §r = s ~ +es we have, for
example for the values of v, the identity

V(t,y,r)=v(t,y+8rv(t,y)). “4.11)

This identity implies, with the inner expansion (4.9) and the outer expansion (4.10) at x = y +
drv(t, y), that

VOt y, r) + 8V, y, r) + OB = 03(t, y + 8rv(t, y)) + vy (t, y + 8rv(t, y)) + O?)
for r > 0, and analogously for » < 0. Now set r = rs,
VOt, y,r5) + O(es) = v3(t, y + e5v(t, y)) + OF), 15 — +00, &5 := rs — 0as § — 0,
and obtain, as § — 0,
VOt y, +00) =03t y). VOt y, —o0) = vz, )

(the second identity follows in the same way). Similarly taking the derivative with respect to r in
(4.11) one gets
OV (t,y,r) =58, y) e Vult,y +drv(t, y)), (4.12)

from which one deduces, by the same procedure as above, that 3, V°(z, y, 00) = 0 and
0, V(t, y, —00) = W(t, y) e VIV)(1,y), 3, V'(t,y, +00) = (v(t, y) @ V)V3(t, y).

In the following sections we write v™ := vﬁl for m = 1, 2. The same holds for R and &.

5. Mass conservation

The mass conservation for pg = p¢ in (3.3) is

0 (pp) + div(ppv) = —7s,

5 9
ra=na<p,¢>5—’2, na(p,as):%"”, no(p. @) > 0.
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In the distributional formulation this reads
/Q 3£ (0$) + VT » (ppv) — CTp) AL = 0 5.1)

for¢ € C(‘)’O(Q; R). The formulation of the mass conservation for pg = p(1 — ¢) looks similar (see
the first equation of (3.3)).

We consider two classes of test functions in (5.1). The first choice gives as a result the ordinary
differential equations one has to solve in the inner expansion. This result is then used in the second
choice of the test functions. These test functions are chosen as functions of the global variables.
Therefore one gets the equations of the outer expansion, and in addition a distributional equation
across the interface. We show the following results when § — 0, where the first result yields the
1/5-term at the boundary.

5.1. THEOREM Assume (4.9) and (4.10). Then for (¢, y) € I" we have in local coordinates
ROW'(@%) — 8, (h(R%)3,®°) =0 forall r € R.

This theorem is the version of the usual theorem on the zeroth order @° of the phase field. It is
necessary to show the following result.

5.2. THEOREM Assume (4.9) and (4.10). Then as § — 0 the solution converges pointwise in the
sense of distributions (see Appendix, (A1)) as follows:

p¢)Ln+l N ,OZILQL p¢vLﬂ+1 N pzvzﬂgz’ T(SLn+l N Tﬂ[‘y
where
400
T :=f no(R%, @) (R'W'(@%) + ROW" (0! — 3, (W (RO)R'3,0°)
—00
— 3, (h(R")3,@") + kr o v h(R")3,®° + Wi, (R%, 7)) dr.

Therefore the limit equation is

% (p°me2) +div(p* v ) = —Tpp.
Similarly one obtains the limit for the mass p! in 2! (see the end of this section).

The value of t is uniquely determined, as shown in Section 8, but we have not been able to
derive a constitutive equation for it, except

—+0o0
T = MO/ 8,@%dr = M°,

o0

which comes from inserting the definition of (R!, @'). Therefore this seems to define an arbitrary
quantity T given by the distributional equations only. This is in analogy to the arbitrary pressure
value in the incompressible limit of the Navier—Stokes equations.

For the proofs we use local and global test functions.
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Local test function ¢

With the choice of a local test function ¢ = & with a C3°-function & around the free boundary we
derive the well known first equation of the inner expansion (see (5.1)). This yields the 1/§-term in
(5.1). Explicitly we choose

¢(t,x) =8, y,r), x=y+drv(,y), (5.2)

where (¢, y) € I',r € R, and v = v52. The support of r = &(t, y, r) is contained in a fixed interval
[—rg, rel, so that [—rg, rg] C [—rs, rs] for small § > 0. We compute the derivatives:

0c =078 — Sur e vdE +OG),
‘3] (5.3)
ve=vlg+ Earsv + 0(9),

and we get, if § is small,

fg (3¢ - (p¢) + VE » (ppv) — £T5) dx dt

+es 1
-1/ {/(afs-p¢+vfs-<p¢v>—éra+gars~p¢<v—vp>-v
R I

—&5

+ O(S)Xsuppé)(l + O(s)) dH"~! (y)} ds dr
+rs r r 3f8
= / / { / (8(3, £ p+ VIE e (ppv) = Eno(p, §) <2+ :E - P —vr) v
R J—rs Iy ¢
+ O<62>xsuppg><1 + O(5)) dH" ! (y)} dr dr

+rs 1
=// {/ (E’)O(P,fﬁ)(—ng’((P)+5div(h(p)v¢)+g/,¢(p’¢))
R J—rs I
+ O(I)Xsuppé>(1 + O(5)) dHn_l(y)} dr dt

+7
é/ﬂ{/ 5{/F (SUO(RO’ Q)O)(—ROW’UDO)~|—8r(h(R°)8rq§0))
—rs .

+ O(a)Xsupps)(l + O(9)) dHn_l()’)} dr dr

+r,
RJ—rs JI

Then it follows that the 1/6-term vanishes as § N\ 0. Since £ is arbitrary, using no > 0 one gets the
identity in Theorem 5.1.

Global test function ¢

We now choose test functions as functions of (¢, x). Since we claim that the terms converge in
the sense of distributions, we have to choose independent test functions « € C(‘)"’(.Q; R) and 8 €
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C°(82; R™). We obtain
fg(oepcﬁ + B e (ppv) —¢Ts)dx ds

=/92(0l,0¢+ﬂ°(,0¢v))dxdl+ F(Olp¢+,3°(;0¢v)—ETa)dxdt-i-O(l). (5.4
) )

Here we have used the particular form of t5 and that ¢ & 1 on 5282, ¢ ~ 0on .(251 for 6 Ny 0. This
implies that Ts = o(1) in £2 \ I's. Since p and ¢ are bounded and pointwise convergent with respect
to the Lebesgue measure, we obtain further

/ (@pd + B o (ppv)) drx df — / (@ + B o (o20))) dx dr,
22 22

/F (0o + B » (pgv)) dx df = O(e3) — 0,
§

for § Ny 0. And the 75-term converges to

5
s 4y s
8¢

1 1
= /F ano(p, ¢)(3,0W/(¢) —8div(h(p)Ve) + ¥ (o, ¢)> dx dr
8

1
KTadxdt=/ ano(p,qb)
T

T

+7s
=// c(o(R® + 8R', @0 + 501 + O(8%)
RJ—rs JI;

) {%(ROW’(dﬁO) — 3 (h(R"3,0°))
+ (R'W(@°%) + ROW" (@) 0! — 3, (R R, 07)
— 3, (h(R")3, @) + «r o v (R, ®° + Wi, (R, 7)) + 0(5)}

(1 4+ O(eg)) dH" "' (y) dr dt.

Thus, due to identity (5.1), we see that the 1/§-term vanishes and that the expression for § ~\, 0
converges to

+o0
/ / ¢ / no(R%, @°)(R'W'(@°) + ROW" (@) @' — b, (W' (R)R' 9, 0°)
RJIG —00
— 3 (h(R")3,®") + k0 v B(R")3,®° + W) dr dH" ' (y) dt,

which is the result of Theorem 5.2.

The two mass equations
The strong version of the equation in 5.2 is

atp2 + diV(,OZUZ) =0 in 92’ (5.5)
T=p2(1)2—1)]").l)92 on [ .
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For p! we obtain an analog with 4 on the right hand side,

d(p' mgn) +divip'v'pwg) =Tur, (5.6)

or equivalently
ap' +div(ip'vh) =0 in 21, 5
1:+,01(v1—vp)ov91=0 onl. '

From (5.5) and (5.7) we conclude that

2
> P"W" —vr) evgn =0 (5:8)
m=1
on I or
,ol(v1 —vr)ev = ,02(1)2 —vr)ev (V=1Vvo1 = —Vp2).

This identity belongs to the conservation of the total mass, which in the distributional sense is the
sum of the conservation of the individual masses and reads

0 (3 " ) +div(Y 0" gn ) =0 (5.9)

The equation for the total mass of the phase field problem, which in the weak sense is

f 3¢ - p+Vee(pv)dL"t! =0, (5.10)
2

has one consequence in local coordinates, which occurs in a different §-term than in the Allen—Cahn
equation.
5.3. THEOREM Assume (4.9) and (4.10). Then for (¢, y) € I" we have in local coordinates
3 (R°A% =0 forallr € R.
The boundary conditions for A% := (vp — V9) e v are (without writing the arguments (¢, y))
AV(—o0) =al:= (vr —vHev, AY(4o0) =22 := (vp —v?) e .

For the proof we use local test functions { = & with a Cj°-function & around the free boundary.
One infers from (5.10) that

0= / ((afg — lvp . ua,s>p + (vfs + la,@) o (pv)) dL !
o B B

+e&
zé// 6{/“”F‘”arf‘R°+3r5V°<R°V°>+0<8>><1+0<s>>dH"—1<y>}dsd,
R

—é&5 I

=+,
/f { (ars-RO-(VO—vr)-v+0(5)>(1+O<6)>dH"—1<y>}drdr.
R

—rs I;

Letting § — 0 one gets

+oo
0:// /aré~RO-(VO—vp)ovdH”_l(y)drdt
RJ—-c0 JI}

and it follows that 3, (RO(V® — vj) e v) = 0.
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6. Momentum conservation
The momentum conservation for v in system (3.3) is
9 (pv) +div(pv®u + IT5) = fs,

where f5 stands for an external term. In the distributional formulation this reads
/(a,; « (V) + V¢ : (pu®v + ITy) + ¢ o f5) AL =0, 6.1)
Q

where we consider vector-valued test functions ¢ € C(‘)X’(.Q; R™). We show the following results
when § — 0. The first result yields again, as for the mass conservation, the 1/5-term at the
boundary I".

6.1. THEOREM Assume (4.9) and (4.10). Then for (¢, y) € I" we have in local coordinates

0 |8,<I>0|2 ~p0 0 0
epn(R)N)——— =a(R’,®7)9, V' ev forallr € R,
where
~ n—1 1
ep:=phy,+h and a:=a + a =a-+ Eaz. (6.2)

This theorem is necessary to show the following result.

6.2. THEOREM Assume (4.9) and (4.10). Then as § — 0 the solution converges pointwise in the
sense of distributions as follows:

pvL" ! — mevmu_qm,
m
(pv®v + ML = Y (0" v @v™ + T™pgn + M,
m
f; L Zf’”um.
m

Here, with ¢! = 0in 2! and ¢ = 1 in 22,
am = py(p™, ™I —S(p™, ™, (V™)) in 2™,
T’ :=—y I—-v®v) onl,

o0
y: / (h(R)[3,®°* — ax(R?, )3, V" 0 v) dr
—00

00 0 0 0
2/ (h(RO) B c;((;o ,;DO)) eh(ZR ))|ar‘p0|2dr (6.3)

B 9] 0 a2(R240’ 451?40) eh(Rg,[O) 0 2
— h(RMO) - = 0 0 |8,<DMO| dl’
—00 a(RMO, QMO) 2

=yM%, M°=p'Al=p%2* onT.

Therefore the limit equation is

8; (Z )OmUmILQm) + diV(Z(pmvm®Um + Hm)[l,_Qm + HS[LF> = mell.gm.
m m m
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The equation (2.6) is satisfied with f* = 0. The strong formulation of this weak equation reads

9 (p"v™) +div(p™v" @v™ + M) =" in2", m=1,2,
divi 1* = Z(p’"(vm —vr) evom V" + Hmv_qm) onT,
m

and in addition the condition /7°v = 0 on I is satisfied by the above matrix IT°. The function y
is the surface tension, which is here given in terms of the local coordinates. We mention that y has
no sign. The second representation of y follows from 6.1. The third representation is in advance of
(7.4) in Section 7. It implies that y is a function of M? alone.

For the proof of the theorems we consider again two classes of test functions, where the different
meaning of these test functions is the same as for the mass.

Local test function ¢

Consider test functions ¢ = & in the special case of local coordinates as in (4.1), that is, £ (¢, x) =
&(t, y, r) with compactly supported function (¢, y, r) + &(¢, y, r), that is, { has compact support
in a small neighbourhood of I" shrinking towards I" when § — 0. We conclude, using (5.3), that

0:]/ (0;2 o (pv) + D¢ : (pvQu + I15) + ¢ o fs) dx dt
RJ2;

+&5
=/ / (3¢ o (pv) + D¢ = (pv®u + Is) + ¢ o f5) (1 + O(8)) dH" ' (y) ds dr
RJ—es JI;

+rs
= / 3/ / ((@ré_lvr o Uar‘é“) o (pv) + (Dré+l3r§®v> : (pv®u+IT5) + & 0fa>
R —rs ﬂ 8 5

(14 0O8))dH" " (y) dr dr.

In a small neighbourhood of I" we compute

8
Oy=P—S=pyl+ Ep,1|v¢>|2]1 +8hVpRVe — (al - a—2> divol — ax(Vo)S
n
1/1 1
- g<§ph|ar@°|2]1 + 18,2 Pvev — (al — a—z)v 09, vOI— Eaz(u@)arvo + a,v(’@v))
n
+O(),

where the coefficients %, aj, and a, have to be taken at the values (RO, CDO). Since the main term is
of order 1/5 we get for the above integral the value

+7s
/ / (0,6 Q@v) : [ dH" ' (y) dr dr + O(1)
RJ—rs JI;

—+r,
:// 8/ 3.& o (ITsv) dH" ! (y) dr dr + O(1).
R I

—rs
Now

1/1 (n—2ay

Ilsv = 5(56“3’@0'2" — <a1 + T

ep = phy+h=pp+2h (py definedin (3.9)),

1
)a,vo eV Vv — 5azarvo) + O,
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and we finally end up with

+o00 ) 1
// / 3£ e (—eh|8 @0 v—( G )a2>8rVoovv——a28rVO> dH"~! (y) dr dr

+ O().

Therefore the 1/§-term has to vanish, that is,

+oo 1 -2 1
ozf/ fa,g. —ep]9, @2V — al+u 3 V0evv——09,V° ) dH" "' (y) dr dt.
R I 2 2n 2

Therefore the term in brackets has to be constant in . But since this term tends to 0 when r — 400,
the only possibility is

1 —2 |
0= 3enld, @1y - <a1 + ("zﬁ)arvO evv— @y vV’ forreR. (6.4)
n

Multiplying this identity with tangential vectors 7 one finds, since a» > 0, that 0 = 3, V% e 7; =
9, (VY e 71), and therefore one obtains the following

6.3. LEMMA We have
3, V" € span{v}, (6.5)
Ve 7x = const fortangential tp, k=1,...,n — 1, (6.6)
where “const” means that this term is independent of r, but of course it depends on (¢, y).
Identity (6.4) with property (6.5) results in the pointwise equation

1 N N —1
Sen (R, @09, 0P =GR, #")9, V0 ev, &= ar + (n = Day 6.7)
n

which is 6.1. Besides this we have, using (6.5), the following representation for ITs.

6.4. LEMMA For (¢, y) € I we obtain for all » € R, at (¢, y 4+ drv(t, y)),
1) 5 a\ .. S
=P-S=pgpl+ Eph|V¢| [+ 6hVoR®Ve — a1 — — ) divvI —ax(Vv)
n
1/1
= g(zph|8r¢0|2]l + 18,0 Pvev — <a1 — a—2>v e, VlI—ave arv%@w) +00)
n

as § — 0, where the coefficients have to be taken at appropriate arguments.

Global test function ¢

For the proof of Theorem 6.2 we compute, for test functions (¢, x) — «(f, x) € R” and (¢, x) —
B(t, x) € R™",

/((xo(,ov)+,3:(pv®v+H5))dxdt=Z/ (o o (pv) + B : (pv®v + My)) dx dr
2 m 95"

(xo(pv)+ B : (pv®V))dxdr + B : [T dx dr.
Iy T
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The first line converges to the desired function, since in 2™,

s = py(p. $)1—S(p. ¢, (Dv)°) + O©)
— py(p™, ™I —S(p™, ™", (Dv™)S) as§ — 0,
where ¢! = 0in 22! and ¢ = 1 in £22. In the second line it is obvious, since the integrands are
bounded functions, that

(e (pv)+ B :(pv®v))dxdr — 0
I

as § \( 0. In the last summand on the right-hand side

+e
,B:Hadxdt=/// "B ) (1 + Oey)) ds B (y)
Iy RJI

—&5

we split the test function into its tangential part and its normal part by

B=8"+Brev, B =) (Bwen,
k

where {71, ..., 7,—1} is an orthonormal basis of the tangent space to I, so that
BT M5 = (Bu) e (Ilsmi) = B = 11,
k
B:Is =Bl : s+ (Bv) e (ITsv) = B : (ITs)" + (Bv) & (ITsv).
We thus get the identity

+r,
,B:H(dedt=// a/ (B IT)(1+ Oey)) dr B () di
Iy RJI

—rs

+rs
_ /R /F / B (IT)" + (Bv) » GMsv) (1 + O(es)) dr dH™ () dr.

—rs
We compute with the help of 6.4, as § — 0,

1
S5y — 5ph|arq>°|2u + h|9,®°1%v — (m - “—2>u 03,V —arved Vo
n

1 -1
_ <§ph +h>|8,q§0|2v _ <a1 n (n )az)arvo —0
n

by 6.1, where the coefficients have to be evaluated at (RO, ®9). This results in the fact that in the
limit the normal component of the flux vanishes. We also derive from 6.4 that as 6 — 0,

(805)" = 815 — (5IT5v)v = SIT5(1 — V)
1
- (5ph|ar¢°|2 - (m — “—2)v . a,v°>(11- V@)
n

a2 (R, &%)

1
= <§ph(R°)|ar¢>°|2 - (al(RO, 2% — -

)v o a,v(’)(ﬂ — V),



LIMIT OF PHASE TRANSITION 549

and therefore

/ B Isdx dt
I

+00 0 @0
- / / (/ <1ph(1e°)|a,<z>°|2 @RV, @0 — BRLPD arvo) dr)
RJIG —00 2 n

B: (I —vev)dH" '(y)dr.

Hence Theorem 6.2 is satisfied with y being the integral over

1 RO, @0
— Eph(R°>|ara>°|2 + <a1(R°, %) — M>v 09, V0
n

RY, @0 RO
= h(R%)[3,0°% — ay(R®, ©%)3, V" o v = (h(R°> _ o ) en )>|ar<p°|2,

a(RO, @0y 2

where these identities result from 6.1. If one writes the last expression in the variables (R, %) =

(Rzovfo’ @1?40) (see the system (7.4) in the next section), obtaining

0 0 0
(h(RO - a2(RM07 @MO) eh(RMo)>
M ARy, @) 2

one gets the dependence

y = y(MO), MO = plkl = pzkz onl.

7. Conditions on the interface

Besides the equations which are true on I" from the distributional equations, there are additional
boundary conditions, which are necessary for the full description of the sharp interface limit. In this
section we show that these additional boundary conditions consist of constitutive equations which
are a consequence of the equations in the inner variables proved in 5.1, 5.3, and 6.1 together with
6.3.

First it follows from 5.3 that there is an M° : I' — R such that

M°=ROA" forallr € R, (7.1)
that is, MY is a function of (z, y) only. Using the boundary conditions at » = 400 one concludes
MO = p'Al = p222, where A" =(vpr—v")ev (V= Vo), (7.2)

a condition which is already contained in the distributional formulation of the total mass p'p o1 +
0> o2. Therefore the following argument will be modulo the identity (7.1).

Next we exploit the inner momentum equation (6.4). It follows from (6.3) that (9, V9an = 0,
and therefore on I,

1 2
Vtan = Vtan (vtrgn =v" —v" ev). (7.3)



550 H. W. ALT AND G. WITTERSTEIN

This is a very common equation, and says that the tangential part of the velocity is the same on the
two sides.

Now we come to the normal component of the inner momentum equation, which is given by
Theorem 6.1, and the inner version of the Allen—Cahn equation, which is Theorem 5.1,

ROW (@%) — 8, (h(R"8,0°) = 0,

18, 0|2

en(R%) — 3R, %9, V' ev =0.

We repeat the argument of [W3]. From (7.1) we compute (remember that we impose R? > 0) that
(vr — V% ev=4%= M9/R?, hence
1
—3,V0ev =204 = Moar(ﬁ)
Using this we rearrange 6.1 to obtain
ROW (@%) — 8,(h(R%)8,0°) = 0,
10,9
2

- 1
en(RY) +a(R%, %)M, <F> =0.

These are two equations for the two variables R” and @° having the value M° as single parameter.
The boundary conditions are

?0(—00) =0,  @O(+00) =1,

R'(—00) = p',  RO(+00) = p*.
We replace the Dirichlet data for R® by Neumann data, which is possible since by the second
differential equation we have 8, R® = O(|3,®°|?). Thus we obtain a system which depends only

on M°. We therefore replace in the differential system M by a general M, and denote by (R?,, 451?,1)
the solution satisfying

RY, W' (®%) — 8, (h(RY)3, %) =0,
0,2
010 Pul”  ~ 0 0 1
en(Ry) == +A(Ry, @3 Mo, " =0,
®Y(—00) =0, @Y(4+00) =1,
3Ry (—00) =0, 8, RY(+00) =0.

(7.4)

The existence of (RO , @?,1) is shown in [W4], for h = 1 and for certain functions W which have
two local minima, but with different heights, so that the mass transfer goes in a definite direction.

We then have (R?, @0) = (Rzowﬂ’ @1?/[0), and we conclude that

pl = Ryjp(=00) = RY; 1 (—00),  p* = Rjyy(+00) = RD 5 (—00).
Thus we have two additional boundary conditions

ol =gi(p'Al), p? = g2(p*A?) (7.5)
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with g1 (M) := ROM(—oo) and go(M) := R,?,[(+oo). We mention that in the case where ay, a,
and & are homogeneous, it is shown in [W3] that the system above can be transformed into a system
independent of M.

With (7.3) and (7.5) the additional conditions are complete. This can be seen in the following
way. If the solution is known at one phase, say £2!, with the velocity v! pointing outwards from the
domain, by which we mean that Al < 0, that is, M 0 < 0, then from ,o1 and v! the movement of
the interface can be determined by p! = g1 (M®) with M® = p'A! and v e v = A1 + v! e v. And
from this one computes ,o2 = gz(MO), 22 = Mo/pz, and v2 e v = v e v — AZ. Hence (,02, v?) is
known for the hyperbolic mass equation in £22, for which v? points inwards, and for the parabolic
momentum equation in £22.

We mention that there are also equivalent forms of the conditions (7.3) and (7.5). Writing
Theorem 6.1 as

en(R") |3,
a(RO, @0 2

and integrating this over |]—o0o, co[ one obtains

=3,V'0ev

+o0 RO 9 ¢0 2
/ Neh( )_ 1% @] dr =V = P ev =0 ev—0' o,
oo G(RO, ®0) 2

If we denote the left hand integral by o,

+00 4 (RO 13,002 +oo RV 19,00 12
® ::/ f”g )0 i :/ M Mgy, (7.6)
—00 a(RY, @Y%) 2 —0o A(R),, PV 2
we get the condition
Vev—vlev=0 ow=oM®, M =p'A'=p?2% onr. (7.7)

And considering M as parametrization of a one-dimensional curve for (,01, pz) in R2, that is, the
curve M — (g1(M), g2(M)), one is led to a function G satisfying

G(pl, p?) =0. (7.8)

That (7.7) and (7.8) are equivalent to the two constraints in (7.5) is not discussed here.

8. Uniqueness

It often occurs that in the limit equations some terms show up which are described by the inner
expansion, in particular by higher order terms. The question is whether these terms are uniquely
determined.

Here we have to deal with terms containing R', @!, and V!. These quantities satisfy a linear
problem, for which the Fredholm alternative can be applied. So we have to show that the term in the
limit equation is independent of an element in the null space. Now (R1 , ol Vl) have the form

(R', @', V1
(R}, @}, V]

(R}, @4, Vi) + (R}, @), V),
c(@R°, 3,®°,9,V0),
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where ¢ € R, and is the solution of the first order approximation of the system of inner differential
equations (4.5) to (4.7) (see [W3, Section 8]). The kernel consists of the span of (9, R?, 5, ®° 5,.V9).
Here (R}, CDI],, Vpl) is the particular solution of the first order boundary value problem, which is
unique. We have to show that T is independent of the homogeneous solution (R}, q)}{, Vhl). This
follows by 5.2, and

RIW (@%) 4+ ROW" (@%@} — 8, (0 (R®R}8,®°) — 8, (h(R")d,d})
= (3, ROW'(@°) + ROW" (@3, " — 8, (W' (R")3, R3, ®°) — 8, (h(R*)3?@"))
= cd,(R°W'(®%) — 3, (h(R")3,0°)) = 0

using 5.1, since the differential equation in 5.1 is an autonomous equation. Therefore we can write
+00
T:=kre v/ no(R°, @°) h(R®)d, 0" dr
—00

—+00
+/ o (R, @) (W (R°, @%) + RyW' (@°) + ROW” ().

—00

— 0, (h'(R*)R},0,9°) — 3, (h(R")3,®))) dr

This section clarifies the (R, ®@!) dependence of 7, but separately it can be shown that T = M°.

9. Conclusion

In this paper we show by an example how a phase field model converges to a problem with sharp
interface. We think that the procedure in this paper works also for general phase field models.

We have chosen distributional equations, since they are the simplest possible way to describe
the problem, in particular if it involves surfaces. Also from the physical point of view the weak
formulation reflects more the nature, that is, phrasing it in terms of theoretical physics, the space-
time divergence (d;, div) is the central ingredient of continuum physics. The formulation with test
volumina (see e.g. [JR], [K], [S]) is equivalent to the formulation with test functions. If surfaces are
involved, test functions are more flexible, because they avoid the complex representation which is
necessary if the test volume intersects the surface.

Besides the differential equations which determine the system, it is also of interest how the free
energy in the phase field model converges to a limit function. For the problem in this paper this will
be studied in the forthcoming paper [AW]. There we also look at the special case where the minima
of the double-well function are the same, that is, W(0) = W (1). It follows from the equi-partition
that in this case e, = 0, that is, £(p) = const/p.

We mention that besides the distributional formulation (1.3) there are problems with two fluids
and boundary conditions on I" other than (1.4), for example the following:

vl = v2,

| ) (CAY)
(v —vr)ev=0, (W —vr)ev =0,

at I'. Of course, these equations, if they are the limit of diffuse problems, come from a different
deduction than the one in this paper. The problem (1.3) with (9.1) is treated mathematically in
[Denl]-[Den3].
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10. Appendix

(A1) The sequence (7},),eN of distributions converges “pointwise” to a distribution 7" if
(¢, Tn) — (¢, T) asm — oo forall ¢ in C3°(£2).

Usually there does not exist a special notation, if one considers measures v as distribution,
say [v]. Therefore we say that the measures v,, converge “pointwise in the sense of
distributions” to a measure v if [v,,] converge pointwise to [v] in the above sense.

(A2) The interface I' C R x R” is called timelike if for all (¢, x) € I" the n-dimensional tangent
space T, x)I” is not equal to {0} x R".

(A3) Let (As)s-0 and A be compact subsets of R x R”. Then (As)s~o convergesto A asé — 0
with respect to the Hausdorff distance if for all € > 0,

(As C Bg(A)and A C B;(As)) for § small enough.
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