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We study by I"-convergence the discrete-to-continuum limit of the Blume—Emery—Griffiths model
describing the phase transition of a binary mixture in presence of a third surfactant phase. In the case
of low surfactant concentration we study the dependence of the surface tension on the density of the
surfactant and we describe the microstructure of the ground states. We then consider more general
(n-dimensional) energies modeling phase transitions in presence of different species of surfactants
and, in the spirit of homogenization theory, we provide an integral representation result for their I"-
limit. As an application we study the ground states of these systems for prescribed volume fractions
of the phases.
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1. Introduction

In recent years a great effort has been made in order to study the atomistic-to-continuum limit
of several discrete systems and in particular of Ising-type spin systems (see, for example, [2, 3,
4,6,7,8, 11, 12, 18, 19, 20, 30, 32] and [15, Chapter 11] for a review on this subject). Despite
a simple structure, the energy functionals of such systems (depending on the choice of the order
parameter, the range of interactions and the scaling properties) may model a great variety of physical
phenomena. An instructive example in this respect is provided by the functional

E.(u) = —Zszu(a)-u(b), (1.1

which is the energy of a two-dimensional system of interacting spins through their nearest-neighbor
(n.n.) bonds. Here the function u is defined on the points of a e-lattice and takes values either
in {£1} or in S!. The energy accounts for the interactions among nearest neighbors (n.n.); i.e.,
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a,b € ¢Z* N 2 such that |a — b| = & (2 C R? being a bounded open set). The analysis of such
a system can be performed both when u takes values either in {£1} and in S! (in the latter case
u(a) - u(b) denotes the scalar product in R?). On one hand, in the case u € {1} it has been proved
in [2] that the discrete-to-continuum limit, as ¢ — 0, of suitable power scaling of (1.1) resembles
that of a Cahn-Hillard type functional. Namely, it leads to a class of anisotropic surface tension
energies of the form faE o(vg) d H', where vg stands for the inner normal to dE which, in turns,
represents the interface between the {# = +1} phase and the {¥ = —1} phase. On the other hand,
the vectorial case u € S leads to a completely different class of continuum limits. In [4] it has been
proved that the asymptotic analysis, as ¢ — 0, of a suitable logarithmic scaling of (1.1) resembles
that of a complex Ginzburg-Landau functional. In particular, it leads to a limit energy model for
N
the formation of vortex-type singularities described through the measure 1 = Y d;6y, (x; € £2
i=1
standing for the location of the i-th singularity and d; € Z for its topological degree) whose energy
is of the type | |(£2).

In this paper we will prove that a variant of the energies in (1.1) leads to a class of continuum
functionals different from the two mentioned above. The model we consider can be described as
follows. Given £2 C R? a bounded open set, we fix the two dimensional square lattice £Z> N £2 and
we consider a ternary system driven by an energy defined on functions parameterized on the points
of the lattice and taking only three different values (for simplicity, —1,0, 1). In this framework,
the values of u are usually thought to describe three admissible phases of the system. For a given
configuration of particles, the free energy E, of the system is given by

Eew) = Y & (—u(@u(b) + k(u@u(b))*) (1.2)

n.n.

Here k > 0 is the quotient between the so called bi-quadratic and quadratic exchange interaction
strengths. The range of k, jointly with the scaling of the energy, will be chosen later as a result of a
heuristic argument. This heuristic argument will justify the choice of the functional in (1.2) as the
free energy of a system where the two phases {1} coexist in presence of the phase {0} representing
a substance called surfactant (a contraction for surface-active-agent) which, by being absorbed onto
the interfaces, may significantly reduce the surface tension of the system.

A variational description of the effects caused by the presence of surfactants in phase separation
phenomena has been developed by modeling the physical system either as a continuum or as a
discrete. Among the continuum theories, a first attempt to model phase transitions in presence of
surfactants has been made by Laradji-Guo—Grant—Zuckermann in [27] and [28] (several genera-
lizations have been further considered by Gompper and Schick in [26]) who proposed a variational
model involving a two order parameters Ginzburg—Landau functional. Here one order parameter
represents the local difference of density of the two phases (as in the standard Cahn-Hillard model in
the gradient theory of phase transitions) while the other one represents the local surfactant density.
The two order parameters are energetically coupled to favor the segregation of the surfactant at
the phase interface. The coarse-graining analysis of this model has been performed through I"-
convergence methods by Fonseca, Morini and Slastikov in [25] (the mathematical analysis of more
general continuum models is the object of [1]). Concerning the discrete models, many of them use
some variation of that in (1.2) which has been introduced by Blume, Emery and Griffiths (BEG) in
[13] (see also [26] and the references therein). This model has been also object of interesting studies
in the context of equilibrium statistical mechanics (see [24] for an exhaustive mean-field approach)
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and has been used to describe several ternary systems (e.g., solid-liquid-gas systems, semiconductor
alloys, electronic conduction models).

In this paper we will perform a I"-limit analysis of these energies and, as a result, we will be able
to describe the behavior of the ground states of the BEG system as ¢ tends to 0. More in details, upon
identifying arrays {u(a)}, a € €Z? N 2 with their piecewise-constant interpolations, the energies
E, can be interpreted as defined on (a subset of) L!(£2), and can therefore undergo a process of
I'-limit in that framework. As ¢ tends to 0, the I"-limit E of E, is particularly simple, only giving
the trivial constraint |u| < 1, and the constant (minimum) value 2|£2|(—1 + k) A 0, achieved by
one of the three uniform states ¥ = —1, u = +1 and u = 0. By choosing k < 1 we set the
uniform states ¥ = %1 to be the ground states. Note that, with this choice, the asymptotic analysis
of the energy E. summarizes the fact that a sequence (1), can arbitrarily mix the uniform states
—1 and 1 at a mesoscopic scale with variation in energy from the value of the uniform states which
is negligible as ¢ — 0 (the asymptotic analysis of the bulk scaling of more general spin-type models
has been performed in [6]). Thus, in order to have a better description of the ground states, in the
spirit of development by I'-convergence (see [21] for a general treatment of this topic and also [2,
5, 16, 17]), we select sequences that realize the minimum value with a sharper precision; i.e., such
that

Ec(uy) = ce + O(e),

where we have denoted by ¢, the absolute minimum of E,, that is ¢, = ., ¢*(k — 1). For
such configurations the limit states u will take the values £1 only and the limit energy will be an
interfacial type energy which is interpreted as the surface tension of the system which undergoes a
phase separation phenomenon between the phases {u = —1} and {u = +1}. Thus, at this scaling,
it is necessary to further specify the values of the parameter k in such a way that the phase 0 can be
actually considered as a surfactant phase (meaning that it contributes to lower the surface tension).
In particular it can be easily showed (see Section 3) that, for % < k < 1, the energy for a transition
from a —1 phase to a +1 phase is lowered if the surfactant particles are at the interface. With such
a choice, the 0 phase can be rightly considered a surfactant phase and, for this reason, the previous
scaling, in which in addition the measure of the phase 0 vanishes, is usually called the low surfactant
concentration regime. We are interested in this scaling regime. Thus the scaled family of functionals
we have to study is

Es(u) —c

ED () = £ =Y el —uayu(b) - k(l - (u(a)u(b))z).

Observe that, within this scaling, the interaction energy for two particles of the same type —1 or

+1 is zero, while the interaction of a surfactant particle 0 with respect to all the other particles
is repulsive, its cost being the positive value 1 — k. For this reason it is also said that the BEG

functional describes a repulsive surfactant model. In Theorem 3.2 we show that Eél) I"-converges
(in the L' (£2)-topology) to the interfacial-type energy functional

EM () =/S( Y

whereu € BV(£2;{%1}), v (v) = (1—k)(3|v1|V|v2]| 4+ |v1]| A|v2]) denotes the anisotropic surface
tension of the model, S(u) is the (essential) interface between the sets {u = 1} and {u = —1} and
v, is the measure theoretic inner normal to S(u).
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As we have already observed, in the topology we have chosen, the limit order parameter u
does not carry any information about the surfactant phase. The role of the surfactant becomes clear
when one looks at the minimizing microstructure leading to the computation of the limiting surface
density 1. In this direction, a natural further step in the analysis of the BEG model is the dependence
of the surface tension of the continuum limit on the concentration of the surfactant. There is a large
literature on this subject, both from the physical and the chemical point of view (see for example
[26] and [29]). However no rigorous description of the microscopic geometry of the surfactant at the
interface is present in literature and, as far as we know, all the attempts done to study this problem
are based on numerical computations or on heuristic arguments. In order to rigorously address this
problem we need to go beyond the standard formulation of the BEG model and let the energy
functional of the system depend explicitly on the distribution of the surfactant particles. To this end
we set

Io(u) ={a € 2, : u(a) =0},

and we introduce the following surfactant measure

p(u) = Z &dgq.

acly(u)

Then, with a slight abuse of notation, we can extend Egl) to L1(£2) x M4 (2) — [0, +00] as

EP @) if p=pw).

ED®, p) =
e (1) +00 otherwise.

We observe that, in this discrete setting, the way we extend the functionals in order to track the
energy of the surfactants is by decoupling the order parameter of the model instead of adding another
variable as it has been done when dealing with continuum models (see [25] and [1]). We then endow
the space L' (£2)x T 4 (§2) with the topology 1 X 7o where 7 denotes the strong topology in L!(£2)
and 1 denotes the weak*-topology in the space of non-negative bounded Radon measures M 4 (£2)
and, by performing the I"-limit with respect to this topology, in Theorem 3.3 we prove that Eél)
I'-converges to the functional EM : L1(£2) x M (£2) — [0, +-00] defined as

du ) 1 .
—— v )d¥ + 2k —2)|u|(22) ifu € BV(82;{+1}),
0= | Lo (G o) + 2k =2Il@) (2: 1)
+o0o otherwise,
where we have set u° (= p — #{fg(u)?{l | S(u) and where the function ¢ : R x S — [0, +-00)

is computed explicitly and its graph is reported in Figure 2. As it is clear from the graph of ¢, a
threshold phenomenon depending on v occurs at the phase interface. Indeed, for a given v € S
the surface tension ¢(z, v) decreases up to a certain value of the density z of the surfactant, namely
z = |v1| Vv |v2|. Increasing further the density of the surfactant the surface tension is constant, if
the surfactants are not absorbed onto the interface (in this case the singular part of the surfactant
measure is increased), or otherwise it increases. As an application of the previous I"-convergence
result, at the end of section 3 we address an optimization problem having as constraint the prescribed
volume fractions of the different phases.

Inspired by the many different models of phase transitions in presence of surfactants studied
in the physical/chemical literature, in Section 4 we push forward the previous analysis to the case
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.

FIG. 1. The local microstructure of a ground state of the BEG model at a fixed straight interface (the dashed line normal to
v) for three different values of the density of surfactants at the interface. Black, white and grey dots stand for the 0, +1 and
—1 values of the spin field u, respectively.

of a n-dimensional discrete systems driven by an energy accounting for quite general finite range
pairwise interactions when different species of repulsive surfactant particles are present. For such a
general system, in the spirit of homogenization theory, we obtain an integral representation result
for the I"-limit and we study some properties of its densities. More precisely, given £2 C R” and
u: eZ™ N 2 — K we define the functional F; as

Fay= ) e“f(b“‘,u(a),u(b)),

&
a,bef;, la—b|<Re

where R > 0 is an interaction threshold, K = {m1, ma, s1,52,...,5m} C R describes the finite
number of phases in the system and f : Z" x K? — [0, +00) satisfies a sort of discrete isotropy
condition (see Remark 4.1 and 4.5) and is such that f(z,-,-) has {(m,m1), (m2,m3)} as absolute
minimizers. As we have done in the case of the BEG model, to study the discrete-to-continuum limit
of this discrete system we introduce the sets of points in ¢Z” N §2 occupied by the different types of
surfactant and suitable surfactant measures associated to them. For/ € {1,2,..., M} we set

M
Ii(u) :={a €82 :u(a)=s}, Iu):= U I;(u)
I=1

and we define

pi) = Y " p) = {ua @), pa(). . par ().

aeI/(u)
After extending F, to L1(£2) x (M4 (£2))M — [0, +-00] as

Fe(u) if p = p(u),

Fe(u, =
20 ) +00  otherwise,
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in Theorem 4.4 we prove that F, I'-converge with respect to the 7; X 1, convergence (here T
denotes the strong convergence in L!(£2) and 7, denotes the weak*-convergence in (Tl 4 (£2))M)
to the functional

d _
P = [ oo (gsiisi @) 07+ [ o) 03
S(u)
if u € BV(2;{m,mz}), u = (mnfiiﬁs(u)%”_lb’(u) + u®, and +oo otherwise. The limit

densities from and gnom are given by two asymptotic homogenization formulas in (4.9) and (4.10)
respectively. In order to derive the formula defining gz,,, We need to devise new homogenization
arguments, by combining some abstract arguments of measure theory with a reflection construction
which exploits the discrete isotropy assumption on the interaction densities (see Remark 4.5).

As a final remark, we want to underline that in the models we consider here the surfactants are
described as scalar particles without internal structure. More general models are known (see [22,
31] and [26]) where the surfactants are described as polar molecules whose heads and tails interact
differently with the same phase. In this case it is also known that the presence of surfactants in a
mixture may lead to self-assembling and that a number of different, and even topologically non
trivial, microstructures may appear. We hope that the analysis performed in this paper may provide
the basis to address the discrete-to-continuum limit for these systems.

Acknowledgements. The work by Marco Cicalese was partially supported by the European
Research Council under FP7, Advanced Grant n. 226234 “Analytic Techniques for Geometric and
Functional Inequalities”. This work is part of the third author’s Ph.D. thesis at the Department of
Mathematics of Sapienza, Universita di Roma.

2. Notation and preliminaries

In what follows, given x, y € R"” we denote by (x, y) the usual scalar product in R* and we set
|x] = +/(x, x). Moreover we denote by || |1 the /;-norm in R” defined as ||x|; = |x1]|+ -+ |xn]-
Given ¢t > 0, we will denote by [¢] the integer part of ¢. For any measurable A C R” we denote
by |A| the n-dimensional Lebesgue measure of A. Let §£2 be a bounded open subset of R” with
Lipschitz boundary. For fixed ¢ > 0 we consider the lattice ¢Z" N 2 =: ;. Given K C R we
denote by &, (§2; K) the set of functions

R:(82;K) :={u: 2, —> K}.

REMARK 2.1 A functionu € Q.(§2; K) will be identified with its piecewise-constant interpolation
still denoted by u and given by u(x) = u(z%), where z& € Z" is the closest point to x (which is
uniquely defined up to a set of zero measure). In this definition, we set u(z) = 0if z € ¢Z" \ 2. In
such a way @, (£2; K) will be regarded as a subset in L!(£2).

We denote by H" ! the n — 1-dimensional Hausdorff measure. Given v = (V1,...,vp) € S*71
we set

Oy = (=1, rv)n )

where r, > 0 is such that
®" 1, NI =1,
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u N e

v

FIG.2. The cube Q. In black 7 Q,, and in grey 9~ Q.

with IT, := {x € R"” : (x,v) = 0}. We drop the dependence on v whenever v = ¢; fori €
{1,2,...,n}and weset Q := Q,, = (—% 5)”.
For any 7' > 0 we set

—

I(TQy) := {x € ATQ,) : £(x,v) =0}

and then we introduce the discrete boundary of 770, to be used in Section 4 as
IE(TQ,) :=={a€eZ"NTQ,: (a+[-Re Re]") NIE(TQ,) # 0},

where R > 0 is the parameter appearing in (4.1).
Next we recall some basic properties of BV functions with values in a finite set (see [9] for
a general exposition of the subject). Let A be an open bounded subset of R” and let J be a finite
subset of R. We denote by BV (A; J) the set of measurable functionu : A — J whose distributional
derivative Du is a measure with bounded total variation. We denote by S(u) the jump set of u and
by vy, (x) the measure theoretic inner normal to S(u) at x, which is defined for K"~ a.e. x € S(u).
For the reader’s convenience we recall the following compactness result (see [9]).

THEOREM 2.2 Let uy € BV(A; J) such that

sup H" ! (S(ug)) < +o0.
k

Then there exists a subsequence (not relabelled) and u € BV(A;J) such that uy — u in the L!
convergence.

If Q is a cube we will denote by BV#(Q; J) the set of Q-periodic functions belonging to
BVioc(R"; J).

3. The Blume-Emery-Griffiths model

In this section we briefly introduce the Blume-Emery—Griffiths model which models phase
transitions of water and oil in presence of surfactants.

3.1 A brief description of the model: From bulk to surface scaling

In its standard formulation the Blume—Emery—Griffiths model can be described as follows. Given a
bounded open set 2 C R? with Lipschitz boundary, on the square lattice £2, = £Z*N$2 we consider
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the set @, ($2; {£1,0}) := {u : 2, — {£1,0}} of those functions u whose values on the sites of the
lattice correspond to a particle of water (or oil) (in this framework the scale is not precisely specified
and the term particle means more in general a molecule or an aggregate of molecules) foru = £1 or
of surfactant for u = 0. We then introduce the family of energies E!%"* (u) : @.(£2; {£1,0}) — R

Eé“”(u) = Zsz(—u(a)u(b) + k((u(a)“(b))z)’ G.D

where n.n. means that the sum is performed over those a,b € £2, such that | — b| = ¢ and
k > 01is a parameter which measures the strength of the quadratic with respect to the bi-quadratic
interactions. The asymptotic analysis of such a family of energies, as ¢ tends to 0, is particularly
simple and can be obtained through a dual lattice approach as in [2]. Indeed, by identifying the
functions u € Q.(£2;{=£1,0}) with their piecewise constant interpolations (see Remark 2.1), we
first extend the energies Eé“” in (3.1) to a functional E, : L'(£2) — [0, +0o0] as

El' () ifu € Re(2:{£1,0}).

E.(u) =
e +o00 otherwise,

and then compute the I"-limit of (E.) with respect to the weak topology in L1 (£2).
As a result one obtains that the following Theorem holds true:

THEOREM 3.1 The family (E.) I'-converges with respect to the L!(£2)-weak topology to the
functional E : L1(£2) — RN {+o0} defined as
212|(k — 1) A0 ifue L'(2;[-1,1]),

E(u) =
) 400 otherwise.

Let us comment the previous result in the interesting case when k < 1. In this regime the lattice
energy has the two pure states ¥ = £1 as minimizers, and all the variations of the order parameter
from these states are of order &2 in the discrete energy. This implies that, in the continuum limit, it is
possible to obtain, with finite energy, any value of the order parameter u in [—1, +1] by arbitrarily
mixing the two ground states on a mesoscopic scale ¢ << § << 1. In particular this allows the
energy of a phase separation to be negligible. More precisely the energy for a phase transition from
a bulk —1 phase to a bulk 41 phase separated by an interface of finite length has an energy of order
¢ and suggests the correct scaling to track the energetic behavior of a phase separation phenomenon.
Observing that the absolute minimum value at scale ¢ is precisely given by

me = Zgz(k =1,

in order to have a more detailed description of the ground states we select those configurations
described by functions u, that realize the minimum value with a sharper precision; i.e., such that

Ec(ug) = mg + O(e).

In other words this amounts to study the family of discrete energies Ea(l) : LY(2) = [0, +00]
defined as
Ec(u) — mg

Es(l)(u) = -
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that is

2 . .
O - nzr;.e(l—u(a)u(b)—k(l—(u(a)u(b)) ) ifue@o(2:40.£1}), .

+o00 otherwise.

Within this scaling, the measure of the surfactant phase has to be negligible in the continuum limit.
More precisely, it is easily seen that, since each interaction with a surfactant particle pays a positive
energy (1 — k), the following estimate

Ea(l)(u) >#ae2::ul@a)=0e(l1-k)= %\{x € ulx) = O}|

implies that the measure of the surfactant phase scales as €. As a result, the finite energy states u
will only take the values +1. It is now possible to further specify the values of the parameter k in
such a way that the phase 0 can be actually considered a surfactant phase, meaning that it lowers the
surface tension in the continuum limit. To obtain such values of k we can proceed by computing the
energy for a transition from —1 to +1 in the simplest case when the interface is a straight line in one
of the directions of the lattice (say e;). Suppose for simplicity that £2 = Q and that the interface
is the set {x € Q : (x,ez) = 0}. Our estimates are obtained by comparing the energy for such a
macroscopic transition when the microscopic structure is either given by u, or by ve, where

+1 if(a,e) =0,

ug(a) =
(@) —1  otherwise.

and
+1 if(a,ez) >0
ve(a) =140 if (a,e3) =0,
—1  otherwise.
It holds that

EMuy) =2+ 0(1),
EM(v,) =3(1 —k) +o(1).

Imposing now that the microstructure with the surfactant lowers the interface energy means to
impose that Ea(l)(vg) < Ea(l)(ug). This turns out to imply the condition k > % Such an estimate is
indeed proven to be sufficient to treat the case of a more general interface, as it is shown in Theorem
3.2

Finally we remark that the previous heuristic derivation of the range of the parameter k leads us
to call such a regime the low surfactant concentration regime. In this regime it can be also justified
the negligibility, in the present model, of other terms originally present in the BEG energy, such as
the chemical potential of the surfactant phase, which in a general situation cannot be ignored (see
[29D.

THEOREM 3.2 Let % <k < 1andlet (Eél))g be the family of functionals defined as in (3.2). Then
we have



74 R. ALICANDRO, M. CICALESE AND L. SIGALOTTI

(i) for any sequence (u;) € L'(£2) such that

sup Es(l)(us) <C <40
&

there exist (g, )N and u € BV(£2;{£1}) such that
ug, — ufork — +oo

with respect to the L!(£2)-topology;

(i) the family of functionals (Eg(l)) I"-converges with respect to the L!(£2)-topology to the
functional EM : L1(£2) — [0, +00] defined by

1. )
EM () = st Y )dR'  ifu € BV(2;{1}) (33)

+o00 otherwise,
where the function ¥ : S — [0, +-00) is given by
Y(v) = (1=k)Bvi| V [va| + [v1] A [v2]).

Proof. We will derive the proof as a consequence of Theorem 3.3. The compactness result stated
in (i) is a straightforward consequence of the analogous result stated in Theorem 3.3 (i). In order to
prove the I"-liminf inequality, let us first note that the function ¢(-, -) defined in (3.6) satisfies

min{e(z,v) 1 z € Ry} = o(jv1] V [v2|v) = ¥ (v).
Hence the functional £ (1)(-, -) defined in (3.5) satisfies
EQ@, ) = EVw), Y, p) € BV(2:{£1}) x M*(£2)

Let u, — u in L1(£2). By Theorem 3.3 (i), we may assume that 11 (1;) — u weakly in the sense of
measures. Then
liminf EX () = EO, ) = EO(u).
&

By a density argument it suffices to prove the I"-lim sup inequality for a function u with a polyhedral
jump set. Since the construction is local it is enough to consider ¥ = u,, where u, is defined in
(5.5). For such a function the optimizing sequence is given by vz,, (), where vz, is defined in (5.6),
with z = |vq| V |va|. r r

3.2 Low concentration of surfactants: discrete-to-continuum limit

As we have seen in the previous section, in the topology we have chosen, the limit order parameter
u does not carry any information about the surfactant phase. Actually the role of the surfactant
becomes clear when one looks at the minimizing microstructure leading to the computation of the
limiting surface density ¥. A natural further step in the analysis of the BEG model is the dependence
of the surface tension of the continuum limit on the concentration of the surfactant. To make it
explicit, we need to go beyond the standard formulation of the BEG model and we let the energy



PHASE TRANSITIONS IN PRESENCE OF SURFACTANTS 75

functional of the system depend explicitly on the distribution of the surfactant particles. To this end,
forall u € R.(£2;{0, £1}) we set

Io(u) = {a € £2¢ : u(a) = 0},

and we introduce the following surfactant measure

wu) = Z £0g.

aeIo(u)

Then, with a slight abuse of notation, we can extend Eg(l) to a functional Egl) LY (2)xM 4 (2) —
[0, +00] as
EP W) ifu e @u(£2:{0, £1}), = p(u),

ED @, p) =
e () 400 otherwise.

(3.4)

We endow the space L'(£2) x MW 4 (£2) with the topology 7; x 7, where 7; denotes the strong
topology in L' (£2) and 7, denotes the weak*-topology in the space of non-negative bounded Radon
measures W (£2).

The following Theorem holds true.

THEOREM 3.3 Let Eél) be defined by (3.4). There holds:
(i) Letex — 0andlet (ug, ux) € L1(£2) x M (£2) be such that

sup Es(,lc)(“kv Hi) < +o0.
k

Then there exist a subsequence (not relabeled) such that (uz, ux) — (u, n) with respect to
the 71 x 1, topology, for some (1, ) € L'(£2) x M 4(£2).

(i) the family (E 8(1)) I'-converges with respect to the 7; X 7, topology to the functional EM :
LY(2) x M4 (2) — [0, +00] defined by

dp
EDu, p) = /S(u) (p<dw [Su)’

+o00 otherwise,

uu)dw + 2k —2)|pf|(R)  ifu e BV (2:{x1}).

3.5)

where, for © € Ml4(£2), we have set u* := u — d%”dilffs‘(u)wl |S(u) and the function ¢ :

Ry x S! — [0, +00) is given by
¢(z,v) = max {¢1(z,v), p2(2,v), 93(z, V) }, (3.6)
where

@1(z,v) = —4kz + 2(Jv1] + [v2]),
@2(z,v) = (1 = 3k)z + 2(Jv1| Vv [v2]) + (1 = k) (Jvi] A v2]),
@3(z,v) =2(1 =k)z + (1 = k)(Jvi] + [v2]).

We postpone the proof of the previous theorem to Section 5, since it makes use of the integral
representation result stated in Theorem 4.4.
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FIG.3. The graph of the surface tension density ¢(z, v) as a function of the density z of surfactant at the phase interface

REMARK 3.4 As itis clear from the graph of ¢ (see Figure 2), a threshold phenomenon depending
on the v occurs at the phase interface. For a given v € S! the surface tension ¢(z, v) of the system
decreases only up to a certain value of the density z of the surfactant, namely z = |v1| V |va].
Increasing further the amount of surfactant in the system, the energy increases in two different
ways. Either the density of the surfactant on the interfaces increases (the surfactant is absorbed
onto the interface) and thus the surface tension grows, or the singular part of the surfactant measure
increases (the surfactant is not absorbed onto the interface) and the energy grows proportionally to
its mass.

As an application of the previous result, one may study the asymptotic behavior, as ¢ — 0, of
the following constrained optimization problem:

me = {ED (), e#lo(u) = e, e#11 (1) = Bs} (3.7)

where
Iy(u) = {a € 2, : u(a) =1},

lim; ¢, = @ > 0 and limg; B, = B > 0. Since we are not interested in boundary layer effects, we
consider the case when £2 is a torus, that we may identify with the semi-open cube Q := [0, 1)2,
&= %, k € N, and the admissible functions u in (3.7) are Q-periodic. The solution to this problem
is a particular case of the result stated in Corollary 4.12 (see Remark 4.13).

4. More general models

In this section we consider a class of energies that generalizes those involved in the BEG model and
in which long range interactions and different types of surfactant are taken into account.

Let 2 C R” be a bounded open set with Lipschitz boundary. We consider the family of
functionals Fy : Q.(£2; K) — [0, +00) defined by

Fw= Y &7 (b_a,u(a),u(b)), @.1)

&
a,bef,, la—b|<Re
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where R > 1, K = {mq, ma,51,52,...,sm} CR, M € N,and f : Z" x K? - [0, +00) satisfies
the following hypotheses:

F7H0) = 2" x {(m1,m1), (m2, m2)}, 4.2)
FREu,v) = f(E,u,v) Vief{l,2,...n} 4.3)
where R (£1,&2,....&,....&) = (61, &, ..., =&, ..., &) is the reflection with respect to the i-th
coordinate axis. We also define a localized energy for every A C £2 as
n—1 b—a
Fe(u, A) = > S (@) u(d) ). (44)
€

a,bEAﬂeZn, la—b|<Re

REMARK 4.1 We remark that (4.2) implies that the pure phases u = m;,i = 1, 2, are the ground
states of the energy F;. Hypothesis (4.3) is a sort of discrete isotropy condition of the energy density
and it is in particular satisfied if (&, u,v) = f(|&], u, v).

REMARK 4.2 We observe that the functional Ee(l) defined in (3.2) is of the type (4.1) with

—uv — k(1 —uv)? if§ = +e;, i €{1,2},
0 otherwise,

JEuv) = (4.5)

which satisfies assumptions (4.2) and (4.3) with K = {£1,0},m; = —l and m, = 1.

We now introduce the sets of points in £2, occupied by the different types of surfactant and
suitable measures associated to them. For [ € {1,2,..., M} we set, forall A C £2,

Ij(u, A) = {a €AN: ua) = sl},

M
I, 4) = Ii(u. 4)
=1

and, for the sake of simplicity, we set I;(u, £2) = I;(u) and I(u, £2) = I(u). Moreover we define

pr(u) = Z 8n718a’

aeI/(u)

() = {1 (), p2 (). ..., par (W)} (4.6)

With the identification given in Remark 2.1, and a slight abuse of notation, we can extend F; to a
functional Fy : L'(£2) x (M4 (2))M — [0, +00] as

F, ifu e Re(2;K), u = ,

Fu gy o P00 00 € @@ K). = )
400 otherwise.

We endow the space L1(£2) x (W4 (£2))M with the topology 7; x 7o where 7; denotes the strong

topology in L'(£2) and 7, denotes the weak*-topology in (Tl 1 (£2))™ . The choice of this topology

is suggested by the following compactness result.
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PROPOSITION 4.3 Let g — 0 and let (ug, (g ) be such that

sup Fe, (ui, pi) < +oo.
k

Then there exists a subsequence (not relabeled) such that (ug, ux) — (¥, u) w.rt. the 1y X 12-
topology, for some (u, 1) € BV(82; {my,m2}) x (M (2))M.

Proof. First note that

R (S(uk)) + pur(2) < CFey (u. pie). 4.7)
By Theorem 2.2 and observing that

|{x € 2 uk(x) & {m1,ma}}| < Cerps(2) — 0,

one easily gets the conclusion. 2 L

4.1  The main result

In this section we state and prove an integral representation result for the I"-limit of the family F.
To this end we introduce, for any ¢ > O and v € S"~1 the class of discrete functions

B(TQ,;K) := {u € Re(TQ,; K) : u(a) =myVa e Bj(TQv), u(a) =myVa € 8;(TQV)}.

THEOREM 4.4 The family (F,) I"-converges with respect to the t; X t2-topology to the functional
F:L'(£2) x (M (2)M — [0, +00] defined by

[ fhom (m, V(“)) AR + [ ghom(1*)  ifu € BV(2;{my, ma}),

F(u, ) = {Sw)
+o00 otherwise,

(4.8)

where, for it € (M4 (£2))M, we have set j1* K"~ S(u). Here, fhom : (R4)M x

sn—l [0, , +00) is defined as

_I’L dxn— II_S(u)

Jrom(z,v) = hm lim : 1nf%F1(u TQy): ue®(TQy; K), (4.9)

—0t+ T—>+o0 7
#1;(u,1
l( s Qv) <5},

le{l,...,M}‘ -1
while gom : (R4)M — [0, +00) is 1-homogeneous and, for any ¢ € (R4)M such that ||¢]|; = 1,
is defined as

_Zl

Shom () 1= Jim mrlgmf{#}g” Tgi u €@ (TQ:K), (4.10)
R@TONT—RQ) o [#i0uT0) | 5}
#I(u, TQ) Cieamy | #1. TQ) '
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REMARK 4.5 We observe that, while the formula for fj,,, can be proved by using standard
arguments in homogenization theory, the same does not hold for gz,,,. In particular, as it will be
clear in the proof of Theorem 4.4, optimizing sequences for fj,,,(z, V) can be constructed, as it is
usual in this framework, by “periodically gluing” a solution of the minimum problem on 7Q,, given
in (4.9). In such a construction, the energy due to the interactions which cross the boundary of the
periodicity cell is asymptotically negligible thanks to the Dirichlet type condition we are allowed to
impose by using a De Giorgi’s cut-off construction (see Lemma 4.9). The same arguments do not
apply to gnom- In fact, for this term, we cannot be sure that, imposing the same type of boundary
conditions, we do not modify too much the energy of minimal configurations in (4.10) since the
distribution of the phases m and m» for such configurations is not known. This fact rules out the
standard “periodic gluing” construction. Instead, we first make use of an abstract argument from
measure theory which allows us to prove that the minimal configurations do not concentrate energy
at the boundary of the periodic cell and then, by exploiting hypothesis (4.3), we construct optimizing
sequences for gz, (¢) by a reflection argument (see the proof of Proposition 4.10).

Before proving Theorem 4.4 we show some properties enjoyed by f1,0m and gnom. In the next
Proposition we prove that the homogenization formula defining f},,, is well defined.
< 8} .

Proof. Letus fix v € S*~!. Fork € {1,...,n} we label the (n — 1)-dimensional faces of Q, as
{F_., F."}. They are given by

PROPOSITION 4.6 Forany z € RM, v € §”~! and § > 0 there exists the limit

TETOO Tne rinf JFi(u, TQv) : u € (BI(TQV,K) _____ M} o

_Zl

Fk:t = Ev N {)Ck = :trv}'
Moreover we set Pki =11, N Fki and observe that, by symmetry, for any k € {1,...,n} either
P = Pk+ = @ or there exist y¥ € R” such that Pk+ =P + y¥. Note that, set J = {k : P, =
Pk+ = @}, we have that #J < 1 and that {yk}ky have rank (n — 1) and span I1,,. Moreover, since
by construction y,]c‘ =2r, (y,]c‘ is the k-th component of yk), then, set Qv = [—ry, ry)", the cubes
in Q= {Qv + Zky myy*® : my € Z} are pairwise disjoint and cover IT,.
Let us define

#1;(u, T
I7(z,8) :=inf{F1(u,TQ)) : uE(B1(TQu,K) 1 M}‘l(;lTle)_Zl <8}, (4.11)
and, given n > 0, letur € 81(TQ,; K) be such thatle{rlnaxM} )% —zl) < § and

Fi(ur,TQy) <Ir(z,8) +n.
Extend ur on QT := {x € R" : dist(x, TQ,) < /n} by setting fora € Z" N (QI'\ TQ,)
ur(a) =mqif (a,v) =0 ur(a) = myif (a,v) <O0.

Given S > T,set Qg :={Q e€TQ: Q C SQy and Q N 1T, # @} and let vs € B1(SO,; K) be
defined as follows. Let y := TZngJ myy*, my € Z, be such that TQ,, + ¥ € Qg. Then set

vs(a) = ur(a—[y]), fora e Z" N (T Oy +7),
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) 7 / s

FIG.4. The translation vectors {1, ¥2,y3} in Proposition 4.6 in the case n = 3 and J = @. The sets Q, N IT,, and
vy + Q, NI, fori =1,2,3 are shaded.

where by [J] we denote the point in R” whose components are the integer part of the components
of y. For the remaininga € Z" N (SQ, \ UQeQS 0), set

vs(a) =myif(a,v) =0 wus(a) = myif (a,v) <0.
Note that, for S large enough, we have

#1
' z(vs,SQ)_Zl <5
Sn—l

Hence, splitting the energy into two terms, the first one accounting for the interactions inside each
cube in Q¢ and the second one accounting for the interactions which cross the boundary of the
same cubes and those in SQ,, \ UQeQS 0, we get

1 1 1 [s! o
i lsC8) < G Fis.S0,) < (Fi(ur, TQ) + CT"?)

Snfl Snfl Tnfl
st 1 CT" 2+
=~ Sn—1 |:Tn—li| (Tn—l IT(Z’ 8) + Tn—1 ) :

By letting first S and then T' go to +o00, by the arbitrariness of 1 we finally get

lim sup
S—>—+o00

S I5(z,9) < lrlilfg T I7(z,96).

L

In the next proposition we prove growth and convexity properties of the functions f,.,, and gz0m-
We remark that, in the proof the I"-convergence result, we only use the continuity of f3,,, and
Zhom and that their convexity would be a consequence of the lower semicontinuity of the I -limit.
However the proof of the continuity would rely on the same argument we exploit here without
providing any significant simplification.

PROPOSITION 4.7 Let from and gpom be defined as in (4.9) and (4.10). There holds
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(i)  the 1-homogeneous extension of fj,,p, in (R4 )™ xR" is convex. Moreover there exists C > 0
such that
From(z,v) < C(|z] + 1), forall (z,v) € R)M x §771, (4.12)

(i)  Zhom 1S convex.

Proof. Proof of (i)
By the 1-homogeneity of f4o,m the proof of its convexity reduces to prove that, given v, v() 1@ e
S Vand z,zM, z® e (Ry)M such that (z,v) = L1V, vD) + LD v@), for[;,1, € R,
there holds

Jhom(@.0) < 11 from(zD 0 D) + 1 from (22 v P). (4.13)
The idea of the proof of (4.13) is the following: given n > 0,1let§ > 0, T > % and let u; €
B1(TQO,m; K),uz € 81(TQ,»; K) such that, fori € {1,2} it holds

1 . .
s F1 (i, TQ,m) < Trom (D, v®) 4+,

T
#I;(u;, TO, ) _

(@)
1ell,...,M} ‘ Tn—1 z) 7| <. (4.14)

Then for S >> T one uses a zig-zag construction to define a test function ug € 81(SQ,; K) such
that

2
G Fis, 500 < Y (T, $) o Faws, TQ,) + R(T.S) + 0(0),
i=1
with limg_, oo lim7 166 R(T,S) = 0 and limg— 400 lim7— 400 ¢; (T, S) = [;, i = 1,2. The
inequality (4.13) follows from this last estimate by the arbitrariness of n > 0.

We will provide a detailed construction of ug under the additional assumption that /1,1l > 0,
v=re,, VW 1@ c{x eR": x; =+ = xp_p = 0} =: [T, v, v®) > 0 and the ordered base
{v @y has the same orientation as {e,, e,_1 }. In the general case the construction is similar and
would only require an extra amount of notation without adding new insight in the understanding of
the proof.

Givenn > 0,8 > 0, T > L let then u; € B (TQ,1);: K), us € B(TQ,; K) satisfying

n
(4.14) fori € {1,2}. Letus set, for i € {1,2}, r; := 2r i, so that Q o) = (—%, %)”, and let us
consider u; identified with its piecewise-constant interpolation and extended to R* 2 x T [—%’ %’]2
by periodicity in the {e1, ..., en_»} directions. Moreover we set (V@)L = (0,...,0, v, —v,(L)I

and L; := H'! ({x= tv®)L r e RIN Q). We can then further extend u; by periodicity in
the direction (v¥)1 without renaming it, that is

wi+ Lo =u@,  xeR72x | (T3 5P + L)),
jel

We now use a zig-zag construction to define a good test function ug € 8,(SQ; K), for § >> T,
in the minimum problem occurring in the definition of fj,,,(z, V) (see Figure 3). Let us set V' :=
(XeR": 0<xp—y < 1L, OF :={xeR": £(x,v) =0, veS" Landletw:V — {my,my}
be defined as

my ifx € MY, U (ITH,, + L)),

w(x) =
(x) mo  otherwise.
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1

N
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~

[c1]1TLyr [c2]TLor

Ry

S

F1G.5. The zig-zag construction leading to # s in the proof of Proposition 4.7. On the right a zoom of one of the triangles
on the left.

Let ¢y, c2 > 0 be such that ¢; Tl—fl = cle—Igz =:r.Letu : R®” — R be the re,—;-periodic function
defined in rV as
uy(x) if0 < xp1 < [cl]TLl(v(l),e,,),
u(x) = us(x —rep_1) ifr —[c2]TLa(v@,ep) < xpq <1,
w(7) otherwise in rV.

and periodically extended in the direction e,—1. Let S >> T, we define ug € 81(SQ,; K) such
that
u(a) ifae(S—R)Q,NZ",

us(a) =
s(@) {uv(a) otherwise in SQ, N Z".

We can now estimate the energy of us:

1 1 &[S s 12 1
FFI (us,SQv) < i1 Z |:7:| [ci] I:Tri:| (Fi(ui, TQ,i) + CT" ) + chn_z,
i=1
(4.15)
where the term of the type CT" 2 is the energetic contribution due to the interactions near each
set of the type d(T'Q i) N IT,q), while the term of the type CS"~2 is due to the interactions near
da(SQ,) N I1,. By construction we have that, for/ € {1,..., M},

#1)(us, SOy 1 &[S O
o) — [tz ] o ron. @ae

i=1

Taking into account the definition of ¢; and the fact that by construction ri’”zL,- = 1 we have that,

for T and S large enough,
1 s S 1" L +Cny
— | lei < . 4.17

Sn—1 |:r:| lei] |:Tr,~:| 71 @.17)
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Then, by (4.16), for T and S large enough ug is a good test function in the minimum problem
defining fj,,m(z, v) and, by (4.15) we get

fhom(zv V) < llfhom(z(l)y V(l)) + lthom(Z(Z)v V(z)) + Cﬂ

which eventually gives (4.13) by the arbitrariness of 7.
To obtain the estimate (4.12) we observe that we can rewrite the energy Fy(u, TQ,) as

Fiw,TQw) = Y f(b—a,u(@),ub)) + F{* (u,TQ.), (4.18)
(a,b)eD(u)

where
D(u) := {(a.b) € (Z"NTQy)*: 0<|b—a| <R, u(a) # u(b), {u(a),ub)} = {mmy}}.

Here F{*" is the energy accounting only for the contribution due to the interactions of surfactant
type particles. Note that, since f is bounded, the first term in the right hand side of (4.18) is
proportional to #D(u) and, since each particle has only an equi-bounded number of interactions,
F{*"(u, TQy) is proportional to #1(u, TQ,). Then the estimate (4.12) is achieved by choosing, in
the problem defining fj,n (2, v) any test function u such that #D(u) ~ CT"~ 1.

Proof of (ii). In order to prove (ii), by the 1-homogeneity of gj,m, it is enough to show that, given
¢ @ e ROM with |¢D]y = 1€, = 1and ¢ € (0, 1) it holds that

Shom (LD + (1 = )¢P) < tghomCV) + (1 = ) ghom (¢?). (4.19)

For any § > 0 and ¢ € (R)M with ||¢]; = 1, we set

T Fi(u, TQ) ) .
8.0 = fiminfind) o 70y - ¥ € (T,
Fiw,TQ\(T - R)Q) #1;(u, TQ)
#1(u. TQ) =% ze{Tf’fM}‘ FlaT0) |~ 5} - (420)
Given § > 0, fori € {1,2}letu; € Q(TQ; K) such that
Fi(u;, TQ) )
ooy <5600+,
Fi(ui, TOQ\ (T - R)Q) <5
#1(ui, TQ)
#I[(ui,TQ) _ @)
P H o) | < 4.21)

Set E = tC (1)~ + (1 — 1)¢®, we now construct a suitable test function in the minimum problem
defining g(§,¢).Let S = kT with 1 << k € N.Leth € N, h < k be such that, for k large enough,
set

h#l(uy,TQ)

A(h) = h#l(uy, TQ) + (k — h)#I(us, TQ)’

there holds
[t —A(h)| <. 4.22)
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Without loss of generality we choose T to be an even number. We extend u; by reflection with
respect to the coordinate axes. More precisely we set u; 0 = u; and, for all j € {1,...,n}, we

define u; ; recursively as follows: u; ; is the extension of u; j_1 on R/ x [—%, %]n_j satisfying
the following property

T T

n—(j—1)
_E’E:| +mTe;, meZ.

ui (@) = ui j(a + (T —2a;)e;). Va e R x [

We have then obtained that the function u; , extends u; on all Z". Let us observe that, by the
symmetry hypotheses in (4.2), we have that

Fi(uin, TQ +m) = Fi(u;, TQ) VmeZ". (4.23)
Letu : Z" N SQ — K be defined as

; S S
uin(a) if =5 <apn<-5+h,

u(a) = {

Uz n(a) otherwise.

By (4.21) and (4.22) we have that

#I;(u,SQ)_Z_ _ k"*lh#ll(ul,TQ)+k”*1(k—h)#11(u2,TQ)_g
#1w, S0) N T k" h#I(uy, TO) + k"L (k — h)#I(u2, TO)
#(u, TQ) ) #1(u2,TO) (2
< i i 1— e -
Mh)'#](ul,TQ) &7+ (1= A(h)) 0 TO) ¢
+ eV v IEP)8
< (U + 18D v 1228
We now estimate the energy f}((;‘gg)) :
n—1 n—1 _
Fi(,SQ) _ K" hFi(ur, TQ) + k" (k h)Fl(uz’TQ)+R1+R2. (4.24)

#1(u, SQ) #1(u, SQ)

Here the first term in the right hand side is obtained by taking into account (4.23). Moreover R;
is the energy due to the interactions which cross the set SQ N {x, = —% + h}, where in the
construction of u we pass from u; to u;, while R, accounts for all the other interactions which
cross the boundary of the cubes of type TQ + m with m € Z. An easy computation shows that

kn=1T T
— < C—.
#1(u, SO) k

1=
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In addition, thanks to (4.21) we get

- k' Fy(uy, TO\ (T — R)Q) + k"' (k — h) Fi(u2, TQ \ (T — R)Q)
h #I1(u,SQ)
k" hFy (g, TON\N (T — R)Q) + k" '(k — h)Fi(u2, TQ \ (T — R)Q)
kn=1h#I(uy, TQ) + k"1 (k — h)#1(uz, TQ)
Fi(ui, TO\(T — R)Q) Fi(ua, TO\ (T — R)Q)

Aoy T A T o)

R>

< 4.

Hence, using the same argument to estimate the first term in the right hand side of (4.24), by (4.21),
(4.22) and the estimates of Ry and R,, we have
Fi(u2,TQ)

FSQ) _ o R0 TO) (o i, TQ)
m B A(h)#l(ul,TQ) +( A(h))#l(uz,TQ) + R+ R

T
<18(6.¢V) + (1-0g(6.¢?) + CG + ).
Letting k go to +00 we get
g(C8.0) <1g(8.¢V) + (1 -1)g(8.¢®) + C8

which eventually gives the conclusion letting § go to 0. r

The proof of Theorem 4.4 is a consequence of Propositions 4.8 and 4.10 in which we prove the
I'-liminf and the I"-lim sup inequality, respectively.

PROPOSITION 4.8 (I'-lim inf inequality) We have

I' —liminf Fo(u, n) = F(u, p). (4.25)
&—>0

Proof. Let e, — 0. Up to subsequences, it suffices to consider (ug, ux) — (u, u) w.r.t. the 7 X 7o-
topology such that
lin}ciansk (U, hx) = hlin Fe, (ug, p) < +oo. (4.26)

By Proposition 4.3 we have that u € BV(§2;{m,m>}). We now consider the family of measures
(A C M4 (£2) defined as

wi= Y Y At (@ ), @27

a€e; bR :la—b|<Rex k

Note that Ax(£2) = Fs, (uk, ur). Then, by (4.26), we may suppose that, up to extracting a
subsequence (not relabeled), there exist A € Wl (£2) such that Az — A. We now use a blow-
up argument. By the Radon—-Nikodym Theorem we may decompose u into two mutually singular
measures in (T4 (£2))M

po=zR"[SW) + pt =0 S W) + ¢t
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and A into three mutually singular non-negative measures

A=ER"TIS @) +nllpt o+ A0
M

where ||u®|l1 := }_ puj. Hence we complete the proof if we show that
=1

£(x0) = fhom(2(x0). vu(x0)). for B '-a.e.xo € S(u), (4.28)

and that
1(x0) = ghom({(x0)), for|u’|-a.e.xo € £2. (4.29)

The proof of (4.28) and (4.29) will be performed in two steps.
Step 1. Proof of (4.28).
By the properties of BV functions (see [10]) we have that, for ¥~ !-a.e. xo € S(u) it holds

1
@) lim —/ u(x) —u* (xo)| dx = 0,
p—0F 0" Jxo+p0E | ‘

vy (xg)

.o . 1 -
(]1) lim ??‘En ! (S(u) n {-xo + vau(xO)}) = 1’
p—>0T P

. 1
(i) §Cxo) = tim 2 (10 + Qv xo)}):

. .
) z(x0) = lim (o + pQuio})-

Fix such a x¢ € S(u) and let (p,,) be a sequence of positive numbers converging to zero such that
A(x0 + om Qv x)}) = 0, [11(3{X0 + pm Qv (x0)}) = 0.

By (ii) and (iii) we get

1
§(xo) = “J,n FA({XO + om Quy(xo)})

m

N |
> lim lim p;l”—_ngk (e, £x0 + pm Ovyy(x)})

and by (iv) we have

1
lirfln“]zn FM(“k)({Xo + pm Qv (x0)}) = 2(X0). (4.30)

m

Observe that, for every m and k we can find p,, x with limg o = pm and xé‘ € g2 with
limy, xlg = X, such that

Skzn n ({xl(f + Pm.k Qvu(xo)}) = San n {XO + pom Qvu(xo)}
which in turn implies

Fak (ukv {XO + ,Om Qvu(xo)}) = Fak (ukv {xl()c + Pm,k Qvu(xo)})-
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Then |
£(x0) = limlim — Fe, (uk. {x§ + Pmk Qvuxo)})- (4.31)
m k 'Om,k
Let us set £
um,k(a) = uk(xloc + pm,ka)v ae —17"'nN Qvu(xo)
Pm .k
and

ut(xo) if (x,vy(x0)) > 0,
up(x) =4 _ .
u”(xo) if (x,vu(x0)) < 0.
Since uy — u in L1(£2), by (i) we get
lim lim |t e (x) — uo(x)| dx = 0. (4.32)
m k Quu(xo)

Moreover, observe that, by (4.30), we get
lim1im 12 (1) (Qv, (x0)) = 2 (¥0) (4.33)
and that inequality (4.31) can be written as

€(xo) = limlim F_ex (Um i, Qv (x0))- (4.34)
m Kk Pm .k

Let us show now that the mass of 14(u,, k) does not concentrate near 9Q,,,(x,) for m and k large
enough.
Given § > 0, by (iv) there exists p(§) such that Vp < p(8) and VI € {1,..., M} it holds

_ 8 _ 5
p" ! (Zz(xo) - Z) < pi(xo + pQvy(xg)) < P (Zz(xo) + Z) :

Let m(§8) be such that p,, < p(§) Vm > m(§). Then, for every ¢t € (0, 1] there holds

_ 8 _ 8
(tpm)" ! (Zl(xo) - Z) < 141 (X0 + 10m Qv (xo) < (tom)" " (Zl (x0) + Z) : (4.35)
Thus, for all 7 such that |1t|(xo 4+ 9(20m O, (xe))) = 0, by (4.35) we get

w1 (xo + (om Quyxo) \ 1Pm Quy(x))) = M1 (X0 + Pm Quy(xg)) — i (X0 + 1om Ovy(xp))

<o (Zl(xo)(l — T+ g) . (4.36)

Let #(8) < 1 be such that for every [ € {1,..., M} there holds z; (0)(1 — (¢(§))" 1) < % Then, by
(4.36), forevery t € (¢(§), 1)) we get

M1 (XO + (om Qvu(xo) \ 1om Qvu(xo))) < 5:0;1”—1- (4.37)
Set7(8) := %t(‘s) and let ,, € (1(8),7(8)) be such that [1t|(xo + 8(tmom Qv (xy))) = 0. Thus

fim 12 () (%o + (P Qv o) \ mPm Qvi(x0))) = 1(¥0 + (P Qi (x0) \ tmPm Qv (x0))
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and, by (4.37), we may conclude that for any m > m(8) there exists k(m) such that for every
le{l,...,M}and k > k(m) there holds

141 (i) (X0 + (m Qvyyxo) \ T(8)om Qi) < 80 ' (4.38)
Hence, by (4.38) we infer that for m and k large enough
M1 (um,k)(Qvu(xO) \?(S)Qvu(xo)) <. (4-39)

Taking into account (4.32), (4.33), (4.34) and (4.39), by a standard diagonalization procedure we
can then find a sequence of positive numbers s; — 0 and a sequence w; € Ry, (Qy, (x,); K) such
that w; — ug in L'(Q,,, (x,)) and there holds

li]m w(w;i)(Q v, (xp) = z(x0), (4.40)

11 (W) (D (x0) \T8) Quyyx) <8V 1 € {1..... M}, (441)
£(xo0) = lijm Fs; (wj, Qv (xo))-

Then, by virtue of Lemma 4.9, we can find a sequence (vj) C B, (Qy, (xo); K) such that (4.53)
holds and

£(xo0) = li]m Fs; (vj, Qv (x0))- (4.42)
Moreover, by (4.40), (4.41) and (4.53) we have that for j large enough
11 (W) (@ (x0) — Z1(x0)| <8V I €{1,.... M}. (4.43)
Set T := [i] and let 5, € B, (T} Oy, (xo): K) defined by
vj(a) ;= v(sja). a€Z'NT;Qy,xp)-

Then (4.43) implies that for j large enough

#I(0)

Ta=1 <68, VYefl,....M}
J

and (4.42) reads
. 1 N
£(xo) = h]m ﬁFl (5, Tiju(xo))-

J
Hence (4.28) immediately follows by the definition of fj,,,, and by Proposition 4.6.

Step 2. Proof of (4.29).
For |u’|-a.e x¢ € §£2 we have

im0 +90)
) n(xo) = lim el (xo + pO)°
/,L(X() + PQ)

| o R0+ p0)
O €00 = 0 [T o + 9.0)
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Fix such a x¢ € £2 and let (p,,) be a sequence of positive numbers converging to zero such that
A(x0 + om Qv x0)}) = 0, [1(3{X0 + pm Qv (x0)}) = 0.

By (v) and (vi) we get

Ak(xo + pm Q)

= lim i 4.44

1) = B (o + pm 0)” (.44
. p(ug)(xo + pm Q)

= lim] . 4.45

fo) = Ol (Yo + pm 0) (4.45)

We now show that for a suitable sequence k,, € N the mass of Ag,, does not concentrate near

d(xo + pm Q).
By the inner regularity of A, given § > 0, for any p > 0 with A(d(xp + pQ)) = 0 there exists
t(p) such that for all ¢ € [t(p), 1] there holds

0 < A(xo + pQ) — Alxo +1pQ) < 8l (xo + Q).
Let t, € [t(om), 1] be such that A(d(x¢ + t;pm Q)) = 0. Then

Axo + (om @ \ tmpm Q) = A(xo + pm Q) — A(x0 + tmpm Q) < 8|1 (x0 + pm Q).

In particular, since limg Ax(xo + (0mQ \ tmomQ)) = Alxo + (omQ \ tmpm@)) and
limg || (ui)ll1(xo + pm Q) = |Iitll1(x0 + pm @), we have that for k large enough

Ak (x0 + (om O \ tmpm Q)) < 8| p(ur)ll1(xo0 + pm Q).

Hence, by the previous inequality and by (4.44) and (4.45), we can find a sequence kj, such that
&k, K pm and

n(xo) = lim Ak (X0 4+ pm Q) > i Fskm (ukm X0 + pm Q)
m |, (o + pm Q) ~ m | w(ug, )1 (xo + pm Q)
¢(xo) = lim M(”km)(xo + Pm Q) ’
m || u(ug,, )1 (xo + pm Q)
Ak (X0 + (om @ \ tmpm Q) < 8|1 (uk,,) 1 (x0 + pm Q),
Reg,, < pm(1 —tm).

(4.46)

(4.47)

Note that the two last inequalities imply that

Fey,,, (i X0 + (om @ \ (pm — Rer,) Q) < 8[| pu(uk,,) 1 (xo + om Q). (4.48)

Observe that, for every m we can find p,, with lim,, %‘ = land x§' € &, 7" with lim,, Xy = Xo,

such that
ek " N (xXg' + pm Q) = &k, Z" N (X0 + pm Q)

which in turn implies

Fey Wk, X0 + pm Q) = Fgy Uk, Xg' + Pm Q),
p(tk,, ) (xXo + pm @) = p(ug, ) (xg" + pm Q).
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Set Ty := i—m and let fi,, € @1 (T,n O; K) be defined by
Um(a) = ug,, (xg' + ek,a) a€Z'"NTp0.
Note that, by definition, || (2 )|[1(A) = #I(tiy,, A) for any A C R”. Then (4.46) and (4.47) read

Fl(ﬁm’ TmQ)

n(xo) = lim ¥ T 0)’ (4.49)
) (0)
{(xo) = hr{tn W (4.50)
Moreover, by (4.48), we get
Fl(ﬁm7 TmQ \ (Tm - R)Q) < S#I(ﬁm’ Tm Q) (4-51)

Hence, (4.29) immediately follows by the definition of gp,,, taking into account (4.49), (4.50) and
“4.51). r

Set, forv € §*71,

", = mi Tf(x,v)>0, 4.52)
my if (x,v) <0.

Moreover we recall that we have set Q,, = (—r,, r,)".

LEMMA 4.9 Lets; — 0%, v € $" ! andlet w; € G, (Qy: K) be such that w; — u, in L'(Q,).
Then there exist v; € Bs; (Qy; K) such that

vi =uyonQ,\ Qj, (4.53)
where Q; := (—r;,r;)" C Q,, for some r; > 0 such that lim; r; = r,, and

liminf Fy; (wj, Qy) = liminf F; (vj, Qy). (4.54)
J J

Proof. Set

8; :=/ |lwj — uy| dx.
Qv
Let k; € N be such that

8; 1
L o<<kj<<— (4.55)
S ’ Sj

and set, fori € {0,...,k;},

= 2]+ - m,

J

Q) i= (—rlsj.ris)).
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Then we get

kji—1
52 [ wimwlarz Y[ -,
0,\0Y = Joit\\o

ij+1

i\ Q;j , we have

Hence, there exists i; € {0, ...,k; — 1} such that, set S; := Q

8 = kj/ lwj —uy|dx = Ckjsi#{a € 5;2" 0 S; @ wj(a) # uv(a)},

i
which in turn, by (4.55), implies that
st~ {a € ;2" N S wj(a) # uy(a)) — 0. (4.56)

Let, then, v; € Bs; (Qy; K) defined by

wj(a) ifaes;Z"N Q;j,
uy(a) otherwise.

vj(a) = {
Thus, by (4.56), we get

Fs; (vj, Qv) < Fs; (wj, Q;j) + F; (uy, Qv \ Q;j)
+ Csi {a e 5,27 N Sj 1 wi(a) # uy(a)} < Fj(w;. Q) +o(1),

from which we get the conclusion. L

PROPOSITION 4.10 (I"-lim sup inequality) We have

I'-limsup Fe(u, n) < F(u, p). 4.57)

e—>0

Proof. We will use the notation F” := I'-lim sup F,.We split the proof in several steps.
e—0

Step 1. Claim: (4.57) holds for every (u, ) € BV(£2; {my,m2}) x (W4 (£2))™ such that S(u) is
a polyhedral set and  is of the form pu = @¥" ™! S(u) + Zj-vzl w;8yx;, where ¢ : 2 — RM isa
piecewise-constant function, N € N and, forall j € {1,2,..., N}, w; € (R)M and xj € £2.
Since the construction we provide is local, without loss of generality, we prove the claim in the
particular case u = u,, and u = Z’rﬂ'L’E(lu) +wdo withv € S"71, z, w € (R4)M. Here, without loss
of generality, we also suppose 0 € §2. Note that

F(u, 1) = faom(z. )R (SW)) + ghom Q) w1,

where { = 2. By the lower semicontinuity of F”, in order to show (4.57), it suffices to prove that
lwll

there exists (1;); C (M1 (£2))M weakly converging to u as j — +oc such that, for every j € N,
there exists u, € @¢(£2; K) such that (u¢, u(ug)) — (u, ;) with respect to the 71 X 7o-convergence
and

C
limsup Fp(uy) < F(u, ) + —. (4.58)
e J



92 R. ALICANDRO, M. CICALESE AND L. SIGALOTTI

For simplicity of notation we provide the construction of such u, in the case v = e,, the same

argument applying to the general case. Such a u, will be obtained by scaling the periodic extension

of an optimal function for the problem defining f;,, in a neighborhood of S(u) and a proper

extension of an optimal function for the problem defining g, in a suitable neighborhood of 0.
Let0 < §; < %, T, >0,u; € 8(T;0; K)and v; € ®(T; Q; K) be such that

#1(u;, 75 0)
771
J

#1(v;, T; Q)

—Z max
le{l,.. M} | #1(v;, T; Q)

< 8]', — é’l < 8]' (4.59)

1 1
WFl(ujsTjQ) < frhom(z.en) + =,
b J

Fi,.7,0) _ !

i) < Bhom @)+ 5.

Fi(v;, T, O\ (T; — R)Q) <
#](Uj,TjQ) o

Without loss of generality we choose 7; to be an even number. With a little abuse of notation we
consider u; to be extended by periodicity to Z". Moreover we extend v; by reflection with respect
to the coordinate axes. More precisely we set vj o = v; and, for all k € {1,...,n}, we define v, x
T: .

TR .
5.5 satisfying the following

recursively as follows: v; x is the extension of v; x_; on R* x [—
property

7. T =D
-2 'li| +/’lT,'€k, hel.

vik(a) = vjx(a + (Tj —2ax)ex), Vae RF! x |: )

We have then obtained that the function v;, extends v; on all Z". Let us observe that, by the
symmetry hypotheses in (4.2), we have that

Fl('l)j’n,TjQ—i-h): F](Uj,TjQ), YheZ". (460)

Let i1, : 2" — K be defined as

mi ifa, = e%,
fe(@) = 2u; (4)  iflan] < e L.
mo ifa, <— %
and set
1
[wll1 n
k. = S . 4.61
: [(en—l#l(vj,TjQ) tob

Note that i1, — u, in Ll(.Q) and that ek, — 0. We now define u, : ¢Z" — K as

vjin (%) ifa €k T; 0,
ue(a) otherwise.

ug(a) = {
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Then u, still converges to u, in L' (§2). Moreover, by construction, we have that j(u;) — p/ €
(M4 (£2))M where, forl € {1,2,..., M},

0TIy g 0. T O)

= wl16o.
LT #1(0;.T;0)

We can now estimate the energy of u,. Taking into account the invariance of the energy under
integer translations and (4.60), we get

®1(S(w)

Ewas[<n@"1

}&*mwan)
+ k" (0. T; Q) + Ckle" ' Fi(v;. Ty O\ (Tj — R)Q) + o(1),

where the third term in the right-hand-side is obtained by estimating the energy due to the
interactions that cross the boundary of each cube of size €7 contained in €K, 7; Q. By (4.59) we
eventually have

K-l S(u) el o 1
Fe(ue) < [#} & lTj ! (fhom(zven) + ;)

+ k2" W (v, T; Q) (ghom(g) + C8; + }) +o(1).

The conclusion follows passing to the limsup as € tends to 0, taking into account (4.61).

Step 2. Claim: (4.57) holds for every (u, ) as in Step 1 but with ¢ € C(£2; RM).

Let ¢r be a sequence of piecewise constant functions such that ¢ — ¢ with respect to the
L'(S(u); ™) convergence and let j1x = @ "1 S(u) + Z;V:l w;8x;. Then pix — p, and by
the convexity and growth properties of fj,,,(:, V) stated in Proposition 4.7, F(u, ux) — F(u, n).
Eventually, by the lower semicontinuity of F”(u, i) and by Step 1, we have

F'(u,p) < lin}cian”(u,,uk) < lin}cian(u,uk) = F(u, p).

Step 3. Claim: (4.57) holds for every (u, ) € BV(82;{m1,m2}) x (M4 (£2))™ such that u =
PR S) + YI wibs, with g € C(2:RM).

Let uy € BV(£2;{m1,m>}) be such that uy — u in L'(£2;{m,m>}), S(uy) is a polyhedral set
and "1 (S(ug)) — R*1(S()). Let g = @R[ S(ui) + Zj-vzl w; 8y ;. Then we have that
wr — wand |@| R S(up)(2) — |o|X" 1S (u)(£2). Then, by the convexity of f4,, stated
in Proposition 4.7 and by Reshetnyak’s theorem we have that F(ug, ux) — F(u, n). Hence we
conclude as in Step 2.

Step 4. Claim: (4.57) holds for every (u, 1) € BV(82; {my,m2}) x (M (2))M.

Let g € C(2;RM) be such that gy — ¢ in L'(S(u); ¥"~ 1)) and let My = Zﬁ\;l w;éx; be
such that up — p* and |uy [(£2) = |u?[($2). Let then pug = R B S () + uy.. We have that
Ur — p and, by the convexity and growth properties of f,,,, (-, v) and the convexity of gz, stated
in Proposition 4.7, applying Reshetnyak’s theorem we get that F(ug, ugx) — F(u, u). Hence we
conclude as in Step 2. L
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4.2 Prescribed volume-fractions

In this section we study a generalization of the constrained minimum problems introduce at the end
of Section 3.2 in the case of the BEG model.

In what follows we set Q = [0, 1)", ex = %, k € N (for simplicity of notation we will drop the
k and write ¢ instead of &g ),

R¥(Q;K) :={u:eZ" — K : uis Q-periodic}
and define F} : @¥(Q; K) - Ras

Fiay= Y > &7 fEu(a). u(a + £8)).

l§l<RacQ,

Given @ = (a1,03,...,0)) € RM and BeRleta, = (016,020, ...,00Mme) — o and B, — B
as ¢ — 0. We define the set of admissible functions @?s’ﬂg(Q; K) as

@eePe(Q:K) == {u e RUQ: K) : e" I (u, Q) =y VI €{l,...., M},
"%y (U, Q) = Pe},

where we have set 1,,, (v, Q) := {a € O, : u(a) = m}, and consider the family of minimum
problems

m&Pe .= min {F(u) : u e @%P(Q; K)}.
Note that if u € @g‘g’ﬁ “(Q; K) then w(ue)(Q) = o,. We are interested in studying the limit, as

e — 0, of m?’ﬁ. To this end, we introduce the family of functionals Fsag’ﬂg : Llloc (R"; K) x
(M* (R")M — [0, +o0] defined as

paebe = VR i€ GEPQK). = ).
+00 otherwise,

where u € @‘;‘8”’ °(Q; K) is identified with its piecewise-constant interpolation on the cells of

the lattice ¢Z", u(u) is the surfactant measure defined in (4.6) and M i (R") is the space of Q-

periodic non negative Radon measures. We endow the space Llloc R"; K) x (mﬁ R™")M with

the convergence 71 X 7, where t; denotes the strong convergence in Llloc (R") and > denotes the

weak*-convergence in (W (R™))™ . Then the following Theorem holds true.

THEOREM 4.11 The family (Feag’ﬁg) I"-converges with respect to the ;3 X 1, convergence to the
functional F*# : L] (R") x (M* (R")M — [0, +00] defined by

F(u,p) if u e BVAR"; {m1.m2}), [{x € O : u(x) =m}| =B,
FOPB(u, ) = and 1(Q) = a,
+o0o otherwise,

where

d

Fa _ H n—1 K}
Fuw= | hon (rn LS(u),v(u)) e /Q Shom ().
Sm)NnQ
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w = u— d}{"fiﬁs‘(u)%nil |.S(u), and the densities fp0m and gpom are defined in (4.9) and in

(4.10).

Proof. 1t is easy to show that if u, € @gg’ﬂg(Q; K) and (ue, u(ug)) — (u, ) with respect to the
71 X 7 convergence, then (u, u) € BVH(R": {my,m2}) x (ML R*)M [{x € 0 : u(x) =m}| =
B and ;(Q) = a. The I'-lim inf inequality follows by Theorem 4.4.

The proof of the opposite inequality can be obtained by following the lines of the proof of the
I'-lim sup inequality of Theorem 4.4, with some extra care to show that the recovery sequence u,
for (u, ) € BV#R™; {m1,mz}) x (M* (R"))M such that u(Q) = e and [{x € Q : u(x) =
m1}| = B can be slightly modified so that u, € G‘;E’ﬂg(Q; K). r

As a consequence of the previous Theorem, by the standard properties of I"-convergence (we
refer the reader to [ 14] and [23]), we derive the following result about the convergence of the family
of minimum problems defined above.

COROLLARY 4.12 There holds
limmgePe = min {F(u, p), [{x € Q1 u(x) =mi}| = f. p(Q) = ).

Moreover if (11;) C @%##(0; K) is such that
lim F2Pe (u,) = limm%-Pe
& &
then any cluster point (i, 1t) of (ue, j(us)) with respect to the 71 X 72 convergence is a minimizer
for min{ F (u, ), [{x € Q : u(x) =m}| =B, n(Q) = aj.

REMARK 4.13 The previous Corollary applies to the case of the BEG model, f(&,u,v) being
defined in (4.5) and the limit energy densities f;,, and gj,,, being given by

fhom(zv V) = (p(Zs U)s ghom(l) = 2(1 _k)v
with ¢ defined in (3.6).

5. The Blume-Emery-Griffiths model: Proof of Theorem 3.3

By Remark 4.2, the functionals Eél) satisfy all the hypotheses of Proposition 4.3 and Theorem 4.4.
Hence the compactness result asserted in (i) follows by Proposition 4.3. Moreover the integral

representation result stated in Theorem 4.4 holds true for the I"-limit of Egl). Thus, in order to
conclude, it is only left to prove that, for all (z,v) € Rt x S,

Jhom(z.v) = @(z.v),

ghom (1) = 2(1 — k). 6.
By a symmetry argument it is sufficient to prove (5.1) for vy, v, > 0.
Step 1 (lower bounds). In this Step we prove the following two inequalities:

Jhom(z,v) = ¢(z,v),
Zhom (1) = 2(1 — k). (5.2)
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Let us first prove the lower bound for f3,,,. Without loss of generality we consider 7 to be an even
number. Let J1,7, Jo,7 be the following sets of integers:

= (2] e 2] [

= (2T [0 [22)

Let u be an admissible test function in the problem defining f;,,(z,v) in (4.9); that is u €
B:(TQ,;{*1,0}) and

z| < 8. (5.3)

#IO(uv TQV)
'# B

We define
JPr)={i € Jir: 3j € Zsuchthat (i, j) € Io(u)}

and
Jyr)={j € Jor: i €Zsuchthat (i, j) € Io(u)}.

Note that, by (5.3), fori € {1,2}
#I0 () < #Io(u, TQ,) < (z + §)T.

The proof will be the result of the following three estimates.

Estimate (i). By a slicing argument, splitting the energy into the contribution of the horizontal and
the vertical interactions, we get

EL ) = 200 k#07 u) + 2(#J11 — #J01(0))
+2(1 = k)#J9 1 (u) + 2(#Jo,7 — #J3 1 (w))
= —2k#J 0 () — 2k#J) 1 (u) + 2(#J1,7 + #J2.7)

T T
> 4k + 6T +2 (2| =2 +2| 221).
2 2
There follows that

fham(z’v) > lim lim %(-4[{(24_8)’1“_'_2(2 [%} +2|:mi|))

§—>0T—+o0 2
= —4kz + 2(1)1 + V2).

Estimate (ii). We observe that we may split the energy of the surfactants into two terms. The first
term accounts for 2 vertical and 1 horizontal interaction for each column, while the second term
accounts for the remaining interaction in each row. By counting the energy due to the non-surfactant
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particles as in estimate (i), we get

EM @) = 301 k#I07 (u) + 2(#J1,r — #J27(w))
+ (1 = k)#Jy p(u) + 2(#J2,r — #J37(u))
= (1=3k)#J) 1 (u) + 2#J1 7
+ (=R () + (1= k) (#2,7 — #J5 1 ()
= (1=3k)(z+ 8T +2#J1, 7 + (1 —k)#J2,7(u)
>(1-3k)z+86T +4 [%} +2(1—k) [%} .

By exchanging the role of J 10 7 (u) with that of J£ 7 (u) in the previous estimate we have

T T
EPw) = (1-3k)(z + 8T + 4 [w} +2(1—k) [w} ‘
Therefore we get
. . 1 T(l)] \% 1)2) T(l)] A Uz)
> . _ (v V) 3 T(v1 Ava)
Jhom(z.v) = lim M 70 3k)(z+8)T+4[ 2 }+2(1 k)[ 2

> (1 =3k)z4+2(v1Vv)+ (1 —=k)(vi Avy).

Estimate (iii). We observe that the we may split the energy of the surfactant into three terms.
The first term takes into account two interactions for each surfactant particle. The other two terms
take into account in each row and column containing a surfactant at least one interaction between
a surfactant and a non-surfactant particle. Counting as in the previous estimates the remaining
interactions, we have

ED @) = 2(1 = k)#lou, TQ,) + 21,1 —#J07) + (1 —k)#J 07
+ 20 —#J) ) + (1 —k)#J) ¢
>2(1—k)(z—=8T + (1 —k)#J1.1 + #Jo.7)

=22(1-k)(z=8T + (1 k) (2 [%} +2[¥D

Hence we have
. . 1 Tvy Tv,
from(z,v) = b]gr}) TEToo T (2(1 —k)(z-8T+ (1 —-k) (2 [T:| +2 [—jD)
22(1-k)z+ A —-k)(vi + v2).

The lower bound in (5.2) for gz, is straightforward. In fact, let us observe that, except for a
negligible error due to the interactions at the boundary of 7Q, the energy accounts for at least two
interactions of each surfactant particle. Hence, for any test function ¥ in the minimum problem
defining gz, (1) we have

EPw, TQ) = 2(1 — k)#lIo(u, TQ) + o(1).
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Then W
El (us TQ)

Ho.To) = 210

ghom(1) = lign lin}"inf

Step 2 (upper bounds). In this step we conclude the proof by showing that the inequalities

Jhom(z,v) < @(z,v),
Zhom (1) < 2(1 —k). (5.4)

hold true. With a slight abuse of notation, for v € S! we denote by u,, : R> — {41} the function
defined in (4.52), with —1 and 1 in place of m and m5, that is

iy (x) = -1 if (x,v) >0, 5.5)
T 4 if(x,v) <0, '

and, for z € RT, we set
Hzy = zH' LS ().

In order to prove the first inequality in (5.4), by Theorem 4.4 it is enough to construct u, €
Q@ (82;{0, £1}) such that (ug, L(ug)) = (Uy, iz,») WLt the T1 X Ta-convergence and

lim sup Eg(l)(us) <o(z,v)H! (S(u,,) N .Q).
&
To this end we find it useful to rewrite ¢ as

p1(z,v) if0 <z < |vi| A vz,
@(z,v) = @2z, v) if Jv| Afva| <z < |vi] V|2,
03(z,v) ifz > |vi| V |val.

The construction of u, differs in the three cases 0 < z < |[v1| A |va], [Vi] A |va| < z < |v1| V |v2|
or z > |vq| Vv |v2]. Without loss of generality, for simplicity of exposition, we may suppose that
—v; = vy > 0. Moreover, by the continuity of f3,,,(z,-) and ¢(z,-), by a density argument we

may assume that % € Q. Let p, g € N be such that :}—';‘ = g. By the continuity of f},om (-, V) and

¢(-, v) we may further assume that z’ := z,/p? + g% € Q. Hence, by possibly replacing (p, ¢) by
(mp, mq) for some m € N, we may reduce to the case z’ € N.
Letus setv = % andletu® : {1,2,...,q} x Z — {£1,0} be defined as

uo(a): 0 ifa; =a; <gora; =¢q, g <ax < p,
uy(a) otherwise,

where a = (a1, az).
Case 1: 0 < z < |vy]| A |vz]. By the assumptions on vy, vy this case corresponds to z’ < ¢. Let

Uy, Z* — {£1,0} be such that

uzv(a+ (p,q)) =uzn(a), Vace 72
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FIG.6. Uz, in the periodicity cell {1,2,...,9} x{1,2,...,p}withg=5,p=9andz’ =3

and,on{1,2,...,q} x Z — {£1, 0} is defined as (see Figure 4)

@) if0<a <z,

Uy y(a) =
20 (@) Uy otherwise.

Let then u, : ¢Z?> — {%1,0} be such that u.(a) = uzv (7). It holds that (ue, u(ue)) —
(uv, iz,») W.r.t. the 71 X Ta-convergence. In order to estimate the energy of u, we observe that it
concentrates on each rectangle of the type R, ; := (0,eq] x (0,ep] + €j(p.q), j € Z where, by
periodicity, it takes the constant value

ED e, Rej) = (40— k)2 +2(p—2') +2(q — 2')) = e (—4kz' +2(p + q)) .
Then

EDuy) < EM(ug, Reo)#j €Z: R.j C 2} +2)

1
<e(—4kz' +2(p +9)) <|:H€(S— ;Z%r;zg)} + 2) .

Eventually, letting ¢ tend to 0 we obtain

limsup ED (ug) < ¢1(z, v) H' (S(uy) N 2).
&

Case 2: [v1|A|va| < z < |v1|V|va|. This case correspondsto ¢ < z/ < p.Letv,,, : Z> — {£1,0}
be such that
vz,,,(a + (ps q)) = Uz,v(a), Ya e Z2

and,on{1,2,...,q} x Z — {£1, 0} is defined as (see Figure 5)

—1 ifa; =qganday > 2/,
vzp(a) = 0 1

. (5.6)
u otherwise.
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.

FIG.7. uz,y in the periodicity cell {1,2,...,9} x{1,2,...,p}withg=5,p=9andz’ =7

Let then v, : €Z? — {41,0} be such that vs(a) = vz,w(%). It holds that (ve, u(ve)) —
(4v, pz,») W.r.t. the 71 X Tp-convergence. By arguing as in Case 1, taking into account that

ED(ve, Re,j) = & (4(1 —k)g +3(1 —k)(z' —q) + 2(p — 2'))

=e((1-3k)z'+ (1 —k)qg+2p).

we get

1
0 250202 + 0 - iog +29) (| 250D o).
ey p” T4

Eventually, letting ¢ tend to 0 we obtain

lim sup Eél)(vs) < ¢a(z, v)Hl(S(u,,) N .Q).

Case 3: z > |v;| V |v2]. This case corresponds to z’ > p. Let us extend the function u° to Z? in
such a way that
uo(a + (p,q)) =u%a), VaeZ?

We now construct wy, : 7? — {£1,0} by modifying the function u° suitably increasing the

numbers of its zeros in order to match the density constraint on the surfactant phase. More precisely
’

wesetz” ==z — [Z;]p,

[z//p]
Iy==| Io@®) + meyn | Jla € 2?: jp+1<ar<jp+2"}.
m=0 jel
'/ pl-1

Iy = U (Io(u®) + mey) N U{a €Z?: jp+z'+1<a, <(j+1)p},
m=0 jel
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.

FIG.8. u- , in the periodicity cell {1,2,...,g} x{1,2,..., p}withg =5, p = 9 and z/ = 20.

and we define (see Figure 6)

( ) 0 ifa € io U i(),
wyp(a) =
oy u®  otherwise.

Let then wg : ¢Z?> — {=£1,0} be such that we(a) = wz,»(%). It holds that (we, t(we)) —
(uv, pz,») W.r.t. the 71 X T2-convergence. An easy computation shows that, the energy of each stripe
Sej :=Rx(jp.(j +Dpl.j €Z.is

Eé(\l)(wg, Ss,j) =¢& ((1 — 3k)p + (1 — k)q + 2[7 + 2(1 _ k)(z’ _ p))
=e((1=k)(p+q) +(1-k7).
Then

EM(we) < ED(we, Seo)#j € Z: Sej C 2} +2)

1

Eventually, letting ¢ tend to 0 we obtain

limsup ED(we) < @3(z, v) H' (S () N £2).
&

We now prove the second inequality in (5.4). To this end, by Theorem 4.4, given xo € £2, it is
enough to construct a sequence of functions u; € @,(§2; {0, £1}) such that (ue, u(ue)) — (1, 8x,)
w.r.t. the 77 X 12-convergence and that

lim sup Eg(l)(ug) <2(1 =k).
&
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We set

2
0 ifae x0+<——8,—6) )ﬂeZz,
ug(a) = ( 22
1 otherwise.

Let us observe that e#ly(u;) = 1 + o(1) and that, each surfactant particle whose interactions do

2
not cross the boundary of x¢ + (—“/TE, 4) gives a contribution to the energy which is equal to

2(1 — k). Moreover, since the number of the remaining surfactants scales as %, we have

ED () = e 2(1 — k)#lo(ue) + 0(1) = 2(1 — k) + o(1).

Letting ¢ tend to O we get the conclusion. r
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