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We consider a nonlinear parabolic system of reaction—diffusion equations modelling acid-mediated
tumour invasion. The system couples potentially degenerate equations for the cell densities of the
normal and tumour populations to a parabolic equation for the concentration of H T ions. We
obtain an existence result for the system by constructing a suitable finite element approximation
and analyzing its convergence. Finally, we report on corresponding numerical experiments.
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1. Introduction

Let £2 be a bounded domain in Rd, d =1, 2 or 3, with a Lipschitz boundary d£2 having normal v.
For a fixed positive time 7 > 0, we set 27 := 2 x (0, T'). We consider the following degenerate

nonlinear parabolic system. L
(P;) Find functions uy, uz, z : 27 — R3¢ such that fori =1, 2

31/[,'

T V- (b(uy +uz) Vu;) = rib(uy + uz)u; — Gi(z)u;  in 27, (1.1a)
u;(-,0) = u?(-) in £2, b(uy +uz)Vu; -v=0 ondf2 x(0,7), (1.1b)
and
0z 2 .
E—aVz:r3u2—53(z—l) in 27, (1.1¢)
2(-,0) =z%) in, Vz-v=0 ondfR x(0,T7T); (1.1d)
where, fori =1, 2, G; € C(R, [0, §;]) is defined by
S_Zopt 2
| . opt wi
Gi(s):=6; |1 —expy— (?‘msth) with zip, z; dh ¢ R_o, (1.2a)
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and b € C(R,R) by
b(s):= (1 —ys). (1.2b)
In addition, we have that

u? 2" e C(2,Rx), i=1,2, and ud(x)+us(x) <1, VxeR;
8i,ri €Rsg, i=1,2,3, and « € Ry. (1.3)

The above reaction-diffusion system was introduced in Gatenby et al. [5] to model acid mediated
tumour invasion. Here u;, u, are the normalized cell densities of the normal and tumour
populations, respectively; and z is the normalized concentration of H ™ ions. The (reaction) terms
on the right-hand side of (1.1a) and (1.1b) ensure that uy, u;, z = 0O with u; + u, < 1 a.e. in 27,
and so the diffusion coefficient b(u; + u5) in (1.1a) possibly degenerates to zero.

In this simple model, it is assumed that only normal and tumour cells compete for the available
space, with growth rates dependent on r; and r;, respectively, that fall to zero when the space is
fully occupied. These cells can also migrate through space via Fickian diffusion with a density-
dependent diffusion coefficient, b(-), which takes on its maximum value, normalized to be unity, in
the absence of cells and drops to zero when the space is fully occupied. In addition, it is assumed that
each type of cell has an optimal pH value for survival, with a higher H™ concentration favoring
tumour cells. Perturbations from these optimal values in either the acidic or alkaline direction causes
death of those cells, with the death rate saturating when the environment is extremely acidic or
alkaline. The above effect is modelled by the G; (z) u; terms on the right-hand side of (1.1a). Finally,
the normalized H* ion concentration is assumed to grow at a rate r3 proportional to the local
concentration of tumour cells, but is also effected by buffering and vascular evacuation. Here the
normalized background H ™ concentration is unity. For more details concerning the model, see
Gatenby et al. [5]; and for related models, see Gatenby and Gawalinski [4] and Martin et al. [7].

The key mathematical difficulty in proving existence of a solution to this nonlinear degenerate
system is that the diffusion coefficient of the u; equation degenerates in terms of u#; + u,, and not
just u;. As a consequence, only weak estimates on u; and u» can be obtained which complicates
the existence theory while a uniqueness result seems currently to be out of reach.

Let us briefly refer to two other degenerate parabolic systems that have recently been studied.
In [1], the present authors have analyzed a doubly degenerate nonlinear parabolic system, where
the diffusion coefficient b(u;, v) is of the form u? v* for given ¢ > 2 and s > 0. However, there
v satisfied a reaction-diffusion equation coupled to u; only through the reaction term; making it
possible to prove L2(0, T; W%?(£2)), with p > max{d, 2}, regularity for v. This in turn made
it possible to prove a uniqueness result, and an error bound for a fully practical finite element
approximation of that doubly degenerate nonlinear parabolic system. In [2], the authors study a
degenerate parabolic system modelling tumour growth with contact inhibition. In that system, the
diffusive terms take the form V - (uiVV(ul + uz)),i = 1,2, where, e.g., V(s) = s and uy, u, are
the densities of normal and abnormal cells.

For ease of exposition, we will first consider a reduced version of (P;), where the effect of z,
the normalized concentration of H ions, is ignored; that is:
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(P) Find functions u;, us : 27 — Rx¢ such that fori = 1, 2

31/[,'

or -V. (b(u1 + u3) Vui) =rib(uy +uz)u; in 27, (1.4a)
u;(-,0) = u?(') in £2, (1.4b)
b(uy +uz)Vu; -v=20 on df2 x (0, 7). (1.4¢)

The above system retains the major mathematical difficulty, the novel form of the degenerate
diffusion coefficient.

DEFINITION 1.1 A pair {u;, u,} is called a weak solution of (P), (1.4a)—(1.4c), if
(@) uj € L*®(27) withu; = 0ae.in 27,i =1, 2.
u

(b) a_zl c Lz(O,T; (Hl(sz))’),i —1.2.

(©) u:=uy +uy € C(27) withu < 11in 7.

ou;
) Fori = 1, 2,/ |b(u) Viig|* dx di < o0 and ai € L2.(W), j = 1.....d, where U :=
u Xj
{(x.1) € 27 : b(u)(x.,1) > 0}.

(e) Fori =1, 2,

r 31/[,'
/0( §>H1(mdt+/ub(u)Vu,~-Vé‘dxdt=r,~/ bu)u; Cdxdr  (1.5)

R o,
forall ¢ € LZ(O, T; Hl(.Q)), with u; (-, 0) = u?(-).

Our aim is to prove the existence of a weak solution to (P) by constructing a finite element
approximation and by analyzing the convergence of these approximate solutions.

The outline of this paper is as follows. In the next section we introduce a fully practical finite
element approximation of (P), and establish stability bounds. In Section 3 we prove (subsequence)
convergence of this approximation, as the spatial and temporal discretization parameters tend to
zero, to a weak solution of (P) in the sense of Definition 1.1. In Section 4 we extend the results
of Sections 2 and 3 to the full model (P,). Finally, in Section 5 we report on some numerical
experiments.

We end this section with a few comments about notation. We adopt the standard notation for
Sobolev spaces, denoting the norm of W™4(G) (m € N, g € [1,00] and G a bounded domain in
R¢ with a Lipschitz boundary) by ||-||.4.¢ and the semi-norm by |-/ 4.6 For g = 2, W™2(G) will
be denoted by H™(G) with the associated norm and semi-norm written, as respectively, || - ||lx,c
and | - |,4,g. For ease of notation, in the common case when G = §2 the subscript “$2” will be
dropped on the above norms and semi-norms. We introduce also (W™-4(£2))’, as the dual space of
W™4(§2), and denote its norm by || - |[(wm.4 (2)y. These are naturally extended to vector functions.
Throughout (-, -) denotes the standard L? inner product over §2, and (., .)ym.q (©2) denotes the duality
pairing between (W™:4(£2)) and W™4(£2). We denote the characteristic function of a set G by yg.
In addition, C denotes a generic constant independent of the mesh parameters £, .
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Finally, we recall the following compactness result, see Simon [8]. Let Yo, Y and Y; be Banach
spaces with a compact embedding Yy < Y and a continuous embedding ¥ < Y;. Then, for
ui = 1,1 = 0,1, the following embedding is compact :

9
{ne L"0,T:Y) : a_? € LM(0,T;Yy) )} <> L0, T: ). (1.6)

2. Fully discrete approximation
We consider the finite element approximation of (P) under the following assumptions on the mesh:

(A) Let £2 be a polyhedral domain and {Th}h>0 a quasi-uniform family of partitionings of £2 into
disjoint open simplices « with A, := diam(k) and & := max,p» h, so that 2= Ueepnk. In
addition, we assume that this partitioning is acute; that is, the angle between any two sides if
d = 2 (faces if d = 3) of any simplex does not exceed 5.

Associated with 77 is the finite element space
sh .= {)( € C(2): x|« islinear V k € Th} c H(2).

Let {p; }]1=1 be the coordinates of the nodes of T”. Let { X }I.J=1 be the standard basis functions for
S*; that is, y; € S" and y;(p;) = §;; fori, j = 1,...,J. We introduce I" : C(2) — S*, the
interpolation operator, such that 1%7( p;j) =n(p;)for j =1,...,J. A discrete semi-inner product

on C(£2) is then defined by

J

(1. m2)" = /ﬂ I"(n1 () n2(x)) dx = Y m; mi(p;) n2(py). @.1)

Jj=1

1 —
where m; = (1, x;) > 0. We define ||n||; := [(n, n)h]2 for all n € C(£2). Finally, we introduce
the L? projections P, Q" : L2(2) — S" defined by

(Pfn, ) = @"n. 0" =0, ¥ xesh 2.2)

Let I denote the identity operator. Below we recall some well-known results concerning S h for any
K € Th,)(,zh e S me{0,1}, pell,o0]:

Ixl1e < Crht Ixlox < C2h™" [ xlow. (2.3a)

(X1, <C h;d(%_%)_l | X10,p.ses forany r € [p, oo], (2.3b)

lim [(7 ™ nlo.00 = 0, Ve CR), (2.3¢)
(I = 1"l < C R [11]2, Vne H*(2),  (23d)
/|X|2dx s/lh[mz]dx < C/l)(lzdx, (2.3¢)

02" = a2 < Ja =1 (Mg, < CR [l |21 (2.3f)
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Furthermore, as the mesh is quasi-uniform, we recall the well-known bounds

(7= P"mllo < Chnli,  ¥YneHY(S), (2.42)

lim ||( — P")pll; = 0, Ve HY(Q), (2.4b)
h—0

10" 1llm < C [0]lm, Vne H™(2), m=0orl; (2.4¢)

In order to see (2.4c) for m = 1 we observe that (2.3e), (2.2) and (2.3f) imply
10" n — Pnllg < (Q"n— P"n. Q"n— Php)’
= (P"n. Q"n— Py — (P"n. Q" — P'n)" < Ch|| Q" — PPnllo| Pl

so that (2.3a) and the H !-stability of P" yield

0"y < Ch7Y Q"0 — P yllo + [Py < CIP < Clnla.
In addition, as the mesh is acute, we recall that for both d = 2 and 3 (cf. [6] for d = 3)

Vi Vi e <0, i#j. VkeTh (2.5)

which yields for monotone g € C%!(IR) with Lipschitz constant L, that

IVIMe(I]” < Lg Vi -VI"[e(n)], VxeSt Vierh 2.6)
We introduce the following explicit finite element approximation of (P) with a uniform time step

t>0:WithU? = 1"u0,i = 1,2,forn =1,...,N,where Nt = T, find {U", U}'} € S x S*
such that fori =1, 2

ur—urt o\ B B o
(fx) +(bUH VUL V) = (bUH UM p)" YV xe st @)

Here, U" ! := U 1”_1 + Uz”_l. Clearly, as the scheme is explicit, the existence and uniqueness of
{U], Uy} follows trivially. In order to analyze the scheme we shall assume throughout the paper
that the following time step restriction is satisfied:

hz
TS — > ,
Cs; + h?max{ry,r2}

(2.8)

where C; is as defined in (2.3a). Below we derive a-priori estimates on the solution {U[*, U}'}, as
wellason U”, forn =0,...,N.

LEMMA 2.1 We haveforn =0,..., N

U'(x)=20, i=1,2, and U"(x) <1 forallx € Q. (2.9)

Proof. The assertion holds for n = 0 in view of our assumptions on u?, i =1, 2. Suppose now that

it is true forsome n — 1 € {0,..., N — 1}. Fixing j € {1,...,J} and inserting y = y; into (2.7)
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we obtain that

m; U"(pj) =mj U (pj) [1 + tri b(U" " (p)))]

J
U o0 | Y VoY) I / b Nax | @10
k=1

K
keTh

In view of (2.5) and (2.3a), and observing that (U™ 1), y; € [0, 1] we deduce that

m; UM(p;) = UM (p;) [mj—r Z /|V)(j|2dx]
K

keT"
= U (p)) [mi —C3th™ ) /X.i dx]
keTh «
=m; U ' (pj))1=C3th™) 20, @.11)

as sz T h™2 < 1. Hence, we have proved the first result in (2.9).
On the other hand, (2.10) yields that

mj U (py) = m; [U"(pj) + Tb(U™ () (1 UF ™ (p)) + 12 U2 () ]

J
— U o X (Ve V) |K/b(U"*1>dx]. (2.12)
k=1

K
keTh

Using again (2.5), (2.3a) and b(U"™!), y; € [0,1], as well as the facts that U"! € [0, 1] and
J

Z V xr = 0, we obtain that
k=1
J

S U o) X (Vo) e [ @ ax

k=1 keT" K

> Y 2 Vi Vi) b [ b s

k#j xeTh

+ X U IVl e [ b ax

K
keTh

> 3 (U ) - DIV I / bU" ) dx
keT" “
= mj sz h_z(Un_l(pj) — 1).
If we insert this bound into (2.12) we deduce, on noting that U"~! € [0, 1], that
m; U™ (p;) <mj [U"(pj) + 1 C3h™> (1=U"""(p)))]
+mj T max{ry,r2} (1= U""(p)) U" "' (p))
<mj, (2.13)
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as T (C# h=2 4+ max{ry,r»}) < 1. Hence, we have proved the second result in (2.9). O

LEMMA 2.2 The solution {U]*, U}'} of (2.7) satisfies fori =1, 2
N
ax | U3 + Zl z/Q b(U™ Y |IVUM P dx < C, (2.14a)

n—1
— U <C. (2.14b)
(H1 ()

ZHU" U 1||0+Z '

Proof. Choosing y = U/" in (2.7) we obtain, on noting (2.9) and that 5(U" ') € [0, 1], fori =1, 2
that

LN IZ =12 + \up =2 ) + < /ﬂ b(U" N VU dx
<t(ri |2+ /9 VhU Y VU V(U — U1 dx)
3
< / b IVUPT P dx + S CR I U — U R+ C 2.15)
2

where we have agaln applied (2.3a) as well as the elementary inequality a b < 4 241 b2 Summing
the above fromn = 1to m, form = 1,..., N, and taking into account (2.3e) and the fact that
C22 th™2 <1 yields (2.14a) and the first bound in (2.14b).

In order to prove the second bound in (2.14b), we take an arbitrary ¢ € H1'(£2). Choosing
¥ = 0" in (2.7) and noting (2.2) we obtain for i = 1, 2 that

ur — U_nfl Un Un 1
(=)= ()
T T
—/ pU Y VU .V Q e dx + 1 (b(UH UL, QR (2.16)
Q
Using the stability properties of Q*, (2.4¢), (2.9), (2.3¢) and that b(U"~') € [0, 1], we infer for
i =1, 2that

n _ yrn—1
'(u;) <C
T

Repeating the above for all ¢ € H!(£2) yields for i = 1, 2 that

h

1
2
(/ﬂ b(U"—l)WUi"—lex) il +Clieho. @17)

1

2
<C (1+/ b(U"1)|VUl."1|2dx) . (2.18)
(H'(2)) 2

The second bound in (2.14b) now follows from (2.18) and (2.14a). O

Uin _ Uin71
T

REMARK 2.1 In order to avoid the restrictive assumption (2.8) one could consider a semi-implicit
scheme; that is, (2.7) with VUZ.”_1 replaced by VU/", which requires a linear solve for U/, i =1, 2,
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at each time level. It is a simple matter to show that such a scheme satisfies (2.9), (2.14a), with
VUI.’“1 replaced by VU, and (2.14b) under the mild stability restriction T max{ry,r,} < 1.
However, the convergence analysis in the next section exploits similarities of (P;) with the
nonhomogeneous porous medium equation. For this, it is crucial that b(-) and the gradient term
on the left-hand side of (2.7) are at the same time level; which is true for the explicit scheme, but not
for the semi-implicit scheme. Hence, we will restrict ourselves to the explicit scheme in this paper.

3. Convergence
Let us define fori =1, 2andn =1,...,N

t—1In—1

t
Usihe(x.1) 1= =L U () + =

—1
Ur(x), tho1 <t < ty, (3.1a)
T

Ui o (x, 1) == U (0), Uty :(0.0) = Ul(x),  tao1 <1 <1, (3.1b)

. + . + +
and Up,¢ := Upho + Ui o Uh,r = Ul;h,r + U2;h,r'
We have the following convergence results.

LEMMA 3.1 There exists a sequence {&, 7} — {0, 0} satisfying (2.8) such that fori = 1, 2

Uihe Uy — wi in L%(27), (3.2a)

Uihe=Uipe — 0 in L?(27), (3.2b)
oU;. ou;

S S i L20.T:(H (@), (3.20)

bU, )VUL,, — F inL*0.T:[L*(2)]): (3.2d)

where u; (x,t) = 0and u(x,?) := ui(x,t) + uz(x,t) € [0, 1] fora.e. (x,t) € 27, and F; needs to
be identified in terms of u; and u, see Lemma 3.5 below.

Proof. The desired results follow immediately from Lemma 2.1 and Lemma 2.2. O

LEMMA 3.2 There exists a subsequence {&, T} — {0, 0} of the sequence in (3.2a)—(3.2d) such that
Uhe Uy, — u a.e.in Q2r, (3.3a)
bW, NP U= @) u ae.inQr, i=1,2. (3.3b)

Proof. We define B(s) := [b(s)]*> = (1 — s)? and consider V}, ; := B(Uj ;). Clearly, VVj,, =
B'(Up,:)VUyp ¢ ae.in 27.0n 2 X [ty,—1,,], we have in view of (3.1a) and (2.9) that

|B'(Upo)| < |[B'(U" H|+6[U"—U"" <3/bU ) +6|U"—U""|,

as well as
|VUp| < VU + [VU" —U" Y.
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This implies, on noting (2.3a) and (2.3b) with r = p = o0, that

T N th
[ 19valzar =3
0 n=1

/ | B (Up.0) 2|V Upo]? dx
th—1 J 2

T/ [b(Unfl) 4 |Un _ Un71|2:|[|VUn71|2 4 |V(Un _ Un71)|2:|dx
n=1 2

(1 — 5)? would be adequate for the argument above. The cubic choice of B is required for the
argument below.

(3.4)
where the last inequality follows from (2.14a), (2.14b) and (2.8). We remark that B(s) := [b(s)]* =
Next, we note that

8Vht ’ 8Uh‘[ , Un_
— = B'(U] — = B'(U]
9 ( h,r) 9 ( h,r)

n—1

on §2 X [ty—1, ty].
For p > d,let¢p € WHP(2) C L™(£2). It follows from (2.2) and (2.7) that for ¢ € [t,_1, t,]
<8Vh,r >
wl.p(2)

U" — Unfl Un — U"71 h
Wi, - (7 B'(Un.0) ¢>) _ (7 0" (B'(Up.0) ¢>))
T T

. / U™ VU . VO (B'(Up.r) $) dx
2

+ (U UPT 4+ U, @B/ (Un,) )"
Hence, on noting (2.9), that b(U"’l) € [0, 1], (2.3¢) and (2.4c), we have for ¢ € [t,—1, t,] that
V.o
S

ot

<( /ﬂ b(U"") |VU"*1|2dx)% IV O (B"(Un2) $)llo + C | Q" (B'(Un,0) ) llo

1
<C (/x2 bU" ) VU2 dx)? [|B'(Un,e) ¢l + C [1B'(Un,2) #llo

1
sC (/ﬂ bU" Y VU2 dx)? ([6(Un) VUncllo dllo,co + 19111 ) + C ligllo- (3.5
Arguing similarly as in (3.4), it follows for ¢ € [t,—1, t,] that

1
16(Un,) VUp,cllo < (/ bU" ) IVU 2 dx)? + ChTH U™ = U o
2
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Inserting this bound into (3.5) we deduce for z € [t,—1, ] that

<8Vh,r >
ot ’ Wl.r(2)

Hence (2.14a), (2.14b) and (2.8) imply that
T
J

N N
<C (1 +> z/ bU™ ) |VU P dx+ ) thT? U - U"1||§) <C. (3.6
n=1 2 n=1

< Cléolhp (1 +/Qb(U”_1) VU™ 2 dx + 072 U ~ U”“II%)-

W
dt

dr
wir(2y

We infer from (3.4), (3.6) and (1.6) that there exists a subsequence {h, t} — {0, 0}, subject to
1

(2.8), such that {V}, .}, converges in L2(£2r) and almost everywhere. Since Uy , = 1 — Vhi, we
see that there exists a subsequence of {Up, }p -, on recalling (3.2a), that converges to u = u + u»
almost everywhere; and, on recalling (3.2b), the same is true for {U, Wt }n.r after possibly extracting
a further subsequence. Hence the desired result (3.3a).

To prove (3.3b), we consider Wi := B(Up) Uine = [B(Up))? Uihe € L®(R27), 0 =
1, 2, and proceed in the same way as above to show, similarly to (3.4) and (3.6), that

T W,
[t [
0 t

Hence, there exists a further subsequence of {h, t} — {0, 0}, satisfying (2.8), and functions w; €
L*®(827),i = 1, 2, such that

dt <C, i=1,2.
wir(2yy

Wishe = wi a.e.in 27, i=1,2.

On noting (3.2a), (3.2b) and (3.3a), it is straightforward to deduce that w; = [b(u)]2u;,i = 1, 2;
and that the desired result (3.3b) holds. O

Our next aim is to establish the regularity of u. For this purpose we will first show that % :=
b(u) = 1—u is a weak solution of the nonhomogeneous porous medium equation, see, e.g., Vazquez

(91,

e
a—”; —V-(VY@)=f  infr (3.7a)
%(-,0)=1—u"") ing, Vy@)-v=0 ond2x(0,T); (3.7b)
where
Lsen(s) s2 if [s| <1,
vis):=1 > 1 .
sen(s) (Is| - 4 ifs| > 1;
[ = —=bu) (riu +rauz) € L*(27) and u® = uf +uj. (3.7¢)

Here for the pursuing analysis, we have extended the domain of ¥ from [0,1], which is the range of
%, to R so that € C'(R) is a strictly increasing odd function.
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LEMMA 3.3 It follows that % = 1 —u € L*®(27) with () € L?(0, T; H'(£2)) is such that

7 %
"ot
VieL?(0,T; H' (2)) N H'(0,T;L*(2)) with {(-,T) =0 ae.in 2. (3.8)

_/OT (7 35)dz—(1—uo(.),é(.,o>)+/OT (w@,v;)dzzfoT (f.0)dr,

Hence, % is the unique weak solution of the nonhomogeneous porous medium equation (3.7a)—(3.7¢)
for the stated data.

Proof. 1t follows from (2.7) that the function (A]Jh’r = 1 — Uy, satisfies ﬁh,,(-, 0)=1- Ihuo(-)
and

/OT UaZf “1) + (VT vX)} d

T
— — — h
= _/ (U ) (1 Uy + 12Uz ). x) de, Y x e L0, T:8"). (3.9)
0

Let { € C®(R27) with £(-, T) = 0. Using integration by parts we derive from (3.9) with y = P"¢
that

T AL \h ~ r ~
- / (Uh,r,Pha—g) dt = (T 0). P'E(,0))" + / (Vo (U}, VP ) dr
0 t 0

T
_ _ — h
- _/ (bUy ) (1 Uy, + 12Uz ). PRE) di. (3.10)
0
As Vl//((A]JZ ) =—bU,; ) VU, _, it follows from (3.2d) and (3.3a) that

VYU, ) =~ —(Fi+ F) =Vy@)  in L20,T;[L*(2)]%) (3.11)

for a subsequence of {, T} — {0, 0} satisfying (2.8). We stress here that one cannot apply the chain
rule directly to obtain (3.11), as Vil only exists in a distributional sense. We infer from (2.4a) and
(2.4b) that VP"¢ — V¢ in L2(0, T; [L2(£2)]%) which together with (3.11) implies that

T » T
/(;(Vw(U;’r),VPhZ)dta/O (Vy @), V) dr.

Furthermore, (3.32), (2.9) and (2.4a) show that b(U, ) Phe — b(u)¢ in LY(27), so that we
deduce with the help of (3.2a), (2.3f) and (2.4Db) that

T A T
/0 (bUy ) (r1 Uy + 12Uz ). PRE) di — /0 (b(u) (r1uy + rauz), £) dr.

Treating the remaining terms in a similar way we deduce from (3.10) after passing to the limit
{h,t} — {0,0}

@ - (e ze0) + [ v, o w

T
= —/ (bu) (r1ur + rauz), ¢) dt, Ve C®(R2r)with¢(,T) = 0.
0



354 J. W. BARRETT AND K. DECKELNICK

Hence, the desired result (3.8) follows on noting a density result for the test functions .
Uniqueness follows in the standard way. If there were two solutions %, i = 1, 2, solving (3.8),

then subtracting and choosing ¢ (-, ) = ftT [V(@1) — ¥ (@2)](, s) ds yields that

T 1 2
/ (1 — 2. ¥ (U1) — ¥ (u2)) dr + 5/ dx =0. (3.12)
0 2

T
v ( / WG — ¥ @) dz)
0

As ¥ is strictly increasing, we have that W; = U, a.e. in £27; and hence the solution of (3.8) is
unique. O

LEMMA 3.4 The unique weak solution of (3.7a)—(3.7c), u satisfying (3.8), is such thatu € C($27).
Hence, we have that u € C(§27) and, in particular, the set W := {(x,?) € 27 : b(u)(x,t) > 0} is
open.

Proof. To prove that W € C(£27), we will appeal to Theorem 1 in DiBenedetto [3]. In order to do
so, we have to recast our weak form, (3.8), of (3.7a)—(3.7¢) into the structure of that theorem.
First, we need a change of dependent variable. Let w = v (%) and so ¥ = S(w), where

b <l
B(r) = { sen(r) ClrD . f“rl < f (3.13)
sgn(r) (|r| + 5) if |r| > 5

It follows that 8 € C(R) is a strictly increasing function with 8(0) = 0 such that (i) 1 < B'(r)
for all r € R\ {0}; (ii) liminf}, | B(r) = oo; (iii) B'(s) < B'(r) foralls € R\ [-3, 1], and
for all r € [—%, %] \ {0}; and B’ is decreasing over (0, %] and increasing over [—%,O). Hence,
assumption [A;] on B in [3] holds. With this change of variables, it follows from (3.8) that W €

L>®(27) N L2(0, T; H'(£2)) is the unique solution of
T _ aé- T _ B T
- [ @@ 5 - (- we.ceo)+ [ B0 = [ (foa

Ve L*0,T;HY(2)) N HY(0,T; L?(2)) with (-, T) = 0 a.e. in £2. (3.14)

In addition, the assumptions [A;] and [A3] in [3] on the leading order spatial operator and the lower
order terms trivially hold.

Finally, we need to check assumption [A4] in [3]. For this, we introduce a sequence of C*°(R)
approximations to 8. This is achieved via mollification. Let ¢ € C°°(R) be such that

Cexp((r2 =171 if|r| <1,
e(r) = , (3.15)
if |r] = 1;
where C is chosen so that ffzo ¢(r)dr = 1. Next we introduce for m € N
m(r) =me(mr)  forr €R (3.16)

satisfying ¢, € C°°(R) with supp(¢m) C [—% %] and ffzo ¢m(r)dr = 1. For m € N, we then
set

Bm(r) = /’ By (s)ds for r eR, 3.17)
0
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where forr € R

0

B, (r) = /0 om(r —s5)B'(s + L) ds +/ om(r —5) B'(s — L) ds. (3.18)

It follows that 8, € C*°(R), with 8,,(0) = 0, is a strictly increasing odd function for m € N.
Moreover, we have for m € N that

1<, <p'(r)  VreR\{0} (3.19)

and hence (2.2) in [3] holds. Let r > 0 be fixed, then for m sufficiently large we have from (3.18),
(3.19), (3.16) and (3.15) that

0.<B(r)— i) = /0 om(r =) [B/(r) — B'(s + 1] ds
r+%
—m / o — ) [B'(r) — B'(s + 1)) ds

r+%
<Cm /_l [B'(r)— B'(s + L)]ds. (3.20)

m

On noting that 8’ is uniformly continuous on compact subsets of R \ {0}, we deduce from (3.20),
and on applying a similar argument to (3.20) for a point r < 0, that

lim |B'(r) = B,,(r)| =0 forae.r € R. (3.21)

As B’ is uniformly continuous on compact subsets of R \ {0}, the argument above is easily adapted
to show that

B,, — B’ uniformly on compact subsets of R \ {0} as m — oo. (3.22)
It follows from (3.17), (3.22), (3.21) and Lebesgue’s dominated convergence theorem that
Bm — B uniformly on compact subsets of R as m — oo. (3.23)

Hence, the first part of assumption [A4] in [3] holds.
For m € N, let Wy, be the unique solution of the regularized version of (3.14); that s,

T 9 T T
~ [ B, Ot (1= u0().£.0)) + | @ voa = [(roa
0 0 0
VieL?(0,T; H' (£2)) N H'(0,T;L*(2)) with {(-,T) = 0 a.e. in £2. (3.24)

As Bm € C*(R) is neither singular nor degenerate, recall (3.19), then standard parabolic theory
yields that %, = Bm (W) € L2(0,T; H'(2)) N HY (0, T; (H'(£2))'), with Uy, (-, 0) = 1 — u°(-),
is the unique solution of

T T T r
/0 (%vC)Hl(Q)dI_F/O (V’ulfm(ﬁm)’vz)dt 2/0 (f’Z)dI’

YieL*0,T; H'(R)). (3.25)
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Here , is the inverse of 8,,, and so W, = ¥, (U,). We note, on recalling (3.19) again, that
Yl (Bm(s)) = [BL, ()] € (0,1] forall s € Rand all m € N.

It follows from (3.7c¢) and Lemma 3.1 that f € [—M, 0] a.e. in 27, where M := max{ry, r»}.
Choosing ¢ = [u, — 1]+ X[ for any 7 € [0, T], in (3.25) then yields that

T T
%/ i(/ Wm_l]idx) dt+/ / w,’,,(ﬁm)\vmm—l]+\2dxdzso. (3.26)
o dt \Jg 0o Joe

Similarly, on choosing { = [, + M t]- X[ 1n (3.25), we deduce, as Um € C([0,T); L%(£2)),
that for all ¢ € [0, T]

Mt <Up(x,t) <1 fora.e. x € £2, form e N. (3.27)

Finally, on choosing { = Uy, in (3.25) and noting (3.27) yields for m € N that

T
/ |V G | dr < C, (3.28)
0

where the constant C is independent of m.
Therefore, we have from (3.27) and (3.28) for any m € N that w,, € C([0,T]; L2(£2)) N
L?(0,T; H'(£2)) with

T
[ @m |l Loo(27) +/ |Vl |3 dt < C. (3.29)
0

It follows from subtracting (3.24) from (3.14) on choosing (-, t) = ftT (W — Wn) (-, ) ds that for

any m € N
T 2
V(/ [ﬂ)’—ﬂ)’m]dt)
0

T
1T - Tml2.q, < /0 Bn (@) — o (To). T — T) di

r 1
/ (BW) = B (W), W — W) dt + —/ dx = 0. (3.30)
0 2Jo

Hence, we have from (3.30) that

T
< / (B () — B(). T — W) . (3.31)
0
It follows from (3.31), (3.23) and (3.29) that
Wm — win L2(27) and W, — win L*(0,T; H(2)). (3.32)

Therefore, assumption [A4] in [3] holds. Finally, the argument in [3] is a local one , and thus the
weak formulation (2.1) in [3] for W is independent of initial and boundary conditions. This can be
obtained by choosing { = ¢ x4, ] in (3.25) for any ¢ € L2(0,T; H}(22)) N H'(0, T; L*(£2))
and 0 < 1, < tp < T, performing integration by parts in time, and passing to the limit m — oo and
noting (3.32).

Then from Theorem 1 in [3] we deduce that W € C(§27), and souw = B(w) € C(27), u =
1 —u € C(£27) and the set ‘W is open. O
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We now identify F; € L2(0,7T;[L?(£2)]%) appearing in (3.2d), where we denote the j™
component of F; by F; j. We recall from (3.11) that F; + F, = —Vy () = —% V[b(u)]?.

LEMMA 3.5 We have that

ou;
0x;

le('UL) and F; = yy b(u) Vu; a.e.in 2r,

i=12 j=1...4d: (3.33)

where W is the open set {(x,?) € 27 : b(u)(x,t) > O}.

Proof. We begin by proving that %([b(u)P ui) € L?>(R2r) fori = 1,2and j = 1,...,d. To
begin, fix { € Cg°(§27); then Lemma 3.2, (3.11) and (3.2d) yield that

/QT[b(u)]Sulaa—;dxdte/ bW, U, lhraa—zdxdt

_ 58[(}“-)]2 37 s Uzhr
= —/QT |:2 T [b(Uh I, ihot [b(Uh Il i, ¢dxdr

R _/ [; 8[%(”)]2 [b( )]3 Uj —+ [b(u)]4 i li| de d
2r Xi

for a subsequence of {, T} — {0, 0} satisfying (2.8). This implies that

[b@)Pui) 5 8[b(u)]2

o =3 b@)Pu; +p@I*Fy, i=1,2, j=1,...,d. (334
J

We now use this relation in order to identify F;, i = 1, 2, on the set W. To this purpose, let
¢ € C§°(W); then there exists a constant y > 0 such that b(x) = y on supp {. Hence, we have that

34‘

/uu,- % dxdr = / (b)) u; [bu)]™° dx dr
—- {78([“5‘ D7) 5 2 o w2200 O poor 7} Caxar
u Xj 2

[ e Fy paxar
W

thatis, F; = b(u) Vu; on W, i = 1,2. As F; € L?(0,T; [Lz(.Q)]d], i = 1, 2, the first result in
(3.33) follows.
It remains to identify F; on the complement of W.. For any { € C5°(§27), it follows, on noting
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(2.14a), that

-, .
‘/‘ b(U;,) a’@ (1 — yu) ¢ dxdt
2r Xj

< (/ b(U, ) IVU7, r|2 dx dt)7 (/ bU, ) (1 = xv) £ dx dl)
Qr ’ Y Qr ’

<C (/ 1b(U,) —b)|(1— Xu)dXdl) .
Qr

1
2

since h(u) (1 — yu) = 0 a.e. in £27. On noting (3.2d) and (3.3a), we deduce that
/ Fij(1—xyw¢=0 VieCsP(2r), i=1,2, j=1,....d.
Qr

Therefore F; = 0 a.e.on 27 \ WU, i = 1, 2. Hence, we have the second result in (3.33). O

THEOREM 3.1 The pair {u;, u»} is a weak solution of (1.4a)—(1.4c) in the sense of Definition 1.1.

Proof. 1t follows from Lemmas 3.1, 3.4 and 3.5 that points (a)-d) hold in Definition 1.1. We have
from (2.7) that for i = 1, 2 the function Uj, , satisfies U;;p (-, 0) = Ihu?(-) and

T 0Uipe _ _ T N h
/0 (T’X) +(b(Uh,r)VUi;h,r’VX) dt:ri/o (b(Uh,r) Ui;h,r’X) dr

Yy € LY(0,T;SM. (3.35)

Applying integration by parts in time, and noting (2.3f) we deduce that for i = 1, 2 and for all
X €H'0,T; H' (£2))

TT 0Uinx Wishe \h
(B - () | a

T
<Ch sup [Uinel0)lo (/ U
t€(0,T) 0

Let y = I"¢ forany ¢ € C_°°(.Q_T) Then passing to the limit {, 7} — {0,0} in (3.35) with
x = I"¢, for any ¢ € C*®(27), on noting (3.36), (2.3f), (2.3d), Lemmas 3.1 and 3.5, and (3.3a)
yields that

ax

2 3
2lar| . 3.36
o -Hum} ) (3.36)

1

T

ou;

/ (=, Omvedt + / b(u)Vu; - V¢dx dt = r; / b(u)u; ¢ dxde (3.37)
0 dt W Qr

forall ¢ € C*®(2r), withu; (-, 0) = ul(-). Hence, the desired result (¢) in Definition 1.1 follows on

noting a density result for the test functions . Therefore, {11, u,} is a weak solution of (1.4a)—(1.4c)

in the sense of Definition 1.1 O
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4. The full model

In this section we adapt the analysis in the previous two sections to the full model, (P;), (1.1a)-
(1.1d), involving z, the H ion concentration.

We introduce the following finite element approximation of (P;): With U? = | hu?, i=1,2,
and Z® = 1"z% forn = 1,..., N find {U}, U, Z"} € S" x S" x S" such that fori = 1, 2

v —ur! ! 1 h 1 1
(=) + @@ o+ e vy
=r (GUHU )" Vyesh (4.12)
and
7Zn _ anl h L
(f,x) +a(VZ",Vy) + 85 (2" 0" = (rs UJ + 53, %)

Vyesh (4.1b)

Once again, as G;(-) = 0, one can solve (4.1a) explicitly for U/*, i = 1, 2. As the given positive
parameter ¢« can be very large in the modelling of tumour growths, see [5] and the next section,
we chose to make (4.1b) implicit in Z”; as an explicit scheme would be impractical due to the
severe constraint on the choice of time step t for stability. The scheme (4.1b) requires a linear solve
for Z" involving a sparse symmetric positive definite matrix. Hence, there exists a unique solution
{UF, U, Z"} to (4.1a) and (4.1b). Of course (1.1a), (1.1b) and (4.1a),i = 1, 2, collapse to (1.4a),
(1.4b)and (2.7),i =1, 2,if§; = 6, = 0.

The bounds (2.9) of Lemma 2.1 remain true for (4.1a) and (4.1b) since the only changes
to the proof, as stated, are that m; U"(p;) is replaced by m; (1 + t G;(Z"'(p;))) U (p;)
on the left-hand sides of (2.10) and (2.11), and m; U"(p;) is replaced by m; (U"(p;) +
T Ziz=1 Gi(Z" ' (pj)) U"(p;)) on the left-hand sides of (2.12) and (2.13). As G;(-) = 0, the
desired results hold. In addition, on choosing y = I"[Z" — min{z®% ,1}]-, where z°. =

min, . z%(x) = 0, in (4.1b) yields, on noting (1.3), (2.6) and (2.9), that, under assumption (2.8),
Z"(x) = min{z%, .1}  foralx €2, n=0,...,N. (4.2)
The bounds (2.14a) and (2.14b) of Lemma 2.2 remain true for (4.1a) and (4.1b). This is easily seen,

as Gi(-) €0,6;],i = 1, 2, implies that (2.15) and (2.17) still hold. Similarly, on choosing y = Z"
and y = Q"¢ in (4.1b) yields, together with (2.3a), that

N
ny2 ny2 ~
Jmax 120G+ Tzt < C (432)
n=0
N N 1112
Zh _ gn 1
Dzt -z g+ > | ——— <cC. (4.3b)
n=1 n=1 T (H (2))

Clearly, the convergence results (3.2a)—(3.2d) of Lemma 3.1 remain true under the stated
assumptions. In addition, it follows from (4.3a) and (4.3b), on adopting the notation (3.1a) and
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(3.1b) for Z" and noting (1.6), that for a subsequence of the sequence {4, 7} in Lemma 3.1

Zhe Zip, — z inL*0.T:H'()), (4.42)
0z d
bt o Z 120, T (HY(Q))), (4.4b)
dt dt
Zhe Zip, — z inL*(Qr): (4.4¢)

where z(x,7) = min{z%. 1} forae. (x,7) € 2r.

The results (3.3a) and (3.3b) of Lemma 3.2 remain true, as (3.5) still holds since G; (+) € [0, §;].

Similarly, on noting (4.4c) and that G; € C(R;[0,6;]), i = 1, 2, the results of Lemmas 3.3 and
3.4 remain true with f := —b(u)(ri u; + rauz) + G1(2) u; + G2(2) us.

Finally, the proof of Theorem 3.1 is easily modified, on noting (4.4a)—(4.4c) and that G; €
C(R;[0,8;]),i = 1, 2, to show that {uy, u,, z} is a weak solution of (1.1a)—(1.1d) in the sense of
Definition 1.1 with (e) replaced by z € L2(0,T; H'(£2)) N H'(0,T; (H'(2))"), z = min{z?, , 1}
a.e.in 27,

T oui
/ (%7§)H1(Q)dl+/ b(u)Vu,-.V§dxdt+/ Gi(z)u; Cdx de

=r / buyu; tdxdt  V¢eL?0.T:HY(R)) i=1,2 4.5)
7
with u; (-, 0) = u?(-); and

T 9
/ (—Z,é’)Hl(g)dt+oe/ Vz-V{'dxdt:/ [r3us —83(z—1)]¢dxdr
0 ot 2r

Qr

Ve L*(0,T; H' (2)) (4.6)

with z (-, 0) = z°(.).

5. Numerical experiments

All experiments were performed in MATLAB.

Firstly, in order to test our approximation, (4.1a) and (4.1b), of (P;) we considered an
appropriate extension of our scheme to the more general system, where (1.1a) and (1.1c) are
replaced by

ou;

8_tl — V- (b(uy + u2) Vuy) = ri buy + uz)u; — Gi(z)u; + f;  in 27,
a
a—j—aVZZ:r3u2—53(z—l)+f3 in 27.

We chose 2 = (0,1)2, T = 0.1,r; =r, = r3 = « = 83 = 1 and the functions G;, (1.2a), with

. . . .
S1=8=2, =1, =4, MM =01, zy"=04
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TABLE 1
Errors and experimental orders of convergence (eocs) in L>®(L?) for test problem with known
analytic solution.

h Eco,0,u; eoc Eco,0,u5 eoc Eco,0,z eoc
0.14142 0.031701 — 0.032161 — 9.2161e-04 —
0.07071 0.007320 2.115 0.0074374 2.112 2.4341e-04 1.921
0.03536 0.001793 2.030 0.0018223 2.029 6.1779¢-05 1.979
0.01768 4.4597e-04 2.007 4.5327e-04 2.007 1.5507e-05 1.994
0.01179 1.9802e-04 2.004 2.0126e-04 2.004 6.8972e-06 2.000

The functions

ui(x,t) = sin(6 w 1) [cos(2 7 x1)]?, uz(x,t) = sin(6 7 1) [sin(2 7w x1)]?,
z(x,1) = €' x3 (1 — x2)?
are non-negative and satisfy u; 4+ u, < 1 over the considered time interval. In addition, they satisfy
the homogeneous Neumann boundary conditions (1.1b), (1.1d) as well as the above system for

suitably defined right-hand sides f1, f2, f3. Note that b(uq(-,7) + ux(-,t)) = 0fort = ﬁ so that
the diffusion coefficient in the first two equations vanishes inside the considered time interval.

For a uniform mesh, obtained by dividing §2 into squares and then into triangles by introducing the
NW-SE diagonal, of grid size & we calculated the following errors, for convenience,

Eoo,0,u; (h) := max ||Ui"—u,~(-,nr)|

n=0,...,.N

0’

N 1
Exva ()= (Y e[V (U7 = (Pun ) [5)

n=1

fori = 1, 2 with analogous definitions for Ex 0,z (/) and E5 1 ;(h). In practice, the error Exo,0,.(h)
was calculated using a numerical integration rule which samples at the centers of the triangles. The
time step T was chosen as 7 = 0.1 42 so the stability bound (2.8) is satisfied. Tables 1 and 2 show the
errors along with the experimental orders of convergence. We note that these errors converge at the
optimal rate, which is possibly to be expected for this model degenerate problem as the underlying
solution is smooth.

Secondly, we tested our approximation, (4.1a) and (4.1b), on data arising from the acid-mediated
tumour invasion model. For the two-component system (P), (1.4a)—(1.4c), then any functions u; >
0,i =1, 2, with u; + up = 1 is a steady state. Whereas, constant steady states {u1, u,, z} for the
system (P;), (1.1a)—(1.1d),withu; = 0,i =1, 2, u; + up < 1 and z = 0, satisfy

Gi(z)ui =ri (1 —(uy +u2))u;, i=1,2, and 63(z—1)=rzus.
Therefore if 63 > 0 then one steady state is {0, 0, 1}, and another satisfies

{uy,0,1}, where Gi(1) =r1 (1 —uy).
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TABLE 2
Errors and experimental orders of convergence (eocs) in L>(H?') for test problem with known
analytic solution.

h E2 1,4 eoc E> 1, eoc E> 1,z eoc
0.14142 0.231705 — 0.231705 — 0.005394 —
0.07071 0.113071 1.035 0.113071 1.035 0.002545 1.084
0.03536 0.056124 1.011 0.056124 1.011 0.001250 1.026
0.01768 0.027986 1.004 0.027986 1.004 6.2124e-04 1.009
0.01179 0.018649 1.002 0.018649 1.002 4.1371e-04 1.003

Hence, if, in addition, z{" = 1 and r; > 0 then {1,0, 1} is a steady state. We chose the following
data:

a=25%x10%, r=m=a r=8="700, & =25, & =02«,

opt __ opt __ width __ width __
zpo =1, z,7 =2, zj =01, z; =04.

The majority of this data is derived from [4] after applying a rescaling, which is appropriate for the
the present model; compare the definition of £ in (E) of [4] with that in (F) in [5]. Therefore the only
constant steady states are {0, 0, 1}, {1, 0, 1} and {0, 1, 2}; that is, no cells, only normal cells and only
tumour cells, respectively, with their associated optimal acidity level. The former state is unstable,
whilst the other two are stable.

For A € R~ (, we introduce the regularized Heaviside function

H,(r) := 0.5[tanh(A r) + 1].
Then with £2 = (0, 1)2, we considered initial data of the form
u?(x) = ¢ H,{(|x| —ai) +b;, i=1,2,
2%(x) = c3 Hy(|x| — a3) + b3;
where, fori =1, 2, 3,a; € (0, 1] and b;, ¢; € R. We chose

/\:100, a1:a2:a3:O.1,

b1=0, b2=1, b3=2, and Cl=1, 62=C3=—1.

This initial data connects smoothly the tumour cell steady state {0, 1,2} to the normal cell steady

state {1,0,1}. We chose T = 0.0015, and a uniform mesh as above with h = “5/—05 and T =
0.00125 h2. Contour plots from our approximation, (4.1a) and (4.1b), at the initial and final times
are shown in Figure 1. Visually indistinguishable results are obtained for finer meshes. One sees the
tumour edge is a travelling wave moving across the region preceded by a wave of higher acidity,
which kills off normal cells leaving space to facilitate the tumour invasion. Of course this initial data
is a steady state of the reduced approximation, (2.7), in the absence of z as ”(1) + ug = 1. Finally,
we note that the degeneracy of the diffusion coefficient »(1; + u3) in (1.1a) does not appear to play
such a crucial role in this tumour invasion model, as similar results to those that appear in Figure 1
can be achieved if b(u1 + u») is replaced by unity.
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