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Capillary drops on a rough surface
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We study liquid drops lying on a rough planar surface. The drops are minimizers of an energy
functional that includes a random adhesion energy. We prove the existence of minimizers and the
regularity of the free boundary. When the length scale of the randomly varying surface is small,
we show that minimizers are close to spherical caps which are minimizers of an averaged energy
functional. In particular, we give an error estimate that is algebraic in the scale parameter and holds
with high probability.
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1. Introduction
1.1 Liquid drops and Caccioppoli sets

We consider liquid drops resting on an planar surface with inhomogeneous adhesion properties.
A drop is represented by a set E of finite perimeter (also called a Caccioppoli set) contained in
2 = R? x (0, 00) and having fixed volume |E| = V > 0. Throughout we will use x to denote a
point in R?, z to denote a point in [0, 00), and y = (x, z) to denote a point in R¢*+1. The boundary
set 2 = {(x,0) : x € R?} is the solid surface on which the drop is resting.

For a given Caccioppoli set E C £2, P(E, £2) will denote the perimeter of the free surface
dE N {z > 0} (which represents the liquid-vapor interface) and is defined as follows:

P(E.Q) = sup{ /E divg()dy : g < [Ch @)1 Jgl < 1!.

Because the characteristic function ¢z of a Caccioppoli set is in BV(£2), it has a trace ¢ € L'(3£2)
(see [5]).

We consider a simple situation in which the energy of a drop is the sum of the surface tension
energy (proportional to the free surface area) and the wetting energy (resulting from the interactions
between the liquid and the solid). After some normalization, we thus assume that the energy of a
drop E is given by

F(E) = P(E.Q) —/Rd B)PE (x) dx (L)
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where the coefficient 8(x) € R is the relative adhesion coefficient between the liquid and the solid.
Positive values 8 > 0 correspond to a hydrophilic surface, while negative values 8 < 0 correspond
to a hydrophobic surface. It is known that if 8(x) < —1 for all x, then global minimizers of ¢ (E),
under the volume constraint |E| = V/, are spherical sets in £2 having no contact with the surface
052. On the contrary, if 8 > —1, absolute minimizers of the functional _# must touch the solid
support, though a sphere of volume V is still a local (degenerate) minimizer (see [4, 6]).

In this article we study minimizers of _# when B(x) is a random field taking values in the
interval (—1, 1). Our first result is a proof of the existence and regularity of global minimizers under
an additional constraint that confines the drop to a bounded region. We then consider the issue of
homogenization. For f(x) = n(x/e) with ¢ > 0 small, we show that global minimizers E, are
very close to minimizers of a homogenized energy functional _#y. In particular, we give an error
estimate that is algebraic in € as ¢ — 0 and holds with high probability.

1.2 Free surface, wetted region and contact line

Given a drop E, the free surface of the drop (the liquid-vapor interface) is the set dE N {z > 0}
whose area (perimeter of E) is defined above. Note that sets of finite perimeter are defined only up
to sets of measure 0. We will thus normalize E (as in [5]) so that

0<|ENBI(y) <|Bf»)| forall y € 9E and all 7 > 0.

Here and below, |A| denotes the Lebesgue measure of a set A, B, (y) denotes a ball of radius r and
center y, and B, = B, N {z > 0}.
For a smooth set, the wetted region (liquid-solid interface), is

Ye=ENn{z=0}

which is the trace of E on 9£2. However in general, it is not obvious that the trace ¢ of ¢ is equal
to 0 or 1 almost everywhere, so we cannot yet define Y'g.
Next, the contact line (the liquid-vapor-solid interface) is defined for a smooth set E as the
topological boundary of Y'g:
Clg =0XE.

For a general Caccioppoli set, the contact line C /g is defined as the set of points xo such that (xg, 0)
belongs to dF, that is such that

|E N B (x0,0)| >0 forall r > 0,

1.2
[(2\ E) N B (x0,0)| >0 forallr >0 (12)

We immediately see that if xo ¢ Clg, then either ¢ is zero almost everywhere in a neighborhood
of xq or q; E is one almost everywhere in a neighborhood of x¢. This means that outside of C /g, the
contact set X' g is well defined.

In Section 2.3, we will show that for minimizers of ¢, the contact line C/g is indeed a line
— it has finite d — 1 Hausdorff measure. This implies in particular that for minimizers of _¢Z, the
trace ¢ is equal to 0 or 1 almost everywhere, which justifies, a posteriori, our notation X'z for the
wetted region (X can indeed be defined as the set of points where ¢z = 1). For such sets, we have

/ g()FE (x)dx = / g(x) dx
R4 Xk
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for all bounded measurable functions g, and

55l = [ decax.

1.3 Constant adhesion coefficient

Before defining the random field B(x) and stating our results, we first briefly recall some classical
facts about the minimizers of (1.1) when B = B° € (—1, 1) is constant (see E. Gonzalez et.al. [7]
for details and references). For such a homogeneous surface, the corresponding energy functional is

Jo(E) = P(E.2)— §° /R Br(dx. (13)

For any given volume V' > 0, we define &y(V) = {E C 2 ; P(E,2) < oo, |E| =V} Itis
known that there exists a set E € &y(V') which is a minimizer of the energy functional (1.3):

F(E)< J(F). VFe&).

Furthermore, Schwarz symmetrization decreases the energy: For every E € &y(V), the set

Q=

B =2 e @5l < o) where p(o) = (o' [ oetr 1)
R4
is a Caccioppoli set with the same volume V', and we have the inequality

Jo(E®) < _Zo(E). (1.4)

The constant wy is the measure of the unit ball in R¢. Equality holds in (1.4) if and only if E is
symmetric (i.e. E® = E). This fact implies that any minimizer should have axial symmetry, and it
can be shown that minimizers are spherical caps, which are the intersection of the upper-half space
£2 with aball B, (xo, z0) € R4+1 having radius pg and center (xg, zg). We use

B (x0.20) = Bp,(x0.20) N {z > 0}

to denote such a spherical cap. In this case the wetted region Y'g is a disc of radius ,/,0(2) - z2,
where zg, po are such that the Young-Laplace law and volume constraint are satisfied:

Z_O_ﬂo V=—w ro 2 2yd/2 15
=p, = w4 (oo —17) r. (1.5)
100 —Z0

Finally, we recall the following stability result for the minimization problem with constant adhesion
coefficient (see [1]), which will play an important role in our analysis for the case of heterogeneous
adhesion coefficient:

THEOREM 1.1 Suppose aset E € & (V) and R > 0 is such that

E is contained in a ball B C £2, (1.6)
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and
38 >0 st Zo(E)< Fo(F)+38, VF eb(V). (1.7)
There exists a universal s > 0, a constant C (depending on R), and a point xo € R4 such that
|EAB (x0.20)| < C&°,

where pg and z satisfy (1.5).

The notation E A B denotes the symmetric difference of sets E, B.If E also satisfies some non-
degeneracy conditions, then Theorem 1.1 implies the uniform stability in the following sense: For
any 1 > 0, there exists §¢ such that if (1.7) holds with § < &g, then

B (x0,20) C E C B (x0. zo).

+
(1-mpo (1+mpo

In other words, the free surface 0E N {z > 0} is between BB(+1+n)p0 (x0, z0) and aBafn)pO (x0, 20).

1.4 Random adhesion coefficient

We now describe the framework of this paper and state our main result:
Let {Bk }reza be a collection of independent, identically distributed random variables satisfying

P (Bk € (Bmins Bmax)) =1,  E[Be] = p°, (1.8)

for some constants —1 < Bpin < Bmax < 1. We use (H, 3, P) to refer to the probability space over
which these random variables are defined. For ¢ > 0 and k € Z¢, let 0; = ¢k + [0, £)? denote the
nonoverlapping cubes of size & with corners at the points ¢Z¢ . Then, we define the random adhesion
coefficient 8¢ (x) according to

Bf(x) = Br, if x € Qf. (1.9)
Observe that %(x) = B (x/¢e). We will use Jsand _#, to denote the energy functionals associated
with B%(x) and B9, respectively, replacing B(x) in (1.1).

In full generality, the existence of a minimizer for (1.1) can be delicate to establish. Indeed,
it easy to construct a function B(x) for which minimizing sequences do not converge in L'. For
example, let B(x) be a strictly increasing function of x; (such as f(x) = %arctan(xl), which
satisfies limy, +00 B(X) = :I:% € (=1, 1)). In that case, any minimizing sequence will drift toward
X1 — 400 and will not converge in L.

In order to avoid such behavior, we will assume that the drops must stay inside a “container” of
the form

W= BR X [O, OO)

where Bp is a ball of radius R in R? (R will always be assumed to be large enough, so that a
ball of volume V fits in W). The “bottom” of the container is thus Br x {0}, while the “wall” is
dBRr X [0,00). We will assume that the wall of the container is completely hydrophobic. One way
to take that into account is to include the area of E N (0Bg x [0, 00)) in the wetting energy, with
B = —1. Another way is to include the area £ N (0Bg X [0, 00)) in the free surface area. Choosing
the later approach, we define

EWV)={EC\W : P(E,) <oo, |E|=V}, (1.10)
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and for all E € &(V') we define the energy

SB) = PED - [ p0detodr (1.11)
Our main result is:

THEOREM 1.2 With probability one and for all € > 0, there exists a Caccioppoli set E, € &(V)
such that

He(Eg) = min g (E).

Ee&(V)
Furthermore, for any r > (d + 1)/d there are constants K,, K>, and K3 such that if « > 0 and
e < K, min(1, «"), then there is a random point x¢ € R4 such that

|EcAB (x0.20)| < Ca’ (1.12)

. - —Kag—d
holds, except possibly on a ¥ -measurable set of measure less than K,e 3¢ *® The constants K>
and K3 depend on V, but not on r.

The exponent s > 0 and the constant C are the same as those appearing in Theorem 1.1. The
estimate (1.12) shows that when ¢ is small, minimizers of _#Z; are close to a spherical cap which
minimizes _Zo, the energy functional associated with the homogeneous medium 8 = BO. It is
not clear whether the random variable |E.AB ;B (x0,z0)| is ¥ -measurable; we do not claim that
Xxo is ¥ -measurable. Nevertheless, the set where (1.12) may not hold must be contained in a -

measurable set of measure less than Kre~X3¢“” Therefore, if we choose 0 < p<d/d+1),
then the estimate (1.12) says that |E5AB;5 (x0,2z0)| < Cé&*? with very high probability as ¢ — 0. In

particular, if the surface dimension is d = 2, then the error | E¢ A B.f (x0, 2o)| is almost 0(e52/3).

Theorem 1.2 builds upon work of Caffarelli and Mellet [1] where they studied the case of
periodic adhesion coefficient 8(x/¢€). In that setting, they proved the existence of minimizers which
are close to a spherical cap when € is small. For a random adhesion coefficient, however, some
technical issues arise related to the construction of minimizers, as we have mentioned. In Section 2,
we prove the existence and regularity properties of minimizers of _# with the additional constraint
E C WU. We prove the error estimate (1.12) later in Section 3. In view of Theorem 1.1, the error
estimate follows from a suitable bound on the energy difference Z.(E;) — #o(E,). To obtain
such a bound, we make use of the uniform regularity of the free boundary and apply concentration
inequalities for sums of independent random variables. We refer to [3] for another example of an
error estimate for a nonlinear, stochastic homogenization problem.

In [2], Caffarelli and Mellet used the result of [ 1] to show that homogenization leads to hysteresis
phenomena, in the sense that there exist local minimizers for ¢ > 0 that converge to non-spherical
drops (with contact angle larger than the average of B on parts of the contact line). Such a result
could be extended to the random framework, but would require strong assumptions on the structure
of the oscillations of B. Several results have also been obtained concerning the homogenization
of dynamic contact angle conditions (moving liquid drops). In particular, Kim in [9, 10] has
studied the periodic homogenization of some Hele—Shaw type models for dynamic contact angle,
and established error estimates [8]. Finally, the random homogenization for the Hele-Shaw free
boundary problem is studied in [11].

Acknowledgment. AM was partially supported by NSF grant DMS-0901340. JN was partially
supported by NSF grant DMS-1007572.
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2. Existence and regularity of minimizers

In this section, we consider the functional ¢ defined by (1.1) with B(x) being any measurable
function that satisfies

—1 < Buin < B(x) < Bmax < 1, forallx € R?. (2.1)

Our goal is to study the existence and regularity of minimizers for ¢ (with the volume constraint).
Similar results were proved in [1] in the periodic framework, and can be generalized. However, in
the periodic case, it is not necessary to constrain £ to a bounded set W: the periodicity prevents
minimizing sequences from drifting away. As pointed out in the introduction, in the general case,
we need to work within a bounded set W in order to find a minimizer, and we have to check carefully
that this additional constraint does not cause any problems.

We will show:

PROPOSITION 2.1 For any measurable function B(x) satisfying (2.1), there exists £ € & (V') such
that

Z(E)y= min _g(F). 2.2)

Fe&(V)

The contact line C /g (defined by (1.2)) has finite (d — 1)-Hausdorff measure and there exists a set
X' E such that
/ g(x) e (x)dx = / g(x)dx, forallge Gé(Rd).
R Tk
Finally, there exists a universal constant C > 0 such that

d

clvatt < P(E,Q)<Cvay,  |zg|<cvas 2.3)

and
d—1

®I(Clg) < CVaFT, (2.4)

2.1  Existence of a minimizer

Because subsets of BV(§2) are pre-compact in Llloc (£2), Lemma 2.1 and 2.2 below will yield the
existence of minimizers provided that we stay within a bounded subset of R 1. We thus define

Wr = Bgr x[0,T]
and
Er(V)={Eec&V); ECUr},

and we assume that T is large enough, so that &7 (V) is not empty. We then have the following
proposition:

PROPOSITION 2.2 There exists E € &7 (V) satisfying

JZ(E)= min__#(F). 2.5)

Fe&r (V)
Moreover, there exists a universal constant C such that

_d_

CTlVaF < P(E,2) < CVaFT  and /d $r(x)dx < CVTFT, (2.6)
R
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Proposition 2.2 follows from the following lemmas:

LEMMA 2.1 The functional ¢ is lower semicontinuous with respect to the L topology: If { E; 172

is a sequence of Caccioppoli sets such that ¢, —> @£ in L'(£2) then
J(E) < liminf 7 (Ej).
j—oo
LEMMA 2.2 If B satisfies (2.1), then

ﬂ‘“‘“P(E,Q) +

/(E) 1 _2,Bmax

/ q;E(x) dx
R4

forall E € &(V).
Proof of Lemma 2.2. We recall that for all h € [C!(R?+1)]4*+! we have

[ oz avn=— [ Dgr)+ [ Geconai(r0ax @)
2 2 R4
If g(x) is a non-negative measurable function, then takingh = (0, ..., 0, g(x)), we deduce:
[ swipgslay= [ ewipsa e3)
2 R4

Hence

/ 1+,3(x)|D¢ \dy / 1+,3(x)¢ (r)dx
2 R4

L(l—%M)ID¢EIdy>Ad( bl )+,8(x))¢E(x)dx

/(E)z/ =2 b ay +/ Ll

and implies Lemma 2.2. O

and therefore

which gives

Proof of Proposition 2.2. Consider a minimizing sequence ¢g; with E; € &7(V). Lemma 2.2
and the fact that Wy is bounded imply that (¢, ), is bounded in BV(Wr) and thus compact

in L'(W7). Hence there exists E such that ¢, — ¢Eg. Using Lemma 2.1 we deduce E is a
minimizer of ¢ in &7 (V).
Next, we remark that (2.8) implies (with g = 1)

P(E,2) z/ ¢ (x)dx. (2.9)
R4
We recall the isoperimetric inequality

|E|L _ 11 $[Ld+1P(Ede+l)
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and (2.7) gives for all h € [} (R4 T1)]4+1 with [h| < 1

/Rd+l ¢g divh| < /Q [DoE| +/]Rd ¢E(x)dx
< P(E,Q)—i—/Rd o (x)dx.

Taking the supremum over all such %, we deduce
P(E,R*tY < P(E, Q) + / PE(x)dx
R4

and therefore
d

VT < gy (P(E,,Q) + /d £ (X) a’x). (2.10)
R

Using (2.9), we deduce
d

V@ <2u441P(E, Q). @2.11)

Moreover, we have
J(E)= P(E,2) — Bmax /d e (x)dx = (1 — Bmax) P(E, ).
R
and since Z(E) < _Z(B) where B C 2 is a ball with volume V, we also have

(1 Bmar) P(E.Q) < _#(B) = pgh, V', (2.12)
Combining (2.9), (2.11) and (2.12), we get (2.6). O

In order to prove the first part of Proposition 2.1, it remains to prove that for 7' large enough,
the minimizer for ¢ in &7 (V) provided by Proposition 2.2 is actually a minimizer in & (V). This
follows from the following result, the proof of which can be found in [1]:

LEMMA 2.3 There exists 77 such that for all 7 > T, there exists a minimizer £ of ¢ in &7 that
satisfies

E e 57"1 (V)

2.2 Non-degeneracy estimates and weak regularity of the contact line

In this section, we prove the Hausdorff estimate (2.4). First, we need to show that minimizers of ¢
enjoy some non-degeneracy properties which will also be useful later on. Throughout this section,
E denotes a minimizer of ¢ in & (V'), as constructed in the previous section.

We recall the following simple fact:

1
. . . —s

2%/$g(3]igv)/$2%/+cv 14 V. (2.13)
The first inequality can be obtained simply taking the minimizer with volume V 4 d V and chopping
a piece of volume dV at the top. For the second inequality, we consider the minimizer E with
volume V and take a vertical dilation £, = {(x,z); (x,(1 +¢)7'z) € E)}. Then, fort = dV/V,
E; is an admissible set of volume V + d V. See [1] for details.

We now prove the following non-degeneracy estimate:
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LEMMA 2.4 Let (x9,z0) € 0E with zg > 0. There exists ¢, universal constant, such that for all
r < zg we have

| By (x0,20) N E| = crdtl,

|Br(x0.20) \ E| = cr¥t1.
Proof. In order to prove the first inequality, we define (for r < zp):
U(r) = |By(x0.20) N E], S(r) = A" (0Br(x0,20) N E)
and
A= P(E, By (x0,20)).

Then, using (2.13) and the fact that £ is a minimizer, we have

J(E\B,) = F(E)—A+S > min ¢(F) = F(E)-CU

Fe&(V-U)
and therefore
AL S@r)+ CU(r).

The isoperimetric formula then yields

U(r) 7T < 2uq41(S(r) + CU(r)).

Noticing that U’(r) = S(r), and using the fact that U(0) = 0 and U(r) > O for all r > 0,
Gronwall’s Lemma gives the first inequality.

The second inequality is proved in a similar way, by estimating ¢ (E U B,). However, we
have to be a little bit careful here, since B, might not lie entirely in the domain ‘W. But defining
do = d(xg,9W) the distance of x¢ from the boundary of W (note that we can have dy = 0), we
can still prove

| Br(x0,20) \ E| = crtl forallr < do.

For r > dy, we then have (since E C W)
| By (x0,20) \ E| = |Bg,(x0,20) \ E| + |Br(x0,20) \ U|
> cdd + |By(x0,20) \ UI.
Finally, we note that
| By (x0,20) \ U| = a rétl —otzdg"'l

and so replacing | B, (xo, z0) \ W| by y|B;(x0,z0) \ WU| for some small enough y in the previous
inequality we deduce
|Br(x0,20) \ E| = ¢ rd*l forall r < zg.

O

Next, we want to derive similar non-degeneracy estimate in the neighborhood of the contact
line:
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LEMMA 2.5 If xg € ClEg, then
|E N B (x0,0)] = crdt!
and
(2\ E) N B (x0.0)] = cr?™!
for every r such that |[E N B,"(x0,0)| < c1V.

Proof. Forr > 0, we define
U(r) = |Bf (x0,0) N E|, X(r) :/ $E(x)dx,
By (x0)
and

S(r) = " (0B, (x0,0) N E), A= P(E,B,(x.0))

(note that for a smooth enough set, we have X' (r) = |B,(xo) N Xg|).
‘We then have

J(E\ B (x0,0)) < Z(E) = A+ fnx T + S,

and since
J(E\ Bf(x0.0) = _#(E)-CU,

we deduce
A< BnaxX + S +CU.

If E' = E N B} (x¢,0), then the equality

[ e aivn=— [ (Dge)+ [ 6o 0 dn
Q Q R
with h(y) = (0, ...,0, 1) implies that
Y<S+ A4
Inequalities (2.15) and (2.17) imply
(1= Bmax)X <25 +CU

and

A< CS+CU.
Finally, the isoperimetric inequality (as in (2.10)) yields

d
Ut < g (5 + S+ 4)

<
<

(2.14)

(2.15)

(2.16)

2.17)

(2.18)
(2.19)

Using the fact that S = U’, Gronwall lemma and (1.2) give the first inequality in Lemma 2.5.

The second inequality follows in a similar fashion.

We deduce:

O
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COROLLARY 2.1 If xg € Clg, then

P(E. B (x0.0)) = cr?
for every r such that |[E N B,"(x0,0)| < c1V.
Proof of Corollary 2.1. Let

Vi(r) = |E N B} (x0,0)], S1(r) = 2" (E N 3B;t (x0.0)).
Va(r) = [(2 \ E) N BF (x0.0)|.  Sa(r) = 2" ((2\ E) N 3B (x0.0)).

Lemma 2.5 yields
Vi(ry=cr®tt  i=1,2. (2.20)

Moreover, the isoperimetric inequality gives (after reflecting the set E about z = 0)

@) < g (281 + 2P (E. B (x0.0) ).

(2V,)TH < /Ld+1(252 +2P(E, Bj(xo,())))

and (since we have equality in the isoperimetric inequality for the ball)

_d
Q1+ V2)TF T = pa412(S1+ S2).

It follows that

d d
VT VT (V) 4+ Vo) < dpg i P(E. B (x0.0).

which yields the result thanks to (2.20). O

2.3 Hausdorff dimension of the contact line

The nondegeneracy estimates enable us to prove the following partial regularity result for the contact
line, and complete the proof of Proposition 2.1:

PROPOSITION 2.3 Let E € &(V') minimize ¢ . Then, the contact line C/g in R has finite (d —1)-
Haussdorff measure, and there exists a universal constant C such that
R4~1(Clg) < CV T, 2.21)
In particular, the function ¢ is equal to 0 or 1 almost everywhere, and we can define the wetted
region ¥ C R as the set where ¢pg = 1.
This proposition is a consequence of Corollary 2.1 and the following lemma.

LEMMA 2.6 There exists a universal constant C such that

P(E,{0 <z <1}) < CV ¥y,
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Proof. We cut from E all the points for which z < ¢ and lower it by ¢. This defines
F = {(x,z);(x,z +1) € E} N{z > 0}.

Then we have | F| < |E| — Ct and so by (2.13) we have ¢ (E) < ¢ (F) + Ct. Moreover

J(E)— 7(F)=P(E.{0<z<1}) —/,B(x/s)[dn;(x,o) — ¢ (x,1)]dx,

(where ¢ (x,0) and ¢g (x, t) denotes the trace of ¢g on {z = 0} and {z = ¢}) but if x belongs to
the symmetric difference of £ N {z = 0} and E N {z = ¢}, then, going from the slice {z = 0} to
the slice {z = ¢}, we must cross JF, and therefore

/‘d)E(x,O) —¢e(x.0)|dx < P(E.{0 <z <1}).

We deduce

d—1

(1 _,Bmax)P(Es{O <z < t}) < CVd+ig
which completes the proof. O

Proof of Proposition 2.3. Let Ujey Bs(x;) be a covering of Clg by balls of radius § with finite
overlapping. Then by Corollary 2.1, we have P(E, B 8+ xj)=C 8¢ . Due to the finite overlapping
property,
d=1
> P(E.Bj (xj))) <CP(E.{0 <z < §}) < CVFIs,
jeJ

Therefore, the number of balls is less than C V' & 81=4  Hence the stated result. O

3. Proof of Theorem 1.2

The first part of Theorem 1.2 follows immediately from Proposition 2.1: with probability one
B(x) = B&(x) satisfies the hypotheses of Proposition 2.1 for all ¢ > 0. So, for all & > 0 there
exists a minimizer £, € &(V) of _#. and by Proposition 2.3, we can define the wetted region
Y, = E; N {z = 0} and the contact line 0%, = Clg,.

The minimizer E,; is a random set in R4, Nevertheless, we have shown that there is a
deterministic constant C, independent of &, such that E, satisfies:

P(E.,2) < CVTH, |5 <CVa*F, and R(OZ,) < CViFt, 3.1)

We recall that _Zp denotes the functional defined as _Z, but with the constant A° in the place of
B%¢(x), and we denote by E its minimizer with volume constraint | Eg| = V. This set is a spherical
cap Eo = B ;r (X0, z0), and it is unique up to translation in xo. The wetted regionis ¥y = Xg,. In
order to estimate the symmetric difference | E.A Eg|, we will apply Theorem 1.1. To this end, we
will show that for any o > 0, the set E, satisfies

Jo(Ee) < _Zo(Eo) +a (3.2)

with high probability if ¢ is sufficiently small. More precisely, we will show
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THEOREM 3.1 Letr > (d + 1)/d. There are constants K,, K, K3 such that if « > 0 and ¢ <
K, min(1, @"), the minimizer E; of _Z, satisfies

2

P(Z0(Ee) = Fo(Eo) + ) < Kpe Kae™e?,
The bound (1.12) now follows immediately from this estimate and Theorem 1.1.

Proof of Theorem 3.1. By definition of #y, ., and E;, we have:
Fo(Es) = Fo(Eo) + /E (B*(x) — B) dx
< Ju(Eo) + / (B () — B) dix. (3.3)
X

where E¢ denotes the minimizer of _#y. Also, we have
Fe(Eo) = Fo(Eo) + /E (B° - B°(x)) dx.
0
Therefore,

Fo(E) < _Fo(Eo) + /E

0

(B — B*(x)) dx + / (B°(x) — B°) dx. (3.4)
Ze

These two integrals are random variables. In the first integral, the domain of integration X is fixed.
In the second integral, the domain of integration X, is random. However, Proposition 3.1 below
shows that both integrals are small with high probability. Consequently, (3.4) and Proposition 3.1

imply
P(_Zo(Es) = Fo(Eo) + @) < CeCe %,

forall ¢ < K, min(1, o"). O

PROPOSITION 3.1 There are constants K1, K,, K3 such that for all « > 0 and ¢ < K;«, we have

& _ po
P('/Zo(ﬁ (x) — 8°) dx

If r > (d 4+ 1)/d, there is a constant K, such that for all « > 0 and ¢ < K, min(1, "),

> a) < Kye Kaea?, (3.5)

Vz (B°(x) = ) dx| <« (3.6)

. _ —d 2
also holds, except possibly on a set of measure K,e X3¢ 2",

Proof of Proposition 3.1. We first prove (3.5). Recall that 8°(x) = f; within the cube Oy . Let us
define the set of indices k € Z? such that the cube Oy is contained within Xy:

4% =k ez ;105 n Zol = 1051}



180 A. MELLET AND J. NOLEN

We also define the set of indices
F”’:{keZd : |0 N S| > 0, |Q,im(Rd\>:0)|>o} 3.7)

corresponding to cubes overlapping the contact line d Xy. Therefore,

| Em-pax= 3 -+ 2 /Q B - dx. (8

keAe0 kerso k0o

Because X is a ball with positive radius r = /p? — Zg, the number of e-cubes intersecting the

contact line 9 X is bounded by |[I'®°| < C V%el_d. Therefore, since B € (=1, 1), the last term
in (3.8) is bounded by

3 /Q B0 —B0dx| < Y 2105 N Sl <2r*0ed <CViFe  (3.9)
kers0 kN %o kerso

with probability one.

We can estimate the first term in the right hand side of (3.8) using a concentration inequality for
sums of independent random variables. Observe that the set of indices A% is deterministic, since
XYy is a deterministic set. Therefore, Hoeffding’s inequality ( [12], Theorem 2) implies that

e—2d o2
P> /(B —B%)|>a|<2e 22700 (3.10)
keAe0

holds for all & > 0 and & > 0, since B € (—1,1). We also have the bound |A®°| < CVdLJrls_d
and so

__d_
Pl Y ed(B;— %) > a | c2em 2@’V T (3.11)
ke Ae0
By combining (3.9) and (3.11), we deduce that if ¢ is such that

d—1 o
cvitte<?,

then

o —d 42
>a| <P gd e _ g0y 5 = sze—Cs o
) > el -8 > 5
keAs0

& _ RoO
P('/Eo(ﬁ (x) — £°) dx

which is the estimate (3.5).

Now we prove (3.6). The main difficulty here is that the set X, is a random set, so the argument
used to prove (3.5) does not work unless we have some control on the regularity of the set . For
a large integer N > 1 (to be chosen later) we set 1 = Ne¢ and define the family of open cubes
Q%" C RY by

O = hk + (0,0, kezi.
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These cubes have volume A% = N%e¢?. For h > 0, let A" be the set of all indices k € Z¢ such
that the cube Qﬁ is contained in X, :

abe =leezd; o0zl =108}
Let "% be the set of all indices k such that cube Q]}cl straddles the contact line 9 X:
rhe = {k ezd 10h Nz >0, [0Fn @RI\ 2 > o}. (3.12)

We will use | A%#| and |I""#| to denote the cardinality of these index sets. Now the integral in (3.6)
may be decomposed as

£ 0 _ £ _Ro £ _ po
/Zg(ﬂ ()= pOdx= 3 /Qz(ﬂ 0 —pYdx+ Y /ngw ()= B dx. (.13)

keAhe kerhe

The integrals in the last sum are over cubes Q ,’: that intersect the random contact line d X;. Because
of the regularity of the contact line, the number of disjoint cubes of size /& covering d ¥, cannot be
too large:

LEMMA 3.1 There is a universal constant C such that |I'€| < C y @t p1=4 holds for all h,e > 0.

The proof of Lemma 3.1 is almost identical to that of Lemma 3.2 below, so we omit it. Therefore,
since B; € (=1, 1), the second sum in (3.13) is bounded by

> / (B°(x) = %) dx| < Y 210¢ N Ze <2/rM|hd < CVEFTh  (3.14)
kerh.e Q]{fﬂzg kelh.e
with probability one. This is bounded by «/2 if CV ey < a/2.

In the first sum appearing on the right hand side of (3.13), the integrals are over all cubes Q Z that
are contained within X,. The collection of such cubes is random. Nevertheless, it is not an arbitrary
collection, since the boundary of their union cannot be too irregular, as we will show. Given a set of
indices S C Z, let 3S denote the set of indices k € S such thatk + v € Z4 \ § for some v € 74
with |v] = 1. So, if we define

D)= o

keS

then dS is the collection of indices corresponding to cubes QZ C D(S) having a face on the
boundary of D(S). For § = A<, we have the following estimate:

LEMMA 3.2 There is a universal constant such that |dA%€| < C Vgijr]lhl_d holds for all &, € > 0.

We will postpone the proof of this estimate and finish the proof of Proposition 3.1. Suppose
S c 74 is a fixed set of indices having cardinality |S| = s¢. Since & = N each cube Qﬁ contains
N4 cubes of size &, and there are (sN)? cubes of size ¢ contained in Ugeg O 2 Therefore, since the
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random variables B/ are independent and identically distributed, we have

|

[ 6w =B

keS

>a) P> > 4B - >«
keS jezd

oscor

Il
~

Yoo B -] (15)

jez4n[o,Ns)4

So, applying Hoeffding’s inequality to (3.15), we conclude that

P ( [, 67 = B

keS
holds for the fixed set of indices S.
By definition of A€ we know that |A"¢] < h=4|X,| < C;V@/d+Dp=d Also, ¥, C Bgr(0),
so APe B, r/1(0). These bounds and Lemma 3.2 show that, with probability one, the random
index set A€ must be an element of

> a) < 2e 25 e? (3.16)

Gp = {S C 2% 0 Byryn(0) | |S] < Cv@/d+Dp=d |38 < cvé‘f—l'lhl—d}. 3.17)

We refer to Gy, as the collection of admissible index sets, and we use |G| to denote the cardinality of
Gy, (i.e. the number of admissible sets). A key point in our analysis is that the number of admissible
sets does not grow too fast as h — 0:

LEMMA 3.3 There is a universal constant C such that log|G,| < Ch'~?|log(h)| for all h €
(0,1/2).

For a, h, and ¢ fixed and S € Gy, let us define the ¥ -measurable set @5 C H by

[, 67— g

keS

Os =(weH : > o

Since A" € Gy, we observe that

weH : | Y / (B°(x) = B%dx| >ay C | ] Os.
o1

keAhe SeGy,

Moreover, from (3.16) and the fact that | S| < C;V/@+Dp=d for all admissible index sets, we
have

1
Pl os|< ) POs) < IGh|Zexp(—§£dot2C11V1/(d+1)) (3.18)
SeGy SeGy,
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where |Gy | is the cardinality of Gy, the number of admissible index sets. Therefore, by Lemma 3.3
we have

1
P U Os | < Csexp %sd (CzeNld log(h) — EazcllVl/(dH))} . (3.19)
SeGy

Considering both (3.14) and (3.19), we now choose N = [¢~#] with suitable p so that C Tty <
a/2 holds and so that the exponent in (3.19) is negative for € sufficiently small. Let us choose
p=1/d+1)andset N = [eP],h = eN = €'"P = ¢4/@+D Then eN'? log(h) =
(1—p)e'tPE@=D1og(e) < (1— p)e>?/ @+ D 1og(¢). Therefore, if r > (d + 1)/d there is a constant
C, such that

1
CoeN'? log(h) < Zoﬂcl—lv—l/(f’“)

holds for all ¢ < C, min(l,®”). The condition CVQIT:IIh < «/2 is also satisfied for such r.
Therefore, (3.14) and (3.19) imply that

' [ - ax
Xe

o &
<5+ > /Qz(ﬂ (x) — % dx| < a,

keAh.e

except possibly on the set U SeG @S which has measure less than Ce e~ 2. This proves (36)
O

Proof of Lemma 3.2. This is similar to the proof of Proposition 2.3. If k € A€, then k € A"*
and there exists v € Z¢ with |v| = 1 such that k + v ¢ A”#. Therefore, there must be a point

X € Q]}cl 1o for which x; € 90X, (the contact line). By choosing such a point x; for each index
k € 9A"€, we obtain a set of balls Bh+/2(xk, 0) with no more than 2¢ of the balls overlapping. By
Corollary 2.1 we know that P(E, B}‘f/z(xk, 0)) = Ch?. Therefore,

d—1

Y P(Ec. Bf,(xk,0) < CP(Ec,{0 < z < h/2}) < CVaFih/2,
kedah-e
Hence, the cardinality of dA”* is bounded by [dA¢| < C y Tt pi—d, (]

Proof of Lemma 3.3. If S € Gy, then S C Z4 N B,r/1(0), so there are at most M = [Ch—
cubes that can belong to S. Moreover, the set S is uniquely determined by the cubes that have faces
on the boundary of D(S). Thatis, S = S if and only if 3S; = 9S>. By definition of G, we know
that |0S| < Ch'™? < CM with ¢ = (d — 1)/d. Therefore, the number of possible sets in Gy, is
bounded by

CM1 M
< < (M + )M,
|Gl Z() (M +1)

n=0

Therefore, we have log |G| < Ch'~ log(Ch~4 + 1). O
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