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In this paper, we propose a new scheme for anisotropic motion by mean curvature in R4 . The scheme
consists of a phase-field approximation of the motion, where the nonlinear diffusive terms in the
corresponding anisotropic Allen—-Cahn equation are linearized in the Fourier space. In real space,
this corresponds to the convolution with a specific kernel of the form

_ _ 2
Kpu(x) = 57 [T 1970 (x),

We analyse the resulting scheme, following the work of Ishii—Pires—Souganidis on the convergence of
the Bence-Merriman—Osher algorithm for isotropic motion by mean curvature. The main difficulty
here, is that the kernel Ky ; is not positive and that its moments of order 2 are not in L1 (Rd). Still,
we can show that in one sense the scheme is consistent with the anisotropic mean curvature flow.

2010 Mathematics Subject Classification: Primary 53A99, 45105, 35B40.

Keywords: Anisotropic mean curvature flow, BMO algorithm, phase field approximation

1. Introduction and motivation

In the last decades, a lot of attention has been devoted to the motion of interfaces, and particularly
to motion by mean curvature. Applications concern image processing (denoising, segmentation),
material sciences (motion of grain boundaries in alloys, crystal growth), biology (modelling of
vesicles and blood cells). This paper is interested in numerical schemes for the anisotropic mean
curvature flow, that is, the “gradient flow” of an anisotropic perimeter

Po@ = [ () do M

where n(x) is the outer normal to dF at x and ¢° is a convex, one-homogeneous surface tension
(the isotropic case corresponds to ¢°(n(x)) = |n(x)| = 1).

There is an important literature on numerical methods for the isotropic and anisotropic curvature
flows. These can be roughly classified into three categories: Parametric methods [7, 8, 23, 24], Level
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set formulations [19, 27, 35-37] or Phase field approaches [10, 17, 34, 38]. See for instance [24] for
a complete review and comparison between these three different strategies.

In this work, we will consider a new scheme, proposed in [14], based on a phase field
representation. It relies on the introduction of a specific anisotropic Laplacian (pseudo-differential)
operator, which can be used both in a standard phase-field approximation (an anisotropic Allen—
Cahn equation), or in a convolution/thresholding scheme [11, 32] which can be thought as a limiting
case of the Allen—Cahn equation. The basic idea in [11] is to alternate the diffusion (with the
heat equation) and the sharpening (by thresholding) of the characteristic functions of a set; [32]
study a more general variant where the diffusion is replaced with the convolution by quite general
kernels.

In the phase-field approach, anisotropic flows can be tackled either by a modified version of
the Bence—Merriman—Osher algorithm [11], where the heat equation is replaced with a nonlinear
variant built upon the anisotropy ¢° [15], or by replacing the heat equation with the convolution with
anonnegative, nonsymmetric kernel f as in [32]. However, in the latter case, the inverse problem of
finding an appropriate kernel f, given the anisotropy ¢°, is solved only in 2D [41]. Some progress
was done recently in relating the convolution kernel with ¢° in [22], but the inverse problem is still
considered untractable in higher dimension. In fact, it is not even clear that any anisotropy, even
smooth, can be obtained in the framework of [32].

The aim of this work is to study a simple construction, proposed in [14] of a kernel f for all
kind of anisotropy ¢° in all dimension. This kernel can be seen as the fundamental solution of
the heat equation with a particular pseudo-differential operator which can be seen as an anisotropic
Laplacian. The most interesting feature of this approach is that the diffusion can be solved efficiently
using the Fourier Transform, as proposed in [16] for the isotropic Allen—Cahn equation (and as
can also be done for [32, 41]. A few numerical experiments with this approach have been already
shown in [14] with smooth, but also crystalline or even non-convex anisotropies. Although the
approach seems (numerically) to perform well in all these cases, a full justification is still missing.
The essential contribution of this paper is to extend the consistency proof (see Theorem (2)) of Ishii—
Pires—Souganidis in the case of our specific kernel, for smooth, uniformly elliptic anisotropies. The
main issue is that in this case, the kernel does not satisfy the assumptions which are needed in [32].
In particular, it is not even nonnegative, so that our scheme is non-monotone and a complete proof
of convergence is still missing.

In the next section, we introduce our notation and a precise framework. We give a short
introduction to level set formulations, phase field approximations and the Bence—Merriman—Osher
algorithm in the case of the isotropic and anisotropic mean curvature flow. Next, we introduce
our anisotropic heat kernel and establish some of its properties. Our main consistency result
(Theorem 2) is given in Section 4. We show the consistency of an anisotropic Bence—Merriman—
Osher scheme built upon that kernel. The last section shows numerical evidence of the convergence
of a slightly modified scheme, which corresponds to a splitting of the anisotropic Allen—Cahn
equation (hence the thresholding is replaced with a reaction term which only enhances the slope of
the diffuse interface). Computationally, the scheme proves very efficient and very fast, even when
the anisotropy is not smooth.

In comparison with other existing methods, our approach can be easily implemented: Contrarily
to methods based on a parametric representations, it does not require special care in handling
topological changes or in the case of 3D computations. Besides, it avoids direct discretization of
the non linear anisotropic Allen Cahn equation (e.g., by finite elements) [10, 38]. Indeed, in our
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approach the non linear diffusion operator is replaced by an approximate linear operator, whose
resolution can be easily performed by Fourier transform.

2. Preliminaries
2.1 Motion by isotropic mean curvature

The simplest case of motion by isotropic mean curvature concerns the evolution of a set £2; C
R? with a boundary I'; of codimension 1, whose normal velocity V,, is proportional to its mean
curvature kK

Va(x) = k(x), ae. xely, )

with the convention that « is negative if §2; is a convex set. It at # = 0 the initial set £2 is smooth,
then the evolution is well-defined until some time 7" > 0 when singularities may develop [2].

Viscosity solutions provide a more general framework, that defines evolution past singularities,
or evolution from non-smooth initial sets. If g is a level set function of £2, i.e.,

.Qoz{xeRd;g(x)$O}, Foz{xeRd;g(x)=0},
and if u denotes the viscosity solution to the geometric evolution equation
{ut = div (\g_Z\) [Vul,
u(0,x) = g(x).

then the generalized mean curvature flow £2; starting from £2y is defined by the 0-level set of u [20,
26,217, 37]
$2; ={xeRd ; u(t,x)SO}, aly = {xe]Rd ; u(t,x):O}.

Alternatively, one can define the motion by mean curvature as the limit of diffuse interface
approximations obtained by solving the Allen—Cahn equation

ou

1 !

where € is a small parameter (that determines the width of the diffuse interface) and where W(s) =

M is a double well potential. This equation can be viewed as a gradient flow for the energy

Je(u) = /Rd (%qulz + éW(u)) dx.

Modica and Mortola [33, 34] have shown that J approximates (in the sense of I"- convergence) the
surface energy cy J where

1
J(.Q):/BQIdG and CW=/0 V2W(s)ds.

Existence, uniqueness, and a comparison principle have been established for (3) (see, for example,
Chapters 14 and 15 in [2] and the references therein).
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Let u, solve (3) with the initial condition

ue(e,0) = (L)),

where d(x, £2) denotes the signed distance of a point x to the set §£2 and where the profile ¢ is
defined by

1 1
g = arg min § /R(EJ/Z + W(y));y € HIIOC(R), y(—00) = +1, y(4+00) = —1, y(0) = (-

The set

Qt,e = {-x € Rd ; Ue(x, 1) = % s
approximates £2(¢) at the rate of convergence O (e?|log e|2) in the case of smooth motion by mean
curvature [9, 17].

In the case of generalized motion by mean curvature, convergence has been shown [3, 26]
provided that the interior of the set I; remains empty (i.e., no fatting occurs).

About numerical point of view, convergence has been established for a finite element method
in [39] and for a finite difference method in [18]. A splitting spectral Fourier method is also been
addressed in [14, 16].

The Bence-Merriman—Osher algorithm [11] is yet another approximation to motion by mean
curvature. Given a closed set E C RY , and denoting y g its characteristic function, one defines

1
ThE:{xERd;u(x,h)ZE ,

where u solves the heat equation

%—'t‘(x,t) = Au(x,t), t>0, x¢€ RY,
u(x,0) = xe(x).

Setting Ej(t1) = TU/HME, where [t/h] is the integer part of £/h, Evans [25], and Barles and
Georgelin [4] have shown that Ej(¢) converges to E;, the evolution by mean curvature from E.
Remark also that this algorithm can be seen as a splitting algorithm for the Allen—Cahn equation in
the limited case € — 0. See also [41] where an efficient numerical resolution is presented.

2.2 Motion by anisotropic mean curvature

We use the framework of the Finsler geometry as described in [10]. Let ¢ : R? — [0, +o00[ denote
a strictly convex function in C2(R? \ {0}), which is 1-homogeneous and bounded, i.e.,

P (&) = |t]p (&) tEeR 1 €R,
Mgl < ¢(6) < AlE| £ eRY,

for two positive constants 0 < A < A < +o00. We assume that its dual function ¢ : RY —
[0, +o0], defined by
P°(E") = sup{§™.§: ¢(5) < 1}



NON MONOTONE SCHEME FOR ANISOTROPIC MEAN CURVATURE FLOW 5

is also in C2(RY \ {0})). Given a smooth set £ and a smooth function u : R? — R such that
0E = {x c RY . u(x) = 0}, we define

o the Cahn—Hoffman vector field ng = ¢>§ (Vu),

o the ¢-curvature kp = div(ng).
We say that E(t) is the evolution from E by ¢-curvature, if at each time ¢, the normal velocity V,
is given by

Vn = —K¢ng.

As in the case of isotropic flows, one can define motion by ¢-curvature using a level set formulation,
i.e., following the level lines of the solution to the anisotropic evolution equation

ur = ¢°(Vu) ¢ge(Vu) : VZu. ()]

Existence, uniqueness and a comparison principle have been established in [5, 6, 19, 21]. The
anisotropic surface energy

J(2) = /(;9 ¢°(n)do

can be approximated by the Ginzburg—Landau-like energy

1
Lﬁm)zzg(gqum2+gu«m)dm

and its gradient flow leads to the anisotropic Allen—Cahn equation [1]

du 1
— = Agu— =W'(u).
o7 oU ~ 3 () (5)

The operator Ay := div (d)é’(Vu)gb”(Vu)) is called the anisotropic Laplacian.

This equation can be numerically solved by a semi finite elements method (see [38] for instance)
but the complexity of this algorithm is much greater than in the isotropic case because it needs a
resolution of a new linear system at each iteration in time.

The Bence—Merriman—Osher algorithm has also been extended to anisotropic motion by mean
curvature. One generalization was proposed by Chambolle and Novaga [15] as follows: Given a
closed set E, let Tj(E) = {x € R ; u(x,h) = 1}, where u(x, 1) is the solution to

0
a—L;(x,t) = Agu(x,t), t>0, x¢€ R4,
u(x,0) = yg(x).

(6)

Define then Ej(t) = T}Et/ ME. The convergence of Ej(¢) to the generalized anisotropic mean
curvature flow from E is established in [15]. The result holds for very general anisotropic surface
tensions and even in the crystalline case. However, as for the phase field formulation, because of
the strongly nonlinear character of Ay, the numerical resolution of (6) is much harder and not also
efficient than in the isotropic case.

Another generalization of the Bence-Merriman—Osher algorithm has been studied by Ishii, Pires
and Souganidis [32]. The main idea is to represent the solution u of (6) as the convolution of y g with
a geometric kernel. More precisely, Let f : R? — R be a function which satisfies the following
conditions
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(A1) Positivity and symmetry:

F@) 20, f(—x) = f(x). and /R f@dx =1

(A,) Boundedness of the moments:

/ lx|2 f(x)dx < 400,
R4

0 </ (1 + |x]?) f(x)d R <00, forall peS?.
pL
(A3) Smoothness:

XiX; f(x)d®4~"  are continous on S¢ 1.
LN

p—>/ fx)dr4? andp—)/
L

p

Here p~ denotes the orthogonal complement of the vector p, i.e,
plz{xeRd; (x,p):O}.

Given E C R?, define THE = {x € R? ; u(x,h) = 1}, where

u(x, h) = /Rd Kn(y) xe(y — x)dy,

with the kernel
- 1
Ki(x) = Wf(«/;x), x e R?,

They showed [32] that Th[t/ Mg converges to the set £ (¢) obtained from E as the generalized motion
by anisotropic mean curvature via the geometric evolution equation

Uy = F(Dzu, Du),

where

F(X, p) = ( / ) f(X)d%d‘l(x)) (—5 / (Xx ) f(x)d%d—l(x)).
V4 V4

This algorithm appears to be more efficient than the last one (with the non linear operator Ay ), but
raises a natural question: Given an anisotropy ¢, can one find a kernel f, so that the generalized
front dE(¢) defined by the associated evolution equation evolves by ¢-mean curvature? This
problem has been addressed by Ruuth and Merriman [42] in dimension 2. They propose a class
of kernels and study the corresponding numerical schemes, which prove very efficient. However,
their approach cannot be generalized to higher dimensions. In contrast, our algorithm is not specific
to the dimension 2.
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2.3 A new algorithm for motion by anisotropic mean curvature

In this work, our objective is to extend Ishii—Pires—Souganidis’ analysis to study the following
algorithm. Starting from a bounded closed set £ C R?, we define an operator T, E by

1
ThEz{xeRd;u(x,h)z5 , ™)

where u solves the following parabolic equation:

(®)

W(x,t) = Agu(x,t), t>0, xeR?
u(x,0) = yg(x).

Denoting by ¥ (u) the Fourier transform of a function u,
F© = [ utoe
R4

the operator A~¢ is defined by
Agu =F71 (-47¢°(€)*F )(®)) -

and can be seen as a linearization of Ay in the Fourier space. The solution u of (8) can be expressed
as a convolution product of the characteristic function of E and of the anisotropic kernel

K¢’Z(X) — ?71 <€74n2t¢0($)2) (x)

However, this kernel (more precisely K¢ ;=1) does not satisfy the hypotheses (41) and (4,) above:
Ky,1 is not positive and x — [4 |x|*Kg(x) is notin L' (R). But we will show that the associated
Hamiltonian flow is

F(X,p) = (/pL K¢d}€d1) (5 /pL < Xx,x > K¢(x)d?£d1)
= ¢°(P)pge(p) : X,

which establishes a link between Ky and ¢-anisotropic mean curvature flow.

3. The operator A~¢ and properties of the anisotropic kernel K

Let ¢ = ¢ (&) denote a strictly convex smooth Finsler metric and let ¢ denote its dual (see [10]).
We assume that that ¢° is a 1-homogenous, symmetric function in C*®(R¢ \ {0}) that satisfies

Mgl < ¢%(6) < A€ ©)
In particular, it follows that for any £ € R and 7 € R,
¢ (1§) = [t|9°(§).

) = 102(5),
$(6).£ = 9°(5).
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The associated anisotropic mean curvature is defined as the anisotropic Laplacian operator
Agu = div (¢0(Vu)¢g(w)) . Vue HX(Q).

A direct computation shows that for any £ € R?,

Ay [cos(2mE.x)] = —4m2¢°(§)? cos(2mE.x),
Ay [sin(2ré.x)] = —4n2¢°(£)? sin(2n.x),

L.e., that plane waves are eigenfunctions of the anisotropic Laplacian (albeit nonlinear). We define
Ayt H2(RY) — L2(RY) by

Agu =F71 [—4n2¢°(E)*F [u](§)].
Given an initial condition ug € L2(R?), we study the solution u of

uy(t,x) = Aq;u(t,x),
u(0,x) = up.

The function u can also be expressed as the convolution product u = Ky, * ug, where the
anisotropic heat kernel Ky ; is defined by

Kpr=F"" [674”2”0(5)2].
We also set Ky = Ky, 1. In the rest of this section, we establish some properties of this operator.

PROPOSITION 1 (Regularity of 1&,,) The function I€¢ & — e=4729°®? ig in Wa+LI(R4), and
D2k, is a function.

Proof. First, we notice that
DEy(E) = —8n2¢(5)p° ()e 79",
and
D2K4(§) = 64n*¢°(£)? <¢>§(S) 2 ¢§(%‘)) =200 (6
— 872 (P (E)9L: (8) + 9L (6) ® 9L (E)) e,

We note that ¢>g is discontinuous at § = 0. Nevertheless, we next prove that the d — 1 derivative

of D21€¢ belongs to Ll(Rd)dz. Assume that f = D"+2If¢ is an integrable function on R? for
some integer n < d. The homogeneity of ¢° shows the existence of a constant C,, such that

1

- e ME IZ’
13
Since f is smooth away from £ = 0, the distributional derivative of f is the sum of a function and
of possibly a Dirac mass at § = 0 :

forall £ € R \ {0}.

ID"2Ky| < Cp

Df ={Vf}+cs.



NON MONOTONE SCHEME FOR ANISOTROPIC MEAN CURVATURE FLOW 9

where ¢ is a constant and V f denotes the pointwise derivative of f. Let ¢ € D(R?)4 "*2 and let
€ > (. Then

(Df . ¢) = —(f . divg) = - /}R  fdivdx

= —/ f.divpdx —/ f.divpdx
R4\ B(0,¢) B(0,¢)

:/ V f.odx —/ f(p.n)do —/ Ffdivedx.
R\ B(0,¢) dB(0,¢) B(0,¢)

. 2 .
Since we assumed that f € L' (R4 )d"Jr , the last integral above tends to 0, as € — 0. Moreover as
n < d, we have

- 1
/ f iido| < ||¢|Lee / Cp—e P 4o
3B(0,¢) aB0,e)  |§I"
<lolCo [ Mo < Cyllplimed .
dB(0,¢)
so that
lim / f p.ndo| = 0.

€=>01J3B(0,¢)

It follows that ¢ = 0, which concludes the proof. O

PROPOSITION 2 (Decay properties of Ky) Let s € [0, 1[. There exists a constant Cgo g, which only
depends on the anisotropy ¢ and on s, such that
Coo.s

d
W, Vx € R%. (10)

|Kp(x)] <

REMARK 1 The case s = 0 is easy: According to Proposition 1, the function A%Ig(é) is in
L'(R?). The continuity of the Fourier transform from L' to L> shows that

~ d+1 »
I+ x* D Kplizee < ClIKg () + A™F Ko(®)lL1 ra)-

and since Ky (&) = e~47°¢®)?

C¢U,0

—2° __ vxeR4
1+ |x|d+1

| Ky ()] <

The proof uses properties of interpolation spaces [12]. Consider X, ¥ two Banach spaces, and for
ueX+Yandr e RT,let

k(t,u) = _inf {Juollx + tlurlly}.
u=ug+uy

For s € [0,1] and p > 1, the interpolation space [X, Y], , between X and Y is defined by

1
(X.Y]s,p =3ueX+Y ;17 K(tu)eL? (?)}
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In particular, given a strictly positive function 2 : R¢ — R, consider the weighted space L7° defined
by
LPR?) = {u e L®([R?); sup {h(x)u(x)} < oo}.

xeR4

One can interpolate between L and L7° according to the following lemma.
LEMMA 1 Let & be a strictly positive function R¢ — R, and let s €]0, 1[. Then

[L®®RY), LiP(RY)] LR,

5,00 =
Proof. 1) Assume thatu € L} (R?). There exists a constant C such that for a.e. x € R?,

C
h(x)s

lu(x)| <

(1)

To estimate k(7,u) = infy=ug+u, {Iuollzoe + tllus ”LZO}’ we note that

e Ift > 1, the choice ug = u and u; = 0, shows that K(¢,u) < |u||Lee.

e If 1 < 1, we consider the set A = {x e R4 lu(x)|h(x) < ts_l}, and we choose uy =
x4c u and Uy = x4 u, so that ||u; ”Li" < 571, Moreover, we remark that for all x € A€,
[u(x)|h(x) = 571 so that, in view of (11),

luo(x)| < Ch(x)™ < Clug(x)[*t°1~9,

and thus k(¢,u) < (C + 1)¢5.

In summary, these estimates show that

K() < [l oo ifr>1,
TTTNC+ D ifr <1,

which proves that u € [L*°, L{%]s,c0-
2) Conversely, we consider u € [L*, Li°]s,00. For all # > 0, there exists a decomposition u =
uo,; + U1, such that

Iuo’z|Loo + t|u1’1|LZo < Cr°.

It follows that for all ¢ > 0, we have
h(x)*[u(x)] < [h(x) o, (x) +ure (x)| < C (h(x)*t° + h(x)* 571,

Choosing ¢ = /(x)~! in the above inequality shows that for all x € R¢, 1(x)® |u(x)| < 2C, which
concludes the proof. O

We use the following properties of interpolation spaces:

(P1) if~T ~is continuous from X — X and from ¥ — ?, then 7 is continuous from [X, Y] , to
[X.Y]s.p-
(Pp) if p < p',then [X,Y]s,p, C[X,Y]s,pr forany0 <s < land p = 1.

(P3) [L®®RY), LY, ) RD)]s00 = L, s (RY) forany 0 <5 < 1.
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In the following, we consider the case where T is the Fourier transform, X = L'(R%), Y =

L®R?), X = WhI(RY) and ¥ = LY o ®RD.

Proof of Proposition 2. We claim that it suffices to show that forany 0 < s < 1

u(®) = A3 Ry(€) €[X. Y1,

12)

Indeed, the inclusion [X, Y51 C [X, Y]s,00 implies then that u € [X, Y], 0, S0 that in view of (P)

and (P3) we obtain
€ [X. Vlsoo = [LPR). LT, 1) R]si00 = L4 11 R,

and consequently

I(1+ [x[)ax)] = |1+ |x[9THYKs(x)(1 + [x])°] < Cpos. forall x € RY.

It follows that for some constant Cgo g

Cypo
|Kg(x)| < 1T xdties | ¢|d,il+s’ forall x € R?.
X

We now prove (12). The homogeneity of ¢° shows that for some ¢; > 0 and ¢; > 0, and for

£ e R\ {0},

C _ 2 C _ 2
|u(s>|\|§|;l HEEand  |Vu(®)] < mzd HeP

which shows that u € X = L'(R?). However, 1 may not belong to ¥ = L%®°(R?). We now

estimate k(u, 1), fort € RT.Ift > 1, we set ug = u, u; = 0, so that
k(t,u) < |ullx, Vt=1.
If t < 1, consider the function p; (§) defined by
0 if |x| <t

pe(®) = 11 if x| > 2,

. —t .
sin %%) otherwise.

We choose vy = (1 — ps)u and u; = p;u and check that

luolL1(ra) $/ lu(§)|d§ < e dE <2C|8 .
B(0,21)

B(0,2¢) |E|d !

Moreover,
Vuillprway < [Voru + pe Vull 1 gay
/ Ve lu(€)dE + / Vu(®)|ds
R4 \B(0,t) Rd\B(O,t)

< ki Le*/\\élzds_,_/ c ﬁuélzdg
2t JB©,20\B(0,0) |E]47 RIBO.) ]9

/A

(13)
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First, we have

2t d
P g < Sy [T g < BUCT
2t ] 2

T C
2t JB©,20\B(0,0) 1§14~

Second,

/ Leﬁuaza@s/ LefmswzdgjL/ C el g
RI\B(0,1) |§]¢ BO,)\B(0,0) €] R4\B(0,1) |£]¢

11 e’}
§C|Sd|/ ;dr+C|Sd|/ e ar
t 1

1 ﬁ)
NI

uilly <C [ISdl (% + %? + Iln(t)l)} .

Consequently, this decomposition of # shows that

< C|S?Y] (| In(¢)| +

so that

k(u,t) < C(1 + |In(?)|)t, Vi<,
for some constant C > 0. In summary,

llullx if 11,

k(u,1) < .
C(+|In(®)])t if <1,

and therefore we obtain

1
- 1 _ —s
I kel = [ kG0 e

1+

1 (Co + Cy|In(z o0 !
s/ (°+t;|“()|)dz+/ ”””fdz<+oo,
0 1

which proves that ¥ € [X, Y];,1 as claimed.

COROLLARY 1 Forany s € [0,1[and p € $9,

Ix|'TS Ky € LY(RY), (Kg) o € L'®R?Y,  (x ® xKy) 1 € LY R,

PROPOSITION 3 (Decay of averages of Ky on spheres) The integral

I(R) = / Kpd R4
dB(0,R)

is strictly positive, and decays rapidly as
Rd71|Sd71| _R2 Rd71|Sd71| _R2
——e
(4m)d/2pd

442 < [(R) € ——————¢ 422
(R) (4m)d/2)d
where A and A are bounds for ¢ as in (9).

(14)
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Proof. Since the measure i := 83p(o, r) has finite mass, its Fourier transform is the continuous and

bounded function
lfl(é) — / e*Zﬂix-EdM — / 8*27”.35'5'
R4 dB(0,R)

As u is radially symmetric, ft can be expressed in the form

aE) = RVI(RIED,
where J is a function Rt — R. It follows that

I(R) = (sm(0,r) - K¢) = <Rd*1J(R|g|), ef4n2¢0(£)2>

+o0
= R4~ / / r? VI (Rr)e 40O qrapd =, (15)
sd4—=1 Jo
We use the particular case when ¢?(§) is isotropic, i.e., p?(§) = |&| to estimate the previous integral.
x2
In this case, Ky = We_T is the heat kernel, and by a direct calculation we see that the
— — 2
corresponding integral is /(R) =< 8p(o,r), K¢ >= % - Comparing this expression
to (15) and using the radial symmetry of Ky shows that
+o00 1 5
d—1 —4x2r? —R-
ré " J(Rr)e dr = e 4,
/ (k) ()7
or, after a change of variable, that
+o0 R2
_47[2¢0(9)2r2 . 1 — s
/0 rJ(Rr)e dr = —(4ﬂ)d/2¢0(9)de 46002 (16)

Returning to a general kernel Ky, we deduce from (15) and (16) that

R41 | =B
I(R) = ——— ———e 4°@2 R4,
R
which in view of (9) concludes the proof. O

PROPOSITION 4 (Positivity on hyperplanes) For all p € S¢~!, the integral [ Kgd K41 is well

defined, and satisfies
1

OV £ K S —
/pL ¢ 2/76°(p)

In particular, we have
1 1

— < | Kgd®r¥'< .
2J7A /pl ¢ 2J7A

Proof. Let p € S~'. We already know from Corollary 1 that [ Kgd K41 is well defined.
Consider for u > 0, the approximating functions f,,, defined by

Su@) = Ky e,
r — 47240 2 _ 21£12
Su(E) = 4779 (I ﬁe mulEl"
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The function f;, belongs to the Schwartz space S (R?). Moreover, f,, — Kg in W4~L1(R4), and
the trace theorem [31] shows that one also has

lim /stp)ds:/qu;(sp)ds. a7
u=o0 Jr R

On the other hand, it follows from the Lebesgue dominated convergence theorem and from (10) that

lim [ fud®97! = /
€

n—>00 p D

Kypd R4 (18)
€
As f, € S(R?), we infer that

[ At = =100 5 () = [ Fupras
pt R

so that (17) and (18) yield
/ Kpd R4 = / Kg(sp)ds = / o470 (D)? g
pl R R

_ | prevme sy g - ]
= e s = ,
/]R 2/7¢°(p)

which concludes the proof. O

PROPOSITION 5 (Moments of order 2) Let p € S?~!. Then 1 Srx® xKgsd R4 is well defined
and satisfies

1
2/

Proof. Corollary 1 states that the integral | L |x|>Kpd #4~1 is well defined. Recalling the sequence

1 d—1 4
5 /pLx ® xKyd ¥ = ¢ge(p)

£, used in the previous proposition, we observe that D? fu — D21€¢ in We=L1(R?), so that the
trace theorem implies

lim [ D%f,(sp)ds :/D2I$¢(sp)ds. (19)
U—>00 R R

From Proposition 2 and the Lebesgue dominated convergence, we obtain

lim /Lx®x Ju(x) d?ﬂd71—>/

m—>00 D D

x ®x Kg(x) dr47L. (20)
€
Moreover, we have

_ 1 A
/pLx ® xfu ()R = (5,1 x ®xfyu) = _H(‘SP’ szﬂ>

1 5 A
2 RD Ju(sp)ds,

so that in view of (19)

1 R
/L X ® qu;(x)de_l =12 /}R D?Ky4(sp)ds.
P
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We next estimate the above right-hand side by a direct calculation:

1 s 0 0 0 o 25260 (p)2
— A D2K¢(SP) ds = [2¢ (p)(bgs(P) + 2¢5 (p)® ¢S (P)] /Re 4 $°(P)* g
- 208 ©.980)] [ 857577 oS0 a

Further, we see by integration by parts that

/ 8252 (p)2e T WP s = / {22597 (p)2e 777 D 45} ds
R R

_ —471’2S2¢n(p)2 _ 1
= e ds = ———,
/]R 2Jm¢°(p)
and we conclude that . .
= x ® xKy(x)d R4 = 92, (p) ——.
2/17L ® xKg(x) ‘ng(l’)zﬁ
O
COROLLARY 2 (The operator F(X, p)) Given X € R?*¢ and p € S?71, let
F(X,p) = (/ K¢(x)d?£d1) (—/ < Xx,x > K¢(x)d9{’,d1). (21)
pL 2 Jpt
This operator is elliptic and satisfies
F(X,p) = ¢°(p)pge(p) : X. (22)

Proof. Equation (22) is a direct consequence of Propositions 4 and 5, while the ellipticity of F
follows from the convexity of ¢°. O

REMARK 2 In the next section, we introduce an algorithm for motion by anisotropic mean
Vu

’ |Vu|)’

where F is defined by (21). The expression (22) shows that this operator is precisely the one

corresponding to motion by anisotropic mean curvature (see [10]).

curvature, and show its consistency with an evolution equation of the form u, = —F(D?u

PROPOSITION 6 (Positivity of order moment s) Let V be a subspace of R¢ of dimension 1 < m <
d,andlet 0 < s < 2. Then

/ |x[* Kpd ®™ > 0.
|4

Proof. We first consider the case m = d and V = R?. we consider the finite part P f (W) as

a temperate distribution, defined for ¢ € S(R?) by

I o p(x) = 9(0)
<Pf(IXId“) ’¢>_g%%/ued\3<o,e) |x|d+s dx}'
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This function happens to be the Fourier transform of the distribution |x|*. More precisely,

. I'((s +d)/2)
__~s+d__d/2
) . withCs g =2""x 71_,(_”2) (23)

1

T [x'] = CaPf (W

(see for instance [30], I denotes the Gamma function). We can thus write

1 —472¢0 2
[Rd I¥[* K dx = (][ Kg) = <Cx,de (W) e e > (24)
=420 (®)?2 _ |
= Cyq lim — > 0, 25
S50 Jpapoe  [2mEdTS *

a strictly positive quantity, in view of the sign of Cs 4.

Suppose now that m < d and consider the subspace V = Vect{eq,..., ey }. We write x = (x’, x”),
& = (&,&pmmey with x', &’ € V. A straightforward computation shows that

/V [ Ky d™ = (IX'* . Ko(x".0)) psmy pgamy

_ d—m 1S A/
= (e ® H Ko )

1
_(compr (7) ,h(s’)> ,
< o |27 &/ |mts D'(®R™),D(R™)

where the function 4 : R™ — R is defined by
h(E') = / 4T E £ g
RA—m

The next lemma states that / is C! and maximal at £ = 0, which in view of (23) and of the sign of
Cs,m concludes the proof. O

LEMMA 2 The function & : R” — R, defined by
hE) = / €*4ﬂ2¢"((5/,5”)2d§-//
RA—m

is C1, with fast decay as |§'| — oo, and is maximal at £’ = 0.
Proof. Recalling (9), we first remark that
o490 (& £1)? < oA AZIEP < 6—4712/12\&’\2’
so that the functions & — e~4m?¢° (€61 and their derivatives are uniformly bounded in

LY(R?=™). The C' regularity of 4 is thus a consequence of the Lebesgue theorem. The above
estimate also shows that

_am2)2(£2 2 2 1 A 222em
|/’l(,§/)| < /d e A=A (51+52+...+S(1)d§:m+1 di_—d < meﬁme 4w=A=E )
Rd—m
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&
B(p”.x
AE] A
Ao.a
&
FiG. 1.

To determine the maximal value of /1, we consider the sets Ag/ ;, defined for all § € R™ and ¢ €]0, 1]
by
Agry = {5” e RI™m ; o 4m0(F 1) > t} .

Fix §;, € R™. The set A g, can be defined as the intersection of the hyperplane {g eRe; § = g(’)}
with the Frank shape

Byos = {g eR?: $(8) < %w/— 1n(z)}.

The set Byo ; is convex since ¢° is convex. Moreover, from the symmetry of ¢°, (¢?(§) = ¢°(—£)),
we have

|A$6,t| = |A—$6,t|-
Next, let

1
Agy 1 5 (Aéa,t + AS()J)

— & e RIT A8 € Ay x Ay E =5 48D

N —

We remark that the convexity of ¢° implies that /f%’t C Ao, Indeed, let " € /f%,,,
1
2 (0.67) = 97 (566 + 85,8

< (@ (D) + 97 ((—80.81) < %\/—m(z),

NS

o 17yy2 . . . .. . .
so that e 47297 (Q.£")" > ¢ je & € Ag,. Invoking the Brunn—Minkowski inequality, we obtain

~ _ 1 .
| Agy| /T = Dl Ag i+ Agy VT (26)

1 _ _ -
2 5 (14g 47 4 14, JA) 2 |Agy )V @)
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and finally that,
|[Aoe| = [Ag) | = [Agy ol

As this equality holds for any &, € R™, it follows that / is maximal at £ = 0. O

4. The Bence-Merriman—Osher-like algorithm
Barles and Souganidis [6] have studied the convergence of a general approximation scheme to
viscosity solutions of nonlinear second-order parabolic PDE’s of the type

u; + F(D?u, Du) = 0. (28)
The main assumption on the function F is its ellipticity, i.e., F' satisfies

VpeRIN{OLVX,Y eMPY X <Y < F(X,p) < F(Y, p). (29)

Let BUC(R?) denote the space of bounded uniformly continuous functions on R¢. Thus, Barles
and Souganidis study a family of operators G, : BUC(R?) — BUC(R?) for h > 0, which satisfy,
forallu,v € BUC(RY):

o Continuity
YVceR, Gupu+c)=Guu, (30)
e Monotonicity
u<sv & Guu <Gy +o(h), 31)
(see Remark 2.1 in [6])
o Consistency

(32)

VI gnmhaoh—l(Gh(qo)— )EX) Fr(D2p(x). Do),

¢)x) <
limjo h™H(Gr(p) — @) (x) = —F*(D?p(x), Dp(x)).

For all T > 0 and for all partitions P = {O =ty < ... <t, = T} of [0, T], one can then define a
sequence of functions up : R? x [0, 7] — R by

Gy, Lt if te(t,tir1],
up oy = § SPGB LS Ut (33)
if r=0.
If additionally the following condition holds,
o Stability
there exists w € C([0, 0o], [0, 00]), independent of P and depending
on g only through the modulus of continuity of g, (34)

such that w(0) = 0 and for all ¢ € [0, ],
lup(..1) = gllLee < w(2),

then the following theorem holds [6]:
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THEOREM 1 Assume that G, : BUC(RY) — BUC(R?) satisfies (30), (31), (32), and (34) for all
T >0, g € BUC(R?) and all partitions P of [0, T]. Then, up defined in (33) converges uniformly
in R x [0, T'] to the viscosity solution of (28).

This result was used by H. Ishii, G. Pires and P. E. Souganidis in [32] to study anisotropic mean
curvature flow. These authors introduce a kernel f, which satisfies:

(Hy) f(x)=0, f(—x)= f(x) forallx e RY, and [p, f(x)dx =1,

(Ha) [ (1+ x| f(x)|[dR? <00 forall pes?,

the functions p — fpi Fx)dRITT p > fpi xixj f()d R4,

1 <i,j<d, arecontinuouson Sd_l,

(Ha) [ga |XIP[f(x)|dx < oo,

(Hs) For all collections {R(p)}g<p<; C R such that R(p) - oo and pR(p)> -0 as p—

0, and for all functions g : R~! — R of the form g(§) = a + (A&, &) where a € R and
where A is a symmetric matrix,

(H3)

lim sup sup
=0 7eo(d) 0<r<p

/ Ju(€.rg(§))g(§)d§ —/ Ju(§.0)g(5)dE| =0,
B(0,R(p)) RA—1

where O(n) denotes the group of d x d orthogonal matrices, and where fy : R — R is
defined for all U € O(d) by fu(x) = f(U*x).

Theorem | has been applied to schemes for anisotropic mean curvature motion (see Theorem 3.3
in [32]) with Gy, defined by

Gp¥(x) =sup{r € R; Spllgza(x) = 6} 35)
=inf{l € R; Spllg=,(x) < Op}, (36)

where
Sng(x) = h™ 2 £(./ /) g(x) = /2 /}R O/~ v, =5+ e,

and where F (X, p) is given by

-1 1
Foxp) == ([ rwant i) (5 [ oo a4 elpl)
p p

(the last term in this integral models a forcing term).

In this section, we follow the proof in [32] to show a consistency result in our case when f is a
non positive kernel and does not have moments of order two (i.e., x — |x|2f(x) ¢ L'(R?)). We
introduce two operators G,T and G, defined by

G, (x) =sup{A € R; Spllg=a(x) = 64}, (37)
G, ¥(x) =inf{A € R; Spllgza(x) < Op}, (38)

which are not necessarily equal as our kernel is not being nonnegative. To adapt these results to our
context we modify the assumptions (H1), (Hy4) and (Hs) as follows
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(H)) [, f)dRI™" > 0forall pe S, f(—x) = f(x) and [pa f(x)dx =1,
(Hy) [fga |x[*#]f(x)|dx <00 for0<pu <2,
(HZ) Assume that u €]0, 1/2]. Then for all collections {R(p)}¢<,<; C R such that R(p) — oo

and pR(p)>™* — 0 as p — 0, and for all functions g : R?~! — R of the form g(§) =
a + (A&, &) where a € R and where A4 is a symmetric matrix,

lim sup sup
P=>0yeco(d) o<r<p

/ | fur & re(€)] g(©)dE — / | fu (€. 0) g(é)dé' — 0,
B(0,R(p)) R4—1

/ Ju(€.rg(§))g(§)d§ —/ fU(E,O)g(%‘)dS‘ =0,
B(0,R(p)) RA—1

lim sup sup
P>0yco(d) 0<r<p

In this last statement, B(0, R(p)) denotes the (n — 1)-dimensional ball, centered at 0 and of radius
R(p).

4.1 Ky satisfies (Hp, H3) and (H{, Hy, HZ)

We remark that I€¢(§‘) = I€¢(—.§) and ¥ (K4)(0) = 1, so that

Ky(—x) = Kg(x) forallx e R?, and / Kg(x)dx = 1.
R4
Moreover, Proposition 4 shows that

/ K¢(x)d?fd71 = >0 forall peS?,
pl

(4m)d/2 pd

so that (HY) is satisfied. Propositions 4 and 5 also imply that K4 satisfies (H>), i.e.,
/ (14 [x]?)|Kg(x)|d R4 <00 forall pesS?t, (39)
pL

Concerning (H3), we note that

1

1
3 /pL x ® xKg(x)d R4

and that .

KgdW9™ ' = ————.
/pL ¢ 2/7°(p)

Since ¢° is smooth on R? \ {0} and positive (in particular ¢° > A on S¢ ) we see that the functions
p —>/ K¢(x)d?£d_1 p— / xile(d,(x)d?ﬂd_l, l<i,j<d,
rt pt

are continuous on S¢.
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We next prove that if 0 < pu < 2, then

/ |x|27“|f(x)|dx < 00.
R4

Indeed, Proposition 2 with s = 1 — /2 shows that

_ Cyo |x|2’“ C
2—u [
/Rd RTE Sl dx < /Rd TF i & S /Rd T ez 9%

d o0 1
<C|S ————dr < o,
| I/o (14 rtHu2)
for some generic constant C.

It remains to prove (H.): Let0 < u < 1/2and let R : Rt — R* such that, as p — 0,
R(p) — oo and pR(p)** — 0. Setting fy(x) = Ky(U*x), we consider

/}R o G rg @) Bsoren () — fu (5. 0) g(D)] d
< / | fo (5. 0)] |g(B)|d5 + / s [(foGorg(®) = fu(5.0) g()| d
B(0,R(p))" B(o,R(m > )

+/ s | U (X, rg(%)) — fu(%,0)) g(X)|d%.  (40)
B(o,R(p))\B(o,R(p) 2 )

From the decay assumptions on Ky (see Proposition 2) we have

C

|fu(X.rg(X))g(X)] < T4 Ed-is

where C does not depend on U and r. Then, it holds that

1
| fu(%.0)g(®)| d < C / s
/B(O,R(p))c BO.R(p)c 1 + |X|d71+s

1
—dr
R(p) 1+ |r|1+s
< C I8 HR(p)~,

<C |84
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and

/ 2 (fU(ivrg(i))—fU(isO))g(fc)‘di
B(o,R(p))\B(o,R(p) 2 )

1
szc/ L
B(o,R(p))\B(o,R(p)zT”) 1+ [E[d-1+s
R(p) 1
2—u 1+sdr
Rp) 2 1+1r|

—Q2—u

< CI8*(R(p) ™2 = R(p)™),

<2C |84

and implies that the first and the third term in (40) converge to 0 uniformly with respect to U and r
as p — 0. Moreover, using smoothness property of Ky (C ©(R?)), we have

|V fu(%.rg(®)||g(®)] < e LY(RIY),

1+ |)~C|d—1+s

uniformly on U and r, and with r < p,

/B (|0 80— S0 0

0.R(p) 2~

$rR(,0)27M/ 2u { sup sup {|8x,,fU(i,s)g()?)|}}di
B(0.R() 2 ) Ueo(@) 0ss<re(®

< CpR(p)* ™",

for some generic constant C.
We conclude that

lim sup sup =0.

P>0yeco(d)0<r<p

/ fo (. rg(@)g(®) di — / fo(R.0)g(®) di
B(0,R(p)) R4—1

The second statement in (H{) is established similarly.

4.2 The consistency proof
THEOREM 2 Let ¢ € C2(R?). For all z € R? and € > 0, there exists § > 0 such that for all
x € B(z,8) and h € (0,6],if Vgp(x) # 0 we have

Gy e(x) < 9(x) + (= F(D*¢(2), Dg(2)) + €)h,

Gifo(x) = o(x) + (— F(D*¢, Dg(z)) — €)h.

Proof. We closely follow the argument in [32].
1. We only prove the first inequality. The other one is obtained similarly.
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2. Without loss of generality, we can assume that z = 0. Let us fix a € R, such that
a > —F(D?¢(0), Dg(0)).
The inequality is proved if we can exhibit a § > 0 such that, for all x € B(0,§) and & € (0, 4],
Shlpzgx)+an(x) < Op.

3. Fix 81 > 0, such that Dg # 0 on B(0,81) and choose a continuous family {U(x)}yep(0,5,) C
O(d), such that for all x € B(0, §;),

U(x)( De(x) ) — eq,

|Dg(x)]

where e; denotes the unit vector with components (0,0, ...,0, 1) € R?. Note that if x € B(0,§,),
then

Shlyzpx)+an = /Rd Fuy DM gz +an (x — VRU()*y)dy.
4. Choosing § smaller if necessary, (H;) implies the inequality
a>—F(D%*p,Dy) in B(0,6),
or in other words,

1
3 | AP U@DHIU@ PE . ) fun 6.0 —a [ fuin(6.0)dé
RA—1 RA—1
< ~cIDg(]. @)

where P denotes the d x (d — 1) matrix with components P;; = §;;.
5. We next fix € > 0, and 6, € (0, 81, such that for all x € B(0, 6>),

%/}Rd*l (P*U0)(D2¢(0) + 32 1) U(0)* P, &) fue (£, 0)dE

~@=e) [ S 0ds < ~(E+IDyO).

6. The Taylor theorem yields a y > 0 such that forallz > 0, y € R4, and x € B(0, 6,), if
Vh|y| <y, then

o(x — VhU(x)*y) < p(x) — VI (Dg(x), U(x)*y)
h
+3 ([U)(D?¢(x) + €D U(x)*y, ¥)
< o(x) — Vh|D(x)|ya + Chy?

+ g(P*U(x)(ngo(x) +2e2NUX)* Py, y),
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and
o(x — VhU(xX)*y) = o(x) — Vh (Do(x) . Ux)*y)
2 U@D() DUy . )
= ¢(x) = VhID(x)|ya — Chy]

+ g (PTU)(D?p(x) =262 HUX)"PY". y').

where we write y = (), y¢) € R?™! x R, and where C is a positive constant.
7. Reducing y and 8, if necessary, the previous inequalities imply that for y € B(0,y/~/h) and
x € B(0,87),

o if o(x — VhU(x)*y) = ¢(x) + ah, then

\/E l * 2 2 * / /
ya < Dot = CViva (—a + 2(P Ux)(D*p(x) +2¢°1HU(x)* Py, y ))
< h (—a +e2+ l(1f>*U(0)(/)2<p(()) + 321 U(0)* Py’ y’))
[Dp(0)] 2 ’ ’
o if
vh 1

Y < s (—a 4 L {PTUOD?(0) 3 DUO) Py y/)) ,

then
o(x — \/EU(x)*y) = @(x) + ah.

We define

a¢ = (a —€*)|De(0)| ",
ae = (a +€)|[Dp(0)| ",
A€ = |Dp(0)| " P*U(0) (D29(0) + 3€21) U(0)* P,
Ae = |D@(0)| "' P*U(0) (D2¢(0) — 3¢>1) U(0)* P,

and for y’ € R4~!
€ !/ € 1 €.,/ / li 1 ! i
g0 = (—at+ S (A y) ), ge0) = (—ac + 5 (4", ¥) ).
We also set
Vix = {y € RY; o(x — «/EU(x)*y) = p(x) +ah},

and
Elye= {y €R?: yg < x/ﬁge(y’)},
EZ, = {y eR?; y; < x/ﬁgs(y’)}-

€,h,x
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We check that for all x € B(0, §3),

(Vh,x N B(O, y/ﬂ)) c (E:h’x N B(O. y/ﬂ)) ,
(E;h,x N B(O, y/ﬁ)) c (Vh,x N B(O, y/ﬁ)) .

8. The assumption (H,) yields the existence of a decreasing function w € C([0, 00), [0, 00)) such
that w(R) — 0 as R — oo, and

/ O dy < o(R)?, forall R > 0.
B(0,R)¢

For each 0 < ¢ < 1, we define the family of sets R(¢) € (0, o0) by
w(R(1)) = tR(t)* ", (42)
which satisfy (HZ). We then choose t € (0, 1) such that
R(@) < y/t, forallt € (0, 7]. (43)

9. Let
p=+h, T(p)=Bn1(0.R(p)) xR C R

For all & €]0, t2) and for all x € B(0, §,), we estimate

/ fowdy = / For ) Lysateysan(x — VAU*(x)y)dy
Vh,x R4

/A

oy + / | foen ()l
B(0,R(p))¢

/V/Lx NB(0,R(p))

<
\L+

€.h.x

<
\L+

eAh,an(p

43 / | fue ()ldy.
B(0,R(p))¢

0

foco@dxt [ )iy

NB(0,R(p)) R(p)

+ | fowO)ldy
(EX) \EZ),.)NBO,R()

€.h.x

o)y + /(E+ o Iy

ah,x\Ee_Ah,x)nT(p)

10. For the last integral above, we have

1
| foeo |0y < —/ P foe )y < o(R(0)p.
/B(O,Rm»c v R(p)>* JB(0.R(s)) e (k@)

and moreover, since Ky is symmetric,

1
== Jux()dy <

: / | fue|(»)dy + (R(p))p.
Ya<0 T (0)N{yq <0}
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We note that

[ oo
0

€.h.x

-/ fueo () dy
T(e)N{ya<pgc(y')}

fom)dy + /

B —1(0,R(p))

pg€(y)
- / dt / fow(E ) dr
T(p)N{yq <0} 0

0
- / o) dy + / dr / Fue €. rg(€)g" €) dE.
T (p)N{yq <0} 0 B, —1(0,R(p))

It follows from (H?) that as p — 0,

1
0 * dy - x dye — x) S, “(6)dé&,
p {/T(p)”Eih.x Juen (y)dy /T(pm{yd@} Jow () y§ /Rd*l fu (E.00g°(€)dE

uniformly with respect to x. Possibly reducing T we may assume that for x € B(0, §,),

1
P * d a X d s X ’ € d 2.
P {/T(p)nE+ Jue (y)dy /T(p)n{ydso} S () y} /Rd*l fue (£.0)g(E)dE + €

€.h,x

Using same argument, we also conclude that

oy = { /T |fU(x)(y)|dJ’}

(P)N{0<y <pgc(y')}

/T(p)” (E:h,x\E;h,x)

_ { / |fU(x)(y)|dy}
T(p)N{0<yz<pgec(y")}

<p /R Ll E 0@ ©) — ge€)dk + pe?
<ee (1 " /RH (2+3[6P) Ifuml(s,O)dé)
< Cope?,

where

o= sup Tt [ (2306 Lo 6 0)E].

x€B(0,62)

11. Finally, noting that from (41),

/Rd_l Ju) (£.0)g€(6)dE < —c —e,
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we get

1

[, 70z psante = iz < 5+ [ fun €061
R4 2 R4—1
+p (62 + 4w(R(p)) + Coez)

1

< 3 +p (—c —e+ € +4w(R(p) + Coez)
< O,

for € sufficiently small. |
Even if the function ¢ is regular, G,T ¢ and G, ¢ need not be equal and continuous. However, it is
easy to check thatif ¢ = 1 is a characteristic function then G; I = G, 1. The next proposition

shows that if ¢ is smooth, G, ¢(x) = Gh+ (x)¢ 4 o(h), so that one could conceivably build a Bence
Merriman Osher type scheme using either G;l1r or G, .

PROPOSITION 7 Let ¢ € C2(R9). Let x € R such as Vo(x) # 0, then
G, o(x) = G;l"go(x) + o(h).
Proof. Let x € R? such as Vp(x) # 0 and for all # > 0 let
e(h) = G o(x) — G p(x).
Introduce also g5 (A) : R — R defined by

040 = Srtg=a(0) = [ Kon()toza(x = ).

This function may not be continuous. We claim that its jumps are bounded by 0(«/%). Indeed, for
all 1 € R, one can express gy (1) as

h(d) = / Ko 1ty (x — )dy + / Ko (0) 2tom 1y (x — y)dy
B(0,0) R4\ B(0,0)

0,0
= gn(A) + Rp(R),

where o is chosen sufficiently small so that [Vep(y)| > Oforall y € B(x,0).Let0 < pu < 1, let

o) = [ Py
and let R(f) be defined by the equality w(R(¢)) = ¢R(t)*>*. Note that (H,) implies that
VhR(h)* ™ — 0as h — 0, so that v/hR(h)'~"/2 < ¢ for h sufficiently small, it follows that

Ry < / Ko (0)ldy.
RA\B(0,~/hR(h)1—1/2) ¢
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Moreover, changing variables, we see that

Kpa(0)ldy < / |Kp(0)ldy

/JRd\B(O,«/ZR(h)‘_”/z) RI\B(0,R(h)! ~#/2)

1
< -
R(h)(zfl/«)z/z /l;d\B(O,R(h)]'“-/z)
w(R(h))
T R(h)C-w?/2°

|y P~ | Ky (y)|dy

Since 0 < (2 — n)/2 < 1, it follows that

1—u/2
|Rh(M)] < (%) = h'"7M2 = o(Vh).

Further, the fact that |Ve(y)| > 0 on B(x, o) show that g is continuous in A, which proves the
claim.
Recall that
G, o(x) =inf{s € R: Spyp=s(x) < 6},
G}Tfp(x) = sup {s eR; Spyp=s(x) = 9;,},

it follows from the claim above that

ShAe=Gy o0 (¥) = O+ 0(Vh). and  Spx s gty (1) = O+ 0(V),

and consequently

/Rd Ky (D) X6 0()<0<G o) ety (X — ¥)dy = 0(Vh).

One can use the same argument as in the consistency proof, (in particular see point 7) to show that
asymptotically, the above integral behaves like

/ K0 (¥) XG5 0(x)<0<G5 p(x)+e(h) (X — y)dy = &/ Kp(x)d R (x) + o(Vh).
R4 V()| Vh

pL

where p = ‘ggg;l. In conclusion, as fpi Ky (x)d #4=1(x) > 0, we deduce that

Vel
Jpr Ke(G)ARTT(x)

e(h) = (h),

which proves the proposition. o

REMARK 3 Our consistency result sheds light on the relationship between the kernel Ky and the
evolution equation (4). Proving convergence of a Bence Merriman Osher type algorithm in our
context seems to be very difficult (if true at all). The argument of [32] does not apply here. The
main difficulty is that fo(p may not be continuous, even if ¢ is regular. Further, we can only show
monotonicity of the operators Ghﬂt up to o(h) for smooth functions whose gradients do not vanish.
The source of these difficulties is really the thresholding in the definition of G ]T
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5. Numerical simulations

In the previous section, we proved a consistency result for a Bence Merriman Osher-type algorithm.
Here we numerically investigate the convergence proper- ties of a related scheme, based on a phase-
field discretization. Both schemes consist in a diffusion step followed by a correction step. In the
case of the BMO scheme, the correction is a simple thresholding, while the correction is obtained
via a reaction term for the phase field scheme. More precisely, in the second case, given a small
parameter € > 0, we set

Gh,e(p(x) = Th,e(qu,h * (,0),
where T,  is defined as follows: Given A € R, T}, ((4) = ¥ (1) where V¥ is the solution of the ODE

wl‘ = _G%W/(W)s
v(0) =4,

and W a double well potential with wells located at ¥ = 0 and ¥ = 1. Note thatif ¢ = lp isa
characteristic function, then

li g =Gllg =G 1
egI})Gh’E 2 Gh 2 Gh 2

which shows a formal relationship in the correction step of the BMO and phase field schemes.

The advantage of the phase field scheme, is that it produces smoother interfaces, which avoids
numerical errors due to aliasing. Moreover, we wanted to test our method for approximating
anisotropic diffusion on computations of Wulff shapes, a problem where one has to impose a volume
constraint. Such constraint is easier to handle with a phase field scheme, where one can explicitly
compute the associated Lagrange multiplier. The next paragraph, describes the phase-field algorithm
for the operator Ay.

5.1 The A~¢-phase field model and its discretization

As an approximation to the anisotropic Allen—Cahn equation (5), we consider the following phase-
field model

_ dist(x,0E)
u(x,0) =gq (f) .
We also report tests, where we estimate the L!-error on anisotropic Wulff sets (the sets which

minimize the anisotropic perimeter under a volume constraint). To impose volume conservation, we
consider a conserved phase-field model, of the form

u(x. 1) = Agu(x. 1) = SW u(x, 1) + 10@) /2W (u(x.1)). )

u(x,0) =gq (7““5‘(’2’90)) )

The parameter
Joa W (u(x,1))dx

€ [ra ,/2W(u(x,t))dx’

A(t) =
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can be seen as a Langrage multiplier, which preserves the mass of u. See [13] where schemes of
this form have been studied for isotropic mean curvature with a volume constraint.

We now describe the numerical method we use for solving the PDE’s (44) and (45). Several
studies of classical numerical schemes for the Allen—Cahn equation have already been conducted
in the past: see for instance, [16, 18, 24, 28, 29, 39, 40]. Here, the computational domain is the
fixed box Q0 = [-1/2,1/2]¢ ¢ R%, d = 2,3. The initial datum is uy = Q(M), where
£2¢ is a smooth bounded set strictly contained Q. We assume that during the evolution, the set
¢ 1= {ue(x,t) = 1/2} remains strictly inside Q, so that we may impose periodic boundary
conditions on 9Q.

Our strategy consists in representing u as a Fourier series in @, and in using a splitting
method. First, one applies the diffusion operator, which given the form of A~¢, merely amounts
to a multiplication in the Fourier space. The interesting feature of our approach is that this step is
fast and very accurate. Next, the reaction term is applied.

More precisely, u¢(x, t,) at time ¢, = to + ndt is approximated by

P i 7 p-
u; (x,1,) = Z ue’p(tn)emnp x
max|<j<d |pil<SP
In the diffusion step, we set
472 2 sinp-
ul (x, 1, +1/2) = Z Ue,p(tn)e 4770197 (P)7 p2impx
max|<j<d |pil<P
We then integrate the reaction terms
ul Geotn + 1) = ul (v ty + 1) = 8tEW/ (ul (x.1a +1/2)).

In practice, the first step is performed via a fast Fourier transform, with a computational cost
O(P? In(P)).
The corresponding numerical scheme turns out to be stable when solving (44), under the
” -1
condition §t < Me?, where M = [sup,e[o’l] {W (t)}] . Numerically, we observed that

this condition is also sufficient for the conserved potential in (45). In the simulations, we used
W(s) = %sz(l —5)2.

The isotropic version of our splitting scheme has been studied in [13]. It is shown there that this
scheme converges with the same rate as phase-field approximations based on a spatial discretization
by finite differences or by finite elements. Its advantages are greater precision, and unconditional
stability.

5.2 Test of convergence in dimension 2

We consider following anisotropic densities

BO = s = (1 + 1e2l)*
936 = l1gl,4 = (113 +1ea1?) "
95® = ("™ + 136 + L&l + 136 - Lo,

1
1 001) T.001
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FIG.2. Wulff Set (black) and Frank diagram (grey) for the anisotropic densities (¢1, #7), (¢2, @9) and (¢3, $3)
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FIG.3. £2(¢) at different times for the anisotropic densities ¢1, ¢2, P3

See Figure 2 for a representation of their Wulff sets By, and Frank diagrams B¢§"
1. Evolution from a Wulff set.
We consider the equation

0ru = Apu — E%W/(u),

u(0,x) =gq(dist(x,$2)/e),

where the initial set £2 is a Wulff set of radius Ry = 0.25
20 = {x € R?; ¢(x) < Ro}.

It is well known that the set £2(¢) obtained from §2 through evolution by anisotropic mean curvature

is a Wulff set with radius R(t) = ,/ R% — 2t, which decreases to a point at the extinction time

R2 . . . . .
text = 70. In these simulations, the number of Fourier modes is P = 28, and the time step and

phase-field parameter are chosen to be §; = 1/P? and € = 1/P. In Figure 3 the interface £2(¢)
is plotted at different times. We observe a good agreement between the theoretical and computed
curves, in spite of the smoothening of the corners of the latter.

2. Convergence to the Wulff set
This smoothening of corners actually depends on the thickness € of the diffuse interface, as
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loatErau)

F1G. 4. From left to right: £2(¢) at different times with anisotropy ¢, £2(¢) at different times with anisotropy ¢g , error
estimate € —> || 1132 — 1By g, Iz, (a) in logarithmic scale (#{ in red and @5 in blue)

evidenced in the next series of tests, of evolution by anisotropic mean curvature under a volume
constraint according to (45). The initial set §2¢ is a circle centered at 0, of the same volume as
22* = {x eR?; ¢(x) < RO}. The evolution §2; from £2 is expected to converge to the Wulff set
2%,

The left and middle of Figure 4 represent the final sets §27 obtained from the resolution of
anisotropic Allen—Cahn equation, with respective anisotropic densities ¢; and ¢», and for different
value of €. We observe that the smaller €, the better the approximation of the Wulff set. On the
right-hand side of Figure 4, the L! error

€ = [[Igx — lox |1, (ra)

is plotted in a logarithmic scale. This graph indicates that this error is of order €.

5.3  Some 3D simulations

As final illustrations, we consider the anisotropic densities

¢26) = & +& + &),
¢35 = 51| + [62] + &3]
The corresponding Wulff sets and Frank diagrams are plotted in Figure 5.
We report in Figure 6 (respectively in Figure 7) the evolution by ¢ (resp. ¢2) anisotropic mean

curvature from an initial torus. The number of Fourier modes is P = 27, the time step and diffuse
interface thickness are §; = 1/P?ande = 1/P.

Frank diagram Waulff set Frank diagram Waulif set

FIG.5. Frank diagram and Wulff set: B¢g, By,, Bd,g , Bps
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FIG. 6. ¢4 (&§)-evolution from an initial torus, at different times
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FIG.7. ¢2(&)-evolution from an initial torus, at different times
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