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This paper deals with a sharp interface limit of the isothermal Navier—Stokes—Korteweg system. The
sharp interface limit is performed by matched asymptotic expansions of the fields in powers of the
interface width ¢. These expansions are considered in the interfacial region (inner expansions) and in
the bulk (outer expansion) and are matched order by order. Particularly we consider the first orders
of the corresponding inner equations obtained by a change of coordinates in an interfacial layer. For
a specific scaling we establish solvability criteria for these inner equations and recover the results
within the general setting of jump conditions for sharp interface models.
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1. Introduction

Phase transitions in single substance flows are usually described by two kinds of models: the sharp
interface model and the diffuse phase field model. The conventional and physically more intuitive
approach is the sharp interface model. In the sharp interface approach, interfaces separating the
coexisting phases or structural domains are modeled as hypersurfaces at which certain quantities
such as the density or the pressure suffer jump conditions. Local quantities at the interface are then
determined from the boundary conditions or are calculated from the driving force for interfacial
motion. The structure of possible interfacial conditions is quite well-founded from the view point of
thermodynamics. However from the numerical point of view the sharp interface approach involves
the explicit tracking of the interface and becomes often numerically impractical for complicated
microstructures. Because of these disadvantages, the phase field approach has emerged as a powerful
method during the last twenty years. A phase field model represents a microstructure, both the
compositional domains and the interfaces, as a whole. The interface between different phases is
described by a small transition region, where an order parameter, representing the phases, changes
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its state smoothly. The microstructural evolution is modeled by a system of partial differential
equations. The phase field model contains the corresponding sharp interface description as a
particular limit, i.e., if the interfacial thickness tends to zero. An overview about a large class of
phase field models and their sharp interface limits can be found in [2]. For phase field models it is
of overall interest to validate them, by investigating the sharp interface limit in appropriate scaling
regimes.

In this work we consider a sharp interface limit of the isothermal Navier—Stokes—Korteweg phase
field model for a particular scaling. The sharp interface limit is performed by matched asymptotic
expansions of the fields of these models in powers of the interface width €. These expansions are
considered in the interfacial region (inner expansion) and in the bulk (outer expansion), and are
matched order by order. This results in partial differential equations for the diffuse field and a series
of boundary conditions at the interface from which we achieve jump conditions in the sharp interface
limit.

We consider the case where the Mach number is of order O(1) and viscosity and capillarity are
both of order O (g2). Our particular scaling of the viscosity leads to a no-entropy-dissipation kinetic
relation in the leading order O (1). The resulting sharp interface model is the isothermal Euler model.
In the first order O (&) we obtain a Young—Laplace law and a non-zero entropy dissipation, which is
determined by the viscosity. The fact that the surface tension is of order O(¢) is in agreement with
the results obtained in [9, 20, 21] for equilibria. A different kinetic relation was considered in [5],
there surface tension and entropy dissipation are of order O(1) and O(¢) respectively. There are
also other physically meaningful scalings, for instance the case where the viscosity is of order O (e),
which implies entropy dissipation already in the leading order [3, 16, 23]. Another possibility is to
look at a low Mach number limit linked to the sharp interface limit, which can be found in [15], and
in [17, 18, 22] for the one phase case.

The paper is organized as follows: We start with describing the Navier—Stokes—Korteweg phase
field model in Section 2. The corresponding sharp interface setting is introduced in Section 3.
By non-dimensionalization we introduce the smallness parameter ¢ with physical interpretation,
see Section 4. In Section 5 we introduce the asymptotic expansions and provide formulas for the
geometric properties of the interface in two dimensions. Then we state our main results in Section 6,
which are proven in Sections 7 and 8 respectively. In Section 9 we investigate the kinetic relation
comprised in the jump conditions derived in Section 6. We show that the state on one side of the
phase boundary already determines the interfacial velocity and the state on the other side of the
phase boundary. Furthermore this property does not follow from the jump conditions for mass and
momentum alone.

2. The Navier—Stokes—Korteweg phase field model

We consider an isothermal, compressible fluid with density p € (0,5) and velocity u € R?, that is
capable to undergo phase transitions. We assume that the stress tensor can be additively decomposed
according to

0 =0pNs t 0k,

where o ys denotes the classical Navier—Stokes stress and o g is called Korteweg stress that takes
care of possible phase transitions. The Navier—Stokes stress has the form

ons = A(divu)] + pn(Vu + (Va)T), (2.1)
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FIG. 1. Van-der-Waals pressure and free energy density function

where A is the bulk viscosity and u is the shear viscosity, which satisfy © > 0, A + 2d—” = 0, where
d is the space dimension. The Korteweg tensor is given by

1
oK = (pVAp +57 IVp|2)1 —(¥Vp®Vp). (2.2)

where y is a constant which models capillarity effects. The evolution of the model is described by
the isothermal Navier—Stokes—Korteweg equations

pr + div(pu) =0, inRY x (0.T) (2.3)
(pu); + div(pu @ u) + Vp(p) =dive ys + diveg , o (2.4)

We assume that the local part of the pressure p = p(p) is a non-monotone function of the density
given by a van-der-Waals law. From the density the phase can be directly derived, see Figure 1. The
corresponding Helmholtz free energy density function W(p) is related to the pressure by

p(p) = pW'(p) — W(p) (2.5)
and has the following properties:

o W € C?((0.h).[0,00)),
e Jdai,az € (0,0) : W > 0in (0,a1) U (a2,b), W" < 0in (a1, a2),

We will denote the Gibbs free energy by g, which is given by g(p) = W'(p).
Smooth solutions of (2.3), (2.4) identically satisfy the entropy inequality, which is given by

(Weor + L1up + L1vo) +aiv (Weo) + Liu + Vo) u)

+div((p(p) —ons —ox)u+ ypVp(V - u))
=—0opys:(Vu) <0. (2.6)

An alternative form of the inequality is derived in [1, 9]. The existence of classical solutions of
(2.3),(2.4) was studied in [14, 19], while weak solutions were investigated in [0, 8, 11].
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3. The Euler-Korteweg sharp interface model

Now we describe the phase transition by means of a sharp interface model. In this paper we treat
the case where the capillarity y and the viscosities A and p are of the same small order. The
corresponding sharp interface model is described by the Euler—Korteweg system. In this context the
conservation laws of mass and momentum read in the bulk phases 27 (¢) := {x € R? : p(t,x) €
(0,a1)} and 271 (1) :={x e R? : p(t,x) € (az.h)},t €[0,T):

Pt + div(pu) = 0, 3.1
(pu); + div(pu®u) + Vp =0. (3.2)

The interface between two adjacent phases 27 is described by a moving hypersurface I'(¢), i.e.,
a sharp interface of zero thickness. Across I'(¢) the bulk quantities may have discontinuities. We
are particularly interested in the case that the interface itself is equipped with mass, momentum,
energy and entropy. The jump conditions for these quantities rely on the conservation laws for mass,
momentum and energy and on the entropy inequality across the interface I". To state these jump
conditions we will use the following notation for some quantity ¥ having a jump at the interface.
By ¥* we denote the limit at the interface from 2% and we abbreviate

v+ oy

W=yt =y~ =g

For more details of the following equations we refer to [10].
The general forms of conservation of mass and momentum read:

d
[ty = )] = =2 = (divr (w,) = kw,)pr, (3.3)
ow

o +divr(or). (3.4

[o(uy — wy)(@—w) + pv] = —pr
The newly introduced quantities are the normal component of the fluid velocity u,,, the interfacial
mass density pr, the interfacial velocity w which may be decomposed into normal- and tangential
speed, i.e., w = w;,t +wyvandor € R4*(d=1) ig the surface stress tensor. Each surface point is
equipped with a tangential matrix t and a normal vector v and k denotes the sum of the principal
curvatures.

We consider exclusively isothermal processes at the temperature Ty, and these are guaranteed
by corresponding heat fluxes ¢ , ¢  in the bulk and on the interface. The conservation of energy
serves to eliminate the heat fluxes in the entropy inequality, which hereafter becomes the relevant
inequality for the isothermal Euler—Korteweg model.

The general form of conservation of energy across the interfaces reads:

1
[[p(uv —wy)(e + §|u|2) +q-v+ uvp:|:| =

_dpr(er +zIwP)
ot

. 1 .
— (divp(we) —kwy)pr(er + §|W|2) —divr(gr —w" or). (35)

The internal energy densities of bulk and interface are denoted by pe and prer, respectively.
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Finally we give the entropy inequality across the interface. In [1, 9] it is shown that the sharp
interface version of the Navier—Stokes—Korteweg phase field model has entropy fluxes in the bulk
and at the interface that are given by q/To and ¢/ To, respectively. In this case the entropy
inequality across the interface reads

-V 3 rsSr . .
p(uy —wy)s + i > — p — (divp (wy) — kwy)prsr — d1vr(q—F) , (3.6)
T() al TO

where ps is the entropy density of the bulk, and the entropy density of the interface is denoted by
prsr.

Next we multiply the momentum balance (3.4) by w and subtract it from the energy law (3.5).
The result is simplified by means of the jump condition for the mass, leading to the general form of
the jump condition for the internal energy

1
[I:p(uv_wv)(e+%+§|u_wlz)+q'v:|:| =

_dprer
Jt

We are interested here in a special case where the constitutive law for the surface stress vector o
has a simple structure:

— (divr(w;) —kwy)prer —divr(gp) + Vr(w) i o k. (3.7)

t
Or =Yri ;- 3.8)
It]
The quantity yr is called surface tension. In this case the jump condition for the internal energy
assumes the special form

1 dore .
[[P(uv —wy) (e + % +Su— W|2) T4 v}] = L (prer — yr)(divr () — kwy).

ot
(3.9
Finally we multiply the entropy inequality by 7Ty and subtract it from the jump condition for the
internal energy. There follows the interfacial inequality for the Helmholtz free energy Wr =

prer — Toprsr:

oW,
jii—(W“—WTXmW%wd—Kwﬂ

oGty — w0} [[W’(p) ol w|2]] ot — el () + Tu-wizl <0 310)

Among the objectives of this study is to deduce the Euler—Korteweg sharp interface model from the
Navier-Stokes—Korteweg phase field model. Note that the sharp interface model must fit into the
setting given here, i.e., we have to recover (3.3), (3.4) and (3.10).

4. Non-dimensionalization

We introduce the following reference quantities x,, t,, u,, pr, pr, Uy and y, such that

X=xX t=61" a=uu", p=pp", p=prp* A=A, u =1 pr, y = yry*.
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Then we may rewrite the Navier—Stokes—Korteweg equations (2.3), (2.4) as

X

—pje + divi(p"u") =0,

rir
trur %k trzu%* *_ %k * trzu%** rzz** LR S
—(p u )+ + div ueu)+ \Y% = divio + Cy*div oy,
X, (p )t sz (IO ) erMZ xyz.Re NS Y K

where M denotes the Mach number M= u, ;—:, Re= %urx, is the Reynolds number and C =

12oryr Tar
T the capillarity number.

There are several possibilities to non-dimensionalize the NSK-system. In the sequel we choose
Up = ;‘—r’ and consider for a small parameter ¢ > 0 the following scaling:

M =1, R = &2, C = ¢2. 4.1)
e
This leads to
or + div(p*u*) = 0, 4.2)
(p*u*)px + div* (p*u* @ u*) + V*p* = 2divia s + %y divia k. (4.3)

We will call this scaling the capillarity regime. We remark that (4.2),(4.3) is equivalent to
pre + div*(p*u*) =0, 4.4

1
ul 4+ (uF - ViU 4+ Vig(p*) = gz;div*aj‘vs + 2y*V* A% p*. 4.5)

There are further choices that lead to physically meaningful limits. More details can be found in the
introduction.

For simplification we omit the symbol * in the forthcoming considerations. Letting the parameter
& — 0 leads to jump conditions of the corresponding sharp interface model, which we will deduce
in Section 7. Before that, we need some prerequisites for the asymptotic analysis.

5. Inner and outer expansions and matching conditions

We consider the two dimensional case d = 2. The position of the phase boundary in the sharp
interface limit is described by a function r(z,s), where s is some coordinate parameterizing the
interface. We can calculate normal- and tangent vectors as well as the velocity of the interface from
r. We want to mention that there is some freedom in the choice of a parameterization, especially we
can prescribe any tangential velocity. We will later on see that the tangential velocity is continuous
across the interface. Therefore we may choose a particular parameterization such that several terms
drop out, cf. Remark 7.2.
The tangent vector pointing in counterclockwise direction is given by

T

orl or?
t(1.5) = (é(m), 8—2@»)) ,
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where r! and 72 denote the components of the vector r in Cartesian coordinates. The inner unit
normal to the interface is given by

or2 T

I or!
v(t,s) = [t (—K(I,S), K(t,s))

The mean curvature, which in two space dimensions coincides with the sum of the principal
curvatures, is defined by
1,2 1,2
Ters, —Tg T
o— s Ss S§° 8
T et b
()% + ¢2)?)
Next we define the interface velocity and its decomposition into tangential and normal components
by

or
W= — = w;t + wyv. 5.2)
ot
We observe that )
l] . . .
(m) =k|th! and (V)s =—-t'k, (j=1,2) (5.3)
S
and ‘ ‘ . .
W)ev) =0 (”) A (”) ) (5.4)
vy =0, — ] — =0, — ) v = —— ), )
f it/ 1t [ T

where the index £ in the expressions denotes the time or tangential derivative. Note that in equation
(5.4) and all subsequent calculations we sum over all indices occurring twice.
For some generic tangent vector i the surface divergence in one dimension is defined by

18(tly)

di = . 5.5
vr () it ds (5.5)
5.1  Outer setting
We assume the existence of expansions in ¢ for the density and velocity in the bulk phases:
o0 o0
u(r, x', x%:e) ~ Zs’ui(t,xl,xz), ot x!, x%e) ~ Ze’pi(t,xl,xz), (5.6)
i=0 i=0

where the ~ implicitly means that the infinite sum converges uniformly. Inserting these expansions
into the NSK equations leads to the following equations in the first two orders: In the O(£?) order:

po,: + div(pouo) = 0, (5.7
(o) + (wo - V)ug + Vg(po) = 0. (5.8)
In the O(e!) order:
p1,: + div(prug + pouy) =0, 5.9
(ay); + (g - VYug + (ug - VYug + V(g'(po)p1) = 0. (5.10)

The conditions at the interface are obtained via matching.
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F1G.2. Boundary layer region

5.2 Inner setting

Throughout the rest of this paper we will assume that the interface I'; defined as
Fa(t) = {(x',x%) € R?: ps (1,37, x%) = pu} (.11

isa C1([0, T), C?(£2))-hypersurface. We like to mention that this has not to be the case in general
for all times ¢. The value p, is some point in the elliptic region, i.e., p’(p«) < 0. The interface Iy is
explicitly described by rg, the inner unit normal v, and the tangential vector t, respectively. A point
in the neighborhood of the interface is represented by

X!

( 2 ) (1,8,2) =1e(t,5) + ezve(t, 5), (5.12)
where z denotes the distance from the interface in normal direction. The reader may note that we
could have used ¢ instead of t in (5.12), but it will become clear in the subsequent analysis why
we want to rename the time variable in inner coordinates. The small parameter ¢ is introduced
to zoom in the interfacial region. The representation (5.12) can be used to change variables from
(x!, x?) < (s, z) without changing the time variable.

We suppose a scalar or a Cartesian component of a vector ¥ is defined in inner and outer
coordinates, i.e., ¥(t,x',x?) = W(r,s,z). In the following we denote quantities in inner
coordinates by capital letters. In particular R is the density in inner coordinates. The partial
derivatives of v transform as follows:

i{—‘/’l 1+ ezx)ﬁtsl eyl 0 %—f
oy | = (1 + e2i0) 1y 2 el o[ +0oE), (.13)
83_15[ —(1 + ezi) ((wy)e + SZﬁté (V::)r) _8_1(71)11)8 1 %—f

where (w;)e = wé Itiflz and (wy). = wévé, for any (z,s,z) € [0, T) x I xR, where I C R is some

compact interval used to parameterize the interface.
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Accordingly to the outer expansion (5.6) we assume the existence of inner expansions in ¢. In

particular we assume

o0 o0
U(z,s,z;8) ~ ZsiUi (t,8,2), R(t,s,z;8) ~ ZeiRi (z,s,2),
i=0 i=0

(5.14)

where U;, R; do not depend on ¢ for all i € Ny. Furthermore we suppose expansions of the

geometric quantity
o0
re(z,s) ~ Zeiri(r,s),
i=0

which induces e—expansions of v, t, and w,.
Particularly we get the following expansions, up to terms of order O (&2):

(wy)e = véwa +e (iné + véw’i) +(9(£2),
~——

——
=0 =W,
(Uv)s = voU§ +& (viUg + vyUL) +0(&?),
=Uyo =:U,
iyl AUL Ui iyl
U =00 810—20001+01+082,
O = Jp2 <|t0|2 ol R ) TOE
=:U;0 U,
avh (b dde gl
Wr)e = te -2 + +0(e?),
@ =T il "2 ot i ) TOE)
=:w,0

=Wy

Je 1= Ra((Uv)e - (wv)e)

= Ro(Uyo — wyo) +¢ (R1(Uvo — wyvo) + Ro(Uyr — wy1)) +O(82).

=:Jo =:J

With respect to the expansions of the geometric quantities we observe
1= |ve|® = vivh + 2evivi + O(?),
which implies o o
vove =1, vgv] =0.

Furthermore we have

0= tivl = tdvd + e(tivh 4+ thvi) + O(?),
which implies o o o

tovo =0, gt} +vity = 0.

Additionally an easy calculation shows

i

. . ¢ .
(vo)s = —Koly, (|t_((;|) = Kko|to|vy-
S

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
(5.21)

(5.22)

(5.23)

(5.24)

Using (5.12), (5.14) and (5.15) we get the inner equations by comparing coefficients of different

powers of ¢.
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5.3  Matching conditions

Inner- and outer quantities are matched by the usual procedure, see [7] for details. For convenience
of the reader we sketch the arguments. Let ¢ and ¥ be any function possessing expansions like
(5.6) and (5.14). Near the interfacial layer we formally equate the two expansions

o0 o0
U(t,s,z;€) ~ Zsillfi (t,8,2) = Zé‘il//i (t,rg(t, s) + ezv(t, s)) ~ 1/f(t,x1,x2;8). (5.25)
i=0 i=0

Then we expand the right-hand side in a Taylor series yielding

oo N
Zeil}li(t,s,z) = ZsiPii(t,s,z) +8N+1R1:|\:,+1, (5.26)
i=0 i=0
where _
P = ,——.1//(1', re(7,s) + ezve(t, s)) (5.27)
ilde e=0

and R?\E, 41 is a Lagrange remainder. We observe that Piﬂt is a polynomial of order i in z with
coefficients depending on r and its derivatives and on (x!, x?)-derivatives of ¥. We will assume
that all the (x!, x2)-derivatives of ¥ up to order N + 1 are bounded in a neighborhood of the
interface. The polynomials Pl.+, P are valid for z > 0 and z < O respectively. Now let z — +o00
with & coupled to z such that ezV+! — 0 but otherwise arbitrary. Then the remainder term in
(5.26) has higher order than all the preceding terms. This fact leads to the identification of the inner

quantities with the Taylor polynomials for z — oo, i.e.,
i(t,s,z) = Pii(t,s, z) +o0(1) forz - +oo. (5.28)
Applying this to the first two orders of the asymptotic expansions shows

Wy(z,s,2) — ¥ (t,1o(t, 5)) z — 400,
(5.29)
o

+
8xf) (r, ro(t, s))(r{ (r,5) = v({ (z,8)z) +0(1) z —> +oo.

(5.30)

lIjl (tv s, Z) _wli(f’ I'O('C, S)) - (

By differentiating both sides in (5.25) with respect to s,z or t we can derive further matching
conditions:

Yo — (3—‘”0)i (z. ro(r,s))wé(r,s) + (%@)i (t.ro(z,5)) z — oo, (5.31)

ox/

oy — (al(?)i (1; ro(t s))tj (1,9) z —> +00 (5.32)

> dx/ ’ ’ (U ’ '

Yo,r — 0 z — 00, (5.33)
Yo + J

¥, — <_) (‘[7[‘0(‘[75‘))\}0 (z,s) z — +oo0. (5.34)

ax/
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We will assume that all these limits are attained superlinearly fast. When we redefine

Vo (s, 1) = D})irzn_)0 Yo (7, ro(s, 7) + zvo(s, 7)), (5.35)
Yo (5,7) = z<%)i§n%0 Yo (r, ro(s, v) + zvo(s, ‘L’)), (5.36)

we can rewrite (5.31) and (5.32) as

Yo — (V). z— +oo, (5.37)
Yos — (YE)s z— Foo. (5.38)

6. Main results

In our considerations we assume that for all relevant quantities there exists an asymptotic expansion
in ¢. In particular we consider solutions of the structure given below:

DEFINITION 6.1 Let (pg, u.) be a classical solution of (4.4), (4.5) existing in the time interval [0, T")
with inner and outer expansions as in (5.6) and (5.14).
In addition let
£, (t):= {(xl,xz) e R?: pe(t,x!, x?) < ,o*},
2F (1) == {(x".2%) € R? 1 pe(t. x",x%) > pu}.
Fe(t) == {(x". x?) € R? : ps(t,x", x%) = pu},
fort € [0, T) and let I'; be a C1([0, T'), C?(IR?))-hypersurface with an asymptotic e-expansion as
in (5.15).
We call (pg, ug, p1,u1) an outer solution if
po.p1 € CH([0. 7). C°(25°(1)) N C([0. T). C*(25°(1))), 6.1)
uo,u; € C'([0,7), CO(25 (1), R?)) N C°([0, T), CH (25 (1), R?)) (6.2)

and (po, U, p1,u;) satisfies

po,: + div(poug) = 0, (6.3)
(o) + (o - V)ug + Vg(po) = 0, (6.4)
p1,: + div(prug + pouy) = 0, (6.5)
(u1): + (uo - V)uy + (ug - V)ug + V(g'(po)p1) = 0. (6.6)
We call (Rg, Uy, R1,Uy) an inner solution if
Ro, Ry € C'([0,T) x I,C*(R)), (6.7)
Up, Uy € C'([0,T) x I, C*(R,R?)), (6.8)

where [ is the compact interval used to parameterize the interface and (Ry, Uy, Ry, U;) satisfies

_wvoRO,z + (UVORO)Z =0, (6.9)
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—wyo(Ud)z + Uno(UJ)z + v{g(Ro): —v{yRozzz =0, (6.10)
£l .
—wy1 Ro,z — WyoR1,z — WroRo,s + Ro,z + ﬁ(ROU(l))s + (R1Uyo + RoU,1); =0, (6.11)
0
—0s1 (U3 = woo (U] )z + (Ug)e = wio(U3)s + Unn (UF)_+ Uno (UF)

J

V4

. . . ;
+Uro(Ug )s + g(Ro)zv{ + (8'(Ro)R1)zvp + g(Ro)s#
0
1 6.12)
- (A + 2/1) U(]) _(Uvo)zz
Ro
J 1 J j j t({
SRR ST S L.
0 0

We call (po,ug, p1,u1, Ro, Ug, R1,Uy) a matching solution, when (pg,ug, p1,u1) is an outer
solution, (Ry, Uy, R;,U;) is an inner solution and both are linked by the matching conditions
(5.29)-(5.34). We call a matching solution admissible, if the mass flux pg (1,9 — wyo) # 0.

REMARK 6.2 Equations (6.3)—(6.6) were motivated in Section 5.1. To derive (6.9)—(6.12) we
perform the coordinate change (5.12) in (4.4) and (4.5), which changes the partial derivatives
according to (5.13). Then we insert the expansions (5.14) and compare coefficients of different
powers of ¢.

REMARK 6.3 Real phase transitions take only place if the mass flux is non-zero, i.e., po(Uyo —
wyo) # 0. Therefore, we have chosen this condition as an admissibility condition. We like to point
out that the subsequent analysis does not cover the case pg (1,0 — Wwyo) = O.

For every quantity v in outer variables having an asymptotic expansion in ¢ we will use the
following notation for the jump of its leading orders at the interface:

[¥1o,1 := Yol + e¥1l and  {Y}o,1 := {Yo} + e{yn}.
Now we are well-prepared to state our main results.

THEOREM 6.4 If (pg, ug, p1,u1, Ro, Up, R1,U;) is an admissible matching solution defined as in
Definition 6.1, then the following jump conditions are fulfilled:

B)
Hpa((uv)a - (wv)a)]]o,l = _8% — e(divr (wro) — Kowwo)or (6.13)
d
[os ((1v)s — (Wy)e) (Mg — We) + P(Pe)”s]]o,l = _8:01“% + edivr(or), (6.14)

IRk oo , .
|:|:E (t) i g(pE):|:|0,1 B _8/0 vé (UOJ B (u6)+>r dz ©6.15)
o . .
_g/ vy (Uoj - (u{))f)t dz

—00

o) 1 2
e 2((4)
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where
Je = Ps((”v)s - (wv)s) (6.16)
is the massflux across the interface and
e’} 0
pr :=/ (Ro—P(T)dZ—/ (Ro = pg) dz, (6.17)
0 —00
J ol 0 g
or =05 = = — 2 1+ ¥R dZ+/ odz | /4. (6]8)
r /0 RO ,03_ 4 0,z oo |t0|2

REMARK 6.5 We want to emphasize that (6.13) and (6.14) recover (3.3) and (3.4) respectively and
we will show in Theorem 6.7 that (6.13)—(6.15) are in agreement with (3.10).

REMARK 6.6 The zeroth orders of (6.13)—(6.15) imply that the states pgt are the Maxwell points of
the free energy density function

Js
Wi = W(p) — =—.
o (P) () 2
The Maxwell points « and 8 are the uniquely determined points satisfying

Wio(B) = Wi (@)
p—a ‘

THEOREM 6.7 If (po, ug, p1,u1, Ro, Up, R1,U;) is an admissible matching solution defined as in
Definition 6.1, then for ¢ sufficiently small the jump conditions derived in Theorem 6.4 imply the
inequality

00 2
0= —e(X+ Zu)j(,z/ ((Ri) ) dz (6.19)
—00 0/ z

2
—e(yr —Wr) (diVF((wz)s) - Ks(wv)s) + [jello,1 W' (pe) + |

Wiy (@) = W), (B) =

owr
Jat

u, — w,|?
+ﬁmﬂww+¥—iﬂ.
2 0,1

Ius — We
2 0,1

=&

Recall that the surface tension yr is related to the surface stress tensor by (3.8). The interface mass
density pr and the surface stress tensor are as in (6.17), (6.18) and the Helmholtz surface energy
density Wr is given by

% :/oo W(Ro)— Woi) + 220 _LJ8 Vo ) .
0 B 1'2 1'2
+/(M&rwwﬂmﬂ—JLﬂ

2Re 20 ER(%’Z) dz. (6.20)
o o

The inequality (6.19) is identical to the entropy inequality (3.10). Note that in (6.19) the interface
terms contribute in the first order of ¢. Thus the jump conditions derived in Theorem 6.4 are
compatible to the second law of thermodynamics.
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REMARK 6.8 A straightforward computation shows

1/ jo\*
WF—VF=PF(8(P(?)+§(TE))
Po

which is a special case of the Gibbs adsorption law, see [12].

REMARK 6.9 The inequality (6.19) can be obtained by straightforward but cumbersome
calculations using asymptotic analysis to the entropy inequality in the bulk (see (2.6)), which is
derived in [9].

7. Proof of Theorem 6.4
7.1 O(e™Y-terms
In the following lemma we will establish the zeroth order of (6.13), (6.14) and (6.15).

LEMMA 7.1 If (pg,ug, p1,u1, Ro, Ug, Ry, U;) is an admissible matching solution defined as in
Definition 6.1, then the following jump conditions of zeroth order are satisfied:

[oe ((uy)e — (wy)e)llp = 0. (7.1)
[os ((Uv)s — (Wy)e) (Ug — W) + P(Pe)”e]]o =0, (7.2)
[(ue)ello = O, (7.3)

1(je\?
5(—) +gpe) || =0. (7.4)
Ps .

Proof. We recall that the mass flux across the interface is given by j = p(u, —w,). Hence equation
(6.9) implies Jp,; = 0 and therefore we get the jump condition (7.1), i.e.,

[jlo = 0. (7.5)

Multiplying (6.10) with the zeroth order of the tangent vector to we obtain
Jo
— (Uro)z: = 0. (7.6)
Ry

Hence, the leading order of the tangent velocity U, is constant across the interface. Furthermore
to solve (6.9) and (6.10) it is sufficient to substitute U,9 = IJQ—% — Wyo in (6.10) and to solve (6.10)
times vy which gives

Jo [ Jo

— | — Ro); = yR . 7.7

Ro (R0)2+g( O)Z V0,222 (7.7
By Proposition 1.2 in the work of Benzoni-Gavage et. al. [4] there exist values pgt satisfying certain
jump conditions which we will state in (7.9) and (7.12) below. Given these states pa—L there exists a
solution Ry of (7.7) attaining p(jf as boundary values.

In the sequel we will show that (7.9) and (7.12) are necessary conditions for boundary values of

solutions of (7.7). From (7.7) we infer

1 (Jo

2
3 (R_o) + g(Ro) = yRo,zz + c1 (7.8)



ASYMPTOTIC ANALYSIS FOR KORTEWEG MODELS 119

for some ¢; € R. Using the matching conditions (5.29) and (5.33) this implies

2
1 ( Jo )2 1o N
a=z(=) +g)=5|=] +8&g)- (7.9)
2 (,00 72\ pf 0
Multiplying (7.7) by Ry we get
Jo
Jol ) + P(Ro)z = YRoRo, 22z, (7.10)
0/z
which implies
JE 1 )
2t P(Ro) =y | RoRo,zz — E(Ro,z) +c2 (7.11)
0

for some ¢, in R. Applying (5.29) and (5.33) to (7.11) we find

j2 Js
c2 ==L+ p(py) = + plpg)- (7.12)
Po Po

O

REMARK 7.2 In the proof of Lemma 7.1 we have seen that the tangential velocity is constant across
the interface and up to now we have not chosen a specific parameterization of the interface. So we
are free to impose

Ud = weoth + Upovly,  ice., Urg = wyo. (7.13)

We want to point out that the admissibility condition from Definition 6.1 is crucial to establish the
equality of the tangent velocities of the fluid and the interface.

7.2 Prerequisites for O(1)-terms

The following technical lemmata are used to derive the first order jump conditions. Lemma 7.4
shows solvability criteria for the inner equations on an abstract level and is exploited in Lemma 7.5.

LEMMA 7.3 Let Q € C2(R) be given with

0:(2),0;:(z) > 0, for|z| — oco. (7.14)
Further, define
z 1
@(z) =/ ——dz.
0o (0:(9)°
Then
|(p(Z)QZ(Z)‘ — o0, for|z| — oo. (7.15)

Proof. Due to (7.14) there exists some K > 0 such that

10:(2)] <e.

0::(z)| <&, for|z| > K.
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We consider some pair (z, z) with |Z| > K + 1, |z|] > K and zZ > 0. Then we have

z
0:(2) - 0:(3)| = ‘/ Q::(2)dz| < |z = Z|e. (7.16)
z
Therefore _
10:(2)| £2|0:(2)|. forall|z—Z| < 10:@)] (<1).
e
Next we define z* := z — sgn(Z)@ and find
20010 1 1 P
lp(2)| = / (— ) dz| = |2—z*|—‘ —| (7.17)
2+ \0z(2) 410:(2)
which implies
1 1 1
z Z)| ==z -z* = —. 7.18
000> 1171|575 = & (1.18)
Hence for every ¢ > 0 we find some K > 0 such that
- - 1 -
l0(2)0:(2)| = 1, forall IZ| > K + 1, (7.19)
e
which proves (7.15). o

LEMMA 7.4 Let (pg,ug, p1,u1, Ro, Ug, R1,U;p) be an admissible matching solution and let the
operator
L:W»R) x WH(R) x WH(R) — LY(R) x LY(R) x L' (R)

be given by
A (A(Uyo — wyo) + RoB),
Ll B |:=| ((Uwo—ww)B+g'(Ro)A—yAzz), |. (7.20)
C (UvO - va)Cz
Then
A N
Ll B |=| £ |. fi, /., f5 € L'R), (7.21)
C /3
has a solution if and only if
o0
/ fidz =0, (7.22)
—00
o0
/ fodz =0, (7.23)
—00
o0
/ R()f3 dz = 0, (724)
—00

/ % fi+ Rofodz =0. (7.25)
—0o0
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Proof. By the Fredholm alternative theorem the system (7.21) is solvable if and only if the right
hand side satisfies

/ firA+ fo-B+ f3-Cdz=0
—o0

for every solution (fi B.C )T of the homogeneous problem for the adjoint operator. The adjoint
operator

L* i L®(R) x L®(R) x L®(R) - W' (R) x W™ (R) x WHL(R)

is given by
{I —(Uvo — va)A — & (RO)B + VBZZZ
L*| B | = —RoA; — (Uyo — wyo) B: . (7.26)
C ((Uv() - w,,o)C)Z

In order to determine solvability criteria for (7.21) we have to find all (4, B,C)T e (L*°(R))3
satisfying o
L*(4,B,C)T =o. (7.27)

Considering the homogeneous problem (7.27) it is well known (cf. [13] for example) that all
distributional solutions are already classical solutions. There are five linearly independent solutions
of (7.27)in C3(R)x C'(R) xC ! (R). We have to determine whether they are elements of (L (]R))3

The homogeneous problem (7.27) decouples into one problem for A and B and one for C. The
latter immediately implies that C has to be some multiple of Ry, because Jy is constant in z. The
equations for A and B are more involved. They amount to

IJQ_O/IZ + g/(RO)Bz - )’ézzz =0, (7.28)
0
RoA; + (Uyo — wyo) B; = 0. (7.29)

We can solve (7.29) for /fz, which yields

A, = _R_g B:. (7.30)
Inserting (7.30) in (7.28) we obtain
é" B. +g'(Ro)B; —yB..; = 0. (7.31)

0
For simplification of notation we introduce a new energy density function and a corresponding

Gibbs free energy function

13
2R2'

-2
W(Ro) i= W(Ro) — 20 3(Ry) := W'(Ro) = g(Ro) +

TR (7.32)

Then (7.31) becomes N )
g/(RO)BZ - )/Bzzz =0. (7.33)
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We observe that every constant function and B = Ry, owing to (7.7), are solutions of (7.33). Hence
we only have to find one more linearly independent solution of (7.33). When we define D := B;
and £ = D,, we get from (7.33)

D 0 1\(h
( E ) :( 1§ (Ro) 0 )( P ) (7.34)

As B = Ry is a solution of (7.33), (Ro,z, RO,ZZ)T is a solution of (7.34). Due to the d’ Alembert
reduction principle we make the following ansatz:

D(z) = p(2)Ro 2 (2), (7.35)
E(z) = ¢(2)Rozz(2) + ¥ (2), (7.36)
where the functions ¢ and ¥ are to be determined. Inserting (7.35), (7.36) in (7.34) we get
@z(2)Ro,z(2) + ¢(2)Ro,zz(2) = ¢(2)Ro,zz + ¥ (2), (7.37)
1.
@z(2)Ro,z2(2) + 9(2)Ro,z2:(2) + ¥z (2) = ;g/(RO)(P(Z)RO,z(Z)- (7.38)
We can solve (7.37) with respect to ¢, which gives
14
= . 7.39
(%4 Ro.- ( )
Using (7.7) and (7.32) in (7.38) we obtain
7.39 R z
Vo) = —02(Ross () 127y Ko=) (7.40)
RO,Z (Z)
From this we find L
1// - RO,z
for k € R and hence by (7.39)
k
= . (7.41)
vz (RO,Z)2

We only need one solution F of (7.33) which is linearly independent of the constant and Ry. Thus
we consider the special case

z 1
= ——dZ.
0(2) /0 -

Then F is given as a primitive function of ¢ Ry, ;. From Lemma 7.3 we conclude that F ¢ L*°(RR)
as |¢(z)Ro,z(z)] — oo for |z] — oo. Hence there are only two linearly independent solutions of
(7.33) in L*°(R).

Using (7.30) the general solution of the homogeneous problem (7.27) in (L*°(R))? has the form

A=k +ky=,

1+ 2R0
B = ks + k2 Ry, (7.42)
C = kqRo,
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for arbitrary coefficients k1, k2, k3, k4 € R. This gives rise to the four solvability criteria

o0 o
/ Sfidz =0, / fodz =0,

/ Ry f3dz =0, / J—0f1+Rof2dz=0.
—o0 —o0 RO

O

LEMMA 7.5 Let (pg,ug, p1,u1, Ro, Ug, R1,U;p) be an admissible matching solution and let the
functions @, ¥,,, ¥; € C*°(R) satisfy

o0 \ £
®(2) = pi + () ok + 20, 749
dxk
L . du! y k k
w2 = o] + @Fe) + (22 ) ok + k), (749
vl dug : 9k k jx 1 fo 131}
/s — _0_ 0 -2 , 7.45
(z) = (u)) D + ok THE (ry + zvg) + (up) Ito|? Ito]* (7.45)

for z > 1 and z < —1 respectively. Further, let Rl =R{—9, 17,,1 =U,1—¥, and (7” = Un —¥;.
Then equations (6.11), (6.12) can be equivalently written as

R J1[Ro,Uo, @, V]
L IZvl = f2 [R()? U()v ¢7 lI/] ) (746)
U[l f3[R07U05®5 lI/]

where L is the operator from Lemma 7.4 and
1
S1[Ro, Uo, @, V] := —m(wzo|to|Ro)s — Ro,r + koRoUyo
0

— (®(Uyo — wyo) + Ro(¥ —wy1)),. (7.47)

S 1
S2[Ro. Up. @9 := —0§ (Ui)e + (. + 241) 7= (Uso)zz — ykoRo.z2
0

- ((UUO — Wyo) (Y — wy1) + g/(RO)d) - quzz)z , (7.438)

j . |
f3[Ro.Up, D, ¥] := — (ﬁ) (Ug)e — e (g(Rg) —YRo,zz); — (Uvo — wyo)(¥r)z. (7.49)

Proof. We will not consider (6.12) directly but separate it into a normal and a tangential part. The
normal part is given by (6.12) times v plus (6.9) times v{, i.e.,

—wy1(Uvo)z — wyo(Un1)z + V({ (Uoj)t + Up1(Uyo)z + Uyo(Uy1)z + (g/(RO)Rl)z

1

= R_(A + ZM)(UUO)ZZ + VRI,ZZZ - KOVRO,ZZ- (7.50)
0
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Rearranging the terms in (7.50) gives

((Uvo — wy0)(Unt —wy1) + g'(Ro)R1),

o 1
=~ (U)e + o (A +20) (Uso)zz + YR1,z22 — KoyRozz. (1.51)
0

j i
The tangential part of (6.12) is given by (6.12) tlmes |2 plus (6.9) times ™ ‘2 - 2t‘|)té("i ,1.e.,
tj Uj tj Z.i UJ'
- wvl(UIO)Z — Wyo 0 ; P (Uo )r + le(UtO)ZUUO ;
P ) " Ttol Ito]
tdv] 1 dul  iJudiit tiv]
¢(R R Uso — 170 _ 5l %0’ 1% ,p
+ |t |2 O)Z + |t0|2g( O)S +( v0 wvo) |t()|2 |t()|4 + |t |2g( O)Z
th 1 t’ z
(Uto)zz +y— It |2 RO zzz t YV |t |2 0 szz Y I; |2 RO zzz. (1.52)
Using (7.13) and (5.23) this is equivalent to
J 1 1
(Uvo - va)(Utl)z |t |2 (Uo )r |t |2 g( O)S - WRO,SZZ' (7-53)
0

By the matching conditions, Ry, U,1, U1 must have the following asymptotic behavior for z —
+oo:

a :I:
Ri(z) = pE + (axiz) (& + 2v5) + o (1), (7.54)
. . . . ou’ £
Uyi(z) = (u(f))iv{ + (u-{)iv(]) + (ax—z) vy (r1 + zvo) +o(1), (7.55)

Nt i J J i
Un () = (ul)ﬂtll"| +(a”°) (k4 2vf) + wh)* (i—zt"["“)ﬂ(l). (7.56)

axk | |to? Ito|? |to|*

Hence, solving (6.11),(6.12) is equivalent to solving

- - 1
(R1(Uyo — wyo) + ROle)Z = —m(wt0|t0|Ro)s — Ro,r +KkoRoUyo
0

—(@(Uvo — wyo) + Ro(¥y — wy1)),
((Uvo — wuo)Un1 + &'(Ro) Ry — y Ry 2z), = 0 (U)e + L +2p) RLO(Uuo)zz — YkRo,zz
— ((Uyo — wyo)(¥y —wy1) + &' (RO)P — yP:2),
and
J

(Uvo — va)(Utl)z = — ( o

It |2) )r It |2 (&(Ro) — YRo,zz)s — (Uvo — wuo) (Y1),
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with the new boundary conditions
R1(2), Uy (2), Usi (z) — 0 forz — oo. (7.57)

O

In the following we deduce the first order jump conditions in Theorem 6.4 by exploiting the
solvability conditions from Lemma 7.4.

7.3 O(1)-order terms

7.3.1 Mass balance. Relying on Lemma 7.4 and Lemma 7.5 we can determine the first order of
the jump of the mass flux across the interface.

LEMMA 7.6 Let (po, uo, p1,u1, Ro, Ug, R1,Up) be an admissible matching solution then

0
e (G12)e = (w)e) ]|, = =57 = (@ivr (wio) ~ kowuo)pr (7.5%)
where 0
W:A(m_@mp]"mrmDW+mn (7.59)

Proof. From Lemma 7.4 and Lemma 7.5 we know

/ f][R(),Uo,(D, lp]dZ :O,
—0oQ

where
1
J1[Ro.Up, @, V] = _m(wtOItOIRO)s — Ro,r + koRoU,0
0
- (qj(UvO - va) + Ro(¥y — wvl))zy

when f; € L'(R). We start with showing that f; € L1 (R).
We observe that

; " N
ty [ 9(pouy ; . [ 9(pout ;
o+ i (Vi) i (T5) i =0 (7.60)

because pg, ug satisfy the mass conservation equation in the bulk. Utilizing w,¢ vé + wtoté = wf)
equation (7.60) is equivalent to

dpo\* dpo\™ +
— Wyo ox Vo — Wro P to + (po.c)

dpo\* ;. 1h (3(poub)
+(3xi) w0+|t0|2 dx/

R (a(pouz',)

+
fo +vo | =55 ) vy =0. (7.61)
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Using the different forms of the matching conditions implies

; T
g (0 (o). + (o) + 10 iy, o (2P g (7.62)
vo\ oxi 0~ WroPo )s T (Po)e [to] Po Mo)™)s T Vo \ =577 o =Y. .
Due to (5.24) and (7.13) we obtain
NEE
oo \*F ; u! |
(30— wwo) (g) v+ o ax? V(I)V(]y+m(wt0|t0|)s,03[+(P3E)r—/copgtufo =0. (7.63)

Keeping in mind the definition of fi[Ro, Uo, @, ¥] (see (7.47)), equation (7.63) implies due to
(5.31),(5.32) and (5.34)

f1[Ro(2),Up(2), @(2),¥(z)] = 0, for|z| = o0 (7.64)

superlinearly and hence f1[Rg,Ug, ®,¥] € L' (R).
Thus we can write (7.22) as

+ . . - . .
0 = lim [ (g%) ga+r]) (ufy —wwo) — (aﬂ) (r{ —=via) (uyy — wyo)

a—00 8xf
o+ - = +3”6+ij J _(up\ i j
+ 0 (uvo_wvo)_pl (uvo_wv0)+P0 Py Vo(voa+r1)_po 8)6—/ Vo(rl —v’a)

—wyipg + wuipg + pg () o] + pg () Tvg — pg (wg)Tv{ — pg (u]) v

a 1
—/ (—— (wrolto])y Ro — Ro, + KoRoUvo) dZ]-

—a |t0|

J

Now we would like to decompose the limit into several parts, which have to converge. This can be
achieved by subtracting a times (7.63)* before letting a — oo, i.e.,

) ap o oo\ ;. _
0= jim [ (325) o = w0) = (325) i (o0~ w10)

a—oo
R o
ot () - ()
—wuipd + werpy + pi )i+ pd Yol = py )V — pg ) vl
_ /0" _ﬁ (wt0|t0|)s(Ro - P(T) —(Ro — ,03_): + ko(RoUyo — pg_ujo) dz — /2 . dz]_
(7.65)

Inserting (A.3) in (7.65) and using

.+ +
RoU,o — pg U,y = Rowyvo — pg Wyo,
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we obtain

[[ps((uv)s - (wv)s)]]l
[od) 0
= /0 (_RO,r + (p(;r)r) dz + /;oo
0

+ / (—|— (Itolwzo)s Ro + — (|to|wro)s Po+ + ko Rowyvo — K0P0+wv0) dz + /
0

tol [to] —o0
(7.66)
In view of (3.3) we can identify the surface mass density as
00 0
pr = / (Ro—pg)dz +/ (Ro — py) dz + O(e?), (7.67)
0 —00
which finishes the proof. O

7.3.2 Gibbs free energy. We deduce the first order of the jump of the Gibbs free energy across
the interface. The proof is based on Lemma 7.4 and Lemma 7.5.

LEMMA 7.7 Let (po, uo, p1,u1, Ro, U, R1,Uy) be an admissible matching solution. Then

I AT
2 \pe g Pe 1 = o 0 0 0 . )
0
_/ vi (U4 - (uh)") dz

—00

00 2
—(A+2u)j0[ ((Rio) ) dz. (7.69)

Proof. From Lemma 7.4 and Lemma 7.5 we know

o0
/ f2[Ro,Up, @, ¥]dz = 0,
—00
where
j i 1
f2[Ro,Up, @, ¥] = — vé (Uo’)r + (A 420 R_(Uvo)zz — ykoRo
0
— ((Uso = wyo) (@ — wi1) + g'(R)® —y ),

when f, € L'(R). We start with showing that £, € L1 (R).
As the outer quantities pg, ug satisfy (4.5), we have

j o \E kiauéij/iaPOij
vo (up )™ + (ug) Tk vy + &' (0y) P vy = 0. (7.70)
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Due to the matching conditions (5.33), (5.34), (5.37) and the assumptions (7.43), (7.44) and (7.45)
on @, Y, and ¥; we get

|+
f2[Ro(2). Up(2). @(2). ¥(2)] — —(uE — wyo) % vivk — ¢/ (pF o - vk
) ) ) v0 o)\ ok oY — & 0 Ik 0

NS
LD ki \E
- Tk wg — vy (g )= (7.71)
Inserting (7.70) in (7.71) we get

+
u
fz[Ro(z),Uo(z), PD(2), lI/(z)] — ((ulg)jE — uvov(])‘ + wvov(])‘ — wlg) <8x—2> v(])‘ =0
for |z| = oo, (7.72)

where the convergence is obtained superlinear, whence f>[Ro,Ug, @,¥] € L'(R).
Due to the matching conditions and (7.43), (7.44) the solvability condition (7.23) is equivalent

to
0= all)“;o [(Ujo — Wyo)Wy1 — (Uyy — Wyo)Wy1 (7.73)
N\t
o (ad\T
= (o — wyo) | (ug)Tvi + (u)Fvg + (ax—Z) vy (rf + vga)
- in— f i wl\
+ (0 — Wro) ((“(])) vi + (u]) vy + (8)(—2) vy (rf — v(’fa))
1ty ot 10+ [ 9po * k k rpoe —
— & (py)pi — 8 (pg) Ik (rf +voa) + &' (pgy )P
a

_ (0 - a . 1
+g/(po)(3xi2) (rf —vka) - / W U)edz + Ot 20) | oo (Uno)z dz ],

—a —a

Now we subtract a times (7.70)* and a times (7.70)™ before letting @ — oo and obtain
0= alLrI;o [(u:ro — Wy0)Wy1 — (uljo — Wyo) W1 (7.74)
du’ i
- (u:ro - va) III/’O]] (u(l))+vll + (u{)+vé + (E)x—]g) Vér{c

_ S L 3uj -
=) (1 od g+ (4wt

fooAy A+ 1 4 [ 9Po " k - b0\ k
—8& (pg)py — & (pg) Ik ri +8(po)pr +8& (o) k) N

a . . 0 a
—/0 vg(U(-{—(u{))ﬂ,dz—/ dz+ O +20) R—O(U,,o)zzdz].

—a —a
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Using (A.5) equation (7.74) means

1 o . .
[[5<(uv>s—<wu>s>2+g<ps)ﬂl=— /0 i (UD@) = (@) dz 1.79)

- / (; v (U)e2) = (@) ) dz

o0 1
+ /;OO (A +2wr) m(Uvo)zz(z) dz.

Inserting Uyp = 22 + w, in (7.75) yields
g 7

1 o . . .
[ +e@] = - [T (Uie-ah) ¢ @
0 . . .
_[ v (Ve - w)))

fasma((3)) o

7.3.3 Momentum balance. Using the last two solvability conditions from Lemma 7.4 together
with Lemma 7.5, we will determine the first order of the pressure jump across the interface.

LEMMA 7.8 Let (po, uo, p1,u1, Ro, Up, R1,Up) be an admissible matching solution. Then

ow,

Lo (v)e = (w)e) (s = We) + p(pe)ve]l, = —pr—— +divr(or). (7.77)
where
o] 0
or = / (Ro—pg)dz—/ (Ro—pg)dz + O(e), (7.78)
0 —00
ol = (/oo (p(p+) — p(Ro) — Z(ROZ)2) dz + /0 ) B | o). (7.79)
r o 0 2 > oo |t0|2

Proof. From Lemma 7.4 and Lemma 7.5 we have the solvability criteria

/ R()f3 dz =0, / J0 +R()f2dZ =0,

- J1
00 —0o0 RO
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where

1
f1[Ro, Uo, @, ¥] = —m(wzo|to|R0)s — Ro,z +koRoUvo
0
- (qj(UvO - va) + RO(lI/v - wvl))z s
; ; 1
f2[R07 Uy, D, l]/] = _Vé (U()l)r + (/X + 2/1) R_(Uvo)zz —yKkoRo,z2
0

- ((Uvo — wyo) (P — wy1) + &' (Rp)P — V(Dzz)z )

j , ’
f3[Ro,Up, @, V] = — (lé)%) Ug)e — TAE (g(Ro) — YRo,zz)s — (Uvo — wyo)(¥r):,

when fi, f>. f3 € L'(R). From the proofs of Lemma 7.6 and Lemma 7.7 we already know that
f1, f» € L1(R). It remains to show that f3 € L'(R).
By the matching conditions and (7.45) we get

. 4+ . NS
L LT WV T
= Wy
[to|? \ dxk [to|2 \ 01

k + / i\*
tf (8g(po)) —(ufo—wvo)—i(%) vk, (7.80)

o2\ axk [to]> \ 9x*

On the other hand, pg, ug satisfy (4.5) in the bulk, such that

o ((0ud\T e (0ul\T (Bg(o0)\E
to_ [ (2% oy . —0. 7.81
S (5] +ebe (52 +(8ﬂ ) (7.81)

Inserting (7.81) in (7.80) we get

tof? dxk

. N
J J
f3— o ((ulé)jE — wé‘ - (u;—LO - wvo)v(])‘) (%) = 0. (7.82)

To obtain a solvability criterion, which has the form of the Young—Laplace law, we will deal with the
solvability criteria (7.24) and (7.25) simultaneously. As vy and ty are linearly independent equations
(7.24) and (7.25) are equivalent to

o .
/ Ry f3[Ro.Uo, @, W]ty + Ijz—oﬁ[Ro,Uo, @, ¥vh + Ro f2[Ro, Up, @, ¥]vgdz = 0. (7.83)
0

—00

As fi1, f2, f3 go to zero superlinearly for |z| — oo, we have

lim Ro f3[Ro, Ug, @, W]t + I]e—ofl[RO,Uo, @, ¥ + Ry f>[Ro, Up, @, ¥ =0. (7.84)
0

z—>Fo0
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Inserting (7.47)—(7.49) in (7.83) yields

Jo J
0= / I: > (l) ( (wtOItOI)SRO RO,r + KOROUUO — (@—0 =+ RO(lI/v — wvl)) )
Ro [to] Ro 2

) ) ) 1
+ ROU(I) (_v(j) (U()j)f + @A+ ZI'L)R_(UVO)ZZ - VKORO,ZZ)
0

- J
- ROV(I) (RO (lpv — wvl) + g/(R0)<15 - V¢zz)
0

zZ

i Zj J Jo
_ Roto <|t |2(U )‘L’ |t |2(g(R0) )/RO,zz)s + R—O(lpt)z) ] dz. (785)

The terms containing w,; cancel out and using integration by parts, (7.85) becomes

o0 1 To . .
0= / [— Jol)(l)—(wz()|t()|)s — —U(Z)RO’T + K()U(I)JOUUO
—00 |t0| RO

) J?
-} (JolI/,, + R—"qu + Jo¥y + p'(Ro)® — y(P.;Ro — P, Ry ; + @RO,ZZ))
0

z

J J . J . . .
+ 22 ( 0) vid + (—") Vi RoW, — Ro(Ud)e + (A + 210)(Uo) 220
Ro \ Ro Ro/,

J . .
_Ol[/v + g(RO)z(DV(l) - VRO,zzz(Dv(l)

- )’Kov(i) Ro RO,zz + V(i) RO,Z
Ro

i i

t Z
% p(Ro)s + v %5

RORO szz — Jolé(lpt)z] dz. (7.86)

- toP? to]?
We observe that (6.9) and (7.13) imply
Jo ; . . Ji J
2 ViRor + Ro(Ul)e = (Jovi)e + Ro(wi): and =2} Ro+ (<2 ) Ro. = 0.
Ro Ro ), Ro

Using this (7.86) yields
0= / [— Jov(l)m(wt0|t0|)s — (Jovy)z — Ro(wg)r + kovyJoUvo
—00

J2
— vl (2J0l1/ + R"Z ® + p'(Ro)® — y(Pz2 Ro — ;R + quO,ZZ))
0

z

. . t' .
+@A+ 2#)(Uv0)zzv(l) - )/KOV(Z)RORO,ZZ - It |2 —=p(Ro)s + Yy ——= |t |2 RORO szz Jol(l)(llf,)z
Jo [ J
+ o ( (—0) + ¢(Ro)s — yRO,ZZZ) ] dz. (1.87)
Ro \Ro/,

We remark that the last line of (7.87) vanishes due to (6.10).
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Now we will consider some of the terms from (7.87) separately. We start with multiplying (6.10)
with Ry and subtracting (6.9) times w'é . We obtain

(RoUvo(Uoj - w{,'))z - (Rowvo(Uoj — w{,'))z = —v? p(Ro)z + viyRoRo 222 (7.88)

=0

So there exists D’i independent of z such that
. . . 1 .
vojoUvo = =5 P(Ro) + yvoRoRo,zz = yvh5 (Ro.2)* + Di. (7.89)

With (5.3) we compute

il 1 tl tl
=— [ p(R)X| - U (7.90)
P(Ro)s—— ™ |2 o] (P( 0) to] s P(R 0)|t0| |t0|
1 (¢ ;
= — | ——pP(Ro) | —vykop(Ro).
[to] \ [tol s
Additionally we observe that due to (6.9)
= (Ro(UJ = wi)e = (jovd)- (7.91)
and
j._ b VR N .
D3 = |t()| (|t0|w,0)sR0(U0 wo) = |t0| (|t0|wt0)sjov0 (792)

are independent of z. Now we insert (7.89) and (7.90) in (7.87) and we end up with

o0
, . , .1 .
0= / [— D} — D} — Ro(wg): — KOVV(I)E(RO,Z)z + ko D}

—0o0

i i i J02 ’ i i
— ZJ()lI/vUO + JolI/zlo + Voﬁd’ +p (R0)45v0 — YV (d)zzRO - quRO,Z =+ ¢R0,ZZ)
0

V4

. 1
+ (l + 2:“*)(Uv0)zzv(l) - m (|t0| P( 0)) |t |2 —=RoRy szz] dz. (7.93)

By (7.84) the integrand in (7.93) goes to zero for |z| — oo, i.e.,

o\t i
' ' ' ' 81/[] L. Ju tlt.l

+ io | —2 K i

0=—Dj3 — D3+ koDj — pg (W)= —2jo (8)62) %Y ~Jo (ax’g) |f()|°2 K

jO i 8100 k + k 1 + 0
(po)zvo(axk) Vo — (Po)o( ) Vo—m(( )|t|) . (7.94)
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Using the matching conditions and (7.43)—(7.45) equation (7.93) is equivalent to

a
0= lim [— 2aD} —2aD} + 2axg D} — / Ro(wg)r + gkové(Ro’Zf dz (7.95)

a—>o0 —a
N+
+,, + duy j
—2]01)0 (uo) +(u ) Tk vO(r1 +av0)
"ne
X

o . . Ju’
+ 2jovg ((u(j)) v{ + u]) vy + (8—2) (r1 —avo )

tl ol tk thelt]
+ o 0 + 1 ofolr

— joti [ (u + | — ri +avy) + (u -2
Jotg | ( 1) TNE (axk) Ito |2( 1 o) ( 0) (|t0|2 L

- dug ) (rk 4\ i§ig ]
+ Jjot ((“1) Ito]? (3xk) Ito |2 rf —avg) + (ug)” (| to|2 —2 Ito|*
—V(i)(( +)2+P(Po )( ) (rf ‘H’Vo))
Po
b (s o) (o (a H) ot o)

a
- ——=RoRo,szzd
L o] (p( 0)|t0|) Vs RoRosez dz].

We subtract ¢ times (7.94)% and a times (7.94)~ before letting a — oo which yields

0

():_/OO(RO— D (wh)e + KOUO(ROZ) dz—/ . dz (7.96)
0

—00

dxk

o o o i\ .
+ 2jovg ((u{,) v{ + u]) vy + (Ebc—z) v{)r{‘)
e te (0 6 (b
— oty | ] + 2% Pt 252
0 |to]? axk ) T |to*
ul\ ik kil
+ ot [ ul) n 0 n N ,lolh
Jolo (( " ar axk) a2 T 00 ( of ol

o
_%(<®2+p”°)< J%)rﬂ
SIS AN

N\
T T £ AR
—2jovy | @) tv] + @) Tvg + (—0) v)rk
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0 i 0 o
- |t|((p( 0 - p(po))“') -~ |2R0R0md [

As explained in the appendix, (7.96) can be written as
[[/08((“\1)8 - (wv)s)(us —We) + P(Pe)vs]]l =
) oo 0
e [ Ro-praz- [z
0

—00

®| 1 t 1 t 0
-], [|t|(”( °)|t?)|) Tl (”("°)|t0|)]dz‘/oo"'dz

J 00
—rorgd [ Raerdz =yt [ ((Ron?),dz )

or by (5.3) equivalently

[[/08((“\1)8 - (wv)s)(us —We) + P(Pe)vs]]l =

. 00 0
—(wé),/0 (Ro—pg)a’z—/_ ... dz

] t 1 t 0
-], |:|t0| (”( 0)|t0|) Tl (”("°)|t0|)]dz‘/oo“‘dz

11 ] i
—— z . (798
3t L Gy o dz. 050

Because of (7.11) we have
Jo_ g

R — YRoRozz = p(py) — p(Ro) — Ro 2
o Py

Inserting this into (7.98) we can, in view of (3.4), identify the surface stress vector o  as

. R ] ] 0 lj
or =o0j = / 20 _ 20 +)/ROZ dz+/ ...dz + O(e). (7.99)
0 Ro ot —0 Ito|?

O
8. Proof of Theorem 6.7
Now we will establish Theorem 6.7.
Proof. To prove the theorem we will compute the first non-vanishing order of
. lug — we|? ) lug — we|?
(el W/(ps) + % + {Je} W/(ps) + % (8.1)

by the jump conditions in Theorem 6.4.
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As we see from (6.13) and (6.14) there are no O (1) contributions in the jump terms in (8.1), so

the leading order terms are of O(g). They are given as products of the order O (¢)-terms in the jumps
and the order O(1)-terms in the mean values, i.e., the leading order of (8.1) is given by

— _ 2
[[pé‘((uv)s (wv)s)]]l W' (po) + M}
+ — — 2
(oo (1tvo = wyo)} H:W/(Ps)+ wjﬂ . (82
1

By (7.13) we have u;90 = wy¢ such that ué - wé = (Uyo — wvo)vé, whence
lup — wol* = (uyo —wyo)® and  (u§ — wui = (uyo — Wyo)Uy1. (8.3)

Hence, (8.2) equals

_ 2
[[ps((uv)e — (wv)e)]]l %W/(PO) n w}

[(uy)e — (WV)8|2:|:|
— | . (84
5 1 (8.4)

+ {Po(uuo - va)} |:|:W/(108) +
Now we use (6.13) and (6.14) to get an equality

[wo — W0|2}

[[Pe((“v)e - (wv)e)]]l %W/(PO) + )

+ {po(uvo — o)} |:|:W/(p8) + w:ﬂl
o ‘ ] 0 . . :
i (/0 ol (Uo’ _ (”W)r dz + [m v] (Uo’ - (u{,)+)r dz)
(g(po 20 +)2)/ Ko e = a1+ 585 [ (ko=
(It |(|t0|wt0)s Kowvo) (g(,Oo 200 +)2)/ (Ro = pg ) dz

1
(|t | (Itolwro)s — Kowuo) (g(,oa) + 20 )2)/ (Ro—pgy)dz

o0 1 2
— (A 42w /¢ / ((—) ) dz. (8.5)
—00 RO z
To simplify the notation we define

N too | ) - N JO2 +oo N
AT = Fj / vl (U] — ) dz:F( (py) + )/ Ry — dz, (8.6)
Jo ) 0( o — (up )t 8Py Z(p(jf)z ) ( 0~ Po )r

+ . 1 J()2 /:I:oo _ *
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We will first deal with A%. Due to (5.4) there exists ¢ € R, which is independent of z as v¢ and tg

are independent of z, such that
(vo)r = cto

Therefore we get
+o0 . . .
) (Uf — w))*) dz

[ () @z = [ W o), @z [
(8.8)

+o0 Foo Iy
_ /0 (Uno — (o)), d —c /0 (4 Ud - @)*) az
. +o0
(7£6) / ((UUO - va)r - (uvio - va)T) dz.
0
Using (7.9) yields

j2 +o0
(g(p ) + <p§t>2)/o (Ro— py), dz (8.9)

+o0 _]02 n
-, (g(p0)+2( %)2)(R°_p°)f &
+o0 2 jl
7 (R0 7 = o) o= (st + 52555 ) ez

Inserting (8.8) and (8.9) in (8.6) implies

Aizzpfm Jo (J_") — Jo (J—") dz (8.10)
0 Ro /. p(:)t T

+o0 -2 2
+ /0 (g(RO) + 03 2R2 )’RO,ZZ) Ro,r — (g(Po )+ 2p i)z) (PO )edz
+o0 2 102 +oo
=+ / (W(Ro) — W(,O ) + — - —) dz £ )// R()’ Ro’ dz.
o 0 2R0 2103: . 0 zz T
We observe
o0 o0 1 5
/ RO,zzRO,r = _/ (E (RO,Z) ) dz,
—00 —00 T
whence (8.10) implies
A++A—=—/oo W(RO)—W(pJ)+——’—°+ZR§Z dz (8.11)
0 2Ry 2p+ 2 " .
0 Jo Y 52
— W(R())—W(po)—i-———f+—R0 ) dz.
/_oo ( 2Ry 2p, 2 Y7 .

This finishes our calculations for A* and we turn to B¥.
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First we observe that due to (7.9)

=2 +oo
(g(p)+ f0 )/0 (Ro— py) dz (8.12)

2(p§)?

P2

+o0 il j2 N
= R Ro,zz | Ro — d
/0 (g( °)+2R2 YRo, ) 0 (g(po)+2( 3:)2)'00 z

+oo .9
- / (p(RO) + W(Ro) + 22 = YRy Ro,zz = p(pF) — W(pi) - —) -
0 2Ro 2pF

From (7.11) and (7.12) we already know

js Jg v
p(Ro) — p(py) — YRoRo,zz = —R—"O + p—;’[ - §R5=Z‘ (8.13)
0
Inserting (8.12) and (8.13) in (8.7) we find
BT+ B = (8.14)
s v
= (s o, = owso) [ {wieko) = wiog) — 25 4 S5~ Vg ) a:
0

1 0 js v
(|t | (Itolwro) —Kowvo) /—oo(W(RO) —Wi(pg) — ﬁ + % - ERS,z) dz.

Plugging (8.11) and (8.14) in (8.5) we get

— 2
[[pé‘((uv)s - (wv)s)]]l %W/(PO) n M}

— 2
{po((atvo = wyo)] [[W/(ps) + wﬂ
1

_ 00 W + JO 14 d
== (Ro) = W(pg) + 57— — + RO _| dz
0 2R 2p8 .
Jo %

0 +2
Jo 2
- W(Rop) — W +——-—"-+ =R ) dz
/m( (Ro) = Wipg) + 5p- 2o 3 Ro

(|t | (Itolwr0)s — Kowwo /TW(Ro) —Wpd )— — + 20 _ Rﬁ Z)

0

(|t1 | (Ito|wro)s — Kowvo) /—OO(W(RO) —W(pg) — ﬁ + - % )

(A+2,u)]0/ ((R_o)) dz. (8.15)
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Recalling equation (3.10) and definitions (6.17), (6.18) we can identify Wr as

szfoo W(Ro)—W(p+)+lﬁ—lﬁ+ZR§ dz
0 07 2Ry 2pf 2797

0 .2 .
_ 1]0 1]0 Y 52
W(Ro) — W “Jo " Jo Vg2 ) g
+/oo( (ko) = Wipi) + 390 =322 + L83, ) a:

and obtain the assertion of Theorem 6.7. O

9. Kinetic relation

We will show that the leading order jump conditions stated in Theorem 6.4 consist of the two
conservation laws for mass and momentum and in addition of a kinetic relation. In particular, when
the direction of the mass flux is given, the normal velocity of the interface is determined by the state
on one side of the interface.

LEMMA 9.1 Let ,03', Po uj‘o, U, u;';), Uy, Wyo satisfy the jump conditions from Lemma 7.1, such
that py & [o, B], where «, B are the Maxwell points of W, and the equal area construction

0= /j p(po) d (é) (PG} [[ﬂ ©.1)

o
is possible. If py, u}, U, and the sign of jo are specified, then ,03', uj‘o, u?},, wyo are determined.

Proof. Due to (7.3) we know u:B equals u7,. Using (7.2) we get the following expression for the

mass flux
2 [l 02

=1

Inserting (9.2) in (7.4) we find

: () - (x)
le(po)] = —252 [(i) ]] — ~[r(eo)] % = [r(po)l %é} 9.3)

2 Po

oy Po
This is equivalent to
p(po) 1
0= [[8(100) -2 ]] +{P(po)} [[—ﬂ : (9.4)
Po Po
From equation (2.5) we conclude
d p(po)
— (g(Po) — 522 ) = —plpo). 9.5)
d % Po

Inserting (9.5) in (9.4) we obtain

s 1 1
0= —/fL p(po) d (P_o) + {p(po)} |:|:P_0:|:| . 9.6)

Py
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Note that (9.6) is an equal area rule which determines po+ . Then (9.2) prescribes jo which we can,
in turn, use to obtain w,o and uj‘o from (7.1). O

As shown in [5] the kinetic relation derived in Lemma 9.1 guarantees the solvability of the
free boundary value problem for pg, ug. Hence, when we want to determine ,ofr, u:rl , ufl and wy
from p7,uy; and u;;, we can assume that we can, at least numerically, calculate pg, up and wyo.
Furthermore Ry and Uy are traveling wave solutions of the non-viscous problem. Their phase
portraits can be found in [4].

For the following lemma we assume that we have solved, at least numerically, the inner and
outer problem of zeroth order. Hence, we know the right hand side of the first order jump conditions
in Theorem 6.4.

LEMMA 9.2 Let ,o;r, 01 u:rl, U, u:rl, U, wy satisfy the first order of the jump conditions in

Theorem 6.4. If p1, uy;, uy; are given and jo # 0, then ,of', u:'l, u;”l, w1 are determined.
Proof. We start by determining u?‘l We multiply (7.77) by to and obtain
Joud = hu, 9.7)

where /11 comprises terms depending only on p7, u,;, u;; and terms of zeroth order and their
derivatives. As jo # 0 equation (9.7) prescribes the value of u;”l To determine pf, ujl, Wy We

consider (7.58), (7.68) and (7.77) times vy. We obtain a system of linear equations for ,ofr, Uy Wyl
which reads
s pg Py + o .\
¥ Jo _Jdo 4 Jo 3 ha
gz(po ) p + 52 o P N 9.8)
1 . w /’14
("—i) +0'(pg) 2o 0 v
Po
=:A
where hs, ..., hs only contain terms depending on oy, u,;, u;;, terms of zeroth order and their

derivatives and r;. An easy calculation shows

. .2 .
Joo +  —af s+ Jo Jo v 2 op 4, [p(po)l
detA = “=(pg —pg)~ | &' (kg ) — =— (Po =Po)” | — (po) + :
Po (05)*) 05 (pg)? 2 (%) [:]
o o
The last expression vanishes if and only if the tangent at po+ and the secant connecting ,oar to py
coincide. However this is not possible due to the equal area rule (9.1).

Thus we have a relation w,1(r1) such that we end up with an ODE to determine the interface
position up to the first order. O
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A. Appendix: List of the ¢-expansions of the jump brackets and proof of Lemma 7.3

In this section we provide identities for the first two orders of the jump brackets of mass, Gibbs free
energy and pressure.

A.l  Mass flux
We have

[[ps ((uv)s - (wv)s)]]

= lim pg(re + zve) (véuf;(rs + zve) — véwi) -
z—0,z>0

z—>1})r,l;<0 Pe(re +2zvg) (Uéué(l‘g +zve) — véwé) - (A
To determine the first orders of the jump we will look at the e—expansion of p,:

pe(re + Z"s)(”é“i(rs +zve) — Véwé)

=po(ro + zvo) (vouL(ro + zvo) — vowp)
3& k k Qi i

+e| | p1(ro + zvo) + ok (ro + zvo)(r{ + zv7) (vouo(ro + zvg) Vowo)
dul)
dxk

+ po(ro + Zvo)(v’iuf)(ro + zvg) + v(")ui1 (ro + zvf)) + vé ( ) (ro + zuo)(r{c + zv{‘)
—viwh — véw’i)] + 0(e?)
Hence we obtain the following two jump conditions:

[oe(n)e — w)e) ]|, = [Povo — wyo)] (A.2)
apo \ " o o
[pe((uv)e = (wi)e) ]|, = (p? + (GXLZ) r{‘) (v )™ — vhw)) (A3)

N
+ﬁ(%wthMMﬁ+%(MQ ﬁ—%%—%w)

_ doo \ P T
—(Pl +(8x—k) r{c) (vo(ug)™ — vhwp)

_ S S . oul L L
=i (v v+ (52) ot = vhug =)
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A.2  Balance of Gibbs free energy

[[%((uv)s - (wv)s)z + g(ps)i|:| = |:|:%(uv0 - va)z + g(PO)ﬂ (A4)
0

1
|:|:5((uv)s - (wv)s)2 + g(ps)ﬂ =- (uj() — Wyo)Wy1 + (u;() — Wyo)Wy1 (A.5)
1

dxk

B . o awl\ .
- (uu() - va) ((u{)) V{ + (M{) Ué + (ax—z) U(j)r{{)

9
+&' (o)t + &' (ng )( po) r¥

N
L L o’ :
+ (uly —weo) | @) Tv] + @)y + (—0) v)rk

— - _ { 9o

’ ’ k

=8 (po)p1 —&'(po) (ax—k) r

The derivation of (A.4) and (A.5) is analogous to the derivation of (A.2) and (A.3).

A.3  Momentum balance

[0 ((uy)e — (wy)e) (e — We) + p(pe)ve]|, = [P0 (uv0) — wyo) (Mo — Wo) + p(po)voell  (A.6)
[oe () — (wo)e) (e — we) + p(ps)vs ], (A7)

J

+
N P N & AN
= 2jovh [ @) v] + @) v] + <—8x2) vyt

— 2jovd ((ué)v{ + @) vy + (2%1{2) “gr{c)

ot (u{)+% N (g%é)Jr lttolz Kbyt (% _zt(]);ttjiii)
oot (28) ot (o))

)3 )

—v ((pja")z - p’(po)) (pl + (3%2)_4‘)

The derivation of (A.6) and (A.7) is analogous to the derivation of (A.2) and (A.3).
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