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Regularity of expanding front and its application to solidification/melting
in undercooled liquid/superheated solid
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This article proves that fronts of expanding domains with Holder continuous speeds are contained in
finite unions of Lipschitz graphs. As an application, the global in time existence of a solution to a
free boundary problem modelling solidification in undercooled liquid or liquidation in superheated
solid is established; here the propagation speed of the liquid/solid interface is assumed to be a known
positive smooth function of the temperature, known as a kinetic undercooling/superheating effect.
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1. Introduction

Consider a geometric problem of domain expansion with a given speed v starting from a given
bounded initial shape Do C R” (n = 1). It is to find at any time ¢ > O the shape D (¢) of the
evolving domain, with the expansion law that its boundary I" (¢) := 9D (¢) moves outward with
speed v.
Using level sets [3, 12, 18, 22, 26, 29, 33], this problem can be modeled by the Hamilton-Jacobi
equation
¢ (x, 1) +v(x,0)|Vo (x,8)] =0, (x,1) € R" x (0, 00)

where D (¢) is defined as the closed set {x € R" : ¢ (x,¢) < 0}. The front I" (1) = dD(¢) is
(contained in) the zero-level set of ¢ so it advances with normal velocity

"
Vol

From a geometric point of view, the Hamilton-Jacobi equation cannot have a smooth solution except
for special v and Dy since in general characteristic curves intersect thereby forming singularities.
For this, viscosity solutions are introduced and have been successfully used; see [1, 4-12, 14-16,
18, 22,24, 26, 29] and the references therein. When v changes sign, even if it is smooth and even if
the viscosity solution is unique, the zero-level set {x : ¢ (x,¢) = 0} may contain open sets (marshy
regions) thereby causing troubles in solving many free boundary problems; see Giga, Goto, and
Ishii [22] for an example of a treatment for such troubles. Here we restrict to v positive, so the
domain is truly expanding and marshy regions should not exist. When v is Lipschitz continuous

(© European Mathematical Society 2013


mailto:xinfu@pitt.edu
mailto:hqjiang@pitt.edu

282 X. CHEN AND H. JIANG

in its space variable, Barles, Cardaliaguet, Ley and Monteillet [4] proved the uniqueness of the
viscosity solution. Moreover, viscosity solutions are stable under perturbations of the speed and the
initial set. When v is only Holder continuous, such a stability may be lost.
Introduce arriving time 7 (x) as the time that the expanding front moves to the position x. Then
I (¢t) is the t-level set of t and, with ¢ (x,7) = t (x) — ¢, the above Hamilton-Jacobi equation
becomes
vix,t(x)|VT(x)|]=1 VxeR"\Dy, 7(x) = 0 on Dy.

Instead of using partial differential equations, we use the Lax formula to define our solution:
D (¢) := {x(¢) : x € Lip ([0, 7] ;R"), x(0) € Dg, |X|] <v(x,-) ae.in (0,1)}. (1.1

Here Lip ([0, #] ; R™) is the space of Lipschitz continuous functions from [0, ¢] to R”. The geometric
meaning of such a solution is clear: D (¢) is the set that can be reached at time ¢ by a particle starting
from Dy and traveling with a speed no bigger than v. Such defined solution can be shown to be
identical to that derived from viscosity solutions of the Hamilton-Jacobi equations for ¢ or for 7.

The main purpose of this paper is to study regularity of the front I" () := dD (z) where D (¢) is
defined as in (1.1) and v is positive and Holder continuous: for some constants 0 < o < I,¢ = 1
andk > 1,

1 <v(x,t) <c, [v(x, 1) —v(y,0)| <k%*|x—y|* Vx,yeR", r=0.

Note that as long as v has a positive lower bound, a proper time unit change can make the lower
bound of v the unit 1 as above. Our main result is following:

THEOREM 1 Each front I" (¢) is contained in a union of finitely many Lipschitz graphs. The area,
measured by ®"~!, of I' (¢) in a ball

B(x,p):={yeR":|[x—y| <p}
satisfies
R (t)N B (x,p)) <C (n,a,c,Dy) p" ! VxeR” pe (O,K_l] ) (1.2)

One can check that the estimate is invariant under the scaling change (x,7) — (fc, f) =
(kx, xt). Such an estimate, with k1 being replaced by «“ ~2 and in the two dimensional case, is
discovered by Su and Burger in [34, 35] where many original ideas were introduced. One of their

novelties is to study a boundary characteristic trajectory defined as
x ([0,2]) :={x(s): 0 < s <1}

where |X (s)] = v (x(s),s) and x(s) € I" (s) for every s € [0,¢]. They proved that the trajectory
is microscopically almost straight; more precisely, the length of any tiny segment of the trajectory
is bounded by [ + O (l 1Jr"‘) where [ is the line distance between end points of the segment. With
original and involving two dimensional arguments, they are able to claim their version of (1.2).
Here we shall consider general space dimension n = 1. We improve Su and Burger’s estimate
by showing that any boundary characteristic trajectory is microscopically straight in the sense that
X (s) = n(s) v (x(s),s) where the direction unit vector function n (-) is Holder continuous on [0, ¢]:

B/2

In(t) — n(i)] < =5

o
> kPl — 6P Vi, €[0,1] (ﬁ: )

- 2—«
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The Holder exponent 8 is optimal. It improves the estimate for the length of trajectory from Su
and Burger’s [ + O(I%) to its optimal / + O(/'*2#). Similar estimate has also been established
in [8] with Holder exponent  under a different setting. The most significant application of this new
estimate is that it allows us to construct efficiently comparison particle motion paths to show that
I" (s) near x (s) is sandwiched between two C'T%/2 graphs touching at x (s), for each s € (0,1);
technically, writing p = x (s) and n = n (s), we can prove the following inclusions:

{ZGB(p,/cﬂsHﬁ):(Z—p)-n§—CK%|Z—p|1+%}CD(s) Vs e (0,1], (1.3)
{zeB(p,Kﬂ|z—s|1+3):(z—p)-n>c/c%|z—p|1+%}cR”\D(s) Vs el0,1)

where C = C (n, ¢, @) is a constant depending only on 7, ¢ and «. Here again, the exponent 1 +«//2
is optimal. Using both inclusions, we immediately see that

k()
") = o

is the unit outward normal to D (s) at x (s), for each s € (0,¢). Using only (1.3) at s = ¢, we can
derive that in a small ball, I" () is contained in a union of at most 2n (one in each positive and
negative coordinate direction) graphs of the form, after rotation, x; = ¥ (x2,---, x,) where ¥ is
Lipschitz continuous with Lipschitz constant no bigger than 2./n. The size of the ball for such a
result to hold depends on ¢. To make it non-diminishing as # N\ 0, we assume that Dy satisfies the
following interior cone condition:

Atevery g € 0Dy, Dy contains a cone with vertex g and fixed size and open angle.

Under this assumption, we show that the radii of the balls (for I" (¢) being in union of finite graphs)
can be set at a uniform size o< k~!. From this, estimate (1.2) follows.

Interesting results for this problems have also been obtained in different settings by Cannarsa and
Cardaliaguet in [7] where it is shown that the expanding domain has finite perimeter and Alvarez,
Cardaliaguet and Monneau in [ 1] where existence of global weak solutions is studied. Their methods
of proof, based on an interior sphere property of the attainable sets, are totally different from ours,
and they also require somewhat stronger condition on expanding speed and initial shape. Recently,
similar regularity results have also been obtained by Cardaliaguet, Ley and Mointeiliet [8] where in
addition to the Holder continuity of the expanding speed, they needed stronger condition

lv(x,1) —v(y, 0| < Cly —x[(1 + [In]x — y[]).

As an application of (1.2), we consider a solidification process in crystal growth. Set the latent
heat be 1 and denote by D (¢) the region occupied by the solid at time . The conservation of energy
gives the heat equation for the temperature u:

0 R
E(u—;(D(t))zAu—f in R” x (0, 00) . (1.4)

Here f is a given function representing the absorption of heat released from solidification and
Io@(x) ;== 1if x € D(¢), Ioe)(x) :=0if x e R"\ D (7).

In a classical formulation the temperature at the solid-liquid interface is assumed to be a constant,
say, 0, called the melting temperature. Then D(t) = {x | u(x,t) < 0} and ypy) = 1 — H(u)
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where H(-) is the Heaviside function: H(u) = 0if u < 0 and H(u) = 1 if u > 0. The problem
is then the well-studied Stefan free boundary problem; see [17, 19, 27, 31] and the references
therein. Nevertheless, for many materials it is observed that temperature at the solid/liquid interface
is dynamic; that is, it depends on the propagation speed of the interface (kinetic undercooling or
superheating effect) and on the curvature of the interface (the surface tension effect); see for example
[2, 13, 21, 23-25, 28, 30, 32, 36] and the references therein. Here we shall ignore the surface
tension effect and consider only the kinetic undercooling/superheating. In the case of solidification
in undercooled liquid we assume that the propagation speed v of solidification is a known function
V(u) of temperature u. Hence, when {D(#)};>0 is the evolution regions of solid and is described by
(1.1), the speed v is given by

v=Vou. (1.5)

We shall assume that V(-) is positive and Lipschitz: For some constants L and c:
1<Vu) <c, [V(uy) — V(uz)| < Lluy — uy| Yu,uj,u eR.

Here the Lipschitz continuity of V' is natural. However, the positivity assumption is artificial since
there is a critical point beyond which only melting takes place. Nevertheless, if we are studying
solidification in undercooled liquid or in an environment in which temperature is reasonably
controlled, the above constraint is not unrealistic. Thus we define our problem as follows:

The free boundary problem of solidification is to find (u,{D(t)}) satistying (1.1), (1.4), and
(1.5), subject to given initial region of solid, Dy, the initial temperature distribution, u(-,0), the
heat abortion, f, and the law of propagation V that relates temperature u and propagation speed
v = V(u).

The liquidation in superheated solid can be similarly considered and is omitted in this paper.

The short time existence of a classical smooth solution to the free boundary problem starting
from smooth initial data with Dy close to a ball has been established by Friedman and Velazquez
[20]. Global in time existence of a solution with Holder continuous temperature function in the 2-
dimensional case is studied by Su and Burger in [34]. Here we establish the global in time existence
for any space dimension, following basically the approach of Su and Burger, with simplifications
and new ingredients.

The basic idea for global existence is to investigate regularity of the singular layer potential

w1 = //D o K= xONy

K(z,s) 1= (4s) "2 12121 @9)

where

This is the solution u to (1.4) with f = 0 and zero initial data. Su and Burger in [34] carried out
critical analysis using (1.2) for a potential more complicated than w. Revising their idea we find a
clean estimate

[w], = lwx, 1) —w(y. 1)
w]y := sup sup

< C(n.c,a,y.Do) k7* Vy e (0,1).
t x#y [x =yl

Here the factor «7/2, instead of 7, is the key to global existence. Indeed, suppose we have a Holder
continuous temperature distribution. Set k* = L [u]y. Then for v := V o u, [v]q < k% so that
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[w]e < Ck®/2. Writing u = uo + w where u is the extension of the initial temperature u(-, 0)
from R” x {0} to R” x [0, co) via the heat equation ug; = Aug — f, we have

o Lc2 o
S = b < Dtola + € K%/% < fuola + ‘

This gives an a priori bound on the semi-Holder norm:

2 +2L‘

[ule < 2uole + L C?*(n,c,a,Dy).

In establishing the existence of a solution, we use the Schauder’s fixed point theorem. Fix o €
(0,1) and construct a map T from

X(k) = {u | [ule <«*/L}
to itself via the following process:

(1.5) (1.1) (1.4)
%

u v=Vou — {Dt)} — Tu:=up+ w.

Since Tu € C?*¥/2 forany y € (0, 1), T is compact. The essential difficulty here is the continuity
of the map T. There are many ways to modify T to a smooth operator T¢ and show the following:

1. T? admits a fixed point u° in X(x);

2. the family {u®} is compact, so along a sequence it converges uniformly to a limit u;

3. the family {t®}, where 7° is the arriving time for the domain expansion problem with v =
V(u®), is uniformly Lipschitz so along a sequence it converges to a Lipschitz function, say 7;

4.  the family {ype}, where D? is the solution to (1.1) with v = V o u®, converges along a

sequence to a limit, y5 = 1 — H(T(x) —t), a.e. in space-time measure, since
Xpe(ry(x) = 1— H(x8(x) —1).

The intrinsic question still persists: Is {]5(1)} the solution {D(¢)} to the domain expansion
problem with speed v = V o u? Equivalently, is 7 the viscosity solution  to v(x, 7)|Vt(x)| = 1?

It is easy to show that T < 7T (i.e. ﬁ(t) C D(2)), but in general it is not clear if T = t is true. If
one interprets 7 as a weak solution to v(-, 7(-))|V7(-)| = 1 then one can call (u, 7) a weak solution
to the problem and consider the problem as solved. But here we are using the formulation (1.1), not
a solution derived from any weak solution of the Hamilton-Jacobi equation for ¢ or for 7.

To show T = 1, we investigate the continuous dependence of domain expansion. We found that
there is a continuous dependence provided that there exists a modulo of continuity w such that

1

h

/ e oo,  |u(x,))—v(y. D)l <w(x—y), VYx,yeR" 1=0. (1.6)
o w(h)

Although v = V o u may not satisfy this property, it does satisfy, as shown in [34], that
Vw(x,1)| < K(l + | Indist(x, F(z))\), VxeR", 720 (1.7)

where dist(A, B) stands for the distance between sets A and B. Such a property essentially gives us
a modulo of continuity of the form w(h) = Kh[1 + | In &]], thus enabling us to show that T = t and
completes the existence proof of a global solution to the free boundary problem (1.1), (1.4), (1.5).



286 X. CHEN AND H. JIANG

The plan of this paper is as follows. In §2, we provide precise definition of the domain expansion
problem, together with a few easy to derive properties of the solution and a few illustrative examples.
In §3, we show that every boundary characteristic trajectory has a Holder continuous direction field.
In§4, we prove a clearing lemma, i.e. the inclusion property (1.3). We establish our main result (1.2)
in §5, together with a global estimate when the initial set Dy satisfies the interior cone condition. In
§6 we study the stability issue; in particular, we establish stability under the condition (1.6) or (1.7).
In §7 we study regularity of the singular layer potential w under the assumption (1.2). Finally, in §8,
we show that the free boundary problem for solidification admits a global in time solution.

In the sequel, we denote by C(A; B) the set of continuous functions from A to B and by
dist(A, B) the distance between sets A and B. Also, S"~! is the unit sphere {x € R” | |x| = 1} in
R”.

2. Reachable set, arriving time, and boundary characteristics
In this section, we assume that

v e CMR" x[0,00);[1,c]), c€]l,00), 5
2.1
Dy is a non-empty bounded closed set.

We define

%)
v(x(s),8)ds, VO<t; <t < t},

C(t) := {X € C([0,t]; R") : [x(t2) — x(t1)] < /

D(t) := {x(¢) | x € C(¢),x(0) € Dy},
I'(t) ;= aD(2),
Cp(t) ={xeC(t) | x(s) e I'(s) Vs €[0,1]},
7(x) :=inf{t = 0 | x € D(?)},
Q:={(x.0) |1 20.x e D)} = | D) x {1}.

t=0

DEFINITION 2.1 The solution of domain expansion problem with speed v starting from Dy is Q.
The reachable set at time t = 0 is D(¢) and the (moving) front at time ¢ is I"(¢).

The arriving time from Dy to x € R” is t(x).

A boundary characteristic trajectory is X([0, t]) := {x(s) | s € [0,¢]} where ¢t > 0 and x € Cp(¢).
A boundary characteristic curve is {(x(s),s) | s € [0,¢]} where ¢ > 0 and x € Cp(2).

To help the readers understand our definition, we provide the following lemma. It shows that
I'(¢) is the -level set of 7, the lateral boundary of Q consists of boundary characteristic curves, and
the domain expands with speed v.

LEMMA 2.1 Assume (2.1).
1. D(0) = Dy and for each ¢ > 0, D(¢) is bounded and closed. In addition,

D(s) C D(¢t), c|t —s|=dist(D(s),x)=1|t—s|, Vi>s=0,x¢el(t),
Do={xeR"|t(x) =0}, IT't)={xeR"|t(x)=1t}, Vi>0,
[t) =t < |x—yl, ¥Yx,yeR%.
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2. Regarding Q as a space—time domain,

9Q = (Do x {0}) Ud, Q.
5,0 =J(roxi)= |J (&x6.9seo.1}

=0 1=20,xeCp(2)
3. Boundary characteristic curves have speed v; that is, if x € Cp(T'), then

X0) =X\ _ ), vie .1

[0,T 522,61t h—n

4. The fronts expand with speed v in the following sense: for every ¢t > 0,

. dist(x, D(s))
lim ——== =

lim pp—p v(x,t) < xel(). (2.2)

REMARK 2.1 The equivalence (2.2) can be indeed used as a definition of weak solutions:

A collection of closed sets {D(¢)};¢ is called expanding with speed v if D(s) C D(t) for all
0 < s <t and (2.2) holds with I"(¢) := dD(z).

However, we shall not elaborate on this topic.

Proof. (1) Since v = 1, by definition, D(0) = Dy. For each ¢t > 0, we show that D(¢) is closed.

Let x € I'(t) := dD(¢). There exists {x;}{2, € D(¢) such that x = lim; x;. By the
definition of D(¢), for each i € N, there exists X; € C(¢) such that x;(0) € Dy and x;(¢) = x;.
Since v < ¢, the family {x;}$2, is uniformly bounded and equicontinuous in C([0, T']; R?). There
exist x € C([0,¢]; R?) and a subsequence, which we still denote by {x;}, such that lim; o X; = X
uniformly on [0, z]. Consequently, x = limj_ o X;(t) = x(¢) and x(0) = lim; 5o X;(0) € Do.
Moreover, forany t > 1, = t; = 0,

%)

2
[x(2) — x(t1)] = lim [x;(2) —x;(¢1)] < lim / v(x;(s),s)ds = / v(x(s), s)ds.
i—o00 i—oo Jyy t
Hence, x € C(t). As x(0) € Dy, x = x(¢) € D(¢). Thus, D(¢) is closed.

Let0 <s < ¢ and x € I'(t). We want to show that |t — 5| < dist(D(s), x) < c|t —s|.

Let y € D(s). There exists y € C(s) such that y(0) € Dy and y(s) = y. Forevery p € B(0, 1),
extend the definition domain of y from [0, s] to [0, 00) by y(¢) = y + (¢ — s)p for ¢ > s. Then
y € C(t) sothat y + (t —s)p € D(¢). Consequently, B(y, (t —s)) C D(t). Thus, D(s) C D(¢) and
dist(D(s),x) =t — 5.

On the other-hand, let x € C(¢) satisfy x(0) € Do and x(#) = x. Since X|[o 5], the restriction of
x on [0, 5], is in C(s) we see that x(s) € D(s). Hence,

|x —x(s)| = [x(1) =x(s)[ < (r —5)c

and
dist(D(s), x) < dist(x(s), x) < (t —s)c.

From the definition of 7 and the distance relation it is easy to derive that Dy = {x | t(x) = 0}
and I'(t) = {x | ©(x) = t} foreveryt > 0. Now let x,y € R". Sett = 7(x) and s = ©(y).
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Suppose t > 5. Then x € I'(¢) and y € D(s). It follows that |x — y| = dist(L"(¢),D(s)) = |t —s| =
|T(x) — 7(y)|. Similarly, we can consider the case ¢t < s. Hence |7(x) — t(y)| < |x — y| for all
x,y € R,

(2) Next we study Q. Since dist(D(0), I'(¢)) = ¢, we have dQ N {t = 0} = Dy x {0}.

Next we consider the lateral boundary of Q. Let ¢ > 0 and (x, ) € dQ. Note that t(x) < ¢ is
impossible since it would imply, setting § = [t — t(x)]/3 and e = §, that t(y) < t(x) + |x — y| <
t — 6 forall y € B(x,¢) sothat B(x,e) € D(t —§) and B(x,¢) x [t — §,00) € Q, contradicting
(x,t) € 0Q. Similarly t(x) > t is impossible since it would imply B(x,&) N D(t + §) = @ for
8 = (t(x) —t)/3 and ¢ = §, so that (B(x, &) x [0,¢ + §]) N Q = @, contracting (x, ) € dQ. Thus,
7(x) = t. Consequently, x € I'(t(x)) = I'(¢).

In conclusion, dQ = (Dg x {0}) U 3, 0 where 0,Q := U;>o(I"(t) x {t}).

Now we show that d,Q consists of boundary characteristic curves. It suffices to show that for
eachT > O0and x € I'(T), there exists x € Cp(T') such that x = x(T"). The proofis straightforward
when v is Lipschitz continuous in the space variable but quite delicate when v is merely continuous.
(a) First we consider the case that v is Lipschitz continuous.

Letx € C(T') be such that x(0) € Dy and x(7") = x. We claim thatx € C,(T), i.e x(s) € I'(s)
for all s € [0, T']. For this, we use a contradiction argument. Suppose x € Cp(T"). Then for some
so €[0,T), x(sp) is an interior point of D(s¢), so there exists ¢ > 0 such that B(x(s¢), &) C D(sp).

Let {x;}72, be a sequence such that x; ¢ D(T) but |[x — x;| < 1/i foralli € N. Since x is
Lipschitz continuous, X is differentiable almost everywhere. Now for every i € N, consider integral
equation

dx
yilt) = xi + /v(y,m ) ((()S))

Since v(-,-) is Lipschitz continuous and bounded, there is a unique solution. By taking a
subsequence if necessary, there exists y € C([so, T']) such that lim; . y; = y uniformly on [so, T'].
In addition,

Vit e [S(), T].

dx
y(z)—x+/ v(¥(5).5) ((()S))

Since v is Lipschitz continuous, the solution is unique. Hence, y(z) = x(¢) for all ¢ € [so, T].
Consequently, for some j large enough, y;(so) € B(X(s0),¢) C D(so). Let z € C(so) be such that
z(0) € Dy and z(s9) = y,(s0). Extend y; from [so, T] to [0, T] by y,;(t) = z(¢) fort € [0, s0).
Since |x(?)| < v(x(?),¢) for all most every ¢ € [so, T'], one can check thaty; € C(T),soy,;(T) =
xj € D(T'). But this is impossible. Thus, x € C;(T).
(b) Now we are ready to consider the general case that v is merely continuous.

By mollification, there exist {v; }$2, of C*°(R" x [0, 00), [1, ¢ + 2]) functions such that

Vtels,T]

v(x, 1) + 27 <vi(x,1) <v(x,1)+2'7, V(x,1) € BO,R)x[0,T], j e N

where R is a large constant such that Dg C B(0, R —2 —[2 4 c]T).
Let Q; = Us=o(Dj(#) x {t}) be the solution to the domain expansion with speed v; starting
from Dy:

D;(1) = {x(1) | x(0) € Do, x € €;(r)},

(1) = {x e C([0,1]) | [x(t2) — x(11)] < / C 0 (x(s), 5)ds, VO<h <t < r}.

31
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For every x € C(¢) and p € B(0,1), the function s € [0,7] — x(s) + 27/¢p is in €;(¢) so
x(¢) +277tp C D;(¢). Thus, dist(D(z), [ (¢)) = 27/1.

Now let x € I'(T') be an arbitrary point. For each j, let#; € [0, T) be such that x € I (;).
Since vj+1 < vj, we see that D;j11(tf) C Dj;(¢) for all ¢ so that {¢;} is an increasing sequence,
bounded from above by T'. Denote T* = lim;j o0 ¢;.

Let x; € Cj(t;) be such that x;(0) € Do and x; (t;) = x. Since v; is smooth, by (a), we know
that x;(¢t) € I';(t) forall ¢ € [0, ;] so that

dist(x;(1).D(t)) = 27/¢, Vi €l0,4].

Extend x; from [0,¢;] to [0, 7] by x;(t) = x for all # € [¢;, T]. Then {x;} is a uniformly bounded
and equicontinuous family in C ([0, T']; R"), so there exists a subsequence, which we still denote by
{x;}, such that for some x € C([0, T]; R"),

lim |x; —x||c(o,73;rm) = 0.

Following same argument as that used in step (i), we can show that x € C(T'). Hence, x(¢) € D(¢)
forall ¢ € [0, T']. Clearly, x(T*) = limj oo X; (T*) = x. Since x € I'(T'), we must have T* = T.
Finally, for any € (0,7), t; > ¢ for all large enough j so that dist(x; (), D(¢)) = 27/ for all
large enough j. This implies that x(f) = lim; o X;(¢) € dD(¢). Thus, x € C,(T).

(3) We now show that boundary characteristic moves with speed v, using an argument from [34].
Let 7 > 0 and x € Cp(T) be arbitrary. Pick arbitrary #; and ¢, satisfying0 < t; <1, < T.We

define
x(12) — x(11)
x(12) —x(t1)]

Let 6 : [t1,00) — R be a solution to the ordinary differential equation

e(t;, 1) =

6(t) = v(x(t1) + 6(t) e(t1.12).1), Vi€ [t1,00), O(t1) = 0.

Define
x(1) ift € [0, 1],

¥y = x(n) + 0(e(ry,12)  ifren, T]

Theny € C(T) since

0(t) =v(y(0).1). §=v(y(0).1)e(t1.t2), Yit=1y.

Note that & = 1 in [t;, 00). There exists /* > ¢; such that 8(*) = |x(t2) — x(t1)|. Then y(t*) =
X(12). Since x(t;) € I'(t2), we must have t* = ¢,. It then follows that

t

T o(y(t). 1)t = / “yo)ldr. 23)

13

[x(x2) — x(1)] = 6%) = 6(12) = /

7
On the other-hand,

t

[x(x2) —x(11)] = e(ll,t2)~/2)'((t)dt < / ’ \X(z)|dt < / ’ v(x(t),t)dt. 2.4)

31
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Hence, we have

x(2) — x(1)
h—1

1 t2
< / v(x(t),t)dt.
I =12 J;

1

("
/ v(y(t),t)dt <
Ih—11 J¢

1

Now fix any ¢ € [0, T]. Sending t,,#; — ¢ we obtain

x(12) — x(11)
h—n

) = v(x(t).1) Vie[0.T].

ty,t] =t

(4) Finally we prove the equivalence (2.2). Let’s fix t > 0.
“="": Suppose x satisfies

lim dist(r, 1)/ (t = 5) = v(x,1).

Then
dist(x,D(t)) < li}n dist(x,D(s)) = 0
s/t

so that x € D(z). It is then easy to see that x € I"(¢).
“«<": Suppose x € I'(¢). Then by using an x € C(¢) with x(r) = x and x(0) € Dy we see that

lim sup dist(x, I'(s))/(t —s) < limsup [x(z) — x(s)|/(t —s) < v(x,1).
s/t s/t

Let
v« = liminfdist(x, D(s))/(t —s).
s/t

If v« < v(x,t) — 3¢ for some & > 0, then v > vy + 2¢ in B(x, cd) x [t —§,¢t] for some § > 0. Pick
s €[t —4,t)and y € D(s) such that

|x — y| = dist(x,D(s)) < (v* + &)t —s) < 6.

Consider the curve
2(s) ==y + (¢ — ) (v« + 28)(x — y)/[x — y|.

Since
(t—5)(vs +28)/|x — y| > (V& +28)/ (Vs + &) > 1,

there is * € (s,¢) such that z(t*) = x. Also |z(g)| = v* + 2¢ < v(z,¢) forall ¢ € [s,2*] so that
x = z(t*) € D(t*), contradicting x € I'(¢). Thus, v« = v(x, ) and (2.2) holds. This completes the
proof of the Lemma. O

We end this section with a few examples. The first three are one dimensional examples
illustrating the complication that may arise when v is not Lipschitz continuous in the space
variable. The last three are two dimensional examples, one illustrating that boundary characteristic
trajectories are perpendicular to the moving fronts {I°(¢)}, another one illustrating that I"(z) could
form countably many “islands”, and the last one calculating a few quantities that will demonstrate
the optimality of our estimates in subsequent sections. We remark here that since the expanding
speed is finite, the unboundedness of the initial shape in some of our examples won’t be an issue.
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EXAMPLE 1 Let £29 = (—1,0) and Dy = [-1,0]. Consider v(x,7) = 1 + 24/max{x —1,0}.
Define £2(¢) = {x(¢) | x(0) € £2¢9,x € C(¢)}. Then one sees that

Q(I):(_I_Is[)s D(Z):[_l_t,l—‘r‘tz] VZZO

Clearly, D(r) # §2(¢) forany ¢ > 0.
EXAMPLE 2 Let Dy = (—00,0], 29 = (—o0,0) and

v(x,t) =14 2y/max{t — x, 0}.

Itis easy to see that D(t) = £2(¢) = (—oo, t] forall ¢t > 0. There is only one boundary characteristic
curve {(¢,1) | t € [0,00)}. Nevertheless, given any boundary point (7, T) (T > 0), there are
infinitely many curves in C(7') that starts in D¢ and ends at the boundary boundary point (7, T).

Thus, when v is not Lipschitz continuous, it is better to study evolution of closed sets. Also
a curve described by a function in C(7') that starts and ends on dQ is not necessarily a boundary
characteristic curve; that is, a particle starting from the interior of a region with speed no more than
v can in finite time move to the frontier of the region which expands with speed v.

The following one space dimensional example illustrates the instability of the domain expansion
problem when v is only Holder continuous.

EXAMPLE 3 Let Dy = (—00,0], v(x,7) = 1 + 2/max{x —¢,0} for all (x,7) € R x [0, 00). The
solution to domain expansion with speed v starting from Dg is D(¢) = (—oo,t + 2] for all t = 0.
The arriving time 7(x) is obtained by solving T + 72 = x so

tx)=+x+1/4—1/2, Vx=0.

Let Dg; = (—o00,—1/i] for every i € N. The solution of domain expansion with speed v starting
from Dy; is D;(#) = (—oo,t — 1/i] forall ¢ € [0,00) and all i € N. The arriving time is given by
7i(x) ;== x4+ 1/i forevery x = —1/i.

Let

vj(x,t) = 1 +24/1/j2 + max{x —¢,0} —2/; forall j € N.

It is easy to see that each v; is Lipschitz continuous and the solution with speed v; starting from Dg
is given by Do (#) = (—o0, ] so that 7;(x) = x forevery x = 0.

Clearly, 7(x) := limj_ 7j(x) = x for each x > 0. The function 7 is a classical solution to
the equation

v(x, 2(x))|VE(x)| = L.

However, according to the Lax formula (1.1), the arriving time for the unique viscosity solution is

given by
(x) =+/x+1/4-1/2,

not 7.

In the smooth case, the velocity vector of every boundary characteristic trajectory is the outward
normal vector of the evolution domain at the front. Hence, the family of boundary characteristic
trajectories and the family of fronts (level sets of t) are orthogonal to each other.
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1.5

-

0

(a) (b)

FIG. 1. (a) Boundary characteristic trajectories (hyperbolas) are orthogonal to the moving fronts (ellipses).
(b) A numerical example (v(x,y,t) = 1 — 0.8(sinx sin ) illustrates the formation of countably many

1 )2
) 0.01+sin? x
“islands”.

EXAMPLE 4 Assume thatn = 2, Dy = Iy = [—1, 1] x {0}, and

v(t.x.y) = VI —x2 =y + 4y,

Using complex variables, one can verify that

%2 2
cosh®>¢  sinh?¢
Hence, each I'(¢) is an ellipse. All boundary characteristic trajectories can be parameterized by a
parameter 6 € [0, 27), and is given by

F(t)z{(x,y)eRzl =1} Vi>0.

x(t) = (cos 6 cosht,sin 6 sinht), ¢ € [0,00)

where (cos 8,0) € Dy is the starting point. All these boundary characteristic trajectories form a
family of hyperbolas. The hyperbola family of boundary characteristic trajectories and the ellipse
family of fronts form an orthogonal net; see Figure 1(a).

The fact that boundary characteristic trajectories are in general perpendicular to moving fronts
suggests that the regularity of moving fronts is related to regularity of boundary characteristic
trajectories. Hence, to study regularities of moving fronts, it is better to begin with studying
regularities of boundary characteristic trajectories, as we shall do in the next section. The central
difficulty in transferring the regularity of boundary characteristic trajectories to that of moving
fronts is the geometric fact that boundary characteristic trajectories can intersect each other, thereby
creating “corners” of the moving fronts and “islands” for the complement of moving domains. The
following example illustrates that countably many islands can be formed in finite time from smooth
initial fronts.

EXAMPLE 5 Letn = 2,Dg = R x ((—o0, 0] U [2, 00)), and consider C ! function on R? x [0, c0)

sin? x .2
sin

v(x,y,t) =1-— if sinx #£0, v(x,y,t) =1if sinx =0.

sin x
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Set Xpm,0 = mm and X,, p = mm 4+ arcsin % for k # 0. Note that for any integers k and m, the
boundary characteristic trajectory starting from (X, x, 0) and (x,, k. 2) form a vertical line {X,,  } X
[0,2]. One expect (indeed can show by solving a partial differential equation) that there exists a
spatially 7-periodic C!(R x [0, 1]) function v(-, -) such that for every ¢ € [0, 1],

re)={c.ylxeR y=y(x1) or y=2-y(x.1)}
In addition, for every ¢ € [0, 1],
Y (Xmp 1) =1, Vm.k €L, Tr<y@.n<t. VYxg | Lk
m,keZ
Thus, the complement of D(1) contains countably many “islands”; see Figure 1(b).

In the following two-dimensional example, we investigate the regularity of the boundary
characteristic trajectories, the comparison between trajectory length and line distance, as well as the
regularity of the fronts. One will see that the appearance of the exponents «/2 and 8 := /(2 — @)
is natural.

EXAMPLE 6 Letn =2 and « € (0, 1) be fixed. Consider

1
R -2
Do:={(r.y) |y eRox < —y["2) vy = {1+ 0+ 9217}

1. The solution with speed v starting from Dy is given by
Ty =x+ " P = {0y [y eRx =1y,

The normal to the fronts are (1, (1 + %a) y|y]*/21) so the system of ordinary differential
equations for the boundary characteristic trajectories is

d(x. 1, [1+42 @/2-1 d
.y _ (L1 z“]lym b Y timpy
dt 14+ (1 + 30)|y|® dx

Ia/ZL'
|y
Denote
= {(x.y) | Iyl <1 - $?0) P

For every p € X, there is a unique boundary characteristic trajectory reaching p; see Figure
2(b). This trajectory starts from the origin and can be expressed as

o
2—«

vl =1 =30 P (maxix —10.0D"™*F, =0, p= 2.5)

2. Let Dy be any set satisfying Dy C f)o and (0,0) € Dy. Then in X the fronts starting from Dy
with speed v are the same as above:

rONE=3n{(xy|yeR x=r—|y'T2.

3. Consider the boundary characteristic trajectory given by (2.5). The time ¢ to arrive the point
(x, y) can be calculated by solving

t=x+ ([ = La?)lx — 1)) *7.
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Denote n(z) = x(¢)/|x(¢)|. We have n(fp) = (1,0) and for ¢ > t,,
n(t) = (1,Clx —1]#)/y/1 + C2[x — 10]28
with C = (1 4 Ja)(1 — Ja?)P. Hence,

In(t) —n(to)| = Clx — t0]® + O([x — o)) = C[t — 1to]? + O([t — 10]*#).

Also, we calculate the trajectory length £ of x([to, ¢]) and line distance / from x(#) to x(¢) =:
(x,y). Writing C; = (1 — %az)H'ﬁ, we have, when 0 <t —79 < 1,

(-] = /t [X(s)|ds — |x(t) — x(t0)|

= /x \/1 +[(1 + B)C1zP)2dz — \/[x — 102 + CZ[x — 1o]>+28

2
a3 (Gl =l O =) )
_,32[1—10]1+2ﬂ B, 13211+2ﬂ 114
= B + Ol =l ) = S o),

3. Regularity of boundary characteristic trajectories

In this section, we study the regularity of boundary characteristic trajectories. For this purpose, we
shall assume that v(x, ¢) is Holder continuous in x: For some @ € (0, 1] and ¥ > 0,

|v(x,t) — v(y,t)‘ <k¥x—yl% Vx,yeR"tel0,0). (3.1)

THEOREM 2 Assume (2.1) and (3.1). For every T > 0 and x € Cp(T), there exists n €
C([0,T);S* ') such that x(f) = n(t) v(x(¢),t) for all t € [0,T]. In addition, for every
1,12 €0, 7],

In(t) —nn)| < McPln-—nf,  p:= . M=

Proof. We divide the proof into several steps.
1. Using the same notation as in part (3) of the proof of Lemma 2.1, we see from (2.3) and (2.4)

that
%)

/t " FOldr < () —x(0)] = / e(tr.12) - X(1)d1.

1 3l
Consequently,
X(1)

> 1 5]
/ 1%(1)| ‘e(tl,tz) - _—‘zdt —2 / IX(1)|dt —2 / e(t, 1) -x()ydt (32
151 |X(t)| n 1

<2 [* ol - s

131
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Now using x(#1) = y(#1) we find that

max )~y < (TR0 —3001r)" < @) [P

t€ty,12] t

= =) [ (0 91) 5
<t-mfe [ |w=13ar+e [ et - % far)
1

1

since |x| = v(x,t) < ¢ and |y| = v(y, t) < c¢. By (3.2) for the second integral, we then obtain

max[x(1) - y(r)|2<3c(f2‘“)/ 2

t€ty,t
_ 3c(t2—t1)/ ’ v(x(t),t)—v(y(t),t)‘dt

< 3c¢(ty — t1)2 max K“|x(t) —y()|%;

— [§1|ar

max |x(t) —y(®)| < [3c(ty —11)? ]2 e

1 <t<

where 8 := /(2 — a). Hence, using (3.2) and the above estimates,
X(r)

2 x(t)
/;1 e(tl,lz)—m‘dfs</tl |X(l)|/ IX(I)| | (t)l

t 1/2
< ((fz —1) [ 2 (1) — y<r>|°‘dr)

<(tr — 1)) Pm, m = 2Y23c)Pih.

e(t1, 1) —

1/2
dt)

2. Fix an arbitrary ¢ € (0, T]. For every h € (0, ¢] and i € [h/2,h],
)e(r —ht) —e(t —ﬁ,z)‘

1/ (! x(s) ~ x(s) ' )
\T — _h7 _-—
<7 (/,_;; O T +/ AT R
l{ h1+ﬁ+mh1+3} <3mhP.
h

Define -
n(t—) :=e(0.0) + »_{e(t =271,y —e(t =271, 1)},
i=0
For every fixed i € (0, 1], let j be an integer such that # € [t/2/F1,¢/27]. Then
n(t—)—e(t —h,t)

o

=e(t -2+ Y fet—27"r)—e(t =27 t.0)) —e(t — h.1).

i=j+1
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It then follows that

o0 B
In(t—) —e(t —h.0)] <3m Yy (%) + 3mhP
1 1

i=j+
B
3m t
_ B
=127 (2].4_1) + 3mh
6mhP
<
1—2-8

Therefore,
n(t—) := lim e(t — h, ¢

for every ¢t € (0, T].
Similarly, for every ¢ € [0, T'), define

n(+) =e(r.T)+ Y fe(t.t + (T =027 ") —e(t.r + (T —1)27)}.
i=0

Then
n(t+) = lim e(t,z + h).
(1+) hlg})( )

Therefore, for every 0 < t; < t, < T, setting h = t, — t; we have

o0
n(t;+) =e(t,t2) + Z {e(tl,tl +27 7 ) —e(ty, 11 + 2‘ih)} ,

i=1
n(iz—) = e(ty,12) + Z {e(ta =27 'h.1p) —e(a —27'h. 1)} .
i=1

It then follows that

3m(12—tl)ﬂ
n(z —e(l1,h)| < —————7,
[n(r1+) — e(t1, 22)| 27

3m(t, —t1)P
n(—) —e(t, )| < ———2 .
In(r2—) — e(t1,12)| —2F

Finally, whent € (0,7) and & € (0, min{z, T — ¢}],
n(+) —n@—)| < |n(t+) —e(t, t + h)| + |e(t,t + h) —e(t —h,t + h)|
+ le(t —h,t +h)—e(t —h,t)| + |e(t —h,t) —n(t-)|.

Sending # — 0 we conclude that n(t—) = n(z+). Now, we can define n : [0,7] — S"~! by
n(0) =n(0+),n(¢) =n(txL) forr € (0,7) andn(T) = n(T—). Thenfor0 <ty <t, < T,

[n(22) —n(71)] < In(r2) — e(t1, 12)| + [n(t1) — e(t1, 12)|

6m
B
§ t Z .
1 ZB(Z 1)
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Note that 1 5 5
om 6%22(3c)2 kP S 15¢% b e
1—2-8 1—2-8 1—2-8 ’
where
15 cg
M= —7:.
1—2-#

Finally, since x is Lipschitz continuous, we see that n(s) = x(s)/|x(s)| and x(s) = n(s) v(x(s), s)
for a.e. s € (0, T'). Upon using the integral equation

x(t) —x(0) = /Ot)'((s)ds = /Ot n(s) v(x(s),s)ds, Vtel0,T]

we then conclude that x(#) = n(¢) v(x(¢),?) for all t € [0,T]. This completes the proof of
Theorem 2. O

REMARK 3.1 (1) From Example 6, we see that the exponent § in the Theorem is optimal.
(2) The length of the trajectory £(x[t1,22]) and the line distance / = |x(f2) — x(#1)| between end
points are shown in [34] to have the relation £ = [ + O(I'*%). Here we can compute

15 15}
(i) — 1 = / 1K(5)|ds — x(12) — x(11)] < / (%] = [)ds

31

15 2]
— [Cxs) - (. s)ds < / X — y|*ds
t

51 1
< k%t — 1) [Be(tr — tl)Z]a/(2—a)Kaﬂ < (36)ﬂkzﬂll+2ﬂ,

since
t

2
lylds = ta — t1].

I = x(t2) = x(1) z[

131

Thus, £ = [ + O(I'*+2#), optimal by Example 6.

4. A clearing lemma

To show that D(¢) has Lipschitz boundary I"(¢), it is sufficient to show that at every p € I'(¢), D(¢)
contains a cone with fixed open angle and vertex p. In the sequel, we shall prove a stronger result: in
a small ball centered at p, D(¢) contains a region that is on or below a C 1+%/2 graph in the direction
x(¢)/|x(¢)| and containing p, where x € Cj(¢) is any element satisfying x(¢) = p. This implies that
at every boundary point, D(¢) contains a cone of open angle that can be arbitrarily close to 7. For
convenience, we set
3 3 15cP/2
My:=-4+M=— .
=gt 2 127
THEOREM 3 Assume (2.1)and (3.1).Let T > O andx € Cp(T). Set p = x(¢) and n = x(¢)/|x(?)].
Then

{Z € B(p,/cﬂt1+ﬂ) (z—p)'n< —MlK%|Z —p|1+%} CcD(@),te(0,T];

{z e B(p.kP(T —1)*B) 1 (z — p) -n > Mk 3|z —p|1+%} CR"\D(). t €[0,T).
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Consequently, for every ¢ € (0, T), x(¢)/|X(¢)| is the unit outward normal to D(¢) at x(¢).

REMARK 4.1 Here in the second inclusion, although ¢ € [0, T), this is not a statement about Dy
because points in dD¢ need not be on a boundary characteristic.

Proof. Clearly, the last assertion is a direct consequence of the two inclusions.

To prove the first assertion, we need only consider the case ¢ = T. The basic idea of the proof
is as follows, cf. Figure 2(a). For any unit vector e that is perpendicular to n(7") and for every
s € [0,T) such that T — s is small, we construct a curve y(e, s;-) in €(7T") which coincides with
x(+) on [0, s], but gradually diverges from x in (s, 7] in the direction e. This construction tells us
that y(e,s;7) € D(T) for all ¢ € [s, T']. Taking all possible s and e, we then know that D(7") will
contain a fan like region as depicted in Figure 2(a). Careful arrangement shows that the “end” of
the fan y(-, -, T) is a C 't%/2 graph, in the direction n(7). The calculation is simple when e is taken
as a general unit vector. In Figure 2(b), we show the exact solution explained in Example 6. The
calculation there shows that the exponent 1 + «/2 in our Theorem is optimal.

(i) Set p = x(T) and n(¢) := x(t)/|x(¢)|. Let e € S"~! be any unit vector and s € [0, T']. Consider

| x() if ¢t €]0,s],
YO =0 %) + BT =Bt —s)e if 1 € (s, T).

Since x(t) = v(x(t),¢)n(t), when ¢t € [s, T], we have

¥(0)]? = [v(x(0), 1) n(2) + P (T —5)Pe|*
=v3(x,1) + 2P (T — s)zﬂ + 2v(x, t)/cﬂ(T - s)ﬂ n(z) -e.

n

(b)

FIG.2. (a) A schematic depiction of a few examples of the trajectory y(e, s;-) with different choices of s. The union of all
these curves gives a subset of D(7"), looking like a fan with vertices A, B, C.

(b) Exact solutions of the characteristic trajectories and fronts initiated from the origin from Example 6. All fronts in the
region Illzi/g the form x = ¢—|y|!+%/2, The boundary characteristic trajectories have the form |y| = [(1—a2/4) max{x—
10,0} TP
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Note that when ¢ € [s, T'],

n(t)-e= (@) —n(7))-e+n(T)-e < MP|T —5s|? +n(T) e,
vA(x(t), 1) — v*(y(2). 1) < 2v(x, 1) (v(x,1) — v(y.1))
< 2u(x, DK%|x — y|* < 20(x, 1)k (T — 5)?P

since [x(¢) — y(t)| < kP (T —s5)'"# and (1 + B)a = 2. Thus, forall ¢ € [s, T,

22 28 28 n(7)-e
—vo(y,t) <2v(x, kP (T — s 1+ + M+ —— 7.
Iyl (y.1) (x, 1)k"P( ) 200 (T —3)P
Now assume that e satisfies
T)- 3
_nM-e 3
kB (T —s5)B 2

Then, |y| < v(y,t) forallz € [¢, T]. This implies thaty € C(7T") and y(0) € Dy. Hence,
y(T) =x(T) + kP (T —5)'TPe = p + kP (T —5)'TPe e D(T).

Now let z € B(p, k# T'+#) be an arbitrary point. Define s € [0, T] by «# (T —5)'*# = |z — pl|, e
bye = (z — p)/|z— p|, and y as above. Then y(T') = z. Also,
n(T)-e n(T) z—p n-(z—p)

BT —5)f BT =) Jz=p|  k¥2|z— p[Felz

Thus, according to the previous calculation, z = y(7T') € D(¢) if
(z = p)-n(T) < =Mz — p|'+o/2.
This first assertion of the Theorem thus follows.
(ii) Let’sfixs € [0,T). Givene € S*~! and Te (s, T'] consider the function
y(1) =x(t) + P (T —)P(T —t)e, VielsT]
Using the same calculation as above except using the revised estimate
—n(t)-e=—n(s)-e+ (n(s) —n()) -e
< —n(s)-e+ MK/S('f —5)P
we can show that |y(¢)| < v(y(¢),¢) forall ¢ € [s, 7A"] if
n(s)-e
KB (T —s5)B
Assume this is true. Then there exists ¢ > 0 such that

[v(1)] < (1 —&)v(y(t),1) forall t € [s, T].
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This implies that y(s) & I"(s) since otherwise it would imply that y(YA”) is an interior point of D(f"),
contradicting the fact that y(T) = x(T) € I'(T).
Now for any given z € B(x(s), k# (T — 5)'t#) satisfying

(Z - X(S)) -n(s) > M1Ka/2iz — X(S)NH'“/Z’

set

e = (z —x(s))/|z —x(s)| and T =5+ [z —x(s)|//<°‘]1/(1+ﬂ),

Then the above defined y gives y(s) = z & D(s). This completes the proof. O

5. Lipschitz continuity of I"(¢)

In this section, we study the regularity of the front I"(¢). We shall show that in any small enough
ball, I"(¢) is the union of finitely many Lipschitz graphs with a uniform Lipschitz constant. If we
allow the smallness of the ball to depend on ¢, then the number of Lipschitz graphs is at most 2n
where 7 is the space dimension; we call this a local estimate. To obtain a global estimate, i.e., to
obtain a uniform positive size on the radii of these balls, we assume that 0Dy satisfies an interior
cone condition.

5.1 Local estimate

To describe graphs, it is convenient to use cubes. Hence we introduce

C(q.p):={q+ (x1.-+ . xn) | xi €[=p.p] VYi=1,---,n}, VYgeR" p>0,
Xit= (X1, Xim1, Xit 1 Xn), Y (X1, xg) €R" I =1,--- 1.

THEOREM 4 Assume (2.1) and (3.1). Let # > 0 and define

By1+B B/2 12
L R Ryt 2
2n K 1—-2-#
Then for any g € I'(¢) there are functions 1//1i, el 1//3E defined on R”~! such that the following
holds:

r=r({):= min{

I‘Wzs(xl)_l/fzs(yl)l Sz\/ﬁ |x/_y/|7 Vx/vyl eRn_lvi =1, ,ns5s=+4,-,
n

renc@.n c |J{en - m) e R [ x =yt i) orxi = y7 (i)},
i=1
D0 > |J {(xl,--- ) € C(qur) | x; = Yt () or xy < w—(ii)}.

i=1

Proof. We divide the proof into several steps.
1. Foreach p € I'(t), we define N(p), called the set of normals of I'(t) at p by

(1)

N(p) := {m x € Cp(1).x(1) = P} .
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This set is none-empty and well-defined since every point on dQ lies on at least one boundary
characteristic curve and each boundary characteristic curve has positive speeds and continuous
directions. Also, there is no need to indicate that N(p) depends on ¢ since t = 7(p).

Next, denote by ey, - - - , €, the unit coordinate vectors of R”. We define
1
r*@ = {pe @) | 3neNp), Fn-¢ = —} i=1,.n
Jn
Clearly,
n
ro = (rtouvr o).
i=1
2. Letr be a positive constant to be specified later. Let ¢ = (q1,:-- ,qn) € I'(¢) be an arbitrary

point. We shall show that each 1'}ﬂE (t) N C(q, r) lies on a Lipschitz graph of the form x; = 1//ijE (X:).
Let’s consider I, (1)NC(q, r). If itis an empty set, we define /; (x") = ¢;—r forall x’ € R
If it is non-empty, we proceed as follows.
Let p = (p1.p') € I'7 (t) N C(q,r) be arbitrary. Set

U(p:x')=pr—2n|p —x|, Vx eR"
Regarding the x;-axis as the vertical axis, we shall use Theorem 3 to show that in C(g, r), the set
under the graph x; = ¥ (p;x’) is in D(¢). For this purpose, let x = (x1,x’) € C(q,r) be an
arbitrary point satisfying
x1 < Y (pix).
Since p € I'; (t), there exists n € N(p) such that n-e; = 1//n. Hence, to show (x,x") € D(?),
by the “clear out” Lemma (Theorem 3) we need only verify two conditions:
M) [x—pl<a PP i) (p—x)n = My — p|te2,
For condition (i), we need only 2./n r < k#t1*# since both x and p is in C(x°, r).
To check condition (i), we use n-e; = 1/4/n and p; = ¥ (p; x') + 24/n |x' — p'|:
(p—x)-n=(p1—x1)e;-n+(0,p' —x)-n
={y(p:x)—x1 +2V/n|p'=x'|}er-n+(0,p'—x')-n
AN
S Ypix) —x
N
|p = x|"*2 < @vnn)*2(|py = xi| + [p' = X))
= v (Y (pix) = x1 + (1 + 24/l = p')).

Hence, to have (p — x) -n = M k®/?|x — p|'+*/2,if suffices to have

+|p —x';

1
2 S22 <
(2v/nr) 1 3

In conclusion both conditions (i) and (ii) are satisfied if we take

o . [kPt'HE Ry R 1
r =r(t) := min | = ‘
NI 07 /i (6/n My)2®
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Substituting the expression M; given in the previous section, we obtain the expression Ry in the
statement of the Theorem.

3. One can verify that I'](¢) is a compact set. Hence, we define

Y () :=max {y(p:x) | pe [T ()N C(g.r)}, Vx eR*"

Such a function has the following properties:

(a) 7 is Lipschitz continuous with Lipschitz constant 2/n. This follows from the fact that each
¥ (p;-) has the said property.

(b) In the cube C(g, r), the region below the graph x; = ¥ (x) belongs to D(¢):

(x1,x) € C(g,r), x1 <Y;(x) = (x1,x) eD().

(¢) If (x1,x") € I'T (t) N C(q.r), then x; = Y (x’). This follows from the definition of ;" and
its property.

Repeating the analogous process for the remaining sets 1'}jE (t) N C(g,r), we then obtain Lipschitz

continuous functions 1//ijE with Lipschitz constant 2,/n and the following properties:

I[F(1)NC(q.r) C{x eR" | xi = ¥ (%)}
D(1) D{x € C(gq,r) | xi < ¥ (%) orx; =y (%)}

Finally, since I'(t) C U7_, (1'}+ (#) U I (1)) the assertion of the theorem thus follows. O

5.2  Global estimates

The size r(¢) in the local estimate in Theorem 4 is small when ¢ is small. Here we investigate the
case when ¢ is small. For this we assume that Dy satisfies the interior cone condition stated as below:
There exist constants #y € (0, /2) and 8y > 0 and a functionng : Iy — S”~! such that

{x e C(p,8o) | (x—q) -ng(p) < —|x —qlcoseo} C Dy Vpely. (5.1)
EXAMPLE 7 The interior cone condition is satisfies by a set being the union of eight sectors:
Dy := {(,ocos@,pcos 0) eR?|0<p <1, 5|sin(40)| < 1}.

THEOREM 5 Assume (2.1), (3.1), and (5.1). Define

S0 M 1 bo\aw (1\2 28 —1\%
R, = min{—o, —4}, My = —(Esin2 —0) (—)2< )B.
2« 2\9 2 c 15
Then for every ¢t > 0 and ¢ € I'(¢), I'(t) N B(p; R1) is contained in a union of at most
N = (32m/6p)"~! Lipschitz graphs where each graph can be represented, after a rotation, as
x1 = ¥(x2, -+, Xxp) where ¥ is a Lipschitz function with Lipschitz constant no bigger than cot %0.

The key to the proof relies on the following supplement to Theorem 3.

LEMMA 5.1 Forevery T > 0 and every ¢ € I'(T), there exists ng(¢) € S"~! such that

{2 € B@.2R1) | (- —4) mo(g) < —Ix —gleos 2} € D(T).
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Proof. For convenience, we define

2 . 90 . 1 e . 90 /e & 1 . 90 1/8 L
g:= —sin—, L :=min{8g, — [ = sin — ,— | —— sin — L= —.
3 2 Kk \3 2 Kk \3M 2

One can verify that this L = 2R;.

Let x € Cp(T) satisfy x(T') = ¢. Set p = x(0) and n(z) = x(¢)/|x(¢)| for every ¢t € [0, T].
Also, let ng(p) be the unit vector satisfying (5.1). By the second inclusion in Theorem 3 with = 0
and a simple trigonometry we can show that

n(0) - no(p) = sin bo.
Since T = t(gq), we define
no(p) if 7(g) € (0,n),
n(z(q)) if (g) =11
Let z € B(g, L) be an arbitrary point that satisfies

no(q) =

Z
(z =) mo(q) < ~|z — gl cos =

We want to show that z € D(T'). For this set/ = |z —¢| and e = (z — q)/|z — ¢| so that
0
z=q+1e, 0<I<L, le| =1, e-no(q)$—cos?0.

Consider the function
yO) =x@)+ (U —¢e[T —t])e, Vtel[t,T], f:=max{0,T —1[/s].
Note that y(T) = x(T) + le = z. Also y(f) € D(7), by the following reasons. When T = [ /¢
we have y(f) = x(f) € D(f). When T < Il/e, wehave f = 0,x(0) = p, T < L/e = 11,
ny(q) =mno(p), and
0)— 6
M -no(p) = e-np(q) < —cos 2 < —cos Bo.
ly(0) — p| 2

Since
ly(0)— p| =1 —¢eT <1 <6,
it follows from (5.1) that y(0) € Dy. Hence, y(7) € D(7).To complete the proof, it is sufficient to

show that |y(¢)| < v(y(¢),t) forall ¢ € [7, T]. Following the same calculation as we did before, we
have fort € [1, T,

V(1> — v (y(1). 1) = v2(x,1) —v*(y,1) + &> + 2e v(x, 1) n(t) - e
K*x —yl*

< 2vu(x, t)e{ - + 2v(§(, 0 +e- n(l)}

aJjo

L
< 2vu(x, t)e{ d

—i—%—i—e-n(z)}

2 .06
< 2vu(x, t)e{g sin ?0 +e- n(t)}.
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(i) Suppose T = t1. Then ng(g) = n(T) so that

e-n(t) =e-no(q) +e-(n(t) —n(T))

0 ~ 6 L\B 2 .0
S—cos?0+MKﬁ(T—t)3S—sin70+M<K—) < ——si 0
e

(i) Next suppose T € (0,#1]. Then ng(g) = no(p) and
e-n(r) =e-ng(p) +e- (n(t) —n(0)) < e-ng(p) + MPt?

L\B 1.6
:e-n(O)—i—M(%> §e-n(0)+§sin70.

Now decompose e as
e = —cosf no(p) + sind nf,‘

where 6 € [0, 7] and n(J)- is a unit vector that is perpendicular to ng(p). Then

6
cosf = —e-ng(p) = cos 70,

so 8 € (0, 0y/2]. Also,

In(0) -ng| < v/1—n(0)-ng(p)|2 < /1 —sin by = cos bp.

Hence,
—e-n(0) = cos 0 ng(p) -n(0) — sin 6 ng - n(0)
> cos 0 sin 8y — sin 6 cos By = sin(fy — 0) = sin %.
This implies that
e-n(r) <-—2 sine—zo.

Thus, in any case (i) or (ii), we have |y(z)| < v(y(z),t) for all ¢ € [f, T]. This completes the
proof. O

Proof of Theorem 5. The proof is analogous to the locally estimate, with the modification that
I'(t) N B(q, Ry) is divided into more than 2n sets but the size R; of the ball is independent of ¢.
Let {e; }1N=1 be a minimum collection of unit vectors such that

N

6

s* 1 c UB(e,-,Zsingo), e eSSl vi= 1,---,N.
i=1

One can show that N < [327/6p]"~!. Givent > 0 we define

R0 =o€ F0) | @) —ei] < 25in 2.
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Then N
ra =Jno.

i=1
Fix any g € I'(¢t). We show that each I;(¢) N B(g, R1) lies on a Lipschitz graph. For this, it is
sufficient to consider 1] N B(q, Ry). By rotation, we can assume thate; = (1,0,---,0).
For every p = (p1, p’) € I't N B(p, Ry), we define

6
qo(p;x/):pl—|x’—p/|cot70 Vx' e RVL

We claim that
{(x1.x) € B(0,Ry) | x1 < ¢(p:x")} C D(¢).

To this end, let x be an arbitrary point in the set. Then x € B(p,2R;). Set

e=(x—p)/l(x—-pl

The angle between e and —e; is no more than 6y /4. As the angle between e; and ng(g) is less that
0o/4, we see that the angle between e and —ng(q) is no more than 6y/2. Hence, by Lemma 5.1,
x € D(t). This proves the claim.
Now define
V1(x') = max @(p;x’), Vx eR"!
PEL;(t)

Then v is a Lipschitz function with Lipschitz constant no more than cot %O. In addition, for any

p = (x1,x") € I'1(t) N B(g, L/2), we must have x; = ¢(p; x’) = ¥1(x). Hence,

(1) N B(g, Ry) C {(x1,x") | x1 = y(x")},
{(x1,x") € B(g, R1) | x1 < y(x')} C D(1).

Similarly, we can define ¥; for I;(z) N B(p,L/2) for each i = 2,---, N. This completes the
proof. o

5.3 Lipschitz initial boundary

Although not needed in the subsequent application, it is still interesting to investigate the regularity
of the fronts when D¢ has Lipschitz boundary.

Regarding the interior cone condition (5.1), one can show that if p € Iy and ng(p) -no(g) =0
forall ¢ € B(p, p) for some p > 0, then Ip N B(p, p) is a Lipschitz graph; namely, up to a rotation
I'y N B(p, p) is a graph in form x; = Y(x2,- - , x,) Where ¥ is a Lipschitz function.

If in addition ng : Iy — S"~! is a continuous function, then locally Iy is a C! graph.

Here we investigate for small time the regularity of the front when initially it is Lipschitz.

PROPOSITION 5.1 Suppose I is Lipschitz. Then I7} is also Lipschitz for every sufficiently small
¢t > 0. More precisely, locally I"(¢) can be represented as, after a rotation, x; = h(x’, t) for every
small ¢ > 0.
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Proof. (1) Pick an arbitrarily point on Iy. By rotation and translation, we assume that this point is
the origin 0 and
Do N C(0,380) = {(x1.x") € C(0,350) | x1 < Yo(x)}

where ¥ is Lipschitz with a constant bounded by, say, cot 8y with 6y € (0, 7/4).
Set §; = 8o tan Oy so that [ (x")| < &1 cotfy = 8¢ for every

x' € B'(0,81) ;= {x' e R" | |x'| < &}.
Set t; = 8¢ sin 6y /c so that
dist(Iy, I'y) < ct < §psinfy

for every t € (0,1].
For each x’ € B’(0/,8;), the function & € R — t(h,x’) is a continuous function satisfying
T(Yo(x"), x") = 0and t(Yo(x') + ct/sin by, x") = t for every t € (0, t1]. Hence,

h(x',t) :==min{h > Yo (x') | T(h,x") =t}

ct
€ (Wo(x/)s Yo(x') + —} C [0, 280]-
sin 6y
By the continuity of 7(-), t(h(x"),x’) = ¢ forall x’ € B’(0/, ;) and ¢ € (0, t;]. We shall show that
h(-,t) is Lipschitz and locally I"(¢) is a graph represented by x1 = h(x’, t).
(ii) Let # € (0,¢;] and
q=(q1.4') € I'(t) N C(0,25)

be arbitrary. Let x € Cp(¢) be such that x(t) = ¢g. Then
x(0) € B(g,ct) C C(0,38¢).

Denote n(z) = x(z)/|x(¢)|. Then in terms of Theorem 3, we can derive that e; - n(0) = sin 6.
Consequently, as [n(?) — n(0)| < M/cﬁt{s, we have n(z) - e; > 1sin 6y, by taking, if necessary,

2
smaller §¢. This argument show that for every ¢ € (0, #1],
sin 6y
{q € C(0.25) N (1) |n-e1 > ——= Ve N(q)} — I'(1) N C(0,25).

Now following the same proof as that in the local estimate, with 1/./n being replaced by sin 6y /2
and the function ¥ (q; x’) = g1 — 24/n|x’ — ¢’| being replaced by

4 _
1/f(q;X') =dq1 — mlq/—X/L Vx eR" 1,

we can conclude that I'(t) N C(q, €) is contained in a graph {(x1,x") | x; = ¥ (x’)} where ¢ =
(t) is a small positive constant independent of ¢ and ¥ is a ¢ dependent Lipschitz function with
Lipschitz constant no more than 4/ sin 6.

(iii) Now foreach ¢ € (0,1;] and each z’ € B’(0/, 8;), applying the conclusion from (ii) at point g =
(W' (Z',t),z") we conclude that /'(:, t) is Lipschitz continuous in B’(z’, ¢) with Lipschitz constant
no more than 4/ sin 6. Consequently, /(-, t) is a Lipschitz continuous function on B'(0’, §1).
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Finally, take §, = 8;/2 and t, = t;/4. Lett € (0, ;] and
(Zl,Z/) el ()N ([—80,280] X B’(O’,é’z)).

We claim that z; = h(z’,t). Suppose otherwise. Then z; > h(z’,t) by the definition of A. Let
x € Cp(¢) be such that x(¢) = (z1, z’). Then the trajectory x([0, ¢]) is contained in

[—80,280] x B’ (0,8, + ct) C [<80,280] x B’ (0, 81).
Hence, it must intersect the surface
{(h(x',1),x") | x" € B'(0',8)},
ie., x(f) = (h(x',t),x’) at some time 7 € (0,¢) and some x’ € B’(0’, §1). But this is impossible
since the arriving time to (h(x’, ), x) is exactly 7.
In conclusion, for every ¢ € [0, t2], I'(t) N ([—80,280] X B'(0/, 5,)) is given by the graph
x1 = h(x',1), x" € B'(0,65).

This completes the proof. o

5.4  The area of the front I'(t)

In many applications, it is desirable to estimate the area of the front I"(¢) in small balls. For this,
we recall the area formula. Given a Lipschitz graph S = {(x;, ¥ (x') | x’ € 2 C R"71}, its area,
denoted by ®"~1(S), is given by

RTL(S) = / V14| Ve (x2dx’
2

We immediately obtain the following:

THEOREM 6 Assume (2.1) and (3.1). There exists C(n) such that for every t > 0 and ¢ € R",

B s1+B R
=1 (I'(1) N B(g, p)) < C)p"~!, Y0 < p < min {" 0("’6’“)} .

2yn K
If also (5.1) holds, then there exists a constant C(n, 8y) such that for every t = 0 and ¢ € R”,

o Ra(n,c,a, 90)}‘ (5.2)

R*L(C(t) N B(q.p)) < C(n,6) p" ', V0 <p<min {5,
K
Proof. The assertion follows directly from the area formula and our earlier conclusion that locally

I'(t) is contained in a union of finitely many Lipschitz graphs. o

We remark that (1.2) for x = 1 is a consequence of (5.2) since the ball of radius 1/« can be
covered by at most (2/R,)" numbers of balls of radius R, /«.
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6. Continuous dependence

When v is Lipschitz continuous in the space variable, solutions to the domain expansion problem
are stable; i.e. if v; — v and Dg; — Dg as j — oo, then solutions of the domain expansion with
speed v; starting from D; approach that with speed v starting from Dg as j — oo. When v is not
Lipschitz continuous, this stability may not hold; see Example 3 at the end of Section 2.

For the purpose of later application, we do need a certain kind of stability result. It happens that
the function in our consideration has the following special properties:

Vu(x,1)] < K{l + |1 dist(x, D))

}, Vx &D(t),1 €[0,T] 6.1)

where [0, T'] is a time interval of consideration. It may seem strange at a first sight that the above
property depends on the solution @ = Up<<7(D(¢) x {t}) of the domain expansion problem
starting from Dy; nevertheless, in studying free boundary problems, we quite often come up with
such kind of estimates.

Without association with free boundary problems, we consider in general a function class that
satisfies

lv(x, 1) —v(y. )| S o(x—yl), Yx,yeR" 1€l0,T],
dh (6.2)

1
w € C'((0,00);(0,00)), @ =0 on (0,00), / o) =00
0

Here w(:) is quite often called the modulus of continuity. An example is w(h) = h (1 + |Inh|).

THEOREM 7 Let (f, Do) satisty (2.1) and Q = Uqe[o,71(D(¢) x {¢}) be the solution of domain
expansion with speed v starting from Dy. Assume either (6.1) or (6.2) holds.

Letz € (0,T], x & D(¢) and x € Lip([0, t]; R™) satisfy x(¢) = x and |X(s)| < v(x(s), s) for a.e.
s € [0,t]. Denote d(s) = dist(x(s), D(s)). Then, with w as in (6.2) or

w(h) = 2Kh(1 + | Inhl),

we have

d(t) dh
—— <t, Vse|0,1].
/d(s) w(h)

The above estimates shows that if x(¢) is away from D(¢), then x(s) is away from D(s) in a
uniform manner. The implication of such a result, although not at all clear at this moment, will be
seen clearly in the proof of next theorem. Indeed, as one will see in the later sections in the study
of a free boundary problem, such a result is so vital that without it, one can hardly establish the
existence of a meaningful solution of the underlying free boundary problem.

To cooperate (6.1) into the scope of (6.2), we first establish the following:

LEMMA 6.1 Assume (6.1). Suppose p := dist(x, D(¢)) > 0. Then
lv(x.1) —v(y.0)] < 2K[x — y|{1 + |Inp|}, Vy e B(x.p).

Proof. Let y € B(x, p). Set
z(0) =y +0(x—y)
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for 6 € [0, 1]. Then
dist(z(#), D(r)) = dist(x,D(r)) — |x — z|
=p—(1—=0)]x—y|=0p.
It then follows that

d

lw(x, 1) —v(y, 1) = }/01 Ev(z(@),t)d@‘

1
_ )/0 (=) Vu(2(0).1) d|
1
< |x—y|/0 K[1+ |In(6p)|]d6

1
< K|x—y|/ {1+ |Inp|+ |In6|}db
0
= K|x —y[{2 + |Inpl}
<2K|x —y|(1+ [Inp]).
O

Proof of Theorem 1. Clearly d(-) is a continuous function. Also d(s) > 0 for all s € [0, ¢] since
x(s) € D(s) for some s € [0, ¢) would imply x(¢) € D(¢). Set e(s) = x(s)/v(x(s), s). Then

x(s) = e(s) v(x(s),s), le(s)| <1, Vse][0,1].

Fix any 0 < t; < t, < t. For a large integer N, set h = (¢, — t;)/N and s; = t; + ih. Fix an
ie€f{0,1,---,N —1}.Let y; € I'(s;) be a point such that

d(s;i) = dist(x(s;), D(s;:)) = [x(s:) — yil.
Let y be (any one of the) solution to
y(s) = e(s) v(y(s).8), Vselsisiql.  y(si) =y

Then y(si+1) € D(si+1) so that d(si+1) < [y(si+1) — X(si+1)|. To estimate [y(s;+1) — X(si+1)|,
we calculate, for s € (si, Si+1),

ey = 20
<[v(x.s) —v(y.s)|
<o(x(si), 50) — (i, s0)| + |v(x, 8) = v(x(50),51) | + |v(¥,8) = v(¥i, 1)
<o(|x(si) = yi|) + 20(h)

by using either (6.2) or Lemma 6.1 in the case (6.1); here ¢(h) is defined by, for some fixed R so
large that B(0, R) covers all points in our consideration,

(v(x,5) = v(y.s))

|s —s'| < h |z —2'| <ch,

— _ [ASAY I >
(P(h) - Sup IU(Z’S) U(Z 8 )I . S,S/ c [O, T],Z,Z/ I B(O, R) .
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By continuity we have ¢(h) — 0 as h = 1/N — 0.Now integrating the differential inequality over
[$i,8i+1] and using d(s;) = |x(s;) — yi| we have
Si+1
d65i50) < I¥Gsi0) ~xGsi <) + [ {olds) + 260)ds.

Si

Consequently, adding these inequalities withi = 0,--- , N — 1 we obtain

N-1 s
de)<d+ Y [ {olden) +2000)ds.
i=0 v

Sending N — oo and using the continuity of d(-) and the definition of Riemann integral we find
that

2]
d(t2) < d(ty) +/ w(d(s))ds, YO<t <t <t.

131
Now we can use a variation of the Gronwall’s inequality to obtain our assertion. Introduce
s
F(s) :=d(t1) +/ w(d(s)) ds', Vs en,t].

131

Then F(¢1) = d(¢1) and d(s) < F(s) for all s € [t1,t]. Consequently,
F'(s) = w(d(s)) < o(F(s)). Vs €ln.i]

since w(+) is an increasing function. This implies that F'/w(F) < 1, which gives, after integrating

it over [t1, ],
L F'(s) ds F@  gp 4@ gp
s [(E@d_ RO a0
n 0F©)  Jray oh) = Jai,) o)
since d(¢) < F(t). This completes the proof. O

Now we come to the stability issue.

THEOREM 8 Let Dy be a bounded closed set and {v;}72, be a sequence of functions satisfying
(2.1) with v replaced by v;. Let Q; = Ug<r<7(D; X {t}) be the solution to the domain expansion
problem with speed v; starting from Dg. Assume that one of the following holds:

(i) (6.2)1s true with v being replaced by v; for every i € N (here w is independent of i );

(i1) (6.1)1is true with (v, D) being replaced by (v;, D;) for every i € N (K is independent of 7).
Finally, assume that for some v, lim; o, v; = v locally uniformly. Then

T
lim/ // lxo; — xoldxdt =0,
J—>0 Jo RR

lim yo,(x.1) = yo(x,1), Vi e[0,T],x ¢ I'(¢t) := D(1)
j—o0

where Q = Up<;<7{D(¢) x {t}} is the solution to domain expansion with speed v starting from Dy.
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Proof. Lett € (0,T] and x ¢ I'(¢) be fixed. We consider two cases

() x ¢D(@), (i) xeD@)\IQ).

(i) Suppose x & D(t). Then yo(x,7) = 0. We claim that lim; o o, (x,7) = 0. Suppose not.
Then there exists an integer sequence {ix}p>, such that limg_, o iy = oo and X0Qi, (x,t) =1 for
all k € N. This implies that there exists {Xx } such that x; (¢) = x, Xz (0) € Dy and

15}
Vi, (X (5),5)ds, VYO<t <ty <t

Xk (12) = xp:(11) | < /

131

It is easy to see that the family {x;} is equicontinuous and bounded. Hence, along a subsequence,
which we still denote by {x }, it converges uniformly to a limit, say x. Such a limit has the property
that x(0) € Dy and x(#) = x. In addition, as v; — v locally uniformly as j — oo, we see that
x € C(¢). Hence, by the definition of the solution to domain expansion, x € D(#), which contradicts
the original assumption that x & D(¢). Hence,

lim yg,(x,1) = yo(x,t) =0.
1—>00

In this step, no regularity condition is needed. Now comes the hard part.

(i) Supposex € D(¢)\ I'(¢). Then yo(x,7) = 1. We claim that y o, (x,¢) = 1 for all sufficiently
large j. We use a contradiction argument. Suppose this is not true. Then yg; (x,7) = 0 along a
subsequence, which we still denote by {Q } itself.

Lett* = t(x). Asx € I'(t), we have t* < tsoe:=1t—1t* > 0. Let x € Cp(t*) such that
x(1*) = x. Denote e(s) = x(s)/v(x(s),s). Now consider any fixed solution y; to the differential
equation

V() = e(s) v (y;(5). Vsel0.r*].  y0) =x.

Such a family {y;} is bounded and equicontinuous. Hence, along a subsequence, which we still
denote by {y;}, it converges uniformly to a function y. As v; — v locally uniformly, we have

y(s) = e(s)v(y(s),s). Vsel[0,r*], y(E*) =x.

We now show that dist(y(s), I"(s)) > Oforall s € [0, 7*]. To do this, we first note that y o, (x,7) =0
implies that x & D; (¢), i.e., 7; (x) > ¢. Hence,

dist(x, [;(t*)) = min |x —
(.13 = min | =y

> min |5x) -t =1x) —t">1—1"=¢
yerI;(t*)

Now denoting d;(s) = dist(y;(s), D;j(s)), we have, by Theorem 6.1, for every s € [0, ¢*],

G dp ¢ dh
[
dis)  @(h) "~ Jaisy; ()., () @)

Let § € (0, €) be a constant such that || 86 % = t. Then the above estimate gives us

dist(y;(5),D; (1)) =8, V¥j eN,sel0,1*].
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Asy; — y uniformly, there exists J such that |y; (s) —y(s)| < 8/2forall j = J and all s € [0,1¥].
Therefore,
dist(y(s).Dj(s)) = 8/2, Vj=J,s€e[0,1*]

In particular,
dist(y(0), Do) = dist(y(0),D;(0)) = §/2.

Now we compare x and y.Assume that (6.1) holds with (v, D) being replaced by (v;, D;) for every
j € N. This implies that for every j = J,

|V (z.5)] < K[1 4 |In8/4]]. Vs e€[0,:*],z € B(y(s).5/4).
Now since v; — v uniformly, we see that v = lim v; share the same property:

IVu(z,s)| < K[1+[Ind/4]], Vs e€[0,:*].z € B(y(s).5/4).

Noting that both x and y satisfies the same equation on [0, t*] with same terminal value x(t*) =
x = y(t*). The above Lipschitz continuity on v then implies that x never diverges from y, i.e.
x(s) = y(s) for all s € [0, ¢*]. This contradicts x(0) € Dy and dist(y(0), Do) = §/2.

Assume that (6.2) holds with v being replaced by v; forevery j € N. Thenasv; — v uniformly,
we see that v also satisfies (6.2). We can calculate

d
—%|x(s) —y©)| < [vxs) —v(y. 9)| < o(|x(s) —y(s)]). Vs e[0,6%].

Cdh
Jo o=

we can derive that [x(s) — y(s)| = 0 for all s € [0, ¢*]. Again, we have a contradiction.
The contradiction shows that y ¢, (x,7) = 1 for all large j, so

Since |x(¢*) —y(#*)| = 0 and

Iim yo.(x,1) = 1= yo(x,1).
j—oo

Finally, since the set U;c[o,71{17(¢) x {t}) is a Lipschitz graph t = t(x) in the space-time
domain, it has space-time measure zero. Hence, yo, — xo almost everywhere. The convergence
of Yo, — xg to zero in LY(R" x [0, T]) then follows by the Lebesgue’s Dominated Convergence
theorem. This completes the proof. o

REMARK 6.1 In Theorem 8, the condition (6.1) for (v;, D;) can be replaced by
|Vv;(x,1)| < K{1 + |In dist(x,D;(1))|} if dist(x,D(t)) > 1/j. t € [0, T],
|vj(x,t)—vj(y,t)|SKIx—yI"‘, Vx,yeR" tel0,T].

The revised conclusion of Lemma 6.1 is

v (x.0) = v (7.0 < Kj™ + 2K|x = y|[l + Inp]

where the extra term Kj ~® comes from the thin layer of width 1/ in which the derivative estimate
is replaced by the Holder estimate. Thus, Theorem 7 still holds if we replace w by

wj(h) = Kj~™ + 2Kh(1 + |Inh)).
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The proof of Theorem & remains unchanged except we replace w by w;. Note that for every ¢ > 0,
there exists § € (0, ) and an integer J > 1 such that

¢ dh
>t Vji=J.
/5 wj(h)

7. A singular layer potential

In this section we study the solution w to the heat equation

§ %—lt" — Aw = B%XD(I) in R" x [0, 00), (7.1

w(-,0)=0 on R" x {0}
where
0 = Us=o(D(1) x {t})

is the solution to the domain expansion with speed v starting from Dy.

Due to the singular nature of the characteristic function, the equation is interpreted in the sense
of distribution. Since the equation is linear, we can use the fundamental solution of the heat equation
to express the solution in terms of a singular layer potential. We denote the fundamental solution by

K(x,t) := (47tt)_"/ze_‘x‘2/(4t), VxeR" t>0.

Then the solution can be expressed as, for every x € R” and ¢ > 0,
! 0
w(x,t) = // / Kx—yt—s)—xo(y,s)dsdy
R JO as

= // K(x—y,t —t(y))dy
D(1)\D(0)

since d; x ¢ is a Delta function with mass at s = 7(y). Note that w is positive and

//Rn Wl N = //D(t)\D(o) //Rn K(x—y.t —t(y)dx dy

= |D() \D(0)|, V¢=0.

Also, it is easy to see that w is smooth in the region away from the lateral boundary of Q.

The main purpose of this section is to provide a bound on the spatial Hélder norm. In the sequel,
C(n, o) denotes various constants that depend only on n and «, whereas C(n) that depends only on
n.

THEOREM 9 Let {D(?)};=0 be a collection of bounded closed sets satisfying the following:

D(s) C D(t), |t—s|<dist(x,D(s))< clt—s|, VO<s<t,xell(),
RV () N B(x,p) <C*p" Y, Vpe(0,R], xeR", t=0
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where I'(t) := dD(¢) and ¢ = 1,C* = 1 and R« € (0, 1] are constants. Then w from (7.1) satisfies

1) — ,t - C(n,a)C*
(wx.) —wxa. 0] _ ¢ Co.a) . YxnxeRY =0, ac(01),

lx1 — x2[® T R
1 VR + dist(x. T'(1))
Vw(x,1)| < c C(n)C 1 L V10, x &)
[Vwix. 0} < ¢ Cn) [4/_R*+n dist(x, (1)) ] >0, x g I

The estimate for /2 Holder norm in the ¢ variable is analogous and is omitted. An important

feature of the bound is the factor R‘jf/ % instead of R¢ which is relatively easy to obtain.
When p > R, we can cover B(x, p) by (2p/ R.)" many balls of radius R to obtain the estimate

K" (t) N B(x, p)) < (;—p)" sup ®"~1(I'(t) N B(y, R+))
* YER”?

nek N
SZC'O
Ry

, VxeR" p=R..

Regularities for singular integral of heat kernel are related to the following singular kernel
Ko(x,t) := ¢ (/2= IxI?/(80) a=0.

LEMMA 7.1 There exists a constant C(n) such that for every x, x;, x, € R”,

[Vw(x,1)| < C(n) //( \ Ki(x —y.t —(y))dy.
D(#)\Do

lu(xy,1) —u(xz, )] < C(n) sup // Ka(z = y.t —t())dy. Vae[0.1).
D(¢)\D(0)

|x1 — x2]® ZERN
Proof. Notice that for every z € R", s > 0, and « € [0, 1],

72K (z,5) = 572 (4rs) 214D < (4m) 2K (2, 5),
1/2

pe P8 ) _ 2

(1-a)/2
s VK. )l < Ka(z,9) /SJUPO (nrn/22n+1 n/2on+1

=

K,(z,s).
The assertion for |Vw| thus follows from
Vw(x,t) = // VK(x —y,t —t(y))dy.
D()\D(0)

Now we estimate the Holder norm. From this, we can estimate, for every different z; and z, in R”,

/1 (z2 —z1) - VK(z1 +¢(22 —21),S)d§
0 |21 — 22

o

|K(z1,5) — K(z2,5)|
|21 — z2|*

= |K(z1.5) — K(z2.8)|' @

- l—«
= ga/2

1
KG19) = KGas)| + s [ VK + 502 = 20).9)]ds
0

1
< C(n){Ka(Zl,S)+Ka(Zz,S)+/O Ko(z1 +g(zz—21),s)dg}
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where in the first inequality we have used
a'™p* < (1 —a)a +ab

for positive a and b.
Applying the above estimate with z; = x; — y,2z2 = x — y and s = ¢ — 7(y) we obtain

[wx, 1) —wlxz, )] _ // [K(x1 —y.t —7(y) = K(x2 —y.t —7(p))|
|x1 — x2|% h D(#)\D(0) [(x1—y) — (x2 = y)[®

dy
<co f|  {Kaln =yt =20 + Kalra =yt = 10)
D(#)\D(0)

1
+ [ Koot 4 str2 = x0) =yt = 2O |y
0

<3C(n) sup // Ko(z —y.1 —(y)) dy.
D(1)\D(0)

zeR”?
This completes the proof. o

Proof of Theorem 9. The casen = 1 is easy since (i) for each x € R, there are at most two boundary
characteristic trajectories that stop at x, and (ii) each boundary characteristic curve is monotonic
with slope between 1 and ¢ (regarding ¢ as the horizontal axis). Indeed, the potential w is Lipschitz
continuous with a Lipschitz constant depending only on ¢ and the number of connected pieces of
Dy; we omit the details. Hence we consider the case n = 2 so the regularity of fronts plays an
essential role.

Leto € (0,1] and (x,?) € R"” x (0, 00). The following division of three pieces is based on but
significantly simplifies the original calculation by Su and Burger in [34]:

//D(t)\D(O) Ko(x —y.t —1(y)dy = (ffszl +//rzz+/frz3) Ko(x =yt — () dy

where

21 :=D() \ (B(x, V/R+) UD(0)),

2, :=D(1) N B(x, vV Ry) \ (B(x, Ry) UD(0)),
23 :=D(t) N B(x, Ry) \ D(0).

1. Contribution from far range. We estimate the integral of K, on £2; by using
z[2\ (r+a)/2
Ky(z,5) = |Z|—n—a<u) e—\z\z/(ss) < C(ﬂ)lZl_n_a,
s

Hence,

// Ko(x =y, 1 —1(y))dy < C(n) // Ix — y| " %dy < C(n, ) R;%/?.
2, R\ B(x,+/Rx)
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2. Contribution from intermediate range. To estimate the integral on £2,, we use dy =
dR" ! psv(y, s)ds. Since

t —s < dist(x,D(s)) < c(t —s)

forevery x € I'(t) and 0 < s < ¢, we have 1 < v < c. Hence

t
// Ko(x —y.t —1(y))dy = / / Ko(x —y,t —s)v(y,s)dR" ! ds
2, 0 JI(s)NB(x,+/R:)\B(x,Rx)

t
< C/ / Ko(x —y,8)d R ds.
0 JI(t—s)NB(x,~/R«)\B(x,Rx)

VR* € 277'R,. 27 R,].
We define p; = 2iR, fori =0,---,J. Using
RN (I (t —5) N B(x,p)) < C(n)C*p" /R

Let J be an integer such that

for all p = R, we have

Ko(x —y,s)dR"!

Z/ Ko(x —y,s)dR"!

i—1 Y T @=s)NB(x,p))\B(x,p;—1)

/I“(t—S)ﬂB(x,m)\B(x,R*)

J
<5t 3 " e Pi—1/(B)gpn—1 (F(t —5) N B(x, Pi))
i=1

CmC* ZJ: n =2,/ (85)
R S(n+ot)/2

2"C(n)C* n—1,-p?/(325)
= W Pi—1€ ™! (Pi _Pi—l)
i=1

/R
< 2"C(}1)C* 2 pn—le—pz/(32s)dp
= R*s(”‘Hl)/z ’

Hence, using the same C(n) for different constants depending only on 7, we have

2
- ¢ C(n)C* 24/Rx n 1 e P /(32s)
/92 Ky(x—y),s)dX < oo dp ds

=cC* C(n,a) R;“/Z.

3. Contribution from close range. Same as above, we have

// Ko(x =y, 1 —1(y))d / / Ko(x —y,8)d R ds.
23 T'(t—s)NB(x,Rx)
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We define
h(s) = dist(x, ['(t — s)), I :={s €(0,1) | h(s) < Rs}.

Note that when s € (0, 1),

h(s) = dist(x, - s))
= dist(I(t(x)), L't —s)) = |t — t(x) —s].

There is at most one s € [0, z] such that 2 = 0. As we are performing integration, such a point does
not matter. Hence, we consider only the case h(s) > 0. Clearly, I"(t —s) N B(x, h(s)) = @. Also,
I't—s)NB(x,Rx) =0ifs e (0,1)\ 1.

Consider s € I. Let J be an integer such that

277 h(s) < Ry <27 h(s).
We define p; = 2'h(s) fori = 0,---,J — 1 and define p;y := R.. Using
RN (I —s) N B(x,p)) < C*p"!

for all p < R« and a similar calculation as above we obtain

Ko(x —y,5)dR"1

J
= Z/F Ko(x — y),s)dR"!

i=1 Y T @=s)NB(x,p;)\B(x,0;—1)

/F(t—s)ﬂB(x,R*)

*

2R
< 2n—1C*S—(n+ot)/2 / pn—2e—p2/(32s)dp
h(s)

o0

< 2n—1C*S—(n+ot)/2e—h2(s)/(64s)/ 1=2e=0?/(645) g,
0

— C(n)C* s~ (1+0)/2 ,—h>(5)/(64s)

Now we consider two cases:
(1) « € (0,1). Since h(s) < R, implies that

|t —7(x) —s| < R,

so that

// Ko(x —y,t —1(y))dy < cC*C(n) §—1+0)/2 ¢
£23

s€[0,t],|t—t(x)—s|<Rx

< ¢ C* C(n,a) RU™/2,

(i) o = 1. We have

Il

o—h)?/(645)
Ki(x—y.t —t(y))dy <c C(n)C*/ fds.
I

3
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Let hp =t — t(x). We consider three cases.
1. ho < —R*. Then
h(s) = |t —(x) —s| = R*

foralls > 0sol = @.
2. hg > 2R«. Then I C [hg — R«, ho + Rx] so that

—h2/(64s) ho+Rx g h R
/eidssf —szlng$ln3.
I s ho—Rs« S ho — R«
3. hg € (—R«,2R*]. Then I C (0,3R*] and

2 a2 2 2
W) | o= B
S S

N s

since R« < 1. Hence

—h2/(64s) 3R* ,—h2/(64s) o0 —n
/ ¢ is< 61/32/ A e1/32/ e—dn
1 N 0 s h3/(192R*) 1

<C +el/3zln% <C +2el/321nR27+h0.
0 0

In summary, noting that
dist(x, r))= ’t — t(x)’ = hy

we have

VR« + dist(x, F(t))}

/93 Ki(x—y.t —t(y))dy < ¢ C*C(n){l +1n S T0)

4. Now we combine all these estimates. When « € (0, 1),

//D(t)\D(O) Ko(x—y,t —1(y))dy = (/fm +//:22+//93)Kady

< Cona){R72 4 C*R;*2 + C*RUT].
*
- Cn,a)C '
RY/?
Together with Lemma 7.1, we obtain the assertion of the theorem for the Holder norm. Similarly,
we can obtain the estimate for |[Vw(x, t)|. This completes the proof of Theorem 9. O

8. Solidification with kinetic undercooling
Now we consider the following mathematical model for the solidification in undercooled liquid:

%(M—XQ):Au—f in R” x (0, T},

0= {(x(t),t) ‘ t € [0, T],x(0) € Do, |X(s)| < V(u(x(s), s)) ae. s € [o,z]}, (8.1)
u(-,0) = up(-) onR” x {0}.
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The problem here is to find unknown (u, Q), for each given Dy, f,uo and T > 0. We assume that

I1<sV(g)<e, [Vis)—=V(s2)|<Llsi—g2|, Vg 61, 62€R (8.2)

THEOREM 10 Assume that Dy is a bounded closed set satisfying the interior cone condition, that
ug : R” — R is bounded and C' and f : R"” x [0,00) — R is bounded. Also assume that V
satisfies (8.2).

Then for every T > 0, (8.1) admits a solution (u, Q) where u € C*"¥/2(R" x [0, T]) for every
y € (0,1) and foreacht € (0, T], I'(t) = dQ N (R” x {t}) is contained in a union of finitely many
Lipschitz graphs.

Proof. We shall use Schauder’s fixed point theorem to establish the existence.

1. We denote by the same u its extension from C'(R” x {0}) to C»'/2(R" x [0, T']) according
to
ugr = Aug— f on R” x (0,T].

Let dy be a constant such that Dy C B(0,dy). Set dr = do + ¢T. Since we know that the
propagation speed is at most ¢, a priori we known that D(7") C B(0, dr). Hence, only those values
of u in the set B(0,dr) x [0, T] are relevant to our motion problem. Thus we work on X :=
C(B(0,dr) x [0,T]). Let o € (0, 1) be fixed. For a constant k > 1 to be determined, we work on
the closed convex set

_ o
X(k):=JueX|[u]y ;= su su lulx, 1) —u(y. 1) <=
p p ¥ 7
tel0.T] xyeBOdraty X7V

2. Fixanyu € X(x). Let v = V ou. Then v is continuous and 1 < v < ¢ and [v]y < k*.

Taking v as speed, we solve the problem of domain expansion starting from Dy, according to
(1.1). As the maximum propagation speed is ¢, information for v on R” \ B(0,dr) x [0, T] is
irrelevant to the problem. Denote the solution by Q = Up<;<7(D(¢) x {¢}) and set I"(¢) = dD(¢).
Then by our analysis on the geometric problem we can find a constant C; = C;(n, @, ¢, Dg) such
that for all ¢, s € [0, T,

D(s) C D(t), |t —s|<dist(I'(s),x)| <clt—s|, VO<s<t,xell(t),
RN (t) N B(x,p) < Ci1p" L, ¥V pe(0, Ry, Ry = —.

Now let w be the unique solution to

aa—lf—Aw: a%)(g inR"” x (0,7], w(-,0) =0onR" x {0}.

The estimate given in the previous section gives

[w], < ¢ C(n,y)C1RY'? = Co(n,a,y.c.Do)x?'?, Vye(0,1),

[Vw(x,1)| < K(n,a,k,c, Do)[1 + |Indist(x, "'®))|]], Yx¢&I(t),tel0,T].
We define Tu as the restriction of ug + w on B(0,dr) x [0, T]:

Tu ;= up + w| _ .
B(0,d7)x[0,T]
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Then,
LC? «~
[Tuly < [uola + CzI(Ol/2 < [uola + 22 + i
Finally, fix
K= 2[”0]0( + LCZZ(H, o,cC, D()). (83)

We see that Tu € X(k). Note that Tu € C”¥/2(B(0,dr) x [0, T]) for any y € (0, 1) where the
bound of the Holder norm is independent of u € X(x). Hence T maps X(«) into a compact subset
of X(«x).

3. To apply the Schauder fixed point theorem, we wish to show that T is continuous. However this
is almost impossible for the function space we are working on. To overcome this difficulty, we use
a limit process by approximating T by {T;}. For each integer i, we define

Tiu = pi xuo + pi xw

where * stands for spatial convolution, p; (x) = i” p(i x) and p(-) is a smooth non-negative function
supported on the unit ball with mass one.
For each large enough integer i we work on the set

Xi (k) = {u € X() | Jullcro <i?}.

Here
lullcro = [ullLee + [[Vu Loo.

One can show that T; maps X; (k) into its compact subset. Also, since solutions to the geometric
problem is continuous with Lipschitz continuous speed, we see that T; is continuous in the
C1O(B(0,d;) x [0, T]) topology. Thus, there exists u; € X; such that T;u; = u;. As {u;} is a
compact subset of X(k), a subsequence, which we still denote by {u; }, converges to a limit, say u,
uniformly on B(0, d7) x [0, T]. Denote by Q; the solution of domain expansion with speed V (u;)
and by Q that from V(u).

Note that u; = T;u; satisfies [u;]q < «*/L and

1
|Vu,-(x,t)| < K(uo,n,a,/c,c,Do)[l + |lndist(x,1'}-(t)) ] if dist(x, I3 (¢)) > —.
i

Then by Theorem 8 and Remark 6.1, o, — yxo in L' so that u; — Au — f = 9,y in the
distribution sense. Thus, (u, Q) is the solution to our free boundary problem. This completes the
proof. o

REMARK 8.1 One may show that as a function of space variable, y g, (x,f) = xp,)(x) is a BV
function so along a sequence it converges almost everywhere to a limit, say y 0 Nevertheless, in

general, such a limit Q is only a very weak solution to the domain expansion problem; that is,
Q = lim Q; may not be the solution to the problem of domain expansion with speed V(u) starting
from Dy in the sense defined in this paper; see the Example 3. Hence, Theorem 8 is essential to the
success of our last step.

REMARK 8.2 If T = oo, one can step by step extend the solution to R” x (i, i 4 1] for each integer
i =0,1,2,---. This is possible since « has an a priori bound (8.3), each D(7) has the interior cone
property (by Theorem 3), and the domain expansion problem has a semi-group property.
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