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In this work we study the evolution of the free boundary between two different fluids in a porous
medium where the permeability is a two dimensional step function. The medium can fill the whole
plane R2 or a bounded strip § = R x (—/2, /2). The system is in the stable regime if the denser
fluid is below the lighter one. First, we show local existence in Sobolev spaces by means of energy
method when the system is in the stable regime. Then we prove the existence of curves such that
they start in the stable regime and in finite time they reach the unstable one. This change of regime
(turning) was first proven in [5] for the homogenous Muskat problem with infinite depth.
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1. Introduction

In this work we study the evolution of the interface between two different incompressible fluids
with the same viscosity coefficient in a porous medium with two different permeabilities. This
problem is of practical importance because it is used as a model for a geothermal reservoir (see [6]
and references therein). The velocity of a fluid flowing in a porous medium satisfies Darcy’s law
(see [3, 23, 24])
Ky = —Vp—go(®)0.1), (L.1)
K (X)

where w is the dynamic viscosity, x(X) is the permeability of the medium, g is the acceleration
due to gravity, p(X) is the density of the fluid, p(X) is the pressure of the fluid and v(X) is the
incompressible velocity field. In our favorite units, we can assume g = p = 1.

The spatial domains considered in this work are § = R2,T x R (infinite depth) and
R x (—m/2,7/2) (finite depth). We have two immiscible and incompressible fluids with the same
viscosity and different densities; p! fill in the upper domain S'(¢) and p? fill in the lower domain
S2(t). The curve

z(a,1) = {(z1(.1), 22 (e, 1)) : @ € R}

(© European Mathematical Society 2014
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is the interface between the fluids. In particular we are making the ansatz that S! and S? are a
partition of S and they are separated by a curve z.

The system is in the stable regime if the denser fluid is below the lighter one, i.e. p> > p'.
This is known in the literature as the Rayleigh-Taylor condition. The function that measures this
condition is defined as

RT(a,t) = —(sz(z(ot, 1) = Vp'(z(a, z))) kz(@.n) > 0.

In the case with k (X) = costant > 0, the motion of a fluid in a two-dimensional porous medium is
analogous to the Hele-Shaw cell problem (see [7, 9, 17, 19] and the references therein) and if the
fluids fill the whole plane (in the case with the same viscosity but different densities) the contour
equation satisfies (see [11])

3tf=

pz—leV/ (8xf(X)—8xf(x—n))nd (12)

27 B2+ (f(x) = flx =)

They show the existence of classical solution locally in time (see [11] and also [1, 15, 16, 20]) in the
Rayleigh-Taylor stable regime which means that p> > p!, and maximum principles for || f(¢)]| oo
and ||dx f(t)||Leo (see [12]). Moreover, in [5] the authors show that there exists initial data in H*
such that ||dx f ||Lec blows up in finite time. Furthermore, in [4] the authors prove that there exist
analytic initial data in the stable regime for the Muskat problem such that the solution turns to the
unstable regime and later no longer belongs to C 4. In [8] the authors show an energy balance for 2
and that if initially ||0x fo||Le < 1, then there is global Lipschitz solution and if the initial datum
has || foll g3 < 1/5 then there is global classical solution. In [10, 27] the authors study the case with
different viscosities. In [21] the authors study the case where the interface reach the boundary in a
moving point with a constant (non-zero) angle.

The case where the fluid domain is the strip R x (—/, /), with 0 < [, has been studied in [14-16].
In this regime the equation for the interface is

b fen =2 leV./ [ (32 f(x) = 3 f (x — 1)) sinh (Z77)
R

81 cosh (371) — cos (%(f(x) — f(x — n)))

(3x f(x) + 9x f(x — 1)) sinh (F7) :|d'7 (1.3)
cosh (371) + cos (%(f(x) + f(x — n)))

For equation (1.3) the authors in [14] obtain the existence of classical solution locally in time in
the stable regime case where the initial interface does not reach the boundaries, and the existence
of finite time singularities. These singularities mean that the curve is initially a graph in the stable
regime, and in finite time, the curve can not be parametrized as a graph and the interface turns to the
unstable regime. Also the authors study the effect of the boundaries on the evolution of the interface,
obtaining the maximum principle and a decay estimate for || f||Lc and the maximum principle for
|0x f |lLee for initial datum satisfying smallness conditions on || dx fo|/zcc and on || fo||zee. So, not
only the slope must be small, also amplitude of the curve plays a role. Both result differs from the
results corresponding to the infinite depth case (1.2). We note that the case with boundaries can also
be understood as a problem with different permeabilities where the permeability outside vanishes.
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o' 2(at)=(z, (o), (eu)

F1G. 1. Physical situation

In the forthcoming work [18] the authors compare the different models (1.2), (1.3) and (1.6) from
the point of view of the existence of turning waves.

In this work we study the case where permeability « (X) is a step function, more precisely, we
have a curve

h(a) = {(hl(a),hz(a)) RS R}

separating two regions with different values for the permeability (see Figure 1). We study the regime
with infinite depth, for periodic and for “flat at infinity” initial datum, but also the case where the
depth is finite and equal to 7. In the region above the curve /(«) the permeability is « (X) = k!,
while in the region below the curve /(c) the permeability is k (X) = 2 # «!. Note that the curve

h(a) is known and fixed. Then it follows from Darcy’s law that the vorticity is
w(X) = (e, 1)8(X — z(a. 1)) + wa(a, 1)§(X — h(w)),

where @ corresponds to the difference of the densities, w, corresponding to the difference of
permeabilities and § is the usual Dirac’s distribution. In fact both amplitudes for the vorticity are
quite different, while 7o is a derivative, the amplitude @, has a nonlocal character (see (1.5), (1.7)
and Section 2). The equation for the interface, when h(x) = (x,—h,) and the fluid fill the whole
plane, is

9 f(x) = Kl(Pz—Pl)PV/ (0 f@) =0 fB) =),
, 21 -+ (f() - £(B)
Loy [ OG- pH0SOU@ Hh) o

2n e (x = B2 + (f(x) + ha)?
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with

@2(x) = Sdp (1.5)

Kkl — k2 kl(p? — pl)P.V./ A f(B)(h2 + f(B))
k% + k! b4 R (x=PB)2+ (—ha— f(B))

If the fluids fill the whole space but the initial curve is periodic the equation reduces to

90 f(x) = Kl(p: - pl)P_V_/ sin(x — B)(0x f(x) — 9x f(B))dp
m T cosh (f(x) — f(B)) — cos(x — B)
+ Lpv (3 f(x) sinh (f (x) + /2) + sin(x — B))w2(B)dB (1.6)
4 cosh (f(x) + hz) — cos(x — B) o
where the second vorticity amplitude can be written as
k(P —pH) ! =2 sinh (h2 + f(B))dx f(B)dB
@2(x) = 2 k! + k2 RVA cosh (hz + f(B)) —cos(x — B) 147

If we consider the regime where the amplitude of the wave and the depth of the medium are of the
same order then the equation for the interface, when the depth is chosen to be /2, is

«! (p? — pl)PV / (395 f(x) — 35 f(B)) sinh(x — B)
A " Jr cosh(x — B) —cos (f(x) — f(B))
! (p? — pl)PV / (3% f(x) + 35 f(B)) sinh(x — B)
4 " Jr cosh(x — B) + cos (f(x) + f(,B))
| @2(B)(sinh(x = B) + 9 f(x) sin (£(x) + h2) )
P.V./
R cosh(x — ) —cos (f(x) + h2)

| @2(B)( = sinh(x = B) + 0 f(x) sin (£(x) —h2) )
+ —P.V./ dp
R

9 f(x) = dp

+ dp

A cosh(x — B) + cos(f(x) — h3) (1.8)
where
K2 —pY) sin (ha + f(B))
@2(x) = KTRV /1; %/ () cosh(x — B) — cos (h2 + f(B)) ap
kl(p? —ph) sin (—h2 + f(B))
—K 2 RV /R 9x f(F) cosh(x — B) + cos (—ha + f(B)) ap
X2 kl(p? —pl) dx f(B) sin (hz2 + f(B))
+ 27 2 Gp, % PV, /R cosh(x — ) —cos (h2 + f(B)) dp
X2 kl(p? —ph) dx f(B)sin (—ha + f(B))
NG 27 G * RV/R cosh(x — B) + cos (— ha2 + f(B)) ap. (19
ith
wit 3«( sin(2h5) )(;)
G (x) _ 87_1 cosh(x)+cos(2h7)
h2,X 1 L? sin(2h3)
+ V2r (cosh(x)+cos(2h2)) (C)

a Schwartz function.
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. . . . 1_,2
REMARK 1 For notational simplicity, we denote ¥ = £ ’;2 and we drop the ¢ dependence.

Kl +

The plan of the paper is as follows: In Section 2 we derive the contour equations (1.4), (1.6)
and (1.8). In Section 3 we show the local in time solvability and an energy balance for the L2
norm. In Section 4 we perform numerics and in Section 5 we obtain finite time singularities for
equations (1.4) (1.6) and (1.8) when the physical parameters are in some region and numerical
evidence showing that, in fact, every value is valid for the physical parameters.

2. The contour equation

In this section we derive the contour equations (1.4), (1.6) and (1.8), i.e. the equations for the
interface. First we obtain the equation in the infinite depth case, both, flat at infinity and periodic.
Given w a scalar, y, z, curves, and a spatial domain £2 = T or £2 = R, we denote the Birkhoff—Rott
integral as

BR(w.z)y = P-V-/Qw(ﬂ)BS(Vl(Ol),Vz(Ol)Jl(ﬁ),Zz(ﬂ))dﬂ, 2.1
where B S denotes the kernel of V-A~1 (which depends on the domain). If the domain is R? we
have :

y—v X— K
BS(x,y,pu,v) =— |- , , 2.2
o =5 (e o) Y
for T x R we have
1 —sinh(y —v) sin(x — u)
BS s Vo M = ) ) 2'3
(%, v, 4, v) 47 (cosh(y —v)—cos(x —u) cosh(y —v) —cos(x — ) 2-3)
and for R x (—/2, /2) the kernel is (see [14])
1 sin(y — v) sin(y + v)
BS s Voo My = —— |- - )
(X, ¥, 4 v) 4 ( cosh(x — ) —cos(y —v)  cosh(x — u) + cos(y + v)
sinh(x — ) sinh(x — p) (2.4)
cosh(x — ) —cos(y —v)  cosh(x —pu) +cos(y +v) /)~
2.1 Infinite depth
2.1.1 Assuming S = R?:. Using the kernel (2.2), we obtain
> 1 > 1
o (x —z(8)) 1 / (¥ —h(B))
= —PV. ———d —PV. ———=dp, 2.5
o) = =PV [ ;g s ap - by [ mp) s @)

where (a,b)*+ = (b, a).
We have

1 @i (o)

> Tz e @ 2O

vE(z(@) = lim v(z(e) £ €dyz (@) = BR(w1,2)z + BR(w2. h)z F

and

1 ()

v¥(h(@)) = lim v(h(@) £edy h(@) = BR(w1. 2)h+ BR(w2. hhF 3 19k (@)

duh(a). (2.7)
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We observe that v+ (z(«)) is the limit inside S! (the upper subdomain) and v~ (z(e)) is the limit
inside S? (the lower subdomain). The curve z () doesn’t touch the curve A («), so, the limit for the

curve h are in the same domain S*.

Using Darcy’s Law and assuming that the initial interface z(o,0) is in the region with

permeability «!, we obtain

(v @) — v (@) - daz (@) = xl(— b (P (e (@) - p+(z(a)))) — K (p? ~ poaz1 (@)

=0—«'(p> = p")az2().

where in the last equality we have used the continuity of the pressure along the interface (see [10]).

Using (2.6) we conclude
w1(@) = —«'(p” — p")daz2(@).

We need to determine w,. We consider

2] = (- e

K K2
= ~du(p™ (h(@) = p* (h(@))
=0,

where the first equality is due to Darcy’s Law. Using the expression (2.7) we have

v 1 1 1
HE (K_z - F) (BR(@1,2)h + BR(w2, )h) - dah(@) + (W i W) o

We take h(a) = («, —h3), with h; > 0 a fixed constant. Then
1
BR(wy, h)h - 0yh = (O, EH(ZUZ)) -(1,0) =0,

where H denotes the Hilbert transform. Finally, we have

—hy — z2(B)

@)~z EP

1
wy(a) = —2XBR(w1,z)h-(1,0) = K;P.V./ w1(B)
R
(see Remark 1 for the definition of X). The identity

/ Iglog (A~ 21(5)” + (B~ 2(p)7) =0,
R

gives us

1 z2(a) — z2(B) z1(a) — z1(B)

and

hi(@) —z1(B)
(o) —z(B)I?

ha + 22(B)

A dp.
h(@) —z(B)P P

1 1
5PV, A daz2(B) dp = 3PV A daz1(B)

1
EP.V./R (=0az2B) %P = ERV'/RB"‘ZI(ﬂ)md

2.8)

2.9

(2.10)
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Thus,
K2 —pY) ha + z2(B)
wa (o) = Kff’-v-/ﬂ%f)azz(ﬂ)mdﬁ
k0t =Y hi(a) —z1(B)
d
" BR(w1.2)z = MPV/ 2@=z21) 5 548
v r 2@ -z P

Due to the conservation of mass the curve z is advected by the flow, but we can add any tangential
term in the equation for the evolution of the interface without changing the shape of the resulting
curve (see [10]), i.e. we consider that the equation for the curve is

0;z(a) = v(a) + c(a, t)0gz ().

Taking c(a) = —v;(a), we conclude

_kMp2=ph z1(a) — z1(B)
= RN [ i et — (s

I (2(a) — h(B)*
* ZP‘V‘/R’”Z“ T —hpr??

+ aaz(a)%P.V. A w2(B)

z2(a) + h2
|z(«) = h(B)I?
By choosing this tangential term, if our initial datum can be parametrized as a graph, we have

d;z1 = 0. Therefore the parametrization as a graph propagates.
Finally we conclude (1.4) as the evolution equation for the interface (which initially is a graph

dp. (2.12)

above the line y = —h;). We remark that the second vorticity (1.5) can be written in equivalent
ways
12 _ 5l
Da(x) = KMP_V./ 90 £ (B) ha + J(B) _dp 2.13)
T R (x=P)? + (=h2— f(B))
12 _ pl —
_ KMP.V./ i _dp (2.14)
T E(x = B2+ (—h2— f(B))

10,2 _ 51
=y [ or0s (097 + (~ha— 18))ap

REMARK 2 Notice that in the case with different viscosities the expression for the amplitude of the
vorticity located at the interface z («) (see equation (2.8)) is no longer valid. Instead, we have

u?+p! )
— | w1.
2

To this integral equation, we add the equation (2.9) or (2.11). Thus, one needs to invert an operator.

This is a rather delicate issue that is beyond the scope of this paper (see [10] for further details in
the case k! = «2).

(5 = )0uza(@) = (1 = ) (BR(, )z + BR(m )2) - 0z(@) +
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2.1.2 Assuming S = T x R.  We have that (2.5) is still valid, but now z; are periodic functions
and z (o + 2km) = z(a) 4+ (2km, 0). Using complex variables notation we have

o1 w1(B) 1 w2(P)
v(x)—%P.V. R)_C'—Z(,B)dﬂ_'_%P'V' Sy

e ™ @k+D)m —@k=D= w1 (B) w1 (B)
= 2ni (P'V' I > (fuk_m e )) Tz T

Changing variables and using the identity

1 2z 1
- ) v (Cs
z + Z z2 — (2km)?  2tan(z/2) 7€

k=1

dp

we obtain

o @1(8) @2(P)
v = 0 (P'V'/T tan((X —z(8))/2) Wb P'V'/T tan((X — 1(B))/2) dﬁ) '

Equivalently,
o1 —sinh (y — z2(B)) w1(B)dB
v(¥) = A (RV/T cosh (y — z2(B)) — cos (x — z1(B))

—sinh (y — h2(B)) @2(B)dp
TRV [ﬂ* cosh (y — h2(B)) — cos (x — hy (.3)))

i sin (x — z1(B)) w1 (B)dp
+ e (RV/T cosh (y — z2(B)) — cos (x — z1(B))

sin (x — h1(B)) w2(B)dB
TRV /T cosh (y - h2(,3)) — cos (x - hl(ﬂ))) .

Recall that (2.8) and (2.11) are still valid if () = (o, —h3) for O < h; a fixed constant. We have

/Taﬁ log (cosh (B — 22(,3)) — cos (A - zl(ﬂ)))dﬂ =0,

thus, the velocity in the curve when the correct tangential terms are added is

_ U2 sin (21(«) = 21(B)) (3az (@) — daz(B))dp
0:z(a) = o (/c (p*—p )P.V./T cosh (2@ = 22(8)) — cos (m1(@) — 1 F))

sinh (zz(oc) + hz) w2(B)dp
+(0az1(e) — I)P-V-/T cosh (z2(a) + ha) — cos (21 () — hl(ﬁ)))

(30,22(01) sinh (z2(a) + h2) + sin (z1 () — Iy (ﬂ)))wZ(ﬂ)dﬂ
/T cosh (z2(a) + hz) —cos (z1(a) — h1(B)) '

+-Lpyv (2.15)

4
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We can do the same in order to write >, as an integral on the torus.

wa () = —2XBR(w1,2)h - (1,0)
_ LKP.V./ sinh (—hy — 22(B)) w1 (B)dp
27 1 cosh (— ha — 22(B)) — cos (h1(a) — z1(B))
_ ! (p> = p") KP.V./ sinh (2 4 22(8))da22(B)d B .
2 T cosh ( —hy— 22(,3)) —cos (hl(oz) — 21(,3))

(2.16)

If the initial datum can be parametrized as a graph the equation for the interface reduces to (1.6),
where the second vorticity amplitude (1.7) can be written as

LKP.V./ sinh (—hy — f(B)) w1 (B)dp
2 1 cosh (—hy — f(B)) —cos(x — B)

wa(x)

_ kl(p? — pl)%PV / sinh (72 4+ f(B))dx f(B)dB 2.17)
2 " Jrcosh (ha + f(B)) — cos(x — B) '

_ MKPV/ sin(x — p)dp (2.18)
2 " Jr cosh (ha + f(B)) — cos(x — B) '

2.2 Finite depth

Now we consider the bounded porous medium R x (—mx/2,/2) (see Figure 1). This regime is
equivalent to the case with more than two k' because the boundaries can be understood as regions
with k = 0. As before,

v(x.y) = PV. /R @1(B)BS (x.7.21(B). 22(8))dp + PV, A @2(B)BS (x. . 11 (B). h2(B))d.

We assume that i(o) = (o, —h2) with O < hy < /2. We have that o is given by (2.8). The main
difference between the finite depth and the infinite depth is at the level of @,. As in the infinite
depth case we have

1o St
0= (72 - /c_l) (BR(w1.2)h + BR(w2. h)h) - 8uh(e) + (W i W) i

where now BR has the usual definition (2.1) in terms of B.S in expression (2.4). In the unbounded
case we have an explicit expression for @, (2.11) in terms of z and %, but now we have a Fredholm
integral equation of second kind:

X w>(B) sin(2h>) _
ma(e) + 5 P.V./R oo B) T cou @iy B = ~2XBR@,2)h - (1,0) (2.19)

After taking the Fourier transform, denoted by ¥ (-)(¢), and using some of its basic properties, we
have

X T sin(2h5)
2 (cosh(x)+cos(2h2)

F(@2)(0) (1 + )(C)) = —2XF (BR(w1.,2)h - (1,0))(0).
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We can solve the equation for @, for any |X| < §(h2) with

V2
8(h2) = min {1, ;’n(m) } (2.20)
maxg )? (cosh(x)+cos(2h2)))
We obtain
wy(a) = —2XBR(w1,2)h - (1,0)
bred sin(2h7)
2%2 s cos| cos(2h (é)
+ 22 BR(w1, 2)h - (1,0) % 5! Coiar), 2.21)

A/ K = sin(2ho)
27 1+ ﬁ& (cosh(x)+cozs(2h2)) (é)

Now we observe that if s(¢) is a function in the Schwartz class, 8, such that 1 + s(¢) > 0 we have

that
(%)
14+ 5(2)

sin(2h5)
7 (et ) ©

X sin(2h5)
1+ \/ﬂ§ (cosh(x)+cozs(2h2)) (g)
Recall here that in order to obtain @, we invert an integral operator. In general this is a delicate

issue (compare with [10]), but with our choice of / this point can be addressed in a simpler way.
Using

€S,
and we obtain

€ S.

Ghy(x) =57

/RB,g log (cosh (x — 21(,3)) =+ cos (y + zz(ﬂ)))dﬂ =0,
and adding the correct tangential term, we obtain
K (p? — ’OI)PV / (0 z () — o z(B)) sinh (z1 (a) — z1(B)) 4B
" Jr cosh (z1 (@) — z1(B)) — cos (z2(a) — 22(B))
K (0 — pl)PV / (9221(@) = az1(B), daz2(@) + o22(B)) sinh (z1 (@) — z1(B))
4 R cosh (z1(a) — z1(B)) + cos (z2(a) + z2(B))
+ %P.V./Rwz(,B)BS(zl(a),zz(a),ﬁ,—hz)d,B

gz ()
+ 41

drz(a) =

4

+ ap

sin(za () + hy)
cosh (21 (o) — ,3) — cos (zz(oc) + hz)

dez (@) sin(z2 () — h12)
R P. A @2(P) cosh (z1(a) — B) + cos (z2() — h2)

If the initial curve can be parametrized as a graph the equation reduces to (1.8) where > is defined
in (1.9).

dp

PV. /R w2 (B)

dg. (2.22)

REMARK 3 If h, = 7/4 by an explicit computation we obtain §(r/4) = 1, thus, any X is valid.
Moreover, we have tested numerically that the same remains valid for any 0 < i, < /2, s0 (1.9)
would be correct for any K.
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3. Well-posedness in Sobolev spaces
3.1 Energy balance for the L? norm

Here we obtain an energy balance inequality for the L2 norm of the solution of equation (1.8). We
define 2! = {(x,y), f(x,t) <y < 7w/2}, 2% = {(x,y).—hy < y < f(x.,t))} and 23 =
{(x.y), —7/2 <y < —ha}.

LEMMA 4 For every 0 < k!, «? the smooth solutions of (1.8) in the stable regime, i.e. p> > p!,
case verifies

! ||U||i2 vllz,
(Rx(=h2,7/2)) L2Rx(=7/2,=h3)) 2
1F @7 +/ + ds = || foll :
L® [ k1(p2 — pl) K2(p2 — pl) L2(R)

Proof. We define the potentials
¢l (x.y.0) =" (p(x.y.0) +p'y). if(x,y) € 21,
¢*(x,y.1) = ' (p(x. y.0) + p*y). if (x,y) € 2%,
P (x.y.0) =K (p(x.y.0) + p°y), if (x,y) € 2°.

We have v! = —V¢' in each subdomain S*. Since the velocity is incompressible we have

0= [ apgady = [ WPy + [ saglas
Qi i 0821

Moreover, the normal component of the velocity is continuous through the interface (x, f(x)) and
the line where permeability changes (x, —/5). Using the impermeable boundary conditions, we only
need to integrate over the curve (x, f(x,?)) and (x, —h5). Indeed, we have

0= —/ [v!2dxdy
01

3.

+K1/ (p(x,f(x,t),t) +p1f(x,t))(—v(x,f(x,t),z) : (axf(x,t),—l)>dx, (3.2)
R

- 224xd
0 /92|v |“dxdy

e /R (p(x, flx.0),1) + pzf(x,z))(— v(x, £ 0),1) - (= O f(x,0), 1))dx

+ k! / (pCx,—ha, 1) — pzhz)(— v(x,—hz,1)-(0,—1))dx, (3.3)
R
0= —/ [v32dxdy
_Q3
+ K2 / (p(x,—ha.,t) — p*ha)(— v(x, —ha,1) - (0,1))dx. (3.4)
R

Inserting (3.4) in (3.3) we get

1
0= —/ 102 2dxdy — K—Z/ [v32dxdy
02 K 03

+K1/R(P(x,f(X,t),t)+,02f(X,t))(—v(x,f(x,t),t).(_3xf(x’t)’1))dx’ (3.5)
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Thus, summing (3.5) and (3.2) together and using the continuity of the pressure and the velocity in
the normal direction, we obtain

1
/ lv|?dxdy + K—Z/ lv|?dxdy = k! /(p2 — o) f(x,0)( =0, f(x,1))dx.  (3.6)
2luN? K= J@3 R

Integrating in time we get the desired result (3.1). o

3.2 Well-posedness for the infinite depth case

Let £2 be the spatial domain considered, i.e. £2 = R or £2 = T. In this section we prove the short
time existence of classical solution for both spatial domains. We have the following result:

THEOREM 3.1 Consider 0 < /5 a fixed constant and the initial datum fo(x) = f(x,0) € H*(2),
k = 3, such that —h, < min, fo(x). Then, if the Rayleigh-Taylor condition is satisfied, i.e. p> —
p! > 0, there exists an unique classical solution of (1.4) f € C([0, T], H*(£2)) where T = T'( fp).
Moreover, we have f € C1([0, T], C(£2)) N C([0, T], C%(£2)).

Proof. We prove the result in the case £2 = R, being the case £2 = T similar. Let us consider the
usual Sobolev space H3(R) endowed with the norm

1A s = 1 2+ 14% 2.
where A = +/—A. Define the energy

E[f]:= 1/ s + 14" [fllzee, (3.7)

with
1

(x =B + (f(x) + h2)*
To use the classical energy method we need a priori estimates. To simplify notation we drop the
physical parameters present in the problem by considering k!(p? — p!) = 27 and X = % The

sign of the difference between the permeabilities will not be important to obtain local existence. We
denote ¢ a constant that can changes from one line to another.

A" fl(x.B) = (3.8)

Estimates on ||wz| 3. Given f(x) such that E[f] < oo we consider w» as defined in (2.13).
Then we have that |5 || z3 < c(E[f] + 1)* for some constants c, k.

We proceed now to prove this claim. We start with the L2 norm. Changing variables in (2.13)
we have

2
lw2l7> < ¢

1S (x = B)(ha + f(x = B))
P.V. /3(0,1) dp

B2+ (hs + f(x = B))’ L
oy / 0 f(x = B)(ha + f(x — B))
B<(0,1)

B2+ (ha + f(x — B))° L
= A; + A,.

2
+c

dp
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The inner term, A, can be bounded as follows

/PV/ dx f(x—ﬂ)(hz+f(x ),
B(0,1) + (ha + f(x = B))
XRV/ 0 f(x =§) (2 + fx =) |
BO.) £ 4 (ha + f(x — E))
< clld"[f11Zee (1 + 1 £ o) 1102 £ 175

In the last inequality we have used Cauchy—Schwartz inequality and Tonelli’s Theorem. For the
outer part we have

N f(x—ﬁ)(h2+f(x A,
4, = | PV. d
A o ey o

va/ e f(x — &) (ha + flx — S))
S JBe) B2 4 (hy+ f(x—§))

dédx

Sc(l+ 11 fllize)*18x £ 1175

where we have used that || 1°° ‘;—Q < oo and Cauchy—Schwartz inequality. We change variables in
(2.14) to obtain
B

=PV d
wz(X) /]R 132 " (h2 " f(_x _ IB))Z :3

Now it is clear that @, is at the level of f in terms of regularity and the inequality follows using
the same techniques. Using Sobolev embedding we conclude this step.

Estimates on ||d"[f]||Le. The first integral in (1.4) can be bounded as follows

(x = B) (3« f(x) = 0x f(B)) J

. < c(E[f] + DF,
B (x—B)2 + (f(x) — f(B)*

LOO

I

/A

for some positive and finite k. The new term is the second integral in (1.4).

/ wa(x — .3)(,3 + 5 f(0) (f(x) + hz)) ip
(f(x) + h2) Loo
1 1
EPV /B(O,l) d’B Loo ‘ EPV /Bt‘(O,l) dIB Loo = At

Easily we have

A1 < cllmallzos [d®[fllzes (1 + 19x f oo (1f 2o + 1)
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We split A, = By + B>

1 / wa(x — B)B n wz(x—ﬁ)ﬂdﬁ

B = —FPV
27 e B2 4 (f(x) + ha)” B?
< clmallzo (I fllzee + 1) + cllHmz | Lo + c[|0x w2l oe,

where H denotes the Hilbert transform. Now we conclude the desired bound using the previous
estimate on || || 3 and Sobolev embedding. The second term can be bounded as

dp < cll@alLoo (|| fllzee + D[dx f oo

1 / w2 (x — B)dx f(x)(f (x) + h2)
2w BC(0,1)

T B2+ (00 + )2
We obtain the following useful estimate
18, fllzoe < c(ELf]+ DF. (3.9)
We have

—3 S (0)2(f(x) + ha)
(B2 + (f(x) + ha)?)?

d
Ed”[f] = < cd"[FUNd" [ f Lo (1f oo + DIIBe £ | Lo

Thus, integrating in time and using (3.9),

1 1 + W)l < A" LF1(0)|peoec T ELITDE

and we conclude this step

< c(E[f] + D

d _ o NP1+ ) e — 11 [£10) || ee
27147 [ llLee = lim p

Estimates on |03 f||2. As before, the bound for the term coming from the first integral in (1.4)
can be obtained as in [11], so it only remains the term coming from the second integral. We have

[ s (@20 = BYB + 0 fX)(f(x) + Do)
h=s /R 9 F(x)PV. /R Bx( PRI )dﬂdx.

For the sake of brevity we only bound the terms with higher order, being the remaining terms
analogous. We have

I, =Js+ Jy+ Js+ Jog + J7 + Lo.t,,
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with

2 B2+ (f(x) + h2)”
_ 1 [ B wa(x — B)dx f(x)(f(x) + h2)
Js = > /Raxf(x)P.v./R (o) 1) dpdx.,

g 2073(x = B)(B + 0 S (£(0) + ) (= /() — h2) 32/ ()
Io= g J 0P| (B> + (f(0) + o)) e

_ [ @ (x = B)(f(x) + h2)d3 f(x)
Js = 5 /R 3% f(x)P.V. /R 1 () i) dpdx,

and
1 4wz (x — B)dx f(x)33 f (x)
J=— | & xP.V./ = dBdx.
1= 5 R e a8
In order to bound J3 we use the symmetries in the formulae (0, = —dg) and we integrate by parts:

_ [y 2 17y d
J3 = > /Raxf(x)P.V./Raxwz(x B)og (,32 n (f(x) +h2)2) dBdx

<clla2 £l 12wl 2 (1d [ oo + 1 [ f1lILoe + 1).

In J4 we use Cauchy—Schwartz inequality to obtain

Jo < c(ld" [ fTzee + DI f L2193 @20 L2195 £ llzoo (I f oo + h2)

The bounds for Js and J7 are similar:

Js < c(ld"[f U7 + DI S I72llwallee (14 195 fllzoe (1f 2o + h2)) (1 f llzee + ha),
Jr < c(ld" [ fllzee + DIS3 £ 172 lwallzee |85 flzoe.

Finally, we integrate by parts in Js and we get

Jo < clly f1I7 (1" [ fTzes + D(I19x@a2llzee ([l fllzos + 1) + @2 llzoe |05 f |Loo)
+ 33 F 1721 [ F oo + Dlw2llzoe [9x fllzee (1f 2o + 1.

As a conclusion, we obtain
d k
7 193 fllz2 < c(ELfT+1)".

Putting all the estimates together we get the desired bound for the energy:

%E[f] < c(ELf] +1)". (3.10)
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Regularization. This step is classical, so, we only sketch this part (see [22] for the details). We
regularize the problem and we show that the regularized problems have a solution using Picard’s
Theorem on a ball in H3. Using the previous energy estimates and the fact that the initial energy
is finite, these solutions have the same time of existence (7" depending only on the initial datum)
and we can show that they are a Cauchy sequence in C([0, T], L?). From here we obtain f €
C([0,T), H5(2)) N L>=([0, T], H3($2)) where T = T(fp) and 0 < s < 3, a solution to (1.4) as
the limit of these regularized solutions. The continuity of the strongest norm H?> for positive times
follows from the parabolic character of the equation. The continuity of || f(¢)| g3 at¢# = 0 follows
from the fact that f(t) — fp in H> and from the energy estimates.

Uniqueness. Only remains to show that the solution is unique. Let us suppose that for the same
initial datum f; there are two smooth solutions /! and f?2 with finite energy as defined in (3.7) and
consider f = f! — f2. Following the same ideas as in the energy estimates we obtain

d
pTACALIEES c(fo. EL/ 'L ELL2DIS Mo

Now we conclude using Gronwall inequality. O

3.3 Well-posedness for the finite depth case

In this section we prove the short time existence of classical solution in the case where the depth is
finite. We have the following result:

THEOREM 3.2 Consider 0 < h, < /2 aconstantand fo(x) = f(x,0) € H¥(R), k > 3, an initial
datum such that || fo||Lec < /2 and —hy < miny fo(x). Then, if the Rayleigh-Taylor condition is
satisfied, i.e. p> — p' > 0, there exists an unique classical solution of (1.8) f € C([0, T], H*(R))
where T = T( fp). Moreover, we have f € C'([0, T], C(R)) N C([0, T], C%(R)).

Proof. Let us consider the usual Sobolev space H 3(R), being the other cases analogous, and define
the energy

Elf1=1fllms + 1d" [ e + Id[f]llzoe. (3.11)
with
1
h _
AP = cosh(x — B) —cos (f(x) + h2)’ (3.12)
and

1
cosh(x — B) + cos (f(x) + f(B))

We note that d”[ f] represents the distance between f and h and d[f] the distance between f
and the boundaries. To simplify notation we drop the physical parameters present in the problem
by considering k'(p? — p') = 4w and X = 1. Again, the sign of the difference between the
permeabilities will not be important to obtain local existence. We write (1.8) as d; f = I1 + I» +
Is + 14, being 11, I, the integrals corresponding w; and I3, I4 the integrals involving w,. We
denote ¢ a constant that can changes from one line to another.

dlf1(x.p) =

(3.13)
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Estimate on | @2 | g3. Given f(x) suchthat E[f] < oo and consider @ as defined in (1.9). Then
we have that || @2 i3 < c(E[f] + 1)¥. We need to bound || J; || 3 and || J2|| g3 with

sin (h2 + f(x — B))
cosh(B) — cos (hy + f(x — B))
sin(—ha + f(x = B))

dp

J1 = P.V./RBxf(x—,B)

J» = —P.V. /R Ix f(x = B) cosh(B) + cos (—h2 + f(x — B)) .
We have
A f(x — B)sin (ha + f(x — B))
Illz2 < | PV. /B(O,l) cosh(B) — cos (h2 + f(x — B)) dﬂ L2

+

PV/ dx f(x = B)sin (h2 + f(x — B))
Jpe,y cosh(B) —cos (h2 + f(x — B))

< clldx fllz2 0" [flllzoe + elldx f Iz,

dp

L2

where we have used Tonelli’s Theorem and Cauchy—Schwartz inequality. Recall that f — h, €
(—2]’12, % — hz), thus

1 1
cosh(x — B) + cos (f(x) — h2) = cosh(x — B) —c(hy)’

and the kernel corresponding to @, can not be singular and we also obtain

1212 < clldx £l 2

Now, as G, x € 8, we can use the Young’s inequality for the convolution terms obtaining bounds
with an universal constant depending on /i, and X. Indeed, we have

1Ghyx * JillL2 < cllJillp2,

and we obtain
|l@2ll> < c(E[f]+ DF.

Now we observe that

_ sinh(B)
h= P'V'/R cosh(B) —costnz + F(x—B) """
_ sinh(f)
BEPY e i p) P

and we obtain |03 J;[|;2 < c(E[f] + 1)*. Using Young inequality we conclude

l@allgs < e(ELFT+ 1)
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Estimates on ||d"[f]||Le and ||d[f]||Le. The integrals corresponding to @ in (1.8) can be
bounded (see [14]) as
\I1 + L| < c(E[f]+ D*.

The new terms are the integrals /3 and /4, those involving @, in (1.8). We have, when splitted
accordingly to the decay at infinity,

Is+ 14 = J3 + Ja,

where
1 w,(x — B) sinh(B) w,(x — B) sinh(B)
/3] < HRV/R cosh(B) — cos (f(x) + h2) ~ cosh(B) + cos(f(x) — ha) ap Lo
< cllmafiee (ld" [flllzee + 1),
and
|t @2 (x — B)dx f(x) sin(f(x) + h2)
|/l < H ERV’ R cosh(B) — cos(f(x) + h»)
@a(x — B)dx f(x) sin(f(x) — ha) dp H
cosh(B) + cos(f(x) — hz) Loo
< clfmallzeo 0x £ 1z (Id" [/ Tlzoe + 1)
We conclude the following useful estimate
190 f oo < c(ELF1+ 1), (3.14)
We have
d i hy)o,
Koy pm— Lt Rl U3 A LY LY AT 1Y
(cosh(x — B) — cos (f(x) + h2))

Thus, using (3.14) and integrating in time, we obtain the desired bound for d"[ f]:

h _ h -
L a1z = fim ML Dl — IOl

lim - < c(E[f] + DF.

To obtain the corresponding bound for d[ f] we proceed in the same way and we use (3.14) (see [14]
for the details).

Estimates on |03 f ||;2.  As before, see [14] for the details concerning the terms coming from @
in (1.8). It only remains the terms coming from w>:

cosh(x — B) — cos(f(x) + hy)
N @3 (B)( — sinh(x — B) + dx f (x) sin(f (x) — hz))) dBdx.

/- / P.V./ P £ (m(ﬁ)(sinh(x = B) + 3x f(x) sin(f(x) + h2))
R R

cosh(x — B) + cos (f(x) - hz)
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We split
I =J;4Jg+ Jo + lLo.t..

The lower order terms (l.0.t.) can be obtained in a similar way, so we only study the terms J;. We
have

I < / / 33 (x)a3 @2 (x — B) sinh(B) chf(x)Biwz(x — p) sinh(B) dBdx

cosh(B) — cos( f(x) + h3) cosh(B) + cos(f(x) — hy)
< |} fll2 103 mall 2 (1" 1]+ 1)),

3 83 F(x)03 w2 (x — B)dy f(x) sin(£(x) + h2)
Jo < / P'V'/ cosh(B) — cos(/(x) 1 h2)
B SOR @ — B S sin(f(x) + ha)
cosh(B) + cos(f(x) — hy)
< clld F 213 wall2 10 f oo (N 1F] + 11).

The term Jg is given by
_1! 3 2 @ (B) sin (f(x) + ha)
-1 A PV, /R 0¢(92/(x)) (Cosh(x e ) )

@>(B) sin (f(x) — h2)
cosh(x — B) + cos(f(x) — hz))d'Bd

dpdx

Integrating by parts

ol < clld3 £ lz2 (1" [ f1llzee + D(ldxmallzee + @2 ]lzool|dx f [lo)
+ el f 21" [F11F oo + Dllwallzee (1 + 195 f llzo)

Regularization and uniqueness. These steps follow the same lines as in Theorem 3.1. This
concludes the result. O

4. Numerical simulations

In this section we perform numerical simulations to better understand the role of w,. We consider
equation (1.6) where k! = 1, p> — p! = 47 and h, = /2. For each initial datum we
approximate the solution of (1.6) corresponding to different X. Indeed, we take different «? to
get X = 357 5.0, 5 and 157

To perform the 31mu1at10ns we follow the ideas in [13]. The interface is approximated using
cubic splines with N spatial nodes. The spatial operator is approximated with Lobatto quadrature
(using the function quadl in Matlab). Then, three different integrals appear for a fixed node x;. The
integral between x;_; and x;, the integral between x; and x; 4+, and the nonsingular ones. In the two

first integrals we use Taylor theorem to remove the zeros present in the integrand. In the nonsingular
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integrals the integrand is made explicit using the splines. We use a classical explicit Runge—Kutta
method of order 4 to integrate in time. In the simulations we take N = 120 and dt = 1073.
The case 1 (see Figure 2 and 3) approximates the solution corresponding to the initial datum

folx) = — (% ~0.000001) ™",
The case 2 (see Figures 4 and 5) approximates the solution corresponding to the initial datum
4 2
folx) = — (E — 0.000001) cos(x2).
The case 3 (see Figure 6 and 7) approximates the solution corresponding to the initial datum

fo(x) = — (% - 0.000001) G2 (% - 0.000001) eG4 mx? 02y,

In these simulations we observe that || f||c1 decays but rather differently depending on X. If
K < O the decay of || f||Lo is faster when compared with the case X = 0. In the case where
K > 0 the term corresponding to @, slows down the decay of || f|L but we observe still a
decay. Particularly, we observe that if X ~ 1 (k? ~ 0) the decay is initially almost zero and then
slowly increases. When the evolution of ||dx f || is considered the situation is reversed. Now the
simulations corresponding to X > 0 have the faster decay. With these result we can not define a
stable regime for X in which the evolution would be smoother. Recall that we know that there is not
any hypothesis on the sign or size of K to ensure the existence (see Theorem 3.1 and 3.2).

Case 1
-0.6

-0.71~ K=999/1001 ||

——— K=-999/1001

-0.81— B

-0.9— —

min_f
x
T
1

1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Time

FIG.2. Evolution of —|| f'|| .o for different K in case 1
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Case 1

—K=0
—K=-13
— K=1/3
K=999/1001
= K=-999/1001

Time

FI1G. 3. Evolution of |0y f||z.oo for different X in case 1

Case 2

— K=0
— K=-1/3
— K=1/3
K=999/1001

04 ——— K=-999/1001||

-06— —

min_f
x

—121- -

1 1
0.05 0.1 0.15 0.2 0.25 0.3 0.35
Time

FIG.4. Evolution of —|| f'|| .o for different X in case 2

5. Turning waves

In this section we prove finite time singularities for equations (1.4), (1.6) and (1.8). These
singularities mean that the curve turns over or, equivalently, in finite time they can not be
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Case 2

—K=0
— K=-1/3
—K=1/3
K=999/1001 []
—— K=-999/1001
o I I I I I 1
] 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Time
FIG.5. Evolution of |0y f|| 7o~ for different X in case 2
Case 3
-0.8
[—
—K=-1/3
e K=1/3
K=999/1001 H
— K=-999/1001
0.05 0.1 0.15 0.2 0.25 0.3 0.35

Time

FIG. 6. Evolution of —|| f|| oo for different K in case 3

parametrized as graphs. The proof of turning waves follows the steps and ideas in [5] for the
homogenous infinitely deep case where here we have to deal with the difficulties coming from
the boundaries and the delta coming from the jump in the permeabilities.
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Case 3

— K=0
—K=-1/3
K=1/3
K=999/1001 ||
= K=-999/1001

g, fil -

1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Time

FI1G.7. Evolution of |0y f||z.o~ for different ¥ in case 3

5.1 Infinite depth
Let £2 be the spatial domain considered, i.e. £2 = R or 2 = T. We have

THEOREM 5.1 Let us suppose that the Rayleigh-Taylor condition is satisfied, i.e. p> — p' > 0.
Then there exists fo(x) = f(x,0) € H3(£2), an admissible (see Theorem 3.1) initial datum, such
that, for any possible choice of k!, k2 > 0 and h, >> 1, there exists a solution of (1.4) and (1.6) for
which lim; 7+ ||0x f(t)|| oo = oo in finite time 0 < T* < oo. For short time ¢ > T* the solution
can be continued but it is not a graph.

Proof. To simplify notation we drop the physical parameters present in the problem by considering
k'(p? — p') = 2m. The proof has three steps. First we consider solutions which are arbitrary
curves (not necessary graphs) and we translate the singularity formation to the fact d,v;(0) =
0;04,21(0) < 0. The second step is to construct a family of curves such that this expression is
negative. Thus, we have that if there exists, forward and backward in time, a solution in the Rayleigh-
Taylor stable case corresponding to initial data which are arbitrary curves then, we have proved that
there is a singularity in finite time. The last step is to prove, using a Cauchy-Kovalevsky theorem,
that there exists local in time solutions in this unstable case.

Obtaining the correct expression. Consider the case £2 = R. Due to (2.12) we have

000:z1() = 11 + I + I3,
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where

nie) = a,pv. | 272D 4 @) — duzi(a — B,

R |z(a) —z(ax — B)|

I(a) = aa%P.V./sz(a —-pB)

—z5(a) — ha
|2(@) = h(e - B)|?
za(a) + ha )
sdp | .
|2(ar) — (@ — B)]

I3(00) = g (80,21(0()%P.V./sz(a -B)

Assume now that the following conditions for z («) holds:

e z; () are odd functions,

® 0,21(0) =0,0qz1(xx) > 0 Va # 0, and 942, (0) > 0,

o z(x) # h(a) Va.

The previous hypotheses mean that z is a curve satisfying the arc-chord condition and dy z (0) only
has vertical component. Due to these conditions on z we have dz1(0) = 0 and 92z is odd (and
then the second derivative at zero is zero) and we get that /3(0) = 0. For I; we get

5 2 2
1,0) = RV/ 8a21(ﬂ)21(f) + (8a21(2ﬁ)) dp - 2P.V./ (3a212(/3)21(ﬁ)) -
2 (@) + (22(8) (@ ®) + (@0))
N 2P.V./ 3a21(.3)21(.3)22(2,3)(3a22(0)2—i)aZz(.B)) dp.
§ ((z18)* + (-2(8)?)
We integrate by parts and we obtain, after some lengthy computations,
*  0az1(B)z1(B)z2(B)
11(0) = 40¢z2(0)P.V. (5.1
1 w0e | (@) + (22(8)) )2
For the term with the second vorticity we have
1 g2 (—P)h2 1 —w2(—B)0az2(0)
L (2w BBy, 1 [z ()@ (=) (—hD)
e e R R
and, after an integration by parts we obtain
_ 0a22(0) ® (w2 (B) + w2(—P)) B>
1,(0) = — > P.V./0 EENEE dp. (5.2)
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Putting all together we obtain that in the flat at infinity case the important quantity for the singularity
is

8av1(0) = 8422(0) | 4PV, / N a”‘zl(ﬂz 1) 2 >
° (B) + (=)
1 * (w2(B) + 2(—p)) B>
_EP.V./0 T h%)z d,B) , (5.3)
where, due to (2.11), @, is defined as

(h2 + 22(¥)) 8a22(y)
= 2XP.V. 5.4
72 A (h2 + Zz()’))2 + (B - 21()’))2 e

We apply the same procedure to equation (2.15) and we get the important quantity in the periodic
setting (recall the superscript p in the notation denoting that we are in the periodic setting):

™ 9oz1(B) sin (z1(B)) sinh (22(B))

807 (0) = aazZ(O)( / 24P
0 (cosh (22(B)) —cos (z1 (,3)))
1" (@) + ol (=B)(—1+ cosh(hz) cos($)) d,B), (5.5)
4 Jo (cosh(hz) — cos(B))
and, due to (2.16),
oo sin (B — z1(y))daz1(y)
w5 (B) = K/T cosh (h2 + Zz(J/)) — cos (,3 — Zl(y)) (5.6)

Taking the appropriate curve. To clarify the proof, let us consider first the periodic setting. Given
1 < h,, we consider a, b, constants such that 2 < b < a and let us define

z1(x) = a — sin(w),

and )
sin(aw) F0<a< i
a ~ ~ as
- —(x/a)
Sin (” (ﬂ%f(z/b)) A
b b’
z(e) = (—h2/2) ] T <q< ™ (5.7)
z_3 ( b) b 2
—hy/2 1
_(%_%)(a—n+z) 1f—§a<7r1—5),
1
0 ifn(l——)sa
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FIG.8. z2in (5.7) fora = 5,b = 3,hy = /2

Due to the definition of z,, we have

]’lz 3h2
—<h < —,
> 2+ 22(a) )

and using (5.6), we get
4

Inserting this curve in (5.5) we obtain
9 vP(0) < I, + I + 112
A ~ fa b 2
with
; /”/" (1 —cos(B)) sin (B — sin(B)) sinh (@)
a= ) 2
0 (cosh (“n(a—”ﬁ)) —cos (B — sin(ﬂ)))

dap.

T
2 b

7 /b+)/3 (cosh ((‘%hi/%z)(ﬂ - %)) —cos (f - Sin(ﬂ)))z

/(2n—n/b)/3) (1 —cos(p)) sin (B — sin(B)) sinh (— (_%hfﬂ%z) (¢ — 7+ %))
/2 (cosh(— (%(a—n + %))) — cos (,B—Sin(ﬂ)))z

h2
I,°> =

7/2 1 — cos(B)) sin (B — sin(B)) sinh ( (F2222) (B — Z
- ( Jsin )simn ((2)(6 ~3)

dp,
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and 12h 2 is the integral involving the second vorticity wf . We remark that /, does not depend on

hy. The sign of 1 Ifl 2 is the same as the sign of z5, thus we get [ Ifl 2 < 0 and this is independent of the
choice of @ and /,. Now we fix b and we take /, sufficiently large such that
27 1 4 cosh(hy)

h h h
L2+ 1> <72 0.
bt bt cosh(hy/2) — 1 (cosh(hy) — 1)2 =

We can do that because
cp sinh(h,/3)

(cosh(hz/Z) + 1)2

< |12

or, equivalently,
cp sinh(h3/3) 27 1 4 cosh(hy)
(cosh (hp/2) —1)>  cosh(h2/2) =1 (cosh(hy) — 1)°

I+ =2+ 12 < - <0,
if K, is large enough. The integral I, is well defined and positive, but goes to zero as a grows. Then,
fixed b and 5 in such a way I;z +I2h2 < 0, we take a sufficiently large such that I, +I:2 +12h2 < 0.
We are done with the periodic case.

We proceed with the flat at infinity case. We take 2 < b < a as before and 0 < § < 1 and define

z1(a) = o — sin(a) exp(—a?), (5.8)
and ]
sin(aa) 0 <0< n
a ~ ~ a £
: —(r/a)
S (” (ﬂ%f(z/b)) ¢ o
if—<oa<—,
b b
Z2(a) = —hj (a _ E) il <a<l (5.9
z_z b b~ 2’
—(_hg>(a—n+—) lf—\()l<7t<1—l)
i3 b L
0 it (1- E) <a.
We have

hy —h < hy + 25(B) < hy + 1,

and we assume 1 < h, — hg. Inserting the curve (5.8) and (5.9) in (5.4) and changing variables, we
obtain

hy + WS (2 — )"
|wz(ﬁ)|<2P.V-/ (o 1 1Mz (5~ 5) s 4.
R (hy —h3)? + (y —sin(B — y)e=(B—1)?)
We split the integral in two parts:
hy + h3)nd (2 — z)7! -1
lezp.v./ (ha + W) (5 = §) zzdysShg(Z_Z) ,
B(0,2(ha—h3)) (ha — h3)2 + (y — sin(B — y)e~(B-7)?) 2 b
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and .
(ha + h)h5 (5 = %)

Jo = 2P.V. / 2
Be(0,2(h2—h3) (hy — h3)2 + (y — sin(B — y)e~(B-7)?)

dy.

We have

o0
1
Ky =PV. / 4
1 2t (2 — I3)2 + (y — sin(B — p)e=B—17)2"

o0
1
-~ | .
2(ha—h8) (hy — hg)z + y2 =2y sin(B — )/)e—(ﬁ—y)z

o0
1
SPV. / . dy.
2(hy—hS) (ha — hg — )2 4+ 2y(hy — hg —sin(B — y)e—B-1?)
and using that A5 is such that 1 < hy — hg, we get
* 1 1
K, <PV —de = —.
2(hy—h3) (ha —h3 —y)? ha — I
The remaining integral is
—2(hy—h3) 1
K, =PV. / s3dy
—oo (h2 = h§) + (y —sin(B — y)e~F=77?)
—2(ha—h9) 1
<PV. d
/—oo (ha —h8)2 + y2 — 2y sin(B — y)e=B-1)? Y
—2(hy—h3) 1
<PV dy,
/—oo (ha —hS + y)? — 2y (ha — hS + sin(B — y)e=(B-1)%) v

and using that A5 is such that 1 < hy — hg, we get

~2(h2—h3) 1 1
K2$P.V./ —de: —-
—00 (hy — hz + V)z hy — hz
Putting all together we get
-1
nead(5-7)
2 b
and .
s (T TN\T

Using this bound in (5.3) we get

2] <3057 (5 - %)_1 .

Then, as before,
dav1(0) < I, + I + 1)2,
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where I, ]:z are the integrals /1(0) on the intervals (0, w/a) and ((z/b + 7)/3, 2x — 7 /b)/3),
respectively. We have

2h8
Ch
3(hy)*

< |12

thus,

24530 w1
h h h h X 2 §—1
I+ 1,° = =17 | + 1,7 < —cp 3 + 3hy (—2——b) .

To ensure that the decay of 12h 2 is faster than the decay of I ;’ 2 we take § < 1/4. Now, fixing b, we

can obtain 1 < /1, and 0 < § < 1/4 such that 1 < hy — 1% and Ibh2 + 172 < 0. Takinga >> b we
obtain a curve such that d,v;(0) < 0. In order to conclude the argument it is enough to approximate
these curves (5.7) and (5.9) by analytic functions. We are done with this step of the proof.

Showing the forward and backward solvability. At this point, we need to prove that there is a
solution forward and backward in time corresponding to these curves (5.7) and (5.9). Indeed, if this
solution exists then, due to the previous step, we obtain that, for a short time ¢ < 0, the solution is
a graph with finite H3(£2) energy (in fact, it is analytic). This graph at time = 0 has a blow up
for ||dx f ||Leo and, for a short time ¢ > 0, the solution can not be parametrized as a graph. We show
the result corresponding to the flat at infinity case, being the periodic one analogous. We consider
curves z satisfying the arc-chord condition and such that

| llim |z(a) — (a,O)‘ = 0.

We define the complex strip B, = {¢ +i£,¢ € R, |§] < r}, and the spaces
X, = {z = (21, z2) analytic curves satisfying the arc-chord condition on B, }, (5.10)

with norm

1212 = 120) ~ . 0325,

where H3(B,) denotes the Hardy—Sobolev space on the strip with the norm
12 12
191 = % [ s rifas+ [ [0+, (511
+

(see [2]). These spaces form a Banach scale. For notational convenience we write y = o« £ ir,
y" = a £ ir’. Recall that, for 0 < r’ < r,

C

r—r’

9a - l2z,) < -2, (5.12)
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We consider the complex extension of (2.11) and (2.12), which is given by

Btz(y)zp.v./ (21(3/)—21()/_:3))(3a2()/)—3a2()/_,3))2dﬁ

2 (210) =21y = B) + (22() = 227 = B)
L
. LP.V./ o (y —,3)(2()/2) —h(y = B)) i
27 R (z1(y) = (y — B))” + (z2(y) + h2)

1 (z2() + h2)w2(y — B)
+ 0o ( )_P'V'
T /1; (210) = (7 = B))’ + (22(y) + h2)

SdB. (5.13)

with

(ha + z2(y — B))daz2(y — B)
=2KPV.
72 /R (y—z1(y — ,3))2 + (h2 + z22(y — B))

Recall the fact that in the case of a real variable graph @, has the same regularity as f, but in the
case of an arbitrary curve @y is, roughly speaking, at the level of the first derivative of the interface.
This fact will be used below. We define

Sdp. (5.14)

_ ,82
d[z](y, B) = , (5.15)
(210) =21y — B)’ + (22(¥) — 22(y — B))°
2
A" (. ) = L+ h (5.16)

)= =B) + (20) + 1)

The function d ~ is the complex extension of the arc chord condition and we need it to bound the
terms with 7. The function d” comes from the different permeabilities and we use it to bound
the terms with @,. We observe that both are bounded functions for the considered curves. Consider
0 < r’ < r and the set

Or = {z € X, such that |||, < R, [[d"[z]|L@,) < R, |d"[z]|L>@,) < R},

where d ~[z] and d"[z] are defined in (5.15) and (5.16). Then we claim that, for z, w € Og, the
right-hand side of (5.13), F : Or — X, is continuous and the following inequalities holds:

Cr
IFz) 3,y < m”zllr, (5.17)

Cr
IF[z] = Flwllg3,) < p—— Iz —wllg3m,) (5.18)
sup  |F[z](y) — F[z](y — B)| < CrIBI. (5.19)

y€B,,BER

The claim for the spatial operator corresponding to @ has been studied in [5], thus, we only deal
with the new terms containing ;. For the sake of brevity we only bound some terms, being the
other analogous. Using Tonelli’s theorem and Cauchy—Schwartz inequality we have that

h
l@2l2@,) < clld®[zlllzee (1 + 12220 5,) 19222l 28, ) -
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Moreover, we get
l@2l 52,y < CrlZ|r- (5.20)

For 02 @, the procedure is similar but we lose one derivative. Using (5.12) and Sobolev embedding

we conclude
Cr

r—r’
From here inequality (5.17) follows. Inequality (5.18), for the terms involving ', can be obtained
using the properties of the Hilbert transform as in [5]. Let’s change slightly the notation and write
w5 [z](y) for the integral in (5.14). We split

— (2l =) = malvly’ =B () = hy' =)
R (10 = (' = B)” + (2207) + ha)
- / ] = B) (0 —h(y' = ) = (e = h(y' = ))") "
e (A0 =@ =B) + (207 + ho)’
dh /, _ dh /’
v A; ool — B — by — pyt LE B = d el B

1+ B2
= By + B + Bs.

@2l m3@,,) < Izl (5.21)

1
dp

B

In B3 we need some extra decay at infinity to ensure the finiteness of the integral. We compute

h h
% |(1+ B)(z1 —w1) + 22 —wz| < CR|Z—U)|%s

and, due to Sobolev embedding, we get

|d"[z] — d"[w]| < Cgr

Cr
B3l 2@,) < Crll@2[w]li 2@,z — wilLeo,) < mﬂz — Wl g3m,)-

For the second term we obtain the same bound

R
I B2llL2@,) < Crllw2[w]liL 2@, )z — wilLee, ) < py z —wla3@,)-

r—
We split By componentwise. In the first coordinate we have
PV / (w2[z](y) = B) = 2wy’ = B)) (= 22(¢') = h2)
o / / 2 / 2
R (Zl(V)—(V —,3)) +(22(V)+h2)

< Crl|m2[z] — wa[w]l L2, )-

IC 2@, = dp

L2(B,/)

In the second coordinate we need to ensure the integrability at infinity. We get

C, = PV. / (wlz](y' = B) — W2[wi(y’ —B)(z21(¥) - Y),
2 (200 = 0= B) + (20) + i)
Bdh[z] 1 )dﬁ

+ P.V-/l; (@2[21(y' = B) — w2 [w](v' ~ ﬁ))<1 +52 B

+ Hw,[z](y') — Hoz[w](y),
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and, with this splitting and the properties of the Hilbert transform, we obtain

1C2ll 12,y < Crllmalz] — walwlll g, ).

We get
w2[z] — waw] = C3 + C4 + Cs,
where
Ca = 2% RV/ (z2(y — B) — w2y — B))daza(y — B) 7,
Ry =B+ (h+2py-p)
Cu = 2K P.V./ (h2 + w2y — B))(daz2(y — B) — daw2(y — B)) ip
B (y—2p=B) + (ha+ 2 -B)’ ’
and

d"z)(y — B.—P) — d"[w](y — B.—P)
1+ p2

Cs = 2K PV, /R (hy + w2y — B)dawa(y — B) dp.

From these expressions we obtain
ICsllL2,,) < Crllz = wlizoe 13az2llL2s, ).
ICallz2m, ) < CrlI0a(z — w12, ).
and
ICsllL2@,,) < Crllz = wlizoe 13az2ll L2, ).
Collecting all these estimates, and due to Sobolev embedding and (5.12) we obtain

Cr

| By ||L2(B,.,)m||2 — W g3,

We are done with (5.18). Inequality (5.19) is equivalent to the bound |9;0qz| < Cr. Such a bound
for the terms involving @, can be obtained from (5.16) and (5.20). For instance

1
- by =PI = hy=p)*
5 (210) = (= B) + (22() + )

() —h(y — )™ )
—PV. | w(y —B)d dp
/‘; 2 ! ((21()/) —=P) + (22(y) + ha)?
< Crlm2llg2 @, ld" 2]l

The remaining terms can be handled in a similar way. Now we can finish with the forward and
backward solvability step. Take z(0) the analytic extension of z in (5.9) ((5.7) for the periodic
case). We have z(0) € X, for some ro > 0, it satisfies the arc-chord condition and does not reach



LOCAL SOLVABILITY AND TURNING FOR THE INHOMOGENEOUS MUSKAT PROBLEM 207

the curve h, thus, there exists Ro such that z(0) € Og,. We take r < ro and R > Ry in order to
define Og and we consider the iterates

t

Zn+1 = z(0) +/o Flzy]ds, zo = z(0),

and assume by induction that z; € Op for k < n. Then, following the proofs in [5, 14, 25, 26], we
obtain a time Tcg > O of existence. It remains to show that

ld ™ zas1lllzoo@,)s A" (zZns1lllLoo,) < R,

for some times T4, Tp > 0 respectively. Then we choose T = min{T¢ck, T4, Tp} and we finish the
proof. As d ~ has been studied in [5] we only deal with d”. Due to (5.17) and the definition of z(0),
we have

_ 1
(d*zna)) " > — = Cr(> + 1),
Ry
and, if we take a sufficiently small T we can ensure that for t < Tp we have d h[z,H_l] < R. We
conclude the proof of the Theorem. o

We observe that in the periodic case the curve z is of the same order as /5, so, even if i, >> 1,
this result is not some kind of linearization. The same result is valid if X << 1 for any &, (see
Theorem 5.2). Moreover, we have numerical evidence showing that for every |X| < 1 and h, = /2
(and not h, >> 1) there are curves showing turning effect.

NUMERICAL EVIDENCE 5 There are curves such that for every |X| < 1 and h, = 7/2 turn over.
Let us consider first the periodic setting. Recall the fact that 7, = 7/2 and let us define

sin(3a)

z1(a) = a —sin(e), z(x) = — sin(a) (e_(“+2)2 + e_(“_z)z) fora € T. (5.22)

Inserting this curve in (5.5) we obtain that for any possible —1 < ¥ < 1,
11(0) + [12(0)] <.

In particular
a7 (0) = 11(0) + 12(0) < 1,(0) + [12(0)] < 0.

Let us introduce the algorithm we use. We need to compute

o m
aav{’(O):/ &1+/ %,
0 0

where {; means the i-integral in (5.5). Recall that &; is two times differentiable, so, we can use
the sharp error bound for the trapezoidal rule. We denote dx the mesh size when we compute the
first integral. We approximate the integral of &; using the trapezoidal rule between (0.1, 7). We
neglect the integral in the interval (0, 0.1), paying with an error denoted by |E},(,| = O(1073). The

dxz(:'sz—O.l) ||agl&

trapezoidal rule gives us an error |E Il| < 1]lzee. As we know the curve z, we can

bound 32&1. We obtain

—0.1
|E}| < dxz%los
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We take dx = 1077, Putting all together we obtain
|EY| < |Epy| + |Ej |+ <30(107%) = 0(1072).

Then, we can ensure that
22(0) / daz1(B) sin (z1(B)) sinh (22(.3))

dB < —0.7+ |E!| < —0.6. (5.23)
cosh (22(B)) — cos (z1 (,3)))

We need to control analytically the error in the integral involving wf . This second integral has the
error coming form the numerical integration, E 12 and a new error coming from the fact that w5 is

known with some error. We denote this new error as E2,. Let us write dx the mesh size for the
second integral. Then, using the smoothness of {,, we have

~ 2 ~ 2

dx dx
E?l < — < —.50.
|ET| < 16 @ |l c2 1

We take dx = 107%. It remains the error coming from wzp . The second vorticity, w{ , is given by

the integral (5.6). We compute the integral (5.6) using the same mesh size as for I, dx. Thus, the
errors are
|E5| <0107,

Putting all together we have
|E?| < |EF| + |ES| < 0(107%),
and we conclude
9a22(0) /” (w7 (B) + @5 (=B)) (= 1 + cosh(hz) cos(B))
(cosh(ha) — cos(p))’

Now, using (5.23) and (5.24), we obtain 80[1){J (0) < 0, and we are done with the periodic case. We
proceed with the flat at infinity case. We have to deal with the unboundedness of the domain so we
define

dB| < 0.1 +|E?| <02. (5.24)

z1(a) = a — sin(a) exp(—a?/100), z(a) =

sin(3a . _ (o—
(3 ) — sin(a) (e (@+2)? +e @ 2)2) 1ga|<x}-

(5.25)
Inserting this curve in (5.3) we obtain that for any possible —1 < X < 1,

11(0) + [12(0)] <.

Then, as before,
0av1(0) = 11(0) + 12(0) < I1(0) + [12(0)| < 0.

The function z5 is Lipschitz, so the same for &, where now &; are the expressions in (5.3) and the
second integral /5 is over an unbounded interval. To avoid these problems we compute the numerical

approximation of
w—dx L>
/ & + / 8.
0.1 0
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Recall that @, is given by (5.4) and then, due to the definition of z;, we can approximate it by
an integral over (0, 1 — dx). The lack of analyticity of z, and the truncation of /,(0) introduces

two new sources of error. We denote them by E 212 and EZ. We take dx = 1077,dx = 107* and
L, = 27. Using the bounds z1 < 7, dqz1 < 2 and z5 < i, we obtain

7w
[
w—dx

(h2 4+ max, |z2(y)|) maxy [9az2(y)|
miny (h2 + 2(1))* + (B —21(1)°
_ 432 B
h min, (hz + 22()/))2 +(B- Zl(J/))2 -

and we get C(8) < C(L») for B > L,. Using this inequality we get the desired bound for the
second error as follows:

|EL| < <dx-02-47><8-107".

We have

|m2(B)| < 4n

CB).

|IC(L2)| [ B> _4n-3-2
2 ~
T L, (,32 + (%)2) 10

The other errors can be bounded as before, obtaining,

.0.05<4-1071,

|Eg| <

|EY) < |Epyl+|Ef| + |EL| = 0(1072),
|E?| < |EZ| + |EF| + |E2| = 0.42.

We conclude

9 22(0) - 4PV, /oo 9a21(P)21(P)22(F) dB < —0.7+|E'| <—0.6,  (526)

° (@) + (28)°)

and

<0.02+ |E? <0.5. (5.27)

‘ Loy /oo (@2(B) + w2(—P)) B> 48
0

2 (B> + h3)?

Putting together (5.26) and (5.27) we conclude d,v1(0) < 0.
In order to complete a rigorous enclosure of the integral, we are left with the bounding of
the errors coming from the floating point representation and the computer operations and their

propagation. In a forthcoming paper (see [18]) we will deal with this matter. By using interval
arithmetics we will give a computer assisted proof of this result.

5.2 Finite depth

In this section we show the existence of finite time singularities for some curves and physical
parameters in an explicit range (see (5.30)). This result is a consequence of Theorem 4 in [14]
by means of a continuous dependence on the physical parameters. As a consequence the range of
physical parameters plays a role. Indeed, we have
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THEOREM 5.2 Let us suppose that the Rayleigh-Taylor condition is satisfied, i.e. p> — p! > 0,
and take 0 < hp < 7Z. There are fo(x) = f(x,0) € H 3(R), an admissible (see Theorem
3.2) initial datum, such that, for any |X| small enough, there exists solutions of (1.8) such that
limy—, 7+ ||0x f(¢)||Lee = 00 for0 < T* < oo. For short time ¢ > T* the solution can be continued

but it is not a graph.

Proof. The proof is similar to the proof in Theorem 5.1. First, using the result in [14] we obtain a
curve, z(0), such that the integrals in dqv1(0) coming from w; have a negative contribution. The
second step is to take K small enough, when compared with some quantities depending on the curve
z(0), such that the contribution of the terms involving , is small enough to ensure the singularity.
Now, the third step is to prove, using a Cauchy-Kovalevsky theorem, that there exists local in time
solutions corresponding to the initial datum z(0). To simplify notation we take k! (p? — p') = 4.
Then the parameters present in the problem are /4, and X.

Obtaining the correct expression. As in [14] and Theorem 5.1 we obtain
0qv1(0) = 0;021(0) = I1 + 12,
where
> 9q21(B) sinh (z1(B)) sin (22(B)) 4 daz1(B) sinh (z1(B)) sin (Zz(ﬁ))d

2 2 :3’
(cosh (z1(B)) — cos (22(,3))) (cosh (z1(B)) + cos (22(,3)))

I = 23a22(0)/
0

and

I = 9022(0) [ @2(=p)(— cosh(B) cos(hz) + 1)
4 R (cosh(ﬂ) — cos(hz))2
N 9422(0) / @2 (—B)( — cosh(B) cos(hz) — cos?(h2) + sin®(h2))
4 Jr (cosh(B) + cos(hz))2

dp

dp.

Taking the appropriate curve and X. From Theorem 4 in [14] we know that there are initial curves
wo such that I; = —a?, a = a(wp) > 0. We take one of this curves and we denote this smooth,
fixed curve as z(0). We need to obtain X = X(z(0), /») such that d4v1(0) = —a® + I, < 0. Asin
(5.16) we define

h . cosh?(B/2)
WD) = om0 — (7 = B) — cos (22 + o) 029
and
2
). B) = cosh (£/2) (5.29)

cosh (zl(y) —(y— ,3)) + cos (22()/) — hz) '

From the definition of /5 it is easy to obtain

12| < C(h2)0az2(0) 2| Lee.
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where

Clh) = -

(cosh(B) — cos(hz))2 4m Je  (cosh(B) + cos(hz))2

1 / cosh(fB) cos(hy) + 1 J 1 cosh(f) cos(hy) + Cos(2h2)d
R

From the definition of @, for curves (which follows from (1.9) in a straightforward way) we obtain

K
lmallzoe < 8Kldaz2llzoe (IdF o + A1) Ios ) (1 + E”Ghz,K”Ll) -

Fixing 0 < h, < 7/2 and collecting all the estimates we obtain

2] < C(h2)80az2(0)Kl|daz2llzo0 (Il ]Iz + A2 ] e ) (1 +—— sup ||Gh2,x||u) :
<1

K
V21 x|

Now it is enough to take

(C12)80uz2(0) |daz2 <) "a?

X1(2(0). h2)] < — p " , (5.30)
(I 1z + a2 (zzee) (1 + A= suppgiey 1Gas e )
to ensure that dy v1(0) < O for this curve z(0) and any |X| < |X1(z(0), h2)].
Showing the forward and backward solvability. We define
_ sinh?(8/2)
d~[z](y.B) = , (5.31)
cosh (z1(y) — z1(y — B)) — cos (22(y) — z2(y — B))
and .
cosh 2
I EN ) = (F/2) (532)

cosh (21()/) —z1(y — ,3)) + cos (ZZ(V) —2z2(y — ,3)) .

Using the equations (5.28), (5.29), (5.31) and (5.32), the proof of this step mimics the proof in
Theorem 5.1 and the proof in [14] and so we only sketch it. As before, we consider curves z
satisfying the arc-chord condition and such that

‘ l‘im |z(a) — (o, 0)] = 0.

We define the complex strip B, = {¢ + i, ¢ € R, || < r}, and the spaces (5.10) with norm (5.11)
(see [2]). We define the set

Or = {z € X, such that ||z||, < R.[|d " [z]l|lLeeB,) < R.[ld T [z]l|Loos,) < R.
Id2[Z]|zoo s,y < R, 1d2[2]lLoos,) < R}

where dih [z] and d *[z] are defined in (5.28), (5.29), (5.31) and (5.32), respectively. As before, we
have that, for z, w € Og, complex extension of (2.22), F : Or — X, is continuous and the



212 L. C. BERSELLI, D. CORDOBA AND R. GRANERO-BELINCHON

following inequalities holds:

Cr
r—r’
Cr
[ Flz] = Flwlllg3,) < m”z —w| g3,

sup |F[z](y) — Flz](y — B)| < CrIBI.
yEB,,BER

||F[Z]||H3(]B§r/) < ”Z”rs

We consider
t

Zn+1 = z(0) +/O Flzylds, zo = z(0).

Using the previous properties of F we obtain that, for T = T(z(0), R) small enough, z" ™! € Og,
for all n. The rest of the proof follows in the same way as in [25, 26]. o
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