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We present an algorithm for the derivation of lower bounds on support propagation for a certain
class of nonlinear parabolic equations. We proceed by combining the ideas in some recent papers
by the author with the algorithmic construction of entropies due to Jiingel and Matthes, reducing the
problem to a quantifier elimination problem. Due to its complexity, the quantifier elimination problem
cannot be solved by present exact algorithms. However, by tackling the quantifier elimination
problem numerically, in the case of the thin-film equation we are able to improve recent results
by the author in the regime of strong slippage n € (1, 2). For certain second-order doubly nonlinear
parabolic equations, we are able to extend the known lower bounds on free boundary propagation to
the case of irregular oscillatory initial data. Finally, we apply our method to a sixth-order quantum
drift-diffusion equation, resulting in an upper bound on the time which it takes for the support to
reach every point in the domain.
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1. Introduction

The analysis of support propagation in solutions of nonnegativity-preserving higher-order parabolic
equations is a nontrivial issue: In particular, due to the lack of a comparison principle, no lower
bounds on support propagation have been available until recently, when the author managed to solve
this problem in the case of the thin-film equation [13, 15] and the Derrida—Lebowitz—Speer—Spohn
equation [14]. The case of the thin-film equation

d o

dtu = —div(u"V Au) (1)
(where n € R™) shows that these difficulties are not just of technical nature, but that the qualitative
behaviour of the free boundary depends sensitively on the initial data and the structure of the
operator. Let some nonnegative initial data ug € H'!(R) be given and let the leftmost initial free
boundary be located at xo. Then depending on » and on the growth of the initial data u¢ near xo,
the following happens:

4
e Letn € (0,3) and (with a grain of salt) ug(x) < § - (x — xo)} for some § > 0. Then a waiting
time phenomenon occurs: the left free boundary initially does not advance for some time before
it starts moving forward (see [8]).
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e Letn € (2,3) and lime—¢ e_%uo(xo + €) = oo. Then the left free boundary moves forward
immediately (see [12, 15]).

e Let n € (1,2). Then the initial behaviour of the free boundary does not solely depend on the
growth of ug near x¢: For example, the stationary solution u(x,t) = (x — xo)%r grows steeper

4
than (x — xo)/ near xo; however, the free boundary is stationary. On the other hand, for any

function g : (0,1) — R with limp_¢ &Z’f) = 00, there exists some nonnegative initial data ug
n

with ug(x) < g(x — xo) for which the free boundary starts moving forward instantaneously

(see [12]).
In the present paper we present an algorithm for the derivation of lower bounds on support
propagation for a class of higher-order nonlinear parabolic equations. The algorithm is obtained by
combining the ideas developed in the papers [13—15] with the algorithmic construction of entropies
due to Jiingel and Matthes [17] (see [0, 18] for further applications of the latter method). We show
that one can obtain lower bounds on support propagation by solving a certain quantifier elimination
problem; in principle, this quantifier elimination problem could be solved by algorithms which yield
an exact solution.

Unfortunately, even in the case of the thin-film equation in one space dimension it turns out
that the resulting quantifier elimination problem is intractable with todays exact algorithms and
hardware. However, we can use a more direct numerical approach for tackling the quantifier
elimination problem; this allows us to improve some of the results in [15]. Namely, for the thin-
film equation in the so-called case of strong slippage n € (1,2), we obtain improved sufficient
conditions for instantaneous forward motion of the free boundary. Additionally, we obtain an idea
how the results from [13, 15] can be extended to the parameter range n € [%, 3). Due to technical
issues the results in these papers have been limited to n < %; however, judging by the previous
results from the theory of the thin-film equation, one expects the change in qualitative behaviour of
solutions to happen at n = 3. The calculations in [12], which are based on a generalization of the
idea obtained in the present paper to multiple spatial dimensions, show that this is indeed the case.

For second-order doubly nonlinear equations of the form

u; = divu™ Pt Vu P72 V)

with p = 2and m € (1, 2], we obtain improved upper bounds on waiting times in case of oscillatory
initial data (as compared with the results in [10]).

Finally, as a last application of our method, we analyse the one-dimensional sixth-order quantum
drift-diffusion equation considered by Jiingel and Milisic [19] (see the paper by Bukal, Jiingel,
and Matthes [5] for the multidimensional version). We show that the support of any solution on
£2 = (0, 1) with periodic boundary conditions must touch any point in §2 within 7 = m. of
course, one might hope to show infinite speed of propagation (the equation being nondegenerate);

however, more involved estimates may be necessary for this. See below for a detailed discussion.

2. Description of the algorithm

Assume that we are given a parabolic equation of even order k = 2 of the form

d D Dk
—u=uﬂ+1P(—u,..., u>’ (2)

dt u u
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where 8 = 0 is some real number and where P is a polynomial with the property that in every term
on the right-hand side of (2), exactly k derivatives appear (i.e. in the case of one spatial dimension,
every monomial M occurring in P must have the form M (§) = £" with n € (No)* and Zf;l i& =
k). Note that many nonnegativity-preserving parabolic equations can be written in this form, e.g.
the thin-film equation (1) and the Derrida—Lebowitz—Speer—Spohn equation

).

Typical phenomena occurring in degenerate parabolic PDEs include finite speed of propagation
and waiting time phenomena: if the initial data are compactly supported, the solution will remain
compactly supported at any time ¢ > 0; moreover, if the initial data are “flat enough” at the initial
free boundary, the free boundary will not advance for some time before the support of the solution
starts spreading. In the present work, we shall derive lower bounds on support propagation and
upper bounds on waiting times for nonnegativity-preserving parabolic PDEs of the structure (2).

Denote the initial data for our PDE by u¢ and the solution by u. Let y ¢ supp u be a point; we
define the approaching time f")f by

d
dt

u = —div (uV

f")f = inf{T =0 : dist (y, U suppu(.,t)) < r}. 3)
t€[0,T]

For xo € d supp ug we define the waiting time T™* of u at xo by

T" := lin})inf{t > 0:suppu(.,t) N Be(xo) & suppuo}. “)
€—>

The waiting time T* of u at x¢ therefore is the earliest time at which the support of u starts spreading
near xo. It is easily seen that the waiting time at xo may be expressed in terms of the approaching
times for the points y ¢ supp #¢ in some neighbourhood of xo: we have

T* = lim inf 7 ist(ysuppo)
€0 y€Be (x0)\suppuo

Therefore upper bounds on waiting times may be deduced by proving upper bounds on approaching
times.

The technique of [13, 15] for the derivation of upper bounds on waiting times and lower bounds
on support propagation for the thin-film equation relies on new monotonicity formulas of the form

d
E/ul+a|x_y|y dx ZC/u1+ot+n|x_y|y—4 dx,

where & € (—1,0) and y < 0. These formulas have been seen to be valid as long as supp u does
not touch y, i.e. for 7z < sup,., 7). Combined with a differential inequality argument due to Chipot

and Sideris [7], the monotonicity formulas imply an upper bound on f"y’ . In the present work, we
use the algorithm of Jiingel and Matthes [17] to prove analogous estimates of the form

d

E/u””ﬂx —yVdx = c/u1+"‘+'3|x —y|" 7k ax
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for solutions of equations of the structure (2) in the case of one spatial dimension (in theory, the
algorithm would also apply to higher space dimensions; however, in practice even for d = 1 the
resulting problem can only be solved by a numerical approach). These analogous estimates then
again imply upper bounds on approaching times and, therefore, upper bounds on waiting times.

We now describe our algorithm in detail. It is best explained by the example of the one-
dimensional porous medium equation

Eu = U")xx,
m > 1 (although several steps of the algorithm almost degenerate in case of second-order
equations). The one-dimensional porous medium equation can be rewritten as

L= (m"ﬂ+m(m—1)"—x-”—x) (5)
u U u
which corresponds to the polynomial P (&1, &) := mé& + m(m — 1)£7 and the choice f = m — 1
in formula (2).
Letd = 1 and £2 = R¢ = R. In short, our algorithm now proceeds as follows:

Step 1: Fix a point y € §2 \ supp uo, set ¢ := |x — y|¥ for some y < 0 which is to be determined,
and choose some r > 0.

Step 2: Formally test the equation (2) with u®*|x — y|¥, where « € (—1,0] and y < 0, to obtain an
inequality reading

d | . y Du DFky
d s [arnsep(2E P a6
[t dx= [ 2 ey dx ©)
which holds for t < 77.
Step 3: Introduce the notation §&; for DTI” for each i € {l,...,k}. Furthermore introduce

the notation & for (x — y)~!. Thus the right-hand side of (6) may be replaced by
[ PEr,... EuP T x — y|” dx.
Step 4: Consider all monomials of the form M(§) = £", with n € Ng“ satisfying no +

Zle in; = k. Then write down all formulas obtained by integration by parts in the
integrals

_. Du Dku
/M<(X_J’) 1777---,T)uﬂ+l+a|x_)4y dx,

with a single exception: in case 79 = 0, one must not consider integrations by parts which
would cause the antiderivative of |x — y|? to appear.
Step 5: Transform the formulas derived in the previous step into the corresponding equations for
Diy

symbols, i.e. replace == by &;; use § = (x — ¥)~! to rewrite terms of the form |x —

y[¥ " [sign(x — y)]" as &5 |x — y[7.

Step 6: Check using quantifier elimination whether it is possible to prove that the expression
on the right-hand side of (6) is bounded from below by v [uP+1+¢|x — y|7=* dx (ie.
v [ ubtite|y y|”§(’,c dx) for some v > 0 by adding a fixed linear combination of the
equations obtained in the previous step.
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Step 7: In case of success, use the resulting differential inequality

d 1 1+a 14
— —y”d
i et

2v/uﬂ+l+°‘|x —y|"* dx

14+a [5-1-+12-a ytkite T T+
Zv( Wl x — y|” dx) ( Ix — y|YT* b dx)
suppu(.,t)

(where the second estimate is a consequence of Holder’s inequality) to obtain blowup of
the quantity [ u'*®*|x — y|” dx as soon as

T __B_ __B_
/ vp (/ |x—y|y+k% dx) e g (/u(l)+()t|x_y|y dx) T+a
o 1+afuppuc.n

is satisfied. Note that blowup of the quantity [ u'**|x—y|” dx attime T implies f"y’ <T.

In case y + k1% 4+ d < 0 (we here also consider the case d > 1 since we shall need that
result below), we therefore infer the upper bound
A 4o/ _,_plda_ -t
7 < Cldoo ) (r7 ”’/ué“‘lx—dex) o @)
vp

We shall now illustrate the algorithm by the example of the one-dimensional porous medium
equation. In this case, Step 3 yields the equation (recall (5))

d 1
dt 1+

ul ™| x —y|” dx = / (m& + m(m — DED)u™¥|x — y|¥ dx. 8)

During Step 4, we obtain the following rules for integration by parts:

u
/um+°‘%|x—y|y dx
Uy U u
=—(a+m—l)/um+“7x-7x|x—y|y a’x—)//u””“"7x|x—y|1’(x—y)_1 dx

and

-1
/um+al;—x|x —y’(x—y) tdx = —n); o /um+°‘|x —y|"" % dx.

Rewriting these rules according to Step 5, we obtain
[ @ 0= D 4 ygosaum ey dx =0 ©)
and

—1
/ (ks + Lo Lgg sy dx =0, (10)
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Now we are prepared for formulating the corresponding quantifier elimination problem (Step 6). By
adding a general linear combination of the formulas (9) and (10) to the formula (8), we get

d 1 1+a Y
R v d
dz/1+a” o= yI" dx

- / (msz Fm(m—DE + (6 + (m +a— DE + yEok)

y =1, Lomtay,. 1Y
+lz(§0§1+m+a§o)) u | x =yl dx.

Thus it suffices to find 11,4, € R, @ € (—1,0], v > 0, and y < 0 such that

mé +m(m — DEF + A1 (E2 + (m + o — 1)EF + y&okr) + A2 (5051 + %53) > vE]

holds for all &y, &;,& € R. This is a quantifier elimination problem, which can be solved using
algorithms from algebraic geometry. In this special case, we can directly guess the solution A; =
—m (as we have no bound on &,, the contributions of &, must vanish), A, = ym, which reduces the
left-hand side to

my(y —=1) .,
——&.

—maélz + mta

m
m+to”

Therefore y < 0 and o € (—1,0] may be chosen arbitrarily and we may set v = y(y — 1)
Estimate (7) then gives

m—1

77 < C(m,a, )/)(r_”_zrl;%olt_1 / ugt|x — y|” dx)_Ha.

3. Application to doubly nonlinear second-order parabolic PDEs

We now apply our method to the case of doubly nonlinear parabolic PDEs of second order, obtaining
an improved version of the estimates on waiting times by Djie [10] for certain parameter ranges.
Namely, our upper bounds on waiting times are also valid for highly oscillatory initial data, since
in contrast to [10] we do not invoke the comparison principle to compare the solution to radially
symmetric and decreasing solutions.

Consider an equation of the form

%u = div (u™ P Vu|? 2 Vu) (11)
on £2 := R? with p = 2 and m > 1. We restrict our attention to weak solutions for this equation
with either the regularity ulogu € L([0, 00); L' (R9)) and Vu™/? e L?(R? x [0, 00)) or the
regularity ¥ € L%([0, 00); L'T9(R?)) and Vu"*+D/P ¢ LP(R4 x [0, 00)) for some ¢ > 0.
Existence of weak solutions subject to such a regularity condition has been shown e.g. in [1] for
a bounded domain; by finite speed of propagation (see e.g. [9]) and extension by zero, this yields
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solutions to the Cauchy problem on any time interval [0, T']. By glueing, we obtain solutions on the
time interval [0, o).

Note that we cannot apply our exact algorithm to the equation (11) since p is not necessarily an
integer (and thus, it may be impossible to rewrite the right-hand side in the form (2)); however, we
may proceed in a similar spirit.

Our result reads as follows:

THEOREM 1 Let ug € L'(R?) be nonnegative and compactly supported. Suppose that p > 2 and
that m € (1, 2]. Let u be a weak solution to (11) and let xo € d supp ug. Assume that there exists an
open cone with finite height, vertex xo, and opening A which is contained in R¢ \ supp uo.

Then there exists @ € (—1, 0] such that the waiting time T* of u at xo is bounded by

_m—1
1+a T+a
dx .

Note that our theorem also provides upper bounds on waiting times for initial data which behave
2

up(x)

r—0 72/(m—1)

T* < C(d,m,p, A)liminf(l[
By (x0)

e.g. like sin? (x—* )xF, s > 0, near the initial free boundary. In contrast, the results of [10] do not
apply to such cases, at least for s > 0 large enough.

Reverse estimates (i.e., lower bounds on waiting times) have been obtained in [16, 20]; these
results imply that our bounds are optimal up to a constant factor.

Proof. First we would like to show additional regularity of solutions to (11) in order to justify
the subsequent computations. To repeat the standard argument, for —1 < o < 0 one can test the
equation with max (8§, min(u, K))® (note that this is an admissible test function) to obtain (using a
now-standard argument to rearrange the time derivative; see, e.g., [1])

T

u T
/ / max (8, min(s, K))* ds dx| = —oc/ / Kis<u<iytt™ PT|Vu|P"2Vu - Vu dx dt.
R4 Jo 0o JRrRY

0

This gives

T
/ / |V max (8, min(u, K)) "7\ dx di
0 JRrd

T

< C(a)/ K*u—-K)+ + ;(min(u, Kyt — sty 4 8% min(u, §) dx

Rd 14+« 0

Making use of the finite speed of propagation property (which implies that the set suppu(.,T) is

bounded) and letting § — 0 and K — oo, we infer Vu"+9/? ¢ [P(R? x [0, T]) for any T > 0.

Now take some general & € (—1,0) and let y € R \ suppuo. Testing the weak formulation

of equation (11) with u*|x — y|?¥ (note that one needs standard approximation arguments here
analogous to the ones above), we get

d 1

- H—au1+°‘|x -y dx = —a/um_p+a|vu|p|x —yl"dx

—y / umTPHIR gy P2y (x — y)|x — vV 2 dx.
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We have the following formula for integration by parts:

= p+d) [l — 3 = —n+0) [T e e =P

This yields
4 ;u1+°‘|x -y dx = -« / wmTPTE VY|P x — y|” dx
dt )] 1+«
—y / umTPTINY vy 1 P2y (x — y)|x — |72 dx
—A(m + @) / um eIy L (x — y)|x — y|7P dx
A= p+d) [urely -y dx,
where A > 0 is arbitrary. We now choose A := |y|?~1. In this case, for a.e. point the terms in

the second and the third integral on the right-hand side of the previous formula have opposite sign
(sincem > 1 and ¢ > —1 and y < 0). Thus, we deduce

d 1
dt 1+
> —a/um_p+°‘|Vu|p|x—y|y dx+/min(—yum_p+l+°‘|Vu|p_2Vu-(x—y)|x—y|y_2,

ul T x — y|” dx

= (m + )y PV (x = )l =y P dx
(17 = dlypr) [umtegs =y ax

As a consequence, for |y| large enough and o > —1 close enough to —1 (recall that m € (1, 2]), we
infer by Young’s inequality that

d 1 1+« y / _

— | ——u "X — dx =c [ u™¥|x —y|”"P dx

| Trat ol |x =yl

is satisfied. By the cone condition, for r > 0 small enough we may choose y € B,(x¢) with
dist(y, suppug) = c(d, A)r. We then get by the considerations preceding (7)

1

—m—=1
1+a

f;iSt(y’s”pPMO) <C(d,m,a, p,A) (r_y_zrlrj%olt_d / u(1)+"‘|x -yl dx)

This finally yields the bound

_m—1
1+«a T+a
dx .

up(x)
r2/(m—1)

r—>0

T* <C(d,m,a, p, A) liminf ][
B (x0)
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4. Application to the thin-film equation
4.1  Derivation of the quantifier elimination problem

We now apply our method to the thin-film equation. We may formally test the weak formulation
of the thin-film equation with u%|x — y|? and integrate by parts to directly eliminate the symbols
corresponding to the third and fourth spatial derivative. This yields

d 1
dt 1+«
=—a(n+a-—1) / w2y s P lx — y|? dx —a/u”+°‘_l|uxx|2|x —y|¥ dx

/u1+°‘|x —y|Y dx = /u"uxxx(om”‘_lux|x —y|” +u* (|x — y|y)x) dx

—ya / u" ey g lx — y|Y " sign(x — y) dx
~y @) [t -y signe - y) dx
v =) [ -y dx.

Note that this equation can be made rigorous by an approximation argument as in [13, 15] (provided
that 7 < T for some r > 0). Replacing all derivatives of u by the corresponding symbols §; to &4
(and &), the right-hand side becomes

—aa—1) [ -y Pag dr—a [t -y dx
oy + 20) / W x kg dr — y(y — 1) / W x V2, dx.

We now write down all formulas for integration by parts which involve at most second derivatives
of u (note that it follows from considerations in [17] that the formulas involving higher-order
derivatives of u are not needed; note also that the approximation arguments in [15] justify the
formulas for integration by parts which are to follow, at least for solutions to the thin-film equation
and a.e. t > 0): We have

3/u"+°‘_2uxx|ux|2|x —y/dx=—mn+a- 2)/u"+"‘_3|ux|4|x —yl” dx
=y [Pl -y signte - ) d
and
2/u"+"‘_1uxxux|x — y|" Lsign(x — y) dx
=—m+a-1) / w2y Pug|x — y|” " sign(x — y) dx

-1 / W Pl — y7 dx
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as well as
/u”+°‘uxx|x -y ?dx =-(n+a) / u' T g [Px — y|P 7 dx
)] / u" Uy |x — y[" P sign(x — y) dx
and
n+a+1) / u" Ty | x — |3 sign(x — y) dx = —(y —3) / u et — 74 g,
Using our symbols &y, &1, &>, we see that these formulas correspond to
3/un+a+1|x _ ylyEzEf dx =—(n+a—2) / un+a+1|x _ y|yEf dx

- y/u"+“+1|x—y|ysfso dx

and
2/un+a+1|x — v &6 dx = —(n +a — 1)/un+a+l|x — y["E} & dx
—(y— 1)/un+a+l|x — y|VE2£2 dx
as well as
/u"+°‘+l|x —y|"Eky dx = —(n + Ol)/un+a+1|x — 76185 dx
— _2)/un+a+1|x _y|y§1§3 dx
and

(I’l +a+ 1)/un+a+1|x_y|y§1%-3 dx = _(y_3)/un+a+1|x_y|)’%-g dx.

Our quantifier elimination problem therefore reads: Given some n > 0, find constants
o, Y, A1, ..., Aq such that for any &, &1, & € R the estimate

—a(n + o — DEE — afy —y(n + 20)6E8 — y(y — 1)EGE
+ A1 [36E7 + (n 4+ o — 2)E} + vE{ &0

+ A2 266180 + (n + o — DEE + (v — DETES ]

+ A3 [£265 + (n + WETES + (v — DE1E]]

+ X [(n+ o+ DEE + (v —3)E]

= vég

I



FRONT PROPAGATION FOR NONLINEAR HIGHER-ORDER PARABOLIC EQUATIONS 11

is satisfied for some constant v > 0. W.L.o.g. we may assume that §o = 1 (otherwise divide the
inequality by &f and substitute & := £;1&; and & := £,2£,). Thus we only have to check whether

—a(n +oa—DEE —afl —y(n+ 2068 —y(y — D&
A1 38282 + (n + o — 2)E} + yE]]
+ A2 [26281 + (n + o — DE + (v — DE]]
+ 23 [62+ (n + )E + (v — 2)E1]
+ A [(n +a+ 1§ + (y —3)]
—V
=0

holds for all &;, &, if we choose &, y, A1, ..., A4 and v > O appropriately.

Suppose now that we have found an admissible choice of «, y, A1, ..., A4, v. Then we have
1 1+a 2 2 nta+1 —4
— fu ¥ x—yYdx| =v u [x —y|Y ™ dx (12)
1+ f 0

forany t, > t; = O with 7, < f")f for some r > 0. In case y + 41::—"‘ + 1 < 0, we infer an upper

bound on f"y’ by the considerations preceding (7). In contrast, in case y + 411'—“ + 1 > 0 we obtain
the following theorem:

THEOREM 2 Let n € (1,2). Let u be a strong solution to the Cauchy problem for the one-
dimensional thin-film equation with compactly supported nonnegative initial data ug. Suppose that
the solution has been constructed by the usual approximation procedure (see e.g. [2, 3]) or that the
solution is a strong energy solution (for the terminology see e.g. [15]).

Let xo € dsuppuo and suppup N (xo — §,x0) = @ for some § > 0. Assume moreover that
up(x) = S-(x — xo)i holds for any x € Bs(x¢) for some 6 > 0 and some S > 0.

If we can find @ € (—1,0),y < 0,v > 0 with y + 41nﬂ + 1 > 0 such that (12) holds,
then in case 6 < _1):(11 the free boundary at x¢ starts moving forward instantaneously, i.e. we have
inf{t > 0 :suppu(.,t) N (xp —8,x0) # 0} = 0.

Proof. Let y € (xo — 6, x0). We may apply Holder’s inequality to the right-hand side of (12) and
the finite speed of propagation property to obtain

/u1+°‘|x —y|¥ dx
n 1+a+n

2 It T T+ T+a
21)/ (/ |x — y|r T4 dx) (/u1+"‘|x—y|ydx) dt
1 suppu(.,t)

l14+a+n

%) o
ac(n,a,y,uo)/ (/u“%c —y dx) 1
5]

for 0 < t; < t, < min(1, T,***!). This implies by the differential inequality argument

%)

1

__n_
I+a

min(1, T}~ < C(n. .y, u0) (/uHaIX -y’ dx)
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Set y = x¢ — €. Letting € \ 0, we infer the following estimate for the waiting time at x¢ (note that
for x > x¢ + € we have |x — xo + €| < 2|x — xo|):

n

. L T THa
min(1,7*) < C(n, «, y,uo)hmmf(/ S| x — xo |90+ L x — xo]” dx) “
€—>0 (xo+e€,x0+5)
In case 6 < %_1, this implies our theorem. O
o

4.2 Numerical results

The quantifier elimination problem from the previous subsection cannot be solved exactly by
current algorithms. However, we may try to solve the system numerically (which leads to a loss
of optimality, but not to a loss of rigorousness). We first observe that the left-hand side of the
inequality is a second-order polynomial with respect to &. Since we have ¢ < 0 we see that the
parabola tends to infinity as |§,| — oo for any fixed &;. Freezing &;, we see that the parabola is
nonnegative if and only if the discriminant is nonpositive, i.e. if and only if

[t +a =D&~y -+ 28—y = 1) + 3048 + 2k + 4]
e[ M+ @ = D+ AvE + A2+ o = DE + Aoy = DE

A3 + @) + A3y — D + Aa(n + o+ DEL+ ey —3) = v]

In this inequality the left-hand side is the fourth-order polynomial

[4akl(n Fo—2)+ (—a(n+a—1)+ 3xl)z]g;‘
+ :2(—a(n Fa—1) +3A)(—y(n + 2a) + 242) + dad1y + oAy (n + o — 1)]513
[2(at + @ —1) +30)(=y(y — 1) + A3) + (—p(n + 2a) + 242)? (13)
+ 4ok (y — 1) + dads(n + a)]élz

+ [20700 +20) +222)(—y(y = 1) + 23) + dads(y —2) + dakan + o+ D) |81

+ -(—J/(J/ — 1) 4+ A3)% + dary(y —3) — 4ow].

Note that we now just need to find o, y, A1, ..., A4 such that this polynomial is strictly negative
in case v = 0; then we can always find some v > 0 such that the resulting polynomial is still
nonpositive.

Checking whether a fourth-order polynomial is nonnegative can be done, e.g., using the
following test (as shown in the paper by Ulrich and Watson [21]):

THEOREM 3 (Ulrich and Watson [21]) Given a quartic polynomial f(z) = az*+bz3+cz?+dz+e
witha > 0and e > 0, set

_3 _1
o =bha %e” %,
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_1
B i=ca 2e 2,

NI—=

[

1 _
y:=da e %,
A :=4(B? = 3ay + 12)° — (728 + 9aBy — 28> — 27a% — 27y?)?,

A =(a — y)2 —l6(x+ B +y+2),

Ay i=(a —y)? — %(a—l— y+48—2).

Then f(z) = 0 for all z = 0 if and only if one of the following conditions holds:

e Wehave B < —2and A <Oanda + y > 0.

e Itholdsthat -2 < S <6and ((A<Oanda +y > 0)or (A =0and A; <0)).

e Wehave 8 > 6and (A <Oanda+y >0)or(e¢ >0and y > 0)or (A = 0and A, <0)).

IS

We now check using the previous theorem whether the polynomial (13) is strictly negative;
to do so, we sample a part of the domain of definition of the mapping (c, ¥, A1,...,A4)
Polynomial(...). The sampled intervals and the corresponding step size are shown in Table |
below; the maximal growth exponent 6 for which we can prove instantaneous forward motion of
the interface (see Theorem 2) is stated, along with the parameters for which it has been found.

For example, in the case n = 1.9 we checked for all « € {—0.32,—0.31,...,—0.20}, all
y € {—2.6,—-2.55,...,-2.00}, all A € {—0.3,—0.277,...,0.229}, ..., whether the polynomial
(13) is strictly negative. For each such tuple (o, y, A1, . .., A4) for which negativity holds, Theorem 2
implies instantaneous forward motion of the free boundary if the initial data grow steeper than

(x — xo)ﬂ, 0 = _1}:“1 For our n = 1.9, the tuple with the largest corresponding 8 among
our sampled tuples which has a negative corresponding polynomial is (&, y,A1,...,A4) =
(—0.27,—2.25,-0.07, ..., —12.6); for this choice, we have 6 = 1.7123.

Let us compare our new results to the following values for the maximal growth exponent 6
which have been obtained by direct calculations in [15] (or at least follow from the conditions on 7,
o, and y in this paper using a computer algebra program):

n o y Old Exponent Improved Exponentf
1.90 —0.451 —1.900 1.640 1.7123
1.80 —0.400 —1.792 1.320 1.4588
1.70 —-0.351 —1.685 1.055 1.2210
1.60 —-0.301 —1.576 0.825 1.0024
1.50 —0.252 —1.469 0.627 0.7997
1.40 —0.203 —1.362 0.454 0.5823
1.30  —0.153 —1.260 0.306 0.4575
1.20 —0.104 —1.168 0.187 0.2900
1.10 -0.0517 —1.078 0.055 0.1812

The existence of the stationary solution u(x, t) := xi places a restriction on the possible values of
a € (—1,0] and y < 0 for which monotonicity formulas of the form

d
E/ul+(x|x_y|y dx ZC/ul+ot+n|x_y|y—4 dx

may be deduced using our approach: Take a cutoff ¢ with ¥ = 1 for x < K and ¥ = 0 for
x > 2K. If we can prove a monotonicity formula as above using our approach, we can also prove a
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TABLE 1.
n o, Y, A1, A2, A3, Ay Growth Exponent §  Parameters
o = —0.32 :0.01: —0.20 o = —0.27
v = —2.6 :0.05: —2.00 v = —2.25
Al = —03 :0023: 025 A = —007
1.9 Ay = —25 :0035: —09 1.7123 Ay = 2185
A3 = 8.8 :0.027 : 11.3 /13 = 9.043
Ay = —la :0.10: —11 Ay = —126
o = —0.35 :0.013: —0.20 o = —0.246
14 = —2.4 :0.05: —1.80 % = —2.1
Al = —03 :0023: 025 A = —007
1.8 Ay = —25  :0035: —0.9 1.4583 Ay = 215
/13 = 8.5 :0.027 : 11.0 /13 = 8.959
Ay = —l14 :0.10: —11 Ay = —122
o = —0.30 :0.017: —0.17 o = —0.222
Y = —2.25 :0.05: —1.70 Y = —1.95
X = —03  :0025: 025 A = —005
1.7 Ay = —25  :0035: —0.9 1.2210 Ay = —2.185
A3 = 8.5 :0.033: 11.0 A3 = 8.962
Ay = —la 10.12: —11 Ay = —11.84
o = —0.27 :0.013: —0.15 o = —0.192
v = —2.02 :0.0525: —1.60 Y = —1.81
x = -0l :0.01 : 0.05 A = —003
1.6 Ay = —25  :0035: —09 1.0024 Ay = —2.115
A3 = 8.0 :0.033: 10.5 A3 = 8.462
Agq = —14 :0.12: —10 Agq = —11.00
o = —0.24 :0.014 : —0.12 o = —0.156
v = —1.9 :0.045 —1.50 v = —1.675
/ll = —0.07 :0.008 : 0.04 /ll = —0.022
L5 Ay = —25  :0037: —13 0.7997 Ay = —1.908
A3 = 70 :0.035: 95 A3 = 763
Ay = -4 (0.12:  —9.7 Ay = —10.04
o = —0.22 :0.014 : —0.08 o = —0.15
v = —-1.9 :0.045 : —1.4 v = —1.495
A = —0.07 :0.005 : 0.04 A = —0.01
1.4 Ay = —25 :0037: —1.3 0.5823 Ay =  —1.871
i3 = 7.0 :10.035: 9.5 A3 = 7.35
Az = —105 :0.12:  —9.0 Ay = —93
o = —0.18 :0.014 : —0.05 o = —0.082
v = —1.6 :0.045 : —1.2 v = —1.42
A = —005 0.02 A = —0.008
1.3 Ay = 22 —1.2 0.4575 Ay = —1.423
A3 = 50 9.0 A3 = 5.665
Az = —lo1 —6.8 Ay = —7158
o = —0.15 0.014 —0.02 o = —0.052
v = —1.5 0.045 —1.1 v = —1.275
A = —0.05 :0.003 : 0.02 A = —0.005
12 Ao = —2.1 :0.037 : —0.9 02900 Ao = —1.138
A3 = 41 0.035: 7.0 A3 = 452
Ay = —85 :012: —58 Ay =  —622
o = —0.04 :0.003 : —0.00 o = —0.007
v = —1.3 :0.02: —1.0 v = —1.18
/ll = —0.015 :0.001 : 0.005 /ll = —0.001
L1 Ay = —15 :0037: —03 0.1812 Ay = —0.723
A3 = 2.5 :0.035: 5.1 A3 = 2885
i =  —65 :012:  —3.0 la = —422
formula of the form
d—/ul+°‘|x—y|”1// dec/ wl Tt x —y 74 dx — C(K) wl Ty — ¥ dx
! (0.K) (K.2K)

which yields in the case of the stationary solution for any 7" > 0 and any € > 0 (by setting y := —¢)

cT/ xi(1+°‘+")|x +el" ™ dx — C(K)T/ xi(1+°‘+")|x +¢|” dx <0.
(0.K) (K.2K)

The second term in this estimate is either bounded uniformly with respect to € > 0 or it is at least
negligible in comparison with the first term in case of € > 0 small enough. Letting ¢ — 0, we see
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that we must have 2(1 + « + n) + y — 4 > —1 as otherwise the first term in this estimate would
blow up. Rearranging, we deduce that the exponent 6 sufficient for the nonexistence of a waiting
time is bounded from above by 6 = _li_al < % 2 — 41 207 ; by @ € (—1,0] this yields
0 < 2n — 2. We see that our exponents in the previous table are fairly close to this theoretical limit
of our method.

In the paper [15], upper bounds on waiting times have only been proven for n € (2, 11) while
one would expect it to be possible for any n € (2, 3). Numerical evidence obtained by our method
suggest that this is indeed the case; the following table lists admissible values for o, y, A1, ..., A4

which we have found forn € [ll , 3) using our computer-based analysis:

n o Y )&1 )&2 )&3 )&4
2.93 -0.96 -2 -—-0.331 -—1.448 7.06 —11
2.94 —-097 -2 —-0.331 —1.448 6.78 —11
2.95 -097 -2 -0.331 —-1.29 6.55 —10.3
2.96 -097 -2 -0.331 —-1.054 5535 -94
2.97 -0.98 -2 -0.331 -1.092 5785 —-9.5
2.98 -0.99 -2 -0.331 -1.092 5575 -9.5
299 —-0995 -2 -0331 -0.94 4091 —-8.9
2995 —-0.998 -2 —-0.331 -0.864 —4.65 -8.6
2999 —-0.9995 -2 -—-0.331 -0.716 4.035 -8.0

The idea for establishing the monotonicity formulas which is suggested by these results — namely
to use the first and the second formula for integrating by parts to deal with terms of the form
fu"+"‘_2uxx|ux|2|x — y|¥ dx —is used in [12] to extend the results of [13, 15] to the range

5. Application to a sixth-order analogue of the Derrida-Lebowitz—Speer—Spohn equation
In this section, we apply a variant of our method to the one-dimensional sixth-order equation

d 1 1
Eu = [”(;(u(log u)xx)xx + E((logu)xx)z)x} (14)

X

as considered by Jiingel and Milisic [19]. Weak solutions on 2 := [0,1) with periodic
boundary conditions (as deﬁned in [19]) are required to satisfy u € Wl l(I [ pe,(.Q)] ), Ju €

loc

loc ; pe,(.Q)) as well as us € Lloc (7; Wple’f(.Q)), and to satisfy the equation
T

/ (us, ) dt

0
d 32 17,1 1. 0

= || 2Vt + Sk (), ) Ve — 12V P (15)
0
128

+ 8| (V) xx | wxx+—|(u4)x| Yex dx dt

forany v € L (I; H e,(.Q)) and any T > 0. We shall prove the following theorem:

loc
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THEOREM 4 Let u be a weak solution to the sixth-order equation (14) on £2 := [0,1) with
nonvanishing (nonnegative) initial data ©¢ and periodic boundary conditions. Let xo € 2. Define
T := inf{t = 0 : dist(xo, UrE[O,t] suppu(., 7)) = 0}, where dist denotes the periodicity-adjusted

) 1
< 1
distance. Then we have T' < 577650

Proof. The proof proceeds by combining the ideas from [14] with the algorithmic construction of
entropies. W.l.o.g. we may assume that xo = 0. Note that (by periodicity) u# vanishes identically for
t < T on some neighbourhood of both 0 and 1.

Lete > 0. Set ¥ := |x + €|”T2 (where y < —2). For any § > 0, this function coincides on
(0 + 8,1 — §) with a smooth compactly supported function 5 € CC";,((%, 1 - %)) (to see this,

just multiply v with a cutoff which is equal to one in (8,1 — §) and zero outside of (%, 1 - %)).
Thus we may plug in ¥ as a test function in (15) and replace immediately ¥s by v in the resulting
equation since for § > 0 small enough 5 # ¥ holds only on the set where the solution u vanishes.
Integrating by parts in the first term on the right-hand side of the resulting equation, we obtain

%)

/ u(,t)|x +e”t? dx
2

13

15}
D+ D) / /9 205 (V) (1 + € )y + 26(x/W)xx (% + €] )xx
13
+ 2 @+ elfe = 12016 PG+ el
IVl 4 el? Sl + el d

for any t1,1, € [0, T). We thus get (note that we have V./u = 0 a.e. on {u = 0} since /u € H!
for a.e. ¢t > 0; for this implication, see, e.g., Chapter 5.10 in [11])

15}
u(,t)|x + €|t dx

1
y+2)(y+1 /g f

t
- / ’ / 2y (Vi (Vi + €71 = 2y (y — 1)|ir Pl + €72 dix di
51 2
t
+// V(= Dy = Dy — YVl + € dxc di (16)
51 2
+/12/4 L (Vi) x4 €7 dx di
" o g]/ﬁ U)x X € X
1
+// S3y(y — DIV Plx + €72 dx di
1 2

2 8 1
+/ / 8|(Vi)xx P |x + €] + - — [(Vu)x|*|x + €]” dx dt.
1 2 3 \/ﬁ

Integration by parts yields the identities

1 1
[vu |4|x+e|ydx:3/ —
/rzﬁz * 2 Vu

1

ﬁ(ﬁxflxﬂly_l dx

|ﬁx|2ﬁxx|x+e|ydx+y/9
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(this formula holds for strictly positive «/u € H?(§2) which are constant in some neighbourhood

of 0 and 1; for nonnegative /u which vanish in some neighbourhood of 0 and 1, it holds by
approximation. For the approximation procedure see e.g. [14]) and

2 [ (Vieiasls €~ dx === 1) [ |Vii Pl el dx
as well as
/Q Vit Pl + €72 dx = —/Q Vi iglx + €2 dx — (y —2)/9 Vi lx + eP 2 dx
and

2/ Vuvuglx +€l? 3 dx = —(y — 3)/ Vi |x + e[" ™ dx.
2 2

Introducing the abbreviations &; for ﬁ Ju,, & for ﬁ Uy, and £ for |x + €|7!, these formulas
can be rewritten as

/Q(Ef — 3687 —yElE) u |x + €/ dx =0

and
[ Gaigato + &= DE) u x+ el dx =0
as well as
/9 (E262 + 282+ (y — &) u |x +€[” dx =0
and

/Q (25153 +(y —3)53) ulx +el’dx =0.

We now try to find A1,...,A4 € Rand y < =2, K > 0 such that for any &y > 0 and any &;,&, € R
the estimate

2y&261k0 — 2y(y — DETES + v(y — D(y — (¥ — 3)&
+ 8o~ 3y(y — DEREE + 883 + 36} — K&

+ A1 (Ef = 36287 — yESE0) + Ao Q61620 + (v — DEFED) (17)
+ A3 (5282 + E262 4 (y — 2)E183) + Aa QE1E + (v —3)ED

=0

holds. If it is possible for some K > Oand y < —2to find such A1, ..., A4, then by (16) the estimate

1 / 5] i B
— | u(.)x+€"2dx| = K/ / u(,t)|x + e’ *dxdt
r+2(r+1DJe f n Je
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is valid for all 0 < #; < #, < T'. This implies

123 K

15}
> 7/ / u(.1)|x + €|t dx dt
1 2

u( ))x + €% dx| =
n  (1+e°

1
(y +2)(y + 1)/9

which in turn by Gronwalls Lemma yields the bound
/ u(, Tlx + € dx = e(y+l)(”+2)(l+€)_6KT/ up |x + €| *? dx.
$ 2

Using conservation of mass and the fact that y < —2, we deduce

6y-i-Z/ up dx = e(y+1)(y+2)(1+e)_6KT(1 +6)y+2/ up dx.
2 2

This finally implies the estimate % + (y +2)log lei <0,ie. T < m(l +

€)% log 1% Setting € := 0.0571109, we get T < _41'(0(7),2:?). If we can choose K = 14204.3 and
y = —72, then the theorem is established.

We now prove that we may indeed choose K = 14204.3 and y = —72. By homogeneity, we
see that (17) is satisfied for all &1, &, & iff it is satisfied for & = 1 and all &1, &,. Condition (17) is
therefore equivalent to

276261 —2y(y — DEF +y(y — D(y —2)(y — 3)
+ gyéf —3y(y — EF + 862 + géi‘ -K

+ A1 (€] — 36267 —vE]) + A2 Q6162 + (v — DED) (18)
+ A3 (B2 +EE+ (y —2)E1) + Aa 261 + (¥ — 3))

= 0.

The expression on the left-hand side is a quadratic polynomial in & with the leading-order
coefficient being nonnegative; thus the expression is nonnegative for all &; and &, if and only if
the discriminant is nonpositive, i.e., iff

4 8
32- (— 29(y = DET+y(y — Dy —2)(y —3) + 5)/513 —3y(y — DEF + géi‘ -K
+ A1} = MVE] + Aa(y — DEL + AafF + As(y — D1 + 2hafs + Aaly —3))

— (2761 — 3MEZ + 240k + A3)°
> 0.

Rearranging, we see that have to find A1, ..., A4 € R such that the fourth-order polynomial
256
<T +3200 - 93 )¢

4
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+ (32A2(y — 1) = 64p(y — 1) + 3243 — 2y + 242)% + 6A1A3 — 3-32p(y — 1)) 2
+ (32A3(y —2) 4+ 64hs — 2032y + 2x2))gl

+ (3244 = 3) +32(r = Dy = 2)(r —3) — A3 - 32K)

is nonnegative. Checking whether this polynomial has any real zero can be done e.g. with the
test from [21] (i.e. Theorem 3 above). Invoking our numerical method and sampling the space
of possible values for A1,..., A4, we in particular find the solution y = —88, A; = 3.74 + %,
Ay = (—2.41 +1)-88, A3 = 2.504 - 882, A4 = 0.83 - 883, K = 2620; this is the solution
with the largest |y| which we have been able to find. Moreover, we obtain the solution y = —72,
A1 =3.804 + %, Ay = (=228 +1)-72, 3 = 2.424-72%2, A4 = 0.856- 723, K = 14204.3. O

Note that the theorem is not entirely satisfactory; one might hope to prove infinite speed of
propagation. However, our numerical results suggest that it might be impossible to prove our
monotonicity formula for y < —90. This might be overcome by considering entropies f ul*e dx
for a € (=1, 0); however, for @ # 0 terms involving the square of the third derivative of »/u appear
on the right-hand side, therefore significantly enhancing the complexity of the quantifier elimination
problem to be solved.

6. Discussion

We have presented an algorithm for the derivation of upper bounds on waiting times for
nonnegativity-preserving higher-order parabolic equations. In the case of the thin-film equation,
the algorithm has been seen to lead to improved results as compared to the previous paper [15].
Even for second-order doubly nonlinear equations, our approach has lead to some improvement of
the known bounds. We also have obtained a lower bound on support propagation for a sixth-order
quantum drift-diffusion equation.

However, in the case of the thin-film equation with n € (1,2) our sufficient conditions for
the nonexistence of a waiting time phenomenon may be suboptimal. One may hope to prove
instantaneous forward motion of the free boundary for initial data growing like xﬁ, B € (0,2), at
the initial free boundary; see [4] for a formal analysis of the initial behaviour of the free boundary.
However, the rigorous derivation of such an improved result currently seems out of reach.

Acknowledgement. This research was supported by the Lithuanian-Swiss cooperation program
under the project agreement No. CH-SMM-01/0.
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