Interfaces and Free Boundaries 15 (2013), 239-263
DOI 10.4171/IFB/302

Two-phase flow in rotating Hele-Shaw cells with Coriolis effects
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1. Introduction

The motion of one or two fluids confined to a narrow gap between two parallel plates is an interesting
problem with a long history. It is the classical set up of the so-called Hele-Shaw problem [12]. It is
well-known that instability driven pattern formation such as fingering can occur under appropriate
assumptions on the viscosity of the fluids [14] and on the surface tension at their interface. There
is a vast empirical and theoretical literature concerning this classical problem. From the purely
mathematical point of view the problem has been extensively studied in its original formulation as
aone [5, 6, 8, 9] and as a two-phase [18] problem and, more recently, also for one fluid in the case
of rotating plates [7]. The focus is here on the two-phase problem with rotating plates and including
the effects of Coriolis forces. This setting has recently been considered in the physical literature by
a variety of authors [1, 10, 17]. It first appeared in [15] where the effects of rotation were introduced
in a ad-hoc fashion into Darcy’s law for the one-phase problem

12n 95 - =
—b—2v+ga) X + 20wz XV,

where Z is the axis of rotation, b is the plate spacing, X is the two-dimensional position vector, @ is
the (constant) angular velocity of the plates, whereas U, p, 1, and g are the fluid’s velocity, pressure,
viscosity, and density, respectively. The last term accounts for Coriolis’ force. While most of the
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literature hitherto neglected this force, recent studies performed a model derivation for a one-phase
Hele-Shaw type model with Coriolis force by means of a standard gap averaging technique starting
from Navier-Stokes’ equations, cf. [16, 17]. The authors of [17] observe that the effects due to the
Coriolis term in their equations can be larger than the inertial terms typically neglected in small
Reynolds number type reductions. They also point out the fact that simpler ad-hoc models used
earlier, while qualitatively similar, do eventually lead to a different and inaccurate prediction of the
growth rate of the unstable modes involved in the fingering phenomenon.

More recently, the effects of a Coriolis term on the fingering patterns in the rotating two-phase
Hele-Shaw problem have been studied in [1, 10] where the formal linear stability analyses of [15,
17] for the one-phase problem are extended to the weakly nonlinear case by the use of formal
expansions and to the fully nonlinear regime by means of numerical simulations. Previous numerical
and experimental results included [4, 16], whereas the practical relevance of the problem is attested
by a number of publications cited in [1] for that very purpose.

In this paper local existence of a unique classical solution for nearly circular initial interfaces
is established for the general rotating two-phase Hele-Shaw problem with Coriolis effects in the
formulation proposed in [1, 10], which is, in turn, based on a derivation similar to that of [17] for
the single phase case. It leads to the following generalized Darcy’s law

VP; =—a;v; + B,z xV;,

for the velocities of the inner and outer fluids (j = i, 0), for constants «; and ; defined below and
for the pressure P; related to the hydrostatic pressure p; via

2

Qj® |x|?.
2
The use of the unusual pressure P; yields some useful simplifications as will soon become apparent.
Rigorous stability results are also obtained on near circularity assumptions for the initial data by
resorting to a general principle of linearized stability. While the circular steady state is exponentially
asymptotically stable’ when the outer fluid is denser, it becomes unstable if this relation is reversed.
We shall also see that the equilibrium problems for two phases and one phase are essentially equal.
The main techniques used are a transformation of the original free boundary problem to a fixed
domain one, a decoupling of the system and a reduction to a single nonlinear and nonlocal evolution
for the interface separating the two fluids, and parabolic optimal regularity results in little Holder
spaces.

Related previous mathematical results include the existence, stability, and bifurcation analysis
of [7] in the rotating one-phase problem and the global existence and stability of smooth solutions
obtained by [18] for nearly circular initial interfaces in the non-rotating two-phase case.

Pj=pj—

2. Governing equations and main results

We first give a short justification for the mathematical formulation of the physical problem of a
rotating Hele-Shaw cell including Coriolis effects. Further details regarding the modeling can be
found in [1, 10]. We then end this section with the main results on existence of solutions to the
corresponding governing equations and stability properties of the trivial solution.

2 Our analytical approach reveals a precise description of the exponential decay in terms of the physical parameters, in
particular of the Coriolis terms, see Section 4.
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2.1  Governing equations

Consider a circular Hele-Shaw cell of radius R > 2 and very small gap width b > 0, rotating
clockwise around the z-axis with a constant angular velocity @ > 0. The cell is assumed to contain
two immiscible, incompressible, viscous fluids with densities ¢; > 0 and viscosities n; > 0, where
j =i labels the inner and j = o the outer fluid, respectively. The surface tension between the two
fluids is given by 0 > 0. The rotating coordinate system is defined in such a way that its origin is
located at the cell center and that rotation is perpendicular to the vector Z = (0,0, 1). Let £27(¢)
denote the region of space occupied by fluid j € {i,o} at time ¢, and let I"(¢) denote the sharp
interface separating the two fluids. The unit normal vector v to I'(f) is assumed to point from
Q1(t) to £2°(1).

The basic hydrodynamic equation of the system is a generalized Darcy’s law relating the
pressure fields P; = P;(t) to the two-dimensional gap-averaged flow velocities ¥; = v (¢) through

VP =—a;i; + Bj(Zxv;) in 270). 2.1
The numbers 12 12
nj Nj
) = —sz Ej,  Bj:= b—ZJFj

depend linearly on the Coriolis force terms E; > 0 and F; = 0, respectively. The latter, in turn,
depend on the rotational Reynolds number Re; = o;wb?/12n; (see [1]). If Coriolis effects are
neglected, then E; = 1 and F; = 0, so (2.1) reduces to the usual Darcy’s law. Throughout this
paper we shall assume that o; > 0 and 8; > 0. Incompressibility of the fluids is expressed by

divi; =0 in 27(), (2.2)
while the interface dynamics is governed by the normal stress balance
Pi— Py = okrqy + (o= wIx[> on (1), (2.3)
and the kinematic boundary condition
V=0i-vr =0U,-vr on I(). (2.4)
Here, y; = Q‘,-a)2 /2 whereas k() denotes the curvature of I'(¢) which is taken to be positive if

1(¢) is convex. The normal velocity of the interface is given by ¥V = V(). On the outer boundary
of the cell a no-slip condition
Uo-x=0 on [|x|=R] (2.5)
is imposed.
Observe that the inner and outer fluids’ masses are conserved since, by Reynold’s transport
theorem, one has that

d X
— dx:—/ T)O-vpda+/ Uy« — do
dt Joo@) ra Ix=r)] R

and
d

— dx = / Ui -vrdo,
dr Jaiq) re

which are both zero in view of Gauss’ Theorem and (2.2). Since ro_t(E x ;) = (0,0,divy}) we also
note that the flows are irrotational in the bulk, i.e., rotv; = 0 in §£2/(¢), due to (2.1) and (2.2).
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2.2 The system in terms of P;

The governing equations in terms of P; are obtained by taking the divergence on both sides of (2.1)
which yields ‘
AP; =0 in £27(1).

making use of (2.2) and observing that rotv; = 0 implies div(Z X U;) = 0. As for the kinematic
boundary condition (2.4), we solve (2.1) for ¥; to get

1 -

i =15~ VP =B ExVPE))
1051
with complex numbers ®; := «; + if;. Then, defining the tangent vector tp := —(Z X vp) to I',
we obtain |
ljj Vr = —2(—OljavFPj — ,Bjarr Pj) .
161

Whence (2.4) and (2.5) become

-V = ! (idv- Pi + Bide P) =

2 |2 (ozoavFP + BoOz Po ) on I'(t),

1
16,2
and

o0y Py + Bo0: P, =0 on [|x| = R],

respectively, where v denotes the unit outer normal vector and t the corresponding tangential vector
on the cell boundary [|x| = R]. Therefore, we arrive at the following free boundary problem for the
pressures P;

AP; =0 in27/(t),j =i0, (2.6)
Pi— Py = 0krq) + (vo = 1)Ix|? on I'(¢), 2.7
1 1
-V = O (idv- Py + Bidcy P) = o, |2(“o3vrP + Bodzp P;) on (1), 2.8)
o0y Py + Bo0: Po =0 on [|X| = R] , 2.9)
for t > 0, complemented with an initial surface I'(0) = I'°. Since only derivatives and the

difference of the two pressures enter the system, uniqueness can only be expected up to additive
constants for them. As we shall later see, this is one of the obstacles that need to be overcome from
a mathematical viewpoint.

2.3 Main theorems

To give a precise formulation of our mathematical results on (2.6)—(2.9), we parametrize the
boundary I'(¢) over the unit sphere S! := {x € R?; |x| = 1}. To this end we introduce, for s > 0,
so-called little Holder spaces 7°(U) over an open subset U of R” as the closure of BUC®*°(U) in
BUC*(U). Here BUC*(U) consists of all functions f : U — R with bounded and uniformly
continuous derivatives up to order [s] and with uniformly (s — [s])-Holder continuous derivatives
of order [s]. If M is a (sufficiently smooth) submanifold of R”, we define #°(M) by means of an
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atlas for M in the canonical way. In the followmg we shall identify a function & : S! — R with the
function /2 : [0,27] — R given by A(6) := h(e' ) for 0 < 6 < 2x. The bar will often be dropped
as no confusion seems likely.

Fixa € (0,1/4) and § € (0, 1) and set
Vi={pe S oo <a}

and, for p € V,
2= v eR\{0: x| <14+p( 2 )utoy, 20:=0\20
o x| o0 o0
with £2 := B(0, R) where, we recall, R = 2. Then
Iy = {xeRz |x|—1+p(| I)}Z{[Hp(y)]y;yeSl}

separates the domains Q}) and §27. Since I, can be described as the zero level set of

Ny(x) = |x| = 1—p (Ii_l) . 3/4 < |x| <5/4,

with N, < 01in .Q/iJ N [3/4 < |x| < 5/4], the unit normal v,(x) at x € I, pointing from .Q;, to £27
is given by

VN, (x)
Vo(X) = ————. (2.10)
g [VNp(x)]
In the following, we let 7, = —(Z x v,) denote the corresponding tangential vector. Next, suppose

that p € C ([0, 7], V) N C([0, T], A1 +¥(S1)) for some T > 0 and set

No(t,x) := Nyp(x) = [x| —1—p (t, ﬁ) , telo,7], 3/4 < |x| <5/4.
X

Observe that the normal velocity V, of the moving boundary I, equals —0d;N,/|VN,|.
Consequently, if p € C ([O 7], 'U) nct ([O, T], h'+8 (Sl)) describes the evolution of the boundary,
then (2.6)—(2.9) read as

AP; =0 in 27 j=i0, (2.11)

o)’
2
Pi= Py = 0kr,q, + (o= W[ 1 + (1, r |)] on Ty 2.12)
X —1 .
p(t, |x|) ; |2[ocJVP +BiEZxVP))]|-VNypy onl,y, j=io, (2.13)
050y Py + Bod: Po =0 ondf2 = RS', (2.14)

fort > 0 and with I',¢p) = "% We call a triple (p, P;, P,) a (classical Hélder) solution to (2.11)—
(2.14) provided
peC([0,T],0) nC'([0,T], A5 (Sh)
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for some 7" > 0 and

Pj(t, ) c h2+8 (.QJ

Jo). telo.T], j=io.

satisfy (2.11)—(2.14) pointwise. The main existence result is stated in the following theorem, a proof
of which is given in Section 3:

THEOREM 2.1 Let§ € (0, 1). There is an open zero neighborhood O in #4+8 (S!) such that for each
initial geometry pg € O, there exists a time 7" = T'(po) such that a classical solution (p, P;, P,) to
(2.11)—(2.14) exists on the interval [0, 7] with p(0) = po. This solution is unique up to a common
additive constant in the pressures P; and P,.

We also investigate stability properties of the trivial solution corresponding to the geometry
p = 0, that is, to the unit circle S!, and constant pressures P, = ¢ + 0 + y, — yi and P, = ¢ with
arbitrary ¢ € R. The stability properties of the trivial solution are determined by the relative density
of the fluids.

THEOREM 2.2 If g, > ¢; then the trivial solution (p, P;, P,) = (0,¢ + 0 + yo — yi.¢) is locally
asymptotically stable. However, if 0; > 0o, then the trivial solution (p, P;, P,) = (O, c+o+y—
Vi c) is unstable.

We refer to Section 4 for more precise statements of the stability results and their proofs. Note
that Theorem 2.2 implies that there are no nontrivial equilibrium solutions near the sphere if o, > ©;.
Equilibria in general are characterized by the following result:

PROPOSITION 2.3 If (', P;, P,) is any equilibrium for (2.6)-(2.9) with I' € C**% and P; €
h2t8 (£27) for j =1, 0, then P; is constant for j = i, 0. Moreover, if I" = I, for some p € U and
c:= P,— P, € R, then p € C®(S') satisfies

2 -2_ ..
¢ =y UERT A2 UXDP 14 p) onst. 2.15)

[+ p)2 + 2]

This statement is proved in Section 5. Equation (2.15) for the geometry determines equilibria
completely. Moreover, the fact that equilibria occur only if the pressures are both constant has
a number of implications. In particular, equilibria for the two-phase problem coincide with
the equilibria for the one-phase problem (with the fluid inside). More precisely, the one-phase
equilibrium problem (as treated, e.g., in [7]) may be regarded as a two-phase equilibrium problem
by taking P, = 0 and g, = 0. Conversely, the two-phase equilibrium problem is equal to the
one-phase equilibrium problem by taking P, = const. Furthermore, as the pressures at equilibria
are necessarily constant, Coriolis force has no influence on the existence of equilibria. Therefore,
there are no equilibria for (2.6)-(2.9) if o, = 0 as noted above (the case o, = g; corresponds to
considering just one fluid of density zero) while the case o, < j has been investigated in [7]. The
unstable nontrivial equilibria constructed therein® by means of bifurcation theory are also equilibria
for (2.6)—(2.9).

3 In [7] the fluid is assumed to have density @ = 1. So to compare it with our results one has to replace w? by w3g
therein.
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3. Proof of Theorem 2.1

The proof of Theorem 2.1 is best carried out in a coordinate system in which the moving
interface between the liquids is fixed. We therefore begin with the transformation to a fixed domain
formulation.

3.1  An equivalent problem on fixed domains

We transform the free boundary problem to fixed domains using the standard Hanzawa-transform.
Let ¢ : R — [0, 1] be a smooth function with ¢(r) = 1 for |r| < a and ¢(r) = 0 for |r| = 3a and
ll¢'lloo < 1/a. We introduce a family of C4*+%-diffeomorphisms

¢, € Diff**3 (R?, R?) N Diff*+4 (B', 1) N Diff**%(B°, 25), pe,

where 4 B
B':=B(0,1), B°:=Q\Bi,

by setting

[le + o(|x| — l)p(l%):lﬁ if0 < |x| <2,

X else.

¢p(x) :=

Note that ¢, maps S! onto I',. Given p € V, let

¢y BUC(2])) > BUC(B’), p pog,
denote the push-forward operator and

¢L: BUC(B)) - BUC(R)). qrqo¢,’

the pull-back operator induced by ¢,. Given p € U, the transformed differential and boundary
operators acting on Q; := ¢7 P;, j = i, 0 are given by

@;(p) Q) = ¢, (A($L0)))

and by
-1 .
Bi(0)0; = 155 i (#5V6207) + By (2 x (¢;9(6201)) | (#;V o).
Defining
X(p) := o¢pkr, + (vo — I + pI?
for p € VU and

® ;= pdy + B0, on 032 = RS!,

the free boundary problem (2.11)—(2.14) is transformed to the following problem on fixed domains:

®;(p)Q; =0 inB/, j=io, 3.1
0i— Qo = X(p) onS', (3.2)
3o = 8;(p)Q; onS!, j=io0, (3.3)

8,0, =0 on RS! . (3.4)
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We call a triple (p, Qi, Qo) a (classical Holder) solution to (3.1)—(3.4) provided
peC([0,T],0) nC'([0,T], A5 (Sh))
for some 7" > 0 and
Q;(t,-) e ®*(BY), te[0,T], j=ibo,

satisfy (3.1)—(3.4) pointwise. With this definition, problems (2.11)—(2.14) and (3.1)—(3.4) are
equivalent as follows from the next proposition.

PROPOSITION 3.1 Let Q; = ¢* P; and P; = ¢£Q;. Then (p, P;, P,) is a solution to (2.11)~(2.14)
if and only if (p, O, Q,) is a solution to (3.1)—(3.4).

Proof. Due to the above definitions of the differential operators, we merely need to ascertain that no
regularity loss occurs in the process, i.e., that P; € h>T8(£2}) implies Q; = PP € h2+8(B7) for
p € U and vice versa. This, however, easily follows from the fact that ¢ P; € BUC 4(B7) when
P; e BUCOO(Q;J) and p € V C h**+¥(S!) and the observation that /23 (B7) coincides with the
closure of BUC*(B7) in BUC?*3(B/). O

Next we collect some regularity properties of the operators defined above.

LEMMA 3.2 (i) The operator @;(p) € £(h2+¥(B/), h3(B7)) is uniformly elliptic and analytic in
p€VUforj =i,o. _
(ii) The operator B; (p) € £(h*T(B7), i1 T4(S!)) is analytic in p € V for j =i, o.

Proof. (i) Given p € U, uniform ellipticity of &; (p) is a consequence of its symbol being
a(p)(®) = ¢, (17, IE* + At -€), £ R,

where the Jacobian J((;S;l) of ¢;1 satisfies |J(q>;1)§|2 > ¢|£|? for some € > 0. Analyticity in p
follows from the analyticity of ¢, and of J(dﬁp_l) = &L J(®,)"!. For details we refer to [7, § 3.2].
(ii) Note that

Vp(|ﬁ—|)=p/(x) : (‘xZ), Y= () €R2\{0}, peC'@). (5

Ix[ ) 1x2 \ x

Hence, for p € U and ¢, = (¢,1,,¢§ ,

* _ ¢P(y) ’ ( ¢P(y) ) 1 (_¢§(y)) 1
VN,)(») = - , st
(Y Ne) ) IR lpp()[> \ 00 v e

showing that [p > ¢3VN,] : UV — h3T(S!) is analytic. The definition of ®;(p) entails its
analytic dependence on p since

oV @20) =VQyJ(p, ).

The curvature operator X can easily be computed explicitly.
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LEMMA 3.3 The operator X : U — h2t3(S!) is analytic and given by

2 -2_ .
X(p) = ol +[g)++)22p+ 2(]132 DB 4 o= 407, pe.
P2+ p

and .
AK(0)[h] = o(=h —h) +2(yo — y)h, heh** S .

Proof. If p € V, a parametrization of I, is given by
1+ p(8))e'? = x(0) +iy©®), 6€][0,2n].
Hence the claim is a consequence of the curvature formula

iy — Xy
3/2
)

Kp, = ——————
T2 42

and the definition of ¥ (p). O

3.2 Local well-posedness

In order to establish local existence and uniqueness of solutions, we split (3.1)—(3.4) in three
subproblems: two elliptic problems for the transformed pressures and an evolution equation for
the geometry. More precisely, given p € U and a function / defined on S!, we shall first look
for solutions Q; = S(p, h) to the following elliptic problem on B! with Neumann type boundary
condition

Ri(p) Qi =0 in B, (3.6)
65(VN)| [ $lh
®Bi(p)Q; = h — =L do onS', (3.7)
e ol Jr, VN,
Qido =/ hdo, (3.8)
sl sl

where |I,| stands for the length of the closed curve I',,. In the second step, we shall study the elliptic
problem on the annulus B° with Dirichlet-Neumann boundary conditions

®Ro(p)0, =0 in B, (3.9
O,=¢ onS', (3.10)
B0, =0 onRS!, (3.11)

with solution Q, = T(p, g) depending on p € V and g on S'. Finally we use the solution operators
S and T to derive the evolution equation

dtp = Bo(P)T (0, S(p, 3:p) — K(p)) (3.12)

for p. Note that 9, p appears on both sides of (3.12). As (3.6)—(3.7) is a Neumann-type problem, an
additional integral term is introduced on the right hand of side (3.7) which makes the mean zero and
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thus ensures solvability of the problem. The third equation (3.8) guarantees uniqueness. Let us point
out that, provided we can solve (3.12) for p = p(t), the particular form of the boundary operator
®B,(p) and the properties of T'(p, g) yield (see (3.44) below)

¢>f8;p

do=0.
r, IVNp|

Thus the integral term in (3.7) vanishes for 7 = d; p and we may take

0i(0) = S(p). d:p(0) . Qo) = T (p(1), itt) = X(p(1))

to obtain a solution for the original equations (3.1)—(3.4). We shall be more specific at the end of
this section.
In the following two propositions we study the solvability of the elliptic problems.

PROPOSITION 3.4 Givenp € Vand h € RS, (3.6)-(3.8) possesses a unique solution
Qi = S(p.h) € K> (BY),
and the map
[o = S(p,)]: 0 — £(h'*3(SY), K+ (BY))
is analytic.

To prove this statement on the fixed domain B! we shall first prove an auxiliary result on the
domain £2:

LEMMA 3.5 Let p € VU and let v = v, and © = 7, denote the corresponding outer unit normal
and unit tangential vectors to I, respectively. Set

—1
M= W(aiv + ,ij)
and define ‘ ‘

AR - 1520 x K'(T,) . ue (= Au,duu) .

Then ker(A) =R -1 and

. @i2
im(A) = (ﬁg)ehs(ﬂ;)xh”‘s(l“p);/gi fdx=| | /ngcr}.

o

Proof. Note that u is nowhere tangential and that 1 is an eigenfunction of A. Thus, ker(A) =R -1
follows from [2, Thm.12.1] since (—A, d,) is regular elliptic. To determine the range of A, fix
p > n/(1 —§) and suppose first that Au = (f, g), that s,

—Au=f inQ,, du=g onl,. (3.13)

Since d;w = (Z x Vw) - v and div(Z x Vw) = 0, we have by Gauss’ Theorem

d,wdo = / div(Z x Vw)dx =0, we Wi (2)). (3.14)
I, Q

i
o
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;% . . 6.2
fd)c:| il / (— “lzavu— 'Blzaru) d(f:ﬁ/ gdo .
2, o Jr,\ 16 ICA o Jr,

For the reverse inclusion we use a Fredholm argument. By [2, Lem.5.1] there is a coretraction

Therefore,

M e £(W,7VP(I,), WA($2Y))
for the boundary operator such that d, Mg = g for g € Wpl_l/ P(I,). Then
R:=AM € £(W, VP (I,), L,(2))) .

and finding a solution u € W (£2})) to problem (3.13) for a given (f, g) € L,(£2}) x Wpl_l/p(Fp)
is equivalent to finding a solution v € W7 (£2}) to

—Av=f+Rg in,, v=0 onl},, (3.15)
and setting u := v + Mg. Let
WPZ’M(Q;)) = {U € sz(Q;)); aMU = (0on Fp}

and consider the closed linear operator 7" on LP(QL) given by Tv := —Av forv € sz’ M(.Q;,).
Then, as above, ker(7) = R -1, and T has compact resolvent. Hence 7T is a Fredholm operator
on L,(£2,) with index zero. Since obviously W7, (§2}) is dense in L, (£2}), we also obtain for its
dual T’ that ker(T") = R - f/ for some f' € L, (.Qli)), where p’ denotes the dual exponent of p.
Moreover, Tv = h with h € Lp(.Q;,) is solvable for v € WP%M(.Q}J) if and only if (f’,h) = 0.
However, since (3.14) ensures that

e _ 2 (o
Avdx = — dpvdo =0, veW; (£2,),
2

b @ Jr,

we may take f’ = 1, thatis, ker(7’) = R-1,and Tv = f + Rg is solvable for v € WP%M(Q;,)
with '
(f:8) € Lp(2,) x Wy~P(I)

if and only if

(0%

62
0:/ (f—i—Rg)dx:/ fdx—| | / 0,8 do, (3.16)
25 25 i Jr,
the last equality being again due to (3.14). Finally, if u is the solution to (3.13) for a given
(f:8) € hP(2) x W' ¥2(D,) © Ly(2) x Wy =17 (1)

satisfying (3.16), then u € W2(2}) — C!*¢ ([2_})) by the choice of p. Using Schauder regularity
theory [11, Thm.6.15] for

—Au=f in.Q/iJ, Uu+duu=g+u onlp,

then easily gives u = it € h2*? (.Q;,). This proves the claimed characterization of im(A). O
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Proof of Proposition 3.4. For p € U fixed, set

95 (VN))| PLh
|Fp| Iy |VNp|

P(p)h := do, heh't¥sh,

and define an operator A;(p) : K218 (B) — h¥(BY) x h'*+¥(S!) by
Ai(p)u := (D(p)Ri(p)u . d(p)Bi(p)u). u € h*T*(BY),

where D(p) := |detdx¢,| and d(p) := 1 + p. Then, since D(p) > 0 and d(p) > 0, we readily
obtain from Lemma 3.5 that ker(Ai(p)) = R - 1. Moreover, (f.g) € im(Ai(p)) if and only if

(f, 2) € im(A), where

£ f 8o A 1 g 1+8
fi=¢0=—eh’(2,). &= L=~ €h T(I}).
D(p) g [VN,| " d(p) g
By virtue of (3.5) we have that
- 1 3
N, = YPEAEPT 3.17)

1+p

and we infer from Lemma 3.5 that

Q.12
im(as(o) = | €103 i [ rax=190 [ aol <y

o
which is independent of p. Consequently, the map

Ai(p) : (B [, — Y

is an isomorphism. Furthermore, v = M(p)(f.g) := Ai(p)"!(f.g) is a unique solution in
h2+8 (Bi)/]R.l to

D(p)@i(ppv = f onB',  d(p)Bi(p)v=g onS'

foreach p € Vand (f, g) € Y. As D(p) and d(p) are analytic in p, we deduce that
N:V—>& (Y,h2+5(3i)/R,l)

is analytic. Now, we easily check with the help of (3.17) that
[ 1= P =0,

whence (O, d(p)(1 — P(,o))h) €Y forh € h'*3(S!). Thus u := ”ﬂ(p)(O, d(p)(1 — P(p))h) is the
unique solution in A2+3(BY) /,,  to

Qi(p)u =0 on B, ®i(p)u = h— P(p)h onS'.
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By (3.17) we have
Ve
(L+0) ;" V/p+ (T +p)?do

hence P(p) depends analytically on p and so does u = u(p). Given p € VU and h € h!+5(S?),
problem (3.6)-(3.8) thus admits a unique solution Q; = S(p, &) and

2w
P(ph = [ 1@ 1+ o6 a6

[0 = S(p,)]: U — £(h'*3(S"), i+ (BY))
is analytic. This proves Proposition 3.4. o

PROPOSITION 3.6 Given p € VU and g € h*>+%(S!), there is a unique solution Q, = T(p,g) €
h*>+¥(B°) to (3.9)—(3.10). Moreover, the map [p — T(p.)] : V — £(h2+8(S1),h2+8(B°)) is
analytic.

Proof. Let p € U and define an operator A,(p) : h21t3(B°) — h(B°) x h2+8(S!) x h!+8(RSY)
by
Ao(p)u := (Qo(p)u, ulgt , Bou), u e h**3(B°).

Then A,(p) is invertible. Indeed, to check its injectivity, let A,(p)u = 0. Then, for it := ¢{u,

A

<
Il

0 in Qg,

<

0 on I,,
00yl + Bodzit =0  on RS!,

and Green’s formula yields

0=/ ﬁAﬁdxz—/
29 25

1
= —/ |Vﬁ|2dx—@/ — 0.1 do
?) ®% Jr,urst 2

o
0

_a. =2
=_/ |Vii|> dx — Bo / div( 882_”2 ) dx:—/ |Vii|? dox .
23 200 Jo2g 1u 23

This entails u = 0, i.e. ¥ = 0. To determine the range of A,(p) consider again the transformed
problem

|Vit|? dx + / 0y it do
I,URS!

Ai=f in 2, (3.18)

u=g on I, (3.19)

Wodyil + fodzii =h  on RS'. (3.20)

By means of a coretraction as in the proof of Lemma 3.5 we may assume g = 0 and h = 0.

However, by [2],

A—A:{veWi(R):v=00nT,, (@dy + Podc)v =00n RS'} — L(£29)
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is invertible for A = 0 sufficiently large, and the same argument as used to prove its injectivity
implies that we actually may take A = 0. Thus, (3.18)-(3.20) is uniquely solvable for each f €
Ly(£29), & € H3/2(I,), and h € HY?(RS"). Schauder regularity theory ensures it € h>+8 (£29)
provided f € h%(29), g € h*™¥(Ip), and h € h'*¥(RS'). Consequently, Ay(p) is surjective
and thus invertible, and the claim on the analyticity of T'(p,-) = A,(p)~1(0,-,0) follows from
Lemma 3.2. (]

Next, we state a multiplier result that we shall use later. The proof is a straightforward
modification of the case r = s in [3].

PROPOSITION 3.7 Letr,s € (0,00) \ N and (Mj,)nez be a sequence in C satisfying
(i) sup,ez\(o In|" 7| My| < oo,

(i) sup,ez\ (o3 In|" =+ My 1 — My| < 00,

(i) sup, ez oy 121" T2 My g2 —2My i1 + M| < 00.

Then the mapping
Z hneine — ZhnMneinO

nez nez
belongs to £(C*(S"), C"(Sh)).

We now focus on the evolution equation (3.12), which we may rewrite, using linearity of the
solution operators S and 7', as

(1= ®R(p))drp = Bo(p)T (p, —X(p)) (3.21)

with
R(p)z := Bo(p)T (0. S(p.2)), ze€h'TP(SY), pev.

To solve (3.21) for d; p, we use the following

LEMMA 3.8 There is an open zero neighborhood W C U in h**¥(S') such that 1 — ®R(p) is an
isomorphism on 2! +¥(S!) for each p € W.

Proof. By the smooth dependence on p stated in Lemma 3.3, Proposition 3.4, and Proposition 3.6,
it suffices to prove that 1 — ®(0) € £(h!T(S!)) is invertible. To do this we derive its Fourier
expansion in polar coordinates (r, §). To compute Q; = S(0,h) we first note that, for p = 0,
problem (3.6)-(3.8) becomes

(la,(ra,) + 1235) 0;=0 in [r<1],
r r
-1 1 2
X (00 — Bidg) Qi = h 2 ), h(6)do on [r=1],
2w 2
0i(1,6)d0 = | h(6)do,
0 0

which, for a given & € h'*¥(S!) with expansion

h(0) = hye'? . (3.22)

nez
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has the unique solution

r r |@i|2 |n| in6
Qi(r.0) =ho+ Y hy—————rlle" (3.23)
neZN {0} —|nles + inp;
Similarly, for p = 0, problem (3.9)-(3.10) reads as
1 1
(;3r(r3r) + r—23§) 0,=0 in [l<r<R],
Oo=¢ on [r=1],
(“"a’ B %3") Qo =0 on [r=R],

and for g € h2*4(S') with expansion
gO) =) gne'"?,
nezZ
the unique solution @, = T(0, g) is given by

A A @0 @0 — I 9
r,0) = go + — " 4+ — r e, 3.24
Qo(r,0) = go ne%\:{o} &n (@O T R™O, G, + R0, ) ( )

Therefore, given & € h' 3 (S') with expansion (3.22), we have

RO = —— (@ody — Bode) T(0.50.h) = Y hnlse™,

|Gl nez\{0}
where
! (L= K)o 7\ {0} (3.25)
= —, ne€ . .
" (sign(n)es — i) (@0 + R?"6),)
We next use Proposition 3.7 with M, := (1 — I,)”! to check that 1 — R(0) is invertible on
C1*+¥(S!). Note that [, # 1 foreachn € Z \ {0} since @; > 0, j = i, 0. Also,
nlggoln = To.e #1, nglllooln RERTERP # 1, (3.26)
so that
sup |My| < oo. (3.27)
nez\{0}
Next, ; ;
M M, = n+1 —tn ’
T Ul (L= 1)
where, forn > 1,
0 R2n+2 0 R2n
In+1_ln ( ) n=1, ln+1_ln ( ) < -1

= @3R4n+2 + 0(R2”+2) ’ = @g + 0(R2”) ’
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Since nR™2" — 0 asn — oo and nR?** — 0 as n — —oo, it follows from (3.27) that

sup |n| [Mp41— My| < oo
nezZ\{0}

Finally, as above, we obtain from (3.26) and (3.27) that

2 ln+2 - 2ln+1 + ln + ln(ln+1 - ln+2) + ln+2(ln+1 - ln)
(1= ln2) (I = L) (1 = In)
(Sulen|)3 [(1 + ‘ln|)”2 ‘ln+2 - ln+1| +(1+ |ln+2|)”l2 ‘ln+1 - ln‘]

¢ sup (n? [lng1 — In]) < 00.
n

n* My o —2My 1 + Mn| =n

Consequently, Lemma 3.7 implies (1 — (R(O))_1 € £(C3(S!)). But then (1 — (R(O))_1 is also a
bounded operator on

H(SY) = {h € La(8"): s = Y (1 + )|l < oo}

nez

for each s > 0 due to (3.27). Recalling that H*(S") is densely embedded in /' *4(S') provided
s > 5/2, we deduce that (1 — R(0)) ™" € £(h1*3(S1)). O

According to Lemma 3.8 and (3.21), we are led to look for solutions
p e C([0,T],W)nC'([0,T], A (Sh))

to the fully nonlinear equation

dip=(1-R(p) " Bo(MT (0. —X(p)) =: F(p), 1€(0,T], (3.28)

The following proposition is instrumental in the computation of the linearization in zero of this
evolution equation.

PROPOSITION 3.9 F € C®(W, '3 (S')) and, for i € h*+4(S?),
OFO)[h] = (1= R(0)) ' Bo(O)T(0. 2(i — o) + 0 + o) .
In particular, if b € h*t3(S!) with h(0) = Y, o, hne?, then

FO)AO) = > hugne™
nez\{0}
where, forn € Z \ {0},

Ap + i sign(n)B
Gn = T e +gB(2 ) p(n) (3.29)
with

2n

R — 1

Ay = sign(n) a +ai, B:=pf—pfi, ph):= |I’l|(0’ =2(Yo— Vi) — Unz) .
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Proof. Smoothness of the map F follows from Lemma 3.3, Proposition 3.4, Proposition 3.6, and
Lemma 3.8. Let & € h*+%(S1). Then

AF(0)[h] = (1 — R(-)) " (0)[A] Bo(0) T(0, —K(0)) + (1 — R(0)) " 38, (0)[1] T (0, —X(0))
+ (1= R(0)) ™ Bo(0)3,T (0, =K(0)) 1] + (1= R(0)) ™" Bo(0) T(0, —3X(0)[A]) .

But =X(0) = —0 — 9o+ ¥ =: ¢ € Rand T(0,c) = c¢ by uniqueness, so d8,(0)[z] = 0
as this is the derivative of (p — Bo(p)c = 0) and similarly 9,7 (0, —X(0))[h] = 0 as this is
the derivative of (p — T(p,c)= c). The formula for dF (0)[#] now follows from Lemma 3.3. To
compute its Fourier expansion, consider & € h4+8(S) with h(0) = Y, hne'™® . Invoking (3.24)
and recalling that B,(0) = —(aof)r — Bodg)/|O,|? on S, we obtain

OF(O)[A)(0) = (1 - R(0)) ' Bo(OT (0. 2(yi — yo) + 0)h + o) (6)
- Y b, n2i—y) o —om )R — 1) 1
nez\{0} O + R2"6, I—In
with [, given by (3.25). Elementary calculations now lead to the assertion. O
Observe that A, = A_, forn € Z \ {0} and that
Ap W0 + 04 as |n| - 0. (3.30)

The next proposition is a consequence of the previous lemma and fundamental for our well-
posedness result.

PROPOSITION 3.10 —3F(0) € ¥ (h*T4(S!), k13 (S1)), that is, dF (0) € £(h*5(S?), A1+ (ST))
is the generator of an analytic semigroup on 2'+¥(S1).

Proof. Based on Proposition 3.7, we prove in a first step that (A — 9F (O))_1 €
L£(h1TE(Sh), h**9(S1)), where, according to Proposition 3.9 (with go := 0), we have that

(A —aF(©0)'h = > ﬁ e Red = Ay,

nez
for h(6) = Y, <y hne'® and, by (3.30),
2 o Vi
Ax ::1+M>RGQn, nez.
oo + ¢

Let A € C with Re A > A, be fixed and set Q,’} := (A —gn)~L. Then

sup |nf*| Q%
neZ\{0}

< 00, (3.31)

since
qn o, +o; £iB

—*—————0 as n— £o00.
n3 (2o + i) + B2
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Next observe that, for eachm € N,

2R?"(R — 1)

M Apir — Ag| = |n|™
|l’l| | n+1 n| |l’l| (RZ"—l)(RZ’”'l—l)

0 as n— +o00.

Thus, letting z, := ¢/t (n) we derive from (3.30)

An+1An

"z —zn| <
|7 |zn 41 nl (Ai-H +B2)(A,21+Bz)

[7]™ |Aps1 — An| + 0| [Ans1 — Anl B? s

so, foreachm € N,
[n)™|zn41 —zn| — 0 as |n| — o0. (3.32)

Thus, (3.31) gives

qn+1 — ¢
nf* |Oker = 03] = |2 0| n 0| |
z n+1)—umn n
<ol D=l [0
n n

Taking into account that (z,) is bounded and that |w(n)/n3| — o as |n| — oo, we conclude

sup |n|4)Q,*,+1 — 0} <o0. (3.33)
nez\{0}
In particular, we have shown
sup 172 |gn41 —gnl| < 00 (3.34)

neZ\{0}

Observe then that

pm[pm+1) —pwn +2)] + pw +2)[um + 1) — wn)] = 0@n*),

hence, due to (3.32),

1
n—4[Qn (Gn+1 = qn+2) + qn+2 (Gn+1 — qn) ]‘

_ p[pe + 1) = pn +2)] + pn +2)[u0 + 1)—#@)]‘
X |Zn Zﬂ+1 4
n
n n+1 n n+2
+ |2n M(3) Lﬂ (Znt1 = Znt2) 12| + |2 ,u(}) Lﬁ (Zn+1 — Znt2) n?
n n n n
n+2 n+1
+ |Zn+1 al 3 ) 3 )(Zn+2—2n)"2
n n
<c

(3.35)
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Writing

A A A

nl® |02 =200, + 0}
3 A 3)A 3 A

= |n? 05| [? 0| |2 03

AGn+2 = 2qn+1 + qn) T dn(Gn+1 — qn+2) + qn+2(@n+1 — qn)
n4 n4

X

we deduce from (3.31) and (3.34) that

sup |n|® )Q;}+2 - 2Qr/}+1 + 05
nez\{0}

<00. (3.36)

Consequently, (A — BF(O))_1 € £(C1HI(SY), C45(Sh)) forRe A = A, by Lemma 3.7 and (3.31),
(3.33), and (3.36). Since (3.31) also ensures

(A —3F(0)) ' € L(H*SY), s>0, (3.37)

we conclude (A — BF(O))_1 € £(h'H¥(SY), h*+¥(S1)) forRe A > A as in the proof of Lemma 3.8.
The second step consists of proving the resolvent estimate

<c, RedA=A,. (3.38)

1A H(A—3F(0))_1H£(h1+8(81)) s

Since Re g, < 0 for |n| sufficiently large, elementary calculations show that
A —gn®> = colA|>., ReA =Xy, neZ, (3.39)
for some cp > 0. Thus, setting S,f == A(A — gn) it follows

sup IS} < o0 (3.40)
neZ\{0} ,Re A=A«

Similarly, there is ¢; > 0 such that
A —qul> = c1lgn*, ReA =LAy, neZ, (3.41)
and we thus obtain from

dn+1 —(qn

A A
Sn+1 - Sn n2

A
Sn+1

||

=
/\_Qn

together with (3.34), (3.40), and (3.41) combined with (3.31) that

St -8} <oo. (3.42)

n

sup ||
n€Z\{0} ,Re A=A«
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Finally, noticing that the right hand side of

qn+2 = 2qn+1 + qn

n
p(n+2)=2un+1) + pun) pu(n +1)
< [zn42] +2 3 |Znt2 = Znt1| 0
n n
p(n)
+ ’ 7| 120 — Zaga| 0
n
is bounded by (3.32) and writing
A A A
n® |Spsa =285y + Sn+2‘
3
A 3 A n 1
= Sn+2) )” Qn+1) ‘m prs

X [AMdn+2 = 2qn+1 + Gn) + 4n(Gn+1 — Gn+2) + Gnt2(Gns1 — qn)|
we deduce from (3.31), (3.35), (3.39), and (3.40)

sup n? Sk, -2t  + 8} <. (3.43)

n€Z\{0} ,Re A=A

Therefore, Lemma 3.7 and (3.40), (3.42), and (3.43) imply

IA| H()L—BF(O))_IH <e¢, ReA= Ay,

L(CHssty
whence (3.38) due to (3.37). This proves the assertion. O
Now we are in a position to establish a well-posedness result regarding equation (3.28).

THEOREM 3.11 There exists an open zero neighborhood O C VU in A**3(S') such that for each
po € O thereis T := T (po) > 0 and a unique solution

p e C([0,T],V) nC([0,T], AT (Sh)
to
dp=F(p), >0, p(0) = po .
Moreover, p([0, 7)) C O.
Proof. We shall invoke [13, Thm.8.1]. Fix ¢ € (0, §) and put ¢ := (§ — &) /3. Set
E:=h'""5@SY,  Eo:=h't5SY, Ep:=n*tsh
in [13, Thm.8.1]. As § € (0, 1) was arbitrary in Proposition 3.10, it follows that
—3F(0) € R(H*TE(S"), hITESY)) .

Thus, since ¥ (h*T(S), 11 T(S!)) is open in L(A*FE(S!), h1+E(ST)), there is an open zero
neighborhood Ug in h**¥(S!) such that —0F (p) € ¥ (h*+€(S), k1T (S!)) for each p € Ug. Then
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O := Ug N W with W from Lemma 3.8 is an open zero neighborhood in h*+8(S1). Furthermore,
AF (p) : h*+3(SY) — h1T3(SY) for p € O is the part of —3F (p) € ®(h*+E(SY), h1+E(S)) in

8 . 0
h1+ (Sl) - (l’l1+E(Sl), h4+E(Sl))0’oo
with continuous interpolation functor (-, ~)g,oo and
{h e K*TE(SY); dF (p)[h] € KIS} = n*To(Sh) .

Now the assertion is a consequence of [13, Thm.8.1]. O

To finish off the proof of Theorem 2.1 let
p e C([0,T],V) nC([0,T], AT (Sh)
be the solution to (3.28) for a given initial value pp € O. Then
Qi = S(p,9:p) € C(I0,TLA**(BY),  Qo:=T(p, Qi = X(p)) € C([0, T].i***(B))

by Lemma 3.3, Proposition 3.4, and Proposition 3.6. Since p solves (3.12), it follows, for p = p(¢)
with ¢ € [0, T'] fixed, that

¢=€3t,0 — -1
IVNo|  160,]?

(ods, (92Q0) + Bode, (920)) on T

Recalling from (3.9) that A(¢£Q,) = 0 and div (Z x V(¢£Q,)) = 0 in £, we deduce from
Gauss’ Theorem

[CAE

[ (i (@200 + By (8200)) do = 5 [ (atu(9200) + Bote(920.) do
r, RS!

—1
|
and thus, due to ¢ Q, = Q, and (3.11) on R S!, that

¢fat,0
r, VN

do =0, tel0,T]. (3.44)

Consequently, with
Pi(t) =920 0i(0) € PP (20,) . Polt) := ¢LD Qo (N> (20,

for t € [0, T] we obtain a solution (p, P;, P,) to (2.11)-(2.14) which is unique up to a common
additive constant in the pressures P; and P,. This yields Theorem 2.1.

4. Proof of Theorem 2.2

We first prove instability of the trivial solution if o; > g, as claimed in Theorem 2.2. Recall that
. 2
Vi = 0jw/2.
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THEOREM 4.1 If g; > 0., then

alp:F(p)v t>0, p(o):p()v

has backward solutions which do exponentially decay to zero. In particular, the trivial solution p = 0
of this flow is unstable.

Proof. The compact embedding h**3(S') < h'*¥(S!) and Proposition 3.10 imply that dF (0)
has compact resolvent. So the spectrum of dF (0) consists of eigenvalues only, which, according to
Proposition 3.9, are given by {qn in €7\ {0}} and go := 0. Since 0; > 0o, (3.29) implies that
w(1) > 0, hence (3.30) shows that Re g1 > 0. Clearly,

inf{Reg,; Reg, >0} > 0.
The assertion now follows from [13, Thm.9.1.3]. O

To prove stability of the trivial solution if g, > i, we need an auxiliary result.

LEMMA 4.2 Let W be given as in Lemma 3.8. Then

/ 1+pF(p)do =0, pecW.
sl

Proof. Fix p € W and set
; .

We claim that 1 — ®(p) is an isomorphism on h(l)j;& (S1). To see this, set Ty = T(p, S(p, f)) for
f € h'3(S). Then, as in (3.44),

[ a+pR@1f o= [ (14 p8upT o =0
sl sl

and Lemma 3.8 implies that 1 — R(p) is indeed an isomorphism on h(l,j;& (Sh). But, as above,

Bo(0)T (p, =K (p)) € hol’ () .

Therefore,
F(p) = (1= ®R(p) " Bo(D)T (0. —X(p)) € 13 (S") .
O

We conclude the proof of Theorem 2.2 by stating the stability result for which we need to define

m§(SY) = {f € h*(SY); /Sl fdo =0},

fors > 0.
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THEOREM 4.3 If g, > g, the trivial solution p = 0 of
dp=F(p), t>0,

is stable. More precisely, there are numbers w,r, M > 0 such that for each initial datum
po € hy T (S!) with [|pollj1+ssty < r there is a unique global solution

peC(RT TS N CHRY, )T (SY)
with p(0) = po and

p(t)
HP“) (1 * 7)

+16@) (1 + p@E)llp1+set)
h4+8(s1)

< Me @ t=0.

00 (1 +p—20)

RICON
Proof. Letting ¢ := p + p?/2 for p € W, problem 3,0 = F(p), ¢ > 0, is equivalent to
0:L=G(), t>0, 4.1)
where G € C2(Z,h'T4(SY)) with Z := {¢ =p + p?/2; p € WY} is given by
G():=1+20F(V1+20-1).
Moreover, Lemma 4.2 implies G € CZ(ZO, h(1)+8 (Sl)) forZg :=Z N h3+8 (Sh). Also,
3G (0) = IF(0) € L(hgT (SN, haT*(S)) .

Thus dG(0) has compact resolvent and its (point) spectrum equals {qn in e Z\ {O}} Now, by
(3.29),

An

while o, > j implies that
p(n) = In|(0 =2(yo = y)) —on®) < 2(yo—yi) <0, neZ\{0}.

This, combined with (3.30), shows that the spectrum of dG(0) is contained in a half plane
[Re A < —w] for some @ > 0. The assertion now follows from [13, Thm.9.1.2] applied to (4.1). O

Note that our analysis yields an explicit estimate of the exponential decay rate w in terms of the
physical parameters through (3.29).

5. Equilibrium solutions

To prove Proposition 2.3 let (I', P;, P,) be any equilibrium for (2.6)~(2.9) with I' € C2*% and
Pj € h?*%(27) for j =1, 0, that s,

AP; =0 in 27, j =10, (5.1)
P — P, = okr + (Yo — vi)|x|? onl, (5.2)
ozjavFR;+ﬁj8,FR, =0 on I, j =10, (5.3)

o0y Py + Bod: P, =0 on[|x| = R]. (5.4)
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Then

AP,=0  inf',
O{iavFPi-i-,BiarrPi:O onl,

so that Lemma 3.5 implies that P; = ¢; for some constant ¢;. Moreover, since also

AP, =0  in£°,
o0y Py + BoOrp Po =0 onl,
060y Py + Bod: P, =0  on RS!,

a similar Fredholm argument as in Lemma 3.5 shows that P, = ¢, for some constant ¢,. If I = I,
for some p € U, then we derive equation (2.15) with ¢ = ¢; — ¢, from (5.2) and Lemma 3.3. A
bootstrapping argument now shows that p is smooth. This proves Proposition 2.3.

10.

11.

12.

13.

14.

15.
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