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We extend basic regularity of the free boundary of the obstacle problem to some classes of
heterogeneous quasilinear elliptic operators with variable growth that includes, in particular, the
p(x)-Laplacian. Under the assumption of Lipschitz continuity of the order of the power growth
p(x) > 1, we use the growth rate of the solution near the free boundary to obtain its porosity, which
implies that the free boundary is of Lebesgue measure zero for p(x)-Laplacian type heterogeneous
obstacle problems. Under additional assumptions on the operator heterogeneities and on data we
show, in two different cases, that up to a negligible singular set of null perimeter the free boundary is
the union of at most a countable family of C! hypersurfaces: (i) by extending directly the finiteness
of the (n — 1)-dimensional Hausdorff measure of the free boundary to the case of heterogeneous
p-Laplacian type operators with constant p, 1 < p < o0; (ii) by proving the characteristic function
of the coincidence set is of bounded variation in the case of non degenerate or non singular operators
with variable power growth p(x) > 1.
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1. Introduction

In [2] Caffarelli remarked that the quadratic growth of the solution from the free boundary of the
obstacle problem for the Laplacian implies an estimate of the (n— 1)-dimensional Hausdorff (¥"~1)
measure of the free boundary and a stability property. This result has a simple generalization to
second order linear elliptic operators with Lipschitz continuous coefficients and regular obstacles,
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as observed by one of the authors in [23], page 221. This generalization allows the extension
of those properties to the free boundaries of C 1! solutions of the obstacle problem for certain
quasilinear operators of minimal surfaces type (see Theorem 7:5.1 of [23], page 246). These results
are important since they are first steps for the higher regularity of the free boundary in obstacle-type
problems (see the recent monograph [22] for problems with Laplacian).

In an earlier work [1] in the framework of homogeneous non degenerate quasilinear operators
that allow solutions to the obstacle problem with bounded second order derivatives, Brézis and
Kinderlehrer have obtained the first result on the regularity of the free boundary in any spatial
dimension: under a natural nondegeneracy condition on the data, the coincidence set of the
solution with the obstacle has locally finite perimeter (see Corollary 2.1 of [1]). As an important
consequence, by a well-known result of De Giorgi (see [12]), the free boundary d{u > 0} may
be written, up to a possible singular set of null perimeter (i.e. of ||V y,>0;|-measure zero) as a
countable union of C'! hypersurfaces.

On the other hand, it was shown by Karp, Kilpeldinen, Petrosyan and Shahgholian [15], for the
p-obstacle problem, with constant p,1 < p < oo, that the free boundary is porous with a certain
constant § > 0, that is, there exists ro > 0 such that for each x € d{u > 0} and 0 < r < ry,
there exists a point y such that Bgs,(y) C B,(x) \ 9{u > 0}. The porosity of the free boundary
is a consequence of the controlled growth of the solution from the free boundary. This interesting
property was also established in [4] in the p(x)-Laplacian framework and is now extended here to
the more general class of heterogeneous quasilinear degenerate elliptic operators in Sobolev spaces
of variable exponent p(x), 1 < p(x) < oo.

However, porosity is only a first step in the regularity of the free boundary and, for instance,
does not prevent it of being a Cantor-type subset. But since a porous set in R” has Hausdorff
dimension strictly smaller that n (see [19] or [27]), it follows that the free boundary has Lebesgue
measure zero, which allows us to write the solution of the obstacle problem as an a.e. solution of
a quasilinear elliptic equation in the whole domain involving the characteristic function x>0y
of the non-coincidence set (see Theorem 3.1 below, that extends earlier results in [3] and [4],
respectively, for the A-obstacle and p(x)-obstacle problems). This property is important to show,
under general nondegeneracy assumptions on the data, the stability of the non-coincidence set in
Lebesgue measure as a consequence of the continuous dependence of their characteristic functions.
As a consequence of our results, we can extend this property to more general quasilinear obstacle
problems, including for instance, Corollary 1.1 of [6], Theorem 4 of [24] and Theorem 2.8 of [25].

Hausdorff measure estimates were obtained directly for homogeneous nonlinear operators of
the p-obstacle problem (2 < p < oco) by Lee and Shahgholian [17], for general potential operators
by Monneau [21] in a special case corresponding to an obstacle problem arising in superconductor
modelling with convex energy, and by three of the authors in [6] to the so called A-obstacle in Orlicz-
Sobolev spaces, that includes a class of degenerate and singular elliptic operators larger than the p-
Laplacian (1 < p < o0). Essentially with similar estimates obtained in [6], the later work [28] re-
obtained the same results for a slightly different class of homogeneous quasilinear elliptic operators
that includes also the p-Laplacian case.

As it is well-known from geometric measure theory, the importance of the estimate on the (n —
1)-dimensional Hausdorff measure of the free boundary lies in the fact that, by a result of Federer,
it implies that the non-coincidence set {# > 0} is a set of locally finite perimeter. A main result
of our present work is the extension of properties on the ¥"~!-measure of the free boundary to a
more general class of heterogeneous quasilinear elliptic operators which includes a non degenerate
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variant of the p(x)-Laplacian and extensions of the heterogeneous p-Laplacian with 1 < p < oo
constant. The first result, following the Brézis and Kinderlehrer approach, will be a consequence
of the new result, even for linear operators, on the local bounded variation of the coincidence set
in the heterogeneous obstacle problem. By well known results, the estimate on the perimeter of
the (free) boundary is equivalent to the K"~ l.measure of the essential (free) boundary, which is
also called the measure-theoretic (free) boundary (see [8, 208]). The free boundary points that are
not in the essential free boundary have ||V x>0y ||-measure zero or, equivalently, null perimeter.
In the second case of a possibly degenerate or singular heterogeneous operator with p constant we
extend the Caffarelli direct approach following the developments of [17] and [6]. However, we were
unable to prove this for the case of the p(x)-obstacle problem, though we conjecture its essential
free boundary has still finite ®”~!-measure under similar assumptions.

Unlike the classical obstacle problem that admits C L1 solutions, where the extensions of the
regularity of the free boundary from the Laplacian to the minimal surface type heterogeneous
operators were simpler and did not require a new technique, the passage from the homogeneous case
to the quasilinear heterogeneous obstacle problem raises several nontrivial difficulties. In particular,
one has more a complicated form of the Harnack inequality, when we pass from the p-Laplacian to
the variable p(x)-type operators, which seems is not applicable to the analysis of the free boundary
regularity in the general framework that we now describe.

Let £2 be a bounded open connected subset of R, n > 2, f € L*®(£2) and g € WHPO(2) N
L*>°(£2), g = 0. We consider the quasilinear obstacle problem (a(-)-obstacle problem) with a zero
obstacle:

Au :=div(a(x,Vu)) = f(x) in {u > 0},
u=0 in £,
u=g on 08,

where we denote by {u > 0} := {x € £2: u(x) > 0} the non-coincidence set.
The weak formulation of this problem is given by the following variational inequality

Find u € K such that :

(P) / (a(x, Vu) - Vv —u) + f(x)(v — u))dx =0 Vv e Kg,
9}

where K, = {v e WhPO(Q) : v—ge Wol’p(')(.Q), v =0 ae. in 2}, pisameasurable
real valued function defined in §2 and satisfying for some positive numbers p_ and p

l<p-<px)<py<oo, xe€Sf. (1.1)

The space Wol’p(')(.Q) is defined as the closure of C§°(£2) in W 1r0(2), where W10 () is the
variable exponent Sobolev space

WirO@) = {u e L70Q) : Vu e (L79(@))"}

and LPO(Q) = {u : 2 — R measurable : p(u) = [, u(x)|P® dx < oo} is equipped with the
Luxembourg norm
lullpre = inf{k >0 : pu/A) <1 }

WP () is equipped with the norm

lullwr.ro = llullLro + VullLro,
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where
Ju

ax;

IVullpro = :
i=1 Lr®)
By B, (x) we shall denote the open ball in R” with center x and radius r. The conjugate of p(x),
defined by (X) , will be denoted by ¢(x). If the center of a ball is not mentioned, then it is the
origin.
We assume that the function a : 2 x R? — R” is such that a(x,0) = 0 for a.e. x € £2, and
satisfies the structural assumptions with x € [0, 1] and some positive constants cg, 1, 3, namely [9]

da; p(x)—2
2}%@nm§/m@+w)2 Hi (12)

ij=1

> |2

i,j=1

p(x)—2

0a; ik +n?) " 2 (1.3)

forae.x € 2,ae.n= N1,02,...,Nn) € R"\ {0} and forall £ = (&1, &,,...,&,) € R?, and

la(x1,m) —a(x2,n)|
[+ g + 1)

<mM—mmmHM) ] a9
for x1,x, € £2,n € R* \ {0}.

REMARK 1.1 Assumptions (1.2), (1.3) imply [7], [26], for some positive constants c3, c4 and c5
a(x,€) &= ca(c + [ENPY and  Ja(x,§)] < calic + [E)PI 2]

We therefore include the quasilinear operator
pP(X)—2
Au —dlv(M(x)(K+|Vu| ) Vu) (1.5)

for a bounded Lipschitz positive function or definite positive matrix M (x) uniformly in x € 2.

REMARK 1.2 The special case k = 0 corresponds to the heterogeneous p(x)-Laplacian operator,
which is singular for p(x) < 2 and degenerate for p(x) > 2. Note that (1.4) requires p(x) to
be also Lipschitz continuous (see condition (2.1)). In the case of the heterogeneous p-Laplacian,
corresponding to the case p— = p4 = pin (1.1), with a Lipschitz coefficient M (x) the assumption
(1.4) is satisfied without the logarithm term and reduces, for all x;, x, € £2, to
la(x1.m) — a(xz. )| < calx1 — xa[n|?~".
First, we recall the following existence and uniqueness result [11], [25].

PROPOSITION 1.1 Assume that f € LI0(2) and g € W20 (£2) N L*(£2). Then there exists a
unique solution u to the problem (P).

We may prove the following proposition exactly as in Proposition 1.2 of [4].

PROPOSITION 1.2 If u is the solution of (P) then
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(i) f=20in2 = 0<u<|g|rein .
(i) Au = f in ®'({u > 0}).
(i) fxusor < Au < f ae.in 2.

REMARK 1.3 Equation (ii) and inequalities (iii) of Proposition 1.2 were established in [25], in the
framework of entropy solutions, under the condition:

essinfreq (g1(x) — (p(x) — 1)) > 0, where g1 (x) = LE2E and go(x) = 20 2==1,

REMARK 14 If f > 0in £ or f € L (£2), we know from Proposition 1.2 that u is bounded
and Au is locally bounded in £2. Moreover, if p(x) is Holder continuous, and a(x, ) satisfies

(1.2)—(1.4), then we have [9], u € Cl’“(Q), for some « € (0, 1).

loc

In this work we extend classical local properties of the solution and of its free boundary to this
more general framework. For k = 0, in section 2, we establish the growth rate of a class of functions
to the heterogeneous case and, in section 3, we obtain the exact growth rate of the solution of the
problem (P) near the free boundary, from which we deduce its porosity. These results extend those
for the p-Laplacian [15] and for the p(x)-Laplacian [4]. As a direct consequence, the first inequality
of (iii) of Proposition 1.2 is in fact an equation:

Au = fyuso0y ae.inf2.

In Section 4, also with k = 0 and constant exponents 1 < p < oo, we obtain directly the
finiteness of the ¥"~!-measure of the free boundary for a larger class of p-obstacle type problems
that includes degenerate or singular heterogeneous operators, which dependence on x has bounded
second order derivatives. Finally, in the case ¥ > 0, in Section 5, we extend a second order regularity
result for the solution of the Dirichlet problem to the class of quasilinear operators following [5].
This is used in Section 6 to obtain, in that case with ¥k > 0, the local bounded variation of Au
for the solution u of the respective obstacle problem, which generalizes the bounded variation
estimates of [1] and yields the control of the ¥”~!-measure of the essential free boundary, under
the nondegeneracy assumption on f.

2. A class of functions on the unit ball

In this section we assume that k = 0, and in all what follows we assume that p is Lipschitz
continuous, that is, there exists a positive constant L such that
lp(x) —p(OW| < Llx—y[] Vx,yes. 2.1

We study a family ¥, = F,(n, co, c1, 2, p—, p+, L) of solutions of problems defined on the unit
ball B;. More precisely, u € F, if it satisfies:

u e WhHrO(By), u(0) =0,

0<u<l inB, [AullLoo(m)) < 1.

Condition #(0) = 0 makes sense, since from [9] we know that u € Chl);a(Bl), for some o €
(0,1). In particular, there exist two positive constants ¢« = «(n, co, 1,2, p—, p+, L) and C =

C(n,C(), C1,C2, p—s ]7+, L) SUCh that

||u||cl,a(§3/4) <C, Yu € 3,. (2.2)
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The following theorem gives a growth rate of the elements in the class 3.

THEOREM 2.1 There exists a positive constant Co = Cy(n, co, ¢1, 2, p—, p+, L) such that, for
every u € ¥,, we have
0 < u(x) < Colx|%, Vx € By,
Po

where gg = PoT is the conjugate of py = p(0).

Let us first introduce some notations. For a non-negative bounded function u, we define the
quantity S(r,u) = sup,¢p, u(x). We also define, for each u € 3, the set

M) ={j e N: 29052777 u)=S277,u)}.
Then we have

LEMMA 2.1 If M(u) # @, then there exists a constant ¢ depending only on n, cg, ¢1, €2, p—, P+
and L such that ' _
S u) < é(27), Yue%, VjeM®u).
Proof. Arguing by contradiction, we assume that Vk € N there exists uy € 3, and jr € M(ug)
such that ‘ ‘
SR ) = k(27Ik)40, (2.3)

Consider the function ‘

ur (277 x)
Skt ug)
defined in B;. By definition of vy and M(uy), we have

v (x) =

S(Z_jk JUug)

— =2 <290 in By,
ST, ug) ne

O0<v <

sup vg(x) =1, v (0) = 0.

XEEI/Z

. 2~ Jk

Now, let px(x) = p(277%x), sp = m, and define for (x,&) € B; x R”

ak(x,£) = s,fk(x)_la(Z_jkx, SLS). (2.4)
k

We claim that
| Aok (x)| == }div(ak(x,Vvk(x)))} -0 as k— oo (2.5)

Then one can easily verify that
Apv(x) = 2_jkslfk(x)—l(Auk)(2_jkx)
+ 27 (Ins0)s* @ x, Vi (277kx))V p(2 7k x).

Using the structural assumptions (second inequality in Remark 1.1) and the fact that u; € ¥, and
|Vp|Loo(g) < L (by (2.1)), this leads to

| Ao (x)| < 2‘jks,‘fk(x)_1 + cqL27IK | ln(sk)|s,fk(x)_l\Vuk(Z_jkx)ipk(x)_l.
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Since ux = 0in By, ug(0) = 0, and uy € C1(§3/4), we have Vuy (0) = 0. Combining this result
and (2.2), we get
Vk eN, VxeB; |VurQ /kx)|<c@/)*

It follows that

| Agvg (x)| < 27k gPEO! (1 + g L(C)PED] 1n(sk)|(2—fk)°‘(1’k(x)—“). (2.6)

Note that S(277~1 uy) = ug(zx), for some zx € B,—j;—1. Since u(0) = 0 and ux € C'(B34),
we deduce that
S up) < Clzx| < €270k L,

Consequently, we obtain

2= Jk 2= Jk 2
Sk uy) C2-Jk—1 C

Sk

We recall from [4] that there exist positive constants ¢; = ¢1(«, po, ) and ¢» = ¢x(w, L, po, i)
such that
—Jiye(pr ()1 €1 —jk -1 _ _C2
[ In(sg)[(277F) < apo—1)? and 27 /ks; < =T

Vk e N,

which together with (2.6) gives (2.5).

LEMMA 2.2 With the notation above, the mapping a* (x, £) defined in (2.4) satisfies all structural
conditions (with the same constants as a(x, £)). Moreover, we have uniformly in (x, §) € By X By,
forany M > 0

aaf‘
axj‘

<Lp,—>0 as k— oo. 2.7

Proof. Ttis easy to see that

n ak
3 gk

" 1 da; 1
3 PO L ey, — )&
=1 0 Sk

T Sk On;

Dk (x)—2

L He

Sk

coln K721 2,

WV

co s]fk (x)—2

n n

dak —1 1]0a; __; 1
> |5t (x,n)‘= S PR LA RN
=11 ij=1 SN *k

P (x)=2
< Clslfk(x)_2 n
Sk

— Cl|,7|pk(x)—2'
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Now, to prove (2.7), we use the second inequality in Remark 1.1 and (1.4)

daf I ( Pt o
— | (27K, —
0x; 0x; (Sk ai(2 Sk 5))
< IV(S”"(X)_I)Hai (2 7k x lg)| + 2k gPk ()1 %(z—jkx ié)
k TSk k 0x; " Sk
Pr(x)—1 pr(x)—1
< C4L2_Jkslfk(x)_l| ln(sk)|'£ + 2cz2_fkslfk(x)_1 s In \£|
Sk Sk Sk
- (c4L2_jk|ln(sk)| + 2c22—fk|1n|5||)|g|1’k(x>—1 =: Ly
Sk
On the other hand,

. _ £ . _
27| | 1|1n|§|| = 277k |E[PEOIT In(|£]) — In(sk)|
< 27k |E|PEOT In(|g )| 4 277K | In(sy )| |£|PF

The first term uniformly goes to zero (for (x, &) € By x By, forany M > 0) when k — oo. Since
277k | In(sg)| — 0 as k — 0 ( [4]), so does the second term. O

Therefore, the point-wise limit of a¥ (x, £) does not depend on x:

af(x,&) — a(),

where d is a vector field satisfying the same structural assumptions (1.2), (1.3), with p(x) replaced
by po = p(0).

Conclusion of the proof of Lemma 2.1. By taking into account the uniform bound of vg, (2.5), and
the fact that py satisfies (1.1) and (2.1) with the same constants, we deduce [9] that there exist two
positive constants § and C, independent of k, such that vy € C%(B3/4) and vk lcrsg,,) < C.
for all k = ky. It follows then from the Ascoli-Arzella’s theorem that there exists a sub-sequence,
still denoted by vy, and a function v € C1¥ (Bj/4) such that vy —> v in C1¥(B3)4), for any
8’ € (0, 8). Moreover, it is clear that v satisfies (in the weak sense)

le(&(VU)) =0 in B3/4, v=0 in B3/4,

sup v(x) =1, v(0) = 0.

xEBl/2

By the strong maximum principle (see [14], for instance) we have necessarily v = 0 in B34, which
is in contradiction with sup, ¢ p, , v(x) = 1. O

Proof of Theorem 2.1.  The theorem is proved by induction. Using Lemma 2.1, the proof follows
step by step as the one of Theorem 2.1 of [4]. O
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3. Porosity of the free boundary for « = 0

In this section we also assume x = 0 and that there exist positive constants A, A, such that,
0<A< f<A<oo, ae.inf2. 3.1

The following lemma and Theorem 2.1 give the exact growth rate of the solution of the problem
(P) near the free boundary. This extends to the heterogeneous a(x, n)-case with k = 0 the results
established in [2] for the Laplacian and generalized in [15] for the p-Laplacian, as well as for the
A-Laplacian in [3] and for the homogeneous p(x)-Laplacian in [4].

LEMMA 3.1 Suppose that u € W20 (£2) is a non-negative continuous function satisfying
Au=f in  D'({u > 0}).

Then there exists 4 > 0 such that for each y € {u > 0} and r € (0, r«) satisfying B,(y) C £2, we
have for an appropriate constant C(y) > 0

r)
sup u = C(y)r?=T +u(y).
0B (y)

Proof. Itis enough to prove the result for y € {u > 0}. For each y, we consider the function defined
by
)
v(x) = v(x, ) := C(y)|x — y| 7T,

where C(y) is to be chosen later.
We claim that there exists r, > 0 such that

Vre(0,ry), Vyef, VxeB(y)CS Av < A. (3.2)
To prove (3.2), we compute Vv and the divergence of a(x, V. v):

div (a(x, Vv)) = div (a(x, C(y)g(y)|x — y|??(x — y))
_ Ny da o~ dai Ow;
- ; 5 (o w) + > (xow) o @)

on;:
i irj=1

n
8a,~ _
=Y — +C(g()|x—y[?2
= O

2 (5,.,- 4 (q(y) —2) T 20— yﬂ) day

—_ vl2 7
= =] o,

where w(x) := C(y)g(y)|x — y[7972(x — y).
Therefore, using the structural assumptions (1.3), (1.4), we get

|div(a(x, Vv))| < 2co|w|?®7 In|w]]|

-1 _ _ _
+ ¢y max (1,q(y) — 1)(C(y)q(y))p(x) |x — y|@=DE®-2)+q()-2
=: Sl =+ Sz.
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To estimate S, we write
S1 = 2¢|w|”@ 7 In(Jw))|
= 265(C(1)g ()" x = y|PODEDD1n (C(1)g(y)) + (¢(y) — 1) In]x — ]|
<262(q ()" 7HC (1) x — y|PODEOD 1 (C(1)g(1)))|
+262(q(y) = D(C(Ng ()77 x = y|E@=DED =D (e — y))|

Since rInr — 0, when r — 0, then S can be made as small as we wish, if x is close to y, and
C(y) is small enough. To estimate S, we first observe that
x — y|@O)=DEO-D+a(-2 _ |, _ ﬂ%

andfor [x —y| <r < %,we have

x — | PR = o PRttt mlx—y) < o pterle=ylln(x—yDl < o ptepriiG)]
and since
_ xX)—py)
S2 = ermax(1,q(y) — D(C(g ()" ™ x — y|P5m1

L

< cpmax(l,q(y) — 1)(C(y)q(y))p(x)_leﬁrlln(r)\’

S» also can be made small, if » and C(y) are small enough.
It is clear now that (3.2) holds.
Now let € > 0 and consider the following function u¢(x) = u(x) — (1 — €)u(y). We have from
(3.1)-(3.2)
Aue=Au=f=2A=2Av in B, (y)N{u>0}.

Moreover,
ue =—(l—eu(y) <0<v on (3fu>0})N Br(y).

If we also have
ue <v on  (3Br(y)) N{u> 0},

then we get by the weak maximum principle
Ue <v in  B(y)N{u > 0}

But u<(y) = eu(y) > 0 = v(y), which constitutes a contradiction.
So there exists z € (3B, (y)) N {u > 0} such that u¢(z) > v(z). Since v is radial, we get

sup (u—(1—€u(y)) = sup ue = SUp  Ue = Ue(2)
9B, (») dB,(») 3B, (»)N{u>0}

»
> v(z) = C(y)r7o-T.
Letting € — 0, we get

W
sup u = sup u = C(y)r POI-T + u(y).
B,(») 0Br(y)
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Denoting by u the solution of the problem (P) of the Introduction, we may now prove the main
result of this section: the porosity of the free boundary d{u > 0} N £2.
We recall that a set £ C R” is called porous with porosity &, if there is an 7o > 0 such that

VxeE, Vre(0,rg), 3JyeR" suchthat Bs.(y) C B,(x)\E.

A porous set of porosity § has Hausdorff dimension not exceeding n — ¢§”, where ¢ = c¢(n) > 0
is a constant depending only on n. In particular, a porous set has Lebesgue measure zero (see [19]
or [27] for instance).

THEOREM 3.1 Let ry be as in Lemma 3.1, R € (0, rx) and x¢ € £2 such that B4g(x¢) C £2. Then
d{u > 0} N Br(xp) is porous with porosity constant depending only on n, p_, p+, L, ¢, c1,C2, A,
A, R, and ||g||Le-. As an immediate consequence, we have

Au = fyuso0y ae.in$2.
We need first a lemma.

LEMMA 3.2 Let R > Oand x¢ € 2 such_that B4gr(xo) C £2. We consider, for yg € Bar(xo)N{u =
0} and M > 0, the functions defined in B by

_ _ u(yo + Rz)
a(z,€) = a(yo + Rz, M§), u(z) = — MR (3.3)
Then we have u € Fg, forall R < Ry = % and M > My = %, where F; is defined as in

Section 2 with the operator corresponding to a.

Proof. First, note that a and u are well defined, since we have Br(yo) C Bsr(xo) C §2. Moreover,
we have 1(0) = % =0, and for M > %, we have 0 < % < 11in B;.

Note that a(z, £) satisfies all structural conditions (not necessarily with the same constants as
for a) with p(z) := p(yo + Rz) instead of p.

Next, one can easily verify that u satisfies

Ail = diV(El(z, Vﬁ(z)))
= div(a(yo + Rz, Vu(yo + Rz)))

if R< Ry = %, and we conclude thatu € F; forall M = My and R < Ry. O

Proof of Theorem 3.1.  Now, to prove the theorem, we argue as in [4]. Let r4 be as in Lemma 3.1
and R, = min(ry, Ry). Let then R € (0, Ry) be such that B4g(x¢) C £2,and let x € £ = d{u >
0} N Br(xp). Foreach 0 < r < R, we have B,(x) C Bag(xg) C £2.Let y € dB,(x) such that

u(y) = sup u.Then we have by Lemma 3.1
0B/ (x)

(x) (x)
u(y) = Cér# +u(x) = Cér#. (3.4

Hence y € Bagr(x9) N {u > 0}. Denoting by d(y) = dist(y, Bar(xo) N {u = 0}) the distance
from y to the set Bog(xo) N {u = 0}, we get from Lemma 2.1 and Lemma 3.2, for a constant Cy

u(y) < Co(d(y)) ps . (3.5)
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Then we deduce from (3.4)—(3.5) that

, p(x) r(yo)
Cor7oT < u(y) < Co(d(y) 7001, (3.6)

which, by using the Lipschitz continuity of p(x), leads to (see the proof of Theorem 3.1 in [4])
d(y) = ér,

where § > 0 is some constant smaller than one and depending only on n, p—, p+, L, co,c1, C2, A,
A9 R9 and ||g||L°O'
Letnow y* € [x, y] such that |y — y*| = 6r/2. Then we have [4]

By, (v*) C B, () N By (x).
Moreover, we have
Bsy(y) N Br(x) C {u > 0},

since Bs,(¥) C Bap)(y) C {u > 0} and d(y) = 6r.
Hence we obtain

B3, (y") C Bsr(y) N Br(x) C Br(x) \ 3{u > 0} C B,(x) \ E.

O
Note that as a consequence of Theorem 2.1 and Lemma 3.2, we may also obtain a more explicit
growth rate of the solution u of the problem (P) near the free boundary.

PROPOSITION 3.1 Let Ry > Obeasin Lemma3.2, R € Q, Rp) and x¢ € $2 such that u(xo) =0
and B4gr(xp) C £2. Then there exists a positive constant C¢ depending only on n, p_, p+, L, A,
o, C1, €2, and || g|| Lo~ such that we have

~ _pig)

u(x) < Colx — xo| &0~ Vx € Br(xo).
Proof. Let R and x be as in the proposition. Consider the functions a(y, §) and #(y) defined in
Lemma 3.2, for M > 0. By Lemma 3.2, there exists My such that for all M > M, we have

u € F;. Applying Theorem 2.1 for M = M, and R = Ry, we obtain for a positive constant
Co > 0 depending only on n, p_, p+, L, co, 1, C2

p(0)
i(y) < Coly|7®@-1  Vy e B.

Taking y = Ix;—i:o‘ for x € Br(xo), we get

CoMyR _rxo) C oo _rlxg) _pxg)
u(x) < e p()(:o)o |x — xo| PO~ = 70”5(!(])‘) [x — xo|P@0=T = Colx — xo| 7>0=T.
R(;”(xo)fl R(,;”(xo)*l
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4. The obstacle problem of p-Laplacian type in a heterogeneous case

In this section we consider still the case of k = 0 and we assume the exponent p is a constant,
1 < p < oo. For simplicity, since the results are local, we restrict ourselves to the unit ball, and
assume that

0< f<A<oo ae.in By, 4.1)

and additionally, V f € T? (B;), which means that there exists a positive constant C¢ such that

loc

/ |V fldx < Cor™t, Vre(0,3/4). 4.2)
B,

In particular (4.2) is satisfied, if f € C%1(B).
We assume that a satisfies (1.2) for k. = 0, and satisfies for two positive constants c¢3 and c4, for
a.e. (x,n) € 2 xR,

" 9%a;
> —(x,n)| < esnl”7, (4.3)
" Bx,-axj
i,j=1
n
0%a _
O |G )| < calnl? . (4.4)
i k=1 0T O%i

Note that (4.4) implies (1.3) and that (4.3) implies that a satisfies

n

2

ik=1

day

3 < el (4.5)
Xi

(x,m)

which is the equivalent of (1.4), when p is constant, as in Remark 1.2.

4.1  Some auxiliary lemmas for a class of functions on the unit ball

We consider the solutions of the following class of problems

u e Wh?(By) N CY*(By),

div (a(x, Vu(x))) = f(x)in{u > 0} N By,
0<u < Myin By,

0 € d{u > 0},

Ta(.) .

where M), is a positive constant.
We introduce for each € € (0, 1), the unique solution of the following approximating problem

{ ue —u € Wy P (By), (4.6)

div (ae(x,Vue)) = fHe(ue) in By,

where H, is an approximation of the Heaviside function defined by H¢ (v) := min(1, %), and a.
is given by:

€Cop 2 252 n
ac(x,n) = a(x,r))+7(e+|n| ) n, x€82, nelR"
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Note that a. satisfies (1.2)—(1.3) for k = €, because a satisfies the same inequalities for k = O.
Moreover taking into account (4.3)—(4.4), we can easily verify that we have for a.e. (x,n) € 2 xR"

da
> L ()| < eate+ i) @47
) X
i,k=1
“ 9% Aei
> (.m)| < esle + )T (4.8)
= axla
i,j=1
" %acy
Y | < cale+ ) 49)
n;j0x;

i,j,k=1

First, we observe [7], [26] that there exist two constants & € (0, 1) and M; > 1 depending only on
n, p, co, C1, 2, A, and My such that u, € C1 (Bl) and

oc
luellcrecs,,y < M. (4.10)

In particular, if we set ze = (€ + |Vue|?)!/2, then we can assume without loss of generality, that
ltellLoo(Bs/g) < M- (4.11)

Adapting part of the proof of Proposition 2.1 in [6], we see that there exists a sub-sequence, still
denoted by u such that

ue >u inCLP(By) forall B e (0,a). 4.12)
Moreover, as we show in Theorem 5.1 below

ue € W2%(By,y). (4.13)

Foreachr € (0,1/2) and € € (0, 1), we introduce the following quantity

Ec(r,v) =

1 p=2 2
B |/B [(e + |Vo|?) 2" |D?v|]” dx
r r

The first result is an estimate of E¢(1/2, u¢).

LEMMA 4.1 Assume that p is constant, f satisfies (4.1)—(4.2), and that a satisfies (1.2)—(1.3) for
k = 0, and (4.3)—(4.4). Then we have for any € € (0, 1)

3"(4chn 4 ca)* + 2¢3¢)
27¢@ min(1, p — 1)2

Ec(1/2,u0) < |Bsyalllte 225

L>(B3/4)
4 2/n
chmin(l, p— 1)|B/a]

leel22 g, / IV fldx. (4.14)

To prove Lemma 4.1, we need the following lemma:
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LEMMA 4.2 Let G be a smooth odd non-decreasing function, and ¢ a non-negative smooth function
with compact support in B;. Then we have

¢ /B 23 G s )17 Viter, Pdx
1 i

< ﬁc;/ £G(te)t? 2| D2uc||VE|dx
By

+c3 2Gt)t! tdx + 64/ 3Gt )t! 2| D*uc|dx
B, B

+ﬁ/3 2G(to)|V fldx. (4.15)

Proof. Let G and ¢ be as in the lemma. Note that [26]
ue € W»%(By,a). (4.16)
Next, differentiating the equation in (4.6) with respect to x; foreachi = 1, ..., n, we obtain
div ((ae(x, Vue))y;) = (fHe(ue))x; in D'(By). 4.17)

Computing the derivative of ac(x, Vu,) with respect to x;, we get
0
(ae(x,Vue))x, = %(x, Vue) + Dpae(x, Vue) - Vuey;,  ae.in By (4.18)
Xi

Using Cauchy—Schwarz inequality and the fact that a. satisfies (1.3) with ¥ = €, we obtain

da
|Dyae(x. Vue) - Ve, | = | 3 gy Ve,
; J
J

|Mexij|

dde
< JZ ‘a_ﬂj(x’ Vue)

0ack
< .
< (0[5, e Vo)) e |
k,j
< cle + |Vue) T Ve, |. (4.19)

Using Cauchy—Schwarz inequality and the fact that a. satisfies (1.3) with k¥ = €, we obtain

dae

(x. Vue)| < (e + [Vue )= (4.20)

Bx,-

It follows from (4.16) and (4.18)—(4.20) that we have
(ae(x, Vue))xi € L*(Bsj4). 4.21)
Now, let ¢ = {?G(uey, ). Since
Vo = {2G'(Uex; ) Vitex; + 280G (uex,)VE  in By, (4.22)
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we see from (4.16), (4.22) and the smoothness of G and ¢, that we have ¢ € H! (B3/4). Taking into
account (4.21) and using ¢ as a test function in (4.17), we get

/ (ac(x,Vue)) - V(£*G(uex,;))dx
B !
_ / Fo Heu)E2G e, ) dx — / ¢ FH. (utex, G tuex, Jdx
B, B

27 (x0)

which leads by (4.18), (4.22) and the monotonicity of H, to

1 Ai

/ (gae (x, Vue) + Dyae(x, Vue) - Vuexi)‘(fG/(”exi)VVEXi + Gluex;) VE)dx
B

<- / o He ()82 G ey, )dx
B,

or

EG/(uex,')Dnae (x, Vue) - Vuexi 'VMEXI‘ dx
B,

0de¢
< —/ G(Uex; ) Dyac(x, Vue) - Vex; VEdx — / (x, Vue) - V({G(uexi))dx
B, B axi

_ / fre, Heue) G e, )dx.  (4.23)
B,

Adding the inequalities from i = 1 toi = n, in (4.23), we get

/ §Z G'(uex; ) Dpac(x, Vue) - Vitex; Viey,; dx
B

i

s/ D 1G (tex,) || Dyac(x, Vi) - Vitey, || VE |dx
B 5

axi

dac
-y /B %€ (x. Vie) V(G (ttex, ))dx

-3 [ o HewosG e dx. @24

Moreover, since a. satisfies (1.2) with k = €, we have

aaek
an;j

Dpac(x,Vue) - Videy, - Viley; (%, Vit )uex; xp Uex; x;

k,j
> e+ |Vuel) T | Vitey, 2 (4.25)
The fact, that a. satisfies also (1.3) with k = € implies
|Dpae(x,Vue) - Viey; - V| < |Dyac(x, Vue) - Viey, | - | V|
< Cle + [VUe) T [Vites, || VE]. (4.26)
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It follows from (4.24)—(4.26) that

—2
h [ 836 e e+ Vi) Ve P
B i

sci/ S C1G Ueny 1€ + [Vate) T [Vt || VE|dx
B 5

3)6,'

— Z/; dac (x,VMe).V(€2G(uexi))dx

_Z/B fx,- He(ue)CZG(uexi)dx‘

To handle the second term in the right hand side of (4.27), we integrate by parts

da
B, 0X;

Note that we have

(. Vi) VG luer ) dx = = [ G uer,) i
B,

da

o (x, Vue)) dx.

a 0 /oay
(o) = 2 ()
k
82ak aZak
= \Y € ’V €) Uex;xy -
Xk:axkaxi(x’ " )+k2j:817j8x,-(x He) *Uex;

Using (4.6)—(4.7), we obtain

0%ay
0xy 0x;

n
ik=1

%ay
anjaxi

n
ik,j=1

Combining (4.28)—(4.30), we get

2

4

[ Vi V@Gt dx
B, axi

SC3/B §2|G(uex,)|tf_ldx+04/3 §2|G(uex,.)|tf—2|D2ue|dx.
1 1

Regarding the last term in the right hand side of (4.27), we have since |G (uex; )| < |G (te)|

Z‘/B fx,«He(ME)é‘ZG(uexi)dx

(x, Vue)

(x, V) - Vuey;

-1
<ecstf™,

< cqt? 7% D%u|

< [ 116 e lds

< i /B £21G (10)||V f |dx.

375

4.27)

(4.28)

(4.29)

(4.30)

4.31)

(4.32)

(4.33)
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Taking into account (4.27), (4.32) and (4.33), we obtain
ch / 2" G (Uex P72 Ve, |*dx
B, i

< et [ 1G22 D%Vl ax
1

Ve [ 216G dx + 4 / 26 (1)1~ Duc|dx
B, B,

i [ 2161V fldx,
1
which is (4.15). O
Proof of Lemma 4.1.  We consider { € D(B3/4) such that

0<¢<1linBjy
{=1in By
|V€| <4in B3/4.

We shall consider the two possible cases.
Ist Case: 1 < p < 2.

Let G(1) = (¢ +¢2)"2" . Then we have:

(p—2)t?

G'(t) = (e + 12T [1+ —

|z -DE+>=

Setting te = (€ + |Vue[?)'/? and s¢ = (€ + |ucy, |?)'/? and the fact that 0 < ¢ < 1 and |V{| < 4
we get from (4.13)

o dch o/ +cq o
/B 2N ST Ve Pdx < —2——= | 0127 P73 DPucldx
1 i

Cé)(p - 1) B,

€3 2(p—1) / 2.p—1
+ — 1 dx + ——— tP7HV fldx. (4.34)
ARSI/ o(p—l) vyl

Using Young’s inequality, we get since { = 0 outside B34
dei/n+c deln + cq)?
M §tf‘1tf_2|D2ue|dx < (1/2\/——+42) tf(l’_l)dx
Co(p - 1) B, 260 (p - 1) B34

1
+ = | 27| D*ucPdx. (4.35)
2 /g,

Taking into account (4.34)—(4.35), the monotonicity of #”~2 and the fact that ¢ = 1 in B, /2, W€
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obtain
4 242 -1
/ U 2| D2y, [JPdx ( 01\/—"‘04) + C;CQ(P ) tf(p_l)dx
By/> (p - 1) B34
2
,i t?71V fldx.
colp—1) Jpy,,
2nd Case: p = 2.
Let G(¢) = ¢. Then we get from (4.15)
4¢t/n + ¢
/ §2t5_2|D2u5|2dx§ @/ Ctetf_2|D2u6|dx
B o B
¢ n
+ 8 wrdx + i/ £,V fdx.
Co JBy ¢ JB)
Using Young’s inequality, we get since { = 0 outside B34
4ei/n +c _ 4cl/n + cq)?
1\/—/ : Stet? |D%ucldx < ( 1\/_,2 ¢ / t?dx
Co B, 2CO B34
1
+ = | %P2\ D%uc|dx.
2 Jp,
Taking into account (4.37)—(4.38) and the fact that { = 1 in By, we obtain
Al 1+ c4)? + 2c3c]
/ 272 D2 Pdx < VT C)” T 2each / iPdx
B2 Co B34
2
+ i te|V fldx.
Co JB3u
Using the monotonicity of 772 and (4.39), we get
2
/ (22107 | dx = / 172072 D2y |? dx
B2 B2
< ||ZE”L°°(B3/4)/ [Ep_2|D2ME|2dx
1/2
4 242
( CI\/—+C4) ,—2+_ C3CO(p )”[5”Loo(B / [pdx
/4) €
0 3/4
2[
S el a1V 10
0 B34
(461«/—+C4) + 2¢3¢y B (p—1)
062 | 3/4|||te||Loo(B,;/4)
f
” E||L°°(B3/4)/3 |Vf|dx
Combining (4.36) and (4.40), the lemma follows.
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(4.36)

(4.37)

(4.38)

(4.39)

(4.40)



378 S. CHALLAL, A. LYAGHFOURI, J.F. RODRIGUES AND R. TEYMURAZYAN

REMARK 4.1 Using (4.3), (4.11), we deduce from Lemma 4.1 that we have for all € € (0, 1)

(4ch/n + ca)? + 2¢3¢),
cg min(1, p —1)2

|Bja M7V

2/n !

coymin(l,p—1) !

Ec(1/2,ue) <

[ 1vslax <
B34

where C is a positive constant depending on n, p, ¢y, ¢}, ¢3, ¢4, My and Co.

Now we estimate E.(r, ue).
LEMMA 4.3 If the conditions of Lemma 4.1 are satisfied, then we have for all ¢ € (0,1) and
re(0,1/2)

3"(4ch/n + ca)® + 2c3ch(p — 1)
2n+2C62(17 _ 1)2}’2

(p—1)

2
Ee(rue) < |B3/4|||ler||Loo(B3/4)

v - /
' ferllLos Vf(@2rx)ldx.
co(p —1)|Bya|2n—1rn llzer |y (B3/4) 33/4| fQ@rx)|dx
2
Proof. Lete € (0,1) and r € (0, ). We consider the function ue,(x) = w defined in Bj.
r

By definition, u., is the unique solution of the problem

Uer — Uy € Wol’p(B%)
div(aer(x, Vier)) = frHc(uer) in B%,

u(2rx)

where u, (x) = , fr(x) = 2rf(2rx), and ac,(x,n) = a(2rx, n) are functions defined in

B L with v, a solution of the following class of problems

uy € WhP(By) N CL(By),

div (ar(x, Vi, (x))) = fr(x) in {u, > 0} N By,
0 <u, < M;in By,

0 € dfu, > 0}

Tar ¢ -

and where M is the positive number in (4.10).
Indeed, first it is obvious that 0 € d{u, > 0}, u, € WHP(B;) N C1¥(B;), and that we have
from (4.10)
[VurllLeo(s ) = IVUllLoo(Bs,,,) < M, Yu € 34,(), (4.41)

Moreover, we have
div (ar (x, Vur))(x) = div (a(2rx, Vu(2rx)))
=2rfQ2rx) = fr(x) in {u(rx) > 0} = {u,(x) > 0},
and from (4.41), we have since u,(0) = 0

1 d 1 -
0§ur(x)=/ Eu,(lx)dl:/ VuQtrx)-xdt < M; Vx € Bj.
0 0
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Next, we observe that f, satisfies (4.1)—(4.2) with the constants 2rA and 2r Cy, ac,(x, n) satisfies
(1.2)=(1.3) with k = € and (4.3)—(4.5) with the constants ¢, ¢, 2rca, ¢3, c4 and p. Obviously, the
constants 2r A, 2rCy, 2rca, 4r2c3 and 2rc4 are bounded above respectively by A, Co, ¢z, c3 and ¢4
for r € (0, 1). Setting te, = (e + |Vue(2rx)|?)/2, and applying Lemma 4.1 to u,, we obtain

3" (4ch/n + ca)* + 2c3ch(p — )|B er | 2(p-1)
2cg(p—1)? 3/allferliLeo(Bs 4)

TR —r / ¥ fyldx

Co(p 1)[B, 12 |” 5"||L°°(B3/4)

Ee(l/zs uer) <

or
3" (4ci/n + ca)® + 2e3ch(p — 1) Basalll. 22D
2neg(p—1)2 | B3yalllter ”L°°(Bsx4>

N 8r2./n
co(p —1)|Byal

Ee(l/zs uer) <

lr 2, [ 1V S@roldx. (342)
3

Note that

=5l [(e + IVuc(0)1?) " | D2uc (v)] ] d

1
- [(e + [Vue@ro) )2 [D2uc2ro)|] d
|B1/2| /B, s
1 1
= — — (€ + |Vue(2rx))? ) |2rD2u 2rx)|
4r2 |B1a| Bl/2[ ‘ ‘ J'd

Ec(1/2,uer)
4r2 ’

(4.43)
Taking into account (4.42)—(4.43) and (4.14), we get

3"(4cy N/ + ca)? + 2¢3c)) T
2n+2062 min(1, p — 1)27‘2 | 3/4||| ”||L°°(B3/4)

N 2/n
66 mm(l,p — 1)|Bl/2|

EE(ra uE) S

lter 17 B0 / IV f(@2rx)|dx.
3

or

3"(4ch i+ ca)* + 2c3¢h(p —

27+2¢2 min(1, p — 1)2r2

+ vn
comin(l, p— D] By /|27 177

Ec(roue) < |Bs/4|||zer||2 ry

L>(B3/4)

e Iy [ 19 FONd
3

which completes the proof of the lemma. O
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4.2 Hausdorff measure of the free boundary for k = 0

In this section we extend the local finiteness of the (n — 1)-dimensional Hausdorff measure of the
free boundary for a heterogeneous operator of p-Laplacian type. This property was obtained only
in homogeneous cases, for the p-Obstacle problem in [2] with p = 2, in [17] for p > 2, and
more generally for the A-Obstacle problem [6] that includes the case 1 < p < oo (see also [28]).
The new difficulty is in the control of the additional x dependence of the quasi-linear coefficients
a; = a;(x, n), requiring the additional assumptions (4.3) and (4.4).

THEOREM 4.1 Assume that a satisfies (1.2) with x = 0 and (4.3), (4.4), and that f is non-negative
and locally bounded in £2, V f € T? (£2). Then for each A > 0, the free boundary of the a(-)-

loc
obstacle problem (P) is locally of finite (n — 1)-dimensional Hausdorff measure in { f(x) > A}.

Due to the local character of Theorem 4.1, it is enough to give the proofs for the solutions of the
class of problems ¥,.), which for convenience, we state in the next two theorems. For this purpose,
we assume that f satisfies

0<A< f ae.in Bj. (4.44)

THEOREM 4.2 Assume that f satisfies (4.1)—(4.2) and (4.44), and that a satisfies (1.2) (with k = 0)
and (4.3)—(4.4). Then there exists a constant C depending only on n, p, ¢, ¢1, €2, €3, C4, A, A, M
and Cy such that for each u € F,(, for each xo € 9{u > 0} N By, and r € (0, %), we have

R”_l(a{u >0} N B, (xp)) < Cr" L.

In order to prove the theorem, we need two lemmas.

LEMMA 4.4 Assume that a satisfies (1.2) (with k = 0) and (4.3)—(4.4), and that f satisfies (4.2),
(4.44). Then we have

2

2c _ 2 82 _
HZ(ue) < A—zl[ff 2ID%u|]” + A—jﬂ(p 0}

€

Proof. Since AHc(ue) < fHc(uc), we get by recalling (4.7) and the fact that a. satisfies (1.3) with
K=¢€
a n

al da’
o, (x,Vue) + Z o, (x, VU uex; x;

n
AHc(ue) < div(ae(x, Vue)) = Z
i=1 ij=1
<>

i=1

n

2

Lj=1

i
da’

,V
377j (x, Vue)

|Mefoj|

)|D2ue|

r—1 pr=2
<2cx(e + [Vuel?) 7 +cj(e+ [Vuel®) 7 |D?uc|

= 2¢ot27" + (1272 D%uc)).

9 i
&(x, Vue)
3)6,'

n i n

SZ 3“2(x,we) +( Z

i=1 ij=1

i
da.

on;

(x,Vue)

ax,-

It follows that
AZHZ2(ue) < 8¢262007D 4 2621 P=D | D2y, |2
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or
202 5 8c2 _
Hez(ue) < pl [IE” 2|D2u€|] + _/\2213(1) D

O

LEMMA 4.5 Assume that f satisfies (4.1)—(4.2), (4.44). Assume also that a satisfies (1.2) (with
k = 0) and (4.3)—(4.4). Then there exists a positive constant C depending only on #n, p, co, c1, C2,
A, My and Cy such that for each u € F4(,, any § € (0,1) and r € (0, 1/4) with B>, (xo) C By and
Xo € Byj2 N o{u > 0}, we have

£"(0g N By (xo) N{u > 0}) < C&r™,

where O = {|Vu| < 87T} N By 5.

Proof. Letu € ¥4, X0 € Byj2 N d{u > 0},8 € (0,1) and r € (0, 1/4) with By, (xo) C Bi.
For each € € (0, 1) and n = 27718, we consider the function

2 p=2 _1_ . 1

(e +n7=T) 2 nr=1 if 1> p7T

—2 2 po2 . 1

G(1) = {max ((e +2t2)iT2,(el+;7p—1)pT)[ if |7 $;7p—ll
—(e + n7-T) T 7T if 1< —preT

We have G(0) = 0, and G is Lipschitz continuous with

2\ 222 (p—2)12 .
, (€415 [1 + W]X{\tk sy Mps2
G'(t) = 222 K ” 5 (4.45)
=
(e +nr-1) X{It\<n"_l—f} if p>2.
We also have Sy
IG(1)] < (¢ + 97=1)"Z V1. (4.46)

We denote by u, the solution of the problem (4.6) and we consider a function { € 9 (B2, (x¢)) such
that

0 <¢<lin By (xo), ¢ =1linBr(x9), [V{|< % in Bar(xo), (4.47)
First we have from (4.15)

ch /B 2 G (tex )P 72| Vitey, [Pdx
1 i

< ﬁCiL (Gt 72| D%u,||VE|dx
1

+c3 PGt tdx + C4/B 2G(t)t? 2| D*uc|dx
1

B,

+ﬁ/3 E2G(t)|V fldx. (4.48)
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Taking into account (4.45)—(4.47) and the fact that {|Vu,| < nﬁ} C {|uex;| < nP=T}, we obtain
from (4.48)

/ . [tf_2|D2u6|]2dx
By (x0)N{|Vue|<nP=T}
2./nc} 2 251
Y. Y
min(1, p — 1)re, Bo, (x0)

c r=1
e
min(1, p — 1)CO B>y (x0)
—1

c 2 p=l
: (e +nr-T) 2 /B ( )tf_2|D2uE|dx
2r (X0

+ min(1, p — 1)cg
ﬁ 2 p1
L (et / IV fldx. (4.49)
min(1, p — 1)06( ) B>, (xo)

Using the Schwarz inequality and Remark 4.1, we get

/ 1772 D2, [Jdx < (/ lzdx)1/2.</ [Zep_2|D2ue|]2dx>l/2
By (x0) B> (x0) B>, (x0)
< |Bar'?(1B2r (xo) | Ec(2r, ue))' /2
< |Bar[(Ee(1/2.u))/? < \/Ca| By . (4.50)
Combining (4.49)—(4.50), we get since €, € (0, 1)

2./nc} 2\ p=1

tp—Z Dzu de < S S € =T 2 \/C B
/Br(xo)m{m|<nﬂ'1}[e (el min(lvp—l)rd)( 7 2| Bl
c p_1

3 2 P2 _
T A / P14
min(l, p — 1)66( 1 ) Bzr(xo) ¢ ¥
“ (et n7T) " ClBa|

+ min(1, p — 1)c;

N 2 2ol
+ —————(e+nr-T) 2 / |V fldx.

min(l, p — 1)06( ) B>, (x0)

or
/ e [tf_2|D2ue|]2dx
By (x0)N{|Vuel<n P=1}
( L)pT_l Jne!
€ +nr-1 2./nc
<< ,[\/Cz( : +C4)|Bzr|+c3/ (27 dx + n |Vf|dx]
min(1, p — 1)c, r B, (x0) By (x0)

pzl

1

< (e—i—r}!’ ) [
min(1, p — I)cg

p—1

2
— (e—}—nﬁ) i / p—1 n—1
= m[zﬁcl,/cwr VnCo + r|Bz|(c3 M| +C4)]r

5

2./nc} _ _
( { 1 +C4)|Bzr|+C3|32r|M1p ' /nCor™ 1]

4.51)
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Since Og C {|Vue| < nﬁ} and

/ 12Dy < / | 2P Dgy
By (x0)N0s By (x0)N{|Vue|<n 7T}

< (e+ n%)”_lwllr”,

we get from (4.51) by using (4.11)

/ Hez(ue)
By (x0)NOs

2¢? 8c2
< 21/ (1272 D%u | dx + =2 127 Vdx
A By (x0)NOs A2 By (x0)NOs
2¢? 8¢2
< 21/ L [2272D%u ) dx + =2 127 Vdx
A% J B, (xo)N{|Vuel<n P=T} A% JB, o) {IVucl<n 7T}
8c2 _
§A—2(€+T]%)p llBl|r”

2¢P (e + n7oT) s
AZmin(1, p — 1)cy

-[2vei VCa + VCo + riBal(esM T e[ @.52)
Letting ¢ — 0 in (4.52), we obtain

L"(0s N By (xo) N{u > 0}) < 2|B "

261
AZ min(l, p — I)co

[2ﬁc1 VCs + nCo + r|Ba|(csMP ™! + C4)]r" 1

which leads to
L™(0s N By(xo) N {u > 0}) < C8r" ",

where C is a positive constant depending on n, p, ¢y, ¢1, ¢3, ¢4, A, M1 and Cp. O

Proof of Theorem4.2. Letr € ( ) By (x0) C By withxg € 0{u >0} N By, and§ > 0. Let E
be a subset of R” and s € [0, 00). The s-dimensional Hausdorff measure of E is defined by

K¥(E) = lim Hj (E) = sup Hj (E),
8—)0 8>O

where

Hi(E) = mf{z ()(m#m) |EcUc,,dmm(c,)
J= j=1

als) = %, I'(s) = [y e 't5"1 dt for s > 0 is the Gamma function.

We argue as in the proof of Theorem 1.5 of [6]. More precisely, let £ = d{u > 0} N B,(xo) and
denote by (Bg (xi))l. ¢ @ finite covering of E, with x; € d{u > 0} and P(n) maximum overlapping.
From the proof of Theorem 3.1, there exists a constant ¢ such that

Viel 3y, €Bs(xi): Beys(yi) C Bs(x;) N{u>0}nN Os.
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We deduce from Lemma 4.5 that

DL (Begs" =Y £ (Begs (1))
i€l i€l
< £"(Bs(xi) N {u > 0} N Os)
i€l

< P(m)L" (Bs(xi) N{u > 0} N O5) < P(n)C8r* 1,

where C > 0 is the constant from Lemma 4.5. This leads to

diam(Bs (x;))\"~" _ a(n —1) nel _ mone1
N
HP~'(0{u > 0} N Br(x9)) < cri .

Letting § — 0, we obtain
R”_l(a{u >0} N B, (xp)) < Cr" L.

5. Second order regularity for « > 0

Here we extend a second order regularity result to non degenerate operators similar to the one
established in [5] in the p(x)-Laplacian framework.
For k > 0, we consider the family of problems

{ div (a(x, Vu)) = f in 2, (5.1)

u=g on 052,

where f € L®(£2) and g € W20 ().
We will assume that a(x, n) satisfies (1.2)—(1.4) and that p satisfies (1.1), (2.1). By a solution
of (5.1) we mean a function u € W20 () satisfying

/ a(x,Vu)-VEdx = —/ f&dx, VEe Wol,p(J(‘Q)’
2 (9]
u—ge WO Q).

By the classical theory of monotone operators, we know that problem (5.1) has a unique solution.
Moreover, the solution of (5.1) is known to have Ckl)’ca regularity [9]. In this section, we are
concerned with second order regularity. This kind of regularity is classical for p-Laplace type
operators with p constant. We refer, for example to [13] Theorem 8.1, Theorem 6.5 of [ 18] and [26].
To establish the W]fc’z estimate, we shall apply the method based on the difference quotients Ay as
in the above references, and [5] in the case of the p(x)-Laplacian.

We will denote by ||v| oo the usual norm of functions in L°°(§2). Note that, recalling Remark
1.1 also by Theorem 4.1 of [10], since f € L°°(£2), the solution of (5.1) is locally bounded i.e.

u € LY (§2). We shall assume here that u € L°°(§2). More precisely, there exists a positive constant
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M such that ||Ju|l < M. Since p is Lipschitz continuous, then for each £2’ C §2, we have from [9]
that

”M”Cl.a(Q/) < C,
where « = a(n, p—, p+. L., M, | fllec) and C = C(n, p—, p+, L, M, | flloo,d(§2', £2)) are
positive real numbers.

First, let us define for each & # 0 and each vector e (s = 1,...,n) of the canonical basis of
R" , the difference quotient of a function ¢ by

P + hes) = p(x)

As,h(p(x) =

The function A j¢ is well defined on the set A ,$2 := {x € £ /x + heg € £2}, which contains
the set 2 := {x € 2 /d(x,02) > |hl|}.

Since WHPO () < WhP—(2) — WL1(£2), some properties in [13] (p. 263) of difference
quotients are still valid. In particular we have
o Ifp € Wh1(£2), then Ay 0 € WE1(£2), and we have V(A 9) = A n(Vo).
o A n(01902)(x) = @1(x + heg) Ag pp2(x) + @2(x)Ag p1(x) for functions ¢; and ¢, defined in

2.

e If at least one of the functions ¢; or ¢, has support contained in £2|5|, then we have

/ P15 1902 = —/ 0245 101.
Q Q

o Ifw € WI™(Byg) (m = 1) and % A; w € WHI(Bsg) for { € D(Bsg), we have ( [13],
Lemma 8.1) for |2| < R and some constant ¢(#),
[AsnwllLmBrg) < () DswllLm(Bsg)
145,-n (2 As h) | L1 (By) < €)IDs (G As )Lt (83 )-

For simplicity, we will drop the dependence on s and write Ay, for A p, etc. Here is the main result
of this section.

THEOREM 5.1 If u is the solution of (5.1) with k > 0, then u € W.2*(£2).

Proof. Let R > 0 be such that the open ball Byg(xo) satisfies FZR(XO) C £2. We consider a
function § € ©(B2r(xp)) such that

V&> + | D2E| < %5 in Bagr(xo).

{ 0$E§l,inB2R, gzlinBR(xo),

Then Ay 5 (E% Ay pu) is a test function for (5.1), and we have

| ate. Vi) V(A& an) dx == [ A& p0) dx
(9] (9]
which leads to

/ Apa(x,Vu) - (§2V(Apu) + 26 AquVE) dx = —/ FA_R(E*Apu) dx. (5.2)
fo) o)
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Let x5, := x + heg and write

—

Apa(x, Vu(x)) = E[a(xh, Vu(xp)) —a(x, Vu(x))] :=U +V, (5.3)
where

1

U:= E[a(xh,Vu(xh)) —a(x, Vu(xp))],

V= %[a(x, Vu(xp)) —a(x, Vu(x))].

It follows then from (5.2) and (5.3) that
/ 2V -V(Apu) = —/ £2U - V(Apu) —/ 28(Apu)U - VEdx
Q Q Q
—/ 28(Apu)V - VE dx —/ FA_L(E?Apu) dx.  (5.4)
9} 2
Writing Vu(xz) = (Vu + hA,(Vu))(x) and setting 6; = (Vu + thA,(Vu))(x), we obtain
1 (td
V= —/ — a(x, (Vu + lhAh(Vu))(x)) dt
h Jo dt
1
= / Vpa(x, (Vu + thAR(Vu))(x)) - Ap(Vu) dt.
0
It follows then
1
V. -V(Apu) = / V,,a(x, (Vu + thAh(Vu))(x)) - Ap(Vu)V(Apu) dt.
0
Multiplying the last equality by £2 and integrating with respect to x over £2, we obtain
/ £2V -V (Apu)dx
Q

= / [52 /1 V,,a(x, (Vu + lhAh(Vu))(x)) - Ap(Vu)V(Apu) dli| dx = 1.
9} 0

Using (1.2) one has
! px)—2
1= Co/ [SZIV(Ahu)IZ/ (k +16:1?) 2 dt} dx = 0. (5.5)
2 0
Next, we write
1
U= g{a(xh’Vu(Xh)) —a(x, Vu(xp))}
_1/1d (x 1 thes, V() dr
TR Jo @V T e T

1
:/ Via(x + theg, Vu(xp)).es di.
0
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Recalling (1.4), the fact that u € C 1’0’(.(2) and that p(:) is Lipschitz continuous in §2, we easily

loc
deduce from the above equality, that for some positive constant C, one has

Ul <C. (5.6)

Hence, by Young’s inequality we get for v > 0

‘/ £2U - V(Apu) dx
2

s/ E|U||V (Ag)| dx
2
C2
< v/ §2|V(Ahu)|2dx+—/ £2dx
2 v Jo

CZ
< v/ £2|V(Apu)|? dx + 4—|BzR|. (5.7)
R v

Using (5.7), we estimate the second term in the right hand side of (5.4) as follows

1/2
< 2Cc |Apu|
R h
Bar

< 2Cc2¢(n)
R

' - Z/QE(AW)U .VE

|[Vuldx < C'. (5.8)

B3r

In order to estimate the third term in the right hand side of (5.4), we need to estimate V. For this
purpose, referring to the above definition of V' (after the equality (5.4)) and using (1.3), we have

(x)—2

1
|V|sc1/0 |(Vu + thA(Vu))(x)|” |AR(Vu)| dt

< o W(x)|Ap(Vu)|,

xX)—2
where W(x) = [y (k 4 16,]?) 297 .
Now since u € C1¥(BjR), it is easy to see that there exist two positive constants /, and L,
depending on «, such that /, < W(x) < L. Moreover we have |Apu| < ||Vu| Loo(B;p)- Therefore
it follows by Young’s inequality that for every p > 0

‘ / 28VVEAudx
Q

szclLK/ £1An(Vu)||VE|| Apt] dx
2
4C%L,%

< u/ £2| Ap(Vu)|? dix +
R 1%

/ [VEI?|Apu|? dx. (5.9)
2

Using again Young’s inequality, for A > 0 for the last term in the right hand side of (5.4), we have,
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since f € L*°(£2)

‘ / FA_B(E Apu) dx
2

<11/ llo /_Q Ay (€ Ap)|
</ loe /9 V(& Ap)| dx

<c<n>||f||oo/9 [szwmhun +2§|V§||Ahu|:| dx

| B2r|
<i [ EIV@P + ol
2
2c1/? 5
+ ¢ (n)||f||oo/ |Vu|dx. (5.10)
Bar

i =y =)=k
Hence, choosing v = u = A = %,

Cn ke, p—, p+, L, R, || flloo)

we obtain from (5.4)—(5.10) for a positive constant C =

I / £2V(Au)P dx < C,
2

which leads to

/ IV(Apu)|>dx < C/ly.
Bpr
Letting 1 — 0, we obtain the desired result [13], Lemma 8.9. O

Due to Proposition 2.1 (iii), as an immediate consequence, we also have this local second order
regularity result for the obstacle problem.

COROLLARY 5.1 Under the assumptions of Theorem 5.1, namely for « > 0, if u is the solution of
the obstacle problem (P), then u € W2’2({2) N C1%(£2) for some a > 0.

loc

6. X"~ l.measure of the free boundary for « > 0

The main result of this section is the local finiteness of the " !-measure of the essential
free boundary. It is known that the free boundary locally has finite ®”~!-measure for several
homogeneous operators: the p-Obstacle problem, [2] for p = 2 and [17] for p > 2, and more
generally for a homogeneous operator of p-Laplacian type [28], and for the A—Obstacle problem [6]
that also includes the p-Laplacian (1 < p < 00).

It turns out, that the heterogeneous case is much more delicate in the p(x) framework, as we
now treat in this section for x > 0. In this case we show that at least the essential free boundary
has locally finite "~ !-measure. We use the bounded variation approach of Brézis and Kinderlehrer
(see [1] or [16]) by showing that Au € BVj,.(£2), which implies, for a non-degenerating forcing f,
that the set {u > 0} has locally finite perimeter. Hence d.{u > 0} has locally finite ¥"~!-measure
(see, for example [8]), where 9, E is the essential boundary of E. As an important consequence,
by a well-known result of De Giorgi (see [12], page 54), the free boundary may be written, up to a
possible singular set of ||V y{,0}||-measure zero, as a countable union of C! hypersurfaces.
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DEFINITION 6.1 Let w C £2. We say that the function g € L!(w) is of bounded variation in @ and
write g € BV (w), if there exists a positive constant C such that

/ 8ey; dx

If g € BV(w), we define its variation V,, g as follows:

< Cl¢llLoe(@y, for 1

/A

i<n and (€ C®(Q).

Vog = sup | 3" [ st dx: 5 < (@), 11 <1}
i=1"%®

In this section we will assume additionally that

n

. (x)—1 1 1
Z 5 gl (x,n) §C3(K+|n|2)p 2 (1—|—|ln(ic+|17|2)2|)|1n(x+|n|2)2, 6.1)
=1 Xi Xj
0 0 )| < a0 “F (1 1 e+ 1)) ©2)
B0 x| <calc+|n K+ n , .

i,j,k=1

for some positive constants c3, c4.
We shall also assume that f satisfies (3.1), and V f € ma (£2) (Morrey space, [20]), for

loc
q > n,which means that there exists a positive constant Cy such that

/ |V fldx < Cor™ Y9 forany B, CC 2. (6.3)
B,

In particular, by Sobolev-Morrey imbedding f is continuous, and (6.3) holds if f € W4(£2).

THEOREM 6.1 Assume that p(-) satisfies (2.1), f satisfies (3.1), (6.3), and that (1.2)—(1.4), (6.1),
(6.2) hold with ¥ > 0. Then Au = div(a(x, Vu)) € BVjoc(£2).

Proof. Let B, (x¢) such that By, (x9) CC 2. For simplicity, we drop the dependence on xo. We
will prove that Vp, (Au) < ¢ for some positive constant ¢. To do that, we select an approximation
to sign(t), that is, a sequence of smooth functions ys (), § > 0 satisfying

lys()] < 1, y5(t) = 0,1 €R,
ys(0) =0, lim ys(r) = sign(7).
§—0

We also consider a cutoff function { € C§°(B2,) suchthat{ = 1in B, and 0 < ¢ < 1in B»,.
We introduce for € € (0, 1), the unique solution of the following approximating problem

ue = 8 € Wo' (%), (6.4)
div (a(x, Vue)) = fHe(ue) in £2,
where g is the same as in (P), and where H is as in Section 4.

First, we observe [9] that there exist two constants & € (0, 1) and M; > 1 independent of € such
that ue € C1%(£2) and

loc

luellcrog,,) < M. (6.5)



390 S. CHALLAL, A. LYAGHFOURI, J.F. RODRIGUES AND R. TEYMURAZYAN

Moreover, we know from Theorem 5.1 that we have for a positive constant M, independent of €
luellw22(,,) < Ma, (6.6)

and in particular, we have for a positive constant c5 independent of €
/ |D%uc|dx < cs. (6.7)
B>,

We shall first prove that there exists a positive constant ¢ independent of € and § such that we have
foreachk =1,...,n

/B £y (tex ) (Aute)x, dx < co. 68)

Integrating by parts, we get

/B Cys(Uex; ) (Aue)x, dx = — & (a(x, Vue))x, - V(Eys (uex, ))dx

= —/ (a—“(x,we) + Dya(x. Vi) - Vuexk).V(é‘yg(uexk))dx
By, \0Xk

da
==/ E(x,Vue).V(é’y,g(uexk))dx—/B Vs (Uex; ) Dya(x, Vue) - Viex, . Vdx
2r 2r
—/B ¢ys(Uexy ) Dpa(x, Vue) - Vitex, Viex, dx. (6.9)
2r

Since a satisfies (1.2), we have for a.e. x € B;,

p(x)—2

Dya(x,Vue) - Viex, - Videx, = colk + |Vuel?)™ 2 |Vuexk|2. (6.10)

The fact that a satisfies also (1.3), implies that for a.e. x € B»,
|Dpa(x, Vue) - Videx, - V| < |Dpa(x, Vue) - Viex, | - V]
|Vitex, ||V, ©6.11)

p(x)=2
2

<ci(k+ |Vue|2)

Using the fact that ¢ and ylg are non-negative and that |ys| < 1, we deduce from (6.9)—(6.11) that

da
/Bzr Cys(Uex; ) (Aue)x, dx < _/Bzr E(ﬁvue)-v(gyb’(uexk))dx

p(x)—2
+c1|vg|oo/ (k + |Vuel?) 2 |Vueyldx = Ji + Jo. (6.12)

By,
Using (6.5) and (6.7), we see that

P42
2 / |Viex, |dx
BZr

2, 242
< 0165 Vool + M) "2 =c7. (6.13)

Jo < c1|Ve|oolk + M7
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To handle J;, we integrate by parts

./ da
n= | e i (G V) ). (6149

Note that we have

div (aaTak(x, Vue)) = Z 3;)961 (gx%(lm VMe))

i

= Z Pai (x, Vue) + Z Paj (x,Vue)-u (6.15)
= i axian ) € ~ 377j Xk ’ € €X)Xj* .
Using (6.1)—(6.2), we obtain
n
02a; p(x)—1
3 (. V)| < esic + [Vue) 2
P 0x; 0xx 1

1 1
(1 + iln (K + |Vu€|2)2 |)| In (K + |Vue|2)2\
< cse(k, py, My) = cg, (6.16)

n

2

i,j=1

82a,~
on; 0xg

p(x)—2

< C4(K + |Vue|2) 2 (1 + iln (/c + |Vue|2)%|)|D2ue|

(x, Vue) - Uex; x;

< cqclic, p, M1)|D?ue| = co| D?uel. (6.17)

Combining (6.14)—(6.17) and using the fact that |{ys (uex, )| < 1, we get

J1 S/
By,
S‘/;Zrz

< cs| Bar| + 69/ |D?uc|dx < cg|Bar| + csco = cro. (6.18)
BZr

dx

div (;T“k(x, Vue))
32

axi

a; aza,-
,Vue)ld JVue) Uey: x: |d
0xg (x, Vue)|dx + /Bzr %:‘3771‘ Xk (6, Vite) texy |

We deduce from (6.12), (6.13), and (6.18) that (6.8) holds for c¢ = ¢7 + c10.
Now differentiating (6.4) with respect to x; fork = 1,...,n, we obtain

(Aue)xk = ka He(ue) + fHe/(ue)uexk- (6.19)

Multiplying (6.19) by {ys(uex, ) and integrating over B,,, we get

/ £y (tex, ) (Atte), dx = / £ys(utey) frog He(u)dx
B>, By,

+ / fé‘yS(uGXk)He,(ME)MEXk dx
BZr
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which leads by taking into account (6.3) and (6.8) and using the fact that |{ys (uex, ) He(ue)| < 1 to

FEysteny) H (uettex, dx = /B £y (texy ) (Atte) sy d

By,
- / CV&(uexk)ka He(ue)dx < ce + / |ka|dx
BZr BZr
<6+ Co2r)" ™ = e (6.20)
On the other hand, since H/(u¢)ys (Uex; )Uex, is a non-negative function, we have
}E}}) He/(ue)VS (Uex; Mex, = | (He (ue))xk | a.e.in By,
which leads by the bounded convergence theorem to
/ §f|(H€(u6))xk | dx <c11. (6.21)
By,

Multiplying again (6.19) by ¢ and integrating over B, we get by taking into account the fact that
|CHe(ue)| < 1and (6.3)

£l(Aue), ldx < / (EHeWoll fu| + FCIHe (o)l )dx

BZr BZr

<[ Addr+ [ er|(Hawo),, Jax
By, By,
< C0(2r)”_1 +c11 = C12. (6.22)

Since ¢ is non-negative and ¢ = 1 in B,, we deduce from (6.22) that
/ [(Aue)x, ldx < cr2, Yk =1,...,n.
By

Hence we obtain Au, € WI;C’I(B,) uniformly. Finally we observe from (6.5)—(6.6) that the
approximating sequence of solutions u, converges in ngc’z(.Q) — weakly and in C#(2), for
some § > 0, to the solution u of the obstacle problem and consequently also Au, — Au in

L2 (£2) — weakly which concludes the proof of the theorem. O
As a consequence, we get the main result of this section:

THEOREM 6.2 Assume that p satisfies (1.1), (2.1), f satisfies (3.1) and (6.3), and that a satisfies
(1.2)—(1.4) and (6.1), (6.2), and additionally Z:'l=1 gixi(x, 0) = 0. Then the essential free boundary

of problem (P) has locally finite ®¥"~!-measure.

Proof. From Proposition 2.2 (iii) we know that the solution u of the obstacle problem satisfies
Sxu=0y < Au < f a.e. in §2 and as a consequence of its regularity given by Corollary 5.1, u €
W22 (£2) N C1¥(82). Therefore

loc

_ " da; v " da; v Pu
Au—za—m(x, u) + Z 8_r;j(x’ u) =0,

0x; 0x;
i=1 i,j=1 L)
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for a.e. x € {u = 0} and consequently we have
Au = fy>o0) a.e.in 2.

By Theorem 6.1 and the assumptions on f we conclude

Au

— = X{u>o0} € BVIOC(Q)-

f
This means that the set {u > 0} has locally finite perimeter, which immediately implies (see, for
example [8], page 204) that ¥~ 1(d.{u > 0} N B,) < oo, for any r € (0, R). O

REMARK 6.1 We recall that the essential free boundary d.{u > 0} N B, (or the measure-theoretic
free boundary) consists of points which have positive upper n-dimensional Lebesgue densities with
respect to the two subsets {u > 0} N B, and {u = 0} N B,. The singular part ¥y = (d{u >
0} \ de{u > 0}) N B, has null perimeter, i.e., the set Xy of free boundary points which are not on
the essential free boundary has ||V y >0} |-measure zero, but its fine structure in the general case is
unknown. However a characterization of the singular set of the obstacle problem may be given, but
is essentially restricted to the case of the Laplacian operator (see [22], Chapter 7).
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