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We discuss the sharp interface limit of a diffuse interface model for a two-phase flow of two partly
miscible viscous Newtonian fluids of different densities, when a certain parameter ¢ > 0 related to
the interface thickness tends to zero. In the case that the mobility stays positive or tends to zero slower
than linearly in ¢ we will prove that weak solutions tend to varifold solutions of a corresponding sharp
interface model. But, if the mobility tends to zero faster than &3 we will show that certain radially
symmetric solutions tend to functions, which will not satisfy the Young-Laplace law at the interface
in the limit.
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1. Introduction

The present contribution is devoted to the study of the relations between so-called diffuse and sharp
interface models for the flow of two viscous incompressible Newtonian fluids. Such two-phase flows
play a fundamental role in many fluid dynamical applications in physics, chemistry, biology, and
the engineering sciences. There are two basic types of models namely the (classical) sharp interface
models, where the interface I"(¢) between the fluids is modeled as a (sufficiently smooth) surface
and so-called diffuse interface models, where the “sharp” interface I"(¢) is replaced by an interfacial
region, where a suitable order parameter (e.g., the difference of volume fractions) varies smoothly,
but with a large gradient between two distinguished values (e.g., =1 for the difference of volume
fractions). Then the natural question arises how diffuse and sharp interface models are related if a
suitable parameter ¢ > 0, which is related to the width of the diffuse interface, tends to zero. There
are several results on this question, which are based on formally matched asymptotics calculations.
But so far there are very few mathematically rigorous convergence results.

More precisely, we study throughout the paper the sharp interface limit of the following diffuse
interface model:

00V + (pv + %J) - Vv —div(v(c)Dv) + Vp = —¢ediv(a(c)Ve ® Ve) in Q, (1.1)

divv =0 in Q, (1.2)
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dsc + v- Ve = div(ime(c)V ) in Q, (1.3)
w=-¢e'f(c)—eAc in 0, (1.4)

v[age =0 on S, (1.5)

nye - Velpe = mye - Vilpe =0 onsS, (1.6)
(v, 0)|r=0 = (vo,c0) in 2, (1.7)

where Q = 2 x (0,00),S = 382 x (0,00), £2 C R” is a suitable domain, and J = —m,(c)Vpu.
Here ¢ = ¢, — ¢ is the volume fraction difference of the fluids, p = p(c) is the density of the
fluid mixture, depending explicitly on ¢ through p(c) = @c - @, where p; is the specific
density of fluid j = 1,2, and f is a suitable “double-well potential”, e.g., f(c) = (1 — ¢?)2.
Precise assumptions will be made below. Moreover, ¢ > 0 is a small parameter related to the
interface thickness, u is the so-called chemical potential, m.(c) > 0 a mobility coefficient related
to the strength of diffusion in the mixture and a(c) is a coefficient in front of the |Vc¢|?-term in
the free energy of the system. Finally, ny denotes the exterior normal of 0£2. The model was
derived by A., Garcke, and Griin [5]. In the case p(c) = const. it coincides with the so-called
“Model H” in Hohenberg and Halperin [14], cf. also Gurtin et al. [13]. Existence of weak solutions
for this system in the case of a bounded, sufficiently smooth domain §2 and for a suitable class of
singular free energy densities f was proved by A., Depner, and Garcke [4]. We refer to the latter
article for further references concerning analytic results for this diffuse interface model in the case
p(c) = const. and related models.

In [5] the sharp interface limit ¢ — 0 was discussed with the method of formally matched
asymptotics. It was shown that for the scaling m.(c) = me* witha = 0, 1, m > 0, solutions of the
system (1.1)—(1.5) converges to solutions of

pEa,v + (pFv + 2258L)) . Vv — divTE (v, p) = 0 in 2%(1),t > 0, (1.8)
divv =0 in 2%(1),1 > 0, (1.9)

moAp =0 in 2%(@t),t > 0, (1.10)

—n-[T(v, p)] =cHn onI'(t),t >0, (1.11)

V—n-V|re =—[5n-Vu]on I'(t),t > 0, (1.12)

wlrey =o0H onI'(t),t >0, (1.13)

with J = —moV . Here n denotes the unit normal of I"(¢) that points inside 27 (z) and V and H
the normal velocity and scalar mean curvature of I"(¢) with respect to n. Moreover, by [-] we denote
the jump of a quantity across the interface in direction of n, i.e., [ f](x) = limp—o(f(x + hn) —
f(x — hm)) for x € I'(t). Furthermore, o is a surface tension coefficient determined uniquely by f
andmg = m if « = 0 and my = 0 if « = 1 is a mobility constant. Implicitly it is assumed that v, u
do not jump across I'(¢), i.e.,

[vl]=1[u]l=0 onI'(t),t > 0.
In the following we close the system with the boundary and initial conditions

vjge =0 ondf2,t >0, (1.14)
nyo -me(c)Vulge =0 ondf2,t >0, (1.15)
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1(0) = 2, (1.16)
V|r=0 =Vvo in£2, (1.17)

where vy, .QJ are given initial data satisfying B.Q(;F N 3982 = 0. Equations (1.8)—(1.9) describe the
conservation of linear momentum and mass in both fluids, and (1.11) is the balance of forces at the
boundary. The equations for v are complemented by the non-slip condition (1.14) at the boundary of
£2. The conditions (1.10), (1.15) describe together with (1.12) a continuity equation for the mass of
the phases, and (1.13) relates the chemical potential . to the L2-gradient of the surface area, which
is given by the mean curvature of the interface.

We note that in the case ¢« = 1, i.e., mg = 0, (1.12) describes the usual kinematic condition
that the interface is transported by the flow of the surrounding fluids and (1.8)-(1.17) reduces to the
classical model of a two-phase Navier—Stokes flow. Existence of strong solutions locally in time was
first proved by Denisova and Solonnikov [11]. We refer to Priiss and Simonett [19] and Kohne et
al. [15] for more recent results and further references. Existence of generalized solutions globally in
times was shown by Plotnikov [18] and A. [1, 2]. On the other hand, if « = 0, m¢ > 0, respectively,
the equations (1.10), (1.13), (1.15) are a variant of the Mullins—Sekerka flow of a family of interfaces
with an additional convection term n - V| (). In the case p; = 0> existence of weak solutions for
large times and general initial data was proved by A. and Roger [6] and existence of strong solutions
locally in time and stability of spherical droplets was proved by A. and Wilke [8].

In the following we address the following question: Under which assumptions on the behavior of
me(c) as ¢ — 0 do weak solutions of (1.1)—(1.7) converge to weak/generalized solutions of (1.8)—
(1.17)? In this paper we provide a partial answer to that question. If one assumes e.g. m¢(c) = me?,
the results in the following will show that convergence holds true in the case o € [0, 1). More
precisely, we will show that weak solutions of (1.1)—(1.7) converge to so-called varifold solutions
of (1.8)—(1.17), which are defined in the spirit of Chen [10]. But in the case @ € (3, c0) we will
construct radially symmetric solutions of (1.1)-(1.4) in the domain 2 = {x e R: 1 < |x| < M}
with suitable inflow and outflow boundary conditions, which do not converge to a solution of (1.8)—
(1.13). In particular, the pressure p in the limit ¢ — 0 satisfies

[p] = ok(t)H on I'(t) = dBR(1)(0),

where R(t), k() ——c0 00 and v is independent of ¢ and smooth in £2. This shows that the Young-
Laplace law (1.11) is not satisfied. We note that these results are consistent with the numerical
studies of Jacqmin, where a scaling of the mobility as m.(c) = me® with o € [1,2) was proposed
and considered.

The structure of the article is as follows: First we introduce some notation and preliminary
results in Section 2. Then we prove our main result on convergence of weak solutions of (1.1)—(1.7)
to varifold solutions of (1.8)—(1.17) in the case that the mobility m.(c) tends to zero as ¢ — 0 slower
than linearly in Section 3. Finally, in Section 4, we consider certain radially symmetric solutions of
(1.1)—(1.7) and show that these do not converge to a solution of (1.8)—(1.13) if the mobility tends to
zero too fast as ¢ — 0.

2. Notation and preliminaries

Let X be a locally compact separable metric space and let Co(X; RY) by the closure of compactly
supported continuous functions f: X — RY, N € N, in the supremum norm. Moreover, denote by



398 H. ABELS AND D. LENGELER

M(X;RYN) the space of all finite R" -valued Radon measures, Wl (X) := M (X;R). Then by Riesz
representation theorem MWL (X; RN ) = Co(X; RN ), cf., e.g., Ambrosio et al. [9, Theorem 1.54].
Given A € M(X;RY) we denote by || the total variation measure defined by

o0 o0
|A|(A) = sup Z [A(Ag)| : Ax € B(X) pairwise disjoint, A = U Ak
k=0 k=0

forevery A € B(X), where B(X) denotes the o-algebra of Borel sets of X. Moreover, &—‘: X - RN
denotes the Radon-Nikodym derivative of A with respect to |A|. The restriction of a measure pu
to a u-measurable set A is denoted by (| A)(B) = (A N B). Furthermore, the s-dimensional
Hausdorff measure on R4, 0 < s < d, is denoted by 5. Recall that

BV(U)={feL'(U):VfeWMU;R)
I/ lBvawy = 1/ vy + IV lmwrae

where V f denotes the distributional derivative and U C R” is an open set. Moreover,
BV (U; {0, 1}) denotes the set of all X, € BV(U) such that X.(x) € {0, 1} for almost all x € U.

Aset E C U is said to have finite perimeter in U if X g € BV(U). By the structure theorem of
sets of finite perimeter [VXg| = ®4~1|9* E, where 0*E is the so-called reduced boundary of E
and for all ¢ € Co(U,R?)

—(VXE,9) = —/ @-ngdrit,
*E

where ng (x) = \Vx cf e.g., [9]. Note that, if E is a domain with C !-boundary, then 0* E = dE
and ng coincides w1th the interior unit normal.

As usual the space of smooth and compactly supported functions in an open set U is denoted
by C§°(U). Moreover, C % (U) denotes the set of all smooth functions f:U — C such that all
derivatives have continuous extensions on U. For 0 < T < oo, we denote by L? Toc [0,7); X),
1 < p < o0, the space of all strongly measurable f:(0,7) — X such that f € L?(0,7T’; X) for
all0 < T/ < T.Here LP(M) and L? (M X) denote the standard Lebesgue spaces for scalar and
X -valued functions, respectively. Furthermore, Cg7 (£2) = {¢ € Cé’o(Q)d : diveg = 0} and

2
L2@) = e .

If Y = X'is adual space and Q € R¥ is open, then L. (0;Y) denotes the space of all functions
v: Q — Y that are weakly-* measurable and essentlally bounded, i.e.,

X = (v, F(x, ))x x
is measurable for each F € L'(Q; X) and

[vilzes, (0:v) = ess supyegllvxlly < oo.

Moreover, we note that there is a separable Banach space X such that X’ = BV(£2), cf. [9]. As a
consequence [12] we obtain that Ly, (0, T; BV(£2)) = (L 0,T; X )) and that uniformly bounded
setsin L (0, T; BV(§2)) are weakly -precompact.
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3. Sharp interface limit

In this section we discuss the relation between (1.8)—(1.17) and its diffuse interface analogue (1.1)—

(1.7).

ASSUMPTION 3.1 We assume that the domain 2 C R?, d = 2,3 is bounded and smooth.
Furthermore, we assume that there exist constants cg, Co > 0 such that
e f€C3R), f(c) =0, f(c) =0ifandonly if c = —1,1,and f"(c) = colc|?2if |c| = 1 —cp
for some constant p = 3
e p,a,veCYR)withcy < p,a,v < Cyand
P2 + P1 P2 — P1
=T, Tt

p(c)

forc € [—1,1]
o mg,mo € CIR), 0 < mg,mg < Cy, mg =50 Mo in C1(R), and either mg > cg or mg = 0. If
mgy = 0, then m, = m, for constants m, > 0 with m, —._¢ 0.

The stronger assumption p = 3 (compared to p > 2 in [10]) is needed here for the uniform
estimate of v - Ve, = div(vece) in L2(0, T; H -1 (£2)). A possible choice for the homogeneous free

energy density is f(s) = (s% — 1)2. Moreover, let 0 = f_ll V f(s)/2ds and A(s) = [; a(r)dr.
Now, let us consider the energy identities corresponding to our two systems. We recall that every
sufficiently smooth solution of the Navier—Stokes/Mullins—Sekerka system (1.8)—(1.17) satisfies

1
i—/ p(c) [v|? dx+ai3r€d_1(1“) = —/ v(c)|Dv|? dx—/ mo(c)|Vul|>dx,  (3.1)
dt2 Jo dt 2 2

where ¢(,x) = —1 4+ 2y g+(;)(x). On the other hand, every sufficiently smooth solution of (1.1)-
(1.7) satisfies
d1 2 d 2 2
— = | pl)|v]dx + —8c(c) =— | v(c)|Dv|"dx — | me(c)|Vu|*dx, (3.2)
dt2 Jo dt Q Q

88(6)=/Q(8|VA2(C)|2 N fic)) dx

is the free energy. Moreover, by Modica and Mortola [17] or Modica [16], for A(c) = ¢, we have

where

N w.r.t. L1-I"-convergence,
where
o R471O*E) ifu = —1+ 2y and E has finite perimeter,

else.

Pu) =

Here, 0* E denotes the reduced boundary. Note that 0* E = dF if E is a sufficiently regular domain.
Therefore, we see that the energy identity (3.1) is formally identical to the sharp interface limit of
the energy identity (3.2) of the diffuse interface model (1.1)—(1.7).

We will now adapt the arguments of Chen [10], see also A. and Réger [6], to show that, as ¢ — 0,
solutions of the diffuse interface model (1.1)—(1.7) converge to varifold solutions of the system
(1.8)=(1.17). Let O = 2 x (0,00) and G4_1 := S?~'/ ~ where vy ~ v for vg,v; € S iff
vo = £v; and S9-1 i the unit sphere in R4,
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DEFINITION 3.2 Let vo € L2(£2) and Eq C £2 be a set of finite perimeter. Then (v, E, i, V) if
mo > 0and (v, E, V) else is called a varifold solution of (1.8)—(1.17) with initial values (vg, Eg) if
the following conditions are satisfied:

1.

2.

v e L2((0,00); H'(£2)%) N L%((0, 0); L2(2)); u € leoc [0,00); H(2)), Vi €
L2((0, 00); L2(£2)%) if mg > 0.

E = J;s0 E+ x {t} is a measurable subset of £2 x [0, 00) such that yg € C([0, 00); LY (2))N
L2 ((0,00); BV(£2)) and |E;| = | Ep| forallz = 0.

V is a Radon measure on £2 x G4_1 x (0, 00) such that V = V?dt where V? is a Radon measure
on 2 x Gy_; for almost all ¢ € (0, 00), i.e., a general varifold in 2. Moreover, for almost all
t € (0,00) V! has the representation

d
/ﬁ o VDAV ) = ; /ﬁ b () ¥ (x. Pl () A (x) (3.3)

forall Yy € C(£2 x G4_1). Here, for almost all ¢ € (0, c0), A’ is a Radon measure on £2, and the
Af-measurable functions b}, p} are R- and G4_;-valued, respectively, such that

d d
0<bhl <1, be;l, Zpﬁ@pﬁ:], A-ae.
i=1 i=1

and
|V xE,| <L
Al 20
Forc := —1 4+ 2yg,J := —mo(c)Vu ift my > 0 and J := 0 else as well as J 1= g—’c’(c)J we
have

/Q (— p(e)V- 9,0 —v & (p(c)v + ) : Vo + v(c) Dv : D(p) d(x,1)
— [ pleli—orvo-gliodx == [ "6V 0)ar
2 0
forall ¢ € Cg°([0, 00); Cgo(£2)) and
Z/E 0: v + div(yv) d(x, 1) + /QJ- Vi d(x,t) + /Eo VYli=odx =0 (3.5)

for all ¥ € C{°([0, 00) x £2). Here

8V, @) := /Q . (I-p®p):Ved(x,p) forallp € C®(2;RY).
xGg—1

Furthermore, if my > 0 we have
2/ div(un) dx = (SV', 71) (3.6)
E;

for all n € CJ (£2;R¥) and almost all ¢ € (0, 00).
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5. Finally, for almostall 0 < s <t < 00

t
3 | peoworax 2@+ [ [ @by -3 dexo
2 s 2
<5 | e Pdx + 2@, G
We define the free energy density by

JVAOP | S
2 e

In [3] the existence of global weak solutions is shown for a class of singular free energies. We note

ee(c) =

that this proof can be easily carried over to the present situation with only minor modifications and
even some simplifications since f is non-singular. Throughout this paper we will use the definition
of weak solutions in [3]. By this definition we have

Ve € BC, ([0, 00): L2(£2)) N L2((0, 00): H' (2)%),
ce € BCy([0,00); H'(2)) N L7, ([0, 00); H*(R2)), f(ce) € L7, ([0, 00); L*(£2)),
e L2 ([0,00); L2(£2)), Vi € L2([0, 00); L*(22)%),

and
/Q —p(cs)Ve - 310 — Ve ® (p(cs)Ve + Je) : Vo +v(cs) DV, : Do d(x,1)
— /Q p(co,e) Vo,e - @li=odx = /Qea(cs)ch ® Vce : Vod(x,t) (3.8)
for Jo := —me(ce)Vite, Jo i= 2L (co)Je, and all @ € C§([0, 00): Cg2 (£2)), as well as
/Q e 00y + divtyve)) ) + [ covlicod = /Q me(c)Vie - Vy dxr)  (39)
for all ¥ € C°([0, 00) x £2), and

/ 2
Me = / (CS) ( s)l gl
&

—e div(a(ce)Vee) ae.in Q, (3.10)
nyo - Vee =0 ae.on (0,00) x 052, 3.11)

Moreover, we have

/ ,O(Cg(l))|Vg(l)|2
2

t
5 dx + 8.(ce(2)) + / / v(ce)|Dve|?dx dt

/ / me(c) [ Vits 2 d (. 1) < / (“(s))'“(s)'zdx+88(cs(s)) (3.12)

for all # = s and almost every s = 0 including s = 0.
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THEOREM 3.3 For all ¢ € (0, 1], let initial data (vo ¢, co.s) € L2(£2) x H'(£2) be given such that
ﬁfg coedx =¢ € (—1,1)and

2
/ % dx + 84(cos) < R (3.13)
2

for some R > 0. Furthermore, let (v, c¢, (1) be weak solutions of (1.1)—(1.7) in the interval [0, co).
Then there exists a sequence (&x )xen, converging to 0 as k — oo, such that the following assertions
are true.

1. Thereare v € L2((0,00); H'(£2)4)NL>®((0, 00); L2 (£2)?), vo € L2(£2) such that, as k — oo,

Ve, = v in L2((0,00); H'(2)%), (3.14)
Ve, > v in L7 ([0,00); LZ(R2)), (3.15)
Vo, — Vo in L2(£2). (3.16)

If mo > 0, there exists a . € leoc([O, 00); H(2)) with Vi € L2((0, 00); LZ(Q)d) and such
that

Pe, — 1 in L7 ([0, 00); H'(£2)). (3.17)

2. There are measurable sets £ C £2 x [0, 00) and E¢ C £2 such that, as k — oo,

1
¢, > —1+2yg ae.in 2 x (0,00) and in C,° ([0, 00); L*(£2)) (3.18)

loc
Coe, — —1+2xg, ae.in 2. (3.19)
In particular, we have Y g |;=0 = xE, in L*(£2). o
3. There exist Radon measures A and A;;,7, j = 1,...,d on £2 x [0, 0o) such that for every T’ > 0,
i,j=1,...,d,ask — oo,
es, (Ce ) dxdt =* X in M(2 x [0, T)), (3.20)
ex a(Cey ) Ox; Cey Ox; e dx dt —* Ay in M2 x [0, T]). (3.21)

4. There exists a Radon measure V = V*dt on 2 x Gg_; x (0, 00) such that (v, E, jt, V) if mg > 0
and (v, E, V) else is a varifold solution of (1.8)—(1.17) in the sense of Definition 3.2 with initial

values (vg, Eg) and 0 = f_ll v f(s)/2ds. Furthermore,

T T
/ (5vt,,,>dz=/ /vn;(du—(dxi,-)f{j:l) dt (3.22)
0 0 (9]

forall n € C (22 x [0, T];RY).
5. If vo,e, — Vo in LCZ, (£2) and 8_8(00,8) — 20|V xE,|(£2) as k — oo, then (3.7) holds for almost
all 1 € (0,00), s = 0, and A°(£2) replaced by 25|V x g, |(£2).

By (3.12) and the assumptions on the initial data we obtain

/ ,O(Cg(l))|Vg(l)|2
2

t
5 dx+88(cg(t))+/ / v(ce)|DVe|? + me(ce)| Vs> dx dt < R (3.23)
0 J2
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forallz = 0.

From this estimate, Korn’s inequality, and (3.13) we deduce that there exists a sequence g \ 0
as k — oo such that (3.14), (3.16), (3.17), (3.20), and (3.21) hold. Using the assumptions on f, we
further deduce that

/ lce(®)]? dx < C(1 + R), (3.24)
Q

/ (Jes(t)] — 1)*dx < CeR (3.25)
2

for all ¢+ > 0. In particular, for (3.25) we used that f(c) = C(|c| — 1)? for all ¢ € R and some
constant C > 0 which follows from the positivity of f”(£1) and the p-growth of f for large c.
With the definitions (cf. [10])

W(c) = /_cl V2/(s)ds, where f(s) = min (f(s). 1+ |s]?),

and
we(x,1) = W(ce(x, 1)),

the functions w, are uniformly bounded in L>°((0, c0); BV(£2)) since

/Q |Vwg(x,1)| dx = /Q V2 f (ee(x, 1)) |Ves(x,1)| dx < /Q es(ce(x,1))dx < R.  (3.26)

Moreover, note that by the assumptions on f, there exist constants Co, C; > 0 such that for all
co,c1 €R

Coleo — c1]* < [W(co) — W(en)| < Cileo — er|(1 + |col + |ex ). (3.27)
Here, for the first inequality we used again that f(s) = C(|s| — 1)? forall s € R.

LEMMA 3.4 There exists a constant C > 0 such that

[[we | + el

<
C([0,00:L1(2)) CE([0,00):L2(R)

Proof. The proof is a modification of [10, Proof of Lemma 3.2]. Therefore, we only give a brief
presentation. For sufficiently small n > 0, x € £2,and # = 0 let

cg(x,z):/ o(y) ce(x —ny,t)dy,
B,

where w is a standard mollifying kernel and ¢, is extended to a small neighborhood of £2 as in [10,
Proof of Lemma 3.2]. Then, there exist constants C, C’ > 0 such that

Cn Mlee@)llz2(2)

Vel (D220 <
CnlVwe ()1 (o) <

c'n! (3.28)
”cg(t) _CS(Z)HiZ(Q) C n

' (3.29)

NN
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for all sufficiently small > 0, cf. [10, Proof of Lemma 3.2]. From (3.28) and (3.9) we deduce that
forall0 <7 <t <oosuchthat |t — 7] < 1

/ (ce(x,1) —ce(x, 7)) (] (x. 1) — ] (x, 7)) dx
2

— /’/ (me(ce(x,9)V e (x,5) — Ve(x,5)ce(x,8)) - (Vel (x,1) — Vel (x, 7)) d(x, )
T JR2

SCRY(— 1) sup Vel ($)llz2qe) < CRINH(E — )2 (3.30)

s€(t,t)

Here, we used the fact that for all 7, ¢ as above we have
[me(ce) Ve — vece HLZ(Qx(r,t)) < C(R).

since the sequences (v¢) C L2((0, 00); L®(£2)) and (c;) C L*®((0, 0o); L3(£2)) are bounded due to
the assumptions d < 3 and p = 3. Now, combining (3.30), (3.29) and using Holder’s and Young’s
inequality we conclude that for n, t, and ¢ as above we have

_ 1
lles(6) = ce(@I 2y < Cr+ 17 e = 7]2).

Choosing n = (¢t — t)flt for sufficiently small ¢ — v we conclude the claim concerning c,. Using
(3.27), one derives the claim concerning w, as in [10]. O

REMARK 3.5 It is possible to understand the proof of Lemma 3.4 from a more general point
of view. From (3.9) and (3.23) we easily deduce that the distributional time-derivative of
(ce) is uniformly bounded in L2((0,00), H~!(£2)). In particular, (c¢) is uniformly bounded
in CY2([0,00), H~'(£2)). On the other hand, the computations leading to (3.29) show
that (c;) is uniformly bounded in Lw((O,oo);lec/,g(.Q)). This follows from BZIC/,S(Q)

(L*(2), H (£2)), /3,00 and the definition of the real interpolation spaces with the aid of the K-
method. By interpolation, we obtain uniform boundedness in C/8([0, 00), L2(£2)).

The proof of the following lemma is literally the same as the proof of [10, Lemma 3.3].
LEMMA 3.6 There exists a sub-sequence (again denoted by &) and a measurable set E C §2 X

[0, 00) such that, as k — oo,

1
Ws, — 20xg  ae.in 2 x (0,00) and in C;° ([0, 00); L' (£2))

loc

|
cep, > —14+2xg ae.in 2 x(0,00) andin C,) ([0, 00); L*(£2))

loc

Moreover, yg € L3 ((0,00); BV(£2)) N C%([O, 00); L1(£2)) and for all t > 0 we have |E;| =
|Eo| = 1££|82].

LEMMA 3.7 There exist constants C, &g > 0 such that

e @)l @y < € (8eles(®)) + Ve lL2(e2)) (3.31)

for almost all # > 0 and 0 < & < g¢g. Using m, = m, we deduce from (3.31) and (3.23) that

T
mg/O ||us(z)||iz(m dt <C(R,T) forall0<T < oo. (3.32)
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Proof. Let us suppress the time variable. Due to Poincaré’s inequality it suffices to control the
average of u.. Equation (3.10) can be written in the form

e = f1eo) —eva(cg) AA(cy). (3.33)

&

Multiplying by 5 - V¢, for g € C'(§2;R?), integrating over £2, and integrating by parts yields

/ n-Vee e dx = —/ \/ (eg(cg) I —eVA(c) ® VA(CE)) dx + / ec(ce) p-nyg dRri'.
2 2 82

(3.34)
Now we can proceed exactly as in the proof of [ 10, Lemma 3.4]. o

LEMMA 3.8 There exists a sub-sequence (again denoted by &) such that, as k — oo,
([0, 00); L3 (£2))
Ve, () = v(t) in L?(£2) for almost every ¢ > 0.

Ve, =V inL7

Furthermore, there exists a measurable, non-increasing function &(t), ¢ > 0, such that for almost all
t>0

1 1
8oy (cec (1) > 8()  and Vg, [(2) < 5-8(1) < - R. (3.35)

Proof. Letus fix some T > 0 and let P, : L2(22)? — L2(2) denote the Helmholtz projection. In
order to prove the claim concerning vy, it suffices to show that for a sub-sequence we have

Po (p(ce)Vey) —koo Polp(e)¥) in  L2((0.T):(L2(R) N H'(2)%)') (3.36)

since then

T T
/ / ,o(cgk)lvskl2 ddt = / / Py (p(cey ) Ve ) - Ve, dx dt
0o Je 0o Je

S e /OT/QPg(p(c)v)-vdxdl:/OT/Qp(c)lvlzdxdt,

and from this convergence, the strong convergence of (c¢, ), and the strict positivity of p we easily
deduce the claim, cf. [3]. But (3.36) follows from the Aubin-Lions lemma by noting that, firstly,

L2(2) > (L2(2) N H'(2)7) — (L2(2) N W=(2))

and that, secondly, the distributional time-derivative of (Py(p(cg; )Vs,)) is uniformly bounded in
L87((0, T); (L2(£2) N W1H°(£2))"). This last bound follows by estimating each term in (3.8). We
have (abbreviating L?((0, T); L9(§2)) by LPLY)

lo(ce)ve ® Vell2p3/2 < llp(ce)Vellpoor2 Vel 216

T T 13/4 T 11/4
Ve ® Jellzsrpars < Ve @ Jell i o0 Ive ® Jell} 5

3/4 1/4 2
CIvell5 olvell )t o llm(ee) | Vie Pl 1.

<
[v(ce) DVellp2p2 < C|[DVellp2p2,
lea(cs)Vee ® Vegllpoopt < Clle|VA(ce) Pl oo
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Concerning the remaining claims we note that the total energies

820t(t) = ||vg(t)||iz(9) +8:(cs(t)), 120,

1
2
form a sequence of bounded, non-increasing functions and that vg, (f) —k—co V(¢) for almost all

t > 0in L?(£2). Now, we can proceed exactly as in the proof of [10, Lemma 3.3]. O

Finally, we define the discrepancy function by

1
£ (ce) 1= S|V Ao P = - f(eo).
£

THEOREM 3.9 For all sufficiently small n > 0 there exists a constant C(n) such that for all
sufficiently small ¢ > 0 (the maximal ¢ may depend on 1) we have

/OT/Q (E€(68))+d()€,l) < VI/OT/Qes(cg)d(x,t) +&eC(n) /OT/Q |kel? dCx, ).

Combining this estimate with the assumption &/m, ——¢ 0 and (3.32) we deduce that

T
lim/O /9 (£°(ce)) T d(x,) =0 forall0 < T < oo.

e—>0

Proof. The proof is based on the elliptic equation (3.33) which can be written in the form

-1/2 _ (fo A_l)'(A(Cs))

He a(A(cs)) c

— & AA(co).

Letcy = A(£1), B(c) 1= ¢ 5% + 5 land f(c) := f(A"1(B(c)))/(B’)? for ¢ € R. Then

f fulfills Assumption 3.1, and for ¢, := B~!(A(c,)) we have

_S1@)
a &

pea(A(ce)) (B & AG,.

Since the function a(A(cg))~/2(B’)~! is uniformly bounded, [10, Theorem 3.6] yields

/()T/Q(é"’(c,;))+ d(x,1) < n/OT/Qés(cs)d(x,z)+sC(n)/OT/Q lnel?d(x,1) (337

where

. 1 -~
B0 = SIVEP L f(@) = £/ (B)?
8 = SIVEl + - fe) = &)/ (B

This proves the claim. O
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Using the previous statements, we can now easily finish the proof of Theorem 3.3 by the
arguments of [10, Section 3.5]. To be more precise, item 1 follows from (3.13) and Lemmas 3.7
and 3.8. Item 2 follows from Lemma 3.6 and the energy inequality (3.23). Item 3 follows from
(3.23) as well. Furthermore, we note that A = A’d¢ for Radon measures A’ on £2 since

AMAXT) < A2 xT)= lim /8gk(t)dr§|I|R
k—o00 J

for any measurable A C Q.1 C [0, 00). Similarly, we also get At(ﬁ) = 8(¢) for almost all
t € (0,00) due to (3.35). From (3.12) we deduce that

M(R) = klim Bey (o (1))

t
< —liminf/ /Q (Ve )ID Ve, [* 4+ Mg, (co )| Vi, 1*) d(x, T)
S

k—o00

1 1
+ k11>n;o (88k (Cé‘k (S)) + E /Q P(Cak (S))lvé‘k (S)|2 dx - E /(‘2 P(Cak (Z))|ng (Z)|2 dx)
< _/l/ (V)| DV[*dx —J-Vu)d(x,7) + A5 (2)
s JR2

+ % /QP(C(S))|V(S)|2 dx — % /Q p(c@®)Iv@)|* dx

for almost all 0 < s < t < oo where ¢ := —1 + 2yg. This is (3.7). Item 5 follows similarly. We
can proceed as in [10, Section 3.5] to construct the varifold V. Therefore, we only give a sketch. We
deduce from Theorem 3.9 that for all 4,7, € C(£2; R¥)andall0 < T < oo

T T
[ [roens@s< [ [ molinlaz
0 2 0 2

This proves the existence of A-measurable R-valued, non-negative functions y; and A-measurable
unit vector fields v;,i = 1,...,d, such that

d d d
(/\ij)=Zy,- v; ®v; A and Zyi$l, Zvi®vi=1 A-a.e.
i=1 i=1 i=1

We denote the equivalence class of v; (x,7) in G4—1 by p!(x), define the functions b} by

d
P =y + o (1= Y witen)
i=1

and define the varifold V' as in (3.3). Then item 3 in Definition 3.2 follows taking into account
(3.35). Furthermore, in the case my > 0 we infer from (3.34) that

d
[ 2xe v dx = [ s @ar - @rto) = [ Vs 60— b )
2 2 2

i=1

= (V")
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forall n € Cg (£2:R%) and almost all 7 € (0, 00). This is (3.6). Furthermore, these calculations
prove (3.22). Similarly, (3.4) and (3.5) follow from (3.8) and (3.9), respectively, where one uses that

| catve ®Vee: Vodtrn) = [ ¢ Ve dtx) >eo 5V".0)
o 9]

for all ¢ € C°°([0,00); Cs°(£2)). This proves item 4 in Definition 3.2. Finally, Item 2 in
Definition 3.2 follows from Lemma 3.6. This concludes the proof of Theorem 3.3.

In the radially symmetric case we can prove a stronger statement concerning the discrepancy
measure.

THEOREM 3.10 Let £2 = B;(0), and assume that the solutions (v, c¢, L) are radially symmetric.
Assume, furthermore, that A(c) = c for all ¢ € R, and that the constants 771, in the Assumptions 3.1
satisfy

£TT [Ty —>4—0 0. (3.38)

Then, for all T > 0, we have

T
lim /0 /Q £5(co)| d(x.1) = .

For the proof we need the following result from [10, Lemma 4.4].

LEMMA 3.11 There exist positive constants Cy and 719 such that for every n € [0, no], € € (0, 1],
and every (u%, v®) € H2(£2) x L?(£2) such that

ve = —gAuf + ¢! f/(uf), nye - Vulpo =0
we have

/ (es(us) + e_l(f'(ug))z) < Con/ e|Vut|*> dx + Cos/ |ve|? dx
{xeR:wé|=1-n} {xe2:|u¢|<1—n} 2
(3.39)

Proof of Theorem 3.10: We can show exactly like in [10, Proof of Theorem 5.1] that there exists a
constant C > 0 such that for almost all # > 0 we have

/ es(ce(r)) dx < CSM®(t) forall § € (0,1), (3.40)
Bs
€% (cs(r 1)) + pe(r, 1)ce(r 1)] < Cr'=M*@1) forallr € (0,1). (3.41)
Here, we use the notation r = |x| and
ME@) = 1+ el @) + ellite®1 0.

From (3.41) we deduce that for small §,n > 0

/ £ (co(0))] dx < / ee(ce(t)) dx + / e ()] = ) dx
ko) BsU{|ce()|=1—n} 20{r>6,|cc(t)|<1—n}

+ CME(1) r1=4 dx.
20{r>8,lce(1)|<1-n}
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Using (3.40) and (3.39), the first integral on the right hand side may be estimated by
CEME(t) + C'n8e(t) + Clellie(D)]122 ).

By (3.25), the second integral is dominated by

e llz2e [{lee@)] = 1=} < C"yME @),

Finally, using (3.39) again, the third integral is smaller than C’(n)M®(t)5'~%¢. Summing up, we
have

/Q |£°(ce (D)) | dx < C'nBe(1) + Clel| e (D)7 2y + C"MME(1)(e"> + 8¢ + 5).

Integrating this estimate from O to 7" and choosing 7 small, the first term on the right hand side gets
arbitrarily small. Choosing then § = ¢!/(2¢=2) and & small the other two terms get arbitrarily small,
too. While this is obvious for the second term, concerning the third term we remark that it takes the
form

T
C”(n)/0 MEe(r)dt (V2 + V4 D)y = (1)  ase—0

due to (3.38). O

4. Nonconvergence

In this section we show that solutions of (1.1)—(1.4) do not converge in general to solutions of (1.8)—
(1.12) if mg(c) = me* for some o > 3 or mg(c) = 0, which corresponds to the case “a = co0”.
More precisely, we will determine radially symmetric solutions which converge as ¢ — 0 to a
solution, which does not satisfy (1.11). Moreover, for these solutions the discrepancy measure & (c;)
does not vanish in the limit ¢ — 0.

For simplicity of the following presentation we assume that v(c) = v, p(c) = p. We will
construct radially symmetric solutions of the form

v, o) =u(r.o)e,,  p(x.1) = pe(r.0), cx.r) =c(rt), plx.1)=p(rr),  (41)

where r = |x|, e, = ﬁ If (v, p, ¢, u) are of this form, (1.1)—(1.4) reduce to

p0u + pud,u —v—10 (r”_laru)

rn—1°T7
+0y Pe = —e210,8,]* — €0, |0, Ce|? 4.2)
(" u)y =0 4.3)
0;Cc + udy G = moe® 70, (r" " 0y fLe) (4.4)
fe = —erdy (r"710,Ce) + 671 f1(G). 4.5)

Here we have used

—ediv(Ve ® Vo) = —ediv (10,0 ’e, ® /)

= —e(n — 1)1, 8|, — £0,[0,¢: e,
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since
-

1
Ve, = —(I —e, ®e,), dive, ==L,
r

We note that because of (4.3) u(r,t) = ar~"*le, for some ¢ € R, which will be determined by
the boundary conditions in the following. Hence we can solve (4.4)—(4.5) together with suitable
boundary conditions and ¢|;—¢ = ¢o, independently and use (4.2) afterwards to determine p,.

4.1 Nonconvergence in the case o = 00

First we consider the case mo = 0 (resp. “a@ = 00”). In this case we consider (4.2)—-(4.5) in the
domain 2 = {x € R” : |x| > 1} together with the inflow boundary condition

u(l,t) =a forallt > 0, (4.6)
Ce(l,1) =1 forallz >0 4.7

for some a > 0 and the initial values
(u75)|z=0 = (rn%],co,s)-

Here (4.3) and (4.6) already determine u uniquely as

u(r,t) = forallr > 1,t > 0. 4.8)
rn—l
Moreover, we choose
r—r
Gos(r) = 0 ( °) forall r > 1 (4.9)
€
for some r¢g > 1, where
1 if -5
§ € C°(R) suchthat 6(s) = == (4.10)
—1 ifs>$§

and § € (0,r9p — 1) and ¢ € (0, 1]. Hence ¢ is a solution of the transport equation

0¢Ce(r,t) + r,,L_larﬁg(r,t) =0 forr > 1,t >0,
Ce(l,1) =1 fort > 0,

which can be calculated with the method of characteristics. The solution for the initial condition

above is
Nt —ant if " = ant,
E°(r 1) 1= Go(r, 1) = Cos(Vrt—ant) ifr" =an (4.11)
1 if r* < ant.
By the construction we have
. —1 ifr > R(2),
Ce(r,t) —>es 4.12
e 1) ~e—o0 {1 ifr < R(t). *-12)

where R(¢t) = {/ry + nat is the radius of the level set {c;(x, ) = 0} = dBR()(0).
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In order to determine p, we use that (4.2) and (4.8) imply

3, pe = —8"7_1|8r58|2 —£0,]0,64* + vr,,l_1 3 (r"'9,u) — pud,u

= —e 220, Gl — 20,10, 5l + 0y (S22 2 ) 413

2n+2 n
Now we decompose ps = p1,c + P2, + p3 such that
O pre(r) = —e(n — 1)118,¢:(r)?, Pa2.e(r) = —&l0,¢:(r)[* forallr > 1.

Hence up to a constant

a(n — 1)”_2,1+2 B va(n — 1)r_"
2n 42 n

Because of the explicit form of p, and

p3 =

It —ant —ro

&

1
0,Ce(r,t) = ——9/( )r”_l(r” — ant)%_l, (4.14)
£

it is easy to observe that
Pe(r) —e0 Po(r) forall r # R(t)
for some smooth po: (1, M) \ {R(t)} — R. Now we consider
R(#)+$§
[PjelrR@,s = pi(R(t) +8) — pj(R(t) = 8) = /R( L, rpitsnds
t f—

which converges as ¢ — 0 and § — 0 (in that order) to several contributions of [po] at R(t). For
j = 2 we have that

[P2.6]R@0).8 = —€l3rCe(R(1) + 8)* + £]3,C: (R(t) — &) = 0

if ¢ < §. Hence
lim [p2.e]r(r),s = O.
e—0

Moreover, since p3 is independent of ¢ and continuous, we have
lim li =0.
81_13}“35)1})[173]1%0),5

Finally, using (4.14) we obtain

[Polr@),s = g%[ﬁa]Rm,s = gi_I)%[Pl,s]R(t),S

2
= lim 21 /RO)H 9’( Virm —ani —ro)
= lim 21 N T

£=>0 R()-§ 3

=omn—1D)r230" - anl‘)%_2

2
P23 —ant)yn 2 dr

r=R(t)

_U(R(’))Z”‘Z”_l (4.15)

B To R(1)"
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FIG.1. Plot of ¢2° fort = 0, 1,2, 3, 4 (from left to right) witha = 1,6 = 0.4,r9g =2,n =2

where 0 1= [ |0’ (s)|? ds. Here R(t) > ro forallt > 0 and R(f) —;—c0 00. The exact solution
of the classical sharp interface model, i.e., (1.8)—(1.17) with my = 0 and .Qg' = B,,(0) \ B1(0),
1-n x

Vo = ar "y, is given by

v(x.1) = arl—"ﬁ—l, 2+ (1) = Brey(0) \ B1(0),

where R(¢t) = {/ry + ant as before, p: 2 x (0, T) — R is constant in 2% (1) such that

n —

1
R()

[pl(x,t) =0 on 9R7T(t) =T(). (4.16)

Hence the pressure p of the limit solution as ¢ — 0 differs from the solution of the sharp interface

R(t)\2n—2
O )

(4.16) by a time dependent factor (r— > 1, which corresponds to an increased surface tension

coefficient that even increases strictly in time.

REMARK 4.1 From the explicit solution (4.11) one observes

R([))n—l'

To

0,é:(R(t).1) = —ée/(O)(

Hence |0, ¢| increases at the diffuse interface “r &~ R(¢)” as ¢ increases, cf. Figure 1.
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Finally, we determine the limit of the discrepancy measure:

M o0 oo
/ £.(c)p dx :/ (Slarcg G (r)))@(r) oy,
2 1 2 &

2
M n/f.n __ _ n—1
:/ l o Ar ant —rg r 1 o) =l g
1€ € (r" —ant)!=n

_ /M éf (9 ("—Vr”—znt—ro>) ¢(r)r"dr
1

—e—0 (0k(t) —0) /BB o(x)dx

R(1)

forall ¢ € C§°(£2) where 6 := [, f(0(s)) ds, o = [ |6'(s)|* ds as before, and

o(r) = / o(x)dx forall r € (1, M).
9B, (0)

Hence
E:(c°) =m0 (0K (1) — 6)833R(1) in 9'(£2) “4.17)

since k() is strictly increasing in ¢ > 0, we have ok (1) — & # 0 for all ¢t > 0 except possibly one.

4.2 Nonconvergence in the case 3 < o < 00

Based on the solution for the extreme case “a = 00 from the previous section, we will prove
essentially the same result in the case 3 < o < 00. In order to avoid technical difficulties with the
unboundedness of {x € R” : |x| > 1}, we will consider (4.2)—(4.5) in

2 ={xeR":1<|x| <M},
where M > ro > 1 is arbitrary, together with
us(1,t) =a, ce(1,1) =1 forallt € (0,T), (4.18)

ug(M, 1) = ce(M,t)=—1  forallz € (0,T). (4.19)

a
Mn—1’
DEFINITION 4.2 (Weak Solutions) Let
M
Hy, = {u e CO([1, M) : r®=D/29,y LZ(I,M),/ u(r)yr*ldr = 0}
1
be equipped with the inner product
o
(M,U)H(lo) :=/ O, u(r)d,v(r)yr™ v dr
1

forallu,v € H(lo). We embed L%O)(l, M) — H(_o)l = (H(lo))/ by identifying u € L2(1, M) with

M
- -1 1
(@)t my, = /1 u(r)p(ryr"~tdr  forallg € H,.
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We call (¢, fie) a weak solution of (4.4)—(4.5) together with (4.18), (4.19) and ¢;|;=0 = Co,¢ if

G — € C(0,T]; Hy (1, M)) N L*(0, T; H3(1, M)),
018 € L*(0.T: Hgy (1. M), jie € L*(0.T; H'(1. M),

where y € C*°([1, M]) with y(1) =1, (M) = —1 and

M M
(:Ce(®). ) pt ) +/ ar™" 19, (r)p(r) " dr = —moe"‘/ B pedrp r" T dr
1 1

for almost every ¢t € (0,7) and for all ¢ € H(IO)(I, M), (4.5) is satisfied point-wise almost
everywhere, and c|;—=¢ = co ¢ in Hl(l, M).

Existence of weak solutions can be proved by standard methods. E.g. it follows from [7,

Theorem 3.1] applied to H; = H(IO), Hy = H(_O)l,

M
o) = /1 (swﬂ—lﬁ)(w))) P dr

M M
(B(v), w) -1 ") = mos"‘_lﬂfl 0, v(r)o,w(r)r™ Y dr —/1 ad,v(r)w(r)dr

>
forall v,w € Hy and u € dom(p) := {v € H'(1, M) : ﬁflM v(r)r"~Ydr = m}, where

m = flM Coe(r)r™dr, fo(s) := f(s) — %sz forall s € R and B := infgeg f”(s). Then fy and
@ are convex and the subgradient @ = d¢ taken with respect to H (5)1 satisfies

(R(u), w)H I g

OR

M M
= moe®T! /1 O (r" 0 (r" 10 u)) 0w T dr + moe® ! / folu@r)r"tdr

1

1
0)

forallu € D(dp) = {v e H3(1, M) : ﬁflM v(r)r"~' dr = m}. Then it is easy to verify that
all conditions of [7, Theorem 3.1] are satisfied.

Finally, if (Ce, te) is a weak solution as above, we can choose ¢ = e — i With i, =
/ IM we()r*~1dr in the weak formulation of the convective Cahn-Hilliard equation and obtain
the energy identity

M
[ (el + &7 f Gt -t ar
1

t M M
+ / / moe® |V ue(r, )P dr dv = / (el0rc0e(r)P + 7' £ (@oe(r)) ) " dr
0 1 1
(4.20)
forallt € (0, 7).

THEOREM 4.3 Letk > 3,r9 € (1,M),0 < § < min(ro — 1,M — rg) and T > 0 such that
R(T)= Yry +nalT <M -6, 2 ={xeR":1<|x| <M}, Co, and 6 be as in (4.9)—(4.10),
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and let (vg, pe, Ce, Ue) be the radially symmetric solutions of the form (4.1) of (1.1)—(1.5), (1.7) and
boundary conditions (4.6)—(4.7),n - Vig|ye = 0. Then

ve =ar "Tle,

and
Ce =60 2XBp(y(0) — 1 forevery x € 2\ dBg(;)(0),t € (0,T),
Pe —>e—0 P in (2 x (0, 7)),
where R(¢) = /rf +nat, p € 9'(£2 x (0,T)) coincides with a function that is continuous in
x € 2\ 0BR()(0) forevery t € (0,T), and
[p] = k(t)oH on I'(t) = 0BR()(0) forallt € (0,T)

R@) 2n—2
and 1 < k(1) = (T) —t-s00 00. Moreover,

5|Vcs|2 fce)

2 £
where 0 = [, |0/(s)|* ds,6 = [, f(0(s))ds.

Proof. First of all, we show that ||C || oo ((1,3)x(0,T)) is uniformly bounded. To this end let W(c)
be as in Section 3. Then as in (3.26)

M M ~ 2 ~
/ |3rW(58(r,l))|r"_1 dr < C/ (8|ar50;(”)| + f(co,é‘(r))) rn—l di’ < C/
1 1 €

Eclce) =

—¢0 (0K (1) — 6)89B ., in ®'(£2 x (0, 7)), 4.21)

by (4.20) and the choice of the initial data. Hence

sup  [W(Ce(t)llLoe,m) < sup [0, W(C()llLramy < C'

0<t<T,0<e<1 0<t<T,0<e<1
due to ¢.(¢, M) = 1, which implies

sup 1 [l oo (1, a0, 1)) < M (4.22)

O<e<1

for some M > 0 due to (3.27). Now let d, := ¢, — ¢g°, where ¢2° is as in (4.11). First we will show

T
| elrd 0l dr .00
0
where L2 = L?((1, M); r"~! dr). To this end we use that
M . M -
(3zds(l),€0)+mo8a+1/ Ade(r.t)Ag(r) r"t dr =/ ge(r.0)Ap(r)r"~tdr  (4.23)
1 1

forallp € H (10) and almost every ¢ € (0, T'), where

Au(r) = r "9, 0,u(r))  forallu € H*(1, M)
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and _

gé‘(rv l) = m08a+1AC§o(rv l) + moga_lf/(gé‘(rs Z))
Moreover,

- —_ ~ 1
lge®llL2 < moe® I AGE (D)llL2 + moe® || f (@)l 2 < C(T)moe""2

where L2 = L2(1, M ;r"~'dr) and we have used that

oo _3
¢ O a2a,m) < C(T)e™2
and
e 1 f (ce(®)]|?> < CEq(ce(t)) < C'

dueto | f/(s)|> < C(M) f(s) forall s € [-M, M] and (4.22). Hence, choosing ¢ = d,(t) in (4.23)
and integrating in time, we conclude

T T
~ _a+l a+1 ~
sup e ()2 + moe®™! / |Ado(0)|25 dt < / e F e ll2e T 1 Ade ()] 12 dr.
0 0

0<t<T
(4.24)
Using the Cauchy—Schwarz and Young’s inequality, we obtain

T T
sup [[de(0)]25 + moeet! / |Ado(0)]12 di < C / e g (0|22 di < C(T)e2,
0<t<T 0 0
Combining this estimate with

19,0125 < Cllollzz oz < C'vllz [ Avll forallv e H2(1, M) N HY(1 M),

we conclude -
/ ell0rds(1)]|2, dt < Ce“T el = Ce*T" 5,00 (4.25)
0
since o > 3.
In order to determine p, we use again (4.13) and decompose ps = p1, + P2, + p3 similarly

as before, where
arpl,e =—¢e(n — 1)%|ar58|25 P2, = _88r|ar58|2-

Hence up to a constant
a(n — 1)’,_2n+2 3 va(n — l)r_”

Py = 2n+2 n

as before. Moreover, let
3, pS = —e(n — D313,¢°17,  p3S = —€d,19,°|
be the corresponding parts of the pressure for the case « = oco. Then (4.25) implies that

OrPre—0rpS —es00  in L'((1,M) % (0,7)),
Orpae —0r PSS 2600 inD'((1, M) x (0,T)).
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Since ps3 is independent of ¢ and the same as in the case « = 0o, we conclude that
Po := lim p, = lim p° = pg° in ®'((1, M) x (0, 7)),
e—>0 e—>0

where pg° is the pressure in the case @ = oo and pg° is its limit as & — 0. Therefore

ol = o (R(”)zn Cacl

ro R(¢)

where 0 1= [ |6"(s)|? ds, by the result of the previous section.
Finally, it remains to prove (4.21). First of all, because of (4.25), we conclude

\V/ 002 \V/ 2
lim(s| col” _ Jvel ):o in L'(2 x (0,T)).
£—0 2 2

where ¢2°(x, ) = ¢2°(|x|, ). Moreover, using (4.22) and a Taylor expansion of f (C¢(r,?)) around
¢X(r,t), we conclude

I

°°(r 1) f(G(r)

[ e e[

<C(M,T)e™! <||de||iz(gx(0,T)) + ||d8”L2(.Q><(O,T))”f/(g,(s)o)”Lz(Qx(O,T)))

<C/(M,T) (S‘H n 8“7‘3) o0 0

drdt

&

(e, t))d (r.1)

d, (r 1)?

drdt

since ||Ce¢ || oo (@2x(0,7)) and e2 I £/(€2)lL2(2x(0,1y) are uniformly bounded in ¢ € (0,1) due to
[ f/(c®)|? < Cf(c®). Altogether we obtain

lim (:(c®) —Ec(c)) =0  inL'(2x(0,7)),
which implies (4.21) due to (4.17). O
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