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In this paper we convert a variational inequality modeling perpetual executive stock options to a
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solving directly the resulting free boundary problem.

2010 Mathematics Subject Classification: Primary 35K86, 35K65, 91G80; Secondary 35Q93,
91G20.

Keywords: Free boundary problem, variational inequality, executive stock option, optimal exercise.

1. Introduction

Free boundaries are commonplace in nature. In mathematical finance it is important to find free
boundaries since upon which optimal strategies are designed. In this paper, we study regularity of
the free boundary of the variational inequality

min
˚
AŒ'�; B'

� D 0 in R � .0;1/; '.�; 0/ D 0; (1.1)

where ' D '.z; a/,

AŒ'� WD Ra'a � 'zz � �'z C '2z ; B' WD 'a � gC:
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Here subscripts represent partial derivatives,R > 0 and � 2 R are constants, gC D maxfg; 0g, and
g D g.z/ D ez � 1. Observe that the variable a plays a role of time, so the variational inequality
(1.1) is of parabolic type. We do not use the convention t for the variable since the original problem
itself admits a time variable.

As far as we know, problem (1.1) is a new type of free boundary problem that is not seen in the
literature and deserves a systematic investigation, in the following sense:
1. The original full problem admits two time like variables, t and a; here we study only the steady

state problem, which happens to be a parabolic type free boundary problem (We leave the full
double time problem as an open problem).

2. In the conventional free problems such as the solidification in physics and the American put
option in mathematical finance, the first order time derivative of a solution of a variational
inequality is the solution of a Stefan type free boundary problem. Here for the first time we obtain
a variational inequality, for ', whose “time” derivative,  WD 'a, still satisfies a variational
inequality; this is not a common phenomena that we have seen in classical free boundary
problems. Here the second order “time” derivative, w WD 'aa, satisfies a Stefan type free
boundary problem.

3. We have a parabolic free boundary problem that degenerates at “time” a D 0. Only through a
deep rigorous mathematical analysis (instead of financial intuition) can we discover how initial
conditions should be imposed, for '; ; and w, respectively.

4. Note that by introducing a variable s D ln a, we have a variational inequality problem

min
˚
R's � 'zz � �'z C '2z ; 's � esgCg D 0 for z 2 R; s 2 R:

This is by no means a conventional parabolic free boundary problem. From a dynamical system
point of view, we are dealing with finding an unstable manifold in infinite space dimension,
coupled with inhomogeneity and free boundaries. Here even finding the initial (at s D �1)
position of the free boundary is a challenge.

We shall develop a systematic method to deal with such a problem, based on new and conventional
techniques.

Under the conditionR > maxf0; �C 1g, Song and Yu [16] established the existence of a strong
solution and in our companion paper [10], we established the existence of a unique classical solution
and the existence of a continuous and strictly decreasing function s.�/ defined on Œ0;1/ such that

AŒ'� D 0 < B' in N WD ˚
.z; a/ j a > 0; z < s.a/�;

AŒ'� > 0 D B' in T WD ˚
.z; a/ j a > 0; z > s.a/�;

AŒ'� D 0 D B' on � WD ˚
.z; a/ j a > 0; z D s.a/

�
:

We call the graph z D s.a/ the free boundary. In its original context, N is called no-trading region
and T the trading region, and optimal strategies depend only on the free boundary. Here in this
paper we shall use a free boundary approach proving that s 2 C 3

2 .Œ0;1//\ C1..0;1//.
Problem (1.1) originates from Rogers and Scheinkman [15] where they study Executive Stock

Options (ESOs) which are American call options granted by a firm with long maturity to an
executive as a form of benefit in addition to salary. An American call option is a right but not
an obligation to buy a share of stock at a fixed price at any time before expiry. The option is called
perpetual if there is no expiry. For option holder, the problem is to find optimal exercise strategy.
An exercise strategy can be described mathematically by an adaptive stochastic process fA.t/gt>0
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where A.t/ is right-continuous, decreasing, non-negative, and A.0�/ D A; here A.t/ is the number
of ESO’s holding at time t (after trading), and A is the initial number of shares of ESOs. There
are a number of studies for ESOs; see Lambert, Larcker and Verechia [12], Carpenter [1], Hall
and Murphy [7], Ingersoll [8], Jain and Subramanian [9], Grasselli and Henderson [6], Leung and
Sircar [13], Song and Yu [16, 17]. The paper [2] by Carpenter, Stanton, and Wallace contains an
extensive list of references. Based on the models proposed in [15, 16] and our analysis presented
in [10, 14], in this paper we continue the study of the value function

V.x; s;A/ WD lim
T!1 sup

fA.t/g2A

E

"
U

�
x �

Z T

0

e�rt �S.t/�K
�C
dA.t/

�ˇ̌̌
S.0/ D s

#
:

Here, x; s;K;A are initial cash, stock price, strike price, and ESO holding respectively, r > 0 is
a constant discount rate, U is a given utility (concave increasing) function, and A is the set of all
admissible strategies. Assume that the stock price S.t/ follows Black–Scholes model:

S.t/ D se.˛� �2

2
/tC�W.t/ for t > 0;

where fW.t/gt>0 is the standard Brownian motion, ˛ is constant expected return rate, and � > 0 is
constant volatility1.

One can derive (c.f. [14]) that V is a viscosity solution of

min
˚
rAVA � 1

2
�2s2Vss � ˛sVs ; VA � .s�K/CVx

� D 0 in .0;1/3; V jAD0 D U.x/:

Using exponential utility function, i.e., U.z/ D �e��z , where � is a positive constant, and

z D log
s

K
; a D �KA; R D 2r

�2
; � D 2

�2

�
˛ � �2

2

�
;

one can show that V.x; s; A/ D e��xu.z; a/ where u solves

min
˚
Raua � uzz � �uz ; ua C gCu

� D 0 in R�.0;1/; u.�; 0/ D �1: (1.2)

The dimensionless certainty equivalent is a function ' D '.z; a/ such that

V D U.x C ��1'/:

Then ' D � ln.�u/ and is a viscosity solution of (1.1). Using a technique in [3], one can show that
V is concave in .x; A/ and ' is concave in a.

In [14], we have shown that ' D 1 if and only if r 6 ˛� �2

2
(i.e., the discount rate is no bigger

than the growth rate of the stock). In addition, we show that when r > ˛ � �2

2
, the optimal exercise

strategy is to hold the following amount of option at time t :

Aoptimal.t/ D min
	

A; min
06�6t

er� a�



ln S.�/
K

�
�K

�
;

1 Although the geometrical Brownian motion model for the stock price faces many critics in recent years, it is by far the
mostly used in analysis and in practice and many important mathematical finance theories depend on this kind of models.
In our opinion, this model is by no means worse than any other models such as the jump-diffusion process model (since it
contains many parameters that are very hard to measure by one sample historical curve).
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where a D a�.z/ is the inverse function of z D s.a/, with natural extension a� D 1 for z 6 0 D
s.1/ and a� D 0 for z > s.0/. Also, explicit solutions are given for the case r D 0 and the case
K D 0 respectively. These explicit solutions indicate that in general s.0/ < 1 if and only if ˛ < r ,
which is equivalent to R > 1 C �. In this paper, we always assume that R > maxf0; 1 C �g. In a
subsequent paper [11], we shall consider the remaining case � < R 6 � C 1.

In [16], Song and Yu study (1.2), established the existence of a strong solution.
In [10] we discover that the function  WD 'a satisfies the following variational inequality:

min
˚
F Œ �;  � g� D 0 in R�Œ0;1/; (1.3)

where F Œ � WD Ra a C R �  zz C 

2

R a
0  z.z; t/dt � �

�
 z : We remark that the function gC

in the formulation (1.1) can be replaced by g since one never exercises when stock price is below
strike price; see [4]. Also, (1.3) at a D 0 provides the equation for the initial value  0 WD  .�; 0/ D
'a.�; 0/:

min
˚
R 0 �  00

0 � � 0
0;  0 � g� D 0 in R:

There is a unique solution given by

 0.z/ WD
(
g.z/ if z > b;

g.b/e�.z�b/ if z < b;

8<
: � WD

p
�2C4R��

2
;

b WD ln �
��1 :

(1.4)

Here the condition R > maxf0; � C 1g guarantees that � > 1, so b is well-defined. By establishing
a strong solution of (1.3), we obtain a classical solution of (1.1). Also, we show that s.1/ D 0.

In this paper we work on the function w WD  a D 'aa. In N differentiating F Œ � D 0 with respect
to a we obtainRawa C 2Rw�wzz � Œ� � 2'z�wz C 2 2z D 0: Setting a D 0 we find a system for
w0 WD w.�; 0/, deriving that

w0.z/ WD g2.b/
˚
e2�Œz�b� � e�.2R/Œz�b�g1fz6b

�; (1.5)

where �.x/ is the positive root of �2 C �� D x. By differentiating the relations  .s.a/; a/ D
g.s.a// and  z.s.a/; a/ D g0.s.a// with respect to a, we obtain the following Stefan type free
boundary problem:8̂̂

ˆ̂̂̂̂
<̂
ˆ̂̂̂̂̂
ˆ̂:

.Raw C 2'z z/a D wzz C �wz � Rw 8 a > 0; z < s.a/;

w D 0 8 a > 0; z > s.a/;

wz D Œg00 C .� � 2'z/g0 � Rg� s0 8 a > 0; z D s.a/�;

 a D w; 'a D  8 a > 0; z 2 R;

w.�; 0/ D w0;  .�; 0/ D  0; '.�; 0/ � 0; s.0/ D b:

(1.6)

If ' and  are known functions, (1.6) can be viewed as a one-phase Stefan problem (c.f. [5])
modeling solidification of undercooled liquid, where w is the temperature function, the region
.�1; s.a// in which w < 0 is the region of undercooled liquid at time a, the region .s.a/;1/

in which w D 0 is the solid region, and l.z; a/ WD Rg.z/ C Œ2'z.z; a/ � ��g0.z/ � g00.z/ is the
latent heat, the energy needed to melt unit amount of solid at the melting temperature, at location z,
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and at time a. Different from the classical and well-studied Stefan problem, here we have a coupled
system, variable latent heat not a priori known to be positive, and degeneracy at a D 0. In addition,
it is known that solidification of undercooled liquid is often an unstable process. Nevertheless, due
to its original variational nature, we shall develop new techniques to solve the problem, showing
that the free boundary problem is well-posed. Our main result is the following:

THEOREM 1 LetR and � be constants satisfyingR > maxf0; 1C�g, g.z/ D ez�1, and .b;  0; w0/
be defined in (1.4) and (1.5). Then (1.6) admits a classical solution .';  ;w; s/ satisfying

s 2 C 3=2.Œ0;1// \ C1..0;1//; ';  ;w 2 C 2;1. ND/ \ C1.D/;

where D WD f.z; a/ j a > 0; z 6 s.a/g. In addition, ' 2 C 2.R � Œ0;1// is the unique solution of
(1.1),  > g in N WD f.z; a/ j a > 0; z < s.a/g,  � g in Nc , s0 < 0 < s 6 b on Œ0;1/, and
across � WD f.s.a/; a/ j a > 0g,

ŒŒ'�� D 0; ŒŒ'z �� D 0; ŒŒ'a�� D 0; ŒŒ'zz �� D 0; ŒŒ'az �� D 0; ŒŒ'aa�� D 0;

ŒŒ'azz �� D �`; ŒŒ'aaz �� D `s0; ŒŒ'aaa �� D �`s02;

where ŒŒf �� WD f .s.a/C; a/�f .s.a/�; a/ and ` WD es.a/Œ2'z.s.a/; a/CR�1����R > 0 for a > 0.
Moreover,

ŒŒ'zzz �� D `.a/

s0.a/
; 'zzz.b

C; a/ � 'zzz.b�; a/ D � `.0/

s0.0/
D �2.� � 1/2

2���.2R/
8 a > 0:

Here the improved regularity ' 2 C 2.R � .0;1// from ' 2 C 2;1 in [10] for the underline
parabolic free boundary problem is due to the fact that we obtain the new estimate for  D 'a 2
C 2;1. ND/.

Note that the jumps of 'zzz on � and on fbg � Œ0;1/ cancels at a D 0, compatible with
'.�; 0/ � 0.

The rest of the paper is organized as follows. In Section 2 we first derive the differential
equations, initial conditions, and free boundary conditions for  and w. Since the linear second
order parabolic operator Ra@a � @zz is degenerate at a D 0, we shall first study (1.6) in time
interval a 2 Œ";1/ (0 < " � 1). For this we construct carefully compatible initial values at a D "

for the approximation problem. In Section 3 we establish local (in time a 2 Œ"; T �; 0 < T � " � 1)
existence of the initial value problem with initial values given at a D ". In Section 4 we establish
a priori estimate for the approximate solution. Finally in Section 5 we first establish global (in time
a 2 Œ";1/) existence of the solution of the approximate problem and then send " & 0 to obtain the
solution of (1.6) and prove Theorem 1.

In the sequel, we use the convention that all functions are continuous from the left-hand side,
i.e., f .z/ D limx%z f .x/. Also, O.f / D O.1/f where O.1/ is a generic quantity bounded by a
constant M andM stands for a generic positive constant depending only on R and �.

2. Basic equations

In this section we derive free boundary and initial conditions for the functions

 WD 'a; w WD  a D 'aa; v WD wa D  aa D 'aaa:

Also, we construct approximation for these functions and the free boundary at time a D ".
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2.1 The differential equations

The equation for ' and their derivatives with resect to a in N can be expressed as

Ra'a D 'zz C .� � 'z/'z ;

Ra a D  zz C .� � 2'z/ z � R ;

Rawa D wzz C .� � 2'z/wz � 2Rw � 2 2z ;
Rava D vzz C .� � 2'z/vz � 3Rv � 6 zwz :

2.2 The free boundary conditions

On the free boundary � WD f.s.a/; a/ j a > 0g, we can differentiate the basic relations  � g D 0

and z�g0 D 0 to obtainw D 0 andwzC. zz�g00/s0 D 0. Differentiating the resulting equations
again we obtain vCwzs

0 D 0 and vz C Œwzz C . zz � g00/0�s0 C . zz � g00/s00 D 0. Hence, on the
free boundary z D s.a/, we have the following three sets of free boundary conditions:8̂̂<

ˆ̂:
 



s.a/; a/ D g.s.a/

�
;

 z.s.a/; a/ D g0
s.a/�;
`.a/ WD  zz



s.a/; a/ � g00.s.a/

�I(
w



s.a/; a

� D 0;

wz


s.a/; a

� D �`.a/s0.a/I(
v


s.a/; a

� D `.a/s0.a/2;

vz


s.a/; a

� D �`.a/s00.a/ � ˚
wzz



s.a/; a

� C `0.a/
�
s0.a/:

The system for w is a Stefan type free boundary problem modeling one phase solidification
of undercooled liquid, where ` is the latent heat. Using the differential equation and boundary
conditions for  , the latent heat can be written as

`.a/ D  zz


s.a/; a/ � g00.s.a/

�
D Raw C .2'z � �/ z CR � g00jzDs.a/ D l



s.a/; a

�
;

l.z; a/ WD ez
�
2'z.z; a/CR � 1 � �

� � R:

2.3 The initial conditions for . ;w; v/

Let b WD s.0/;  0 WD  .�; 0/; w0 WD w.�; 0/ and v0 WD v.�; 0/. Using the initial condition '.�; 0/ �
0, the differential equations for . ;w; v/ at a D 0, and the free boundary conditions at z D s.0/,
we obtain

 00
0 C � 0

0 �R 0 D 0 in .�1; b/;  0.b/ D g.b/;  0
0.b/ D g0.b/;

w00
0 C �w0

0 � 2Rw0 D 2 0
0
2 in .�1; b/; w0.b/ D 0;

v00
0 C �v0

0 � 3Rv0 D 6 0
0w

0
0 in .�1; b/; v0.b/ D w 0

0
.b/2

 00
0
.b/�g 00.b/

:
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These linear problems are supplemented by the boundary conditions  0.�1/ D 0;w0.�1/ D 0;

and v0.�1/ D 0. For convenience, we denote by �.x/ the unique positive root of �2 C �� D
x > 0, i.e.,

�.x/ D
p
�2 C 4x � �

2
:

It is easy to see that �0 > 0 > �00 so for every x > 0; y > 0; z > 0; x 6D z; and � 2 .0; 1/;
�.x C y/ < �.x/C�.y/; �.�x C Œ1 � ��z/ > ��.x/C Œ1 � ���.z/:

For simplicity, we set � D �.R/; �2 D �.2R/; �3 D �.3R/. Under the conditionR > maxf0; 1C
�g, one can check that � > 1. Then we can derive that8̂̂

ˆ̂<
ˆ̂̂̂:

 0.z/ D g.b/e�.z�b/
�
�g.b/ D g0.b/ ) eb D �

��1
�

8z 6 b;

w0.z/ D g2.b/fe2�.z�b/�e�2.z�b/g 8 z 6 b;

v0.z/ D g3.b/
n
2e3�.z�b/�3e.�C�2/.z�b/C

h
.2���2/

2

�.��1/ C1
i
e�3.z�b/

o
8 z 6 b:

(2.1)

When z > b,  0 � g;w0 � 0; and v0 � 0. Note that v0 is not continuous at b. Also,

`.0/ D  00
0 .b/ � g00.b/ D �;

s.0/ D b D ln
�

� � 1
;

s0.0/ D �w
0
0.b/

`.0/
D � v0.b/

w0
0.b/

D �.2R/� 2�
.� � 1/2�

< 0;

 0 > g
C; 0 <  0

0 D g0e.��1/.z�b/; w0 < 0 in .�1; b/:

2.4 Approximation at a D "

Since the differential equation for w is degenerate at a D 0, we shall first solve the problem in time
interval a 2 Œ";1/ and then let " & 0. Here we define approximations of .';  ;w; v; s/ at a D ",
denoted by .'"0;  

"
0 ; w

"
0; v

"
0; s"/.

LEMMA 2.1 Let . 0; w0; v0/ be defined in (2.1). For each " > 0 define, on .�1; b�,

'"0 WD " 0 C 1

2
"2w0 C 1

6
"3v0;

 "0 WD 1

"R

�
'"0

00 C �'"0
0 � '"0

02�;
w"0 WD 1

"R

�
 "0

00 C Œ� � 2'"00
� "0

0 � R "0

�
;

v"0 WD 1

"R

�
w"0

00 C Œ� � 2'"00
�w"0

0 � 2Rw"0 � 2 "0
02

�
:

Then

 "0 D  0 C "w0 C 1

2
"2v0 C "3u"3; w"0 D w0 C "v0 C "2u"2; v"0 D v0 C "u"1;
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where u"i ; i D 1; 2; 3 are smooth functions on .�1; b� satisfying

ˇ̌̌ d j
dzj

u"i .z/
ˇ̌̌

6 MŒ1C "8�eŒ�C�.3R/�Œz�b� 8 z 6 b; i; j D 1; 2; 3;

where M is a positive constant depending only on � and R.

Proof. The assertion follows by direct evaluation and the fact that 2�.2R/ > �C�.3R/.

2.5 Compatibility conditions at the corner .s"."/; "/ – modification of g

Denote by .s"0; s
"
1/ the approximation of .s."/; s0."//, we shall modify g to g" to enforce the

following compatibility conditions:

w"0.s
"
0/ D 0;  "0.s

"
0/ D g".s

"
0/;  

"
0

0
.s"0/ D g0

".s
"
0/; s

"
1 D � v"0.s

"
0/

w"0
0.s"0/

D w"0
0.s"0/

g00
" .s

"
0/�  "0

00.s"0/
: (2.2)

The equation w"0.s
"
0/ D 0 determines a unique s"0. Consequently, s"1 is uniquely determined. For

other compatibility conditions, we need

g".s
"
0/ D  "0.s

"
0/; g0

".s
"
0/ D  "0

0
.s"0/; g00

" .s
"
0/ D  "0

00
.s"0/ � w"0

0.s"0/2

v"0.s
"
0/

:

Working in the category of g".z/ D c1 C c2e
1"z , we define

1" WD  "0
00.s"0/

 "0
0.s"0/

� w"0
0.s"0/2

v"0.s
"
0/ 

"
0

0.s"0/
; g".z/ WD  "0.s

"
0/C  "0

0.s"0/
1"

�
e1"Œz�s"

0
� � 1

�
: (2.3)

LEMMA 2.2 For each sufficiently small positive ", there exists a unique s"0 < b such that w"0.s
"
0/ D

0, w"0 < 0 in .�1; s"0/ and w"0 > 0 in .s"0; b�.

Proof. When " is small, e��.2R/Œz�b�g�2.b/w"0.z/ D eŒ2���.2R/�Œz�b� � 1 C O."/ is negative
when z < 0, strictly increasing on Œ0; b�, and positive at b (since w0.b/ D 0 < v0.b/); hence, there
exists a unique s"0 2 .0; b/ such that w"0.s

"
0/ D 0 < w"0

0.s"0/, w"0 < 0 in .�1; s"0/ and w"0 > 0 in
.s"0; b�.

LEMMA 2.3 Let g" be defined as in (2.3) and s"1 WD �v"0.s"0/=w"00.s"0/. Then (2.2) holds. In addition,
as " & 0, we have the following asymptotics:

s"0 D s.0/C s0.0/"CO."2/; s"1 D s0.0/CO."/; 1" D 1CO."/;

g".s
"
0/ D g.s"0/CO."3/; g0

".s
"
0/ D g0.s"0/CO."2/; g00

" .s
"
0/ D  "0.s

"
0/

00 � �CO."/:

Proof. It is clear by the definition of s"1 and g" that (2.2) holds. Since w"0 D w0 C "v0 CO."2/, by
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Taylor expansion, s"0 D b � " v0.b/

w 0
0
.b/

CO."2/ D s.0/C s0.0/"CO."2/: Also,

g".s
"
0/ D  "0.s

"
0/

D  0.s
"
0/C "w0.s

"
0/C "2

2
v0.s

"
0/CO."3/

D g.s"0/C �
 0.s

"
0/ � g.s"0/

� C "
�
w0.b/C w0

0.b/.s
"
0 � b/� C 1

2
"2v0.b/CO."3/

D g.s"0/C "2

2

��
 00
0 .b/� g00.b/

�
s0.0/2 C 2w0

0.b/s
0.0/C v0.b/

�
CO."3/

D g.s"0/CO."3/;

since v0.b/ D �w0
0.b/s

0.0/ and w0
0.b/ D �. 00

0 .b/ � g00.b//s0.0/. The other asymptotics can be
similarly proven.

LEMMA 2.4 When 0 < " � 1,  "0
0.z/ < g0

".z/e
Œ��1"�Œz�s"

0
� for every z < s"0.

Proof. Using expansion  "0 D  0 C "w0 CO."2/e�.3R/z and � < �.2R/ < 2� we can compute

ln
 "0

0.z/
 "0

0.s"0/
� �Œz � s"0� D

Z z

s"
0

� "0 00.x/
 "0

0.x/
� �

�
dx

6 "g2.b/

g0.b/

Z s"
0

z

n�
�.2R/CM"

��
�.2R/� ��

eŒ�.2R/���Œx�b�

� 2�2e�Œx�b�
o
dx < 0;

since there exists Ox < s"0 such that the integrand is positive in .�1; Ox/ and negative in . Ox; s"0�, so
the integral attains its maximum either at z D s"0 or z D �1. Hence,  "0

0.z/ 6  "0
0.s"0/e�Œz�s"

0
� D

g0
".s

"
0/e

�Œz�s"
0
� D g0

".z/e
Œ��1"�Œz�s"

0
�:

LEMMA 2.5 Let M0 D 2g 0.b/
R�1�� D 2�

.��1/.R�1��/ . There exists a positive constant M that depends
only on R and � such that for every sufficiently small positive ",

0 < �w"0 < ŒM0 CM"�Œg0
" �  "0

0
� in .�1; s"0/:

Proof. Set K D M0 CM" and 	 D w"0 CKŒg0
" �  "0 0�. Using g00

" D 1"g
0
" we have

�	 00 C .2'"0
0 � �/	 0 CR	

D ˚ � R"v"0 �Rw"0 � 2 "0 02g CKg0
"f�12" C Œ2'"0

0 � ��1" CRg CKfR"w"00 C 2'"0
00
 "0

0�
> �R"v"0 � 2g0

"
2 CKg0

"f�12" � �1" CRg CKR"w"0
0

> g0
"

n
KŒR � 12" � �1"� � 2g0

".s
"
0/ � "Rv

"
0 � RKw"0

0

g0
"

o
D g0

"

˚
KŒR � 1 � �� � 2g0.b/CO."/Œ1CK�

�
> 0:

Since 	.s"0/ D 0 and 	.�1/ D 0, it follows from the maximum principle that 	 > 0 in .�1; s"0/.
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2.6 Modification of .'"0;  
"
0; w

"
0; v

"
0/ in Œs"0;1/

For convenience, we redefine .'"0;  
"
0; w

"
0; v

"
0/ in Œs"0;1/ as follows: for z > s"0,

 "0.z/ D g".z/; w"0.z/ D 0; v"0.z/ D 0;

'"0.z/ D '"0.s
"
0/C '"0

0
.s"0/.z � s"0/C 1

2
'"0

00
.s"0/Œz � s"0�2:

(2.4)

Note that '"0
00.s"0/ D " "0

00.s"0/CO."2/ > 0.

3. Local existence of the approximated free boundary problem

In this section, we establish the well-posedness of the following free boundary problem:8̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂̂̂
<
ˆ̂̂̂̂̂
ˆ̂̂̂̂
ˆ̂̂:

Raw"a D w"zz C .� � 2'"z/w"z � 2Rw" � 2 "z
2 8 a 2 Œ"; T /; z < s".a/;

w".z; a/ D 0 8a 2 Œ"; T /; z > s".a/;

 ".z; a/ D  "0.z/C R a
"
w".z; t/ dt 8 a 2 Œ"; T /; z 2 R;

'".z; a/ D '"0.z/C R a
"
 ".z; t/ dt 8 a 2 Œ"; T /; z 2 R;

l".z; a/ D Rg".z/CŒ2'"z.z; a/���g0
".z/�g00

" .z/ 8 a 2 Œ"; T /; z 2 R

s".a/ D s"0 � R a
"

w"
z .s".t/;t/

l".s".t/;t/
dt 8 a 2 Œ"; T /;

w".z; "/ D w"0.z/ 8 z 2 R:

(3.1)

Since we shall show that s0
" < 0, the initial values of .'"0;  

"
0; w

"
0/ in .s"0;1/ don’t affect the solution

in the set D WD f.z; a/ j a 2 Œ"; T /; z 6 s".a/g.

LEMMA 3.1 (Local Existence) Let s"0 be defined in Lemma 2.2, .'"0;  
"
0; w

"
0/ in .�1; s"0� be as in

Lemma 2.1, and g" be as in (2.3). Extend .'"0;  
"
0; w

"
0/ in .s"0;1/ as in (2.4).

Then for every sufficiently small positive ", there exists T 2 ."; 1� such that problem (3.1)
admits a unique classical solution .'";  "; w"; s"/. In addition, for every a 2 Œ"; T /, s0

".a/ <

0 < l".s".a/; a/ and for every ˛ 2 .0; 1/, s" 2 C 2C˛=2.Œ"; T // \ C1.."; T // and '";  "; w" 2
C 3C˛;.3C˛/=2.D/ \ C1.D n .s"0; "//; whereD D f.z; a/ j a 2 Œ"; T /; z 6 s".a/g.

Proof. Using contraction mapping theorem, we divide the proof into 6 steps.

1. First we transform the free boundary problem to a fixed boundary problem.
Introduce x D z � s".a/ and

W.x; a/ D w".s".a/C x; a/; 
.x; a/ D  ".s".a/C x; a/; ˚.x; a/ D '".x C s".a/; a/:

Then problem (3.1) is equivalent to W � 0 on Œ0;1/ � Œ"; T � and8̂̂
ˆ̂̂̂̂̂
<
ˆ̂̂̂̂̂
ˆ̂:

RaWa �Wxx � �Wx C 2RW D .Ras0
" � 2˚x/Wx � 2
2x 8 a 2 ."; T �; x < 0;


.x; a/ D  "0.x C s".a//C R a
"
W.x C s".a/� s".t/; t/ dt 8 a 2 Œ"; T �; x 2 R;

˚.x; a/ D '"0.x C s".a//C R a
"

.x C s".a/� s".t/; t/ dt 8 a 2 Œ"; T �; x 2 R;

s".a/ D s"0 � R a
"

w"
z .s".t/;t/

LŒ˚;s"�.t/
dt 8 a 2 Œ"; T �;

W.x; "/ D w"0.x C s"0/ 8 x 6 0:

(3.2)
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Here LŒ˚; s� is a non-linear operator defined by

LŒ˚; s�.a/ D Rg".s.a//C Œ2˚x.0; a/ � ��g0
".s.a//� g00

" .s.a//:

2. Next we choose an appropriate function space.
Fix T 2 ."; 1�. Denote I D Œ"; T � and Q D .�1; 0/� ."; T �. Fix ˛ D 1=4. We define

X WD
(
.s;W /

ˇ̌̌
ˇ̌ s."/ D s"0; s

0."/ D s"1; ks0 � s"1kC˛.I / 6 1
2
js"1j;

W.�; "/ D w"0.� C s"0/; kW �W "
0 kC2C˛;1C˛=2. NQ/ 6 1

)
;

where s"1 WD �v"0.s"0/=w"00.s"0/ and

W "
0 .x; a/ D w"0.x C s"0/C .a � "/

�
v"0.x C s"0/C s"1w

"
0

0
.x C s"0/

�
:

Fix .s;W / 2 X. Then s0 6 s"1 C 1
2
js"1j < 0 in I . We define, for x 6 0 and a 2 I ,


.x; a/ D  "0.x C s.a//C
Z a

"

W.x C s.a/� s.t/; t/ dt;

˚.x; a/ D '"0.x C s.a//C .a � "/ "0.x C s.a//C
Z a

"

.a � t/W.x C s.a/ � s.t/; t/dt;

f .x; a/ D ŒRas0 � 2˚x�Wx � 2
2x :

Since s0 < 0, these definitions do not depend on values ofW outside NQ. AlsoW 2 C 2C˛;1C˛=2. NQ/
implies Wx 2 C 1C˛;.1C˛/=2. NQ/. As s0 2 C ˛.I / and 1C ˛ > 2˛, we have

kf kC2˛;˛. NQ/ 6 C"I
here and in the sequel, C" denotes a generic constant that depends only on ";R; and �.

3. We now define a map .s;W / 2 X ! W ".
We define W " as the unique bounded solution of the linear initial boundary value problem(

RaW "
a �W "

xx � �W "
x C 2RW " D f in Q;

W ".0; �/ D 0; W ".�; "/ D w"0.� C s"0/:

We show that the initial and the boundary values at the corner .0; "/ satisfy the zeroth and first order
compatibility conditions.

(i) Since w"0.s
"
0/ D 0, we see that W ".0�; "/ D w"0.s

"
0/ D 0 D W ".0; "C/.

(ii) The boundary value givesW "
a .0; "

C/ D 0. The initial value and the differential equation give,
for x < 0,

W "
a .x; "/ D 1

"R

�
f .x; "/C w"0

00
.x C s"0/C �w"0

0
.x C s"0/ � 2Rw"0.x C s"0/

�
D 1

"R

�
w"0

00 C Œ� � 2'"0
0
�w"0

0 � 2Rw"0 � 2 "0 02 C "Rs"1w
"
0

0�
D v"0.x C s"0/C s"1w

"
0

0
.x C s"0/ D W "

0a.x; "/;

by the definition ofW "
0 . Since s"1 WD �v"0.s"0/=w"00.s"0/, we haveW "

a .0
�; "/ D 0 D W "

a .0; "
C/:
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Hence, there exists a unique bounded solution W " and it satisfies

kW "kC2C2˛;1C˛. NQ/ 6 C"

n
kw"0kC2C2˛..�1;s"

0
�/ C kf kC2˛;˛. NQ/

o
6 C":

In addition, since W ".�; "/ D W "
0 .�; "/ and W "

a .�; "/ D W "
0a.�; "/, kW " � W "

0 kL1.Q/ 6 C".T �
"/1C˛. Hence, extendingW " �W "

0 by 0 for a 6 " we obtain by interpolation that

kW " �W "
0 kC2C˛;1C˛=2. NQ/ 6 CkW " �W "

0 k
2C˛

2C2˛

C2C2˛;1C˛. NQ/kW " �W "
0 k

˛
2C2˛

L1.Q/
6 C".T � "/˛

2 :

4. Next we define a map .s;W / 2 X ! s".
By our construction of initial data, LŒ˚; s�."/ D  "0

00.s"0/ � g00
" .s

"
0/ D �w"00.s"0/=s"1 > 0. Also,

in I , 

LŒ˚; s�

�0 D g0
".s/

�
2˚xa.0; a/C ˚

R C Œ2˚x.0; a/� ��1" � 12"
�
s0�:

Since .s;W / 2 X, we have ˚xa 2 C ˛;˛=2. NQ/ soLŒ˚; s�
C1C˛=2.I /

6 C":

Let T1 WD Œ "0
00.s"0/ � g00

" .s
"
0/�=.2C"/. Assume that " < T 6 "C T1. Then

LŒ˚; s�.a/ > LŒ˚; s�."/ � C".T � "/ > 1
2
Œ "0

00
.s"0/ � g00

" .s
"
0/� > 0 8 a 2 I:

Hence, we can define

s".a/ D s"0 �
Z a

"

W "
x .0; t/

LŒ˚; s�.t/
dt 8 a 2 Œ"; T �:

It is easy to see that s"."/ D s"0 and s0
"."/ D s"1. Since W "

x 2 C 1C2˛;1=2C˛. NQ/, we have
ks0
"kC1=2C˛.I / 6 C" and ks0

" � s"1kC0.I / 6 C".T � "/1=2C˛. By interpolation,

ks0
" � s"1kC˛.I / 6 Cks0

" � s"1k
˛

1=2C˛

C1=2C˛.I /
ks0
" � s"1k

1=2
1=2C˛

C0.I /
6 C".T � "/ 1

2 :

Hence, if 0 < T � " � 1, the map .s;W / ! .s";W
"/ is well-defined and maps X to itself.

5. Now we show that if 0 < T � " � 1, the map .s;W / 2 X ! .s";W
"/ is a contraction.

Suppose for i D 1; 2, .si ;Wi / 2 X. We denote by˚i ; 
i ; fi ;W "
i ; s

i
" the corresponding functions

defined in Steps 2–4.
We first estimate f1 � f2. We decompose 
1x � 
2x as I1 C I2 C I3 where

I1 D  "0
0

x C s1.a/

� �  "0 0

x C s2.a/

� D
Z Œs1�s2�.a/

0

 "0
00

x C s2.a/C y

�
dy;

I2 D
Z a

"

ŒW1x �W2x�.x C s1.a/ � s1.t/; t/dt;

I3 D
Z a

"

Z Œs1�s2�.a/�Œs1�s2�.t/

0

W2xx.x C s2.a/ � s2.t/C y; t/dydt:
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We find that

kI1kC˛. NQ/ 6 Cks2 � s1kC˛.I / 6 C".T � "/1�˛ks0
1 � s0

2kC0.I /;

kI2kC˛. NQ/ 6 C.T � "/1�˛kW1x �W2xkC˛;0. NQ/;
kI3kC˛. NQ/ 6 C.T � "/1�˛kW2xxkC˛;0. NQ/ks1 � s2kC˛.I /:

Hence,

k
1x � 
2xkC˛. NQ/ 6 C.T � "/1�˛
ks0
1 � s0

2kC0.I / C kW1x �W2xkC˛;0. NQ/
�
:

After a similar estimate for ˚1x �˚2x we then derive that

kf1 � f2kC˛;˛=2. NQ/ 6 C"

ks0

1 � s0
2kC˛=2.I / C kW1x �W2xkC˛;˛=2. NQ/

�
6 C".T � "/˛=2
ks0

1 � s0
2kC˛.I / C kW1x �W2xkC2˛;˛. NQ/

�
:

Similarly, using the boundedness of kW2xxkC˛;0. NQ/ we find that

kLŒ˚1; s1� �LŒ˚2; s2�kC˛.I / 6 C.T � "/1�˛
ks0
1 � s0

2kC0.I / C kW1x �W2xkC˛;0. NQ/
�
:

Now, by a parabolic estimate for linear equation,

kW "
1 �W "

2 kC2C˛;1C˛=2. NQ/ 6 C"kf1 � f2kC˛;˛=2. NQ/
6 C".T � "/˛=2
ks0

1 � s0
2kC˛.I / C kW1x �W2xkC2˛;˛. NQ/

�
and by the definition of si",

ks1" 0 � s2" 0kC˛.I / 6 C"
˚kLŒ˚1; s1� �LŒ˚2; s2�kC˛.I / C kW "

1x �W "
2xkC0;˛. NQ/

�
6 C".T � "/˛=2˚ks0

1 � s0
2kC˛.I / C kW1x �W2xkC2˛;˛. NQ/

�
:

It follows that

ks1" 0 � s2" 0kC˛.I / C kW "
1 �W "

2 kC2C˛;1C˛=2. NQ/
6 C".T � "/˛=2˚ks0

1 � s0
2kC˛.I / C kW1 �W2kC2C˛;1C˛=2. NQ/

�
:

Thus, when 0 < T � " � 1, the map .s;W / 2 X ! .s";W
"/ maps X to itself and is a contraction.

Hence, there exists T 2 ."; 1� such that the map .s;W / 2 X ! .s";W
"/ admits a unique fixed

point. The fixed point provides a solution of (3.2), and also a solution of (3.1).

6. Finally, we show the needed regularity by a bootstrap argument.
Suppose W " 2 C ˛;˛=2..�1; 0� � ."; T �/ and s" 2 C .˛C1/=2.."; T �/, where ˛ > 1 is not

an integer. Then f 2 C ˛�1;.˛�1/=2..�1; 0� � ."; T �/. Since W ".0; �/ � 0 and W ".�; "/ 2
C1..�1; 0�/, we obtain W " 2 C ˛C1;.˛C1/=2..�1; 0� � Œ"; T � n .0; "//. This implies that W "

x 2
C ˛;˛=2..�1; 0� � ."; T �/ and, by the equation for s", s" 2 C .˛C2/=2.."; T �/.

This bootstrap argument shows that W " 2 C1..�1; 0�� Œ"; T � n .0; "// and s" 2 C1.."; T �/.
Also, using the compatibility condition we can show that W " 2 C 3C˛;.3C˛/=2..�1; 0� � Œ"; T �/

and s0
" 2 C .2C˛/=2.I / for any ˛ 2 .0; 1/. This completes the proof of the lemma.
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4. A priori estimates of the approximate solution

In this section, we establish a priori estimates that do not depend on " and T . In the sequel,
.'";  "; w"; s"/ is the unique solution of (3.1) with T 2 .";1� and 0 < " � 1. We assume
that the solution satisfies `".a/ WD l".s".a/; a/ > 0 > s

0
".a/ for every a 2 Œ"; T /.

4.1 Differential equations and free boundary conditions

LEMMA 4.1 Let .'";  "; w"; s"/ be a solution of (3.1) where `".a/ WD l".s".a/; a/ > 0 > s
0
".a/ for

each a 2 Œ"; T /. Set N" WD f.z; a/ j a 2 Œ"; T /; z < s".a/g, � " WD f.z; a/ j a 2 ."; T /; z D s".a/g
and v" D w"a. Then in N",

AŒ'"� WD Ra'"a � '"zz � �'"z C '"z
2 D 0;

L1Œ 
"� WD Ra "a �  "zz � � "z C 2'"z 

"
z CR " D 0;

L2Œw
"� WD Raw"a �w"zz � �w"z C 2'"zw

"
z C 2Rw" D �2 "z2;

L3Œv
"� WD Rav"a � v"zz � �v"z C 2'"zv

"
z C 3Rv" D �6 "zw"z :

In addition, .'";  "; w"; v"/jaD" D .'"0;  
"
0; w

"
0; v

"
0/ and

 " D g";  "z D g0
"; w" D 0; `"s0

" D �w"z ; v" D `"s02
" on � ":

Consequently, denoting by ŒŒf ��" the jump of f across � " we have

ŒŒ'"��" D 0; ŒŒ'"z ��
" D 0; ŒŒ'"zz ��

" D 0; ŒŒ "��" D 0; ŒŒ "z ��
" D 0; ŒŒw"��" D 0;

ŒŒ'"zzz ��
" D `"=s0

"; ŒŒ "zz ��
" D �`"; ŒŒw"z ��

" D `"s0
"; ŒŒv"��" D �`"s0

"
2:

Proof. Note that .'";  "; w"/jaD" D .'"0;  
"
0; w

"
0/. By the definition of .'"0;  

"
0; w

"
0/ we find that

AŒ'"�.�; "/ D 0 and L1Œ "�.�; "/ D 0 in .�1; s"0�. Also, the differential equation in (3.1) for w" can
be written as

0 D L2Œw
"�C 2 "z

2 D @

@a
L1Œ 

"� D @2

@a2
AŒ'"� in N":

For each z < s".a/, we have z < s".t/ for t 2 Œ"; a� since s0
" < 0. Hence, integrating the equation

over Œ"; a� we obtain L1Œ "� D 0 and AŒ'"� D 0 in N". Differentiating L2Œw"� C 2 "z
2 D 0 we

obtain L3Œv"�C 6 "zw
"
z D 0 in N". Setting a D " in L2Œw"�C 2 "z

2 D 0 and using the definition
of v"0 we obtain v".�; "/ D v"0.

Next, set J1.a/ D  ".s".a/; a/�g".s".a// and J2.a/ D  "z.s".a/; a/�g0
".s".a//. We calculate

J 0
1.a/ D Œ "z � g0

"�s
0
" C w" D s0

"J2.a/I
J 0
2.a/ D Œ "zz � g00

" �s
0
" C w"z

D Œ "zz � g00
" �s

0
" C Œg00

" C .� � 2'"z/g
0
" �Rg"�s0

"

D Rs0
"Œ 

" � g"� � .� � 2'"z/s
0
"Œ 

"
z � g0

"�C s0
"

�
 "zz C .� � 2'"z/ "z �R "�

D Rs0
"J1.a/ � .� � 2'"z/s

0
"J2.a/I

here we have used w"z D Œg00
" C .� � 2'"z/g0

" �Rg"�s0
" and  "zz C .� � 2'"z/ "z �R " D Ra "a D

Raw" D 0 on � ". Initially, J1."/ D  "0.s
"
0/� g".s"0/ D 0 and J2."/ D  "0

0.s"0/� g0
".s

"
0/ D 0. The
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uniqueness of the solution of the ode system for .J1; J2/ implies that J1 � 0 and J2 � 0. Thus,
 " D g" and  "z D g0

" on � ". Consequently, by the equation for  ",

`".a/ WD Rg" C .2'"z � �/g0
" � g00

" jzDs".a/
D R " C .2'"z � �/ "z � g00

" jzDs".a/ D  "zz.s".a/; a/ � g00
"



s".a/

�
:

Differentiating w".s".a/; a/ D 0 with respect to a we obtain v" D �w"zs0
" D `"s0

"
2 on � ".

We know w" � 0 and v" � 0 in T" WD f.z; a/ j a 2 ."; T /; z > s".a/g. Since  " D g" and
 "z D g0

" on � " and s0
" < 0, by integrating  "a D w" we obtain  " � g" and  "z � g0

" on NT". This
implies that  " and  "z are continuous on R � Œ"; T /. It also implies that '" and '"z are continuous
on R � Œ"; T /. In addition, ŒŒw"��" D 0, ŒŒ "zz ��

" D �`", and ŒŒw"z ��
" D `"s0

". Now differentiating
ŒŒ'"z ��

" D 0 with respect to a, we find ŒŒ'"zz ��
"s0
" C ŒŒ z ��

" D 0, so ŒŒ'"zz ��
" D 0. Differentiating

ŒŒ'"zz ��
" D 0 we obtain ŒŒ'"zzz ��

"s0
" C ŒŒ zz ��

" D 0, so ŒŒ'"zzz ��
" D �ŒŒ zz ��"=s0

" D `"=s0
". Finally,

differentiating ŒŒw"�� D 0 we obtain ŒŒw"z ��
"s0
" C ŒŒv"��" D 0 so ŒŒv"��" D �s0

"ŒŒw
"
z ��
" D �`"s0

"
2. This

completes the proof.

REMARK 4.1 The formula .ŒŒf ��"/0 D ŒŒfz ��
"s0
" C ŒŒfa��

" is derived as follows. Suppose f ˙ are C 1

functions in R � ."; T /. Define f D f C for z > s".a/ and f D f � for z 6 s".a/. Then by
definition, ŒŒf ��" D f C.s".a/; a/� f �.s".a/; a/ and

.ŒŒf ��"/0 D ˚
f C
z .s".a/; a/� f �

z



s".a/; a

��
s0
".a/C ˚

f C
a



s".a/; a

� � f �
a



s".a/; a

��
D ŒŒfz ��

"s0
" C ŒŒfa��

":

We use the default  "C � g", w"C � 0, and v"C � 0. However, there may not exist a smooth
extension of '". The best regularity of an extension '"� of '" from T" to R� Œ"; T / depends on the
compatibility of the boundary value '".s".a/; a/ at a D " and the initial value '"0.z/ at z D s"0.

4.2 Monotonicity and concavity

LEMMA 4.2 In N",  " > 0 > w" .
Consequently, denoting by 0" the root of g".�/ D 0 we have 0" < s".a/ < s"0 for all a 2 ."; T /.

Proof. The assertion w" < 0 in N" follows from the maximum principle, since L2Œw
"� 6 0 in

N" and w" 6 0 on the parabolic boundary of N". The assertion  " > 0 in N" also follows from
the maximum principle since L1Œ "� D 0 in N",  ".�; "/ > 0 and  "z D g0

" > 0 on � ". Finally
g".s".a// D  ".s".a/; a/ > 0 implies that s".a/ > 0" for all a 2 Œ"; T /.
LEMMA 4.3 In R � Œ"; T /, '"zz > 0; on NN", 0 <  "z 6 g0

"e
Œ��1"�Œz�s".a/� and '"zzz > 0.

Proof. 1. First we show that '"zz > 0 in R � Œ"; T /.
Set 	 D '"zz . Differentiating AŒ'"� D 0 with respect to z twice we obtain Ra	a � 	zz � .� �

2'"z/	zC2'"zz	 D 0 in N". Initially, 	.�; "/ D '"0
00 D " "0

00 CO."2/e�.2R/z D Œ"CO."2/� "0
00 > 0

(assuming 0 < " � 1). Also, differentiating AŒ'"� D 0 with respect to z and set z D s".a/ we
obtain

	z C .� � 2'"z/	
ˇ̌̌
zDs".a/

D Ra "z D Rag0
".s".a// > 0:

Hence, by the maximum principle, 	 D '"zz > 0 on NN".
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Next, for z 2 .s".a/; s"0�, denoting by a D a".z/ the inverse function of z D s".a/ we have

'".z; a/ D '".z; a".z//C Œa � a".z/�g.z/;
'"z.z; a/ D '"z.z; a".z//C Œa � a".z/�g

0
".z/;

'"zz.z; a/ D '"zz.z; a".z//C Œa � a".z/�g
00
" .z/ > 0;

since ŒŒ ��" D ŒŒ "z ��
" D 0. Hence, '"zz 2 C..�1; s"0� � Œ"; T // and '"zz > 0 in .�1; s"0� � Œ"; T /.

Finally, since '" D '"0 C Œa � "�g" for z > s"0, we see that '"zz 2 C.R � Œ"; T // and '"zz > 0.

2. Next we estimate  "z , which satisfies .L1 C 2'"zz/ 
"
z D 0 in N".

As  "z > 0 on the parabolic boundary of N", we have  "z > 0 on NN".
By Lemma 2.4, we see that  "z 6 	 WD g0

"e
Œ��1"�Œz�s".a/� on the parabolic boundary of N". Also

using g0
".z/ D g0

".0/e
1"z we have 	 D g0

".0/e
�z�Œ��1"�s".a/. Hence,

.L1 C 2'"zz/	 D 	
˚ � Œ� � 1"�Ras

0
" � �2 � ��C 2�'"z C 2'"zz CR

�
> 0;

since s0
" < 0; �2 C �� � R D 0; '"z > 0, and '"zz > 0. It then follows from comparison principle

that  "z < 	 D g0
"e
Œ��1"�Œz�s".a/� in N".

3. Finally we show that '"zzz > 0 on NN".
Set 	 D '"zzz. Then Ra	a � 	zz � �	z C 2'"z	z C 6'"zz	 D 0 in N". Initially, 	.�; "/ D

Œ"CO."2/� 000
0 > 0. On � ", differentiating AŒ'"� D 0 with respect to z twice we have

	z C .� � 2'"z/	 D Ra "zz C 2'"zz
2 > Rag00

" > 0 on � ":

It then follows from the maximum principle that '"zzz > 0 on NN".

4.3 Jump of '"zzz

LEMMA 4.4 (1) For a 2 ."; T / and z 2 R,

'"zzz.z; a/ D '"0
000
.z/C `"



a".z/

�
s0
"



a".z/

� 1fs".a/<z6s"
0

g C .a � "/g000
" .z/C o.1/

where a".z/ is the inverse of s".z/ with extension a".z/ D " for z > s"0 and a".z/ D T for
z 6 s".T / and lima&" ko.1/kL1.R/ D 0.

(2) For each a 2 ."; T /,

lim
h&0

h
'"zzz.s

"
0 C h; a/� '"zzz.s

"
0 � h; a/

i
D O."/� `"."/

s0
"."/

D �2.� � 1/2

2� ��.2R/ CO."/:

Proof. (i) When z > s"0, we have '"zzz D '"0
000.z/C Œa � "�g000

" .z/.
(ii) When z 6 s".a/,

'"zzz.z; a/ D '"0
000
.z/C

Z a

"

 "zzz.z; t/dt:
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(iii) When z 2 .s".a/; s"0�, we have

'"zzz.z; a/ D '"zzz


z; a".z/

� C 

a � a".z/

�
g000
" .z/C �

 "zz


z; a".z/

� � g00
" .z/

�
a0
".z/

D '"0
000
.z/C

Z a".z/

"

 "zzz.z; t/ dt C 

a � a".z/

�
g000
" .z/C `"



a".a/

�
s0
"



a".z/

� :
Combining (i), (ii), and (iii) we have

'"zzz.z; a/ �
n
'"0

000
.z/C `"



a".z/

�
s0
"



a".z/

� 1fs".a/<z6s"
0

g C Œa � "�g000.z/
o

D
Z min

˚
a;a".z/

�
"

�
 "zzz.z; t/ � g000

" .z/
�
dt D O.1/Œminfa; a".z/g � "�;

since  "zzz D O.1/Œ1 C a2� in N"; see Lemma 4.6 below. This estimate implies the first assertion
of the Lemma. It also implies the second assertion since as z �! s"0, a".z/ �! ".

4.4 Lipschitz continuity of the free boundary

The key to our analysis is the following estimate:

LEMMA 4.5 LetM0 D 2�
.��1/.R�1��/ . There exists a positive constantM depending only onR and

� such that 0 < �w" < .M0 CM"/.g0
" �  "z/ in N" and

0 < �s0
".a/ 6 M0 CM"; .� � 1"/g0

"



s".a/

�
6 `".a/ 6 MŒ1C a� 8 a 2 Œ"; T /: (4.1)

Proof. SetK D M0CM" and 	 D w"CK.g0
"� "z/. Then 	 D 0 on � " and by Lemma 2.5, 	 > 0

on .�1; s"0� � f"g. Using L1Œw"� D �Rw" � 2 "z
2 and L1Œ "z � D �2'"zz "z in N" we obtain, in

N",

L1
�
w" CK.g0

" �  "z/
� D �Rw" � 2 "z

2 CKŒR � 12" � �1" C 2'"z1"�g
0
" C 2K'"zz 

"
z

> �2g0
"
2 CKŒR � 12" � �1"�g

0
"

>
�
K.R � 12" � �1"/� 2g0

".s
"
0/

�
g0
" > 0:

Hence, by maximum principle, 	 > 0, i.e., 0 < �w" < KŒg0
" �  "z � in N". Consequently, by

L’Hôspital rule,

0 < �s0
".a/ D w"z



s".a/; a

�
 "zz.s".a/; a/ � g00

"



s".a/

� D lim
z%s".a/

�w.z; a/
g0
".z/ �  "z.z; a/

6 M0 CM":

Next, using  "z 6 g0
"e
Œ��1"�Œz�s".a/� we obtain

`".a/ D  "zz


s".a/; a

� � g00
"



s".a/

� D lim
z%s".a/

g0
".z/ �  "z.z; a/
s".a/� z

> lim
z%s".a/

g0
".z/ � g0

".z/e
Œ��1"�Œz�s".a/�

s".a/ � z D .� � 1"/g
0
"



s".a/

�
:
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Also, using '"z D '"0
0 C R a

"  
"
zdt 6 O.a/e�b we obtain

`".a/ D Rg".s".a//C �
2'"z



s".a/; a

� � �
�
g0
"



s".a/

� � g00
" .s".a// 6 MŒ1C a�:

This completes the proof.

4.5 L1 Estimates

LEMMA 4.6 There exists a positive constantM depending only on R and � such that in N",

0 < '" � '"0 6 aMe�z ; 0 < '"z � '"0 6 aMe�z ;

0 < '"zz 6 aMe�z Œ1C a�; 0 < '"zzz < aMe�z Œ1C a2�;

0 <  "0 �  " 6 aMe�.2R/z ; j "0 0 �  "z j 6 aMe�.2R/zŒ1C a�;

j "zz �  "0
00j 6 aMe�.2R/z Œ1C a2�; j "zzzj 6 Me�z Œ1C a2�;

jw" �w"0j 6 aMe�.3R/zŒ1C a�; jw"zj 6 Me�.2R/zŒ1C a�;

jw"zzj 6 Me�.2R/zŒ1C a2�; jw"aj 6 Me�.3R/zŒ1C a�;

ks"kC1C1=2.Œ";a�/ 6 MŒ1C a2�:

Proof. 1. First we estimate w".
Consider the function N	 D 2�e�.2R/.z�b/��.2R/e2�.z�b/: Recalling that � WD �.R/ < �.2R/ <

2�, we see that N	z > 0 and N	 > 0 for z < b. Using '"z > 0 we have

L2Œ N	� > �N	zz � � N	z C 2R N	 D 2�2�.2R/e2�.z�b/I
here we have used �2 C �� D R and �2.2R/ C ��.2R/ D 2R. Since L2Œ�w"� D 2 "2z D
O.1/e2�z , comparing �w" with M N	 for suitable large M depending only on R and � we then
obtain 0 < �w" < M N	 D O.1/e�.2R/z in N".

2. Next, we estimate 	 WD w"z .
We have j	.�; "/j D jw"00j D O.1/e�.2R/.z�b/: Also, on � ",

j	j D js0
"j`" D O.1/Œ1C a�:

In N", we have L21	 WD Ra	a C 2R	 � 	zz C .2'"z � �/	z C 2'"zz	 D �4 "z "zz . Note that

j "z "zz j D  "z
ˇ̌
Raw" CR " C .2'"z � �/ "z

ˇ̌ D O.1/Œ1C a�e2�z :

Now consider the function N	 D Œ1C a�Œ2�e�.2R/.z�b/ ��.2R/e2�.z�b/�: Using '"z > 0, '"zz > 0,
N	z > 0 and N	a > 0 we obtain, in N",

L21 N	 > 2R N	 � N	zz � � N	z D 2�2�.2R/ .1C a/ e2�.z�b/:

Taking a suitable constant M we then see that M N	 is a supersolution and �M N	 is a subsolution;
that is, jw"zj 6 M N	. Hence, we have jw"zj D O.1/Œ1C a�e�.2R/z .
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3. We estimate v" D w"a.
First of all, on � ", v" D `"s0

"
2 D O.1/Œ1C a�. Also, initially, v" D v"0 D O.1/e�.3R/z. In N", we

have L3v" D �6 "zw"z D O.1/Œ1C a�eŒ�C�.2R/�z .
Now consider the function N	 D Œ1Ca�Œ.�C�.2R//e�.3R/Œz�b���.3R/eŒ�C�.2R/�Œz�b��. Note

that �.3R/ < �C �.2R/, so N	 > 0; N	a > 0, and N	z > 0 for z < b. In addition, using '"z > 0 we
obtain

L3 N	 > 3R N	 � N	zz � � N	z D 2 ��.2R/�.3R/ Œ1C a�eŒ�C�.2R/�Œz�b�:

Here we use �2 C �� D R;�.2R/2 C ��.2R/ D 2R; and �.3R/2 C ��.3R/ D 3R. Thus,
we can find a positive constant M such that M N	 is a supersolution and �M N	 is a subsolution. By
comparison, jv"j 6 M N	.z; a/ D O.1/Œ1C a�e�.3R/z .

4. We estimate '".
Since 0 <  " D O.1/e�z and 0 <  "z D O.1/e�z, integrating '"a D  " and '"za D  "z we
obtain 0 < '" � '"0 D Œa � "�O.1/e�z and 0 < '"z � '"0

0 D Œa � "�O.1/e�z. Next from the
equation '"zz D Ra "C .'"z ��/'"z we obtain 0 < '"zz D O.1/

˚
ae�z C .ae�z/2

�
: Similarly, using

'"zzz D Ra "z C .2'"z � �/'"zz we obtain 0 < '"zzz D O.1/
˚
ae�z C .ae�z/3

�
:

5. We estimate w".
Using w"zz D Rav" C .2'"z � �/w"z C 2Rw" C 2 "z

2 and jv"j D O.1/Œ1 C a�e�.3R/z we obtain
w"zz D O.1/.Œ1C a�e�.2R/z C a2e�.3R/z/. Integratingw"a D v" we obtain jw" �w"0j D O.1/Œa�
"�Œ1C a�e�.3R/z.

6. We estimate  ".
Integrating  "a D w";  "za D w"z and  "zza D w"zz we obtain 0 6  "0 �  " D O.1/Œa � "�e�.2R/z,
j "0 0 �  "z j D O.1/Œa � "�Œ1 C a�e�.2R/z and j "0 00 �  "zz j D O.1/Œa � "�Œ1 C a2�e�.2R/z . Also,
using  "zzz D Raw"z C .2'"z � �/ "zz C .RC 2'"zz/ 

"
z we obtain  "zzz D O.1/Œ1C a2�e�z .

7. Finally, we estimate s".
Set Da WD f.z; t/ j t 2 Œ"; a�; z 6 s".t/g. Since js0

"j D O.1/, by interpolation, kw"zkC1;1=2.Da/
D

O.1/fkw"akL1.Da/ C kw"zzkL1.Da/g D O.1/Œ1 C a2�: Consequently, since s0
" D �w"z.s"; t/=`"

and `" > � � 1", we obtain ks"kC1C1=2.Œ";a�/ D O.1/Œ1C a2�. This completes the proof.

5. Global existence and proof of Theorem 1

5.1 Global existence of (3.1)

LEMMA 5.1 (Global existence of approximated problem) For every sufficiently small positive " >
0, problem (3.1) with T D 1 admits a solution. The solution is unique in the class of functions in
whichw"z D O.1/Œ1Ca�. In addition, 0 < �s0

" 6 M0CM" and 0" < s" < b in Œ";1/ and for every
˛ 2 .0; 1/, s" 2 C 2C˛=2.Œ";1// \ C1..";1// and w" 2 C 3C˛;.3C˛/=2.D"/ \ C1.D" n .s"0; "//;
where D" D f.z; a/ j a 2 Œ";1/; z 6 s".a/g.

Proof. Let Œ"; T / be the maximum existence interval of (3.1) in which s0
" < 0 < `". Suppose

T < 1.
Set N" D f.z; a/ j a 2 ."; T /; z < s".a/g and � " D f.s".a/; a/ j a 2 Œ"; T /g. Since 0 < �s0

" 6
M0CM", we see that � " is Lipschitz continuous and s".T / WD lima%T s".a/ exists. Consequently,
by parabolic estimates, for every ˛ 2 .0; 1/ there exists a constant C.˛; "; T / depending on the
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lipschitz norm of � " such that kw"kC1C˛;.1C˛/=2.N"/ 6 C.˛; "; T /. We define

w".�; T /; '".�; T /;  ".�; T /� D lim

a%T



w".�; a/; '".�; s/;  ".�; a/� on .�1; s".T /�:

Since s" is Lipschitz continuous,w" D 0 on � ", andw" < 0 and L2w" < 0 in N", by Hopf Lemma,
there exists a positive constant c."; T / > 0 such that wz.s".a/; a/ > c."; T / for every a 2 Œ"; T /.
Consequently, `".a/ D w"

z .s".a/;a/

�s0
".a/

> c.";T /
M0CM" for every a 2 Œ"; T /. Thus, from the equation �s0

" D
w"z.s".a/; a/=`

".a/we see that ks0
"kC˛=2.Œ";T �/ 6 C.˛; "; T / and �s0

" > c.";T /
MŒ1CT � . Once we know the

C ˛=2 regularity of s0
", we find that kw"kC2C˛;1C˛=2. NN"/ 6 C.˛; "; T /. A bootstrap argument then

show that s" 2 C1.."; T �/ and w" 2 C1.D/ whereD D f.z; a/ j a 2 ."; T �; z 6 s".a/g.
Now taking T as initial time and using .w".�; T /; '".�; T /;  ".�; T /; s".T // as initial data, we

can follow the same existence proof presented in the previous section to show that the solution can
be extended to ŒT Cı/ for some ı > 0. But this contradicts the definition that Œ"; T / is the maximum
existence interval.

Thus, (3.1) with T D 1 admits a solution. The solution is unique if w"z D O.1/Œ1C a� (cf. the
contraction mapping proof in Section 3).

5.2 The limit process

We can now send " & 0 to obtain a solution of (1.6).

1. We extend .'";  "; w"; v"; s"/ for z 6 b; a 2 .0; "� by

'".z; a/ WD a 0 C a2

2
w0 C a3

6
v0;

 ".z; a/ WD 1

aR

�
'"zz C �'"z � '"z

2
�

D  0 C aw0 C a2

2
v0 CO.a3/;

w".z; a/ WD 1

aR

�
 "zz C .� � 2'"z/ 

"
z � R "z

�
D w0 C av0 CO.a2/;

v".z; a/ WD 1

aR

�
w"zz C .� � 2'"z/w"z � 2R "z C 2'"z

2
�

D v0 CO.a/:

s".a/ WD s"0 C .a � "/s"1:
We also define '".�; 0/ D 0;  ".�; 0/ D  0; w

".�; 0/ D w0; v
"
0.�; 0/ D v0 and s".0/ D s"0 � s"1".

We remark that this extension provides accurate approximation of the true solution near a D 0.

2. Since 0" < s" < b, �ŒM0CM"� 6 s0
" < 0 and ks"kC1C1=2.Œ0;a�/ 6 MŒ1Ca2� for every a > 0,

there exists a sequence, f"ig1
iD1, of positive real numbers such that limi!1 "i D 0 and

lim
i!1 s"i

.�/ D s.�/ in C 1C˛

Œ0; T �

� 8T > 0; ˛ 2 .0; 1=2/:

The limit s satisfies

s.0/ D b; s0.0/ D �.2R/� 2�
.� � 1/2�

;

0 6 s.a/ 6 b; 0 6 �s0.a/ 6 M0; kskC1C1=2.Œ0;a�/ 6 MŒ1C a2� 8 a > 0:
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3. Set W ".x; a/ D w".x C s".a/; a/. For each T > 0 set DT D .�1; 0� � Œ0; T �. Then
kW "k

W
2;1

1 .DT /
6 MŒ1 C T 2� where M is a constant depending only on � and R. Consequently,

(taking a subsequence if necessary), we have

lim
i!1W "i D W in C 1C˛;.1C˛/=2
.�1; 0� � Œ0; T �� 8˛ 2 .0; 1/; T > 0;

where W is a function in W 2;11 ..�1; 0� � Œ0; T �/ for any T > 0.

4. Now define w.z; a/ D W.z � s.a/; a/ for z 6 s.a/ and w D 0 for z > s.a/. Also define
 .z; a/ D  0.z/C R a

0 w.z; t/dt and '.z; a/ D R a
0  .z; t/dt for .z; a/ 2 R � Œ0;1/. Then from

the differential equation of w", we find that

Rawa C 2Rw �wzz � �wz C 2'zwz C 2'2z D 0 8 a > 0; z < s.a/;
w.z; a/ D 0 8 a > 0 z > s.a/;

lim
a&0

˚kw.�; a/ � w0kL1.R/ C k .�; a/ �  0kL1..�1;bC1�/ C k'.�; a/kL1..�1;bC1�/
� D 0:

5. limi!1 `"i .a/ D `.a/ WD es.a/Œ2'.s.a/; a/ C R � 1 � �� � R uniformly in Œ0; T � for any
T > 0. In addition

� � 1 6 `.a/ 6 MŒ1C a�:

Consequently,

s.a/ D b �
Z a

0

wz


s.t/; t

�
`.t/

dt 8 a 2 Œ0;1/:

It then follows from a bootstrap argument that s 2 C 1C1=2.Œ0;1// \ C1..0;1// and w 2
W 2;11 .D/ \ C1.D/, where D WD f.z; a/ j a > 0; z 6 s.a/g.

6. Once we know that s 2 C1..0;1// and w 2 C1.D/, we can derive the jump relation stated
in Theorem 1 from the basic relations ŒŒ �� D 0 and ŒŒ z �� D 0, ŒŒw�� D 0; ŒŒwz �� D `s0.
We have shown the following:

THEOREM 2 There exists a solution .';  ;w; s/ of (1.6) satisfying s 2 C 1C1=2.Œ0;1// \
C1..0;1// and w 2 W 2;11 .D/ \ C1.D/ for every ˛ 2 .0; 1/, where D WD f.z; a/ j a >

0; z 6 s.a/g. In addition, the solution satisfies the jump relations stated in Theorem 1, and in D,

0 6 ' 6 a 0; 0 6 'z 6 a 0
0; 0 6 'zz 6 aMe�z Œ1C a�;

j �  0j 6 aMe�.2R/z; j z �  0
0j 6 aMŒ1C a�e�.2R/z ; j zz �  00

0 j
6 aMŒ1C a2�e�.2R/z ;

jw �w0j 6 aMŒ1C a�e�.3R/z; jwzj 6 MŒ1C a�e�.2R/z ; jwzzj 6 MŒ1C a2�e2�.2R/z ;

0 6 'zzz 6 aMe�zŒ1C a2�; j zzzj 6 MŒ1C a2�e�z ; jwaj 6 MŒ1C a�e�.3R/z;

� � 1 6 `.a/ 6 MŒ1C a�; kskC1C1=2.Œ0;a�/ 6 MŒ1C a2� 8 a > 0:

s.0/ D b; s0.0/ D �.2R/� 2�
.� � 1/2�

; 0 < s.a/ < b; 0 < �s0.a/ D wz


s.a/; a

�
`.a/

6 M0:



90 C. QIN, X. CHEN, X. LAI AND W. YU

5.3 Continuity of wzz and wa at a D 0

LEMMA 5.2 w 2 C 2;1. ND/ and wa.�; 0/ D v0.�/ on .�1; b�.

Proof. (1) Fix a 2 .0; 1/. Set 	.z/ D w.z; a/ � w0.z/. Then 	.�1/ D 0 and 	.s.a// D
�w0.s.a//. Also, using w00

0 C �w0
0 � 2Rw0 D 2 0

0
2 we obtain, in .�1; s.a//,

	 00 C �	 0 � 2R	 D Rawa C 2'zwz C 2. z �  0
0/. z C  0

0/ D O.a/e�z I
here we use the fact that 'z D O.a/ and  z.z; a/ �  0

0.z/ D  z.z; a/ �  z.z; 0/ D
O.1/akwzkL1 D O.1/a. It then follows from elliptic estimate that

kw.�; a/ � w0.�/kC2..�1;s.a/�/ D k	kC2..�1;s.a/�/ D O.a C jw0.s.a//j/ D O.1/a:

(2) Set D" D f.z; a/ j a 2 Œ"; 1�; z 6 s".a/g. Using kw"zkC1;1=2.D"/
D O.1/ and v00

0 C �v0
0 �

3Rv0 D 6 0
0w

0
0 one finds that

L3.v
" � v0/ D 6Œ 0

0w
0
0 �  "zw"z � � 2'"zv

0
0 D O."C p

a/e�z D O.
p
a/e�z :

Also, using v"0 � v0 D O."/e�z D O.a/e�z , v" D `"s0
"
2 on � " and ks0

"kC1=2.Œ";1�/ D O.1/ we
find that jv" � v0j D O.

p
a C "/ D O.1/

p
ae�z on the parabolic boundary of D". Comparing

˙.v" � v0/ with M
p
ae�z we then find that jv" � v0j D O.

p
ae�z/. Sending " & 0 we conclude

that
kwa.�; a/� v0.�/kC..�1;s.a/�/ D O.

p
a/:

Since w 2 C1.D/ \W 2;11 .D/, the above estimates imply that w 2 C 2;1. ND/ and wa.�; 0/ D v0.�/
on .�1; b�.

5.4 The variational property

First of all, we have  z < g0 in N. By integration we find that

 .z; a/ � g.z; a/ D
Z s.a/

z

�
g0.y/ �  y.y; a/

�
dy > 0 8 .z; a/ 2 N:

Also, since  D g for z > s.a/, we have, when z > s.a/,

Ra a �  zz C .2'z � �/ z CR D �
2'z.z; a/CR � 1 � ��

ez �R D l.z; a/:

Note that l is a continuous function. In addition, l.s.a/; a/ D `.a/ > ��1 > 0. Also, since 'zz > 0

(c.f. Lemma 4.3) we see that lz.z; a/ > 0 for z 2 R. Hence, l.z; a/ > �� 1 for all a > 0; z > s.a/.
Thus,

minfL1Œ �;  � gg D 0 in R � .0;1/;  .�; 0/ D  0:

Integrating L1Œ � D l.z; a/1fz>s.a/g we find that

AŒ'� D � WD
Z a

0

l.z; t/1fs.t/<zgdt D
Z a

minfa;a�.z/g
l.z; t/dt;
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where a D a�.z/ is the inverse function of z D s.a/ for z 2 .0; b/, a�.z/ D 0 for z > b and
a�.z/ D 1 for z 6 0. As a� and l are continuous, we see that � is continuous. This implies that
' 2 C 2.R � Œ0;1// and

minfAŒ'�;B'g D 0 in C.R � Œ0;1//; '.�; 0/ D 0:

Hence, ' is a solution of (1.1). In addition, by the uniqueness result of [10], such ' is unique. This
means that the solution of (1.6) is unique.

This completes the proof of Theorem 1.

REMARK 5.1 Similar to the Stefan Problem, the equation for w can be written as

@

@a

�
Raw CL.z; a/1fw<0g

�
�wzz � �wz CRw D 0 in R � .0;1/;

w.�; 0/ D w0 on R � f0g:
Here e.w/ WD Raw C L.z; a/1fw<0g can be regarded as the enthalpy (i.e., internal energy) and
L.z; a/ D 2'z zC.R�1��/ez�R is the latent heat. This is a solidification process of undercooled
liquid, the region Œs.a/;1/ is solid and .�1; s.a// is undercooled liquid.
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