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Density estimates for phase transitions with a trace
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We consider a functional obtained by adding a trace term to the Allen-Cahn phase segregation model
and we prove some density estimates for the level sets of the interfaces.

We treat in a unified way also the cases of possible degeneracy and singularity of the ellipticity of
the model and the quasiminimal case.
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1. Introduction

Let p € (1,400), n = 2 and 2 be an open bounded subset of R”. For any u € Wlolc’p(]R", [—1,1]),
we define the functional

o) = / |Vu(x)|? + F(u(x)) dx + / G(u(x',0)) dx’, (1)
QNRY 20{x,=0}
where we used the notation x := (x',x,) € R"1 x R and R% = R x (0, 400). Also, for

any R > 0 and any x € R”, we denote by B%(x) the Euclidean, open, n-dimensional ball centered
at x, and By := B}(0). We set B;{(x) = Bi(x) NRZ, B;{ = B;{(O), and we use the short
notation

Bty (1) = Sty ) = [

R (x0)

|Vu(x)|? + F(u(x)) dx + / G(u(x',0))dx’.

B;’g71 (x0)

We will suppose that F' and G are non-negative “double-well” potentials. More precisely, and in
fact more generally, we assume that there exists C, > 1 such that, for any t € R, we have

1
max {F(7),G(1)} < Co(1 — t2)? and F(t) = C—(l —2)P, )

o
A paradigmatic example is given by F(r) = G(r) = (1 — 2)?, but more general potentials are
allowed by (2). The gradient term in (1) is reminiscent of a p-Laplacian partial differential equation

(hence, it encodes a possibly singular or degenerate ellipticity). We remark that the functional in (1)
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reduces to the standard Allen-Cahn phase segregation model when G is identically zero and 2
lies in {x, > 0}. Thus, in a sense, the functional in (1) represents a phase transition in R, with
a double-well G keeping track of a phase segregation on the trace of £2 along {x, = 0} and it
may be seen as a toy-model to understand the more complicated phenomena arising in non-local
phase transitions, which have been the object of an extensive study in recent years (see, among the
others, [1-3, 10] and also [5, 6, 15, 16] for a relation between fractional operators and boundary
reactions). In practical situations, the non-local effects may be the consequence of a long-range
interaction between particles, as it happens in some statistical mechanics models (see, e.g., [7]).
The trace term [, =0y O (U (x’,0)) dx" may also be considered as a model for taking into
account the effect of the boundary of the container in which the phase transition occurs: in this
framework, the container is Ri, which, of course, up to a blow up, is a simplified, but effective,
version of a smooth container when we are interested in the behavior near its boundary. In this
sense, we hope that this paper may be as a first step towards a more comprehensive study of the
geometric features of the phase transitions under even more severe boundary and non-local effects.
Given Q = 1, we say that u is a Q-minimizer if € (4) < 400 and

for all bounded and open 2 C R”

<
Ba(w) < Q8a(u +¢) and all Lipschitz continuous functions ¢ supported in £2.

3)
The case of Q-minimizers in a fixed domain 2, may be treated in a similar way (just suppose
that 2 C £2, in (3) and so on). The study of Q-minimizers is a classical topic in the calculus of
variations (see, e.g., [9]). When Q@ = 1 in (3), u is usually said to be a minimizer. It is easily seen
that when p = 2 the minimizers satisfy the partial differential equation problem with Neumann
condition

2Au = F'(u) iR,

20x,u = G'(u) on{x, = 0}.

Such type of problems have been studied in [6, 15]. Analogously, the minimizers for p € (1,2) U
(2, +00) satisfy a quasilinear partial differential equation whose ellipticity becomes singular or
degenerate at the critical points of the solution, and the corresponding Neumann condition becomes
non-linear too: these types of problem have been studied, for instance, in [16].

This is the main result of this paper:

THEOREM 1 Let £" denote the n-dimensional Lebesgue measure. Let u be a Lipschitz
continuous Q-minimizer.
Then, there exists a positive Cx, only depending on n, Q, p, the quantity C, in (2) and the
Lipschitz constant of u, such that
8R.x,(u) < CR"™! (4)

for any x, € ﬁand any R > 1.
Furthermore, given any 6 € (—1, 1), if we suppose that there exist two positive real numbers 11
and p, such that
JZ"(B;[I (x0) N {u > 0}) = pa. 5)

then there exist positive ro and ¢, which depend only on n, Q, p, 6, 1, 2, the quantity C, in (2)
and the Lipschitz constant of u, in such a way that

£ (B (x0) N{u > 0}) = cr", (6)
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for any r = ry.
Analogously, if

L7 (B, (xo) N {u < 0}) = 112 @)

then
LM (B (xo) N{u < 0}) = cr", (8)

for any r = ry.

We remark that (5) (respectively, (7)) is satisfied if u(x,) > 6 (respectively, u(x,) < 6): in this
case, 11 and u; just depend on |60 — u(x,)| and on the modulus of continuity of u.

Our Theorem 1 fits into the line of research of density estimates for phase transition, as started
in [4], to which it reduces when G := 0 or, basically, when we look at balls B (x,) that do not
intersect {x, = 0}. Namely, the purpose of this type of researches is to try to understand how the
level sets of a “good” solution u behave in measure. Such level sets are physically very relevant,
since they represent, roughly speaking, the separation interface of the two phases +1 and —1 in the
Allen-Cahn system. Also, from these measure theoretic estimates, it is possible to deduce a locally
uniform convergence of the level sets at the I"-limit, and this information plays a crucial role in
some rigidity problems (see [12, 14, 19]).

Among the many extensions of [4], we recall here the ones in [11], where the p-Laplacian
case has been considered, [8], for quasiminima, and the recent papers [17, 18], dealing with a fully
non-local case.

Estimate (6) (as well as (8)) is obviously optimal (up to the constant ¢), because of the trivial
upper bound

£ (B} (xo) N {u > 6}) < £7(B} (x,)) < £ (B, (x0)) ~ 1"

Estimate (4) is optimal too, as shown by the case G := 0, taking as u(x) = u,(w - x), where
o € S" 'and u, : R — R is a minimizer of the one-dimensional Allen-Cahn functional.

As far as we know, in the framework of the functional in (1), Theorem | of this paper is new
even in the cases p = 2 (i.e., when the diffusion term reduces to the standard Laplacian) and Q = 1
(i.e., for minimizers).

2. Proof of Theorem 1

We will denote by “const” suitable positive constants (possibly different line by line) only depending
on the quantities fixed in the hypotheses of Theorem 1. First of all, we prove (4). This is done by
a technique well-developed after [4]: given any x, € ﬁ and any R = 1, we take B € C*°(R"),
with B(x) = —1 for any x € Br_(1/2)(%0) and B(x) = 1 for any x € R* — Br_(1/4)(x0),
with |[VB(x)| < 50 for any x € R”. Let w(x) := min{u(x), f(x)}. Then, w(x) = u(x) in R” —
BRr(x,), and w = —1 in Br_(1/2)(X0). So, by (3), we obtain that

1
R 0 < ey () = [ V@l + F(w() dx
0 (B (x0)=Bh_(y 12y (xo)) R

+/ G(w(x',0))dx". (9
(Blllg(xo)fB;lg_(l/z) (x0))N{xn=0}
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Moreover, we have that |Vw(x)| < |Vu(x)| + |[VB(x)| < const, and so (9) gives that
8Rr,x, (u) < const [JZ" ((B;’e(x,,) — B;’e—(l/z) (x0)) N Rﬁ_)

W ((BR (o) = B 1/2)(0)) N n = 03) ]
< const R" 71,

where we denoted by ¥~ ! the (n — 1)-dimensional Hausdorff measure. This proves (4).

Now, we prove (6) (the proof of (8) is the same and it will be omitted). The proof of (6) that we
give here is a modification of one of the proofs performed in [8], which was inspired by [13] (other
approaches, as the ones in [4, 11] are also possible, but they may require additional assumptions).
Differently from the existing literature, here some technical complications arise in order to cope
with the trace term of the functional along {x, = 0}. Indeed, even if such a term behaves as
an (n — 1)-dimensional correction, and therefore may look negligible, it is not completely clear that
it does not dangerously interact with some “area terms” arising in the density estimates, such as the
bound in (4) and the subsequent quantities in (36). For this, we will have to perform some careful
computation.

First, we observe that once (6) is proved for some 6, € (—1,—1/2], then it is proved for all 6 €
[65, 1), because

Erxp(U) = / Fu)dx = inf F - &" (Bf(xg) N{0 >u > 90}),
B (x0) (65,01

and if (5) holds for 8 € [6,, 1), it holds for 6, too, so using (6) for 6, and (4) we obtain

L (B;r(xo) N{u > 9}) =L (B;"(xo) N {u > 90}) - L (Br+(x0) N{6 >u> 90})
= cr" — const 8, x, (u)
> cr"™ — constr™ ! = %r”
if r = r, and r, is large enough (here the “const” may depend on the fixed 6, too). This would
be the proof of (6) for any 6 € [6,, 1), up to relabeling c, and therefore, in what follows, we will

assume, without any restriction, that
0 € (—1,—-1/2]. (10)

Moreover, we observe that the portion of space R” N {x, < 0} does not play any role in Theorem 1,
in the sense that, if we define

u(x',x,) ifx, =0,

s o~ -
ulx) =ulx’, xp) = u(x”_xn) if x, <O,

we have that # is Lipschitz, since so is u, that 8o (i + ¢) = 8o (4 + @) for any perturbation ¢ in
(3), that % is a Q-minimizer and that if (6) holds for # then it holds for u as well. Consequently, we
replace u with # and then we drop the superscript tilde, that is we may and do suppose that

u(x', —xn) = u(x’, x). (11)

This symmetry property will play an important role, by allowing us to disregard some trace term in
a subsequent isoperimetric inequality (that is (20) below: roughly speaking, this trick will make the
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trace term in the density estimates always be weighted by the potential, thus killing any unweighted
geometric measure on {x, = 0}).
We take

T to be a free parameter, that in the sequel will be chosen to be suitably large,
possibly in dependence of the quantities fixed in the statement of Theorem 1,

and also in dependence of a further auxiliary parameter & (12)
that will be introduced later on, after (24).
We set
S(7) := min {(z + 1)”, 1} for anyt € R.
Also, for any x € ﬁ andany k € N, welet Ry 7 := (k +1)T +1n2, and
e () = 2eP=xol=(+DT _ 1 forany x € Bry +(x0) N M,
3 forany x € R’} — Br, ;(xo).
If x € R* N {x, < 0}, we also define
vk (¥, Xn) 1= v (X7, =), (13)
By construction, vg is Lipschitz. Furthermore
‘Vvk(x)‘p — 2e|x*Xo|*(k+1)T)P (14)

—_~ o~

vk (x) +1)7
< constS(vk (x))

for any x € B;{k - (x0), and therefore, by (13), for almost every x € R”. Furthermore, we deduce
from (2) that

max {F(t), G(‘L’)} < const S(1) (15)
for any t € [—1, 1], and that
F(t) = const(t + 1)? = const S(1), (16)
whent € [-1,—1/2].
We remark that
if x € R’ and |x — x| > (k + )T, then vg(x) > 1 = u(x) a7

and so, recalling (11) and (13), we conclude that {u > vi} = {x € R" s.t. u(x) > vg(x)}is a
bounded set. Accordingly, we can make use of (3) with £2 := {u > vg}. This, and the use of (14)



158 Y. SIRE AND E. VALDINOCI

and (15), imply the following estimate:

{u>vg }N{x, =0}

/ |[Vul? + F(u)dx + / G(u)dx’'
{u>vk}r’1]R'jr

= Eusv, 3 (1)

< 08y (k)

) / IVoel? + Fop) dx + / G(wg) dx’
{u>vk}r’ﬂR'jr {u>vg}N{x, =0}

< const / S(vk) dx+/ S(vg) dx'|. (18)
{u>vk}an"_ {u>vi }N{x, =0}

Now, we make a general observation: given any Lipschitz function w on a measurable set U € R”
with image in [—1, 1], we have

/ |Vw|p+F(w)deconst/ |Vw|(F(w))(p71)/de

’ ¢ 19

! iy (19)

= const / (F(r))(p Pagn—1 (U N{w = ‘C}) dr,
-1

due to the Young inequality and the coarea formula.
Also, we define

Me(r) :={x e R" s.t. T = u(x) = vg(x)}
={u =z v N{u=r}
and
Ne(r) :=={x e R" s.t.u(x) = vk (x) = 7}
={u = v} N{ve = 7},
and we remark that
Bl (xo) N{u > 6} € {x € B .(xo) s.t.u(x) > 7 > vi(x)}
C{xeR"stu(x)>1>ve(x)} ={u>r1>vg)

forany t € [(6 — 1)/2,46].
We employ the latter formula and the isoperimetric inequality to obtain

(‘Qn(BkT(Xo) N{u > 9}))(%1)/" < (£n (u>7> vk}))(nfl)/n

(20)
< const (1"~ (M (1)) + 1"~ (Nk(0))).

forany t € [(8 —1)/2,0].
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Notice that we have in the back of our mind here the symmetry in (11) and (13), since we are
willing to estimate sets in (20) in the whole of R" instead of R’} : due to such a symmetry, this
choice will be paid only by a factor 2 later on: see (22). On the contrary, without this trick we would
have got also a term of the form 3”1 (Byr 1) in (20), and this would have risked to be too large to
be controlled by the quantities in (4) and (36).

Making use of (20) and then of (19) with U := {u = vi} and either w := u or w := vg, we
conclude that

(J:”(B+ (xo)N{u > 0}) )( b

0 n—1)/n
< const / (F(t))(p_l)/p dt <£”(Bkr(xc) N {u > 9}))( v
#-1)/2 1)

Sconst/ll (F(x))¥~ ”/”(W (W () + R l(nk(f))) dt

< const (/ |Vul? + F(u)dx + / [Vor|? + F(vg) dx) .
{uzvy} {uzvy}

Now, we remark that

/ |Vu|p+F(u)dx+/ [V |P + F(vg) dx
{uzvg}

{uzvi}
=2 / |Vu|p+F(u)dx+/ |[Vur|? + F(vg)dx |, (22)
{u?vk}ﬂ]R'fi_ {u?vk}ﬂR’j_

thanks to (11) and (13).
Therefore, exploiting (21), (22), (14), (15) and (18), we obtain

(2Bt > 6p) "

< const / |Vu|p+F(u)dx+/ |[Vur|? + F(vg) dx
{uavk}ﬂ]R’_i_ {quk}ﬂRﬁ_

< const / S(ve) dx + / S(vg)dx'|.
{uavk}ﬂ]R’_i_ {uzvi }N{x, =0}

That is, recalling (17),

(£ Bty oy 1t > )"

(23)
< const / S(vg) dx + / S(vg)dx'|.
= 3NBE )7 (o) (= 3N Big 1)1 (X0)N{xn =0}
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We define
0 =L (k) ::/ S(vg) dx,
Bt (x0)
U = lr(k) = / S(v) dx,
v 3NB )7 (v0) =Bl (x0))
and

3 ={5(k) := / S(ve) dx'.
{uzvg 3N Bk 417 (x0)N{xn =0}

With this notation, we see that (23) can be written as

. n (n—1)/n
(JZ (B (x0) N {u > 9})) < const (€ + £ + £3). 24)

Now, we fix a small ¢ > 0 to be taken appropriately small (in fact, at the end, this ¢ will be fixed
explicitly in Lemma 1 below) and we claim that

03 < constek™ ! 4 Co k"2, (25)

for a suitable C;, 7 > 0. The proof of (25) is indeed a bit long and complicated and it will be
completed only below (32), after some delicate computations. To prove (25), first we notice that
when [xo.,| > (k + 1)T then B 41)r(X0) N {x, = 0} = &, so £3 = 0 and (25) is obviously true.
As a consequence, we may suppose that

|xo,n| <k+1H)T

and so we can define

pri= |k +12T2 =52, (26)
We see that
B 1yr(x0) N {xy = 0} € B2 (x})

and therefore

{3 < const/ (ve(x',0) +1)” dx’
Bzzk—i-l)T(x‘))n{xn:O}

< const/ o (W=, P33, =+ DT) 4,0 27
B (x0)

Pk
— _ 2 2
= conste p(k‘H)T/ PPN T Xon gy,
0

Now, to prove (25), we distinguish two cases: eithern = 3 orn = 2.
If n = 3, we make use of (27) to conclude that

Pk
— _ 2 2
{3 < const py 3p7pk+1DT rePNT T Xon gy (28)
0
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si=4/r2+x2,.

We obtain that s ds = r dr, hence (28) becomes

and we perform the substitution

(k+1)T
const pf e~ p(kH)T/ sePSds

[X0.nl

{3

/A

(k+1)T
constpf > (k+1)T e_p(k‘H)T/ ePS ds

[%0.n1

/A

A

constpi 2 (k+ 1) T
const ((k + l)T)"f2
const (kT)" 2.

VA/AN

161

(29)

This proves (25) when n = 3, so now we deal with the proof of (25) when n = 2: in this case, we

claim that

Pi 3
/ PN 5on dr < (2ek + Cop)e?® DT
0

for a suitable (j“g,T > 0.
To prove (30), we distinguish two sub-cases: either p; < ek or px = ¢k.
If pr < ek, we have that

Pk 2 2
/ PN gy < PV ) L gPUADT o pUADT g
0

and this proves (30) in the sub-case p; < ¢k.
Now, we prove (30) in the sub-case pr = k. In this case, we have that

JEz 12, <\ +x2, = k+ DT,
Hence .
&
/ PN Hn G < PN R E0n gp < P KT g
0

Now, we make the substitution in (29) to see that

/ ep\’r+x‘”’dr—/

S
——ds
LY, (ek)? +xn n \ 1S2 — xg’n

k
/( +1)T s k+ 1T
N J(@0? +32,) =2,

*k+1)T
< k + l)T/

*k+1)T

ds

s e ds

ZT p(k+1)T
ps

o0

(30)

€2Y)
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From this and (31), we conclude that
P r2+x3 o r2+x3 P r2+x3
e? ondr = e? ondr + e? on dr
0 ek

< Pk DT (sk + E) .
pe

0

This completes the proof of (30) in the sub-case px = ek too.
Having completed the proof of (30), we use it to complete the proof of (25) in the case n = 2:
indeed, by (27) and (30), when n = 2 we have

Pk B
{5 < conste Pk+DT ePNTHXon dr < const (¢k + Ce,1). (32)
0

This proves (25) also in the case n = 2. So, the proof of (25) is completed.
Now, we observe that

l < const/ (v + )P dx
Bitr (x0)

/A

const / epOx_xDl_(kH)T) dx
By (x0)

/A

kT
n—1,p(r—(k+1)T)
const /0 r" e dr (33)

kT
< const(kT)"ilefp(kH)T/ e dr
0

< const (kT)" e PT
< k",
provided that T is sufficiently large, possibly in dependence of ¢. This last requirement fixes 7" once

and for all (in dependence of &, which, in turn, will be fixed in the forthcoming Lemma 1).
Furthermore, since S is non-decreasing and bounded by 1, we obtain that

ly = / S(vg)dx
{02uzv 3NBY | | 7 (o) =B (x0))

+ / S(vg) dx
{u>03{u=vi INBE 1) ()= B (x0)) (34)

<

/ SQu) dx
02Uz 3N (B 4 1) 7 (ko) =B (x0))

+ 2" (1w > 010 (B yyr(50) — Bz (x0))).
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Moreover, using also (10), (16) and (18), and recalling (17) once more, we get

/ S(u)dx
B (xo)N{u<8}

<

~

S(u) dx+/ S(vg) dx

B (xo)n{usvr}

< const / F(u)dx + / S(vg)dx 35)
{0=u>v JNRL B (x0)

< const / S(vr) dx + / S(vg) dx’" + / S(vr) dx
{u>v }NR" {u>vi 3N{x, =0} Bty (x0)

< const ({1 + £ + £3).

/B,jT (xo)N{OZu>vic}

Now, it is convenient to introduce the following quantities:

V, = " (Bj(xg) Nus> 9}) and A, = / S(u) dx. (36)
B;F (xo)N{us6}
These quantities are appropriate variations of similar ones defined in [4], and they somewhat play
the role of “volume” and “area terms”, respectively, in the minimal surface analogue. By collecting
the estimates in (24), (35), (33), (34) and (25), we conclude that

At + Vk(;'fn/" < const (€1 + £ + £3)

<

~

const [ / S(u)dx
(02u=v 3N (B 4 1)1 (x0) =Byl (x0)

Sknfl

+ 27 ({4 > 031 (B 1y7(v0) — Bip(x0))) + + cs,TkH]

n—1

e _
< const ((V(k+1)T = Vir) + (Ag+1T — Akr) + + Ce,7k" 2) .
We define k, to be the smallest integer bigger than w1 + (2C,,7/¢), where p; is as in (5). This gives
that Ce 7k" 2 < ek™ 1 /2 and so

Arr + VI < const (Varnr — Var) + (Agnr — Akr) + k") (37)

for any k € N, with k > k.. Notice that, since T has been fixed in dependence of ¢ after (33), it is
conceivable to keep track of the dependence of k. on & only and disregard the dependence on 7.

So, it is convenient to recall the following general recursive result, which is a variation of an
argument in [4] and whose detailed proof may be found in Lemma 12 of [8]:

LEMMA 1 Let C = 1, ¢ > 0. Let @ and Uy be two sequences of non-negative real numbers,
for k € N.

Suppose that
Vi = 1/C ©G8
and
VY 4 @ < (Vi = Vo) + (Gisr — @) + k") (39)



164 Y. SIRE AND E. VALDINOCI

for any k € N.
Let
) 1 1
c:=min§ =, —
9 <2C(n + 1)!)
Suppose that
(n—l)/n(% —1)
c c
< min{—, . 40
& < min {4C °C (40)
Then,
QRr + Vg = ck” 41)

forany k = 4C(n + 1)\

With this, we define Q¢ := A+k,)r and Vg := Vigtk,)7, we have that Up = Vi, = o,
by (5), and so (38) holds true, if C is chosen large enough. Also, (39) follows from (37), again by
choosing C appropriately large.

Hence, we can exploit Lemma | (notice that (40) fixes now the value of ¢), and we deduce from
(41) that

Art + Vir = const T"k"

as long as k is large enough.
Since, by (10), (16) and (4), we have that

A, < const / F(u)dx < constr™!
B N{u<06}

for any r = 1, we conclude that V, = const7” for any r suitably large, that is (6).
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