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We study a polygonal analogue of the Hele-Shaw moving boundary problem with surface tension
based on a framework of polygonal motion proposed by Benes et al. [5]. A key idea is to introduce
a polygonal Dirichlet-to-Neumann map. We study variational properties of the polygonal Dirichlet-
to-Neumann map and show that our polygonal Hele—Shaw problem is a polygonal analogue of the
original problem. Local solvability of a polygonal Hele—-Shaw problem is also proved by means of
the variational structure.
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1. Introduction

We consider a mathematical model for moving boundaries in one phase Hele—Shaw flow. The Hele—
Shaw flow is two-dimensional slow flow of viscous fluid between two parallel horizontal plates with
a thin gap. It was studied by H. S. Hele—Shaw [14] experimentally at first, and some mathematical
models have been proposed in several papers [20-22, 24].

We suppose that the viscous fluid occupies a bounded domain §2(¢) C R™ at time ¢. Although
the Hele—Shaw flow is a two dimensional flow, we consider our mathematical model in general
dimension m > 2. We assume that I"(¢) := 0£2(¢) is sufficiently smooth and moves smoothly. We
suppose that the outward normal velocity of I"(¢) is denoted by V(x,¢). A standard mathematical
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model is as follows:
u(x,t) =—=Vp(x,t) (x €R(),t€[0,T))

divu(x,t) =0 (x € 2(t), t €0, T))

p(x,t) =ok(x,t) (xerl(),te]0,T)) (1.1
Vix,t)=n-u(x,t) (xel(),te]0,T))

r) =Ty,

where p(x,t) € Randu(x,t) € R™ (x € §2(t)) are anormalized pressure field and a velocity field,
respectively. The velocity field is proportional to the gradient of pressure [20]. The third equation
represents a surface tension effect, where o > 0 is a surface tension which is a given fixed constant
and « denotes sum of principal curvatures of I"(¢). If £2(¢) is convex then k¥ = 0.

The Hele—Shaw problem is one of the simplest typical moving boundary problems and it
admits several variational structures which will be shown in Theorem 2.4 below. So far, there
are many different mathematical approaches to analyze this problem. Duchon and Robert [7]
gave a mathematical interpretation of surface tension as corresponding to the coefficient of the
principal part of a nonlinear third order parabolic integro-differential equation and proved a time
local existence of the unique solution in graph setting without source term. The parabolicity of
the equation is a mathematical expression of the stabilizing effect of surface tension. Their result
was then extended in [16] to more wider class of geometry with source terms. A mathematical
relation between the fingering phenomena and the surface tension effect was also discussed in terms
of mathematical ill/well-posedness in [16]. Escher and Simonett [8] studied the multi-dimensional
case using an abstract theory for nonlinear parabolic semigroups and proved short-time existence of
the moving boundary with a driving force. Chen et al. [6] also proved existence of the solution of
the Hele—Shaw problem with surface tension by a forth order regularization technique.

The variational structure of the Hele—Shaw problem often plays an essential role not only
in the analysis but also in the numerical analysis. For instance, preservation of such variational
structures in numerical simulation deeply concerns its stability and accuracy. Although there are a
great number of numerical schemes for this problem (see [1, 15, 23] and references therein), most
of them realize variational structures approximately. In contrast to them, our polygonal analogue
Hele—Shaw flow preserves the variational structures and is regarded as a semi-discrete numerical
scheme, that is, it is continuous in time and discrete in space.

Benes et al. [5] proposed a polygonal motion in R? with a notion of a polygonal curvature.
It is a generalization of the crystalline motion which is a mathematical model of crystal growth.
They applied their polygonal motion not only to the curvature flow but also to wider classes of
moving boundary problems and showed that the polygonal motion preserves the original variational
structures almost perfectly.

In this paper, we consider a polygonal Hele-Shaw problem based on the idea of [5], and show
that it is a polygonal analogue of the original problem (1.1). This is not the first attempt to apply
the crystalline motion to the Hele-Shaw problem (see [3, 10, 11]). Particularly in [10, 11], they
proposed a crystal growth model of a three dimensional cylindrical domain similar to our polygonal
Hele—Shaw problem, and they made good use of the variational structures. Our motivation, however,
is different from these papers, because our view point is to construct polygonal version of a
moving boundary problem preserving the variational structures, and we have chosen the Hele—Shaw
problem as typical model.

The outline of this paper is as follows. In Section 2, we review a standard Dirichlet-to-Neumann
map in a smooth domain and show the variational structures of the Hele-Shaw problem such as
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volume preservation and surface decreasing properties. It is also shown that the center of gravity
does not move. In Section 3, we consider polygonal motions mainly in two dimensional space.
We study some properties of a polygonal Dirichlet-to-Neumann map in Section 3.1, and we briefly
review the polygonal motion proposed in [5] in Section 3.2. In Section 3.3, we construct a polygonal
version of the Hele-Shaw problem and show its variational structure. Finally, time local solvability
and uniqueness of the solution of polygonal Hele-Shaw problem are proved in Section 4.

2. Motion of smooth surfaces
2.1 Dirichlet-to-Neumann map

As a preliminary in studying the Hele—Shaw problem, we define the Dirichlet-to-Neumann map
and study its properties. Let £2 be a bounded Lipschitz domain in R” (m € N, m > 2) with its
boundary I' := 9£2. We define a bilinear form on the Sobolev space H!(£2) by

a(u,v) :=/9Vu-Vvdx (u,veHl(.Q)).

For a function v € H!(£2), we define a trace operator yov := v| . It is known that y, is a bounded
operator from H !(£2) onto H? (I") (see [13]). We denote the dual space of H 3 (I') by H™> r):=

(H% (I')).For g € H? (I'), there exists a unique weak solution u € H1(£2) to the following
boundary value problem:

Au=0 1in 2,

u=g onl. 2.1
We define an affine space:
X(g) = {ve H'(2): yov =g} (g€ H>(I).
A weak form of (2.1) is as follows:
ueX(@ st a@v)=0 ("veX©), 2.2)
and it is equivalent with the following minimization problem:
Find u = argmina(v, v), 2.3)

veX(g)

which means
Find u e X(g) st a(,u)<a(,v) (Vv € X(g)).

It is well-known that there exists a unique solution to (2.2) or (2.3). We consider a Dirichlet-to-
Neumann map Ar by

Ju

Arg ==,
rg on
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where u is the weak solution of (2.2) and n denotes the outward unit normal vector on I". Formally,
for an arbitrary v € H!(£2), it satisfies

/(Arg)vde_l =/ (r)—uva’H’"_1 :/ divivVu)dx = a(u,v),
I r 8n Q

where d H™™! denotes the (m — 1)-dimensional Hausdorff measure. A precise definition and
properties of A are given in the next theorem. We omit its proof, but it is not difficult to show
the following theorem from a standard argument as in [13].

THEOREM 2.1 (Dirichlet-to-Neumann map) There exists Ay € B(H 2 (), H™2 (I')) such that

(Arg, yov) —a(u,v) ("geHI(I), Yve H'(Q)),

H™3 () i)

where u is the solution of (2.2). Moreover, A is a symmetric operator, i.e., A’F = Ar and satisfies

Ker(Ar) = {g € H%(F); g = const.},

Im(Ar) = {A € H3(I); (A1)

_1 1 =O}.
H 2(I') H2(I)

2.2 General motion and variational formulas

We consider motion of smooth hypersurfaces in R™ (m € N, m > 2) in this section. Let £2(¢) be
a bounded domain in R” moving in time ¢ € I, where [ is an interval. We denote the boundary
of 2(¢) by I'(¢) and call M := |J,o;(I"(t) x {t}) a moving boundary. We suppose that M is
sufficiently smooth, e.g., M is a C ?*!-class moving boundary (which means the outward unit normal
vector field n of I' () belongs to C (M ; R™) [18]). Then we can define the outward normal velocity
V € C%M;R) and sum of principal curvatures k € C°(M;R).

The m-dimensional measure of £2(¢) and the (m — 1)-dimensional Hausdorff measure of I'(¢)
are denoted by |§2(¢)| and |I"(¢)], respectively. We define the center of gravity of £2(¢) by

1
c(t) = xdx
O =120 Jew

The following results are easily derived from standard variational formulas. See [18] for further
details.

THEOREM 2.2 If M is a C?:!-class moving boundary, then |$2(¢)|, | I"(¢)| and ¢(¢) belong to C* (1)
with respect to ¢ and the following formulas hold for ¢ € 1.

d
1.—-90)=/m VdH™ !,
if| | o
— | @) = kVdH™ 1.
SAro) [m)
1

xVdH™ .
121 Jre

d
3. If |§2(¢)] is constant in time, EC(I) =
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2.3 Hele—Shaw problem with surface tension
In this section, we consider a C?!-class moving boundary
M= | (re x{).
o<t<T

and suppose that, for each ¢t € [0, T), I'(¢) is a boundary of a bounded domain £2(z) C R™. For
simplicity, we write V(¢) := V|r() and «(¢) := «|r(). We denote the bilinear forms on £2(¢) and
I'(t) by

ar(u,v) :=/ Vu-Vodx, (u,v);:= (u, )
2(1t)

B Ere) T EET@)

The trace operator from H'(£2(¢)) to H 3 (I"(¢)) is, however, always denoted just by yg.
The Hele—Shaw problem (1.1) is described by using the Dirichlet-to-Neumann map.

PROBLEM 2.3 For a given bounded domain £2¢y in R™ with a smooth boundary Iy = 952y, find a
C?!_class moving boundary M with k() € H? (I'(z)) for t € [0, T') such that

V(t) = —0Ar@ (@) (1 €[0,7))
{F(O)=Fo e 24)

Under the condition (2.4), for each ¢ € [0, T'), the pressure field p(¢) = p(:,t) and the velocity
field u(¢) = u(-, t) are constructed in the following spaces.

v
p(t) e Hl(g(t)) s.t. { at(p(t),v) =0 ( LS HOI (.Q(l)))
yop(t) = ok(t) onI'(r)
u(t) = —Vp(t) € L*(22(1); R™) (2.5)

The solution satisfies the following properties.

THEOREM 2.4 If M is a solution of Problem 2.3, the following properties hold.
d

1. —|2@®)| =0
120

d 1
2. —|F ()] = — / lu(x,0)|?>dx <0
dr ®

o Ja
d

3. —c(®)=0
T

Proof. From the formulas of Theorem 2.2, we obtain the area preserving property:

d
E|S2(t)| = / VAH™ ' = (V(t),1); = (~0Ar@ (k@) 1) = —a,(p(), 1) = 0.
@)

The second property also follows.
d -
GOl = [ eV dHm = Ao (). rop(©);
r@)

= —%a,(p(t),p(t)) = —é /.;2(t) |u(x,t)|2dx.
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For the center of gravity, from property 1, we can use formula 3 of Theorem 2.2. Let c(¢f) =
(c1(2),-++ ,cm(t))". We define an identity map (x) := x, and B;(x) := x;. Fori = 1,2,--- ,m,
we have

d
2O 50 = /F BV A = (o (). B

d
= —a/(p(0). i) = —/Q(t) T (x.r) dx.

Hence, we have
d m—1 m—1
|22(0)|—c(t) = — Vp(x,t)dx = — pndH =—0 kndH =0. (2.6)
dt 20) @ ()
The last equality holds for any bounded C? closed hypersurface I". We have used the formula:
/ (Aru)vd H™ ! = —/ Vru-Vevd H™ ! (Vu e CcX(IN), Yve (),
r r

where Ar and Vr are the Laplace-Beltrami operator and the gradient operator on I, respectively
(see [18]). In particular, if v = 1, we have

/ ArudH™ ' =0 (Yu e C(I)).
r
Since A = —kn holds on I" [18], we have

/ knd H"™! = —/ ArBdH™ ! =0.
r r

3. Motion of polygons

In the following two sections, we proceed the argument in two dimensional case.

3.1  Polygonal Dirichlet-to-Neumann map

For a polygonal domain, we define a discrete Dirichlet-to Neumann map for our construction of
a polygonal Hele-Shaw problem. Let £2 be a bounded polygonal domain in R? with a polygonal
boundary I” = 9£2. We suppose I is an N-polygon and the N edges (open line segments) are
denoted by I for (j = 1,2,---, N). We denote the characteristic function of I'; by

— 1 (xEF')v
LHE =10 xer\n,

and define an N -dimensional subspace of L2(I") as

W(I) := span{x1, x2,++» xn) C L*(I").
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We define a polygonal trace operator jo : H!(£2) — W(I") by

N

Fov 1= Z (][F_vdHl) xj €W (ve HY(R2)),

j=1

wherefrj FdH' = (frj FdH")/|Ij| and || := H'(I}).

We recall that the purpose of this paper is to analyze a polygonal version of the original Hele—
Shaw problem (1.1), which will be formulated as Problem 3.6 below. To this end, we propose a
polygonal version of (2.1) as follows. For given g € W(I"), we consider the following boundary
value problem in £2:

Au =0 in 2
You =g on I’
ou 3.1

—| =const. (j=1,2,---,N),
nj |,

where n; € R? denotes the outward unit normal vector of 7.
For g € W(I"), we define an affine subspace of H'(£2):

Xn(g):={ve H(R): ov=4g}.

and define X := Xn(0). A weak formulation of the problem (3.1) is given as follows:

v
. - =0 ( veH 1(.Q))
Find u e Xy(@) st ) 200 0(£2)). 3.2)
2 Ar(you) € W(T),
We can construct an equivalent minimization problem similarly to (2.2):
Find u = argmin a(v,v) 3.3)

veEX N (&)

THEOREM 3.1 Problem (3.2) has a solution # € Xy (g) and it is unique. Moreover, the solution u

is a unique minimizer of (3.3).

Proof. We denote the dual map 1 (-} 1
H™2(I)' 'H2(I)

asolution of (3.2). Letu; € Xy (g) and u; € Xn(g) be solutions of (3.2) and let w := u; —u,. We

remark that w € Xy, a(w,v) =0 forv € HOI(Q), and Ar(yow) = Z;V=1 Wjxj, where uj € R.

From these relations, we obtain ‘

simply by (-, -). We first prove the uniqueness of

N N
a(w.w) = (Ar(row). yow) = 3 ;{15 yow) = Z“"/p wdH' =0,
j=1 j=1 J

and it implies that w = 0, namely, u; = u,.
Since Xy (g) is a closed affine subspace in H!(£2), it is clear that there exists a unique
minimizer u € Xy (g) of problem (3.3). Its first variation gives the following weak form:

au,v) =0 (“ve Xy). (3.4)
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We define its Neumann boundary value A := Ap(you) € H -3 (I"). From the definition of the
Dirichlet-to-Neumann map,

(A, yov) = a(u,v) (Vv € Hl(.Q)) (3.5
holds. Foreach j = 1,2,---, N, we choose v; € Xy (x;) and define

1 ,
Aj == (A yov;) (j =12,---.N). (3.6)
1751
For arbitrary v € H!(£2), we define p; := fFjvdH1 and v := Zj-vzl pjvj.Sincev — ¥ € Xy,
from (3.4), we have

N
(A, yov) = a(u,v) = a(u. D) = (A, yob) = Y pj(A.ov;)
j=1

N N N
=S Aipill = Zx,/r vdH! :(ijxj,yov>.
j=1 j=1 /

J j=1

Hence,

N
Ar(you) =Y Ajxj € W(I),
ji=1
holds and u is a unique solution of problem (3.2). This also shows that (3.3) admits a unique
minimizer.
O

DEFINITION 3.2 (Polygonal Dirichlet-to-Neumann map) Let I" be a bounded N -polygon in R2,
We define a polygonal Dirichlet-to-Neumann map Ar, which is a linear operator from W(I") to
W(I'), as follows. For g € W(I") and for a solution u € Xy (g) of (3.2), we define A and its j-th
component A; by

N
Ar(@) =) Aj@xj = Ar(you) € W(I).
Jj=1
The following theorem is a polygonal analogue of Theorem 2.1.

THEOREM 3.3 The polygonal Dirichlet-to-Neumann map A is symmetric with respect to L2(1")
inner product, i.e.,

(/ir(é), ];)LZ(F) = (é,;, AF(};))LZ([') (gv ]’; € W(F)) 3.7
Furthermore, it has the following properties:
_ au, vj _ .
J

where u is a solution of (3.2), and

Ker(Ar) = {constant on F}, Im(Ar) = {)_k e W(I); / AdH' = O}. (3.9)
r
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Proof. For g, he W(I"), the solutions of problem (3.2) for boundary values g and I are denoted
by u € Xy (g) and w € Xy (h), respectively. Then we obtain

N N
Ar@) i) oy = > M) | HdH' = 453 aH’
(A @Ry =3 @ b @ [ w

= (Ap()/ou),)/ow)Lz(F) =a(u,w),

and similarly we have (g, Ar (h)) r2(ry = a(u, w). These imply the symmetry (3.7). The equality
(3.8) follows from (3.5) and (3.6).

It is clear that Ker(A ) D {constant on I'"}. For g € Ker(Ar), the solution u € Xn(g) of (3.2)
satisfies Ar(you) = 0. From Theorem 2.1, u is constant on I” (and so in 2). Thus, it holds that
Ker(Ar) = {constanton I'"}.

For the image of A r, it satisfies that

Im(Ar) C Im(Ap) N W(I') = {i e W(I'); / AdH' = 0}.
r

Since dimIm(A ) = dim W(I") —dimKer(Ar) = N — 1, we obtain the latter formula of (3.9).
O

REMARK 3.4 The extension to the three dimensional case of the above story follows from the
parallel argument.

3.2 General polygonal motion and variational formulas

In this section, we briefly review a polygonal motion which was proposed in [5]. We consider
polygons in R2. Let P be the set of polygonal Jordan curves in R2. In this note, I € P is simply
called a polygon. For two polygons I" and ¥ € P, we say I' ~ X, if their numbers of edges are
same (let it be V) and their j-th outward unit normal vector n; coincides, n; (I') = n;(X) for all
j =1,2,---, N after choosing suitable counterclockwise numbering for I" and Y.

We fix an N-polygon I'* € P andlet P* :={I" € P; I' ~ I'*}.For I € P, we define a
height function &(I") = (h1(I"),ha(I"),--- ,hy(I'))" € RN, where hj(I') is the height from the
origin to the j-thedge I'j of I'.

We consider a polygon I'(t) € P* parametrized by time 7 € I, and we call M := |, ¢, (I"(t) x
{t}) apolygonal motion in P*. This kind of motion has been studied in the context of crystal growth
model, where it is called a crystalline motion. See [2, 9, 12, 25-30] and references therein.

For a polygon I'(t) € P*, we denote its interior domain by §2(¢) with 92(¢t) = I'(¢), and
denote its height function simply by k(¢) = (h1(t), h2(t),--- , hn (t))" € RY. A polygonal motion
M = {J,c;(I'(t) x {t}) is called of C¥-class if h € CK(I,RN). If M is a C'-class polygonal
motion, the normal velocity V; of I';(¢) is a constant on each I'j(¢) and it is given by V; (t) = h ().
We define a normal velocity of I"(¢) by V (¢) := Z}V:l Vit)x;(t) € W(I'(t)), where x;(¢) denotes
the characteristic function of I (¢).

Let the j-th vertex of I' € P* be w; and let its outer angle be ¢; € (—m, ) \ {0}, with
cos¢; = mjy1 - n; as shown in Figure 1. For I' € P*, a polygonal curvature «;j(I") of the j-th
edge I is defined by

nj

ki) == m,
J
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where 1; := tan(¢; /2) + tan(gp;—1/2). For a polygon I'(t) € P*, we define

N
k() =Y ki (FO))x; () € W(I (1))
j=1

We have the following polygonal version of variational formulas similar to Theorem 2.2. For a proof
of this theorem, see [4, 5].

THEOREM 3.5 If M = J,c;(I'(¢) x {t}) is a C!'-class polygonal motion in P*, then |£2(¢)],
| (¢)| and ¢(t) belong to C (1) with respect to ¢ and the following formulas hold for ¢ € 1.

ld.Qt—NI"-tV-t— VdH'
-1 ()";"()"”‘/m .

d N .
2. —|I'()| = Z [T ()i (@) V() = / kVdH'.
dt = @)
3. If |£2(¢)] is constant in time ic(t) -1 xVdH!
. " dt 121 Jr) ‘

3.3 Polygonal Hele—Shaw problem with surface tension

We consider a polygonal analogue of the Hele—Shaw problem with surface tension (1.1) in this
section. Its naive form is given as follows.

PROBLEM 3.6 (Polygonal Hele-Shaw problem) Let o > 0 and an N-polygon I'* € P* be given.
Find a C'-class polygonal motion M = Uo<t<7(I'(¢) x {t}) in P* and a pressure filed p(x,1)
and a velocity field u(x, t) for x € £2(¢), such that, foreach ¢ € [0, T),

Vit) =n; -u(x,t) (xe]"j(t),jzl,Z,---,N),
divu(x,t) =0 (x G.Q(t)),
u(x,t) = —-Vp(x,t) (x € 2(@1)),
][ p(x,0)dH" = ok;(I'(t)) (j =1,2,---,N),
;@)
roy=r*.
n;
e Y ’f—[l 3195l
(p/ Fj Wi-1
h;
° Q
(0]

FIG. 1. Outer angles and height around the j-th edge I';. The j-th height is defined as h; = w; -n; = w;_1 - n;.
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Using the polygonal Dirichlet-to-Neumann map defined in Section 3.1, we can describe it in the
following weak form.

PROBLEM 3.7 (weak form of polygonal HS problem) Let o > 0 and an N-polygon I'* € P* be
given. Find a C'-class polygonal motion M = Uo<sr<7(I'(t) x {t}) in P* such that

V(t) = —0Ary(k@) O<t<T),
roy=rx*.

For a solution of Problem 3.7, foreach ¢ € [0, T'), the pressure field p(t) = p(-, ) is constructed
as

v
p(t) € H'(2(1) st g ai(p(t).v) =0 ( ve H&(Q(t))),
Yop(t) = oic(t) onlI'(t)

and the velocity field u(¢) = u(-,t) is given by (2.5).
This is a polygonal analogue of the original Hele—Shaw problem with a smooth moving
boundary.

THEOREM 3.8 If I'(t) (0 <t < T) is a solution of Problem 3.7, the following properties hold.
d

1. —|2@®)| =0
Z120)

d 1
2. —|I(1)] :——/ lu(x,t)>dx <0
dt 0 Jo@)

d N
3. Joe(n) = -0l > nin;
j=1
Proof. From the formulas of Theorem 3.5, we obtain the area preserving property:

d } )
1201 = / VdH' = (V(1),1): = (—Arw) (vop)). 1): = —a;(p(t),1) = 0.
()

The second property holds as follows.

N
d / - _
—| (¢ RVAH' = Vit kdH!
alror=J ; 5(©)

i)

1 Y 1 _

—Zlfj(z)/ pdH' = —/ VpdH!

o L) 0 Jr@
1 1 1

= ——(Arn(vop(®)). vop(1)): = ——a:(p(1). p(1)) = ——/ lu(x. ) dx.
o o 0 Jaw

For the center of gravity, from property 1, we can use formula 3 of Theorem 3.5. For i =
1,2,---,m, similarly to a proof of Theorem 2.4, we have

4 )= VdH = - N h=_ [ 9
G0 =[BT = o lop®). Bl = ~arpw. py =~ [ Teenax
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Hence, we have

d
—c(t) = — Vp(x,t dx:—/ ndH' = — OK; Ft I'i(t)|n; = —o n
e ‘Lm px.1) " zj PO Oy =03y,

=1 j=1
O

REMARK 3.9 We remark that if we choose our polygon class P* with the condition Z?]:l njn; =
0, then ‘

d

—c(t) =0

a<®
holds.

4. Local solvability of polygonal Hele-Shaw problem

In this section, we prove time local solvability and uniqueness of the solution of polygonal Hele—
Shaw problem (Problem 3.7). We first prepare some necessary notation and lemmas.
For a fixed I'* € P, we define an open set:

O* :={h(I'); I ~T'*} CR".

Then P* and O* correspond to each other by the mapping P* > I' = h(I") € O*. The inverse
mapping from O* to P* is denoted by

C(hy:=T (heO* h=h(T), I eP*).

The j-th vertex of I'(h) is denoted by w; (k) € R?, and the interior domain of I"(h) is denoted by
2(h). For h € O*, we also denote the polygonal curvature of I' = I'(h) € P* by

N
k(h) = i)y, € W(I).

Jj=1

Itis clear thatk; € C*°(0*) (j = 1,2,---,N).

Similarly to Proposition 2.1 of [4], we can construct a family of Lipschitz mappings ®(h) =
(. h) from a fixed domain to §2(h). We take he 0* arbitrarily and fix it. We define I:=r (h)
and denote the interior polygonal domain of r by £2. The closure of £2 is denoted by 2"

LEMMA 4.1 For h € O* and a bounded domain Q D £, there exist an open set O C O* with

h € O and a family of domain mapping ® € C*®°(0, W1*°(Q,R?)), and they satisfy the following

conditions.

1. @(h) is a bi-Lipschitz transform from Q onto itself, i.e., @(h) is bijective from Q onto itself
and @(h) and @(h)~! are both Lipschitz continuous on Q

2. @(x,h) = x for x in a neighborhood of dQ for h € O.

3. @82, h) = 2(h) for h € O, and @(h) is an affine map from each edge IQJ onto [ (h) with
®(w;(h), h) = w;(h), ie.,

O((1—0)yw;_1 (h) + 0w; (h). ) = (1 —O)w,;_1(h) + Ow; (k) (j =1,2,---.N, 0 €[0,1]).
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Proof. Without loss of generality, we assume that 0 is a bounded polygonal domain. We consider
a triangulation T of £2 and Q which satisfies the following conditions.
(1) T = {K} is a finite collection of closed triangles K C R?, and O = U K.

KeT
(2) If K, K’ € T and K # K’, K N K’ is any one of the empty set, a common vertex or a common

edge of K and K.
(3) There exists a subset T C T such that 2" = U K,andNNTI = {w; (I;)};Ll, where N

KeTyo
denotes the set of all vertices of triangles in 7.

(4) There does not existany K € T with K N r # @and K N30 # 0.
We assume that @(h) = @(-, h) € C°(Q,R?) and that it has the following form:

@@ﬁ):AKM)G) (xeKeT), @.1)

where Ax (h) is a 2 x 3 matrix dependingon K € T and h € O. To determine Ax (h), we suppose
the condition: .
X ifx e N\ T,

wi(h) ifx=w;(h)eNNT. 4.2)

P(x,h) = {
For sufficiently small O, @(x, k) is uniquely determined by the conditions (4.1) and (4.2) for h €
O. It is also clear that @(h) € W1*°(Q,R?) is bijective from Q onto itself and @(x, k) = x for
xeKifkKnl =0.
Let us fix K € T and let x1, x», x3 be the three vertices of K. Then, from (4.2), y;(h) :=
@(x;, h) satisfies the condition y; € C*°(0,R?) forl = 1,2, 3. Since

yi(h) = Ag(h) ("1’) (I=1.2.3),

we have

-1
Ag(h) = (y1(h), y2(h), y3(h)) (xll xlz x13) '

From this expression, we obtain Ax € C*°(0O, R2X3). By the above construction of @, the three
conditions of the lemma are all satisfied. The regularity condition @ € C*®(0, W1>(Q,R?))
follows from (4.1) and Ag € C*®(0,R?*3),

O

LEMMA 4.2 We define
Aij(h) = Ai(x;) onI'=T(h) (heO0 i j=12-.N). 43)
Then 4;; € C*®(0*) holds fori, j =1,2,---,N.

Proof. We fix h € O* and take O C O* and @ € C®(0, W1°(Q,R?)) as given in Lemma 4.1.
Fori,j =1,2,---, N, we show that 1;; € C*(0O) below. To apply the theory of the polygonal
Dirichlet-to-Neumann map in Section 3.1, we denote a(u, v) and Xy (g) on 2 by a(u,v) (u,v €
H'(2))and Xy (2. 2) (g € W(3£2)), respectively. We, however, denote the characteristic function
of I'; (h) by x; € W(I'(h)) for simplicity.
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We define the push-forward operator from £2 onto 2(h):
O(h)s: D —>v=>00d(h)" (i =vodh) e H(2)).
We denote the space variables on £2 (k) and Q by x and x, respectively. Then, for k € O, we have

x =@, h) e ) (£eR).
D(h),0(x) =0(%) (D e HY(R), £ € ).

We obtain the formula:
V(®(h)«D)(x) = AR, B)VH(E) (D€ HY(R), £ € 2),

where A
AR h) = (VOE, b)) ' eRP? (£ e, heO).

Since @(h) is a bi-Lipschitz domain mapping from 2 onto 2 (h), the push-forward operator @ (h)
becomes a linear topological isomorphism from HI(Q) onto H'(£2(h)). See Section 3 in [19] or
Section 7 in [17] for further details.

In particular, since @ (k) is an affine mapping on each ﬁj,

][A bdH? :][ o(h)0dH' (e HY(2), j =1,2,---,N)
T; Ij(h)

hold and @ (&) becomes a linear topological isomorphism from X (y;, .Q) onto X (xi, $2(h)).
We define a pull-back of the bilinear form:

a(@, v, h) ;= agm)(P(h)«i, (h)«d) (1,0 e HI(Q), h € 0).
Then we have
a(,v,h) = / V(@ (h)«ii) - V(P(h)«0)dx
2(h)

= / (A%, h)Vi(£)) - (A®, h)VD(#)) J (£, h)d %, (4.4)
2

where J is the Jacobian defined as
J(£,h) :=detVO (£, h)" (£ €82, heO).

We remark that A € C°(0, L®(2, R?*2)) and J € C®(0, L°°(£2)) hold (see [17, 19], again).
From Theorem 3.3, we obtain

agm (u;(h), vi)

Aii(h) =
i) 0

(h € 0),
where

uj(h) := argmin agpp)(v,v) (h € 0),
veX N (x;,82(h))
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and v; is an arbitrary function satisfying
vi € Xn(xi, 2(h)). 4.5)

We denote the pull-back of v; from £2(h) to 2 by 9; = v; o @(h). Then (4.5) is equivalent to
Ui € Xn(xi.$2). We also define i1 (h) := u;(h) o @(h). Then we have

ij(h) = argmin a(d,d,h), (4.6)
ﬁEXN()(_/,Q)

and
&(ﬁj(h),ﬁi,h)

dij () =
i == E )

(h € 0). A.7)

From the expression (4.4), it follows that the mapping [(0,h) +— a(v,0,h)] belongs to
C®(H'(£2) x O,R). Thus we can apply Theorem 2.5 of [19] to the minimization problem (4.6)
and obtain that i; € C®°(0, H(£2)).

We fix 0; € Xy (xi, Q). The assertion A;; € C*°(0) follows from the formula (4.7) and the
regularities:

[(D, k) —> a(b, b;,h)] € C*(H'(2) x O,R),
[h+— ()] € C™(0, H'(£2)),
[k —> |T;(h)|] € C*(O.R).
O

Using this lemma, we can show local existence of a solution of the polygonal Hele—-Shaw
problem.

THEOREM 4.3 For Problem 3.7, there exists a local solution M = | o, .7 (I"(t) x{t}) of Cl-class
polygonal motion in P* with some T € (0, co]. Moreover the solution is unique and it becomes a
polygonal motion of C *°-class.

Proof. Problem 3.7 is equivalent to the following initial value problem of a system of ODEs:

dh; al
o= —a;)k,-j(h)/cj(h) (i=12,-,N)
h(0) = h(I'™),

where A;; (h) is defined by (4.3). Since A;; and k; belong to C*°(0™), the assertion of the theorem
follows from the standard theory of ordinary differential equations.
O

Conclusions

In this paper, we first revealed some precise variational structures of the Hele-Shaw moving
boundary problem with surface tension (1.1) in Section 2, namely, the Dirichlet-to-Neumann map
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formulation in Problem 2.3 and some variational properties in Theorem 2.4. In the theorem, we have
shown properties of area preservation, curve shortening, and preservation of the center of gravity.

In Section 3, based on the idea of [5], we proposed a polygonal analogue of the Hele—Shaw
problem in Problem 3.6, and we have shown that its weak formulation is given by introducing
the polygonal Dirichlet-to-Neumann map. Furthermore, we have shown in Theorem 3.8 that the
polygonal Hele-Shaw problem admits the same variational structures as ones in Theorem 2.4. In
the last section, we proved time local existence of a unique solution of the polygonal Hele—Shaw
problem.

These results of this paper together with [5] suggest that the method of crystalline motion or
polygonal motion can provide an effective discrete model not only for the classical crystal growth
but also for various moving boundary problems with variational structures. Our polygonal motion
approach enables us to handle the variational structures of the original problem including the
curvature term in an easier semi-discrete system.
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