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We consider the free boundary problem for the plasma-vacuum interface in ideal compressible
magnetohydrodynamics (MHD). In the plasma region the flow is governed by the usual compressible
MHD equations, while in the vacuum region we consider the pre-Maxwell dynamics for the magnetic
field. At the free-interface we assume that the total pressure is continuous and that the magnetic field
is tangent to the boundary. The plasma density does not go to zero continuously at the interface, but
has a jump, meaning that it is bounded away from zero in the plasma region and it is identically zero
in the vacuum region. Under a suitable stability condition satisfied at each point of the plasma-
vacuum interface, we prove the well-posedness of the linearized problem in conormal Sobolev
spaces.
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1. Introduction

Consider the equations of ideal compressible MHD:

d;p + div (pv) =0,

di(pv) +div(pv @ v—H ® H) + Vg =0,

0:H -V x(uvxH) =0,

3 (pe + |H?) + div ((pe + p)v + Hx(vxH)) = 0,

(1.1)

where p denotes density, v € R? plasma velocity, H € R3 magnetic field, p = p(p, S) pressure,
q=p+ %IHl2 total pressure, S entropy, e = E + %|v|2 total energy, and E = E(p, S) internal
energy. With a state equation of gas, p = p(p, S), and the first principle of thermodynamics, (1.1)
is a closed system.

System (1.1) is supplemented by the divergence constraint

divH =0 (1.2)
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on the initial data. As is known, taking into account (1.2), we can easily symmetrize system (1.1)
by rewriting it in the nonconservative form

d d
PoSP 4 Give =0, pSo—(H-V)H+Vg=0,

p dt dr (1.3)
W _ vy + Hd 0 By

_ . v Ivv =0, - =Y,

dr dr

where p, = dp/dp and d/dt = 9; + (v - V). A different symmetrization is obtained if we consider
q instead of p. In terms of g the equation for the pressure in (1.3) takes the form

d dH
Pe %_q _H.

——( tdive =0, 1.4
PR dt}+wv (1.4)

where it is understood that now p = p(q — |H|?/2, S) and similarly for p,. Then we derive div v
from (1.4) and rewrite the equation for the magnetic field in (1.3) as

dH Op dg dH
ol ) g S, 1.5
o V=S {dr dt} (15)

Substituting (1.4), (1.5) in (1.3) then gives the following symmetric system

Pp/P 0 —(pp/P)H 0 q
0" pls 03 U P
—(pp/PHT 03 i+ (pp/p)H®H 0" || H
0 0 0 1 S
(1.6)
(op/p)v -V V- —(pp/P)HV -V 0 q
\% pv - Vs —H VI3 o N
—(op/PH V-V —H VI3 (Is+(pp/p)H® Hw-V 0" |[H| ™
0 0 0 v-v/)\S

where 0 = (0,0, 0). Given this symmetrization, as the unknown we can choose the vector U =
U(t,x) = (q,v, H, S). For the sake of brevity we write system (1.6) in the form

3
Ao(U)0,U + ) A;(U);U =0, (1.7)
ji=1

which is symmetric hyperbolic provided the hyperbolicity condition A¢ > 0 holds:
p>0, pp>0. (1.8)

Plasma-vacuum interface problems for system (1.1) appear in the mathematical modeling of plasma
confinement by magnetic fields (see, e.g., [10]). In this model the plasma is confined inside a
perfectly conducting rigid wall and isolated from it by a vacuum region, due to the effect of strong
magnetic fields. This subject is very popular since the 1950-70’s, but most of theoretical studies
are devoted to finding stability criteria of equilibrium states. The typical work in this direction is
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the classical paper of Bernstein et al. [3]. In astrophysics, the plasma-vacuum interface problem can
be used for modeling the motion of a star or the solar corona when magnetic fields are taken into
account.

According to our knowledge there are still no well-posedness results for full (non-stationary)
plasma-vacuum models. More precisely, an energy a priori estimate in Sobolev spaces for the
linearization of a plasma-vacuum interface problem (see its description just below) was proved
in [23], but the existence of solutions to this problem remained open. In fact, the proof of existence
of solutions is the main goal of the present paper.

Let 2%(t) and £27(t) be space-time domains occupied by the plasma and the vacuum
respectively. That is, in the domain £27¥(¢) we consider system (1.1) (or (1.7)) governing the motion
of an ideal plasma and in the domain §27 (¢) we have the elliptic (div-curl) system

VxH =0, div¥k =0, (1.9

describing the vacuum magnetic field ¥ € R3. Here, as in [3, 10], we consider so-called pre-
Maxwell dynamics. That is, as usual in nonrelativistic MHD, we neglect the displacement current
(1/c) 9; E, where c is the speed of light and E is the electric field.

Let us assume that the interface between plasma and vacuum is given by a hypersurface
I'(t) = {F(t,x) = 0}. It is to be determined and moves with the velocity of plasma particles

at the boundary:
dF
— =0 I 1.10
=0 ol (1.10)
(forallt € [0, T]). As F is an unknown of the problem, this is a free-boundary problem. The plasma

variable U is connected with the vacuum magnetic field ¥ through the relations [3, 10]
[gl=0, H-N=0, ®-N =0, onl(), (1.11)

where N = VF and [q] = q|r — % | ||2F denotes the jump of the total pressure across the interface.
These relations together with (1.10) are the boundary conditions at the interface I"(t).

Asin [12, 22], we will assume that for problem (1.1), (1.9)—(1.11) the hyperbolicity conditions
(1.8) are assumed to be satisfied in £27(¢) up to the boundary I'(¢), i.e., the plasma density does
not go to zero continuously, but has a jump (clearly in the vacuum region §27(¢) the density is
identically zero). This assumption is compatible with the continuity of the total pressure in (1.11).
For instance, in the case of ideal polytropic gases one has p = Ap’eS with A > 0,y > 1. Then
the continuity of the total pressure at I requires (4p? e’ + %|H \r Y= %Prﬂ |\211 = 0, which may
be obtained also for densities p discontinuous across I". Differently, in the absence of the magnetic
field, the continuity of the pressure yields the continuity of the density so that the boundary condition
becomes pjr, = 0.

Since the interface moves with the velocity of plasma particles at the boundary, by introducing
the Lagrangian coordinates one can reduce the original problem to that in a fixed domain. This
approach has been recently employed with success in a series of papers on the Euler equations in
vacuum, see [6-9, 12]. However, as, for example, for contact discontinuities in various models of
fluid dynamics (e.g., for current-vortex sheets [4, 21]), this approach seems hardly applicable for
problem (1.1), (1.9)—(1.11). Therefore, we will work in the Eulerian coordinates and for technical
simplicity we will assume that the space-time domains £2% () have the following form.

Let us assume that the moving interface I"(¢) takes the form

r@t):={(x1.x") e R*, x; = o(t,x)},
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where t € [0,7] and x’ = (x2,x3). Then we have 2T (1) = {x; = o(t,x')}. With our
parametrization of I'(¢), an equivalent formulation of the boundary conditions (1.10), (1.11) at
the interface is

dio=vy, [q]=0, Hy =0, ¥y=0 onl(r), (1.12)

wherevy =v-N,Hy =H -N, Xy =X -N,N = (1,—02p, —030).
System (1.7), (1.9), (1.12) is supplemented with initial conditions

U0, x) = Up(x), x € 27F(0), ¢(0,x) = ¢@o(x), xeT, (1.13)
K(0,x) = Ho(x), x e £27(0), '
From the mathematical point of view, a natural wish is to find conditions on the initial data providing
the existence and uniqueness on some time interval [0, 7] of a solution (U, ¥, ¢) to problem (1.7),
(1.9), (1.12), (1.13) in Sobolev spaces. Since (1.1) is a system of hyperbolic conservation laws that
can produce shock waves and other types of strong discontinuities (e.g., current-vortex sheets [21]),
it is natural to expect to obtain only local-in-time existence theorems. Notice that (1.7), (1.9) is a
coupled hyperbolic-elliptic system.

We must regard the boundary conditions on H in (1.12) as the restriction on the initial data
(1.13). More precisely, we can prove that a solution of (1.7), (1.12) (if it exists for all ¢ € [0, T'])
satisfies

divH =0 inf27() and Hy =0 on[l(t),

forall ¢ € [0, T, if the latter were satisfied at ¢ = 0, i.e., for the initial data (1.13). In particular, the
fulfillment of div H = 0 implies that systems (1.1) and (1.7) are equivalent on solutions of problem
(1.7), (1.12), (1.13).

The remainder of the paper is organized as follows. In the next section we introduce an
equivalent formulation in the fixed domain with flat boundary. In Section 2 we formulate the
linearized problem associated to (1.17)—(1.19) and introduce suitable decompositions of the
magnetic fields to reduce it to that with homogeneous boundary conditions and homogeneous
linearized “vacuum” equations. In fact, for proving the basic a priori energy estimate, it is convenient
to have the vacuum magnetic field satisfying homogeneous equations and boundary conditions as
in (2.14), and the plasma magnetic field satisfying homogeneous constraints (2.23), (2.24). Thus we
introduce the decomposition ® = %’ + ®” in the vacuum side, with ¥’ solution of (2.14), and X"
taking all the nonhomogeneous part (2.13), and the decomposition (2.21) in the plasma side.

The main result of the paper is stated in Section 4. We prove the existence of a unique solution
to the linearized hyperbolic-elliptic problem (2.29) satisfying the a priori estimate (4.2). The a priori
estimate (4.2) improves the similar estimate firstly proved in [23].

In Section 5 we introduce a fully hyperbolic regularization (5.1) of the coupled hyperbolic-
elliptic system (2.29). In Section 6 we show an a priori estimate of solutions uniform in the small
parameter ¢ of regularization. In Section 7 we prove the existence of the solution to the hyperbolic
regularizing problem (5.1). For it one main difficulty is the fact that the problem is non standard,
due to the coupling with the front, and that the Kreiss-Lopatinskii condition doesn’t hold uniformly,
so that for instance the approach of [2] does not apply. Other difficulties are due to the characteristic
boundary and the lack of reflexivity (in the sense of Ohkubo [17], [2]). In Section 7 we find
a relatively simple proof of existence by means of an alternative formulation and a fixed point
argument. In Section 8 we conclude the proof of Theorem 4.1 by passing to the limit as ¢ — 0.
Sections 9, 10, 11 are devoted to the proof of some technical results.
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1.1 An equivalent formulation in the fixed domain

Let us denote
RF =R3n{x; =0}, I :=R3*N{x; =0}.

We want to reduce the free boundary problem (1.7), (1.9), (1.12), (1.13) to the fixed domains *.
For this purpose we introduce a suitable change of variables that is inspired by Lannes [11]. In
all what follows, H®(w) denotes the Sobolev space of order s on a domain w. The following
lemma shows how to lift functions from I" to R3. An important point is the regularization of one
half derivative of the lifting function ¥ w.r.t. the given function ¢. For instance, there is no such
regularization in the lifting function chosen in [13, 14].

LEMMA 1.1 Let m > 3. For all € > 0 there exists a continuous linear map ¢ € H™ %3(R?) -
¥ e H™(R?) such that ¥(0, x') = ¢(x’), 3;¥(0,x’) = 0on I', and
[01% | oo r3) < € l@ll 2 w2)- (1.14)

We give the proof of Lemma 1.1 in Section 10 at the end of this article. The following lemma gives
the time-dependent version of Lemma 1.1.

LEMMA 1.2 Let m = 3 be an integer and let 7 > 0. For all € > 0 there exists a continuous
linear map ¢ € NTZJC/ ([0, T]; H™ /702 (R?)) > ¥ € NTZJC/([0, T]; H™/ (R?)) such that
U(t,0,x") = ¢(t,x'),1¥(,0,x') =00n I, and

191 ¥ eqo, rizoe@) < € l9lleqo, 2@y (1.15)
Furthermore, there exists a constant C > 0 that is independent of 7" and only depends on m, such
that

Ve /(0. T H" /7 %°[R?), V,j=0.....m—1, Vie[0.T],
187 9@ m-s 3y < C 18] @) pm-s-05z2)

The proof of Lemma 1.2 is also postponed to Section 10. The diffeomorphism that reduces the free
boundary problem (1.7), (1.12), (1.13) to the fixed domains 2% is given in the following lemma.

LEMMA 13 Let m > 3 be an integer. For all 77 > 0, and for all ¢ €
ﬂ;”z_ol C/ ([0, TI; Hm_f_0'5(R2')), satisfying Without loss of generality ||¢[le (0,77, m2(r2)) < 1, there
exists a function ¥ € ﬂ;’:ol C/ ([0, T]; H™ 7 (R3)) such that the function

D(t,x) = (x1 +¥(t,x),x), (t,x) € [0, T] x R3, (1.16)

defines an H™-diffeomorphism of R3 for all ¢ € [0, T]. Moreover, there holds 3{ (@ —1d) €
C(0, T); H™/ (R3)) for j =0,...,m—1,®(,0,x") = (p(t, x"), x"), 0, ®(t,0,x") = (1,0,0).

Proof of Lemma 1.3. The proof follows directly from Lemma 1.2 because

01911, x) = 1+ 01 ¥(t,x) = 1 = [|01¥(t, ) leqo,r:L0o®3)) = 1 — € ||§0||e( ) =1/2,

[0.T];H?(R?)

provided € is taken sufficiently small, e.g. ¢ < 1/2. The other properties of @ follow directly from
Lemma 1.2. o
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We introduce the change of independent variables defined by (1.16) by setting
U(t,x):=U(t,0(t,x), R, x):=R(t, D, x)).

Dropping for convenience tildes in U and %, problem (1.7), (1.9) (1.12), (1.13) can be reformulated
on the fixed reference domains 2% as

PU,¥)=0 in[0,T]x 2", VX, ¥)=0 in[0,T]x 2", (1.17)
B(U,®,¢) =0 on|0,T]x T, (1.18)
(U.R)|i=0 = (Up,®o) inR2tx27,  ¢li=o=¢o onTl, (1.19)

where P(U,¥) = P(U,¥)U,
P(U, W) = Ap(U)d, + A1 (U, ¥)d1 + Az(U)ds + A3(U)ds,

3
~ 1
AU ¥) = —— (A1 (U) — Ap(U)0,; ¥ — A (U)or ¥ ),
(U ) = 5o (A0) = A0 kgzkmk)
[ Vx$§
H=H101D1,Ke,, ®e3), b= Ky, H201P1,H30,D),
Ky = H1 — K0, — K303, Rfi =K% +¥K;, =273,

3t¢_UN\x1=0 1 5
B(Us %s (p) = [q] B [q] = q\X1=0 - §|%|x1:07
RN|x1=O
VN = V1 — U232l1/ — U333l1/.

To avoid an overload of notation we have denoted by the same symbols vy, ¥y here above and
vy, ¥y asin (1.12). Notice that UN|x =0 = V1 —v232<p—v333<p, %lel =0 = Rl—?{232(p—%333(p,
as in the previous definition in (1.12).

We did not include in problem (1.17)—(1.19) the equation

divh =0 in[0,T]x 27, (1.20)

and the boundary condition
Hy =0 on[0,T]x I, (1.21)

where h = (Hy, Hy0,91, H30191), Hy = H; — H,0,¥ — H303Y, because they are just
restrictions on the initial data (1.19). More precisely, referring to [21] for the proof, we have the
following proposition.

PROPOSITION 1.4 Let the initial data (1.19) satisfy (1.20) and (1.21) fort = 0. If (U, ¥, ¢) is a
solution of problem (1.17)—(1.19), then this solution satisfies (1.20) and (1.21) for all ¢ € [0, T].

Note that Proposition 1.4 stays valid if in (1.17) we replace system P(U,¥) = 0 by system
(1.1) in the straightened variables. This means that these systems are equivalent on solutions of our
plasma-vacuum interface problem and we may justifiably replace the conservation laws (1.1) by
their nonconservative form (1.7).
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2. The linearized problem
2.1  Basic state

Let us denote
0% == (—00,T] x 2%, wr := (o0, T] x I.

Let R N
U, x), X, x), ¢, x") 2.1)

be a given sufficiently smooth vector-function with U = 4,0, H , :S’\), respectively defined on
Q7. 07.or, with

10200y + 1010 2 ceqoity + 1 Rllw2coiry + 191w go. ey < K.
2.2)

@lleqo,r1;m2@2)) < 1.

where K > 0 is a constant. Corresponding to the given ¢ we construct ¥ and the diffeomorphism
@ as in Lemmata 1.2 and 1.3 such that

3151 = 1/2

We assume that the basic state (2.1) satisfies (for some positive pg, p1 € R)

.S N .t
p(p.S)=po>0, pp(p.S)=p1>0 inQp, (2.3)
~ 1 ~ A ~
0 H + — {(@-V)H—(h-V)ﬁJerivﬁ} =0 inQF. 2.4)
81(171
divh=0 in Q7. (2.5)
3¢—dy =0 Hy=0 on or, (2.6)

where all the “hat” values are determined like corresponding values for (U, ¥, ¢), i.e.,

H= (ﬁlalal,ﬁ@ﬁg), b= Ry, 820181, %30:D1). h = (Hy.H20,,, H30,,).
ﬁ = q - II:I|2/27 ﬁN = {)1 - 13232‘1}— ﬁ333ljj, iﬂN = "Rl — ?%232‘1}— ?%333@,
and where R R R
il = (D 520, By. 030, B1). 1 = it — (3,8, 0.0).

Note that (2.2) yields R
IVex¥llw2.00j0,11xr3) < C(K),

where V; x = (d;, V) and C = C(K) > 01is a constant depending on K.
It follows from (2.4) that the constraints

divh=0 inQFf, Hy=0 onor, 2.7)

are satisfied for the basic state (2.1) if they hold at # = 0 (see [21] for the proof). Thus, for the basic
state we also require the fulfillment of conditions (2.7) at t = 0.
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2.2 Linearized problem
The linearized equations for (1.17), (1.18) read:

~ ~ d
F(0.9)$U.89) = U Ve)le=o=f  in Q7.

P d
V(R D) R 8) = V(e We)lemo = 6§ in Q7.

PN d
B(U.R.9)(0U.5%.8¢) = B(Ue. Ko@)l =g onor.

where U, = U + ¢ 8U, ®, = X+ 8%, @e = @ + £ 8¢; 8V is constructed from §¢ as in Lemma
12and ¥, = ¥ + e §W.

Here we introduce the source terms f = (f1,..., f3), 9 = (x. &), x = (x1., x2, x3), and
g = (g1, &2, g3) to make the interior equations and the boundary conditions inhomogeneous.

We compute the exact form of the linearized equations (below we drop §):

. PN P U
P/(U,)(U,¥) = P(U,¥)U + U, ¥)U - {PU, W)W}a 15 = f
1 1
VR, x V&
T = 0
VX, O)R,¥)=VX, V) + —~ =g,
GhHow=voeh+| o [ 5\ g
K2
0t + 02029 + 03039 — vN
B'(U, %, 9)(U, %, 9) = g—R-% =g,
Ky —Hadop —HRadsg /) g

where ¢ 1= p + - H,vy = v — v232@ — v333@, and the matrix G(ﬁ, @) is determined as
follows:

CU. W)Y = (Y, VyAg(U))d,U + (Y. VA, (U, ¥))d,U
+(Y. Vy A2(0))3,U + (Y. Vy A3(0))35U.,
8
~ 0A(Y
¥, A0 =Y v ( 3; )

i=1

A), Y = 1,....)8)
Y=U

Since the differential operators P’ (ﬁ , @) and V’ (376 @) are first-order operators in ¥, as in [1] the
linearized problem is rewritten in terms of the “good unknown”

. 1/ . U~
U:=U-—0U, H=H-—0X. (2.8)
31@1 alq)l

Taking into account assumptions (2.6) and omitting detailed calculations, we rewrite our linearized



PLASMA-VACUUM INTERFACE 331

equations in terms of the new unknowns (2.8):

~ o~ . ~ o~ . "4 ~ o~
PUWU +eU. DU + = I {PU, ¥} = /.
1%¥1

2.9

BPS 1/ P
VL8 + H{VR,¥)) =9
1%¥1

B'(U,%.0)(U, %, 9) =B U, %.¢)(U %, )
01@ + V2029 + 030390 — VN — @ 010N
= G—R-R+[0:1glp =g (210
Ry — 02(R20) — 35(K30)
where f)N = l')l — 1')282117 — 0383@, RN = ?‘61 — ?‘6282‘1\/ — 9:8383@, and
[014] = (319)]x1=0 — (% - 317, 0.

We used assumption (2.5) taken at x; = 0 while writing down the last boundary condition in (2.10).
Asin [1, 5, 21], we drop the zeroth-order terms in ¥ in (2.9) and consider the effective linear
operators

|x1=0

PL(U.9)U := P(U.9)U + CU. VU = f.
In the future nonlinear analysis the dropped terms in (2.9) should be considered as error terms. The
new form of our linearized problem for (U, ¥, ¢) reads:

Zoa,U+23:Z,~ajU+@U =f inQF, (2.11a)

j=1
VxH=y divh=E& inQrp, (2.11b)
019 = UN — D202¢0 — 03039 + ¢ 010N + g1, (2.11¢)
g=%-%—[014le + g. 2.11d)
Ry = 02(Kap) + 03(H3p) + &5 onor, (2.11e)
U,R,9)=0 fort <O, (2.11f)

where
Ag = Ag(U), «=0,2,3, 4, = A,(U,¥), C:=CU, W),
513:(?'613151,?'@2,1@3), h=(Hn, Rad1 @1, H30,D)),
Ry = Ry — oo —R30:0, Ry, = R0, +Rio 0 =2.3.

The source term y of the first equation in (2.11b) should satisfy the constraint div y = 0. For

—~

the resolution of the elliptic problem (2.11b), (2.11e) the data &, g3 must satisfy the necessary

compatibility condition
/ Edx = / g3dx’, (2.12)
- r
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which follows from the double integration by parts

/ de=/ divf)dxz/ f)ldx’zf {32(?62<p)+a3(97c3<p)+g3}dx/=/ g3 dx’.
- 22— r r r

We assume that the source terms f, y, = and the boundary datum g vanish in the past and consider
the case of zero initial data. We postpone the case of nonzero initial data to the nonlinear analysis
(see e.g. [5, 21]).

2.3 Reduction to homogeneous constraints in the “vacuum part”

We decompose ¥ in (2.11) as ¥ = ®’ + R” (and accordingly $ = $' + ", h = b’ + §”), where
K" is required to solve for each ¢ the elliptic problem

Vx§" =y divh" =& in 27,

=%y =g on T (2.13)

The source term y of the first equation should satisfy the constraint div y = 0. For the resolution of
(2.13) the data =, g3 must satisfy the necessary compatibility condition (2.12). By classical results
of the elliptic theory we have the following result.

LEMMA 2.1 Assume that the data (y, &, g3) in (2.13), vanishing in appropriate way as x goes to
infinity, satisfy the constraint div y = 0 and the compatibility condition (2.12). Then there exists a
unique solution ¥ of (2.13) vanishing at infinity.

REMARK In the statement of the lemma above we intentionally leave unspecified the description
of the regularity and the behavior at infinity of the data and consequently of the solution. This point
will be faced in the forthcoming paper on the resolution of the nonlinear problem.

Given ®”, now we look for ¥’ such that

Vx§ =0, divh =0 in 07,
q="%-% —[0:4lp + &5. (2.14)
RIN = 82(%290) + d3 (Rg,(p) on wr,

where we have denoted g5, = g» + R - R If B solves (2.13) and ¥’ is a solution of (2.14) then
K =% +R" clearly solves (2.11b), (2.11d), (2.11e).

From (2.11), (2.14), the new form of the reduced linearized problem with unknowns (U, ®')
reads (we drop for convenience the " in ¥/, g5)

3
A0d U+ A4;0;U+CU = f  inQF, (2.15a)

j=1
VxH=0 divh=0 inQ7. (2.15b)
0t = O — V2020 — 03039 + ¢ 10N + g1, (2.15¢)
g="R-%—[0dle + g, (2.15d)
Ky = 32(?@%0) + 03 (ﬁ3(p) on wr, (2.15¢)

(U, R, 9)=0  fort <O0. (2.15f)
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2.4  Reduction to homogeneous constraints in the “plasma part”

From problem (2.15) we can deduce nonhomogeneous equations associated with the divergence
constraint diviz = 0 and the “redundant” boundary conditions Hy|x,=o = O for the nonlinear
problem. More precisely, with reference to [21, Proposition 2] for the proof, we have the following.

PROPOSITION 2.2 ([21]) Let the basic state (2.1) satisfies assumptions (2.2)—(2.7). Then solutions
of problem (2.15) satisfy

divhi =r inQF. (2.16)
ﬁ282§0+ﬁ3a3¢—HN—q081ﬁN:R on wr. (217)

Here
h=(Hy, H0,®1, H39,®1), Hy = Hi — H20:¥ — H39:.

The functions r = r (¢, x) and R = R(¢, x), which vanish in the past, are determined by the source
terms and the basic state as solutions to the linear inhomogeneous equations

1
d:a + > {0-Va+adivi} =Fy in QFf, (2.18)

1¥1
0;R + 0,0,R + 0303R + (82132 + 33{)3) R=Q onor, (2.19)

wherea = r/01®1, Fy = (div fu)/1®1,

fu =N fo. 1), In = fs— fedoaW — 2030, Q= {0,(H2g1) +33(ﬁ3g1)—fN}|xl=o-

Let us reduce (2.15) to a problem with homogeneous boundary conditions (2.15¢), (2.15d) (i.e.,
g1 = g2 = 0) and homogeneous constraints (2.16) and (2.17) (i.e., r = R = 0). More precisely,
we describe a “lifting” function as follows:

U =(§.91.0.0, H.0),

where § = g»,0; = —g1 on wr, and where H solves the equation for H contained in (2.15a) with
V= (l~)1, 0, O)I
~ 1 ~ ~ ~
da,H + P {(uA)-V)H—(h-V)ﬁ—i-HdivuA)} = fyg in Q}', (2.20)
191

where i = (I~{1 —17232@—%33 v, IN{Z, 173), fa = (fs, fs, f7). Itis very important that, in view
of (2.6), we have W1|x, =0 = 0; therefore the linear equation (2.20) does not need any boundary
condition. Then the new unknown

Ul=0-U, ®'=% (2.21)
satisfies problem (2.15) with f = F, where
F=(F.....Fs)=f—P,(U.9)U.

In view of (2.20), Fg = (Fs, Fg, F7) = 0, and it follows from Proposition 2.2 that U satisfies
(2.16) and (2.17) withr = R = 0.
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Dropping for convenience the indices "in (2.21), the new form of our reduced linearized problem
now reads

3

A0d, U+ A4;9;U+CU=F  inQF, (2.22a)
j=1
Vx$H=0, divh=0 inQj. (2.22b)
019 = vy — D202¢ — D303¢ + ¢ 910 p, (2.22¢)
q=%-%—[3:4dlp. (2.22d)
Ry = 92(Rap) + 33(K39)  onor, (2.22¢)
(U, X, 9)=0 fort < 0. (2.22f)

and solutions should satisfy

divh=0 inQF, (2.23)
Hpy :I?232<p+?1333g0—<p31[§N on wr. (2.24)

A_ll the potations here for U and ¥ (e.g., h, $, b, etc.) are analogous to the corresponding ones for
U and ¥ introduced above.

2.5 An equivalent formulation of (2.22)

In the following analysis it is convenient to make use of different “plasma” variables and an
equivalent form of equations (2.22a). We define the matrix

1 —0,0 —0;0
ﬁ: 0 0.9, 0
0 0 8,9,
It follows that
U= (N, 020:P1,0301P1) = v,  h=(Hy, Hyd:,®1, H30,®;) = i H. (2.25)

Multiplying (2.22a) on the left side by the matrix
0o 0
T

0

] 0
of 0s a4 o

of of 1
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after some calculations we get the symmetric hyperbolic system for the new vector of unknowns
W = (q,u,h, S) (compare with (1.6), (2.22a)):

po/p 0 —(pp/ PV 0 q 0 V- 0 0)(q
5.3, 0" pao o5 o ul |V 03 05 07 ]fu
—(pp/PIT 03 a0+ (pp/P)h@h OF h of 03 03 T [|n
0 0 0 1 S 0 0 0 0/\s
(Bp/ D) - V v. —(pp/pYhd - V 0\ (q
~~ NA An —A . T
+019, R AVATA paAOuz v R Aa(ihAVA R 0 U +CU=F7,
—(pp/DYNT W -V —doh -V (o + (pp/Ph @ WD -V 0 h
0 0 0 w-v/) \S

where ag is the symmetric and positive definite matrix
A A—1\T 5—1
ao = (77 ) n-,

with a new matrix C’ in the zero-order term (whose precise form has no importance) and where we
have set ¥ = d; @1 RF. We write system (2.26) in compact form as

3
Rod U+ Y (@) + 8149 U+ CU=F, 2.27)
j=1
where
01 00 0 0010 0
1 000 0 0000 0
0000 0 1 000 0
€2=10 0 0 0 o |- Es3=]10 0 0 0 o |-
0000 0 0000 0
00 0 1 0
00 00 0
00 00 0
€a=]10 0 0 0
0000 - 0

The formulation (2.27) has the advantage of the form of the boundary matrix of the system @1 +812,
with
@, =0 on wr, (2.28)

because W = h 1 = 0, and 815 a constant matrix. Thus system (2.27) is symmetric hyperbolic with
characteristic boundary of constant multiplicity (see [18-20] for maximally dissipative boundary
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conditions). Thus, the final form of our reduced linearized problem is

éoa,u+z3:(é, +8,1)hU+C W =F, inQf, (2.292)
j=1

Vx$H=0 divh=0 inQF. (2.29b)

drp = u1 — V2020 — 03039 + ¢ 10w, (2.29¢)

g =X-%—[0:14e. (2.29d)

Ky =05 (@2@) + 03 (ﬁyp) on wr, (2.29¢)

(W, ¥®,9)=0 fort <O, (2.29f)

under the constraints (2.23), (2.24).

3. Function spaces

Now we introduce the main function spaces to be used in the following. Let us denote

0t =R, xR*, w:=R;xTI. (3.1)

3.1  Weighted Sobolev spaces

Fory = 1 and s € R, we set
2VE) = (7 + 512

and, in particular, A%>! := A5,
Throughout the paper, forreal y = 1 and n = 2, H,(R") will denote the Sobolev space of order s,
equipped with the y—depending norm || - ||5,,, defined by

i, =@~ [ a3 @@ Pds. (62)
Rl’l
U being the Fourier transform of u. The norms defined by (3.2), with different values of the
parameter y, are equivalent each other. For y = 1 we set for brevity || - ||s := || - ||s,1 (and,
accordingly, the standard Sobolev space H*(R") := H{(R")). For s € N, the norm in (3.2) turns
to be equivalent, uniformly with respect to y, to the norm || - |[ g3 rn) defined by
2 e 2(s—lal)[1q¢,,112
Nl @y == D ¥ 110%u17 2y -
la|<s

For functions defined over Q7 we will consider the weighted Sobolev spaces H)"(Q7) equipped
with the y-depending norm

Wl o7y = D v V%l qo -

la|<m

Similar weighted Sobolev spaces will be considered for functions defined on Q.
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3.2 Conormal Sobolev spaces

Let us introduce some classes of function spaces of Sobolev type, defined over the half-space Q}' .
Forj =0,...,3, we set

Zy=10;, Zi:=0(x1)01, Z;:=0;, forj =23,

where o (x1) € C*°(R4) is a monotone increasing function such that o(x;) = x; in a neighborhood
of the origin and o (x;) = 1 for x; large enough. Then, for every multi-index & = (ap,...,®3) €
N*, the conormal derivative Z¢ is defined by

Z%:=2Zy"...Z3%;

we also write 3% = 9° ... 33> for the usual partial derivative corresponding to a.

Given an integer m = 1, the conormal Sobolev space H an(Q ) is defined as the set of
functions u € LZ(Q}') such that Z%u € LZ(Q}'), for all multi-indices & with || < m (see
[15, 16]). Agreeing with the notations set for the usual Sobolev spaces, fory > 1, H;?, y(Q}' ) will
denote the conormal space of order m equipped with the y-depending norm

2(m—|al) o
[l ¢ = >y 12Ul 0, (3.3)
la|<m
and we have H,an(Q}') = Hf, 1(Q;)- Similar conormal Sobolev spaces with y-depending

norms will be considered for functions defined on O .
We will use the same notation for spaces of scalar and vector-valued functions.

4. The main result

We are now in a position to state the main result of this paper. Recall that W = (¢, u, h, S), where
u and & were defined in (2.25).

MAIN THEOREM 4.1 Let T > 0. Let the basic state (2.1) satisfies assumptions (2.2)—(2.7) and
|Hx¥®|=8>0 onor, @.1)

where § is a fixed constant. There exists yo = 1 such that for all y > yp and for all ¥, €

HY, y(Q}') vanishing in the past, namely for + < 0, problem (2.29) has a unique solution

(Uy. %y 0y) € HL, (0F) x HNQ7) x H )} (wr) with trace (qy,u1y.hiy)|oy € H;/z(a)T),
¥ylor € H )}/ (wr). Moreover, the solution obeys the a priori estimate

2 2
(nu 12 (Q+)+wynHVI(Q;)+||<qy,u1y,h1y>|wT||H;/z( + 1ty |wT||H1/2 T))

fany(QF)

where we have set Wy, = e V" U, %, = e 7' ¥, ¢, = ¢ ¥ ¢ and so on. Here C = C(K, T, §) >
0 is a constant independent of the data ¥ and y.
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The a priori estimate (4.2) improves the similar estimate firstly proved in [23].

REMARK Strictly speaking, the uniqueness of the solution to problem (2.29) follows from the a
priori estimate (42) derived in [23], provided that our solution belongs to H2. We do not present
here a formal proof of the existence of solutions with a higher degree of regularity (in particular,
H?) and postpone this part to the future work on the nonlinear problem (see e.g. [5, 21]).

The remainder of the paper is organized as follows. In Section 5 we introduce a fully hyperbolic
regularization of the coupled hyperbolic-elliptic system (2.29). In Section 6 we show an a priori
estimate of solutions uniform in the small parameter ¢ of regularization. In Section 7 we show
the well-posedness of the hyperbolic regularization and in Section 8 we conclude the proof of
Theorem 4.1 by passing to the limit as ¢ — 0. Sections 9, 10, and 11 are devoted to the proof
of some technical results.

5. Hyperbolic regularization of the reduced problem

The problem (2.29) is a nonstandard initial-boundary value problem for a coupled hyperbolic-
elliptic system. For its resolution we introduce a “hyperbolic” regularization of the elliptic system
(2.29b). We will prove the existence of solutions for such regularized problem by referring to
the well-posedness theory for linear symmetric hyperbolic systems with characteristic boundary
and maximally nonnegative boundary conditions [19, 20]. After showing suitable a priori estimate
uniform in &, we will pass to the limit as ¢ — 0, to get the solution of (2.29).

The regularization of problem (2.29) is inspired by a corresponding problem in relativistic MHD
[24]. In our non-relativistic case the displacement current (1/c¢)d; E is neglected in the vacuum
Maxwell equations, where c is the speed of light and E is the electric field. Now, in some sense, we
restore this neglected term. Namely, we consider a “hyperbolic” regularization of the elliptic system
(2.29b) by introducing a new auxiliary unknown E® which plays a role of the vacuum electric field,
and the small parameter of regularization ¢ is associated with the physical parameter 1/c. We also
regularize the second boundary condition in (2.29d) and introduce two boundary conditions for the
unknown E*¢.

Let us denote V¢ = (K?, E?). Given a small parameter ¢ > 0, we consider the following
regularized problem for the unknown (W%, V¢, ¢®):

R0, UE + i(é_,- +8+1), W +C U =F  inQF, (5.1a)
j=1

edh°+Vx€E =0 e0,e°—VxH° =0 inQ7, (5.1b)

0rp® = uf — 02029° — 0303¢° + ¢° 910N, (5.1¢c)

" =R -1 —[019)¢° — ¢ E - E*, (5.1d)

Ef, = £3;(R39%) — £ 02(E19°), (5.1¢e)

ES = —£3/(R29®) —e03(E19°)  onor. (5.10)

(U8, Ve %) =0 fort <0, (5.1g)
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where
EEZ(ES’EE’E;:)’ E: (EI’EZsE:;)s GEZ(Efalal,Eiz,E%),
¢® = (E%, ES0,P1, E50,91), EY = ES — ES0,¥ — ES03V,
Ef = E{0,W + Ef. k =2.3,

the coefficients £ j are given functions which will be chosen later on. All the other notations for ¥°
(e.g., H%, h®) are analogous to those for ¥.

If¥ =0,0; = x1,thenh® = H® = H?, ¢ = € = E?, and when e = 1 (5.1b) turns out to be
nothing else than the Maxwell equations.

It is noteworthy that solutions to problem (5.1) satisfy

divh® =0 in 0F, (5.2)

divh®* =0, dive®* =0 in 7, (5.3)

hs = H235¢° + H3d3¢0° — ¢°91 H, (5.4)
& = 02(%20°) + 03(H39°) on wr, (5.5)

because (5.2)—(5.5) are just restrictions on the initial data which are automatically satisfied in view
of (5.1g). Indeed, the derivation of (5.2) and (5.4) is absolutely the same as that of (2.23) and
(2.24). Equations (5.3) trivially follow from (5.1b), (5.1g). Moreover, condition (5.5) is obtained by
considering the first component of the first equation in (5.1b) at x; = 0 and taking into account
(5.1e)-(5.1g).

5.1  An equivalent formulation of (5.1)

In the following analysis it is convenient to make use of a different formulation of the approximating
problem (5.1), as far as the vacuum part is concerned.

First we introduce the matrices which are coefficients of the space derivatives in (5.1b) (for
¢ = 1 the matrices below are those for the vacuum Maxwell equations):

00 000 0 00 0 0 01
00 000 —1 00 0 0 00
lo 0o 001 o0 loo o -1 00
e _ —1 e _ —1
Bi=e 0o 0 000 o | B=¢ 00 -1 0 00|
00 1 00 0 00 0 0 00
0 =1 000 0 10 0 0 00
0 000 —1 0
0001 0 0
s 4]l 0000 0 o0
By=e 0100 0 0
1000 0 0
0 000 0 0
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Then system (5.1b) can be written in terms of the “curved” unknown W?¢ = (§°, &%) as
3
BodW®+ " Bfd;W® + B4W*® =0, (5.6)
j=1
where R
Bo= (@) ' KK'>0, K=5L®%,  Bs=0dDB,
and the matrices By and K are found from the relations

B° = AR = (0,21) ' 7ATHS. £ =HE = (0,0 77T e,

he _ B \—1 ﬁﬁT 03 H° _ 2

System (5.6) is symmetric hyperbolic. The convenience of the use of variables ($°, ) rather than
(¥?, E¥) stays mainly in that the matrices B} of (5.6), containing the singular multiplier g1, are
constant.

Finally, we write the boundary conditions (5.1¢)—(5.1f) in terms of (W¢, W¢), where we observe
that (recalling that 9, 51 = 1onwr):

so that

K% =Ry RS + KRS + KRS, =692, 57)
E e e '

E-E°=ENEj+ E2ES + E3ES, =¢-¢€
Concerning the first line above in (5.7) we notice that 61 ) ~ = 0 on wr, so that 3 does not

appear in the boundary condition.
From (5.6), (5.7) we get the new formulation of problem (5.1) for the unknowns (W?, W¥¢):

3

@od U + Y (@) + 814U + €U =F,  inQF, (5.8a)

j=1

3
BodWe+ Y Bfg;WE+ BJW =0  inQr, (5.8b)
j=1
0:9° + 020290° + 0303¢° — p®010n —uf =0, (5.8¢)
¢° + [014)¢° —H-H° +et- € =0, (5.8d)
€ — e 0, (Hag®) + £ 02(E19°) = 0, (5.8¢)
€5 +60,(Ka0®) +£03(E19°) =0 onor, (5.80)
(W, We,p%) =0 fort <DO. (5.8¢2)
From (5.2)—(5.5) we get that solutions (W?, W?) to problem (5.8) satisfy

divh® =0 in QF, (5.9)
divh® =0, dive® =0 in 07, (5.10)
h§ = Hyd20° + H303¢° — *01 Hy. (5.11)

e = 82(%2(/)6) + 03 (ﬁype) on wr. (5.12)
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REMARK The invertible part of the boundary matrix of a system allows to control the trace at
the boundary of the so-called noncharacteristic component of the vector solution. Thus, with the
system (5.8a) (whose boundary matrix is —€15, because of (2.28)) we have the control of ¢°, u§ at
the boundary; therefore the components of U? appearing in the boundary conditions (5.8c), (5.8d)
are well defined.

The same holds true for (5.8b) where we can get the control of £5, $5, €5, 5. The control of
& (which appears in (5.8d)) is not given from the system (5.8b), but from the constraint (5.10), as
will be shown later on. We recall that )] does not appear in the boundary condition (5.8d) because
h =H®ny =0.

Before studying problem (5.8) (or equivalently (5.1)), we should be sure that the number of
boundary conditions is in agreement with the number of incoming characteristics for the hyperbolic
systems (5.8). Since one of the four boundary conditions (5.8c)—(5.8f) is needed for determining the
function @®(¢, x"), the total number of “incoming” characteristics should be three. Let us check that
this is true.

PROPOSITION 5.1 If 0 < ¢ < 1 system (5.8a) has one incoming characteristic for the boundary wr
of the domain Q'TF .If ¢ > 0 is sufficiently small, system (5.8b) has two incoming characteristics for
the boundary wr of the domain Q7.

Proof. Consider first system (5.82a). In view of (2.28), the boundary matrix on wr is —&;, which has
one negative (incoming in the domain Q}' ) and one positive eigenvalue, while all other eigenvalues
are zero.

Now consider system (5.8b). The boundary matrix B{ has eigenvalues 11, = —e7 1, Az g =
gL, As,6 = 0. Thus, system (5.8b) has indeed two incoming characteristics in the domain Or
(/\1’2 < 0). O

6. Basic a priori estimate for the hyperbolic regularized problem

Our goal now is to justify rigorously the formal limit ¢ — 0 in (5.1)—(5.5), or alternatively in (5.8)—
(5.12). To this end we will prove the existence of solutions to problem (5.8)—(5.12) and a uniform
in € a priori estimate. This work will be done in several steps.

6.1  The boundary value problem

Assuming that all coefficients and data appearing in (5.8) are extended for all times to the whole
real line, let us consider the boundary value problem (recall the definition of 0%, w in (3.1))

3
@od U+ Y (@) + 814U +C U =F, inQT, (6.1a)
j=1
/ 3
Bod:We+ Y Bf;W + BW =0 inQ", (6.1b)
j=1
8,<p8 + ﬁzazq)s + 13333(,08 — (,0831{)1\] — ui =0, (6.1¢)
q° + [1d)e° —h-H° +et-€ =0, (6.1d)

€5 —ed;(H3¢°) + £ 02(E1¢°) = 0, (6.1¢)



342 P. SECCHI AND YU. TRAKHININ

€ +e0,(Hag®) +603(E195) =0 onw, (6.19)
(U, We, 0% =0 fort < 0. (6.1g)

In this section we prove a uniform in € a priori estimate of smooth solutions of (6.1).

THEOREM 6.1 Let the basic state (2.1) satisfies assumptions (2.2)—(2.7) and (4.1) for all times.
There exist g > 0, Yo = 1 such thatif 0 < &€ < gp and y = yp then all sufficiently smooth
solutions (W%, W¢, ¢®) of problem (6.1) obey the estimate

IS ooy + W5 I3 gmy + 1G5ty B a2 /2 ) + WLl 0,)

(6.2)

C
2 2 2
+v ||¢;||Hy1(w) S ;”?y”H}an,y(QJr)’

where we have set W), = e vtue, Wy = e vt we, ¢y = e V! ¢° and so on, and where C =

C(K, ) > 0is a constant independent of the data ¥ and the parameters ¢, y.

Passing to the limit ¢ — O in this estimate will give the a priori estimate (4.2).

Since problem (6.1) looks similar to a corresponding one in relativistic MHD [24], for the
deduction of estimate (6.2) we use the same ideas as in [24]. On the one hand, we even have
an advantage, in comparison with the problem in [24], because the coefficients E; in (6.1b),
(6.1d)—(6.1f) are still arbitrary functions whose choice will be crucial to make boundary conditions
dissipative. On the other hand, we should be more careful with lower-order terms than in [24],
because we must avoid the appearance of terms with ¢~! (otherwise, our estimate will not be
uniform in ¢). Also for this reason we are using the variables (W#, W¥) rather than (U, V¢).

For the proof of (6.2) we will need a secondary symmetrization of the transformed Maxwell
equations in vacuum (5.1b), (5.3).

6.2 A secondary symmetrization

In order to show how to get the secondary symmetrization, for the sake of simplicity we consider
first a planar unperturbed interface, i.e., the case ¢ = 0. For this case (5.1b), (5.3) become

3
0,VE+ > BV =0, (6.3)
j=1
divk® =0, divE® =0. (6.4)

We write for system (6.3) the following secondary symmetrization (for a similar secondary
symmetrization of the Maxwell equations in vacuum see [24]):

3 3
B, VE+ Y BEBEY; VE + Rydiv HE + Rodiv ES = Ba, Ve + Y B0,V =0. (6.5
j=1 j=1
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where
1 0 0 0 EV3  —€Vp
0 1 0 —E&V3 0 gV
0 0 1 gVy  —&V1 0
&
%0 o 0 —E&V3 EVy 1 0 0 ’ (66)
EV3 0 —&V1 0 1 0
—E&Vp EVq 0 0 0 1
V1 vy V3 0 0 0 —Vy V1 0 0 0 &1
vV —V1 0 0 0 —&! V1 Vo V3 0 0 0
B — V3 0 - 0 g1 0 BE — 0 vy —v, —¢ Lo 0
1 0 0 0 vi v V3 ’ 2 0 0 —¢! —Vy Vi 0 ’
0 0 &' vy —vyy 0 0 0 0 Vi vy b3
0 -1 0 vs; 0 -1 el 0 0 0 vy —uy
—v3 0 v 0 —1 o0 V1 0
0 —V3  Vp g1 0 0 Vp 0
e V1 1% V3 0 0 0 _ V3 0
37 0 &1 0 - 0 w |m BT o R,
—&! 0 0 0 —V3 Vp 0 Vv
0 0 0 V1 vy V3 0 V3

The arbitrary functions v; (¢, x) will be chosen in appropriate way later on. It may be useful to notice
that system (6.5) can also be written as

1 - - ..

(0:8% + -V X E®) —V x (60, E* =V x K®) + vdivKR® =0,
€ (6.7)
1 - -

(0:E° — -V xKR®) +V x (60, K° + V x E®) + vdivE® =0,
e

with the vector-function v = (v1, v3, v3). The symmetric system (6.5) (or (6.7)) is hyperbolic if
B > 0, i.e. for
e|v] < 1. (6.8)

The last inequality is satisfied for any given v and small &. We compute’
det(B5) = v2 (|57 — 1/€2).

Therefore the boundary is noncharacteristic for system (6.5) (or (6.7)) provided (6.8) and vy # 0
hold.

Consider now a nonplanar unperturbed interface, i.e., the general case when ¢ is not identically
zero. Similarly to (6.5), from (5.6), (5.3) we get the secondary symmetrization

3
1
KB5K ™ (BodeW* + 3 Bfo;W* + BaW*) + K (Ridiv iy’ + Rodive®) = 0.
i=1 191

2 The manual computation of the determinants is definitely too long. Here we used a free program for symbolic calculus,
with the help of PS’s son Martino.
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We write this system as

3
MEWE + Y ME;We + M{W® =0, (6.9)
j=1
where
1 1
M§=——KBEKT >0, Mf=——KBK' (j=273),
81051 8l(pl
M= L KFEKT, = L(%i - 23: B ak@) (6.10)
31@1 31@1 k=2 k
~ 1
M; = K (B0 + Bj01 + B502 + B503 + B Ba) (a 3 KT) .
191
System (6.9) is symmetric hyperbolic provided that (6.8) holds. We compute

det(M{) = (14 (329)* + (3395)2)2 (V1 — 12029 — v3330)> (Iv)> - 1/62)2, (6.11)

and so the boundary is noncharacteristic for system (6.9) if and only if (6.8) holds and v; #
V2020 + v303¢. System (6.9) originates from a linear combination of equations (5.1b) similar to
(6.7), namely from

1 L. v
(@0 4~V x €) = (5 x 7 (6006 = V x 99) + - divy® =0,

191

6.12)

A >

1 .o oA Voo
(0;° ==V xH)+7(Vx7 1(53,bs+Vx€8))+ n@ dive® = 0.
€ 191
We need to know which is the behavior of the above matrices in (6.10) w.r.t. € as ¢ — 0. In view
of this, let us denote a generic matrix which is bounded w.r.t. ¢ by O(1). Looking at (6.12) we

immediately find

ME=0()., Mf=Bi+0() (j=123), M=o0(). (6.13)

As the matrices M¢ and M do not contain the multiplier ¢!, their norms are bounded as & — 0.
Recalling that the matrices Bl‘? are constant, we deduce as well that all the possible derivatives (with
respect to 7 and x;) of the matrices M f have bounded norms as ¢ — 0.

6.3 Proof of Theorem 6.1

For the proof of our basic a priori estimate (6.2) we will apply the energy method to the symmetric
hyperbolic systems (6.1a) and (6.9). In the sequel yp = 1 denotes a generic constant sufficiently
large which may increase from formula to formula, and C is a generic constant that may change
from line to line.

First of all we provide some preparatory estimates. In particular, to estimate the weighted
conormal derivative Z; = 09, of U? (recall the definition (3.3) of the y-dependent norm of

H tlan,y) we do not need any boundary condition because the weight ¢ vanishes on w. Applying

to system (6.1a) the operator Z; and using standard arguments of the energy method,’ yields the

3 We multiply Z1(6.1a) by e 7! Z W5 and integrate by parts over O, then we use the Cauchy-Schwarz inequality.
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inequality
1Z1us 17 << 1517 + U517 + (181201 U5 |17 (6.14)
Vier Byl = A\ lay, o+ vigl, ©+) 1201 By lip2o+yf > W
for y = yp. On the other hand, directly from the equation (6.1a) we have
18120105 12200y < CHIF 20y + IUS IS0 o1} (6.15)

where C is independent of ¢, y. Thus from (6.14), (6.15) we get

C
y||Zlu;||iZ(Q+) < ;{”?}’Hzllan (k) + ”uf/”fq[lan V(QJr)}s Y = Yo, (616)

SV

where C is independent of ¢, y. Furthermore, using the special structure of the boundary matrix in
(6.1a) (see (2.28)) and the divergence constraint (5.9), we may estimate the normal derivative of the
noncharacteristic part U7, = e (¢, uf, h}) of the “plasma” unknown Uy

101Uy 17204y < CUB T2y + IS IR o)) (6.17)

where C is independent of ¢, y. In a similar way we wish to express the normal derivative of W*¢
through its tangential derivatives. Here it is convenient to use system (6.1b) rather than (6.9). We
multiply (6.1b) by ¢ and find from the obtained equation an explicit expression for the normal
derivatives of 5, $5, €5, ;. An explicit expression for the normal derivatives of £, €] is found
through the divergence constraints (5.10). Thus we can estimate the normal derivatives of all the
components of W€ through its tangential derivatives:

3

11 Wy 1170y < C{VZHW;”zz(Q*) + 10 Wy 17,0 + D 10k Wflliz(gf)}, (6.18)
k=2

where C does not depend on ¢ and y, for all ¢ < .
As for the front function ¢€ we easily obtain from (6.1c) the L? estimate

C
V”(p;”iz(w) < ;”uél‘y”%](w)s Y = Yo, (6.19)

where C is independent of y. Furthermore, thanks to our basic assumption (4.1)* we can resolve
(5.11), (5.12) and (6.1c) for the space-time gradient V; x ¢y, = (3:¢y,, 0295, 03¢)):

Va9, = arhy, + azbi, + asui, + dap, + ydsey, (6.20)

where the vector-functions dg = dg (U o ® lo) of coefficients can be easily written in explicit form.
From (6.20) we get

Ve oy l2@) < € (1, loll2w) + W loll2w) + YIley l22@) - (6.21)

4 Under the conditions By = Ry = 0 one has |H x ?AUZ = (I:szh — I:I3?A€2)2(V/¢)2 on @, where we have set
(V@) := (1 + 19201 + 8301 1/2.
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Now we prove a L? energy estimate for (W¢, W¢). We multiply (6.1a) by e * U, and (6.9) by
e vt W}, integrate by parts over Q * then we use the Cauchy-Schwarz inequality. We easily obtain

y/ (EO"ULE,"UL;)dde—}—J// (M(fW;, W;)dxdt —i—/ Qe dx'dt
o+ o~ o
|
< CUIB 2o + WS 12y + IW gy (622
where we have denoted
1 1
R = _5(812u8,u§)lw + E(MfW)f, W;)lw.

Thanks to the properties of the matrices M (a = 0, 4) described in (6.13), the constant C in (6.22)
is uniformly bounded in ¢ and y. Let us calculate the quadratic form @? for the following choice of
the functions v; in the secondary symmetrization’:

Vv = 13232(/3 + 13333(/3, Vi = ﬁk, k=2,23. (6.23)
After long calculations we get (for simplicity we drop the index y)
QR = —qfuf + e 1 (H5E5 — H5E5) + (0295 + 0395 HS, + (0285 + 0385 ES, onw. (6.24)

Now we insert the boundary conditions (5.12), (6.1¢c)—(6.1f) in the quadratic form ®?, recalling also
¥~ |e = 0 and noticing that

€ = E\E} + EqES + E,ES = € ¢°.
Again after long calculations we get
Q@ = (El + 5,03 — 133@2)(8E18vaz§08 + $503¢° — H502¢°)
+ (SEQEE + S/E\r3E§)(3t§08 + 13232(,06 + ﬁ383¢5)
+ o= vg® + [1q1uf — 10w (¢ + [0191¢°) + (v Rs + 8, R — 22E1) (95 + e02ER)
+ ()/?’Aez + 3;?@2 + 33E1)(Y)§ — 8133E}6V) + (32?%2 + 33"):(’,3)({)25’3; + 133.6‘%)} onw. (6.25)

Thanks to the multiplicative factor ¢ in the boundary condition (6.1¢), (6.1f), the critical term with
the multiplier £~!in (6.24) has been dropped out. We make the following choice of the coefficients
E; in the boundary conditions (6.1d)—(6.1f):

E=%xDv,
where v is that of (6.23). For this choice
El + 1’52%3 — 1/53@2 =0, Erz =0, E-Q =0, (6.26)

5 Notice that the choice (6.23) makes the boundary characteristic, see (6.11).
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and this leaves us with
Q% = ¢ = y(q° +[0141¢°) + [919] (u] + ¢*010n) + d1Dng°
+ (PR3 + 0 R — 0 E0) (595 + e02E5) + (yRa + 8, Ra + 03 £1)(995 — 03 E5y)
+ (0202 + 33%3) (0295 + 0393)} onw.
Then we write in more convenient form the terms with coefficient y substituting from (6.1d)
—(q° + [014]¢°) + R295 + #3905 = & - €,
and we notice that
¢- €%+ (62?%3 — 133?A€2)E18V =& + (62?%3 — 03?A€2)e"i =0, onow,
again by (6.26). Thus we get
@° = ¢°{[019] (u] + ¢°010n) + 010N ¢°
+ @3 — B0 (5 + e02E5) + (8 R2 + 03 E1)(95 — 03ER)
+ (3282 + 9373 (5295 + 0395)) onw. (6.27)
From (6.22), (6.27) we obtain (we restore the index y)
€2 )2 C {2 € 2 el 12
y (105 12y + W5 Ea0) < 5 1B gy + Wy loliFaqey + 175 lo g |
+C (W By + W2 g0-)) + V15 120, (6:28)
where C is independent of &, y. Thus if y, is large enough we obtain from (6.19), (6.28) the
inequality
7 (IS 12204, + W5 12200
< {15 2 + Wy loliay + Wl 0<e <072, (629
where C is independent of ¢, y.
Now we derive the a priori estimate of tangential derivatives. Differentiating systems (6.1a) and

(6.9) with respect to xg = #, X or x3, using standard arguments of the energy method, and applying
(6.17), (6.18), gives the energy inequality

y/ (ZOZKUS,ZZU;)dxdt+)// (MSZ(WS,Z({W;)dXdZ‘+/ @y dx'dt
ot o @

U2,

Clis
SR om0t T I (6.30)

2
tan.y (@) H}(Q*)} ’

where £ = 0, 2, 3, and where we have denoted

1 1
@F = = (€12ZeUy, ZeUplo + S (M{ZWs, ZW))lo -
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Thanks to the properties of the matrices M (o = 0, 4) described in (6.13), the constant C in (6.30)

is uniformly bounded in & and y. We repeat for @ the calculations leading to (6.27) for @°. Clearly,
for the same choices as in (6.23) and (6.26) we obtain (for simplicity we drop again the index y)

Q) = Zep®{[014] (Zeu§ + Zep®010N) + 010N Zeg®
+ @ Rs — R ED(ZeSs + e02Z0ER) + 0 Ra + 3E1)(Ze5s — e0:Z¢ Ef)

+ (32K + 93R3) (0220595 + 032495} +lot, onw, (6.31)

where l.o.t. is the sum of lower-order terms. Using (6.20) we reduce the above terms to those like
ChiZeui, ChiZep®, ¢h1ZiH;, ChiZeE, ... ono,
terms as above with h{, u{ instead of h{, or even “better” terms like
vep® Zeui,  ylo®Zegt.

Here and below ¢ is the common notation for a generic coefficient depending on the basic state
(2.1). By integration by parts such “better” terms can be reduced to the above ones and terms of
lower order.

) The terms like ¢ hj Zguil x =0 are estimated by passing to the volume integral and integrating
y parts:

/EhﬁZguilxlzodx’dt
= —/ 31(¢h Zguf)dx dr
ot
= [ @ @) + czaipi - @0 zak - i) Zas faxar
Qo

where C|x,—o = ¢. Estimating the right-hand side by the Holder’s inequality and (6.17) gives

A /
/ ChiZguf,, —odx"dt
w

< C{IB 12 ign + W IZ) o0 (6.32)

In the same way we estimate the other similar terms ¢ hiZ¢$%,¢h§Z, Q‘Sj., etc. Notice that we
only need to estimate normal derivatives either of components of U, or Wy. For terms like
¢hiZous,chiZ, ij., etc. we use (6.18) instead of (6.17).

We treat the terms like ¢ A . _ Z¢¢® by substituting (6.20) again:

1|x1=

/ ¢ hE Zyo dx’ d
w

/ 61 (@RS + anbS + s+ dag® + yis® ) dx di
w
< C (I ol 22y + 177l 22y + 2167 22y ) - (639

Combining (6.30), (6.32), (6.33) and similar inequalities for the other terms of (6.31) yields (we



PLASMA-VACUUM INTERFACE 349

restore the index y)

7 (12U 122001, + 1 ZeWi 220 )
1 2

gl

< C{)/ ”&y“Htlan,y(QJr)

+7 (I o2 + W lolZag)) | 0<e<eo y 270, (634)

+IUEL2,,

Wé‘
tan,y(Q+) + ” Y ”

2
H}(Q7)

where C is independent of ¢, y. Then from (6.16), (6.18), (6.29), (6.34) we obtain

€112 g2
(M52 ooy + W20

1
< C{;n%nzl + W12,

WE‘
fan.y(Q+) + || Y ||

2
fan (@) H(Q™)

+vy (Iluiylwlliz(w) + IIWinlliz(w)) } 0<e<eo ¥ =yo (635)

where C is independent of ¢, y. We need the following estimates for the trace of Wy, W*.

LEMMA 6.2 The functions U¢, W? satisfy

PIW o2 + Wiy lol 02 < € (I 120y + 112y g1y) . (636)

YIWS Lol 72 + IIW,flelzyl/z(w) < Clwyll (6.37)

2
H) (0

The proof of Lemma 6.2 is given in Section 11 at the end of this article. Substituting (6.36),
(6.37) in (6.35) and taking y, large enough yields

Cr
A oo W) < SIE I, or 0<e<s yZre. (638)

where C is independent of ¢, y. Finally, from (6.21), (6.36) and (6.38) we get

C
e 2 e 2 2 g2 2
y (uunnwn,,yl/z(w) + 1w |w||Hy1/2(w)) 70 gy < 515G, 0y 639

Adding (6.38), (6.39) gives (6.2). The proof of Theorem 6.1 is complete.

7. Well-posedness of the hyperbolic regularized problem

In this section we prove the existence of the solution of (6.1). Its restriction to the time interval
(—o00, T will provide the solution of problem (5.8). From now on, in the proof of the existence of
the solution, ¢ is fixed and so we omit it and we simply write W instead of W, W instead of W¢, ¢
instead of @°.

In view of the result of Lemma 9.1 (see Section 9) we can consider system (6.9) instead of (6.1b).
First of all, we write the boundary conditions in different form, by eliminating the derivatives of ¢.
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We substitute (6.1¢) in the boundary conditions for &,, €3 and take account of the constraint (5.12)
and the choices (6.23), (6.26). We get

q— 0292 — 6395 + e E1Ex +[0:19]p = 0,
() —8@3141 + 03 ®N + eayjp =0, (7.1)

€3+s@2u1—862?€1\/+sa2<p:0, onw,

where the precise form of the coefficients a;,a, is not important. For later use we observe that
(5.12), (6.1c)—(6.1f) is equivalent to (5.12), (6.1c), (7.1). Notice that the last two equations in (7.1)
yield

el%lul +ﬁ2€2+ﬁ3€3+8a3¢:0, (7.2)

where a3 = a0, + a,¥s.
Let us write the system (6.1a), (6.9), (7.1) in compact form as

wy (¥ 4 _
L)) oo
M(:;)—}-b(pzo, in w, (7.3)

(W, W,9)=0 fort <0,

where the matrix M and the vector b are implicitly defined by (7.1).
Let us multiply (7.3) by e ¥* with y = 1; according to the rule e ¥*3,u = (y + 9;)e "'u, (7.3)

becomes equivalent to
u 3,
£ Yy =7 on 0t x 0™,

u (7.4)
M| ")+bep, =0 ino,
(W ) ©y in w

v

Wy, Wy, 0) =0 fort < 0.
where
— (G O
L, .—y(o M§)+£’
Wy =e V" U, W, =e V"W, 0, =e Vg, etc.
First we solve (7.4) under the assumption that ¢, is given.

LEMMA 7.1 There exists yo > 0 such that for all y > y, and for all given ¥ € e”’H/,, (Q07F)
and ¢ € e Hf/ 2(a)) vanishing in the past, the problem (7.4) has a unique solution (W, W) €
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eV H/, (0F) x e H)(Q7) with (¢, u1h1, W), € eV’H)}/z(a)), such that
||€_yt (u, W)”Htlan!y(Q«f)xH)}(Q—) + ||€_yt(61, Ui, hla W)Iw”H;/z(a))

C ot e _
< " (||e vt g ||H,1an’y(Q+) + fle ! ‘/’”H;/z(w))‘ (7.5)

Proof. We insert the new boundary conditions (7.1), (7.2) in the quadratic form ®¢ (see (6.24)) and
we get

1 - 1 R
Q®RE = —5(@1+812)U-U+EM16W-W = ([04]u1 + a2$2 —a193 —cazEn)¢ onw. (7.6)

If we consider the boundary conditions (7.1), (7.2) in homogeneous form, namely if we set ¢ = 0,
then from (7.6)
@°*=0 onw.

We deduce that the boundary conditions (7.1) are nonnegative for £,,. As the number of boundary
conditions in (7.1) is in agreement with the number of incoming characteristics for the operator £,
(see Proposition 5.1) we infer that the boundary conditions (7.1) are maximally nonnegative (but not
strictly dissipative). Then we reduce the problem to one with homogeneous boundary conditions by
subtracting from (W, , Wy) a function (W, W) € H2(QF) x H}(Q™) such that

I
M(}/I&,)+b<p=0 on .

Finally, as the boundary is characteristic of constant multiplicity [18], we may apply the result

of [19, 20] and we get the solution with the prescribed regularity. (]

The well-posedness of (6.1) in H tlan x H'is given by the following theorem.

THEOREM 7.2 There exists y9 > 0 such that forall y = yp and § € eV’Htllm’y(Q*') vanishing
in the past, the problem (6.1) has a unique solution (W, W) € e”* H/,,, .(QF) x " H)(Q™) with
(@, uthi, W), € e Hy'* (), ¢ € e? Hy'* ().

Proof. We prove the existence of the solution to (6.1) by a fixed point argument. Let ¢ €
eVt H; / 2(a)T) vanishing in the past. By Lemma 7.1, for y sufficiently large there exists a unique
solution (W, W) € e HL,,, (0F) x "' HI(Q7), with (q.uy. 1. W)y, € e’ Hy'* () of

tan,y
o(5)-(5) woee

7.7
M ('UW) =-byp, ono, 7D
Wy
Uy, W) =0 fort <O,

enjoying the a priori estimate (7.5) with ¢ instead of ¢. Now consider the equation

Yoy + 3,<py + f)282<py + 13383<p,, — <py8113N = U1y, on w, (7.8)
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where u;, € H ,} / 2(a)) is the trace of the component of W, given in the previous step, vanishing for

t < 0. For y sufficiently large there exists a unique solution ¢,, € H;/ 2(a)), vanishing in the past,
such that

C
”@V”H)l/z(w) < ?”uly”H;/z(w)- (79)
From the plasma equation in (7.7) and from (7.8) we deduce the boundary constraint
hly = ?1232([)), =+ ﬁ383¢y — <py81ﬁN onw. (7.10)

Since in the right-hand side of (7.7) we have ¢ instead of ¢ we are not able to deduce the similar
boundary constraint for the vacuum magnetic field. Instead, we obtain

hl}/ — 82(@2%) — 83 (@3(0;,) = Gy onw, (711)

where Gy solves

d
EGV +a202(py —9,) —a193(py —9,) + (d2a2 — d3a1)(¢y —9,) =0  onw, (7.12)

for c?/dt = y+0; +02(02-) + 93 (03-) and where the coefficients ay, a, are the same of (7.1). (7.12)
is derived from the first equation of the vacuum part of (7.7), (7.8) and the boundary conditions for
&,, E3in (7.7).

Let us consider the linear system for V; /¢, provided by equations (7.8), (7.10) and (7.11). By
the stability condition (4.1) we can express V; /¢, through (h1y, b1y, U1y) |0, @y, Gy, that is

Vi @y = athiy + aybiy + djury + ayey + a5Gy, (7.13)

where the precise form of the coefficients a; has no interest. Then, substituting into (7.12) yields

d _ _ _
EGV +boGy = b1h1y +b2b1y +b30y +a282¢y—a183¢y+(82a2—83a1)<py onw, (7.14)

with suitable coefficients b; .
From (7.14), for y sufficiently large, we get the estimate

C _
16 Iy < 5 (100100 2y + W gy + 18 Do)

C /- _
< (18, @ + 18 l2g) - 019

tan.,y

where we have applied (7.5) (with @ in place of ¢) and (7.9). Thus, from (7.13) again, we obtain the
estimate

1V @l 1720y < € (117 1y 000 1720 + ol 17200y + 16 12,0 )

¢ _
< (15 sy, ot + 18y lg32y) - 7:16)
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Combining (7.5) (with ¢ in place of ¢), (7.9) and (7.16) gives

C /. —
o 32w < 5 (19,000 + 18y l3r2 ) (7.17)

tan.,y
This defines amap ¢ — ¢ in eV’Hf/z(a)T). Letg!,g” € e”tHf/z(a)T), and (W', W), (U2, W2),
@', 2 be the corresponding solutions of (7.7), (7.8), respectively. Thanks to the linearity of the
problems (7.7), (7.8) we obtain, as for (7.17),

C
1 2 —1 —2
”(py - (P),||H3/2(w) < ?”(py - (pV”HS/Z(a))‘

Then there exists o > 0 such that for all y = y, the map ¢ — ¢ has a unique fixed point, by the
contraction mapping principle. The fixed point ¢ = ¢, together with the corresponding solution of
(7.7), provides the solution of (7.4), (7.8), that is a solution of (6.1). As for the boundary conditions,
we have already observed that (5.12), (6.1¢)-(6.1f) is equivalent to (5.12), (6.1c), (7.1). The proof is
complete. o

8. Proof of Theorem 4.1

For all ¢ sufficiently small, problem (5.8) admits a unique solution with the regularity described
in Theorem 7.2. Due to the uniform a priori estimate (6.2) we can extract a subsequence
weakly convergent to functions (W, W,¢) with (W, W,) € H)} (Q;I) X H}}(Q;) and

tan,y
Gy . U1y, h1y)lor € H},l/z(a)T), Wylor € H),1 (wr) and ¢, € Hy1 (wT1) (We use obvious notations).
Let us decompose W = (), €) and perform a inverse change of unknown with respect to that of
Section 5.1 to define (¥, E) from (), €). Passing to the limit in (5.1b), (5.8)-(5.12) as ¢ — 0
immediately gives that (U, ¥, ¢) is a solution to (2.29), (2.23), (2.24) and E = € = 0. Passing to
the limit in (6.2) gives the a priori estimate (4.2). The proof of Theorem 4.1 is complete.

9. Equivalence of systems (5.1b) and (6.12)

We prove the equivalence of systems (5.1b) and (6.12) for every ¥ # 0. This is the same as the
equivalence of (5.8b) and (6.9), or (6.1b) and (6.9).

LEMMA 9.1 Assume that systems (5.1b) and (6.12) have common initial data satisfying the
constraints

divh® =0, dive®* =0 in 2~ fort =0.
Assuming that the corresponding Cauchy problems for (5.1b) and (6.12) have a unique classical
solution on a time interval [0, T'], then these solutions coincide on [0, 7] for all ¢ sufficiently small.

Proof. Let us set
A=710:h° + &1V x &), B = 7"1(0,¢f — &1V x H°).

Then (6.12) can be written as

A—eVxB+——divh® =0, B4ebx A+ ——dive® =0. 9.1)

1¢)1 81(171
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Taking the vector product of U with the systems in (9.1) gives
VxA—gvx (U xB)=0, VX B4+evx(VxA)=0, (9.2)
that is
PxA—e(@-B)W+e|p*B =0, PXB+e@-A)p—elp*4=0. 9.3)
We take the vector product of ¢ U with the first system in (9.3) and get

e(@- AV —eVPA+ V)PV x B =0. 9.4)

For any choice of b # 0 we may assume that ¢ |[V| # 1 (this is true for ¢ definitely small). Then
by comparison of (9.4) and the second equation in (9.3) we infer ¥ x B = 0, and from (9.2) also
VxA=0.

Thus (6.12) may be rewritten as

. - | .-
N7 Givee =0, 0,65 — -V x §° + —1~
191 € 0191

dive? = 0.

1
3,h8+;Vx€8+

Applying the div operator to the equations gives the transport equation
d:u + div(ua) =0 in Q7,

for both u = divh® and u = div e, where @ = A/, ®;. Noticing that the first component of &
vanishes at x; = 0, the transport equation doesn’t need any boundary condition. As u;—o = 0, by
a standard argument we deduce u = 0 for # > 0. This fact shows the equivalence of (5.1b) and
(6.12). O

10. Proof of Lemma 1.1
Given an even function y € Cg°(R), with y = 1 on [—1, 1], we define

¥(x1,x") == x(x1(D)) o(x) . (10.1)
where y(x(D)) is the pseudo-differential operator with (D) = (1 4 |D|*)'/? being the Fourier

multiplier in the variables x’. From the definition it readily follows that ¥ (0, x") = ¢(x’) for all
x" € R2. Moreover,

1% (x1,x") = x/(x1(D)) (D) p(x) (10.2)

which vanishes if x; = 0. We compute
G My = [ €0 CalENIFEPaE
where ¢(§) denotes the Fourier transform in x’ of ¢. It follows that
2 2m 2 AsINI2 g 8!
123, ey = [ [ 6P 220 €106 P dn
= [ L& 0106 P ds < Clolmses
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In a similar way, from (10.2), we obtain
01 sy = [ €721 o EDEIPIOEOPAE dxs
= [ L& i ©PI0EPAE ds < Clolm-ose.
Iterating the same argument yields
119132 (sim—s w2y < C 10N gm0z J=0,com.
Adding over j = 0,...,m finally gives ¥ € H™(R?) and the continuity of the map ¢ +> ¥.

We now show that the cut-off function y, and accordingly the map ¢ — ¥, can be chosen to
give (1.14). From (10.2) we have

D) = @2 [ Gl ) 9(€) dE

By the Cauchy—Schwarz inequality and a change of variables we get
1/2
09| < Cllgllg ( [ e e dé’)
R

oo 1/2
=C||¢||H2<R2)(/O |x’(x1<p>>|2<p>—2pdp) |

We change variables again in the integral above by setting s = x; (p). It follows that

*© x1 ds 1/2 *© ds\'/?
9] < Clloll ) ( / |x’(s)|2——) < Cllollur) / |x’(s)|2—) .
X1 S X1 1 N
(10.3)

Given any M > 1, we choose y such that y(s) = 0 for |s| = M, and |x'(s)| < 2/M for every s.
Then from (10.3) one gets

C
|0, ¥ (x)] < W|l¢||H2(R2)'

Given any € > 0, if M is such that C/+~/M < €, then (1.14) immediately follows.
The proof of Lemma 1.2 follows from Lemma 1.1, with ¢ as a parameter. Notice also that the
map ¢ — ¥, defined by (10.1), is linear and that the time regularity is conserved because, with

obvious notation, ¥ (37 ¢) = 3/ ¥ (). The conclusions of Lemma 1.2 follow directly.

11. Proof of Lemma 6.2

We write U7, onw as

o0
|u;61y|2lxl=0 - _2/ uf”, . 31'lkfw dxl,
1]
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which gives

1Sy o172 < 200512204 181U, 2o +)- (11.1)
Estimating the right-hand side of (11.1) with (6.17) and using the y-homogeneity of the H,lan’y
norm gives

VI lolF 2 < € (I8 2 + IS I3, o))

Thus the first part of (6.36) is proved. To show the second part of (6.36) we compute for £ = 0,2, 3,

00
/lZ(uzyPle:odx/dt —2/ /Z(u,sw'alz@u;’;y dxdt
w 0 w

o0
2/0 [ zrus, ovws, s,

which gives
1 Wy ol ) < 2105 a2, o+ 101 Wy 20 (11.2)

Interpolating between (11.1) and (11.2) gives

||u;y|w||il;/z(w) S 2”qu||Htlun,y(Q+)||alufly||L2(Q+)'

Applying (6.17) eventually gives the second part of (6.36). We do the same for (6.37).
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