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We rigorously prove the convergence of appropriately scaled solutions of the 2D Hele—-Shaw moving
boundary problem with surface tension in the limit of thin threads to the solution of the formally
corresponding Thin Film equation. The proof is based on scaled parabolic estimates for the nonlocal,
nonlinear evolution equations that arise from these problems.
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1. Introduction and main result

In theoretical fluid mechanics, the investigation of limit cases in which the thickness of the flow
domain is small compared to its other lengthscale(s) is a classical subject. In most situations, the
simplified equations describing these limit cases are derived formally from the original problem by
expansion with respect to the small parameter describing the ratio of the lengthscales. Although
lots of work have been devoted to the investigation of the limit equations (lubrication equations or
various so-called Thin Film equations), the question of justifying the approximation by comparing
the solutions of the original problem to those of the corresponding limit problem is less studied.
This is true in particular when a moving boundary is an essential part of the original problem.

In the case of 2D Hele—Shaw flow in a thin layer, the only rigorous limit result known to us has
been proved by Giacomelli and Otto [9]. Their approach is based on variational methods and can
even handle degenerate cases and complicated geometries. However, the existence of global smooth
solutions of the Hele-Shaw problem under consideration has to be presupposed, and the obtained
result on the closeness to some solution of the Thin Film equation is in a relatively weak sense and
technically rather complicated.

It is the aim of the present paper to provide a justification of the same limit equation using
quite different, more standard methods. Starting from a strictly positive solution of the Thin Film
equation, we prove the solvability of the corresponding moving boundary problems for large times.
If the initial shape is smooth, approximations to arbitrary order and in arbitrarily strong norms are
obtained. Moreover, our approach is straightforwardly generalizable to a multidimensional setting.
However, it is restricted to the nondegenerate case of strictly positive film thickness and to a simple
layer geometry.

(© European Mathematical Society 2012
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FIG. 1. The considered geometry and basic notation

More precisely, we consider 2D Hele—Shaw flow in a periodic, thin liquid domain (i.e., a thread),
symmetric about the x-axis, with surface tension as sole driving mechanism for the flow (see Fig. 1).

This problem (in the unscaled version, with surface tension coefficient normalized to 1) consists
in finding a positive function 7 € C'([0, 7], C%(S)), S = R/[0,2n), and, for each ¢ € [0, 7], a
function u defined on

2(h) == {(x,y) € SXR|[y] <h(x)}

such that
—Au = 0 in 2(h),
u = —«x(h) ondf2(h), (1.1)
O0h+Vu- (=0, DT = 0 on Iy (h),
where I'y (h) := {(x,h(x)) | x € S}, and
h//

K(h) = (1 + (h/)2)3/2

is the curvature of I'; (k). (Here and in the sequel, for the sake of brevity we write 4 instead of /(¢)
or h(-,t) when no confusion seems likely. Moreover, we identify functions on S with functions on
082 using the pull-back along x + (x, 2h(x)).) Note that u represents the normalized pressure in
the Hele—Shaw cell, and, in view of Darcy’s law, the first and third equation are the incompressibility
condition and the usual kinematic free boundary condition. Moreover, a uniqueness argument shows
that u is symmetric with respect to y, i.e., u(x, y) = u(x,—y) for all (x, y) € £2(h), meaning that
uy = 0 on S x {0}. Thus, this setting corresponds to the case when the bottom of the Hele-Shaw
cell, which we take as being S x {0}, is impermeable. We refrain from discussing further modelling
aspects and refer instead to the extensive literature on the subject, see, e.g., [4, Ch. 1]. Well-
posedness results for (1.1) (in slightly different geometric settings and various classes of functions)
have been proved in, e.g., [1, 8, 13] and in [5, 6] for non-Newtonian fluids.
To consider thin threads we introduce a scaling parameter ¢, 0 < ¢ < 1, and rescale by

x=2X y=¢y, h=c¢h, & 7)=u,cp).
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Then # is defined on .Q(i;), and (l; , 1) satisfies the e-dependent problem

—Szﬁ;;—ﬁff =0 _ in Q(E)L
~ } u=—ek(e,h) onds2(h), (1.2)
dh+Vepi-(=h',e)T =0 on Iy (h),
where .
- h//
k(e h):

(14 e2(i)2)3/2
Expanding # and «, formally in power series in &€ we obtain
i =cup +&us + 0(84),

where in particular 3 - i
(u1)z =—=h", (u3)y =hh"  on I'y(h).

So ~ .
0:h + e(hh") = 0(&?),

and after rescaling t = &7, suppressing tildes and neglecting higher order terms we obtain the
well-known Thin Film equation

d:ho + (hohy) =0 onS. (1.3)

Observe that (1.3) is a fourth order parabolic equation for positive 4o which degenerates as /g
approaches 0. For a review of the extensive literature on this and related equations we refer to [11].
In the modelling context discussed here, (1.3) is used in [2, 3] to study the breakup behavior of
Hele—Shaw threads. Note that (1.3) and its multidimensional analogue

3:h + div(hVAh) = 0, (1.4)

also appear in models of ground water flow [11].
In view of the time rescaling, &y should be an approximation to

he := [t = h(e7'1)],

where /1 solves (1.2), i.e., he solves (with an appropriate v and omitting tildes)

_820)6)( — vyy =0 in Q(hg),
v=—k(e,hy) ondf2(he), (1.5)
0the + Vv - (—h, e =0 on Iy (he).

(Of course, (1.5) can be obtained immediately from (1.1) by choosing the “correct” scaling u = e,
t = ¢~ at once. That scaling, however, is in itself rather a result of the above calculations.)

Our rigorous justification of the Thin Film approximation for (1.1) will therefore consist in
showing that for any positive initial datum 2* (from a suitable class of functions), the common
initial condition

ho(0) = he(0) = h*
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implies existence and uniqueness of solutions to (1.3) and (1.5) (for all sufficiently small ) on the
same time interval, and
he > hy ase |0 (1.6)

(in a suitable sense). This will be made precise in our main result Theorem 1.2 below. Observe that
this, in particular, implies that the existence time in the original timescale, i.e., for solutions of (1.2),
goes to infinity as & becomes small.

We will make use of the following preliminary, nonuniform well-posedness result for solutions
to (1.5). It is not optimal with respect to the demanded regularity but this is not our concern here.

THEOREM 1.1 Lets > 7 be an integer and 7* € H*T1(S) a positive function. Then we have:
(i) Existence and uniqueness: Problem (1.5) with initial condition 4.(0) = A* has a unique
maximal solution
he € C([0,T.), H*(S)) N C'([0, T,), H73(S))

for some T, = T.(h*) € (0, <].
(ii)) Analyticity: We have

[(x,7) = he(x,D)]lsx(0.12) € C?(S % (0, Te)).
(iii)) Blowup: If T, < oo then

lim inf (minfg(x,7)) =0 or lim sup ||he(-. 1) || gscs) = 00.
im inf (min ke (x, 1)) im sup ) s

Existence and uniqueness of the solution on some time interval [0, ®,(h*)] can be proved by
parabolic energy estimates and Galerkin approximations as in [13] (for a different geometry). The
arguments given there can also be used to prove (iii) by a standard continuation argument. More
precisely, for initial values 2* that satisfy 2* > « > 0 and ||h*||; < M with any positive constants
« and M, the existence time @, (h*) has a positive lower bound depending only on these constants.
This implies the blowup result (iii). For a proof of (ii) we refer to the framework given in [7] which
is applicable here as well. Essentially, analyticity follows from the analytic character of all occurring
nonlinearities together with the translational invariance of the problem.

We are going to state the main result now. It sharpens (1.6) as it also gives the asymptotics of
he to arbitrary order n € N. This is achieved by imposing strong smoothness demands on the initial
value (or correspondingly, on /). To avoid additional technicalities, we have not strived for optimal
regularity results.

THEOREM 1.2 Lets,n € N, s = 10 be given. There is an integer § = B(s,n) € N such that for
any positive solution

ho € C([0,T], HE(S)) n €' ([0, T], HE4(S))
of (1.3) there are g9 = €¢(s,n,ho) > 0, C = C(s,n, ho) and functions
hi,...hy—1 € C([O, T],HS(S))

depending on A only such that for all & € (0, &9)
(i) Problem (1.5) with initial condition /,(0) = h¢(0) has precisely one solution

he € C([0,T], H*71(S)) n ([0, T], HP*(9)),
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(i)
”hg —(tho+eh1 +...+ Snilhnfl)”C([O’T]’HS(S)) < Cg".

As expected, the functions /1, 5, . . . satisfy the (linear parabolic) equations arising from formal
expansion with respect to €. For details, see Lemma 4.2 below.

Both this theorem and its proof are in strong analogy to [10], where the parallel problem for
Stokes flow in a thin layer has been discussed. In this case, the limit equation, also called a Thin
Film equation, is

d¢h + % div(h*V Ah) = 0. (1.7)

The remainder of this paper is devoted to the proof of Theorem 1.2. For this purpose, we first
transform (1.5) to a fixed domain and rewrite the problem as a nonlinear, nonlocal operator equation
for he. Some scaled estimates are gathered in Section 2. In Section 3 we discuss estimates for our
nonlinear operators, while Section 4 provides the necessary details on the series expansions that are
used. Finally, the proof of Theorem 1.2 is completed in Section 5.

Technically, the main difficulty in comparison with the unscaled problem is the fact that the
elliptic estimates for the (scaled) Laplacian and related operators degenerate as ¢ becomes small.
To handle this, weighted norms are introduced, and estimates in such norms have to be proved.
In particular, the coercivity estimate for the transformed and scaled Dirichlet-Neumann operator
given in Lemma 3.3 will be pivotal. On the other hand, the loss of regularity can be compensated
by higher order expansions and interpolation. Moreover, as in [10], the ellipticity of the curvature
operator is crucial. Therefore, the corresponding problems with gravity instead of surface tension
appear intractable by the approach used here.

2. Scaled trace inequalities and an extension operator

In the remainder of this paper we let '+ := S x {£1} denote the boundary components of our fixed
reference domain 2 := S x (—1, 1). We write H*(£2), H*(I'y) for the usual L?—based Sobolev
spaces of order s € R, while by definition H*(d$2) := H*(I'y)x H*(I'~). Functions f € H*(I'y)
may be represented by their Fourier series expansions

f D) =" F(p)e'?,  xes,

DEL

with }”\( p) the p—th Fourier coefficient of f. Consequently, the norm of f may be defined by the

relation
1/2

1" —~
LA = Do+ 11 f ()
DEL

Similarly, functions w € H*(£2) may be written in terms of their Fourier series

w(x,y) = Y wp(ne’Pr,  (x,y) €2,

DEZL
and the norm of w is given, for s = 0, by the following expression:
1/2

Il = | > (lwpl])* + 112 (lwp )]
DEZL
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where I := (—1,1). Given ¢ € (0,1) and s = 1, we introduce the following scaled norms on
H*(£2)
Il = Twlly + 12wlZy +elwl?.  we H (@),

which are equivalent to the standard Sobolev norm | - || ;’2 but, for ¢ — 0, degenerate to a weaker

norm. The scaling is indicated by the first equation in (1.5), and the scaled norms will enable us to
take into account the different behaviour of the partial derivatives of the function v in system (1.5)
with respect to ¢ when ¢ — 0. To do this we first introduce an appropriate extension operator for
functions f € H*(9£2) and reconsider some classical estimates in the weighted norms.

Given ¢ € (0, 1), we set for simplicity

Ve i= (01,6, 02,¢) 1= (€01, 02).

LEMMA 2.1 (a) There exists a positive constant C such that for all ¢ € (0, 1) and w € H(£2) the
following Poincaré’s inequalities are satisfied:

lwll§ < CIVewl|§ i wlyg =0, 2.1)
|wl|f < Ce || Vewl|$ if / wdo = 0. (2.2)
Iy

(b) There exists a positive constant C such that the trace inequality
82 82 2
lwll?™ + Vellwllz,/, < Cllwllz o 2.3)

is satisfied by all ¢ € (0, 1), ¢ € N, and w € H'T1(£).
(c) Givene € (0, 1), there exists linear extension operators E+ : H't1/2(I'y) — H'*t1(£2) such
that (Ex f)|r, = f., E+ f are even with respect to y and E 4 satisfy the estimates

T T

1< 1Ee < Co (1% 4+ 7211005 2) 2.4)
I I

102Efll-1/2 < € (1715, +21£175) 2.5)

teN, fe H’H/z([‘i), with constants independent of €.

Proof. The proof of (a) is standard while that of (b) is similar to that of [10, Lemma 3.1]. To show
(¢), setfor f(x,1) =Y, f(p)e'?*

Eqf(x.y) = Y wp(0e'?*.  wy(y) =y PIO* DT (p).
y4

Then [|wp|l§ < |/ (p)| and for p # 0

17 (p))?
2¢|p| -

1 1
2 ~ 2_ -~ 2_
lwplls* =17 ()P / 420D dy < 2 F(p)P / yeeIPI0? D gy <
-1 0
Similarly, for k € N,

lw® 5% < Ce(1+ Elp)* )T ) < (1 + 1pPE )T ()]



HELE—-SHAW FLOW IN THIN THREADS 211

Consequently,

22 12 2 12 ry?
IE+ I < [||wp||z + [p1* lwp llg ] <Clfl: ",

p

2 2 2 ry? ry 2
s £ 1 < 30 [l 17 + 1P lupld] < € (AU + 112,07,
p

2 2 2 2 I 2 2t 42 12 I 2
CIE SR <Y [l + 1P 20w, 18] < el 17 -
14

This proves (2.4). To verify (2.5), note that
r. 2 _
102E4 £1IZF, =Y (1 +pP) 2w, (D)?
p

and 5 R 5
lw, (D" < C(1+2pP)| f ()]
This implies the result for £, the construction for £_ is analogous. O
Choosing an appropriate smooth cutoff function, one can construct a linear extension operator

E : H'tY2(3Q2) — H'*'(2) such that (Ef)|so = f, Ef is even with respect to the variable y
if f(-,—1) = f(-, 1), and E satisfies the estimates

IEA IR 1. < G (1122 + 6210002, ) 2.6)
102E£ 125 < € (17125, + £ 217 133) @7

t €N, f e H'TY/2(3§2), with constants independent of &.

3. Uniform estimates for the scaled and transformed Dirichlet problem

In this section we prove uniform estimates for the solution of the Dirichlet problem consisting of the
first two equations of (1.5), by using the scaled norms defined above. To this end we first transform
the problem (1.5) to the strip §2 by using a diffeomorphism depending on the moving boundary /..

Let M be 2 or I'+, 0 > dimil/2, ¢ < 0. We will repeatedly and without explicit mentioning
use the product estimate

Iziz2lf" < Cllzi Mzl 21 € HI(W), 2 € HO(W).

For the remainder of the paper, let s and 5o be such that 5,59 + 1/2 € N, 59 = 7/2,5 = 259 + 3.

(For example, so = 7/2 and any s = 10 is possible, cf. Theorem 1.2.) For given o, M > 0, define
the open subset Wy := W (s, M, o) of H*(S) by

Us :=1{h e H5(S) : |h|ls < M and rnSinh > al.
Moreover, define the (trivial) maps ¢+ : [+ —> Sby ¢+ (x, £1) = x.

To avoid losing regularity when transforming the problem onto the fixed reference manifold £2,
we modify [10, Lemma 4.1] to obtain the following result:
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LEMMA 3.1 (Extension of &) There exists a map
[h—h] € £(H(S), HOYV2(Q)), o >3/2,
with the following properties:
@) Tis even, " =ho¢y,and 827[‘ =0;
Iy Iy .
(i) Ifh e Uyzand B € (0,1), then &, := [(x, y) —> (x, yh(x,y))] € Diff>(£2, 2(h)).

In a first step we use the diffeomorphism @j, to transform the scaled problem (1.5) into a nonlinear
and nonlocal evolution equation on S, cf. (3.3). Therefore, we note that if i, : [0,T,) — U isa

solution of the scaled problem (1.5), then setting w := —v o @}, , we find that the pair (4., w) solves
the problem
—Q(g,Hw =0 in £,
w=«k(e,h)opsr on Iy, 3.1

dth = B(e, h)w on S,
where @ : (0, 1) x Uy — £(H*73/2(2), H*~7/2(R2)) is the linear operator given by
Q(e,hw := D; D;w,
with
Dq = 8(81 + a182), D> :=a50,,
and a;, i = 1,2 given by _
_01(yh) 1
= -, ay = ~ .
d2(yh) d2(yh)

Furthermore, we define the boundary operator & : (0, 1) x Wy — L(H*™>/2(22), H*73(S)) by the
relation

B(e, Hw(x) := (—h’81(w o @;1) + e 205w o @;1)) (x, h(x))
= (—h’(alw + ai0,w) + 872028211)) (x,1), x €8S.

It is not difficult to see that B(e, #) may be also written as

B(e, hw = g2 (%Diw)

-1
o ons,
an ¢+

Iy

where a1 := ea; and a ¢ 1= as.
Given f € H*72(S) and (g, h) € (0, 1) x Uy, we denote throughout this paper by w(e, h){ f}
the solution w of the Dirichlet problem

—D;Dijw =0 in £,
(3.2)
w= fo¢ps on Iy.
With this notation, Problem (3.1) is equivalent to the abstract evolution equation

d:h =% (e, h) (3.3)
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where we set

Fe.){f} = Be.hHw(e. H{f}. (34
and the nonlinear and nonlocal operator ¥ : (0, 1) x Wy — H*73(S) is given by the relation
F (e, h) := F(e,h){k(e, h)}, (e,h) € (0,1) x Us. (3.5)

It will become clear from the considerations that follow that w, F, and ¥ depend smoothly on their
variables, i.e.,

we C=((0.1) x Wy, L(H2S), H2(2)),
Fe c°°((o, 1) x Wy, £(H2(S), HH(S))), (3.6)

F € C®((0.1) x Uy, H3(S)).

We start by estimating w and its derivatives, and finish the section by proving estimates for the
function F. Some of the proofs rely on the following scaled version of the integration by parts
formula

lvDiw dx = — iwDivdx+/ @vwdo—/ al’svwdo, (3.7
Qa2 Q a2 ry az r_ az
which is true for all functions v, w € H'(£).
In order to prove estimates for the solution operator w of (3.2), we begin by analysing the
solution operator corresponding to the same problem when both equations in (3.2) have a nonzero
right hand side. As a first result we have:

PROPOSITION 3.2 There exist constants g9, C depending only on U and s¢ such that for integer
t €[l,so +1/2], f € H’_1/2(S), fi € H7YR),i = 0,1,2, and (s, h) € (0,&9) x Uy the
solution of the Dirichlet problem

—Di D,'w = fO + 81"8](; in .Q, (38)
w=fo¢ps on I,
satisfies
2
lw|, <€ (Z LA+ 1 Nl +el/2||f||t_1/z) . (3.9)
i=0
Additionally,
2
19wl|%5,, < € (Z LIS + 14125, + £ 1o + 81/2||f||1/2) . (3.10)
i=0
Proof. Step 1. We show (3.9) for t = 1. We will consider the case f = O first.
Using relation (3.7), we proceed as in [10, Lemma 3.2] and find
1 1 1 1
1= —D;wD;jwdx = — —wDiDiwdxzf —wfodx+/ —wo; e fi dx
o ar 2 az 2 a2 2 a2

1 1 1
:/ —wfodx—/ —0; ;WS dx—/ Oie (—) wf; dx,
o az 2 a2 2 az
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where we used integration by parts to obtain the last equality. So

2

Q012

I < CZ“fi”o lwlli
i=0

On the other hand,
2
1> [ 1VawP =c(IVwlf).
Q
provided ¢ € (0,&0) and &g is sufficiently small (with a constant ¢ independent of &). Using
Poincaré€’s inequality (2.1), the estimate follows.

If f#0,weletz := w—f € H' (), wheref = Ef.Then z = 0 on 052 and z solves in
£2 the equation —D; D;z = fo + a,,sf,, where

fo:= fo—€da1Dif —a2Daf. fi=fi+Dif. fo=fo+eaDif +azDyf. (3.11)
Using (2.6) and the result for homogeneous boundary data, we conclude that (3.9) holds with t = 1.
Step 2. We show (3.10). Define

@(8, hw := *e —2 laD w only (3.12)

and observe ~
dw = +e2h(1 + &2h'>) " (B(e, h)w + H'dw)  on Ik (3.13)
We start with the case f = 0 again. Then d;w = 0 and thus it is sufficient to estimate

&2 (B(s h)w ||a . For this purpose, pick ¥ € H3/2(32) and define u € H?(§2) to be the solution
of the Dirichlet problem
—Dl' Diu =0 in .Q,

u=1y on 0J52.

Then, by the transformed version of Green’s second identity,

~ 1
82/ (B(e,h)deo:/ —D;Djwu ,dx
a2 Q a2
Jo +€d1f1+ 02 /2
u d

as

- 2
e )2
Q aj as az

+/ lﬁm—/ Yt do.
r_az ry az

Consequently, applying the result of Step 1 to u,

< (nunlsZnﬁno +||fz||31/2||1/f||1/2)

(||f2|8 2+Z||f,||o)||wn1/2

i=0

82

/ @(8, hwy do
a2
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This implies (3.10) for f = 0. To treat the general case, define f, ﬁ and z as in Step 1. Then, by
the preliminary result,

1822115 < SIooll A G + 172175 5.
2 r 2
Yicoll il < il AlIE + CIES 1T,
15125, < 1415, + € (217135 + 10:E£12,,)

82 82 082
02wl Z5 )5 < 19221155, + 192 EF 11555

and the result follows from (2.6) and (2.7).

Step 3. We prove (3.9) by induction over ¢. The case t = 1 has been treated in Step 1. Assume now
(3.9) for an integer ¢ € [1,so — 1/2]. Differentiating both equations of (3.8) with respect to x we
find that d; w satisfies ) )
—DiD;o\w = fo+ 0isfi in$2,
dw=fops  onTlky,

where

Jo = 01 fo — 012a; ¢ D;w — 01a; 02a; s 02w,
f_l = 31f1 —+ salalazw,

J2 =01 /2 + 01aieDiw + ai01ai02w.
Using this and the induction assumption, we conclude that
2
11wl < C (Z LAIE + A1+ 81/2||f||t+1/2) : (3.14)
i=0
In order to estimate || 02w ||;(i 1> we use the first equation of (3.8) and the explicit representation

Qe, hw := 82811w+2£2a1812w+(£2a%+a§)822w+(8281a1+82a182a1+a282a2)82w (3.15)

to obtain
Ippt = fo + 0iefi — 2011w — 2e%a1012w — (e201a1 + €2a102a;1 + azazaz)azw’
e2a? + a3
and see that s
1922w, < C (Z 1AIE + 01wl + ||w||§?6) : (3.16)
i=0

Combining (3.14), (3.16), the induction assumptions, and the relation
e < € (Iwlf + 191wlIZ, + 1922w] )

yields the desired estimate for ||w ||;7+1’6. This completes the proof. O
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Using this result we can additionally show that then

loawie. S5, < CE S llsprara (3.17)

(Note that this involves a higher norm of f, but the constant involved in the estimate is of order €2)
To show this, let ¢ € H*72(£2) be the extension of f given by ¢(x,y) = f(x) and define
z:=w(e, h){f} — ¢. Then
—D;D;z :8‘2811¢ in £,
z=0 on 052,
and by the unscaled trace inequality and (3.9) with ¢t = 59 + 1/2 we get
102wl _, 5 = 132212_, )5 < Clz18 4120 < 2011012, 15

and therefore (3.17). In particular, this implies by the unscaled trace estimate

Joaw(e. Lo, < Ce| fllsgsa/a (3.18)

Next, we prove a coercivity estimate for the scaled Dirichlet~-Neumann operator F (e, ),
(e, h) € (0, g0) x W, which will be a key point in the proof of Theorem 1.2. Given ¢ € H'/%(S)
and ¢ > 0, we set

lell1/2.6 == ll@llo +&"2llell1/2-
LEMMA 3.3 There exists a positive constant ¢ such that for all (¢,h) € (0,g9) x U and all
¢ € H3?(S) which satisfy
/(p dx =0
S

(F(e. ) {@}o) 2 = cllolF)a e (3.19)

Proof. Letw := w(e, h){p} € H?(R), recall the definition of (E(s h)w from (3.12) and observe
that due to symmetry

we have

B(e, Hw(x, 1) = B(e, H)w(x,—1), x €S.
Using (3.7), we have

(Femiwle) e = [ wbe i do
+

- dje
=e 2/ —wD;wdo
Iy

as
-2 -2
& dj.e & die
= — wD,wdo — — —wD;wdo
2 Jry a2 2 Jr. a2
-2
£ 1
= — —D;wD;wdx
2 0 a

2
> cs—Z/ |Vew|? dx = ce™ (|Vew|E)”,
2
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cf. Proposition 3.2. From Poincaré’s inequality (2.2) together with (2.3) we obtain the desired
estimate. O

Now we prove estimates for the Fréchet derivatives of the solution w = w(e, h){ f} of (3.2)
with respect to /. The results established in Proposition 3.2 will be used as basis for an induction
argument.

PROPOSITION 3.4 Givenk € N, hy,... . hy € H*(S), and f € H*2(S), the Fréchet derivative
w® = w® (e, h)[hy, ... hi]{f} satisfies

lw® 7, < Cllallsg - - Wekllso 1 £ =172 (3.20)
for all integer ¢ € [1, 59 — 1/2]. Additionally,
192w ® 129, < Cllallso - 1k llso £ N11/2- (3.21)
The constant C depends only on k, sg, and U.

Proof. We prove both estimates by induction over k. For k = 0 they hold due to Proposition 3.2.
Assume now (3.20), (3.21) for all Fréchet derivatives up to order k. Differentiating (3.2) (k + 1)
times with respect to %, yields that w*+1) is the solution of

k
—D,’ Diw(kH) = Z Z Clail-H @(8, h)[ho(l), . h0(1+1)]w(k71) in .Q,

0€Sk411=0 (3.22)
wkth = on 052,
where w*=) = &= (g, M hea+2)s - he@+n]{f} and Sgy; is the set of permutations of

{1,...,k + 1}
We are going to define functions F; in §2 such that the right hand side in (3.22); can be written
as

k
Z chaﬁfrl@(& Mhoqy, - hoqen]w® ™D = Fo + 9 . F.
0€Sk411=0

The functions F; are sums of terms to be specified below. For this purpose, we recall (3.15) and
consider the Fréchet derivatives of the ocurring terms separately.
(i) When differentiating £29,,w we do not obtain any term on the right hand side of the first

equation of (3.22).
(ii)) The terms on the right hand side of the first equation of (3.22) which are obtained by

differentiating 282a,01,w may be written as follows:

82a51+1)312w(k71) - [8a§1+1)32w(k71)] — (82a§l+1)) dw®D,

where ang) = aYH)(h)[ho(l), ... hg@+1)]- The last term belongs to Fy, while the one in
the square brackets belongs to Fj.
(iii) When differentiating (¢%a? + a3)d,w we obtain terms of the form

(a4 V008D = b, (€267 + ad) V8w kD (620 +aD) Doy,

where (¢2a? + a%)(lH) = 82‘“ (e2a? + a3)(W[hoq)s, - - - hoq+1)]- The last term belongs to
Fo while the expression in the square brackets belongs to F5.
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(iv) All terms corresponding to (8281a1 + &2a,0a, + a02a3)dw are absorbed by Fj.
Summarizing, we get
—D; D;w**tD = Fy + 9, . F; in £,

(3.23)
w =0 on 052,
where
k
Fi= Y Y ailhoqy - hoarn]d2w®?
0€Sk41 =0
and

a[Hi. ... Hipl= Y Puile. )i Horry ... 041 Horg g
O'/ES]+1

with smooth functions B;; and |yyo,;| € {0, 1,2}, |yi1,;l. |vi2,;| € {0, 1}. Fixing o and /, writing
o = ayi[he(1), - .. he@+1)] and using the induction assumption we estimate

— (] 2 — 2
oz 2w * DNy < Cllasi €55 102w %P2

S Clholl€ 11/2 - Nhoasn 1€ 41 )pllw® D)8

< Cllhallse - M llso LS lle=1/2-

Thus
IF Ny < Cllhllso - M llsoll f lemrjoe 0= 0,12, (3.24)
and (3.20) (with k replaced by k + 1) follows from (3.9).
Similarly,
lard2w® D128, < Cllaa |25 192w * 12T, < Cllaallf_y o 1920 %12,
< ClheI2 41)2 - Mhaasnll 2 1 2102w D252
< Cllhllsg - - Nhretallsolf =12
Therefore
1220175, < Cllkllsg - Wrrsallso Il f l11/2,
and (3.21) (with k replaced by k + 1) follows from (3.24) with ¢t = 1 and (3.10). O

We prove now an estimate similar to (3.21) which is optimal with respect to one of the
“variations” hy (say k). The price to pay here is a stronger norm for f.

PROPOSITION 3.5 Under the assumptions of Proposition 3.4 we additionally have

k
182w | _1/2 < Cllallsjallbzllsg - - 1Ak llso L/ lso—1-

The constant C depends only on k, 59, and U;.

Proof. We show the more general estimate

lw® 2, + 192w P [ Z1 /2 < Cllhr N3 2llh2llso - - - Ik lso Il £ llso—1 (3.25)
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by induction over k. For k = 0 the statement is contained in Proposition 3.2. Assume now (3.25)
for all derivatives up to some order k. We proceed as in the proof of Proposition 3.4, reconsider
problem (3.23) and have to show now

IENE . 121755 < Cllaalisallhzls, - - lkllso ) f lso-1-
/
For this purpose, we fix o and / and estimate
e d2w P flenadaw®D2G .

We have to distinguish two cases, depending on whether the argument /; occurs in the first or in
the second factor.

Case 1: 0~ !(1) < [ + 1. Using Proposition 3.4 with t = so — 1/2 we estimate
losi 2w DN § < Cles [§ 102w * D125,
< ClRE TR 15172 10 U3 e
< Cllihallsz2lf2llso - - Wkcllso LS llso—1-
The product is taken over j € {1,...,l + 1} \ {o~!(1)}. Similarly,

le2d2w® l)”fl/z < C||Ollz||?/2||32w(k D2

so—2
22 k1)
< Cllena|F 102w* )2,

/A

T2 7 2 k—1) 82
Clmlg T T 1L 410 Iw®PUE 5
< Clilszlialso - - 1B lisoll £ llso—1-

Case 2: 0! (1) <[ + 1. We apply the induction assumption and estimate

lozi w NG < Clasi I _s 10w P E

7 2 7 2 k—1) 8
< Clholl 11/2 - Mhoas e 1 lw®PIE,

< Clihllss2llhzllsg - - MWhkllso L f llso-1-

Similarly,

k—1) 08 02 k—1) 08
lor2d2w* D127 ) < Cllana |22, 10,w D127,
2 k—1) 082
< C||a12||s0_3/2||82w( )”_1/2

T 7 T 2 k—1) 82
< Clhel€11)n - MhoasnllE 412 lw® DT,

< Clihalisgaliizllso - Warllso | f llso-1-

The proof is completed now by carrying out the summations over ¢ and / and applying Proposition
3.2to0 (3.23). (]

We recall (cf. (3.4))

FGe )L = 367 + W) Bawle, M) I, o 65— "
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Applying the product rule of differentiation and product estimates as above we find from this and
Propositions 3.4 and 3.5

|F el .l f H /2 < Ce 2l g - elso 1 T2 (3.26)

IF @ )y M —1/2 < Ce72 [ llaga - [Bllso | f llso—1 (3.27)

forallm € N, (g,h) € (0,89) x Uy, f € H"2(S), and hy, ... h, € H*(S). Additionally, using
(3.18),
I F (e, DA Hiso—1 < CIlf Nso+3/2-

In particular, we have

15 (e. M) llso—1 < Clibllsg47/2 < €. (e.h) € (0.£0) x Ws. (3.28)

The constants depend only upon Wy, s¢, and m.
Moreover, we obtain:

LEMMA 3.6 Given h; € H5(S) and f € H*72(S), we have

| F'(e, )M { f =172 < Cllhllzgall f llso+3/2- (3.29)
Proof. For brevity we write w’ := w’(e, h){ f}. Differentiating (3.2) with respect to & yields
—D;D;w' = fo+ 0;.f; in$2,
w' =0 onds2,
where

fo I:828ha1 [/’ll]alzw =+ 2_1811(82(1% =+ a%)[hl]E)zzw,
fl :=58ha1[h1]82w,

fr =27 0y (%at + a3)[h]orw,

w:=w(e, h){f}.

By (3.9) and (3.17) we have

2
2 o] 2 2
l82w'll12 <lw'I5, < € YN AIF < Clinllajall2wl|§ < CElhillapall f lso+3/2-
i=0

The result follows easily from this. o

Next we give an estimate for the remainder term that occurs when curvature differences are
linearized.

LEMMA 3.7 Lete € (0,1) and h, h € Uy N HST3/2(S). Then

97 (e ) (e ) =W = WO | < €O+ [hlloraj)lh =z (3:30)

The constant C depends only on W.
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Proof. By the chain rule,

s—1
3;—116(8’ h) = /c/(s, h)[h(s—l)] + Z Cpl...pllf(l)(& h)[h(Pl)’ o ’h(Pl)]’
=2

with1 < p;y < ... < p;,and p1 + ... + p; = s — 1. This also holds if we replace & by h. We
subtract these identities and obtain

351 (K(s, h) — (e, E)) — (&, W)[(h — h)S~D]

_ (K’(s, h) — (e, E)) ]
s—1
+ Z Cp, o ((K(l)(s, h) — K(l)(s, E))[E(Pl)’ L E(P/)]
=2

I
+ 3 kO (e APD, L B (= Ry BT ,E"’”]) (3.31)

j=1
The terms on the right are estimated separately. One straightforwardly gets
IO e Wl halllyz < Cllaalls - ha-alls A lls/2 (3.32)

foralll e N, 1 = 1,h; € H52(S) and hy, ... hj—; € H3(S). Since Uy is convex, we additionally
have

H (KU)(e, By — kD, E)) ..., h,]H "

< /1 HK<’+”(8, rh+ (1= )k —E,hl,...,hl]H dr
0

1/2
< Clh=nhllslhlls .. hi—l13lA D172

Applying these estimates to all terms in (3.31) and adding them up yields the result. O

Finally, we give a parallel estimate concerning the complete operator . Using the invariance of
our problem with respect to horizontal translations we obtain, as in [10], Eq. (6.8), the “chain rule”

85:13'(8, h) = F(s, h){affllc(s, h)}

.....

k=1

h € Ug sufficiently smooth. The sum is taken over all (k 4 1)-tuples (p1, ..., pr+1) satisfying
pP1+ ...+ pky1=s—1land p1,...,px = 1.

LEMMA 3.8 Additionally to Lemma 3.7, assume ¢ € (0, &9). Define

Py(e,h,h) := 3571 (% (e, h) — F (e, h)) — F(e, ) {i’ (e, [ (h — h)*~ D]},
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Then _ _ _

I Ps(e.h,h)l|l—172 < Ce (1 + |hllst3/2) 1k — hlls11/2- (3.34)
The constant C depends only on U.

Proof. Observe that by density and continuity arguments, it is sufficient to show (3.34) under the
additional assumption that s and / are smooth. We infer from (3.33) that Ps(e, h,h) = E*+Eb 4G,
with

E“ :=F(e. {05 k(e h)} — F(e. {05 "k (e. 1)} — F(e. ) {'(e. W)[(h — )™V},
EP = F'(e. A ™Yc(e. )} = Fe. DI ke, ),

_____ Prgr” where the sum is taken over all tuples satisfying additionally
=: E€ is given by

c
~~~~~ DPk+1 Epl

IS peyr <s—=2and Ep Pi+1

EC =F® (e [P, hPOY02 4 (e, h)y — FO e W[RPY. .. hPO 1024 k(e 1),
We estimate £ first and write £ = E{ + ES, where
E¢ :=F (e, h){35 (i (e, h) — ke (e, ) — ' (e, h)[(h — h)“~ D]},
ES :=(F(s,h) — F(e, h)){05 "k (e, h)}.
Invoking (3.26) (with m = 0) and Lemma 3.7, we get that

IE||—1/2 <Ce 205 (k(e, h) — k(e b)) — &/ (e, ) [(h — B) D] l1/2

_ _ (3.35)
<Ce (1 + |hlls43/2) 1h = hlls41/2.
In order to estimate E¢, we write
1 p— p— p—
E§ = / F'(e,rh + (1 —r)h)[h — h]{afc_l/c(s, h)} dr,
0
and using (3.26), with m = 1, yields
IES—1/2 < 21k = Rllso Bl 51372 < Ce | hlls4372llh — hls. (3.36)

Similarly, we decompose E? = Elb + Ezb + Eb, where
’ Iea T 7(s=1) T
Eb = (F (e,h) — F'(e, h)) [h ' ] {ic(e. 1))
! 7 7 7 7s=1) A
:/ F'(e.rh+ (L =r)h) [ =0 ] {ete. I} ar,
0
E2 :=F'(¢,h) [E(Sil)] {Kk(e, h) — K (e, Z)},

E} :=F'(e.h) [h(s—l) —E‘H)] {kc(e. )}
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The estimate (3.27) with m = 1 and m = 2, respectively, yields

_ — =D = T =
IED =12 < Ce72h = Rlisolh " llapallic (e, )lisg < Ce2Rllsr2llh = hlls,

_p 5 (s—=1)
IEZ|—1/2 < Ce™2||h

I3/2llic (e, h) = k(e B)llsg < Ce™2|Rls1/20lh = hlls,
_ — —(s—1) - -
IESI-1/2 < Ce72[hCD =k “lspallic(e, ) lso < Ce™2|lh = hlls41/2.

To estimate G, we proceed similarly and decompose E¢ = Ef + ES + Ef, with
ES = (F(k)(e, ) — F® (e, E)) [E"”), . ,E"”‘)] {004+ (2, 7))

1
=/ FED (e rh+ (=i [ =R R T2 e T dr,
0

ES =F® e i) [B77, RO 02 (et ) — (e ),

k
ES =3 F®(e.h) [E(‘”), R e PO i h(”k)] {075+ k(e 7))}

i=1
We distinguish two cases.

Case 1. Suppose first that pg1q = pj forall 1 < j < k. Then

s —1
Dk+1<5—2, p1,....pk < 5 <s—s0—2,

by the choice of 5. Choosing m = k + 1, we infer from pry; = 1 thatk + 1 < s — 1, and together
with relation (3.26) we find

_ = (P —(pr) - T -
IESlI-1/2 < Ce 2 =hllso ™ lsg - 17 lsolllls1/2 < Ce 2[R llsg1/2h = Rl
while, for m = k, the same relation implies
IES|l—1/2 < Ce 2 |h = hllss1/2.

IES =172 < Ce 2 ||hllss1/2llh — hls.

Case 2. Due to symmetry, we only have to consider the case when p; = p;,foralll < j <k + 1.

Then
s—1

P1<s—2, P25 P41 S <s—s0—2,
and (3.27) withm = k + 1 and m = k, respectively, yields
IE7 12 < Ce2 1 = hlls.

This completes the proof. O
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4. Approximation by power series in ¢

In this section we construct operators ¥ and functions ¢ > /i, x (¢) such that, in a sense to be made
precise below,
F(e,h) = Fi(e, h) + O(eFHY,

and h, x is an approximate solution to (3.3). Formally, the construction is by expansion with respect
to € near 0, i.e., $x (e, h) and h, x are polynomials of order k in . In lowest order k = 0, we will
recover the Thin Film equation (1.3). As this construction involves a loss of regularity that increases
with k, we will have to assume higher smoothness of /.

Fix k € Nandlets; = s 4+ k 4+ 15/2, with s as before. In this section, we will assume 7 € Uy,
and all constants in our estimates will be independent of 4.

We start with a series expansion for w(e, h){ f}.

LEMMA 4.1 For p =0, 1,...,k + 2 there are operators

e c°°(us, L(HN2(S), H“_z_l’(.Q)))

such that
e h){f}—ZeP P, < S
In particular,
1
i y) = 100, wPiificey) = 1) / T e W =0frpod
y 2\

Proof. Recalling (3.15) we have @ (e, h) = So(h) + £28,(h) with
So(h) 1205822 + aza2 202,
4.1)
85(h) :=0%, +2a,0%, + 3%, + (a1.1 + a1a12) 9,.

The terms w!PI(h){ f} are determined successively from inserting the ansatz

k+2
we {f} =Y ePwPh){f}+R

p=0

into
(So(h) + &2Sa(h)w(e, h){f} =0 in 2,
w(e,M{f}=fo¢r onlk,
and equating terms with equal powers of . Thus we obtain
So(h)w!® =0 in £, So(mwl=0 in £,
w = fopr on Iy wl=0 on 9%2.

and further
{SO(h)w[P“]:—Sz(h)w[P] in £,

wlpt2l = o on 082,
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p =0,..., k. Observe that the general problem
So(hu =G in £,
u=gods on Iy
(with g and G even) is solved by

1

u(x,y) = g(x) - / /0 Glx.s)ds dx.
y

az(x,t)?

and for this solution we have
I < C (lglle + 1GI12).

t € [s+3/2,s1 —2]. All statements concerning the mapping properties and the explicit form of the
wlPl follow from this. To estimate the remainder, observe that

Q(e,h)R = —e*T38,(Mw* T (n){ £} — k48, (w2 { £} in £,
R=0 on 052.
The estimate follows from Proposition 3.2 with s replaced by s; and t = s 4+ 5/2. o
Recall, furthermore, that
B(e, h) = e 281 (h) + 8P ()

where
B8P e (W, £(HF2(2), H*(9)))

are given by
B8 (hyw = h (w)|r, 093", B (yw = 1 (w)|r, 0¢T" + T (W) @B2w)|ry 0 ¢
By Taylor expansion around ¢ = 0 it is straightforward to see that there are functions
kPl e € (Wy,, H172(S)), p=0,....k+2,
such that

k+2

HK(&, -3 ekl ()

p=0

< Cef 3,

s1—2

In particular,
Y h) = 1" and kP! = 0 for p odd.
In view of (3.4), (3.5) we define

k+2

Tele.h)y =Y e Y @VImw h){ )},
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j €1{0,2}. As all terms corresponding to p = 0 and p = 1 vanish, this is indeed a polynomial in &
and
Fr € C®([0.1) x Wy, , H*(S)) .

In particular,
Fole.h) = Fx(0,h) = B wP (W) (I (h)y + 8P (m)w! () ()} = — (™Y

(cf. (1.3)).

It is straightforward now to obtain
|% (e 1) = Fi(e. b, < CeFHL. 4.2)

To construct the approximation /. ; we start with an arbitrary, sufficiently smooth, strictly positive
solution Ao of the Thin Film equation (1.3) and successively add higher order corrections. We
closely follow [10, Lemma 5.3] here. Fix T > 0, h* € U, and set for brevity

T:=k+15/2,
s2 = s2(k,s) =5+ [k/2](r —4) + T+ 1,
Vo :={H € C([0.T]. Uy N H?(S)) N C'([0.T]. H**(S)) | H(0) = h*}, 0 =3s.

Let iy € Uy, be a solution to (1.3). Observe that
5 € C®(0,1) x Wo, HTF(S)), o0 €[s+ 1,52] (4.3)
Furthermore, for ¢ € [0, T], the linear fourth order differential operator
A= A(t) := 9 3k(0,ho(t)) = [ 1 = (hhg (1) + ho(t)h"")']
is elliptic, uniformly in x and ¢.

LEMMA 4.2 Fix hg as above. There are positive constants ¢9 and C and functions /i, € Vg4,
e € [0, &9), that satisfy

/hs,k(t)a’x = /ho(O) dx and | 9:hex(t) = F (e hos ()|, < CeFTY 1 €[0.T]. (44
S S

Proof. We construct h, i by the ansatz

hox = ho +¢ehy + ...+ &5hy,

where for p = 1,...,k, hy is recursively determined from Ay, ..., h,_; as solution of the fourth
order linear parabolic Cauchy problem

ihp = 2 45 5k (e, hes)le=0 = Ahp + Ry,

hp (O) =Y,
where R, = [t — R,(t)] is a finite sum of terms of the form

828;1"37]{(0,}10)[}11‘1,... ’hjm]’ I<ji<p-1, I+ Z:'n=1 Ji = D-
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(At this point, the expression %(Tk (&, he k)|s=0 should be understood in the sense of formal
expansions only. It will be justified below.) Note that 823‘/{ (0,h9) = 0 for [ odd, and therefore
also i, = 0 for p odd. Fix 6 € (0, 1/4). We will show by induction that

hy € CO([0,T], HoP(S)) N C'F0([0, T], H77*(S)), o0pi=s2—1— g(z —4).

For p = 0, this follow from our assumptions by a standard interpolation argument. Suppose now
this is true up to some even p < k — 2. By (4.3) we find

Rp42 € CO([0,T], H?7°(S)), R,(0) € H>7*(S)
and by standard results on linear parabolic equations (cf., e.g., [12, Prop. 6.1.3])
hpi2 € CO([0,T], HO?"H4(S)) n CH([0, T], HOP 77 (S)).
Therefore, by our choice of s5,
hex € C([0,T], HF(S)) n C' ([0, T], H*T*4(S)).

If ¢ € [0,e9), go sufficiently small, this implies &, x(f) € Ws4¢, and thus, by Taylor’s theorem
appliedate = 0to & = 0;he — Fx (&, he i),

|0ehes — Fi(ehep)|, < CeFH!

Consequently, we get (4.4) from this and (4.2).
Finally, for all 2 € W54, we have fs F(e,h)dx = 0, cf. [5, Lemma 3.1] and [13, Lemma 1].

Therefore, by (4.4), [; 0;:he dx = O(e¥+1). This implies [ hpdx = 0, p = 1,... .k, and thus
the lemma is proved completely. o

5. Proof of the main result

Let T, Wy, h* as in the previous section and fix T’ € (0, T]. Let
p
he € C([0,T'], V) N C([0,T'], H3(S))

be a solution of (3.3) with h,(0) = h*. For given, sufficiently smooth /¢ solving (1.3), we denote
by h, x the function constructed in Lemma 4.2. The following energy estimates are the core of our
result.

PROPOSITION 5.1 (i) Fix k € N and a solution 19 € Vg, (k) of (1.3). There are constants C and
&9 depending on Wy, k, T', and h¢ such that

|he(t) = here@)], < Ce*T'. &€ (0,20).1 €0, T"]. (5.1)

(ii)) Fixn € N. Thereis a 8 = B(s,n) € N such that for any solution 2o € Vg to (1.3) there are
constants C and &g depending on Wy, n, T, and hg such that

|he(t) = henr ()|, < Ce", &€ (0,0).1 € [0, T"]. (5.2)
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Proof. (i) Let g9 be small enough to ensure that &, x (1) € Uy, € € [0,80),¢ € [0, T].
We introduce the differences

d(t) :=he(t) —hex(t) and 8(t) := K(é‘, hg(t)) — K(é‘, hg’k(t)).

We obviously have

1
5(:):/0 k' (8, The(t) — (1 = Dher(1))[d(1)] d, telo, T, (5.3)

/ d' '
i) = ()

we obtain that there exist positive constants ¢1,2 = ¢1,2(W) such that

and since

cilldlle < I6llo=2 < c2lld e, o €[1,2]. 54

(Here and in the sequel, we will omit the argument ¢ if no confusion is likely.) In the same spirit,
for h, h € U, we introduce the bilinear form B(e, h, k) : H'(S) x H'(S) — R by

. B 1 e f!
B(e,h,h)(e, f) = /0 /S a1+ e2(th' + (1— T)h_/)2)3/2 dodz

Observe that there are positive constants ¢j,» = ¢1,2(WUy) such that

cilld|? < Be,h,h)(d.d) < c»||d]? (5.5)

as d(t) has zero average over S.
From (5.3) and (3.28) we find, via integration by parts,

—(0:d |8)12() = B(e. he. hese)(d. 0:d)
- %((at(B(e,hs,hg,k)(d,d))
— 35 B(e, he, he g )(d, d)dihe — 35 B(e, s, he ) (d, d)a,hs,k)
> 10,(B(e.he, heyo)(d.d)) — Clld|I3. (5.6)
Furthermore, from (3.3) and (4.4) we have
3:d(t) =F (e, he(t)){kc (8. he(1))} — F (& heic (1)) {k (e heic (1))} + R(2)
=F(e.he(t)){8(t)} + R(t) + R(1). (5.7)

where
max | R(1)||s < Ce*T! (5.8)
[0.7]

and

1
R = / F'(e, thex + (1 — 0)he)[dl{k (e, hep)} d
0
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By Lemma 3.6 and (5.4),
IRl 2 < Clldllzs2llc (e, hei)llsg+3/2 < Cl8l=1/2. € €(0,80), t €[0,T7]. (5.9)
Multiplying (5.7) by —6& and applying (3.19), (5.8), (5.9), and an interpolation inequality we get
—(0:d |8) 12y < —ll8I13 5,0 + CISIZ, ) + CFH8]-1
< —cl81F + (cl8I5 + Cl8112,) + C (42 + 18112,)

< C(I8)2, + £+2).
Together with (5.6), this shows that

d
S B e hep)(d, d) < C(e?%2 4+ B(e, he, hes)(d,d))

for all ¢ € (0,&9), t € [0, T’]. Taking into consideration that d(0) = 0, we find by Gronwall’s
inequality that
cilld|} < Ble, he, hex)(d, d) < C(T)e*+2,

which proves (5.1).

(ii) Set k := n + 55 — 1 and B := s2(k). Let g9 be small enough to ensure that &, () € WUy,
e €[0,89),t €[0,T].
Instead of (5.2) we are going to prove the equivalent estimate

[he(t) — her(t)|s < Ce",  e€(0,80),t €[0,T]. (5.10)
Let 85_1 := «’(&, he)[d ©~V]. Then, in analogy to (5.6),
—(0:dS™V | 85_1) 125y = 30:(B(e.he)(d ™D, dEV)) — C||d |2, (5.11)

where B(e, hy) := B(e, he, he).
On the other hand, differentiating the relation

0:d =3 (e, he) —F (e, he) + R
(s — 1) times with respect to x we get (cf. Lemma 3.8)
0¢d ™ = —F (e, he)[85-1] + Ps(e, heshej) + ROV,
Recalling (3.19), (3.34), (5.4), and (5.8) we obtain from this by Young’s inequality
—(3:dC7V 1 85-1) 12i5) < —€ll8s—1113 /20 + C 2N 517201851 111/2 + C&* (18511

< —clldsm1l3 + Ce0Nd |24 )5 + Ce*H2 4 |51 ]12,

< —clld |2y + Ce0Nd |2, ), + CeF2.
Consequently, by (5.11), (5.1), and an interpolation inequality,

0; B(e. he)(d“™0,d V) < —c|d ||y, + Ce®|d (131 1 [1}° + Ce*F2

< C(S_IOSHd”% + 82k+2) < C82k+2—105 < C82n'

Integrating over ¢ and using (5.5), we obtain (5.10). O
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Proof of Theorem 1.2. Choose k and B = f(s,n) as in the proof of Proposition 5.1 (ii), let

h* := ho(0) and let « and M be such that /¢([0,7]) C W,. By compactness, we have
p = dist(0WUy, ho([0, T])) > 0. Let &9 be small enough to ensure that A ([0, T']) C WUy,
dist MWy, hen—1([0, T]) > 12/2, & € [0, &0), (5.12)

and Cejy < u/4, where C is the constant from (5.2).
Let ¢ € (0, &0) and let

he € C([0,Tz), HA () N ([0, T2), H*4(9))

be a maximal solution to (3.3) with h.(0) = h*. In view of Proposition 5.1 (ii), it remains to
show that T, > T. Assume Ty < T'. The blowup result in Theorem 1.1 (iii) implies that there is a
T' € (0,T) such that h.([0, T']) C U but dist(dWs, #(T’)) < /4. In view of (5.2) and (5.12),
this is a contradiction to our choice of gg. O
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