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We consider conservation laws on moving hypersurfaces. In this work the velocity of the surface
is prescribed. But one may think of the velocity to be given by PDEs in the bulk phase. We prove
existence and uniqueness for a scalar conservation law on the moving surface. This is done via a
parabolic regularization of the hyperbolic PDE. We then prove suitable estimates for the solution of
the regularized PDE, that are independent of the regularization parameter. We introduce the concept
of an entropy solution for a scalar conservation law on a moving hypersurface. We also present some
numerical experiments. As in the Euclidean case we expect discontinuous solutions, in particular
shocks. It turns out that in addition to the “Euclidean shocks” geometrically induced shocks may
appear.
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1. Introduction

The theoretical and numerical solution of partial differential equations on stationary or moving
surfaces has become quite important during the last decade. In many applications PDEs in bulk
phases are coupled to PDEs on interfaces between these phases. The modeling of transport processes
for quantities on evolving fluid interfaces with surrounding bulk phases has already been established
in [9] and the references therein. There is a satisfactory analysis and numerical analysis for elliptic
and parabolic equations on stationary or moving surfaces. For references we refer to [14], [15], [16].
Several phenomena like shallow water equations on the earth, relativistic flows, transport processes
on surfaces, transport of oil on the waves of the ocean or the transport on moving interfaces between
two fluids are modeled by transport equations, and thus hyperbolic PDEs, on fixed or moving
surfaces. These equations often are highly nonlinear.

(© European Mathematical Society 2013
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In this work we study scalar conservation laws on moving hypersurfaces without boundary in
R”*1 The motion of the surface is prescribed. Assume that I"(¢) is a family of smooth and compact
hypersurfaces which moves smoothly with time ¢ € [0, T]. When the scalar material quantity u =
u(x,t), x € I'(t),t € [0,T], is propagated with the surface and simultaneously transported via
a given flux f = f((x,t),u) on the surface, then its evolution with respect to prescribed initial
values ug is governed by the initial value problem

u+uVr-v+Vr-(f(,u)) =0 on Gr, u(-,0) = ugp on Iyp. (1.1)

Here v denotes the velocity of the surface I', and Vr is the surface gradient. The dot stands for a
material derivative, f is the given flux function which we assume to be tangentially divergence free
on I" and which is a tangent vector to the surface. By Gr we denote the space time surface

Gr= J roxis. (1.2)

te(0,T)

The quantities appearing in the PDE (1.1) are well defined for u : G — R and do not depend on
the ambient space.

Let us briefly summarize the published results related to this topic. The study of scalar
conservation laws on time independent manifolds was initiated by Panov [33]. The PDE considered
in his paper is independent of the geometry which allows him to reduce the whole problem to
the Euclidean case in order to prove existence and uniqueness. Total variation estimates for time
independent Riemannian manifolds can be found in [22]. The existence proof of entropy solutions
on time independent Riemannian manifolds is considered in [7] by viscous approximation. The
ideas are based on Kruzkov’s and DiPerna’s theories for the Euclidean case. In a forthcoming paper
Lengeler and one of the authors [28] are generalizing the results which we are going to prove
in this contribution to the case of time dependent Riemannian manifolds. They show existence
and uniqueness (in the space of measure-valued entropy solutions) of entropy solutions for initial
values in L°° and derive total variation estimates if the initial values are in BV. Additionally, initial
boundary value problems for this type of PDE seem to be very interesting from the physical point
of view and will be considered in future work. Convergence of finite volume schemes on time
independent Riemannian manifolds can be found in [1]. In the paper [27] LeFloch, Okutmustur

and Neves prove an error estimate of the form |ju — up||p1 < ch? for the scheme in [1]. The
proof generalizes the ideas of the Euclidian case and the convergence rate is the same. This result
was generalized to the time dependent case by Giesselmann [18] under the assumption that an
entropy solution exists, which we are going to prove in this paper. In [2] an error estimate for
hyperbolic conservation laws on an (N + 1) dimensional manifold (spacetime), whose flux is a
field of differential forms of degree N, is shown. The matter Einstein equation for perfect fluids on
spacetimes in the context of general relativity is considered in [26]. A wave propagation algorithm
for hyperbolic systems on curved manifolds with application in relativistic hydrodynamics and
magnetohydrodynamics have been developed and tested in [32], [4], [5], and a finite volume scheme
on spherical domains, partially with adaptive grid refinement in [8], [5].

This paper is organized as follows. In Section 2 we will summarize the notations and basic
relations for moving hypersurfaces which we need to show existence for (1.1). The PDE in (1.1)
will be derived in Section 3. Since the weak solution of (1.1) is in general not unique we will define
entropy solutions in Section 4. The idea for the existence proof is based on the approximation of the
solution of (1.1) by the solution of a parabolic regularization, which will be presented in Section 5.
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In Section 6 and 7 we prove uniform estimates in the H'!-norm of the solution of the parabolic
regularization. This implies compactness in L! and therefore existence for (1.1), which is the main
subject of Section 8. Since this existence result depends on the special regularization, defined in
Section 5, we have to prove uniqueness of (1.1) in Section 9. With the numerical algorithm described
in Section 10 we have performed some numerical experiments. The results are shown in Section 11.

2. Notations and basic relations for moving hypersurfaces

In this section we present the description of the moving geometry. We use the notion of tangential
or surface gradients.

ASSUMPTIONS 2.1 Let I, = I'(t) C R"*! fort € [0, T] be a time dependent, closed, smooth
hypersurface. The initial surface I is transported by the smooth function

@ :Tyx[0,T] - R Q.1

with @(Ig,t) = I'; and @(-,0) = Id. We assume that (-, 1) : [y — I'(t) is a diffeomorphism for
every ¢t € [0, T]. The velocity of the material points is denoted by v := 9,® o @~!. The tangential
flow of a conservative material quantity u with u(-,¢) : Iy — R is described by a flux function
f = f((x,t),u) which is a family of vector fields such that f((x,?),u) is a tangent vector at the
surface Iy for x € Iy, t € [0,T] and u € R. We assume that all derivatives of f are bounded and
that Vi - £((-,1),s) = 0 for all fixedt € R*, s € R. The definition of V- is given below.

2.1  Tangential derivatives and geometry

Let us assume that I" is a compact C 2-hypersurface in R”*! with normal vector field v.

DEFINITION 2.2 For a differentiable function g : I' — R we define its tangential gradient as
Vrg=Vg—-Vg-vy, 2.2)

where g is an extension of g to a neighborhood of I". We denote the components of the gradient by

Vrg = (ng, o ,Q,H_lg) .
The Laplace-Beltrami operator then is given by

n+1
Arg=Vr-Vrg=Y DDg.
j=1

It is well known that the tangential gradient only depends on the values of g on I". For more
information about this concept we refer to [13]. With the help of tangential gradients we can describe
the geometric properties of I". The matrix

®=Vrv, ¥ij=((rv);;=Dyvj=D;vi (,j=1,....n+1)

has a zero eigenvalue in normal direction: ¥v = 0. The remaining eigenvalues k1, ..., k, are the
principal curvatures of I". We can view the matrix ¥ as an extended Weingarten map. The mean
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curvature H of I" is given as the trace of ¥,

n+1 n
H=7) Rjj=) &
j=1 j=1

where we note, that this definition of the mean curvature differs from the common definition by a
factor % Integration by parts on a hypersurface I" is given by the following formula. A proof for
surfaces without boundary can be found in [19]. The extension to surfaces with boundary is easily
obtained. By u we denote the conormal to 01"

/ Vrg :/ gHv +/ gH. 2.3)
r r ar

Higher order tangential derivatives do not commute. But we have the following law for second
derivatives. Here and in the following we use the summation convention that we sum over doubly
appearing indices.

LEMMA 2.3

LEMMA 2.4 For a function g € C?(I") we have fori,k = 1,...,n + 1, that
D;Dyg=D;D;g+KpiD;gvi — iy D;gvg. (2.4)
For the convenience of the reader we give a short proof for this relation.

Proof. We use the definition (2.2) of the tangential gradient and extend g constantly in normal
direction to obtain g. Then

D;Dyg—DyD;g =D; (Exk —8&x Vle) — Dy (?xi ~&xm vai)
= Zopx; — Gy VrVi = (Txym; — Ty VsVi) Vivie — T, Rizvk + v ¥ik)
— T T i VrVk + (Bapxs — G, VsVi) Vm Vi
+ 8y, Xmrvi +vmHix)
= 8y, Bmkvi — &, Kirve = ¥viDyg — Ripvi Dy 8.

In the last step we have used that v = 0. O

2.2 Material derivatives
In this section we work with moving surfaces.

DEFINITION 2.5 For a differentiable function g : Gr — R we define the material derivative

dg
o= — +v-Vg. 2.5
g§=; g 2.5
Note that the material derivative only depends on the values of g on the space-time surface
Gr. In our proofs we will frequently use the following formula for the commutation of spatial
(tangential) derivatives and (material) time derivatives. A proof is given in the Appendix.
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LEMMA 2.6 For g € C?(Gr) we have that
(D;8) = D;g — Air(v)D, g (2.6)

with the matrix
A (v) = Do, —vgviD,vs (L,r=1,....,n+1).

3. Derivation of the PDE

We derive the conservation law, which we are going to solve in this paper. To this end we need the
following transport theorem on moving surfaces respectively on portions y(¢) of I'(¢#) which move
in time according to the prescribed velocity v. A proof can be found in [14].

LEMMA 3.1
d

4 g=/ §+gVrov. 3.1
dt Jy y()

Letu(-, t) be a scalar quantity, defined on I"(¢), which is conserved. The conservation law which
we are going to solve is given in integral form by

il =
— u = 0-u. (3.2)
dt Jyq dy(0)

Here, Q is a flux, which we will parametrize later. Obviously normal parts of O do not enter the
conservation law, because the conormal y on dy is a tangent vector. Thus we may assume that Q
is a tangent vector to I". But note, that even if we choose Q as a vector with a normal part, then
QO - n = PQ - p with the projection P;; = 6;; —v;v; (i, j = 1,...,n 4+ 1). We apply integration
by parts (2.3) to the right hand side of (3.2),

[ ow=[ vro-[ How=[ vro.
ay (1) y(®) y(t) y(®)

To the left hand side of (3.2) we apply the transport theorem from Lemma 3.1. This leads to

d
— u =/ u+uVrp-v.
dt Jy y(©)

Thus the equation (3.2) is equivalent to
/ u+uVp-v—Vp-Q =0,
y(®)
and since y is an arbitrary subregion of I", we arrive at the PDE
u+uVrp-v—Vrp-0Q =0. (3.3)
Throughout this paper we assume, that Q has the form

0 =—f((x.0.u) (xeI®).
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where we assume that

SCu)-v=0 (3.4)
for all u € R on I". With this parametrization of the flux the PDE (3.3) reads

u+uVr-v+Vp- f(,u)=0 onGr, 3.5)

where here, and in the following, by the divergence of f we mean the ‘total” divergence

n+1 n+1

a X
Ve e = 3D, fien + Y P
j=1 =1

=(Vr- )¢ u)+ fuC,u)-Vru

REMARK 3.2 Note, that because of the condition (3.4) it is in general not possible to choose the
flux f independently of x and ¢. If we start with a flux of the form Q = f(u) in the law (3.2), then
the PDE changes to

W+ uVp-v+Vr-Pfu)=0

and we have f((x,?),u) = P(x,1) f (u) in (3.5).

4. Definition of entropy solutions

As in the Euclidean case classical solutions of (1.1) do not exist globally in time in general.
Therefore we have to introduce the notion of a weak solution.

DEFINITION 4.1 A function u € L*®°(Gr) is called a weak solution of (1.1) if
T
[ [ o+ sea0-re + [ uopt0) =0 @)
o Jr Iy

for all test functions ¢ € C'(Gr) with ¢(-, T) = 0.

In general weak solutions are not unique. Therefore we select the entropy solution which will
be introduced in Definition 4.3. For the motivation of the entropy condition given in (4.4), let us
consider the following Lemma. Here and in the following we assume that ug, € H?'(I9)NL> (1)
and

luoellzoo(ro) + 1VroUoellLi oy + €l VR Moell L1 (r) < co (4.2)

with a constant ¢o which is independent of the parameter 0 < ¢ < 1, where the Sobolev space is
given by

HZ,I(FO) — {n c LI(FO) i V[bn c LI(F())"_H, V%‘oﬂ c LI(FO)(YH-I)X(H-FI)} .

LEMMA 42 Let f = (f1,.... fus1)-q = (q1+- .- qns1), 1 € C%2(R), n” = 0. Define ¢; (-, 5) :=
fsso (@) fru(¢,t)dtforl =1,...,n+1andletug € L*°(I}). Assume that u, is a smooth solution
of

Ue +usVr-v+Vp- f(,us) —eArue =0on Gr, ue(-,0) = upe on Iyp. 4.3)
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If ug, — uwae. on Gy and ugs — ug a.e.on Iy fore — Oandu € Ll(GT), then u satisfies the
entropy condition

T
- / 1Gi0)p (- 0) + / / (= 1. 1) —q(a1) -V + Vi - v(un (u) — 1)) <0 (4d)
FO 0 Iy

for all test functions ¢ € H'(Gr) with¢ = 0 and ¢ (-, T) = 0.
Proof. Let  and g be defined as above. We multiply (1.1) by 1’ (u,) and obtain

uegn (ug) + ue Ve -vn' (ug) + V- £ ue)n' (ug) —eArugn'(ug) =0 on Gr. 4.5)
This implies
77(1."8) +u:Vr - U’]/(us) + fll('v Ms)Dluen/(us) —eArn(ug) + 877”(148)(1)1148)2 =0 onGr.

We multiply by a smooth test function ¢ such that ¢ = 0, ¢(-, ) = 0 and integrate. This gives

T .
/0 /F NG1)§ eV 07 (ue)p+ f; Doy (u)d—e Arn(us)p+e7” () (Dpe) = 0. (4.6)

Since

Ta
Re=— [ neconoeo= [0 [ .o

-/ ' /| (100090 + / ' | )6V

T T
2/0 /D (e 1) . 1) + n(ue- 1) (- 1)) +/O /F; 1(ug)pVr - v,

we obtain from (4.6):

R /0 ' /F (e 0) )

T
_/(; /F (n(u8)¢VF ‘U — UV - 1”7/(“8)92S - ﬁuDlusn/(us)¢ + Sn(us)AF¢)

T
—R- /0 /F (D)0
T
- /0 /F (NUBVr -0 — ueVr - v (ue) + q(ute) - Vi + en(ue) Ard) < 0.

This means that we have the inequality

T
- /F 0.0 - /0 /F 0 NdC) @7

T
- /0 /F (MBVr v — ueVr - v (ue)d + q(ute) - Vi + en(ue) Ard) <0,
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and for ¢ — 0 we obtain in the limit

T
_ /F 7090 - /0 /F RN 48)

T
—/0 /F (n)pVr -v—uVr vy W) +q) - Vre) <0.

This finally proves the Lemma. O
Now we use the property (4.4) for the definition of an entropy solution.

DEFINITION 4.3 Let 1, q; and ug be as in Lemma 4.2. Then u € L°°(G7) is an entropy solution
(admissible weak solution) of (1.1) if

T
~ [ ntpeor+ [ [ (=nd.=gta0-Vrg 4Vr vt @ -nw) <0 @9
0 t
holds for all test functions ¢ € H'(Gr) with ¢ = 0 and ¢(-, T) = 0 and for all n and ¢ with the
properties, mentioned above.

REMARK 4.4 If we choose 1(1) = u in Definition 4.3, then this implies ¢ (-, u) = f(-,u) + const,
un'(u) — n(u) = 0 and that u is a weak solution of (1.1).

The following definition of Kruzkov entropy solutions is equivalent to Definition 4.3.

DEFINITION 4.5 A function u € L*®(Gr) is called Kruzkov entropy solution of (1.1) if

T
/0 /F it — k| — sign(u — k) k Vi - v + sign — K)(f(o10) — £(-K)) - Vi
+/ o — Klp(-0) = 0 (4.10)
Iy

for all k € R and all test functions ¢ € C'(Gr) with ¢ = 0and ¢(-, T) = 0.

REMARK 4.6 An entropy solution is a Kruzkov entropy solution. This can be seen by a
regularization of the Kruzkov entropy—entropy flux pair. See for example [24].

5. The regularized problem

In order to solve the conservation law (1.1) we solve the initial value problem (4.3) and consider u,
for ¢ — 0. For technical reasons let us consider the following regularized PDE

Ue +uVr-v+Vp- f(,ug) —eVp - (BVrug) =0 5.1

on G with initial data u. (-, 0) = ug on Iy with ug, — ug a.e. on I'y and (4.2). Here B = B(x,1t)
is a symmetric diffusion matrix which maps the tangent space of I"(¢) into the tangent space at the
point x € I'(¢), so that we have Bv = 0 and v*B = 0. Assume also that B is positive definite on
the tangent space. Similarly as in Lemma 4.2 it can be shown that u is an entropy solution if u; — u
for ¢ — 0. In the proofs of the following Section we will use the fact that

BP = PB = B. (5.2)

The main purpose of the next section is to prove a priori bounds for u, which are independent of «.
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6. A priori estimates for the regularized problem

In this section we replace u, by u for better readability. The aim of this section is the derivation of
a priori estimates which are independent of ¢. The initial value problem

u+uVr-v+Vp- f(,u)—eVp-(BVru) =0, u(-,0) = uge 6.1)

has a unique smooth solution. This is shown by dovetailing the cut-off technique of Kruzkov with
the Galerkin ansatz from [14]. The proof is quite straight forward and so we omit the details here.
The proof of smoothness of the weak solution found by this method is a purely local argument.

6.1  Estimate of the solution

We prove that the solution u of the regularized parabolic initial value problem (6.1) is bounded in
the L°°-norm in space and time independently of the parameter .

LEMMA 6.1 Let u be the solution of (6.1). Then

sup u(, O)l|lzee(ray < ¢ (6.2)
t€(0,7)
with a constant ¢ which is independent of ¢ but depends on the data of the problem including the
final time T and ¢ from (4.2).

Proof. This estimate is a consequence of the maximum principle for parabolic PDEs. Because of
the unusual setting here, we give a proof. The PDE (5.1) can be written in a weak form. Note that
the nonlinearity f((x,?),u) is tangentially divergence free with respect to the x-variable. This is
crucial here. We begin by transforming u:

w(x, 1) = e Mu(x,1), xel(),

where we set A = supo 7y || (Vr - v)_ [|[pee(ry with (V- v)_ = min{V -v,0}. We set g(-, w) =
e f(-, e w)y (w) with a function ¥ € CJ(R) which satisfies ¥/ (w) = 1 for |[w| < M, and
Y (w) = 0 for [w| = M, + 1. We use M, = |u|zo0(G;). Then

g

< c(My). (6.3)
Because of |w| = e *|u| < M, we then have

/w§0+/w@(l+Vr~v)—/g(ww)'quDJrS/ BVrw-Vrg=0  (64)
r r r r

for every ¢. If we choose ¢ = (w — M) = max{w — M, 0} with M = co = |[uoe||Loo (1) in this
equation, then we arrive at

%A((w_M)i)'+€LBVF(w—M)+'Vp(w—M)+

=/<g<-,w)—g(-,M))-vr<w—M)+—/ ww — M)4(A + Vi -v).
r r
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Here we have used that g(-, M) - v = 0. For the right hand side of this equation we observe that for
our choice of A
ww—-M)y(A+Vr-v) =0,

and that
lgC,w) — g, M)| < c(Me)|lw — M]|.

We use these two estimates together with the ellipticity condition and get with a positive constant ¢
the estimate

1d

o4 2 _ 2
2dt/p(w M)++8c/F|Vp(w M)y|

1
< —||<vr-v)+||Loo(p)/ (w—M)’i+c(Ms)/ (w—M)4|Vr(w— M)4|.
2 r r

Here we also have used the transport theorem from Lemma 3.1. From the previous estimate we infer
with Young’s inequality that

d
E/F(w—M)i —i—sc/F IVrw—M).|? §c(M8,s)/F(w—M)%r.

This implies for the nonnegative function ¢ (¢) = /. F(t)(w(-, ty—-M )ﬁ_ the inequality

¢'(1) < c(Me. )9 (1).

Because of ¢(0) = 0 we then obtain with a Gronwall argument that ¢ () = 0. But this says that
(w — M)+ = 0 almost everywhere which implies w < M or

u(,t) <c(T,M)onI'(t),

and the constant c(7T, M) does not depend on ¢. The estimate from below follows similarly. o

6.2  Estimate of the spatial gradient

LEMMA 6.2 Assume that u solves the regularized PDE (6.1). Then
sup / |Vru| <c (6.5)
(0,7 Jr

with a constant ¢ which does not depend on €.

Proof. Setw; = D;u and w = (w1, ..., Wy41). We take the derivative D; of the regularized PDE

©.1),
Dyt + Dy (uVr -v) + D;Vr - (f(u)) — eD;Vr - (BVru) = 0

and treat the terms separately. With the equation (2.6) we get
D;u = (Dju) + Air(V)D,u = w; + Air(V)wy. (6.6)

Clearly
D,uVr-v) =w;Vr-v+uD;Vr -v. (6.7)
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For the nonlinear term we get with the use of (2.4)

D;Vr - (f(u) = Dy (Dy fi (o u) + fi (- u) D) (6.8)
=D,;D; fi( u) + Dy fiw (w)wi + D Sl (-, u)wie
+ Sruu G wwiwg + fru(ou) (Dpwi + Hggwpvi — Kigwyvg) .

With (2.4) the second order term can be rewritten as follows:

D;Vr - (BVru) = D; Dy (BkmD,,u) (6.9)
= Dy D;(BxmD,,u) + ¥x1 Dy (Bem D,y u)vi — ¥ Dy (Bim D ) vic
= D, (D; BxmD,,u) + Dy (Bkm (D, D;u + ¥y Dyuv; — ¥iy Dyjuvy,))
+ R1 Dy (Bim D pyut)vi — i1 Dy (Biem D, u) vk
= Dy (D; Bxmwm) + Dy (Bim(Dpwi + Kmpwyvi — Rijwivm))
+ X1 Dy (Bimwm)vi — Ki1 Dy (Biem Wm) vic
= Dy (Bkm D wi) + Dy (D; Brmwm) + Dy (Bem Rmiwivi — Kijwivm))
+ Ri1 Dy (Bimwm)vi — Ri1 Dy (BiemWm) vk
= Dy (Bkm D, wi) + Dy (D; Bkmwm) + Dy (Bim ®miwi)vi
+ BemMmi Rikwi + X1 Dy (Bemwm)vi + Rit ik BimWm.

For the last term we have used ¥;;D;(BrmwWm)vk = —Hii®ix BimWm. We now collect the
intermediate results (6.6), (6.7), (6.8) and (6.9) to arrive at the following PDE for w; = D;u.

w; + Air(Vwy +wi Ve -v+uD;Vr v+ D; Dy fr(-,u) + Dy fru (- u)w;
+ D fieu G Wi + Sreun (5 W wi g + fre (5 u) (Dgwi + Rggwpvi — Kigwpvg)
—&(Dy(BkmDwi) + Dy (D; Bemwm) + Dy (Bem ¥miwi)vi)
—&e(Rix¥mi Bemwi + R Dy (Bimwm)vi + RirRik Bemwm) = 0.

We multiply this equation by "fl}—f‘, sum with respect to i from 1 to n + 1, use the fact that w is a
tangent vector, and get

[l + [V -0 4 [w] D fia 1) + S (0w we + fiag (1) Dsz

—=D, Dy fie(u) + D; fieu - M)I | | |

| | Dk(BkmD w;)

w;
=—D;v, Iw|w,+8| |Qk(_,Bkmwm)
Wi

W
+ eBim¥mi Xi kwl w | + 5Bkm%illewmm — MWIIQI-VF -v. (6.10)

Here we also used that f,, (-, u)vy = 0 and w;v; = 0. We now observe that

Do feu o) W]+ S )W [w] + i (1) Dsz Dy (fru - w)|w)). (6.11)
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The result of Lemma 6.1 allows us to estimate some terms in (6.10).
) w;
lwl"+ [w|Vr v+ Vr - (fuCou)w]) — 5m2k(3km2mwi)

w:
<o+ olw| 4 eslul + sm‘lgk(Qinmwm). (6.12)

We rewrite the second order term on the left hand side of this equation (integrated over I").

Wi wj;
—¢ / — Dy (BkmD,,wi) = —¢ / — Hvg Bim D, wi + € /
r |wl r |w]

D Wi By D
w;
r ik |w| km Ly, Wi

1
= 8/ — Qi1 BkmDyw D, w;,
r|wl

where we have set wiw;
0.1 =8il—t—2, il=1,....,n+1.
[wl

We now estimate the last term on the right hand side of (6.12) integrated over I".

w; w; 1
8/ — Dy (D; Bimwm) = 8/ —~Hv D; B W —8/ — Qi1 Dyw;D; Bimwm
r wl r |wl r lwl

w; 1
_— / D B Rk m — & / L 011D, BimwmDyw;
r |w] r|wl

1
< 045/ |w] —8/ == 0i1D; Bxmwm Dy wy.
r r|wl

Since the matrix Q is positive semidefinite and since B is positive definite on the tangent space we
can estimate the last term on the right hand side. We use the abbreviations

—1
Zrl = Qrwh gis = Bsk Pkainmwm-

For any 6 > 0 we then have

IQilQinkawlwml = |QilBrsZrl§is| < \/QilBrsZrlZis\/QilBrsé.isé‘rl

8 1
< EQilBrsZrlZis + %QilBrsé‘isgrl

)
< = Qi BrsD,wiDyws + c(8)|w)?.

[\

The first equation can be obtained as follows:
Qi1BrszriCis = QilBrsQrwlBs_kl Pkainmwm = QilQrwlPkainmmerk
= Qi1D,w; PrpD; Bpmwm = Qi1 D, wi(8rp — vrvp)D; Bpmwm
= QilprlQinmwm-

Now because of
Dyws = Dow; + Hspwpvi — Kipwpvs
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we get
QilBrSQrlein = QilBrsQrleswi + QilBrsRspviQrwlwp

and because of Q;;v; = vy, the second term on the right hand side can be rewritten as follows:

Qi1 Brs¥spvi D, wiwp = vy BrsHspvi D wywy
= BrsHspvi (D, (wrvr) — wiHrr) wp
= —B s HspHrviwjw,.

Collecting the previous estimates we arrive at
w; e 1
¢ | —Dp(D;Bimwm) < ce | (wl+ 5 | —QirBimDiwiDw.
rlwl r 2Jr |wl
We integrate (6.12) over I" and finally get

. & 1
/|w| +|w|VF'v+/ vp-(fu(-,u)|w|)<——/ —Q,-,Bkmgkwlgmw,-+c/ wl
r r 2 Jr |w] r

Sc/|w|+c/|u|+c/|u|+c,
r r r

where we again have used the fact that I" is compact. Since

/Vr'(f(-,u)|w|)=/ Hyv - fe)w] =0,
r r

i/|w|<c/|w|+-
dt r = r ¢

Here we have used the bound (6.2) for . In summary we have proved that

sup/ lw| < ¢
o) Jr

independently of ¢. In the last step we used (4.2). Lemma 6.2 is proved. O

we finally get the estimate

7. Estimate of the time derivative

Assume that the matrix B = (Bjk); x=1,. n+1 satisfies
B = BA(v) + A(v)*B + AB, B(-,0) = By (7.1)

where A > 0 is a constant and By is a symmetric and tangentially positive definite (n 4+ 1) x (n + 1)
matrix.

LEMMA 7.1 There is a symmetric (n + 1) x (n + 1) matrix which is positive definite on the tangent
space and solves (7.1).
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Proof. The existence of B follows easily from ODE theory, since (7.1) is a linear transport equation.
Let us show, that B is symmetric. The transposed matrix solves the ODE

B* = A(v)*B* 4+ B*A(v) + AB*.
If we subtract this equation from (7.1), we get
(B—B*) = (B—B*)A(v) + A(v)*(B — B*) + A(B — B®).

Since (B — B*)(:,0) = 0 by assumption, we have that B — B* = 0 for all times.
The coercivity is seen as follows.

(e_MB). — ¢ (B—AB) = ¢ (BA(v) + A(v)*B).
Thus ,
B(-,t) = (BO + / e ™ (BA(v) + A(v)*B) ds)
0

and from this we get for £ € R"*! with the coercivity of By, Bo& - £ = do|&|? (do > 0), and the
smoothness of A(v) and B:

BEE-€ > M Bog = el [ e ds = (M= )+ 5) 6P

So, B is positive definite if we choose A big enough. Now observe that B = PBP is also a solution
of the ODE by using P = [P, A(v)] which can be seen by vx = —v; D v; and where [+, ] is the
commutator. We denote B again by B. O

LEMMA 7.2 Assume that u solves the regularized PDE (5.1). Then

sup/ | <c (7.2)
o) Jr

with a constant ¢ which does not depend on ¢.
Proof. We take the material derivative of (6.1) and set z = u,
it +Vr v +u(Vr - 0)+(Vr - (f(w)) = e(Vr - (BVru) = 0.
We use (2.6) and treat the terms separately. Clearly
Uu+uVrp-v=z+4zVp-v. (7.3)
For the nonlinear terms we get

(Vi fCow) = (Dy fiGou) + fru(u)Dyu) (7.4)
=D, fi(,u) — Ay (V) D, fi (o u) + fru( ) Dyu + fryu (- u)zDju
+ fruCu)(Dyz — A (v) D).
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We calculate the material derivative of the second order term.

(Vr - (BVru))' = (Dy(Ba Dyu))
= Dy (BxiDju) — Agr (v) D, (Br; Dyu)
= Dy (Bki(Dyz — A1y (v)Du) + By Dyju) — Ay (v) D, (B Dyu)
= Vr - (BVr2) = Dio((Ber A (v) = Bis + Api(0) Brr) Dyu)
+ By DjuDy (Ari(v))
Now choose the matrix B such that it satisfies (7.1). Then
(Vr - (BVru)) = Vr - (BVrz) + ADy (B Dju) + By DjuDy (Ark (). (7.5)
We collect the terms (7.3), (7.4) and (7.5) to get
42V v+ u(Vr-v) + Dy fi(u) = A ()D, fi(u) + fru(u)Dyu

+ fruu(s u)ZQlu + fru(, M)QIZ — A () fru (s U)Qru
—eVr - (BVrz) —eBDjuDy (A, (v)) — Az + uVr -v + Vr - f(u)) = 0. (7.6)

We observe that similarly as in (6.11) we have

z
m(flu ('a u)QlZ + Zfluu('y M)Qlu) = Vl" . (fu(a u)|Z|) - Qlflu('y M)IZI
S L ) z
Multiplying (7.6) with sign(z) we get (correctly: use T for § — O etc.)

Iz + 1z|Vr - v+ Vi - (fuCou)lz]) < esign(z) Vi - (BVrz) + ¢1 + c2|Vru| + 3z

Here we have used the boundedness of u uniformly with respect to the regularization parameter
0 < & < 1. With the same arguments as in the proof of Lemma 6.2 after integration over I" we get

the inequality
d
S fesara [ v [ e
dt r r r

sup/ |z] <c
o, Jr

with a constant ¢, which does not depend on ¢, since we can use (4.2). O

and Lemma 6.2 implies

8. Existence for the conservation law

THEOREM 8.1 Assume Assumptions 2.1, (7.1) and let ug € L°°(Ip). Then there exists an entropy
solution of (1.1).

Proof. Let u, be the solution of (5.1) with u,(-,0) = uge on Iy and ug, — ug a.e. on Iy, @ asin
Assumption 2.1, and

we (¥, 1) 1= ug(P(y.1).1)
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for y € I'y and t € [0,T]. Then due to the Lemmata 6.2 and 7.2 and the properties of @ (see
Assumption 2.1) we obtain
T
A

T
/ / |Vrywe| < const. (8.2)
0 Io

uniformly in &. This implies that w, is uniformly bounded in H (I x [0, T]). Then due to the
Kondrakov-Theorem (see Aubin [3]) we have a convergent subsequence w, and w € LY (I x
[0, T]) such that

< const. 8.1)

2w
o °

wy > w in  L'(Ip x [0, T]).

Define @;(x) := ®(x,1). Since ug(x,1) = we(®;1(x),?) and due to the properties of @ (see
Assumption 2.1) we have

ug (x,1) = u(x, 1) == w(®; '(x),7) in L'(Gr).

Then we proceed as in the proof for Lemma 4.2 to prove that u is an entropy solution of (1.1). Note
that Lemma 6.1 ensures the boundedness of u in L*°(G7). O

9. Uniqueness for the conservation law

In this section we are going to prove uniqueness of entropy solutions (see Theorem 9.4) as defined
in Definition 4.3 or 4.5. For the sake of brevity we suppress the integration elements dx, dy, dt and
dt the in this section. Integration is meant to be done over each of these variables that occur in the
respective integral.

We will need that the initial data is approached in the following sense, which is a fine property of
scalar conversation laws. Related analysis considering divergence measure fields and its applications
to conservation laws posed in the Euclidean setting can be found in [10-12].

LEMMA 9.1 An entropy solution ¥ = u(x, ¢) approaches its initial values in the following sense.
ess lim/ [u(®(x,1),1) —up(x))*> = 0. 9.1
™NO

Proof. Recall that an entropy solution is a weak solution. Hence we use (4.1) with ¢(x,t) =
Oz () x(((-1))7"(x)), where

1 for0 <t <e,
Ocz(t) ;=4 1—(t—€)/é fore <t <e+§,
0 else,

and y € C*°(I) is arbitrary in order to obtain for € N\ 0 and almost every €

_/ u(x,e))(((@(-,e))_l(x)) +/ up(x)x(x) = O(e). 9.2)
I'(e) Io
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Invoking the density of C®(Ip) in L' (I) we see that (9.2) is even true for y € L!(I). Similarly,
by choosing ¢ (x,t) := 0, z(¢) as a test function in (4.9) we get for almost every €

—/‘MMGD+/ n(u(x,€)) < O(e). 9.3)
TIo

I'(e)

A combination of (9.2) and (9.3) yields

ess lim sup/ n(u(@(x,¢€),¢€))|det DO (x,€)| — n(uo(x))
e\0 Io

— (o (x)) (u(cp(x, €).€)|det DP(x. )| — uo(x)) <o.

By choosing (1) = u? and using the fact that | det D@ (x,€)| = 1 + O(e) the proof is completed.
O

For the proof of uniqueness we need some technical definitions and basic facts from differential
geometry. For a parametrization ¢ : U — (U) of a subset ¥ (U) C Iy with U C R” open we
have the following properties.

(a) Fort > 0 a parametrization of ®({(U),t) C I'(t) is given by the map ¥ (-.1) : U — (V)
where

V(1) = (P (x).1). 9.4)
(b) For a function ¢ € C!(Gr) the material derivative has the local form

¢(V(x.1),1) = (qp(w(x,t),t))t. 9.5)

(¢) For the local representation W = W; (Y, (-,1) o ¥(-,1)~!) of a tangential vector field W on
I(t) we have

(W : VF([)(,O) o w(s Z) = (I/Vl o w(lv ))(@ o w(s [))Xi (96)

forall g € C1(I'(1)).
(d) For any function o« € L'(I"(¢)) we have the following local computation of the integral over a
subset Y (V,¢) C I'(t) where V C U.

/ o= / oo Y1)\ /det (DY (.0)T Dy (.1)). 9.7)
Y0 v

Here D denotes the Jacobian operator w.r.t. the spatial coordinate x € U C R”.
We introduce a function § € C*°(R) satisfying § = 0, supp § C [—1,1] and fR(S(o)do = 1.
For h > 0 we set §,(0) = %8(%), then &, € C®(R), supp 8y C [~h,h], 8, < % and
[z 8n(0)do = 1 for some constant C. We need the following two Lemmata whose proofs can be
found in [25].

LEMMA 9.2 If a function F'(u) satisfies a Lipschitz condition on an interval [— M, M| with constant
L, then the function H (u, u) := sign(u — u)[F (u) — F(u)] also satisfies the Lipschitz condition in
u and u with the constant L.
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LEMMA 9.3 Let the function #(x, ¢) be bounded and measurable in some cylinder B, (0) x [0, T'].
If for some p € (0, min(r, 7)) and any number i € (0, p) we set

Vo= ////’ ’|<” p<

then limy_,¢ V3 = 0.

\u(x 1) —u(y,7)|dxdtdyds, 9.8)

—/A

THEOREM 9.4 Assume Assumptions 2.1 and V() -v € L*°(Gr) and f and V() f are Lipschitz
continuous with respect to u. Then the Kruzkov entropy solution of Definition 4.5 is unique.

Proof. The proof we give here is in the same spirit as Kruzkov’s uniqueness proof [25] and can be
seen as its extension to moving surfaces. Let u, u be two Kruzkov entropy solutions with initial data
Ug, Up. Furthermore let ¢ be as in (9.4) with ¥ (-,¢) : Br(0) — ¥ (Br(0),¢) where Br(0) C R”
and ¥ (Bg(0),t) C I'(t). Choose normal coordinates for instance. For some 0 < r < R we define
2 := B,(0) and £27 := B,(0) x [0, T]. Let now ¢ € C*°(Gr) be a test function with ¢ = 0 and
supp ¢ € Uze(p,T—zp) W(82,t) x {t} where p > 0 is a small real number. We know because of
(a)—(d) that then

/G |u(x,t) — k| ¢ — sign (u(x,t) —k) k Ve -v(x,t) e(x,t)

+ sign (u(x,1) — k)(f(x, tou(x, 1)) — f(x, t,k)) “Vrpelx,t) + /F [uo(x) — k| p(x,0)

/ [ [ntw 0.0 =kl @y 0.0,
sign (u( ¥(x.1).1) —k) k (Ve - v)($(x,0).1) (W (x. 1), 1) + sign (u(w(x,t),t) - k)
-(ﬁ(w(x,z),z,u(w(x,z),z)) —ﬁ(lﬂ(x,t),t,k))((p(l//(x,t),t))x']\/det(g(x,t)) (9.9)

where f; is locally defined by f = f; - (¥, (1) oY (-, t)™1) and g(x,1) := Dy (x,0)T Dy(x,1),
where D ¥/ (x, ¢) denotes the Jacobian of ¥ (x, ¢) with respect to x. For better readability we will
suppress the composition with ¥ (-, ¢) in the following, i.e. we introduce new functions which live
on £2 x [0, T] and which we mainly again denote by the names of the original functions. By this
we mean to do the following replacements. u(Y¥(x,¢),t) ~> u(x,t), o(¥(x,1),t) » @(x,1),
(Vra - D)@ G0 w glxat) and fi(Y(x,0).1.7) » filx.1.).

In Definition 4.5 we choose a test function

B 5 5 2
¢ =¢(x,t,y,7) 20 with supp ¢ € ( U v@nx {t}) :
te(p,T—2p)

set k = u(y, t), multiply with y/det(g(y, t)) and integrate over 27 := 2 x [0, T'] with respect to
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(y, 7). Using (9.9) we arrive at

/92 I:Iu(xsl) _ﬁ(yvt)lqbl(xvts y,r) - Sigl’l (u(xvt) —L_l(y,‘lf)) L_l(y,‘lf) (](X,l) @(xvts y,‘L’)

T

+ sign (u(x. 1) — ii(y. 1)) (ﬁ (x.t.u(x.0)) = fi(x. t.0(y, r)))g?)xi (6.1, z)]
Jdet (g(x.0) /det (g(y. 1)) = 0. (9.10)

Proceeding analogously for the corresponding version of (4.10) for the entropy solution u = u(y, t)
we get

[, [0 =000 3.7 sien (.6 = (3. ) . 0) (3.7) 1,3, 7)

T

+ sign (u(x, 1) —u(y, 1)) (f,- (v, moulx,0) = fi(y.r.a(y, t)))@yi (x,t,y, T)]
Jdet (g(x.0) /det (g, 1)) = 0. ©.11)

Summing up (9.10) and (9.11) one sees

/92 [ 0) = (. D1 (B x. 1,3, 7) + Gex,1. 3, 0)

T

+ sign (u(x,1) —u(y, 7)) (ﬁ (x.t,u(x,0)) = fi(y, 7. u(y. T)))(fﬁxl- (X1, 9.7) + @y, (x.1, . 7))

+sign (u(x. ) = 1(v. 0) (fi (. 770 D) = filx. 1,700 D) ) (. 1.7.7)

=1R1

+ sign (u(x, 1) —u(y, 7)) (f,- (y.toux, 1)) — fi(x, t,u(x, t)))(ﬁy,. (x.t,,7)

=2R2

+ Sigl’l (u(xv t) - ﬁ(ys ‘L—)) (u(xv t)q(yv t) - ﬁ(yv ‘L')(](X, t)) @()C, [v Y, t)]
=:0

\/det (g(x.1)) \/det (g(r.7)) =0. (9.12)

For a test function ¢ = ¢(x,t) = 0 satisfying supp ¢ € Uze(p,T—zp) W (§2,¢) x {t} we set (in local
coordinates)

poryeorimo (SEE ) (S50 [Ton (B52) = weom(l) - 0a3)
i=1

_(xty t+T N [(X—Yy -1
(---)_( ) ) (.)_( > 2) 9.14)

where
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and £ is sufficiently small, such that supp ¢ € (Ute(p,T—2p) V(£2,1) x {t})?. For the partial
derivatives of ¢ the following identities are trivial.

7 5 =i 3),
Gt + @ =@ ()l ) 015
@x; + @y = @xi("')/\h(f).

The major part of the proof will be to see that with ¢ as in (9.13) the following inequality is obtained
from (9.12) for h — 0:

[ [t = ol e
Qr

+ sign (u(x, 1) —u(x,1)) (ﬁ (x.t,u(x,1)) = fi(x, e, u(x, t)))(px,. (x,1)
— sign (u(x. 1) — ii(x, t))(f,-x,_ (X, 1,106, 0)) = fi, (.1, 6, t)))(p(x, )

+ u(x,t) —i(x,t)|q(x, t)p(x, t)] det (g(x,1)) = 0.

(9.16)

In order to prove (9.16) we define a function

F(x.t,y. tou(x,0),0(y, 7)) An( )
=[ e = olei-)
+sign (u(x, 1) = (v, 0) (fi (v, 1,106, 0) = fi(y 7,000, 0) ) )

+ Qo(-- )] \/det (g(x,1)) \/det (g, 1) An( )-

9.17)
From (9.12) we deduce
os/ F(x.t,y,rou(x,0),4(y,7))An(:)
27
R R d , d )
+/Q%[ |+ Ralyfdet (g(x.0) Jdet (3. 7))
:/92 [F(x.t,y. tou(x,0),u(y. 7)) — F(x,t,x,t,u(x,t),ﬁ(x,t))]/\h(5) (9.18)

T

+ / F(x.t,x,t,u(x,1),4(x,2))An( )
92

T

+ /Q%[Rl + Rz]\/det (g(x,t))\/det(g(y,t)) =: J1(h) + Jo + J3(h).

We mention that due to Lemma 9.2 and since £27 C Bg(0) x [0, T'] and F is defined on (Bg(0) x
[0, T])2, obviously F is Lipschitz continuous on (£27)? in all its arguments. We then use the fact
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that [ A5 ()| < CA~®*+D and Lemma 9.3 to see that

1)) < c(h + [ty il )) -0 9.19)

for h — 0 since u is bounded and measurable. By substitution we get for the second term

— t_
J2=/ F(x,t,x,t,u(x,t),ﬁ(x,t))/ An (x y, t)
or 2r 2 2
—on+1 (9.20)

= ontl / F(x,t,x,t,u(x,t),u(x,1)) dx dt.
Qr
Now we turn to the third term

5300 = [, [sten (G, =Gy ) (i (303 0) = 1,07, ))
1 . .
(3ot +oe (), )
+ sign (u(x.1) = (v, 0) (/i (v, T.u(x.0) = fi(x.1,u(x.1)) 921
1 . .
(gon () et (i), )]
\/det (g(x, t)) \/det (g(y, ‘C)).

We notice that those summands of the above integral that contain @y, (- - -)Ah( ) as a factor in the
integrand vanish for # — 0. Consequently, it suffices to show that

Xi

Fs(h) := /92 sign (u(x,t)—ﬁ(y,t))[(fi(y,r,ﬁ(y,t)) —fi(x,t,ﬁ(y,r)))(kh(f))

T

n (fi(y,t,u(x,t)) —ﬁ(x,t,u(x,t)))(/\h(f)) i](,?)(x,t,y,r)

9.22)

converges to

—2"+1/9 sign (. 1) = (6. 0) (fix, (¥ 1,406, 0) = fi, (5 1,780x,1)) ) (x, 1) det (g x, 1)

9.23)
for h — 0, where ¢(x,1,y,7) := @(---)+/det(g(x,1))/det(g(y, 7)). For a better readability we

write Ay, instead of (Ah( )) and analogously A,.. Due to the local Lipschitz continuity of f; on
Xj

21 we have

(fl(ys ‘L',IZ(_)/, t)) - fi(-xa[vﬁ(yv t)))kx,‘ = fir(yv tsﬁ(yv ‘L'))(‘L' - I)Ax,‘
+ fiy_/- (yv T, ﬁ(yv t))(yj - Xj)kxi + éikx,‘ (924)
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with & — 0 for d := ||x — y|| + |t — 7| — 0 where || - || denotes the Euclidean norm in R”".
Analogously, with Ay, = —A4,, we get
(ﬁ (y, 7, u(x, t)) — fi (x, t,u(x, t)))/ly,. = —f,-r(y, 7, u(x, t))(r — 1)y,
= fiy, (0 T U 0) 0 = XAy + Bikx, (9.25)
with & — 0 for d — 0. Thus,

j3(h) = /92 @(X,t,y,‘[)SigIl (u(xvt)_ﬁ(yvt))(fir(ysTvﬁ(yvt))_fir(yvtsu(xvt)))(t_t)kx,‘

T

+/92 @()C,[,y,l') Sign (u(x,t)—ﬁ(y,r))(fiyj (ysrvﬁ(yvt))_fiyj (yvtsu(xvt)))(yj_xj)kxi

T

+ [(22 @(x,t, ysr) Sign (u(xvt) _ﬁ(ysr))(éi +ﬂi)AX,’ = 11 + 12 + 13-
T

(9.26)

Obviously, Ay, | < Ch~*2) and using Lemma 9.3 we get |I3| — 0 as h — 0. Since /det(g) is
Lipschitz continuous on 27 we have

|p(x,t,y. 1) —@(x,t,x.0)| < C(llx = yll + |t — 7]) (9.27)
and obtain

I = / 5 [ﬁf’(y, vy, 7) sign (u(x, 1) —i(y, 7))

‘QT
(frelp 72 0) = i (v . 0) ) (0 = O | 4+ 71(B)
(9.28)
with y; (h) — 0 for i — 0. Defining

Fi(y.tou(x,0),u(y, 7)) := ¢(y, 7, y, t)sign (u(x,1) —u(y, 7))
(fielr w32 0) = fiely.utx.0)) - (929)
we see with Lemma 9.2 that F; is Lipschitz continuous in ¥ on £27 and obtain according to

Lemma 9.3

[11] <

/92 E(y,r,u(x,t),ﬁ(y,r))((t —t)/\)xi

T

[, (B rauten.it.0) = Bl rut.0.i0.0)) (@ =02),,

+ [r()]

+ [y1(h)]

SC/ () —u D[ =0] sl + )| -0
22 —_— ——

<h <Ch—(n+2)
(9.30)
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for h — 0. Considering I, we have

12 = /92 ('a(x’ Ly, t) Sign (u(x, Z) o ﬁ(y7 t))

T

(fiy, (2007, D) = fiy, (v 7ux,00) ) (0 = XA,
+ /92 @(x,t,y,7)sign (u(x, 1) —u(y, 1)) (fiy’_ (v.tu(y, 7)) — Jiy, (y. T ulx, t)))/\

T

=i+ 1Ly (931

We see that I, » converges for i — 0 to

yntl /Q sign (u(x, 1) —u(x,1)) (fix,» (x.2,0(x, ) = fir, (X, 2, u(x, t)))(p(x,t) det (g(x,1)),

(9.32)
whereas one can see analogously to /; that /51 converges to zero. Thus, we conclude that
0< }gin}) [Ji(h) + T2 + J3(h)] = 2"“/ F(x,t,x,t,u(x,1),u(x,1))
— 2r
_opntl / sign (u(x, 1) —1u(x,1)) (fixl- (x.t,u(x,0)) = fiy, (x.0.00(x, t)))(p(x, 1) det (g(x,1))
27
(9.33)

and thereby (9.16).

In order to continue the proof of the theorem we introduce the following definitions. Let &, C
[0, T] be of £!-measure zero, such that u(P(-,¢),t) — ug in L' (1) fort — 0, ¢ € [0, T]\8,. Let
&; be defined analogously. These sets exist because of Lemma 9.1. We set

w(t) ::/S lu(x,1) —ui(x,1)| det(g(x,1)), (9.34)
where S; 1= {x € B,(O)|||x|| <r-— Lt} and
n 3
L:= du 2 (x, 1, (9.35)
vl (; SR w))

, ,
w<max([[ull oo, [l#] L o0)

By 8,, C [0, T'] we denote those points that are not Lebesgue points of the bounded and measurable
function u and set 8¢ := &, U &3 U &,,. Obviously, £1(89) = 0. We define

an(0) = /_ Sh(E)dE 9.36)

as a regularization of the Heavyside function and see a,(0) = 8,(0) = 0. Let now 71,7 €
(0,7)\8¢ with 71 < 7. In order to prove a contraction property we choose the following test
function whose definition is given in local coordinates by

o(x.1) := [an(t — 1) — an(t — ) |0 (x.1), (9.37)
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where
L(x,t) := Ce(x,t) := l—ae(llxll + Lt —r+e), €>0 (9.38)

for (x,¢) € £27 and zero outside. Hence, supp ¢(-,¢) C S; C B,(0). We compute the derivatives
of £ as

Ci(x.t) = —La.(|x| + Lt —r +€) and V¢ (x.1) = —d.(|lx]| + Lt —r + e)”;“—” (9.39)

=0

and due to the definition of L we conclude with the Cauchy Schwartz inequality

f,-(x, t,u(x, t)) — fi(x, tu(x, t))

0="C(x,0) + LIVECx. D) = & (x,1) + W) — a0

T (x.1).  (9.40)

If we choose the function ¢ from (9.37) as a test function in (9.16) we get

/Q [8n(t — 1) — 8n(t — 2) [C(x, ) |u(x, 1) —ui(x,1)| det (g(x,1))

+ / [an(t — 1) —an(t — )] |u(x, t) —u(x, Z)|
27

=0 =0

fi(x, t,u(x, Z)) - fi(x, t,u(x, z))
u(x,t) —u(x,t) Cx; (x, f)] det (g(x, t))
>0

[Ct (X, t) +

<0
_/m sign (u(x, 1) = 1Cx, D) (fig (v.1,4000) = fi, (v, 1,1806,1)))
Jant — 1) — an(t — 12)]¢ (x. 1) det (g (x, 1))
+ /rzr lu(x,1) — i (x,0)|q(x, 0)[an(t — 1) — an(t — ©2)]{(x, 1) det (g(x, 1)) = 0.
(9.41)

For ¢ — 0 we have

T
/ [8;,(1 —11) =6t — 1’2)] / \u(x, t) —u(x, t)| det (g(x, t))
0 St

T
—/0 [ah(t—rl)—ah(t—tz)]/ sign (u(x, 1) —u(x,1))

t

(figy (110 D) = iy, (1,03, 1)) ) det (g (x. 1)

T
+ / [ah(t — 1) —ap(t — rz)]/ \u(x, t) — ﬁ(x,t)\q(x,t) det (g(x, t)) = 0.
0 St
(9.42)
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If now i — 0 this implies

ple) = [ futr. ) = i) det (g(x. 2) 9.43)

2

< / lu(x, 1) — i (x, 7p)| det (g(x, 1)) (9.44)

1

+/2/ lu(x.t) —u(x,0)|(|g(x.0)| + L(fi),)) det (g(x,1)) (9.45)
T1 S[

1)

SMHH%th+LMWD/ o) (9.46)

71

where L( fi, ) denotes the local Lipschitz constant of f;, on £27 and by a Gronwall argument we
conclude

n(w) < peexp (gl + Lfig)) @ = ). 9.47)

Using the fact that

|l — 1| — |uo — tio|| < |uo —ul + lito — 1| (9.48)
and that det(g(x, 7)) is bounded and Lipschitz in  we get with Lemma 9.1 for t; — 0in [0, T]\&p
the following estimate

M@ﬂféwp(wmuw-+L(ﬁM»tﬁ.ﬂ(mhmvﬂ—ﬁowﬂ(hdg@JD) (9.49)
for all 7, € [0, T]\Eo. At this point we are able to show that u = % almost everywhere if uy = g
almost everywhere. To this end we assume that ug = o almost everywhere. Let now p € Iy.
We show that we find an open set Up C Iy containing p such that ¥ = u almost everywhere in
Ute[O 7l q§(l7p, t) x {t} for some 7 > 0. To this end let again v be as in (9.4) with ¥ (-, 7) : Br(0) —

Y (Br(0).1) where Br(0) C R", y(Br(0).1) C I'(¢) and ¥(0,0) = p. Furthermore we choose
0 <r < Randsety := y(-,0) and U := ¥(B,(0)) C I'p. Asin (9.35) we get a local Lipschitz
constant L of f and have for 7 := 57 that

/ lu(x, 1) —u(x,0)| det (g(x.1)) < C/ |uo(x) — 1o (x)| det (g(x,0)) =0 (9.50)
S B, (0)

for all ¢ € [0,7] and therefore ¥ = % almost everywhere in U,E[O il CD(UI,, t) x {t} with Up =
W(B (0)) since S; = Br (0) Repeating the above argumentation for every p € Iy we get several
sets Up whose union 0bv10usly covers Ip. By choosing a finite cover {U,J ,i=1,....M } we
get several times 7; such that ¥ = % almost everywhere in Uze[o,tmi,,] ) x {t} w1th fnin 1=

min;e(y,... M} 7;. AS frin does not depend on time and because of (9.47) we can successively conclude
that v = u almost everywhere in Gr. o

The following Corollary follows immediately from the equivalence of Definition 4.3 and
Definition 4.5 together with Theorem 9.4.

COROLLARY 9.5 Let the assumptions of Theorem 9.4 be satisfied. Then the entropy solution of
Definition 4.3 is unique.
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10. Numerical algorithm

Now we are going to derive a finite volume scheme for the initial value problem (1.1). Up to our
knowledge the first finite volume scheme on evolving surfaces for parabolic equations was proposed
by Lenz et al. [29]. They provide a scheme for diffusion on evolving surfaces. We adapt this scheme
to nonlinear scalar conservation laws on evolving surfaces.

10.1  Notation and preliminaries

Following Dziuk and Elliot [14] the smooth initial surface Iy is approximated by a triangulated
surface Iy, which consists of a set of simplices (triangles for n = 2) such that all its vertices
{x? }§V=1 sit on Ip. Such a set of simplices is called a triangulation Tho of Ip,5 and £ indicates the
maximal diameter of a triangle on the whole family of triangulations. The triangulation T3 (¢) and
its I (¢) approximating surface I} (¢) is defined by mapping the set of vertices {x](.’ }jyzl with @ (-, t)
onto I'(¢), i.e.,

xj(1) = P(x},1),

i.e., they lie on motion trajectories. Thus, all the triangulations T3 (¢) share the same grid topology.
By this construction the set of simplices can be written as 3,(¢t) = {7;(t)|j = 1,..., M} for
t € [0,T], where M is the time independent number of simplices. For the derivation of a finite
volume scheme we introduce discrete time steps ¥ = kt where t denotes the time step size and

k the time step index. For an arbitrary time step t*¥ we have a smooth surface I'* := I'(¢¥), its
approximation [ hk := I},(t¥) and the corresponding triangulation Thk := T, (¢%) with simplices

Tjk = Tj(tk ). From [14] we know that for sufficiently small / there is a uniquely defined lifting
operator from I hk onto I'* via the orthogonal projection ®* = ®(¢*) in direction of the surface
normal v on I"*. For the comparison of quantities on I” k and on Fhk we define curved simplices via
the projection operator, i.e.
k. pkrk
T =005

Such a projection E}‘ propagates during the (k + 1)th time interval [¢¥, rK+1]. We define
-1
T(1) = cp((cp(-,zk)) (:’;),r)

and denote by ij the n-dimensional measure of Tjk .

10.2  Definition of the finite volume scheme

In order to derive a suitable finite volume scheme we integrate (1.1) over the curved simplex E}‘ )
and the time interval [t%, t¥*1]. Applying the Leibniz formula and the Gauss theorem we obtain

e
OZ/ / u+uvVr, v+ Ve, - f(,u)
tk T_’/?(z)

tk+1 tk+1

ot ]
= — u+ fCu) - vok
/tk dt Jsk o) tk a5k (1) 0% @
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k1
_/ M—/ u+/ E /f(?vu) vaxk(z)
K K
T T e eCOTX (1) ‘
k1
Z/ ”_/ ”+/ E /f(,,u) Vazk (o)
K K
RGN i i ecoTh(n) "

where vy« © denotes the unit outer normal along B‘Ij.‘ (¢) which is tangential to I'* and ¢ denotes
J

an edge of the boundary B‘Ij.‘ (t). We introduce the approximations

/ u _/ e Vik+1u§c+1 . V,kuf
K sk+1 k E
T +1) =4

and
tk+l

/ /f(a ,u) - Vargk(t)"“f Z 8, Tk(uj’ul(Je))

cCBTk(t) ecaTk

where u]/c € R represents the value of u on ‘Ij? , 1(J, e) is the index of the simplex which shares the

edge e with Tjk and the gif opk are some numerical flux functions which depend on cell number,

edge and time index. We define the finite volume scheme by

ALGORITHM 10.1

1
k . k, k
wk = 3 (V -ty ge Tk(uj,ul(j e))) (10.1)
ecaTk
u(.) = L Up. (102)
J VjO )

For implementation purposes we introduce the approximated total mass on a cell mll‘ = Vkuk,
In terms of these quantities the finite volume scheme (10.1) and (10.2) reads

k k
m% m
k+1 . J 1(j,e)
m;t -7 E ge Tk (Vk, VE ) (10.3)
eCBTk J 1)
0._
m; .—/ Ug. (10.4)
S

EXAMPLE 10.2 (Engquist-Osher Numerical Flux) Using the notations from above we define for a
simplex Tk € Jh and an edge e C BTjk

ke i= [t vy, (105)

u
eTk(u) =k 0)+ /O max{ck ' (s),0}ds. (10.6)
) >0

/ min{chk/(s),O}ds. (10.7)
0 A

k,— .
Ce,T]k (u) :
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Then an Engquist-Osher-flux is defined by

k.EO ket k-
ge,T_lk (u,v) = Ce,T_lk (u) + Ce’T./k (v). (10.8)

11. Numerical experiments

The finite volume scheme (10.1) and (10.2) is validated by numerical experiments. To this end we
formulate a linear transport problem on a sphere whose radius decreases exponentially in time.
For this problem we know the exact solution and, thus, can compute some experimental orders of
convergence (EOC). As a second test problem we choose a nonlinear (Burgers-like) flux function
f and state our problem on an ellipsoid which develops a narrowness in time.

Test Problem 1 (Linear)
We define

r(t) == exp(—1),

Iy={r(t)x | x € $?},
D(x,t) :=r(t)x,
V(@ (t)x) = (—x2, x0T forx = (x!,x2,x3) € S,
f(u) :=2nu,
f(r@)x,t,u) :== f)V(r()x)

and consider the initial value problem

u+uVp,-v+Vp, - f(,-,u)=0 on Gr, (11.1)
u(x,0) = up(x) on TIy. (11.2)
Since v = F#*(¢)v, where v denotes the unit outer normal on S?, we have Vr, - v = 2:(?)) = -2

(cf. [14]). As in [30], one sees that the last term on the left hand side in (11.1) reads in polar
coordinates (r, ¢, 0)

1 0
m@f(”)-
Thus (11.1) is equivalent to
u—2u+ exp(t)aif(u) =0 forg € T' :=[0,27] and t > 0, (11.3)
@

where ¢ = 0 and ¢ = 27 are identified. For given functions 77 : T' — R and % : (0, 7) — R we
define in polar coordinates

U(p,t) ;= exp(2t)ug ((p — 27 (exp(r) — 1))
u(p, 0,t) == "u(p, t)u(0),
uo(, 0) 1= Uo(p)u(0).
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TABLE 1. Experimental orders of convergence (EOC) for Test Problem 1, where h1 denotes the average diameter of the grid’s
elements.

Elements h L1-Error EOC

632 0.21605 1.86 —
2,628  0.10613 1.53 0.27
11,164  0.05145 1.16 0.39
45,102 0.02557 0.76 0.59
187,682  0.01251 0.49 0.61
747,416  0.00627 0.30 0.68

With these definitions one easily sees that u is a solution of the initial value problem (11.1)—
(11.2). For testing our code we define

u(0) := sin®(30) Lyjg—r/21<n/6} (),
Uo(p) 1= ]1{(o<rr}(§0)

and choose an Engquist-Osher numerical flux. For our computations we use surface grids that
approximate the sphere S?. They consist of flat triangles whose nodes lay on S?. We get the
experimental orders of convergence which are listed in Table 1.

Test Problem 2 (Nonlinear)

The results of three further experiments are illustrated in Figures 1, 2 and 3, respectively. All three
have the function
uo (X1, X2, x3) = cos® (1 (x1 + 2)) Ly, <—3/23(x1)

as initial values. For the first two experiments (see Figures 1 and 2) the flux function f is constructed
by taking a constant vector field which is pointing in direction of the x-axis and projecting it on the
hypersurface I';. This flux function is not divergence-free. Figure | shows the numerical solution of
a Burgers equation on an evolving ellipsoid. You can see a shock that moves from left to right. In
Figure 2 the same equation is considered, but due to fast change of geometry in the middle of the
ellipsoid, the mass is compressed so fast that a second shock riding on the first one is induced. Thus,
this second shock is induced by the change of geometry. For the third experiment (see Figure 3) the
same parameters as in the second one are chosen, only the flux function is different, which is chosen
to be divergence-free. Its construction is based on the following lemma which is a generalization of
the one for the case of S? developed by Ben-Artzi et al. [6].

LEMMA 11.1 Given a function & = h(x,¢,u) which is defined for t € [0,7] and u € R in
a neighborhood of Iy, then the flux function defined by f(x,t,u) = v(x,t) x Vh(x,t,u) is
divergence-free, where the x-dependence of f is assumed to be of class C2.

Proof. For fixed t € [0, T], u € R we consider a portion y(¢) of I'; with smooth boundary dy(¢).
Then by the divergence theorem we have

/ Vr, - f(x,t,u) = / (m(x, 1) xv(x,1)) - Vh(x,1,u).
40

ay ()
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(a) =0 (b) t=0.2T

(c) t=0.4T (d) t=0.6T

|
I
I
I
I
I
l
I

() t=0.8T (f) =T

FIG. 1. Burgers like shock on an evolving ellipsoid for several time steps. Here, T' denotes the end time.

As p(x,t) x v(x,t) is a unit tangent vector at dy (¢) the integrand is the directional derivative along
dy(¢) und thus the integral vanishes for any smooth portion y (). O

For the third experiment a flux corresponding to A (x, ¢, u) = —20x3u? is chosen. The pictures
from Figure 3 show the evolution of the numerical solution. Here, as in Figure 2 a second shock is
geometrically induced and overtakes the first one.

Appendix
Proof of Lemma 2.6

Proof. 1t is sufficient to prove this relation locally. For this we use a parametrization X = X(0,1),

0 € O over some open set O C R”. We write U(0,t) = u(X(0,t),t) and V(0,t) = v(X(0,1),1).

We use the notation g;; = Xg; - Xy, . The uppering of the indices has to be understood in the usual

sense as inverting the matrix: (gij)i,j=1,,,,,n = (g,'j)i_}=1 e

Then, by definition of the material derivative (2.5) we have

0 a [ 4

D) o X = — (Dyuo X) = — (g Uy, X},)

(D) o X = 5 (Dyuo X) = 5 (8Us, X}

ag' . i
~ ot Us; Xéi +g” Ut Xé[ +g" Us, thei

We have that U; = 1 0o X and X; = V = v o X. With the relation
gl = —gikg/m (Vey - Xo,, + X6, - Vo,,)
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F1G.2. We see a Burgers like shock on an evolving ellipsoid. Caused by the deformation of the ellipsoid a second shock is
produced and overtakes the first one. Here, 7' denotes the end time.

we get

@l“). oX = _gikgjm (VerkX(;m + ngVGSm) U‘)J'Xél?i + gijUtQ/Xéi + gier.thIGi
= g™ Vg X4 g/ X} Ug, — g™* X5 X4 g/ Vi Us; + ¢ U, X4 + 87Uy, Vy
=—-Duv,oXDuoX —Dx;0XVpvg-VruoX
+QlﬂoX+Vpu-valOX.
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(c) =0.22T (d) t=0.26T
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FIG.3. As in Figure 2 a second shock is geometrically induced and overtakes the first one. Here, the flux function f is
divergence-free. T denotes the end time.

Because of D x; = Py = 851 — vgv; we finally arrive at

(Qlu) = Qlu - lerQru - PSlQrvSQru + QruQrvl
= Qlu _Qru (lel‘ + PSlQrvS _Qrvl) .

The Lemma is proved. O
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