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Convergence of a mass conserving Allen—-Cahn equation whose Lagrange
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We consider the mass conserving Allen—Cahn equation proposed in [8]: the Lagrange multiplier
which ensures the conservation of the mass contains not only nonlocal but also local effects (in
contrast with [14]). As a parameter related to the thickness of a diffuse internal layer tends to zero,
we perform formal asymptotic expansions of the solution. Then, equipped with this approximate
solution, we rigorously prove the convergence to the volume preserving mean curvature flow, under
the assumption that a classical solution of the latter exists. This requires a precise analysis of the
error between the actual and the approximate Lagrange multipliers.
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1. Introduction

Setting of the problem. In this paper, we consider v, = u.(x,?) the solution of an Allen—Cahn
equation with conservation of the mass proposed in [8], namely

1 Jo flug) .
AUy = Aug + g—z(f(us) - m\/wm)) in 2 x (0, 00), 1.1)

supplemented with the homogeneous Neumann boundary conditions

%(x,t) —0 ondf x (0,00), (1.2)
v

and the initial conditions
Us(x,0) = g.(x) in 2. (1.3)

Here £2 is a smooth bounded domain in RY (N > 2) and v is the Euclidian unit normal vector
exterior to d£2. The small parameter £ > 0 is related to the thickness of a diffuse interfacial layer.

The term
B Jo f(ue(x,1)) dx

Jo /AW (ug(x, 1)) dx

AW (ug(x,1)) (1.4
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can be understood as a Lagrange multiplier for the mass constraint

d
E/ng(x,t) dx =0. (1.5)

Let us notice that (1.4) combines nonlocal and local effects (see below).

The nonlinearity is given by f(u) := —W’(u), where W(u) is a double-well potential with
equal well-depth, taking its global minimum value at ¥ = +1. More precisely we assume that f is
C? and has exactly three zeros —1 < 0 < +1 such that

f'(£1) <0, f'(0) >0 (bistable nonlinearity), (1.6)

and
f(—u) = —f(u) (odd nonlinearity). (1.7)

The condition (1.6) implies that the potential W (u) attains its local minima at u = =1, and (1.7)
implies that W(—1) = W(+41), so that the two stable zeros of f, namely 1, have “balanced”
stability. For the sake of clarity, in the computations we restrict ourselves to the case where

fw) =ull—u?), W)= %(1 —u?)2. (1.8)

This will simplify the presentation of the asymptotic expansions and is enough to capture all the
features of the problem. For a more general odd and bistable nonlinearity, one would only has to
make additional expansions of f(u) in Section 4 and Section 6.

REMARK 1.1 A more general assumption than (1.7) ensuring balanced stability is f_+11 f=0.In
this case, this is not clear whether or not our result applies. For instance an additional term will
appear in (4.35) and so in (4.46), so that #; = 0 in (5.2) may fail. Since this last property is the
main reason for introducing equation (1.1) (see below), we did not go further into the proof for this
more general case.

The initial data g, are well-prepared in the sense that they already have sharp transition layers
whose profile depends on . The precise assumptions on g, will appear in (2.10). For the moment,
it is enough to note that —1 < g, < 1 and that, for a subsequence ¢ — 0,

. —1 a.e. in the region enclosed by I,
lim g, = . . (1.9)
e—>0 41 a.e. in the region enclosed between 952 and I,

where Iy CC £2 is a given smooth bounded hypersurface without boundary.
Our goal is to investigate the behavior of the solution u, of (1.1), (1.2), (1.3),as e — 0.

Related works and comments. It is long known that, even for not well-prepared initial data, the
sharp interface limit of the Allen-Cahn equation d,u, = Au, + &2 f(u,) moves by its mean
curvature. As long as the classical motion by mean curvature exists, it was proved in [12] and an
optimal estimate of the thickness of the transition layers was provided in [2]. Let us also mention
that, recently, the first term of the actual profile of the layers was identified [3]. If the mean curvature
flow develops singularities in finite time, then a generalized motion can be defined via level-set
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methods and viscosity solutions, [18] and [15]. In this framework, the convergence of the Allen—
Cahn equation to generalized motion by mean curvature was proved by Evans, Soner and Souganidis
[17] and a convergence rate was obtained in [1].

The above results rely on the construction of efficient sub- and super-solutions. Nevertheless,
when comparison principle does not hold, a different method exists for well-prepared initial data.
It was used, e.g., by Mottoni and Schatzman [24] for the Allen—Cahn equation (without using the
comparison principle!); Alikakos, Bates and Chen [4] for the convergence of the Cahn—Hilliard
equation

dette + A(sAue 4 lf(ug)) —0, (1.10)
&

to the Hele-Shaw problem; Caginalp and Chen [10] for the phase field system ... The idea is to
first construct a solution u, ;. of an approximate problem thanks to matched asymptotic expansions.
Next, using the lower bound of a linearized operator around such a constructed solution, an estimate
of the error ||ug — u. k||~ is obtained for some p > 2.

Using these technics, Chen, Hilhorst and Logak [14] considered the Allen—Cahn equation with
conservation of the mass

oune = s+ 5 () = o [ ). i

proposed by [25] as a model for phase separation in binary mixture. They proved its convergence to
the volume preserving mean curvature flow

1
Vn:_K+m/1"KdHn_l on [5. (1.12)
t t

Here V,, denotes the velocity of each point of I} in the normal exterior direction and « the sum of
the principal curvatures, i.e. N — 1 times the mean curvature. For related results, we also refer the
reader to the works [9] (radial case, energy estimates) and [22] (case of a system).

In a recent work, Brassel and Bretin [8] proposed the mass conserving Allen—Cahn equation
(1.1) as an approximation for mean curvature flow with conservation of the volume (1.12).
According to their formal approach and numerical computations, it seems that “(1.1) has better
volume preservation properties than (1.11)”. In other words, for the approximation of mean
curvature with volume constraint, they numerically observe an O(s2) error for the conservation of
the volume using (1.1), whereas an O(¢) error is observed when using (1.11). This is clearly related
to the cancellation of the e-terms in the forthcoming expansions, see (4.17), (5.2) and Remark 1.1.
Let us notice that, as far as the local Allen—Cahn equation is concerned, such an improvement of the
accuracy of phase field solutions, thanks to an adequate perturbation term, was already performed
in [20] orin [11].

In the present paper we prove the convergence of (1.1) to (1.12). Observe that in (1.11) the
conservation of the mass (1.5) is ensured by the Lagrange multiplier —ﬁ Jo f(ug) which is
nonlocal, whereas in the considered equation (1.1) the Lagrange multiplier (1.4) combines nonlocal
and local effects. On the one hand, this will make the outer expansion completely independent of the
inner one, and will cancel the ¢ order terms of all expansions (see Section 4). On the other hand, this
makes the proof of Theorem 2.3 much more delicate since further accurate estimates are needed (see
subsection 6.1). In other words, in the study [14] of (1.11), it turns out that the nonlocal Lagrange
multipliers “disappear” while estimating the error estimate u; — u, . This will not happen in our
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context and our key point will be the following. Roughly speaking, our estimates of subsection 6.1
will make appear an integral of the error on the limit hypersurface which must be compared with
the L2 norm of the error. If the former is small compared with the latter then the Gronwall’s lemma
is enough. If, as expected, the error concentrates so that the former becomes large compared with
the latter, then the situation is favorable: a “sign minus” intends at decreasing the L? norm of the
error (see subsection 6.1 and Remark 6.2 for details).

To conclude let us mention the work of Golovaty [21], where a related equation with a nonlocal/
local Lagrange multiplier is considered. The convergence to a weak (via viscosity solutions) volume
preserving motion by mean curvature is proved via energy estimates. The author takes advantage of
the fact that, under the mass constraint, the equation he considers is the gradient flow of the same

energy functional as its local counterpart, namely o (% |Vu|? + 8% W(u)). The equation (1.1) we
consider here does not have such a property. We therefore use different methods which, moreover,

allow to capture a fine error estimate between the actual solution and the constructed approximate
solution.

2. Statement of the results

The flow (1.12). Let us first recall a few interesting features of the averaged mean curvature flow
(1.12). It is volume preserving, area shrinking and every Euclidian sphere is an equilibrium. The
local in time well posedness in a classical framework is well understood (see Lemma 2.1 for a
statement which is sufficient for our purpose). It is also known that local classical solutions with
convex initial data turn out to be global. Additionally, there exist non-convex hypersurfaces (close
to spheres) whose flow is global. For more details on the averaged mean curvature flow (1.12), we
refer the reader to [19], [23], [16] and the references therein.

LEMMA 2.1 (Volume preserving mean curvature flow) Let £29 CC $2 be a subdomain such that
I'y := 082 is a smooth hypersurface without boundary. Then there is 7™%* € (0, 00] such
that the averaged mean curvature flow (1.12), starting from Ip, has a unique smooth solution
Uo<t<Tmax (Ft X {l}) such that I'y CC £2, forallt € [0, Tmax).

In the sequel, for Iy as in (1.9), we fix 0 < T < T™4%* and work on [0, T']. We define
F = UO$t$T(FI X {t}),
and denote by £2; the region enclosed by I;. Let us define the step function & = #(x, t) by

—1 in Qz,

i(x,t) := —
u. 1) +1 in2\ 2

forall € [0, T, @2.1)

which represents the sharp interface limit of u, as ¢ — 0. Let d be the signed distance function to
I'" defined by
—dist(x, I'y) forx € £2;,

. — (2.2)
dist(x, I;) forx € 2\ £2;.

d(x,1) = {

Main results. Let us notice that, since —1 < g, < 1, it follows from the maximum principle that
—1 < u, < 1. Also since g; # 1 and g, # —1, the conservation of the mass implies u, # 1 and
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ue # —1. This enables to rewrite equation (1.1) as
1 .
diuy — Aug — 2 (f(ug) — el (0)(1 — ugz)) =0 in$ x (0,00), (2.3)

by defining
Jo fue) _ [gue—ue’

fg \/4W(us) B f.Q 1 _Msz ‘

Our first main result consists in constructing an accurate approximate solution.

eAe(t) == 2.4)

THEOREM 2.2 (Approximate solution) Let us fix an arbitrary integer k > max(N, 4). Then there
exists (Ue k (X, 1), Aek (1)) e, o< <7 SUch that

1
atus,k - Aua,k - 8_2 (f(us,k) - Sks,k(t)(l - ua,k2)) = Ss,k in £2 x (0’ T)7 (2.5

with
186k ll o (@2x 0,7y = O(¥) ase — 0, (2.6)
and 3
%(x,t) —0 ond2x(0,T), .7
vV
d
—/ Ug(x,t)dx =0 forallt € (0,7). (2.8)
dt Jgo

Observe that by integrating (2.5) over §2 and using (2.7) and (2.8), we see that

Ja fuer) + O(52)
fg 1- us,k2 .

Then we prove the following estimate, in the L? norm, on the error between the approximate
solution u, x and the solution u,.

Sks,k(l) =

2.9)

THEOREM 2.3 (Error estimate) Let us fix an arbitrary integer k > max(N, 4). Let u, be the solution
of (1.1), (1.2), (1.3) with the initial conditions satisfying

go(X) = e (x.0) + o () € [~1.1], /9 e =0, [delliz = OE3).  (2.10)

Then, there is C > 0 such that, for ¢ > 0 small enough,

1
sup ”ué‘('at) - us,k('af)||L2(Q) < CSk 2
o<t<T

As it will be clear from our construction in Section 5, the approximate solution satisfies

+2), ase — 0,

~ k
e — Ul Loo (x0): ld e,y 12 02p = Of€
with u the sharp interface limit defined in (2.1) via the volume preserving mean curvature flow
(1.12) starting from I'y. We can therefore interpret Theorem 2.3 as a result of convergence of the
mass conserving Allen—Cahn equation (1.1) to the volume preserving mean curvature flow (1.12):
sup e (1) =i D)llr22) = O, ase — 0.

0<t<T
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Organization of the paper. The organization of this paper is as follows. In Section 3 we present
the needed tools which are by now rather classical. In Section 4, we perform formal asymptotic
expansions of the solution (u(x, ), A¢(¢)). This will enable to construct the approximate solution
(e (x,1), Agx(2)), and so to prove Theorem 2.2, in Section 5. Last we prove the error estimate
of Theorem 2.3 in Section 6. In particular and as mentioned before, a precise understanding of the
error between the actual and the approximate Lagrange multipliers will be necessary (see subsection
6.1).

REMARK 2.4 Through the paper, the notation ¥, ~ } ;5 &'; represents asymptotic expansion
as ¢ — 0 and means that, for all integer k, ¥, = Z?:o ey + Okt

3. Preliminaries

For the present work to be self-contained, we recall here a few properties which are classical in the
works mentioned in the introduction, [4, 10, 11, 14, 22, 24, 25], and the references therein.

3.1  Some related linearized operators

We denote by 0y (p) := tanh(%) the standing wave solution of

00" + f(6)) =0 onR,
bo(—00) = —1. 6o(0) =0, bo(o0) =1,

which we expect to describe the transition layers of the solution u, observed in the stretched
variable. Note that, for all m € N,

D™[8o(p) — (£1)] = O(e™V2Fl)  as p — +co. 3.1)

We then consider the one-dimensional underlying linearized operator around 6, acting on
functions depending on the variable p by

Lu = —upp — f(Oo(p))u. (3.2)

LEMMA 3.1 (Solvability condition and decay at infinity) Let A(p, s, ?) be a smooth and bounded
functionon R x U x [0, T'], with U C RN-1, compact set. Then, for given (s,¢) € U x [0, T'], the
problem

£w = _wPP - f/(QO(P))W = A(p,S,[) on Rs
I/I(O,S,Z) =0, W(‘,S,I) ELOO(R),

has a solution (which is then unique) if and only if

/R A(p.5.1)00'(p) dp = 0. (3.3)

Under the condition (3.3), assume moreover that there are real constants A* and an integer i such
that, for all integers m, n, [,

DI D!D![A(p.s.1) — 4%] = O(|pl'e™V2) a5 p — oo, (3.4)
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uniformly in (s,¢) € U x [0, T]. Then

A* ;
m nyn nyl — i ,—/2lp]
Dy DS D[y (p,s. 1) + f’(:l:l)] O(pl'e ) asp— too, 3.9

uniformly in (s,¢) € U x [0, T'].

Proof. The lemma is rather standard (see [4], [2] among others) and we only give an outline of the
proof. Multiplying the equation by 6" and integrating it by parts, we easily see that the condition
(3.3) is necessary. Conversely, suppose that this condition is satisfied. Then, since 8y’ is a bounded
positive solution to the homogeneous equation ¥,, + f'(60(p))y¥ = 0, one can use the method of
variation of constants to find the above solution v explicitly:

W50 = 06 [ (07 [ a0 @ ae) s

Using this expression along with the estimates (3.4) and (3.1), one then proves (3.5). O

Note also, that after the construction of the approximate solution u, x, we shall need the estimate
of the lower bound of the spectrum of a perturbation of the self-adjoint operator —A — =2 f” (u, x)
proved in [13]. This will be stated in Section 6.

3.2 Geometrical preliminaries

The following geometrical preliminaries are borrowed from [14], to which we refer for more details
and proofs.

Parametrization around I'.  As mentioned before, we call I’ = Ug<;<7 (I} X {t}) the smooth
solution of the volume preserving mean curvature flow (1.12), starting from Iy; we also denote by
£2; the region enclosed by I;. Let d be the signed distance function to I" defined by

—dist(x, I'y) forx € £2;,

d(x,1) = _
(x. 1) dist(x, I;) forx € 2\ £2;.

(3.6)

We remark that d is smooth in a tubular neighborhood of I', say in
Nas(I}) :={x € R2: |d(x,t)| <36},

for some § > 0. We choose a parametrization of Iy by Xo(s,?), withs € U C R¥-1 We denote
by n(s,t) the unit outer normal vector on d§2; = I;. For any 0 < t < T, one can then define a
diffeomorphism from (—3§, 3§) x U onto the tubular neighborhood T 35(7%) by

X(r,s,t) = Xo(s,t) +rn(s,t) = x € Nas(Iy),
whose inverse is denoted by r = d(x,t), s = S(x,t) := (S'(x,1),---,S¥"1(x,t)). Then Vd

is constant along the normal lines to I}, and the projection S(x,?) from x on [} is given by
Xo(S(x,1),t) = x —d(x,t)Vd(x,t). For x = Xo(s,t) € I denote by «;(s, ) the principal
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curvatures of Iy at point x and by V(s,1) := (Xo¢);(s,?).n(s,t) the normal velocity of Iy at point
x. Then, one can see that

N-1
k(s.1) 1= Y Kki(s.1) = Ad (Xo(s.1).1). (3.7)
i=1
N-1
bi(s.1) ==Y Kk;*(s.1) = —(Vd.VAd)(Xo(s.1).1). (3.8)
i=1
V(s 1) := (Xo)i(s,1).n(s,1) = —d;(X(r,s,1).1). (3.9)

In particular, d;(x, ) is independent of r = d(x, ) in a small enough tubular neighborhood of I%.
Changing coordinates form (x, t) to (r, s, t), to any function ¢ (x, ) one can associate the function

$(r.5.1) by
o(r,5,1) = ¢(Xo(s. 1) +rn(s,1),t) or  ¢(x,1) = ¢(d(x,1), S(x,1),1).

The stretched variable. In order to describe the sharp transition layers of the solution u, around
the limit interface, we now introduce a stretched variable. Let us consider a graph over Iy of the
form

If ={X(r,s.t): r = ghe(s.1),s € U},

which is expected to represent the O level set, at time 7, of the solution u,. We define the stretched
variable p(x, t) as “the distance from x to I/ in the normal direction, divided by &”, namely

d(x,t) —ehg(S(x,1),1)
- .

(3.10)

p(x, 1) =

In the sequel, we use (p, s, ¢) as independent variables for the inner expansion. The link between
the old and the new variable is

X = X(p, s,t) = X(s(p + he(s, 1)), s, l) = Xo(s,t) + s(p ~+ he(s, Z))n(s, 1).

Changing coordinates form (x, 7) to (p, s, ), to any function ¥ (x, 7) one can associate the function
¥(p,s,1) by R
V(p.s.t) = ¥ (Xo(s.1) + e(p + he(s. )n (s, 1), 1), (3.11)

or ¥(x,1) = lﬁ(w S(x,1),t). A computation then yields

0y — AY) = — o —e(V + Ad)Y,
+&2[ofy — AT — (3T hey — AT he) ] (3.12)
+ 22V he VT, — VT e P ).
where

N-1 ) N—-1 ' N-1 ' N—-1 ) '
0 =0+ Y Sl V=) VS, A= > AS9 + Y VSIVSIa.

i=1 i=1 i=1 ij=1
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Here Ad is evaluated at (x, 1) = (Xo(s,?) + e(p + he(s, 1))n(s, t),t), so that (3.7) and (3.8) imply

Ad = Ad(Xo(s, 1) + e(p + he(s,0))n(s, 1), z)
~we(s.1) = e(p + he(5,0)bi(s.0) = Y & (p + ha(s.1)) by (5.1).

i=2

(3.13)

where b; (s, t) (i = 2) are some given functions only depending on 7.
Last, define

eJ%(p.s5.1) := X (p,s.1)/(p, s)

the Jacobian of the transformation X so that, in particular, dx = eJ®(p,s,t) dsdp. Then, for all
peR seUand0 <t <T,wehave

N—-1
Tép.s.0) = [T [1+elp+ h*(s.0)ki(s.0)]. (3.14)

i=1
4. Formal asymptotic expansions

In this section, we perform formal expansions for the solution u, (x, t) of (2.3). We start by the outer

expansion to represent the solution “far from the limit interface”, then make the inner expansion to

describe the sharp transition layers. Last, the expansion of the nonlocal term A.(¢) is performed. In

the meanwhile we shall also discover the expansion of the correction term %.(s, ¢) defined in (3.10).
We assume that the solution u.(x, ¢) is of the form

Ug(x, 1) ~ u;t(t) =+1 4 euf(t) + szuzi(t) + .-+ (outer expansion), 4.1)

for x € £, (corresponding to u; (¢)), x € 2\ £2; (corresponding to uJ (¢)), and away from the
interface I, say in the region where |d(x, )| = /€ as we expect the width of the transition layers to
be O(s). Near the interface I, i.e. in the region where |d (x, t)| < /&, we assume that the function
Ue(p, s, 1) — associated with u(x, t) via the change of variables (3.11) — is written as

W (p, 5, 1) ~ uo(p, s, t) + eur(p, s, t) + e2uz(p,s,t) +---  (inner expansion). 4.2)
We also require the matching conditions between outer and inner expansions, that is, foralli € N,
u;(£oo,s,t) = uii(t) (matching conditions), 4.3)

for all (s,z) € U x [0, T]. As we expect the set p = 0 to be the O level set of the solution (see
subsection 3.2) we impose, for alli € N,

u;(0,s,t) =0 (normalization conditions), 4.4)

forall (s,t) e U x [0, T].
As far as the nonlocal term A.(¢) is concerned we assume the expansion

Ae(t) =~ Ao(t) + eA1(2) + 82/12(1) + ---  (nonlocal term). 4.5)
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Last, the distance correcting term /. (s, t) is assumed to be described by
ehe(s,t) ~ ehy(s,t) + &*hy(s,t) +--- (distance correction term), (4.6)

forall (s,t) e U x [0, T].
In the following, by the (complete) expansion at order 1 we mean

{d(x,1), Ao(t), u1(p,s,t),ui(t)} (expansion at order 1),
and by the (complete) expansion at order i = 2 we mean
{h,-_l(s,t),)k,-_l(t), u;(p,s,t), ufc(t)} (expansion at order i = 2). 4.7

Let us also recall that we have chosen

fw) =ull—u?), W)= i(l —u?)2.

4.1  Outer expansion
By plugging the outer expansion (4.1) and the expansion (4.5) into the nonlocal partial differential
equation (2.3), we get

W) (1) = uF (1) — uE®)’ —ere (1 - WE D)), (4.8)

Since uE () ~ Y ;50 'ui

—d (1= EO)) =Y (X W0 Y wFouFo)e T,

izl p+q=i,q#0 k+l=q

(t), where ugt(l) = %1, an elementary computation yields

and

WEOP =Y (X ure) Y uFouFn)e

iz0 p+g=i k+l=q

Hence, collecting the ¢ terms in (4.8), we discover 0 = uf(l) — 3ufE (Z)(ugE (¢))? so that uft (r)y=o.
Next, an induction easily shows that

uft(t) =0 foralli >1.
Therefore the outer expansion is already completely known and is trivial:
uf(r) = +1. (4.9)
In other words, thanks to the adequate form of the Lagrange multiplier, the outer expansion is

independent of the expansion of the nonlocal term. This is in contrast with the equation considered
in [14].
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4.2 Inner expansion

It follows from (3.12) that, in the new variables, equation (2.3) is recast as

e pp + e — (e)* = ede (1) (1 = ()®) — &(V + Ad )i,
+ &2[0 1 — AT 4 — (O he — AT he)iy ]
+ 22V he Ve, — |V e [P pp]. (4.10)

The &° terms. By collecting the £° terms above and using the normalization and matching
conditions (4.3), (4.4) we discover that ug(p,s,t) = 6o(p), with 8y the standing wave solution
of

90/, + f(eo) =0 onR,

@.11)
fo(—00) = —1, 60(0) =0, Bo(c0) = 1.

Formally, this solution represents the first approximation of the profile of the transition layers around
the interface observed in the stretched coordinates. Note that since f(1) = u — u>, one can even
compute fy(p) = tanh(%).

The &' terms. Next, since Ug(p,s,t) ~ Yiso u;(p, s, t)e’, where ug(p,s,t) = 6p(p), an
elementary computation yields
ehe() (1= (o2 (ps.0) ~ = D (D ApOBq(p.5.0))e* (4.12)
iz0 pt+g=i
where 5
o (p) — 1 ifg=0
,Bq(P’S’t) = { )
D kti=g Uk(p, s, Dus(p,s,1) ifg =1,
and also .
W sy =D (D uplpest) Y wklpos.un(posn))el. (@413)
i20 ptqg=i k+l=q

Hence, plugging the expansion (3.13) of Ad into (4.10) and collecting the ¢ terms, we discover

Luy = —uipp — £ (B0(p))u1 = (V +x)(s,)00'(p) — (1 — 60> (p)) Ao (2). (4.14)

For the above equation to be solvable (see Lemma 3.1 for details) it is necessary that, for all (s, ¢) €
U x1[0,T],

/ L1 (p. 51600 (p) dp = O,
R

which in turn yields

1— 6026,
o’::fR( 0)0.

V(s,t) = —k(s,t) + odo(t), R 90/2

(4.15)

As seen in subsection 3.2 the above equation can be recast as

di(x,t) = Ad(x,t) —oAo(t) for x € I7}. (4.16)
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Now, in view of (4.11), we can write 0 = f_zoo Bo" + f(60))8 = f_zoo(eo” — W'(6y))6y and find
the relation 1 — 62 = /26y, so that 0 = /2. Plugging this and (4.15) into (4.14) we see that
Lu; = 0. Therefore, the normalization u1 (0, s, ) = 0 implies

ui(p,s,t) =0. 4.17)

Again this is in contrast with the equation considered in [14].

The &' terms (i > 2). Now, taking advantage of u¢(p,s,t) = 6p(p) and of u;(p,s.t) = 0 we
identify, fori > 2, the &’ terms in all terms appearing in (4.10). In the sequel we omit the arguments
of most of the functions and, by convention, the sum ZZ isnullif b < a.

Using (4.13) we see that the &' term in i, p, + e — (1i)* is

—&Lu; — 6y Z UpUi_f — Z Up Z UpU] (term 1). (4.18)

p=2  k+l=i—p

In view of (4.12), the &' term in e (¢)(1 — (1i¢)?) is

Lica(l=60)— Y A D wey (term 2). (4.19)

p+q=i—1,q#0 k+l=q

In order to deal with the term —e(V + Ad )il ,, we first note that (3.13) and (4.6) yield the following
expansion of the Laplacian
Ad ~ k= (bihi +8) ¢, (4.20)
i>1
with )
1
8 =8i(p.s.t) =) ea(s.0)p" (4.21)
k=0
a polynomial function in p of degree lower than i, whose coefficients ci(s,?) are themselves
polynomial in (hy,...,h;—;) which are part of the formal expansion at lower orders, and in
(b1,...,b;) which are given functions. Among others, we have 8;(p,s,t) = bi(s,t)p and
82(p.5,1) = ba(s.t)(p + hi(s.1))*>. Combining u,, = 6y + £*uzp + -+ and (4.20), we next
discover that the &’ term in —e(V + Ad )iy, is

i—3
bihi—160' + 8i-100" = (V + ) u—np + »_ (brhp + 8p) u-1-p)p ~ (term3).  (4.22)
p=1

We see that the &' term in e2[0] 1w, — AT iy — (37 hy — AT he)ii ] is given by
i-3
0] = AT — (0] — ATYhi 160" = Y@ = AT hpu—1-p)p (term4).  (4.23)
p=1
Note that '
eV he? ~ &V P+ > 2V h YV hioy + ) €

=3
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where
ni=nis.)= > VIhypi(s.0).V hgra(s.0)
p+q=i—2,p#0,q#0
depends only on the derivatives of Ay, ...,h;—>. Combining this with 1/, ,, ~ 60" + %u2pp + -+,

we discover that the & term in —&2| V! |2, i

i-3
—Bi (VI hy VT hi)00" — |V hyPug-a)pp — Y ckikep  (term ), (4.24)
k=0
where o = g (s,1) depends only on the derivatives of &, _...,hi_z and 8, =0, 8; =2ifi = 3.
Last, since Vi, , ~ 62V U5, + -+, we see that the & term in £2[2VT h, .V i, ] is
i—2
2 ViV ug,  (term6). (4.25)
k=2

Hence, in Vigw of the six terms appearing in (4.18), (4.19), (4.22), (4.23), (4.24), (4.25), when we
collect the &' term (i = 2) in (4.10) we face up to

Lui = (M hi1)80" = (1=00")Ai—1+Bi (VI . VT i) 00" + VT hiPu—2)pp + Riz1 (4.26)
where M. denotes the linear operator acting on functions (s, t) by
MEh:=0"h— ATh —byh, (4.27)

and where R;_; = R;_1(p, s,t) contains all the remaining terms. Observe that, for the solvability
condition for (4.26) to provide the equation (4.33) for h;_1 (s, ), it is important that R;_; does not
“contain” h;_;. Therefore, we have to leave the term |V! i, |2u(,-_2)pp outside R;_; for the case
i = 2, but with a slight abuse of notation we can “insert” |V hy|2u_z),p in Ri—1 fori = 3. As
an example, for i = 2 we see that

Rl(psss Z) = _Sl(psss Z)QO/(/)) = _bl(sv I)PQO/(P)» (428)

so that we infer that, for all integers m, n, [,
D7D D![Ri(p.5.1)] = O(lpleV2Pl)  as p — oo, (4.29)

uniformly in (s,7). Now, for i > 3, we isolate the “worst terms” — which are the §;’s — in R;_; and

write
i—3

Rioy = —8i-160" = Y _ Spu—1-pyp + ri-1. (4.30)
p=1
where r;_1 = ri—1(p, s, ) contains all the remaining terms.

LEMMA 4.1 (Decay of R;_1) Leti > 2. Assume that, for any 1 < k < i — 1, there holds that, for
all integers m, n, [,

D;”D?Dg[uk(p,s,t)] = (9(|,o|k_le_ﬁ‘p‘) as p — +oo, 4.31)
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uniformly in (s,¢) € U x [0, T]. Then, for all integers m, n, [
D7D DI[Ri—1(p,s,1)] = O(lpl ~"e™V?¥l) a5 p — too, (4.32)

uniformly in (s,¢) € U x [0, T].

Proof. Letus have a look at expression (4.30) of R;_;. By a tedious but straightforward examination
of the six terms (4.18), (4.19), (4.22), (4.23), (4.24), (4.25), one can write the exact expression of
R;_, appearing in (4.26) and, so, that of r;_; appearing in (4.30). In view of this exact expression
(that we do not write here) and of estimates (4.31), one can see that r;_; (p, s, ) depends only on
V(s,t), k(s,t), b1(s,t),...,bi(s,t) which are bounded given functions

° Ao(l),... ,/Xi_z(l‘)
e (s, t),...,hi—»(s,t) and their derivatives w.r.t. s and ¢
e uo(p,s,t) which is equal to 6y(p), ui(p,s,t) which vanishes, ..., u;—_1(p,s,t) and their

derivatives w.r.t. p, s and ¢
in such a way that it is (9(|p|i_2e_‘/5|p|) as p — +oo. Concerning the term

i3
—8i—1(p,5.1)60" (p) — Z 8p(p, S, DUG—1-p)ps

r=1

the fact that it behaves like (4.32) follows from (4.31) and the fact that §,(p, s, ) grows like |p|?,
as seen in (4.21). O

Now, in virtue of Lemma 3.1, the solvability condition for equation (4.26) yields, for all (s, t),
(k)60 [ 062 =200 [(a=od0+ [ Reesnn’ =0, @
R R R

Note that the term —B; (V7 h1.VT h;i_1)8o" does not appear above since [;, 69”6y’ = 0. Note also
that the term —|V* /11 |?u_),, does not appear for the same reason if i = 2, and because it can be
“inserted” in R;_; for i > 3 without altering the fact that R;_; does not depend on %;_; (see also
the explanations after (4.27)). The above equality can be recast as

(M hi—1)(s. 1) = 0him1 (1) — 0* A Ri—1(p.s.1)600' (p) dp. (4.34)

—1
with o defined in (4.15) and 0* := (fR 90’2) . Note that, thanks to 1 — 62 = /26, we have

0 = /2 (as seen before) and also 0* = %\/5
In order to construct the terms u; for i = 2 by induction, let us first examine the case i = 2.

From (4.28) and the fact that fR p00’2(p) dp = 0 (odd function), we see that (4.34) reduces to
(M hy) (s, ) = oA (0). (4.35)

Assume that i satisfies the above equation. Then since u; = O trivially satisfies (4.31), Lemma
4.1 implies that R (p, s, t) together with its derivatives are (9(|p|e_ﬁ|p|) as p — zoo. It follows
from Lemma 3.1 that

Luy = (M 71)6) — (1= 66H)A1 + [V 7126 + Ry, (4.36)
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admits a unique solution u5(p, s, t) such that u,(0, s,¢) = 0, which additionally satisfies estimate
D DI DH[uz(p. s.1)] = O(|ple=v2).

Now, an induction argument straightforwardly concludes the construction of the inner
expansion.

LEMMA 4.2 (Construction by induction) Leti > 2. Assume that, forall 1 < k <i — 1 the term uy
is constructed such that

D;"D;’Di[uk(p,s, n] = (9(|p|k_1e_ﬁ‘p‘) as p — £o0, (4.37)

uniformly in (s,¢) € U x [0, T']. Assume moreover that s; _1 (s, t) satisfies the solvability condition
(4.34). Then one can construct ¥; (p, s, t) solution of (4.26) such that u; (0, s,¢) = 0 and

D;"D;’Di[ui(p,s,t)] = (9(|p|i_1e_ﬁ|p|) as p — o0, (4.38)

uniformly in (s,¢) € U x [0, T'].

4.3 Expansion of the nonlocal term A¢(t) and the distance correction term hg(s, t)

By following [ 14, Subsection 5.4] with /¢ playing the role of §, we see that an asymptotic expansion
of the conservation of the mass (1.5) yields

d
OZ—/ ug(x,t)dt ~ Iy + I, + I3, (4.39)
dt Jo
where I; = 0, since in our case usi(t) = 41, and
I, := / i (o, 5, 1) eJ%(p, s, 1) dpds, (4.40)
lol<1//¢

Iz = / =V - 88fh8)(s, 1) 0pe(p,5,1) J%(p,s,t) dpds, (4.41)
lpl<1/4/e

Combining 9 := 9, + 1=, Sid, with uo(p, s.1) = Oo(p) and u1(p.s5,1) = 0, we see that

N-1
Bfu}(p,s,l) ~ Zsi [at + Z S,kask]ui(p,s,t).
i22 k=1

In view of the above inner expansion, this implies

0 it (p.s.1) & Y ' O(|pl e V),

i=2
where O (|p|i_le_ﬁ‘p‘) depends only on expansions at orders < i — 1. By plugging this into

(4.40), we get
I = ZSI Vi—2,

=3
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where y;_» = y;—»(t) depends only on expansions at orders < i — 2.
We now turn to the term /3. We expand

(= V =0 he)(s.0) ~ di(Xo(s.1).0) = »_ &' 9] hi(s.1).
i=1

and
Dptic(p, s,1) ~ 09 (p) + Zslapui(p,s,t).

=2

Expanding the Jacobian (3.14) and using (3.7), we get

Jo(p.s.t) ~ 1+ Ad(Xo(s.1),t) e(p + h°(s, 1)) + Zsi,ui_l,

=2

where wi—1 = pi—1(p,s,t) depends only on expansions at orders < i — 1. Multiplying the three
above equalities, we see that the integrand in /3 expands as

00'd; + €6y’ [—3] h1 + h1d; Ad + pd; Ad ] + Zeieo’(—a{h,- + hid; Ad + vi_y),

=2

where v;_1 = vj—1(p, s,t) depends only on expansions at orders < i — 1. We integrate this over

s € U and |p| < 1/4/e and, using f\p\<1/ﬁ 60" ~ [ 00'(p) dp = 2 and f|p|<1/ﬁp90/(p) dp =0
(odd function), we discover

1
5 %/ d,(s,t)ds—i—s/ (=0T hy + (d; Ad)hy)(s. 1) ds
U U

# X[ [ oh - ad b0 ds + i)

i=2 v

where w;—1 = w;—_1(¢) depends only on expansions at orders < i — 1. Using (4.16) to substitute d;,
(4.35) to substitute 3 hy, (4.34) to substitute 3! h;, we have

%13 ~ / (Ad — o)o) ds + s/ (=AThy —bihy — oAy + (d; Ad)hy) ds
U U
+ Zei[/ (—AThy —byhi — oAi + (diAd)hi) ds + ;i_l],
i=2 v
where ¢;_; = {;—1(t) depends only on expansions at orders < i — 1.
Last, using fU AT h; ds = 0, we see that I + I3 ~ 0 reduces to
oro(t) = Ad(-, 1) (4.42)
or(t) = =[bi(.1) = di(-.0)Ad (-, )| hi (-, 1) (4.43)
oi(t) = —[b1(0) = di (. 0) A D) hi (1) + Aima (1) (= 2), (4.44)
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where ¢ () 1= ITII /i v ¢ denotes the average of ¢ over I'y (parametrized by U'), and A;_1(¢) depends
only on expansions at orders < i —1. Moreover if we plug (4.42), (4.43) and (4.44) into (4.16), (4.35)
and (4.34), we have the following closed system for d, hy, ..., hj on U x [0, T]:

d; = Ad — Ad(-,1) (4.45)
O hy = AT hy + bihy — [b1(.t) — di (1) Ad (-, 1) |h1 (1) (4.46)
of hi = AThi + bihi — [b1(.1) = de (. AdC D] () + Aica (1) (022). (447

5. The approximate solution u, x, A, x

In order to construct our desired approximate solution and prove Theorem 2.2, let us first explain
how the previous section enables to determine, at any order, the outer expansion (4.1), the inner
expansion (4.2), the expansion of the nonlocal term (4.5), and the expansion of the distance
correction term (4.6).

First, as seen before, the outer expansion (4.1) is already completely known since ul?t(t) =0
foralli > 1.

Recall that I’ = Ug<r<7(I7 X {t}) denotes the unique smooth evolution of the volume
preserving mean curvature flow (1.12) starting from Iy CC £2, to which we associate the signed
distance function d(x, t). Hence, defining 1¢(¢) as in (4.42) and u; (p, s,¢) = 0 as in (4.17), we are
equipped with the first order expansion

{d(x,1), Ao(1). ur(p. s, 1) = 0}. (5.1

Next, since I'; is a smooth hypersurface without boundary, there is a unique smooth solution /1 (s, )
to the parabolic equation (4.46). Assuming h1(s,0) = 0 for s € U, we see that hi(s,7) = 0,
which combined with (4.43) yields A;(¢) = 0. Notice that these cancellations are consistent with
the observation of [8] that “(1.1) has better volume preserving properties than the traditional mass
conserving Allen—Cahn equation (1.11)”. In Section 4, we have defined u5(p, s, ) as the solution of
(4.36), which now reduces to Lu, = —b;(s,t)pb’(p). This completes the second order expansion,
namely

{hl(s, 1) =0,A1(¢) = 0,uz(p,s, l)}. 5.2)

Now, for i = 2, let us assume that expansions {/x_1(s, ), Ag—1(¢), ur(p, s, t)} are constructed for
all 2 < k < i. Therefore we can construct A;_1(¢) appearing in (4.47). Assuming £; (s, 0) = 0 for
s € U, there is a unique smooth solution £; (s, 7) to the parabolic equation (4.47). This enables to
construct A; (¢) via (4.44). Now, h; (s, t) satisfies the solvability condition (4.34) at rank i, so that
Lemma 4.2 provides u;+1(p, s,t), the solution of (4.26) at rank i + 1 with u;4+1(0,s,¢) = 0. This
completes the construction of the i + 1-th order expansion {%; (s, 1), A; (¢), ui+1(p, $,1)}.

Note also that, from the above induction argument, we also deduce the behavior (4.38) for all
the u; (p, s,1)’s.
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Proof of Theorem 2.2.  'We are now in the position to construct the approximate solution as stated
in Theorem 2.2. Let us fix an integer k > max(N, 4). We define

2 sk(xvl)

[d(x 1) — ;g hi(S(x.1), z)] R
k+3 )

Ul (. 1) := Oo(pei (x. 1)) + Y 'ui (pe (x. 1), S(x.1).1).

i=1

Pk (x,1)

Out(x ) = ii(x,1),
k+2

hejet) = do(6) + Y ' X0,

i=1
where 7 is the sharp interface limit defined in (2.1). We introduce a smooth cut-off function ¢(z) =

L¢(z) such that
{(z)=1 if |2] < Ve,
§(z)=0 if |z] = 24/e,
0<zl(z) <4 if /e <|z| < 24/e.

Forx € 2 and 0 <t < T, we define

ul (. 0) = ¢(d e ) uli (x, 1) 4+ [1 =5 (d (e, 0)) Jullf (x.0).

If ¢ > 0 is small enough then the signed distance d(x,?) is smooth in the tubular neighborhood
N3 z(I'), and so is ug”y (x, ). This shows that u* ok is smooth.

Plugging (us (X t) Ae (1)) into the left-hand 51de of (2.5), we find an error term &* k(x t) which
is such that
o 87 (x.t) =0o0n{|d(x,1)| = 2/¢} since, then, uy, = ug}l = £1,
° ”5:,k”L°° O(ek*2) on {|d(x,t)| < /€} since, then, usk =u k and the expansions of Section

4 were done on this purpose,

o 167 llLee = O(e*™), for any integer k*, on { /¢ < |d(x,1)| < 2./} since, then, the decaying

<
=

_2
estimates (3.1) and (4.38) imply that u* ok T u‘”ff = ”:,k — 41 =0(e 2v¢), valid also after any
differentiation.
Hence ||87 |Loo(2x(0,7y) = O(e¥+?), which is even better than (2.5). Also u*, clearly satisfies
2.7).
Now, to ensure the conservation of the mass of the approximate solution, we add a correcting
term (which depends only on time) and define

1
Ue i (X, 1) == ug, (x,1) + al /g (u:jk(x,O) —ug . (x, 1)) dx,

which then satisfies (2.8), and still (2.7). Note also that subsection 4.3 implies that the correcting
term

t
/(u:k(x,O)—u:k(x,l))dxz—/ / Osul p(x, 1) dvdx
2 7 ’ 2Jo ’

is O(e¥*2) together with its time derivative. Hence, when we plug u ek =Up, + O(ek*2) into the
left-hand side of (2.5), we find a error term 6, x whose L* norm is O(e5). O
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6. Error estimate

We shall here prove the error estimate, namely Theorem 2.3. For ease of notation, we drop most of
the subscripts € and write u, A, ug, Ak, S for ug, Ag, Ug g, Ag k., Sk Tespectively. By ||« ||, || - ll2+p
we always mean || - || 220y, || - [| .2+ 7 (g2) Tespectively. In the sequel, we denote by C various positive
constants which may change from places to places and are independent on ¢ > 0.
Let us define the error
R(x,t) :=u(x,t) —ur(x,t).

Clearly || R||peo < 3. It follows from the mass conservation properties (1.5), (2.8), and the initial
conditions (2.10) that

/ R(x.t)dx =0 forall0<t<T, |R(.0)]=0(@*"2). 6.1)
2

We successively subtract the approximate equation (2.5) from equation (2.3), multiply by R and
then integrate over 2. This yields

1d > ) i . )
1 Jo B[R [ rwon
1 / |
+8—2/9(f(u)—f(uk)—f(uk)R)R—/QSkR—E—zA, 6.2)

where
A= A(t) = / [eA(1 —u?)R — eAr(1 — ur®)R]. (6.3)
(9]

Since (f(u) — f(ur) — f'(upr) R)R = —3ux R* — R* = O(R?**?), where p := min(3-, 1), we
have

1 1 1
5 [ (700 ) - £ RIR| < SCIRIETE < SCIRIPIVRI

where we have used the interpolation result [ 14, Lemma 1]. We also have U_Q SkR| < bkl IR =
O(¥) | R]|, so that

d 1
RIS IR < = [ 1VRE 4 [ R
t Q &7 Je
1 1
+ SCURIPIVRI? + OE) R = 4. (64)
We shall estimate A in the following subsection. As mentioned before, this term is the main

difference with the case of a strictly nonlocal Lagrange multiplier: its analogous for equation (1.11)
is (eA — eAg) f_q R which vanishes, see [14].

Since k > max(N, 4) we have k — % > % = m, so that the second estimate in (6.1)
N>
allows to define 7, > 0 by
tri=sup{t > 0,V0 <t <1,||R(,0)|| < (2Cy) /PPy, (6.5)

We need to prove that 7, = T and that the estimate O (g*/?) is actually improved to (9(€k_%). In
the sequel we work on the time interval [0, #.].
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6.1  Error estimates between the nonlocal/local Lagrange multipliers

It follows from (2.9) that the term A under consideration is recast as

A A k+2
U P T G

, 6.6
3 By By k (6.6)

where
A = Ar () := / fui), B = Br(t) := / 1 —ug?, Ex = Ex(t) := / (1 —ug*)R,
Q Q Q
and A, B, E the same quantities with u in place of uy.
LEMMA 6.1 (Some expansions) We have, as ¢ — 0,
Ar = 2a + 0(e?), Br = ¢f + O(&?),
where

N-1
a=at):= /U Zlc,-(s,t)ds/Rpf(Oo(p)) dp, B :=22|U|,
i=1

and
Er = O(Ve|IR]).

Proof. We have seen in Section 5 that ux = u} + O(e¥*2) so it is enough to deal with A}, B} and
E}. The lemma is then rather clear from the expansions of Section 4. We have

v
A = / FWi)(x,0)dx = / F)(x,1)dx + Oe 2v7)
ld(x,0)|<24/¢ ld(x,0)|</e

= / / F(6o(p) + O(e*))eJ*(p, 5. t) dsdp + o(e_z_g)'
U Jlpl<1/ /e

Using J¢(p,s,t) =1+ ¢p ZlNz_ll ki(s,1) + O(?) and f\p\sl/ﬁ f(B0(p)) dp = 0 (odd function),
one obtains the estimate for AZ. The estimate for B,’: follows the same lines and is omitted. Last,
the Holder inequality yields |Ex| < ([o(1 —ux®)?)Y2|R| = O(J/2|R]|) since, again, dx =
eJé(p,s,t)ds dp. O

As a first consequence of the above lemma, it follows from (6.6) that

A A 2
A=2E-2KE + 0@ )R] 6.7)
B By
Next, in view of the above lemma, u = u; + R and ||R| = O(e*/?), we can thus perform the

following expansions

A:Ak+/(l—3uk2)R—3/ ukR2—/ R3
2 2 22

= A +3E -3 /Q ueR? + O(IRIZED).
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since [ R =0,
B! — Bk—l( Zf%:kR 3 f.«;fz)‘l
= (14 R I (e RY o))

and
E=F —2/ u R? + O(|R[512).
2

It follows that, using Ex = O(/||R|)) and Ay = O(e?) (see Lemma 6.1),

AE :AkEk—ZAk/ ukR2+(9(82||R||§i§)+35k2—65k/ ug R?
22 2

+ O(VelRI IRIZEE) — 3Ex /9 ue R2 + O(IR[*) + ORI IRI5EE)
+O(IRIGEEVEIRD + OUIRIZEE IRI?) + ORI

=ArEy + 3Ei> — 9E; /

iR — 245 /Q ueR? + O RIZEE) + O(IRIP),
2

since ||R||§i§ O(|| R||?). Now, using the above expressions, we aim at expandmg SE — ’; Ey.

For the convenience of the reader let us explain how to handle two of the terms appearing in the
computations: the estimates in Lemma 6.1 yield, as ¢ — 0,

2 [oukR IRl

2ot spe —o (L) ociri = oarl)

and

2 R
M(—%Ek/ukzez (” )O(IIIRIIIIRII)
2

By,
\/_ b

the last estimate following from the definition of 7, in (6.5). Using similar arguments to treat other
terms, we obtain
A Ag

Zg_Zkg _B_1[3E —9E/
B B k k k k o

2 Ag
up R+ —Ex 2ur R
By 2
~ 24 [ W R+ ORI + ORI
which in turn implies

AL Ay 3E” — 9% [quk R? + G Ex [ 2uxR
B~ B, *T B

Ag -
_B_/ 2up R? + (| RIZE2) + 0V RIP).
k J2
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Using Lemma 6.1 again, this implies

Ay
A A 3E> + ZEEk [o2ukR 4
ZE_ZkE, = 5 Ek Ja —ZE | 2R
By Br Jo

+O(ElRIZID) + OER]?). (6.8)

The term —‘;—: Jo 2uxk R? is harmless since it will be handled by the spectrum estimate Lemma 6.3.

Let us analyze the fraction which is the worst term. For M > 1 to be selected later, define || R| 7,
| R||5e, the L? norms of R in the tube T := {(x.?) : |d(x.t)| < Me}, the complement of the tube
respectively:

IR||Z :=/ R*(x.0)dx. |R|%. :=/ R2(x, 1) dx.
{ld(x,t)|<Mz¢e} {ld(x,t)|=Me}

Observe that the O(¢) size of the tube allows to write

[ < () ([ #)" < cvaris,

Hence, using Lemma 6.1, cutting [, = [¢ + [, we get

Ay
5B [ 20R| <ColELI(VRIRIs + 1 Rle)
k 2
<CevelExl | Rl + Ce2SE2 + Ce5| R .
As a result
A
3Ek2 + B_]]:Ek fﬂ 2ug R >(3 - C"E‘Z/S)Ek2 - CS\/E|Ek| ”R”T C83/5||R||2
= - Tc
By . g By (6.9)
E " — Ce/elEg| | R||7
> 7 - CPRIFe,
k
for small ¢ > 0. Now, observe that
if |[Ex| = Cee||R| 5
E— CovalEl [RIs = 10, TIEl=CevelR] (6.10)
—C?*’|R|IZ  if |[Ex] < CeJe|R|5.

REMARK 6.2 The above inequality is the crucial one. One can interpret it as follows. Following [8,
Proposition 2], we understand that Ey behaves like the integral on the hypersurface I:

& / R(x,t)do.
d(x,t)=0

If |Ex| = | [o(1 —ux®)R| is large w.r.t. O(e /2| R||5) then Ex*> — Ce/e|Ex|||R||lz = 0, which
has the good sign to control the L2 norm of R. In other words, if the error “intends” at concentrating
on the hypersurface, the situation is quite favorable. On the other hand, if |Ey| = | Jo(—u k2)R|
is small w.r.t. O(e4/¢|| R||3) then we get the negative control —(9(82||R||%—) (after dividing by By)
which is enough for the Gronwall’s argument to work.
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Putting together (6.7), (6.8), (6.9), (6.10) and By = 2+/2|Ule + O(&?), we come to the
conclusion that

A
Az —"/ 2ukR? = C&*|R|3e — C&| RIIG
B Jo (6.11)

3 _
+ O 2R + O RIZED) + OERIP).

6.2 Proof of Theorem 2.3

Equipped with the accurate estimate (6.11), we can now conclude the proof of the error estimate
by following the lines of [14]. Combining (6.4) with (6.11) and using the interpolation inequality
IRI5E2 < CIRIPIVRI?, |Rlx < |R]l and [|R]| = O(¢?) (thanks to the definition of f;), we
discover

d 1 Ay
RI—=IRI<— | IVR?+ ' —=2ui ) R?
IRIGIRT <= [ 1VRE+ 5 [ (/0 + o)
1 1
+ 2CRIPIVRI? + 5 Ce¥| R
+ CIIRI? + ORI

Since £2(— [ VR + & [o(f/(tx) + F=2ur) R?) < =2 VR + C||R||%, we get

d ! A
R|—IIR| < (1-&*)( - VR|? —/ ! Eou )R?
IRIZZIRI < (1 =)( /g| Pt | (a0 + 5 2ui) )
1
— 2| VRI? + 2GR VRI?
1
+€—2C83/5||Rll%c+C||R||2+O(s"—%)||R|| (6.12)
1 Ay
—H( - 2, & / Ak 5
< s)( /9|VR| +82/Q(f(uk)+3k2uk)R)
1 _1
+ 6—2C53/5||R||%—c + C||RI? + O(*2)||R].

in view of the definition of 7, in (6.5). In the above inequality, let us write [, = fT + fo' In the
complement of the tube, observe that

A
[ (7w + Fowe ey = | (77 w) + 09 R,
Te By {ld(x.t|=Me}

is nonpositive if M > 0 is large enough; this follows from the form of the constructed uy, in Section
5 — roughly speaking we have ug(x,1) = 6y (w) + O(e2)— By(£o0) = +1 and
f'(£1) < 0. As a result we collect
d 1 Ak
R|—[R| <(1—&*)(— [ |VR] —/ ! —2ui) R?
IRIG R < (=) (= [9RE+ 5 [ (7w + FE2u) R2)

L C|R|? + O@EF2)|R]. (6.13)
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In some sense, the problem now reduces to a local estimate since the linearized operator —A —
e 2(f (ug) + ‘;—’ZZuk) arises when studying the local unbalanced Allen—Cahn equation

1 A
Dte = Bue + 5 (flwe) = 0 —ue?)),

whose singular limit is “mean curvature plus a forcing term” (see, among others, [2]). To conclude
we need a spectrum estimate of the unbalanced linearized operator around the approximate solution
ug, namely —A — e 2(f'(ug) + g—]’:Zuk). This directly follows from the result of [13] for the
balanced case. For related results on the spectrum of linearized operators for the Allen—Cahn
equation or the Cahn-Hilliard equation, we also refer to [7], [5, 6], [24].

LEMMA 6.3 (Spectrum of the unbalanced linearized operator around uy [13]) There is C* > 0

such that | 4
~ [vre S [ (e + )< et [ w
T e? Jy By T
forall0 <t <T,all0<e<1,allR € Hl(.Q)witthR =0.
Proof. Observe that
B0 (41D) + O(e?) it |d(x,1)] < Ve,

ur(x,t) =
+1 4 Okt if |d(x,1)] = /e

Lemma 6.1 yields g—’; = s% + O(£?) so that we can write f/(uy) + g—’;Zuk = f'(ux), for some

Uy, such that
0o (1) — £20) 6, (45D) 4 O(e2) i [d(x.1)| < Ve,
+1 + 0O(e) if |[d(x,1)| = Ve,

where 6; = 1. In particular [, 61(60")* f”(6o) = [z(60")* f"(60) = 0 (0dd function) so that ux
has the correct shape for [13] to apply: see [4, formula (3.8) and proof of Theorem 5.1], [14, formula
(16)] or [22, Section 4] for very related arguments. Details are omitted. O

ug(x,1) =

Combining the above lemma and (6.13), we end up with
d k 1
—I|IR|| £ C|R Ce“ 2,
IR < C|IR| + Ce
The Gronwall’s lemma then implies that, for all 0 < ¢ < 1,
_1 _1
IRC, )]l < (IRC, 0)]| + £472)eCte = 0(c572),

in view of (6.1). Since k — % > %, this shows that 7, = T and that the estimate O (¢*/?) is actually

improved to O (e _%). This completes the proof of Theorem 2.3. O
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