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1. Introduction

Free boundaries are commonplace in nature. In mathematical finance it is important to find free
boundaries since upon which optimal strategies are designed. In this paper, we study regularity of
the free boundary of the variational inequality

min {®[¢], Bp} =0 inR x (0,00), ¢(-,0) =0, (1.1)
where ¢ = ¢(z,a),
@lp] := Raga — ¢z —ve: + 92, Bp =9, —g*.
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Here subscripts represent partial derivatives, R > 0 and v € R are constants, gJr = max{g, 0}, and
g = g(z) = e — 1. Observe that the variable a plays a role of time, so the variational inequality
(1.1) is of parabolic type. We do not use the convention ¢ for the variable since the original problem
itself admits a time variable.

As far as we know, problem (1.1) is a new type of free boundary problem that is not seen in the
literature and deserves a systematic investigation, in the following sense:

1. The original full problem admits two time like variables, ¢ and a; here we study only the steady
state problem, which happens to be a parabolic type free boundary problem (We leave the full
double time problem as an open problem).

2. In the conventional free problems such as the solidification in physics and the American put
option in mathematical finance, the first order time derivative of a solution of a variational
inequality is the solution of a Stefan type free boundary problem. Here for the first time we obtain

a variational inequality, for ¢, whose “time” derivative, ¥ := ¢, still satisfies a variational
inequality; this is not a common phenomena that we have seen in classical free boundary
problems. Here the second order “time” derivative, w := ¢gq4, satisfies a Stefan type free

boundary problem.

3. We have a parabolic free boundary problem that degenerates at “time” a = 0. Only through a
deep rigorous mathematical analysis (instead of financial intuition) can we discover how initial
conditions should be imposed, for ¢, ¥, and w, respectively.

4. Note that by introducing a variable s = In a, we have a variational inequality problem

min{Rq)s—qozz—vqoz—i—(pZz, ps—eSgTy =0 for z e R, s e R.

This is by no means a conventional parabolic free boundary problem. From a dynamical system
point of view, we are dealing with finding an unstable manifold in infinite space dimension,
coupled with inhomogeneity and free boundaries. Here even finding the initial (at s = —00)
position of the free boundary is a challenge.
We shall develop a systematic method to deal with such a problem, based on new and conventional
techniques.
Under the condition R > max{0, v + 1}, Song and Yu [16] established the existence of a strong
solution and in our companion paper [10], we established the existence of a unique classical solution
and the existence of a continuous and strictly decreasing function s(-) defined on [0, co) such that

Q] =0<Bp in N:= {(z,a) la>0,z< s(a)},
QRlp] >0=B8p in T:={(z.a)|a>0z>s(a)}.
Rlp] =0=Bp on I :={(z.a)|a>0z=s()}.

We call the graph z = s(a) the free boundary. In its original context, N is called no-trading region
and T the frading region, and optimal strategies depend only on the free boundary. Here in this
paper we shall use a free boundary approach proving that s € C 3 ([0, 0)) N C°((0, 00)).
Problem (1.1) originates from Rogers and Scheinkman [15] where they study Executive Stock
Options (ESOs) which are American call options granted by a firm with long maturity to an
executive as a form of benefit in addition to salary. An American call option is a right but not
an obligation to buy a share of stock at a fixed price at any time before expiry. The option is called
perpetual if there is no expiry. For option holder, the problem is to find optimal exercise strategy.
An exercise strategy can be described mathematically by an adaptive stochastic process {A(f)};>0
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where A(?) is right-continuous, decreasing, non-negative, and A(07) = A; here A(¢) is the number
of ESO’s holding at time ¢ (after trading), and A is the initial number of shares of ESOs. There
are a number of studies for ESOs; see Lambert, Larcker and Verechia [12], Carpenter [1], Hall
and Murphy [7], Ingersoll [8], Jain and Subramanian [9], Grasselli and Henderson [6], Leung and
Sircar [13], Song and Yu [16, 17]. The paper [2] by Carpenter, Stanton, and Wallace contains an
extensive list of references. Based on the models proposed in [15, 16] and our analysis presented
in [10, 14], in this paper we continue the study of the value function

T
V(x,s,A) ;= lim sup E U(x—/ e‘”[S(t)—K]erA(t))‘S(O):s
T—00 (A(r)}e@ 0

Here, x, s, K, A are initial cash, stock price, strike price, and ESO holding respectively, r = 0 is
a constant discount rate, U is a given utility (concave increasing) function, and @ is the set of all
admissible strategies. Assume that the stock price S(¢) follows Black—Scholes model:

S@t) = se(o‘_§)’+aw(” for =0,

where {W(¢)};>0 is the standard Brownian motion, ¢ is constant expected return rate, and ¢ > 0 is
constant volatility'.
One can derive (c.f. [14]) that V' is a viscosity solution of

min {rdVy — 30%s*Vys —asVs, Va—(s—K)TVi} =0 in (0,00)%, V]|g=0 = U(x).

Using exponential utility function, i.e., U(z) = —e ™7, where y is a positive constant, and

e KA R_2r 2 o2
z=log. a=yKA, == v=—zle-7|

one can show that V(x, s, A) = e " u(z, a) where u solves
min {Raug —uzz —vuz, ug + g u} =0 in Rx(0,00), u(-0)=—1. (1.2)
The dimensionless certainty equivalent is a function ¢ = ¢(z, a) such that
V=Ux+y o).

Then ¢ = —In(—u) and is a viscosity solution of (1.1). Using a technique in [3], one can show that
V is concave in (x, A) and ¢ is concave in a.
In [14], we have shown that ¢ = ocoifand only if r < o — ? (i.e., the discount rate is no bigger

.. 2 . .
than the growth rate of the stock). In addition, we show that when r > o — "7, the optimal exercise
strategy is to hold the following amount of option at time ¢:

S
optimal . . e’ ax ( In ;{p))
A (z) = min{A, min ———— =~
0<p<t yK
I Although the geometrical Brownian motion model for the stock price faces many critics in recent years, it is by far the
mostly used in analysis and in practice and many important mathematical finance theories depend on this kind of models.
In our opinion, this model is by no means worse than any other models such as the jump-diffusion process model (since it
contains many parameters that are very hard to measure by one sample historical curve).
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where a = a«(z) is the inverse function of z = s(a), with natural extension ax = co forz < 0 =
s(00) and ax = 0 for z > 5(0). Also, explicit solutions are given for the case r = 0 and the case
K = 0 respectively. These explicit solutions indicate that in general s(0) < oo if and only if & < r,
which is equivalent to R > 1 4 v. In this paper, we always assume that R > max{0,1 + v}.Ina
subsequent paper [1 1], we shall consider the remaining case v < R < v + 1.

In [16], Song and Yu study (1.2), established the existence of a strong solution.

In [10] we discover that the function ¥ := ¢, satisfies the following variational inequality:

min {T[l//], v —g} =0 in Rx][0, 00), (1.3)

where [y] := Raya + RY — Y2z + (2 J; ¥z (z.1)dt — v)y,. We remark that the function g™
in the formulation (1.1) can be replaced by g since one never exercises when stock price is below
strike price; see [4]. Also, (1.3) at a = 0 provides the equation for the initial value ¥y := ¥ (:,0) =
Pa ('s 0)

min {Ryo — ¥§ — vy, Yo—g} =0 in R.

There is a unique solution given by

g(2) if z>b, A= @
Vo(2) = [P (1.4)
g(b)e*ED if z < b, bi=1Ins.

Here the condition R > max{0, v + 1} guarantees that A > 1, so b is well-defined. By establishing
a strong solution of (1.3), we obtain a classical solution of (1.1). Also, we show that s(co) = 0.

In this paper we work on the function w := ¥, = @4,. In N differentiating ¥ [y/] = 0 with respect
to a we obtain Raw, +2Rw —wz; — [v —2¢;|w, + 21//22 = 0. Setting @ = 0 we find a system for
wo := w(-, 0), deriving that

wo(2) 1= g2(b){* 7P — ¢ ACRI=bly (1.5)

{z<b}’
where A(x) is the positive root of A% + vA = x. By differentiating the relations ¥ (s(a),a) =

g(s(a)) and ¥, (s(a),a) = g'(s(a)) with respect to a, we obtain the following Stefan type free
boundary problem:

(Raw +2¢:V¥;)q = Wwz; +vw; — Rw Va=0,z<s(a),

w=0 Va=0,z=s(a),

wz = [g" + (v —2¢:)g" — Rg]s’ Va=0.z=s(a)", (1.6)
Ya =W, @a=1Y Vaz=0,zeR,

w(-,0) = wo, ¥(-.0) = Yo, ¢(-.0) =0, 5(0) = b.

If ¢ and ¢ are known functions, (1.6) can be viewed as a one-phase Stefan problem (c.f. [5])
modeling solidification of undercooled liquid, where w is the temperature function, the region
(—00,s(a)) in which w < 0 is the region of undercooled liquid at time a, the region (s(a), o)
in which w = 0 is the solid region, and I(z, @) := Rg(z) + [2¢;(z,a) —v]g'(z) — g"(2) is the
latent heat, the energy needed to melt unit amount of solid at the melting temperature, at location z,
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and at time a. Different from the classical and well-studied Stefan problem, here we have a coupled
system, variable latent heat not a priori known to be positive, and degeneracy at a = 0. In addition,
it is known that solidification of undercooled liquid is often an unstable process. Nevertheless, due
to its original variational nature, we shall develop new techniques to solve the problem, showing
that the free boundary problem is well-posed. Our main result is the following:

THEOREM 1 Let R and v be constants satisfying R > max{0, 1+v}, g(z) = e*—1, and (b, Yo, wo)
be defined in (1.4) and (1.5). Then (1.6) admits a classical solution (¢, ¥, w, s) satisfying

s € C¥2([0,00)) N C®((0,00)), ¢, Y. w e C>'(D)NC®(D),

where D := {(z,a) | a > 0,z < s(a)}. In addition, ¢ € C?(R x [0, c0)) is the unique solution of
(I.), v > ginN :={(z,a) | a > 0,z < s(a)}, ¥y = ginN°, s’ <0 < s < bon|0,o00), and
across I' := {(s(a),a) |a > 0},

I[(p]] =0, II@Z]] =0, I[(pa]] =0, II@ZZ]] =0, II@az]] =0, I[‘Paa]l =0,
I[(pazz]] =—{, II@aaz]l =45, II@aaa]l = _65/23

where [ ] := f(s(a)",a)— f(s(a)",a) and £ := e*@[2¢,(s(a),a)+R—1—v]—R > 0 fora = 0.
Moreover,

U(a)
s'(a)’

Here the improved regularity ¢ € C2(R x (0, 00)) from ¢ € C?%1 in [10] for the underline
parabolic free boundary problem is due to the fact that we obtain the new estimate for = ¢, €
c>(D).

Note that the jumps of ¢,,, on I' and on {b} x [0, 00) cancels at a = 0, compatible with
¢(-,0) = 0.

The rest of the paper is organized as follows. In Section 2 we first derive the differential
equations, initial conditions, and free boundary conditions for ¥ and w. Since the linear second
order parabolic operator Rad, — 9, is degenerate at a = 0, we shall first study (1.6) in time
interval a € [g,00) (0 < ¢ < 1). For this we construct carefully compatible initial values ata = ¢
for the approximation problem. In Section 3 we establish local (intimea € [, T],0 < T —e K 1)
existence of the initial value problem with initial values given at a = &. In Section 4 we establish
a priori estimate for the approximate solution. Finally in Section 5 we first establish global (in time
a € [e, 00)) existence of the solution of the approximate problem and then send & N\ O to obtain the
solution of (1.6) and prove Theorem 1.

In the sequel, we use the convention that all functions are continuous from the left-hand side,
ie., f(z) = limy »; f(x). Also, O(f) = O(1) f where O(1) is a generic quantity bounded by a
constant M and M stands for a generic positive constant depending only on R and v.

W) APA-1?

_ Va>o.
Y0 - m—aar 47V

lozz:] = Pzzz (b+7 a)—@zzz(b™,a) =

2. Basic equations

In this section we derive free boundary and initial conditions for the functions

Y = @a, W= Yq = Qaa, V=W = Yag = Paaa-

Also, we construct approximation for these functions and the free boundary at time a = ¢.
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2.1  The differential equations

The equation for ¢ and their derivatives with resect to @ in N can be expressed as

Raps = @zz+ OV — @2)0z,

Rayy = Yzz + (v —=2¢0)¥;— RY,

Raw, = w;;+ (v—2¢;)w, —2Rw — 21//22,
Ravy, = vz; + (v —2¢;)v; —3Rv — 6y, w,.

2.2 The free boundary conditions

On the free boundary I' := {(s(a),a) | a > 0}, we can differentiate the basic relations y — g = 0
and ¥, —g’ = 0to obtain w = 0 and w, + (¥;, —g”)s’ = 0. Differentiating the resulting equations
again we obtain v + w5’ = 0and v, + [wz; + (Vz; — &7)]s" + (Vz; — g”)s” = 0. Hence, on the
free boundary z = s(a), we have the following three sets of free boundary conditions:

¥ (s(a).a) = g(s(a)).
Vz(s(a),a) = g'(s(a)).
Ua) == Y2z (s(a). a) — g"(s(a));
w(s(a),a) =0,
w, (s(a),a) = —{(a)s’'(a);

{ v(s(a),a) = L(a)s'(a)?,
vz(s(a),a) = —l(a)s"(a) — {w;:z(s(a).a) + {'(a)}s'(a).

The system for w is a Stefan type free boundary problem modeling one phase solidification

of undercooled liquid, where £ is the latent heat. Using the differential equation and boundary
conditions for ¥, the latent heat can be written as

t(a) = Yzz(s(a),a) — g"(s(a))
= Raw+ 2¢; —v)¥, + Ry — g//|z=s(a) = l(s(a),a),
I(z,a) := *[2¢-(z,a) + R—1—v]—R.

2.3 The initial conditions for (Y, w, v)

Letb := 5(0), ¥ := ¥(:,0), wp := w(:,0) and vy := v(+, 0). Using the initial condition ¢(-,0) =
0, the differential equations for (v, w, v) at @ = 0, and the free boundary conditions at z = 5(0),
we obtain

0otV — Ryo =0 in (—00,b), Vo(b) = g(b), ¥y(b) = g'(h),
wy + vwy —2Rwp = 2%’,2 in (—o0,b), wo(b) =0,

w)(b)?

vy +vvy —3Rve = 6Ywy in (—o00,b), vo(b) = OOk
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These linear problems are supplemented by the boundary conditions ¥o(—oc0) = 0, wo(—o00) = 0,
and vg(—o0) = 0. For convenience, we denote by A(x) the unique positive root of A2 + vA =

x> 0,1i.e.,
N
—
It is easy to see that A’ > 0 > A” so foreveryx >0,y >0,z > 0,x # z,and 6 € (0, 1),

Alx) =

A(x +y) < AX) + A®Y).  A@Bx +[1 —6]z) > 0Ax) + [1 — 0]A(2).

For simplicity, we set A = A(R), A, = A(2R), A3 = A(3R). Under the condition R > max{0, 1 +
v}, one can check that A > 1. Then we can derive that

Yo(z) = g(b)et=h) (kg(b) =g'(b)= el = ﬁ) Vz <b,
wo(z) = g2(b){e2HzD) _era(zb) Vz<b, 2.1

vo(z) = g3(b) {2e3l(z—b)—3e(’\+’\2)(z_b)+[%+1]e*3(2_@} Vz<bh.
When z > b, Yo = g, wo = 0, and vy = 0. Note that vy is not continuous at b. Also,
£0) = Yo (b) —g"(b) = A,
A

0)=b=In——,

5(0) na—
wy(b) _ vo(b) _ AQRR) —2A
€Q0)  whb)  (A—1)2A
wo > g"r, 0 < w(/) — g/e(/\—l)(z—b),

s(0) = <0,

wo <0 in (—o0,b).

2.4  Approximationata = ¢

Since the differential equation for w is degenerate at a = 0, we shall first solve the problem in time
interval a € [, 00) and then let ¢ \ 0. Here we define approximations of (¢, ¥, w,v,s) ata = e,
denoted by (@5, ¥, wg, Vg, Se)-

LEMMA 2.1 Let (9, wo, vg) be defined in (2.1). For each ¢ > 0 define, on (—o0, b],

1 1
@6 = eYo + Eszwo + 6831)0,

1
g . N -1 el &2
Vo = ¢ (900 + V9o — %o )

1
wh = — (V5" + v = 205105 — RV,
1
vy 1= a(wg” + v — 20§ Twg — 2 Rw — 21”8/2)‘

Then

1
2 3 2
w3=1//0+8w0+§8v0+8u§, w§ = wo + evo + U3, vg = vo + euf,
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where u;,i = 1,2, 3 are smooth functions on (—oo, b] satisfying

d’
’Huf(z)’ <MJ[1+ 88]e[A+A(3R)][Z_b] Vz<b, i,j=1,2,3,
z

where M is a positive constant depending only on v and R.

Proof. The assertion follows by direct evaluation and the fact that 2A(2R) > A + A(3R). O

2.5  Compatibility conditions at the corner (s¢(g), €) — modification of g

Denote by (s§.s]) the approximation of (s(¢),s’(g)), we shall modify g to g, to enforce the
following compatibility conditions:

w09 we' (s8)
wy (s5) &L (sg) — V5" (s5)

2.2)

wo(s5) = 0. ¥5(sp) = ge(sp). Vo (50) = 82 (s0), 57 =

The equation w(s;) = 0 determines a unique sj. Consequently, s{ is uniquely determined. For
other compatibility conditions, we need

/ / Vi " w(é;/(sg)z
ge(50) = ¥5(s0),  8:(50) = ¥ (s0)s & (50) = Vg (50) — — g
v5(sg)
Working in the category of g.(z) = ¢ + c2e'#?, we define
8//(S8) ws/(se)z s/(sa) .
1. .= 20 ¥o) 0 Yo ’ z) 1= YE(sE) 4 000 (elg[z—sol _ 1)‘ (2.3)

LEMMA 2.2 For each sufficiently small positive ¢, there exists a unique sg, < b such that w§(sg) =
0, wy < 0in (—oo,s3) and wg > 0in (sg, b].

Proof. When ¢ is small, e=ACRE=Dblo=2(h)yi(z) = ePA=ACRIE=Pl _ | 4 O(e) is negative
when z < 0, strictly increasing on [0, ], and positive at b (since wo(b) = 0 < vo(b)); hence, there
exists a unique s§ € (0,5) such that w§(s§) = 0 < w§'(s§), w§ < 0in (—oo, s§) and wf > 0 in
(sg. ] O

LEMMA 2.3 Let g, be defined as in (2.3) and s¢ := —v(s5)/w§’(s5). Then (2.2) holds. In addition,
as € "\ 0, we have the following asymptotics:

s& = 5(0) +5'(0)e + O(e?), ¢ =5'(0)+ O0(s), 1e =1+ O(e),
ge(s§) = g(s§) + O(e?),  gi(s§) = g'(s§) + O(&?), g: (s5) = ¥5(s5)” — A + O(e).

Proof. Itis clear by the definition of s¢ and g that (2.2) holds. Since w§ = wo + svg + O(g?), by
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Taylor expansion, s§ = b — 85}9((?) + 0(g?) = 5(0) + 5’ (0)e + O(£?). Also,
0

8:(56) = Vi (s5)
2
= Yo(s§) + ewo(s§) + T v0(s5) + O(e)

= 555) + [Vo(5§) — g(55)] + e[wo®) + whB)(s§ — b)) + 320(b) + O()

2
= ¢(s8) + 5 ([V6 (1) = 8" B)]5 (0 + 20y (B)5'(0) + vo()) + O(&)

= g(s5) + O(),
since vo(b) = —wg(b)s’(0) and wy(b) = — (¥ (b) — g”(b))s’(0). The other asymptotics can be
similarly proven. O
LEMMA 2.4 When0 < ¢ < 1, ¥&'(z) < g;(z)eu_lf][z_sgl for every z < s§.

Proof. Using expansion ¥§ = Yo + ewo + 0(2)e2B3R? and A < A(2R) < 21 we can compute
g/ z el
0@ = / ( 0 () — 1)dx
0 (So) s§ 0 (x)
2 s&
<28 (b) %
g'®b) Jz

{[A(2R) + Me][AQ2R) — A]etACRI~Ax—5]
— 2/\28A[X_b]}dx <0,

since there exists X < s§ such that the integrand is positive in (—oco, X) and negative in (X, s§], so

the integral attains its maximum either at z = s or z = —co. Hence, ¥¢'(z) < 5/(s8)e’\[z_sé] =

gLls5)e ) = g (2)elh 1) O
’

LEMMA 2.5 Let My = Igfl@v = ()L—l)(zlé—l—v)' There exists a positive constant M that depends

only on R and v such that for every sufficiently small positive ¢,
0 < —w§ < [Mo + Me][g, — v&'lin (—o0, s5).
Proof. Set K = Mo+ Meand ¢ = w§ + K[gl — ¥¢']. Using g7 = 1,g. we have

—¢" + Qg =)' + R¢
= {— Rev — Rwf — 2vy§"*} + Kgi{—12 + 20§ — v]le + R} + K{Rew§ + 208" v’}
> —Revi —2g.% + Kgl{—12 — vl + R} + KRew§/
Rv — Rwa)’}
ge
= gl {K[R—1—v]—2¢'(b) + Oe)[1 + K]} > 0.

> gl KIR =12 = v1,] - 2¢}(s5) —¢

Since ¢(s§) = 0 and {(—o0) = 0, it follows from the maximum principle that { > 0 in (—o0, 55).
O
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2.6  Modification of (¢g, ¥§, wg, V§) in [sg, 00)

For convenience, we redefine (¢f, ¥, wg, vg) in [sg, 00) as follows: for z > s,
Y5(2) = gs(2).  wg(z) =0, vg(z) =0,
05(2) = 08055) + 95 69z —55) + 305 6Dz — s8]

Note that & (s§) = eye” (s§) + O(e?) > 0.

3. Local existence of the approximated free boundary problem

In this section, we establish the well-posedness of the following free boundary problem:

Rawé = we, + (v —2¢5)wé — 2Rw® — 2y£2 VaceleT),z <se(a),
wé(z,a) =0 Vaele, T), z = se(a),
Ve(z,a) = Yi(z) + [ wi(z, 1) dt Vaele,T) zeR,
¢8(z.a) = o§(2) + [ ¥e(z.1)dt VYacle,T) zeR,
I%(z,a) = Rge(2)+[2¢%(z,a)—v]gi(z)—gl(z) VacleT),zeR
se(a) = 55— [ pelel0d) gy VaeleT),

wé(z,e) =wg(z) VzeR

(2.4)

3.1)

Since we shall show that s, < 0, the initial values of (¢§, ¥§, w§) in (s§, 0o) don’t affect the solution

intheset D := {(z,a) |a € [e,T),z < sc(a)}.

LEMMA 3.1 (Local Existence) Let s§ be defined in Lemma 2.2, (¢§, ¥, wg) in (—oo, s§] be as in

Lemma 2.1, and g, be as in (2.3). Extend (¢§, ¥, wg) in (s§, 00) as in (2.4).

Then for every sufficiently small positive ¢, there exists T € (g, 1] such that problem (3.1)
admits a unique classical solution (¢°, ¥*, w®,s,). In addition, for every a € [e,T), si(a) <
0 < I%(s¢(a),a) and for every a € (0,1), s, € C>*/2([¢,T)) N C®((e, T)) and ¢°, ¥*, w® €

C3+aB+0/2(D)y N C®(D \ (s, ¢)), where D = {(z,a) |a € [, T),z < se(a)}.
Proof. Using contraction mapping theorem, we divide the proof into 6 steps.

1. First we transform the free boundary problem to a fixed boundary problem.
Introduce x = z — s.(a) and

W(x,a) = wé(se(a) + x,a), W(x,a) = ¥°(se(a) + x,a), P(x,a) = ¢°(x + s:(a),a).

Then problem (3.1) is equivalent to W = 0 on [0, 00) X [¢, T'] and

se@) = 55— J1* Tpsqe di VaeleT],

Wi(x,e) = wy(x + s§) Vx<0.

RaW, — Wyx —vWy + 2RW = (Ras, — 2P )Wy — 2W2 Vae(eT],x <0,
W(x,a) = Yg(x +56(a)) + [ W(x + se(a) — se(t).1)dt ~ VaeleT]x R,
D(x,a) = @5(x + s¢(@)) + [ W(x + se(a) — s5(2). 1) dt VacleT],x €R,

3.2)
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Here L[, 5] is a non-linear operator defined by

L[®,5](a) = Rgs(s(a)) + [20x(0.a) — v]g(s(a)) — g; (s(a)).

2. Next we choose an appropriate function space.
Fix T € (e,1]. Denote I = [¢,T] and Q = (—00,0) x (¢, T]. Fix « = 1/4. We define

X :={(s. W) s(e) = s§, 5'(e) = 5%, |Is" = s§llceq) < 351,
W(,e) =wi(-+56), W =Wllcaranrarzgy <1
where 5§ 1= —v§(s§)/w§'(s§) and

W§ (x.a) = wi(x + 5§) + (@ — &)[vh(x + s§) + s{w§ (x + 5)].

Fix (s, W) € X. Then s’ < s{ + 1|s¢| < 0in /. We define, for x <0anda € I,
a
U(x,a) = yg(x + s(a)) + / W(x + s(a) —s(t),t) dt,
&

D(x,a) = pg(x + 5(a)) + (a — )Y (x + s(a)) + /a(a —OW(x + s(a) — s(t),t)dt,
f(x,a) = [Ras’ —2&,]Wy — 202,

Since s’ < 0, these definitions do not depend on values of W outside . Also W € C2F®:1%@/2(()
implies Wy, € C'T00+0/2(0) Ass’ € C¥(I) and | + « > 2a, we have

||f||c2a,a(Q') < Cg

here and in the sequel, C, denotes a generic constant that depends only on ¢, R, and v.

3. We now define amap (s, W) € X - W¥e.
We define W¥ as the unique bounded solution of the linear initial boundary value problem

RaW}? —WE —vW? +2RW?® = f inQ,
We(0,) =0, W?(, &) =wj(-+s5).

We show that the initial and the boundary values at the corner (0, ¢) satisfy the zeroth and first order
compatibility conditions.
(i) Since w§(sg) = 0, we see that W#(0™, &) = wi(s§) = 0= W*e(0,¢e™).
(ii) The boundary value gives W?(0, ™) = 0. The initial value and the differential equation give,
forx <0,

1
Wi(x,e) = a(f(x, e) + wg"(x + s5) + vw§ (x + s§) — 2RwE(x + SS))
1
=2 (u)f)" + [v = 208 Twg' — 2Rw§ — 298> + eRsfwf)/)
= v5(x +55) + sSwd (x + 55) = WE,(x,8),

by the definition of W§. Since s¢ := —v§(s5)/w§' (s5), we have WE(0™,e) = 0 = WE(0,e™).
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Hence, there exists a unique bounded solution W¢ and it satisfies
||W8||Cz+2a,1+a(Q') < C3{||w(§||c2+20‘((—oo,s§]) + ”f”cZa,a(Q)} < Cs-

In addition, since W®(:,e) = W{(-,e) and WSi(-,e) = W5, (- e), [W® — W5llLeo(o) < Col(T —
g)!7*. Hence, extending W¢ — W by 0 for a < ¢ we obtain by interpolation that

2+o o «
||W‘9 - W(f||c2+a,l+a/2(Q_) <C ”W‘9 - WOSHé-;-zi-O;a.l-&-a(Q)”Ws - WOSHE-;?(QQ) < CS(T o 8)7'
4. Next we define amap (s, W) € X — s,.
By our construction of initial data, L[®, s](e) = ¥§" (s§) — g7 (s§) = —w§'(s§)/s5 > 0. Also,

in/,
(L[®,5])" = gL()[2Pxa(0,a) + {R + 28x(0,a) — v]1, — 12}5'].

Since (s, W) € X, we have ®@,, € C*%2(Q) so
|21 5] c14araggy < Ce
Let Ty := [y&" (s8) — g2 (s6)]/(2C,). Assume thate < T < & + T. Then
L[®,s](a) = L[®,s](e) — Ce(T — &) > 2[W5" (s§) — gL (s§)] > 0 Yael.

Hence, we can define

e @ WEQO,1)
Sg((l) =389 —/; Wdt Vae [8, T]

It is easy to see that s¢(¢) = s¢& and si(e) = s¢. Since W¢ € C!'*2%1/2+¢(0) we have
s llc1/2+ary < Cs and |5, — 5§l cocry < Co(T — €)/2T. By interpolation,

o 1/2

1
Ist = sillce < Cllst = 51T g st = S0 Torry < Col(T =),

Hence, if 0 < T — ¢ < 1, the map (s, W) — (s¢, W?) is well-defined and maps X to itself.

5. Now we show that if 0 < T — e < 1, the map (s, W) € X — (sg, W?) is a contraction.
Suppose fori = 1,2, (s;, W;) € X. We denote by &;, ¥;, fi, W, sé the corresponding functions
defined in Steps 2—4.
We first estimate f; — f>. We decompose ¥y, — Way as I + I, + I3 where

[s1—s21(a)
I =¥ (x +s1(0) — ¥ (x + 52(0)) = /0 & (x + s2(a) + y)dy,
I, = / [Wix — Wax](x + s1(a) — s1(2), t)dt,

a plsi—s21(@)—[s1—s2]()
I :/ / WZxX(x+S2(Cl)—S2(I)+y,l)dydl.
& 0
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We find that
I llca(gy < Clis2 = sillcaw)y < Ce(T — &)™ |Is} = shllcoqrys
”IZHC(I(Q_) < C(T - S)I_a”Wlx - W2x||ca.0(Q),
113l ca oy < C(T — &) [Waxx | cao oy 151 — $2llce(r)-
Q) Q)
Hence,

||l]/1x - l]fzx“CQ(Q) < C(T — 8)1_a(||S/1 — S;”C'O([) + ”Wlx - W2x||ca.0(Q)).
After a similar estimate for @1, — @, we then derive that

If1— f2||ca.a/2(Q) < C5(||S/1 _5/2||C0t/2(1) + [[Wix — W2x||ca.a/2(Q'))
< Co(T = &) (|Is} = shllceqry + [Wix — Waxll c2a.a(g))-

Similarly, using the boundedness of || W2xx||ca.0(g) We find that

IL[@1.51] = L[®2. 52)llcery < C(T — &) (I = 3l cocry + IWix = Waxll cao(g))-
Now, by a parabolic estimate for linear equation,

||W18 - W28||c2+a.1+a/2(Q) < Cs”fl - f2||ca.0t/2(Q)
< CS(T - 8)01/2(”5,; - S;”C“([) + ”Wlx - W2x||c2oz.oz(Q))

and by the definition of s,

lIsg" = s2'lcaqry < CAILIP1 1] = L2, s2]llcary + Wy — Wallcoa(g) )
< Co(T = )"} = s3llcaq) + 1Wix = Waxll 2oy -

It follows that

lIsa’ —s2llca(ry + W — W5 |l c24ai+ar2(g)
< Ce(T =) *{|ls} = shllcay + Wi = Wallcaranvara(g))-

Thus, when 0 < T —e K 1, the map (s, W) € X — (sg, W?) maps X to itself and is a contraction.
Hence, there exists T € (g, 1] such that the map (s, W) € X — (s., W¥) admits a unique fixed
point. The fixed point provides a solution of (3.2), and also a solution of (3.1).

6. Finally, we show the needed regularity by a bootstrap argument.

Suppose W8 € C*%/2((—00,0] x (¢,T]) and s, € C@TD/2((e, T]), where @ > 1 is not
an integer. Then f € Co L@ D/2((—00,0] x (g, T]). Since W2(0,-) = 0 and We(-,¢) €
C*®((—00,0]), we obtain W& € C¥+L@+D/2((—00,0] x [¢, T] \ (0, ¢)). This implies that W €
C*%/2((—00, 0] x (&, T]) and, by the equation for s, s, € C@T2/2((¢, T)).

This bootstrap argument shows that W¢ € C*°((—o0,0] x [¢, T\ (0,¢)) and s, € C*°((¢, T]).
Also, using the compatibility condition we can show that W¢ e C3+%G+®)/2((—oo, 0] x [e, T])
and s, € C @+2)/2(1) for any & € (0, 1). This completes the proof of the lemma.

O
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4. A priori estimates of the approximate solution

In this section, we establish a priori estimates that do not depend on ¢ and T. In the sequel,
(9%, %, w®, s¢) is the unique solution of (3.1) with T € (g,00] and 0 < ¢ K 1. We assume
that the solution satisfies £°(a) := [°(ss(a),a) > 0 > s/(a) foreverya € [¢, T).

4.1 Differential equations and free boundary conditions

LEMMA 4.1 Let (¢, %, w®, s¢) be a solution of (3.1) where £%(a) := [°(s¢(a),a) > 0 > s.(a) for
eacha € [¢,T). Set N®* :={(z,a) |a € [6,T),z < sg(a)}, ['® :={(z,a) |a € (¢,T),z = s¢(a)}
and v® = w. Then in N?,

Rly*] := Rag; — o7, —ve; + ;> =0,
LYl = Rayg —y7, —vy; + 290797 + RY® =0,
£2[w] := Rawt — we, —vwe + 2¢0fws + 2Rw® = —2¢£2,
£3[v°] := Rav; — v, —vvi + 2¢5v; + 3Rv® = -6y w;.

In addition, (¢°, %, w®, v%)|a=s = (@5, ¥§, w§, vg) and
Ve =g., Y=g, w'=0, (5. =-wt, v =1L52 on I'?.
Consequently, denoting by [ f]¢ the jump of f across I' ¢ we have

[e°]F =0. [l =0. [gz.I°=0. [¥°]° =0. [yI°=0. [w]° =0,
lof-. 15 =0/se. el =0 [wilP =5,  []° =52
Proof. Note that (¢°, ¥°, w®)|a=s = (¢§. ¥§. wg)- By the definition of (¢§, V¢, wg) we find that

R[p®](-,e) = 0and £1[¥®](-, &) = 0in (—o0, s§]. Also, the differential equation in (3.1) for w® can
be written as

5 32 o
0= £r[w] +2y5% = gegl[l//s] = aa—za[ﬁﬂs] in N°.

For each z < s¢(a), we have z < s5,(¢) for ¢ € [e,a] since s, < 0. Hence, integrating the equation
over [e,a] we obtain £1[y¥] = 0 and Q[p®] = 0 in N¢. Differentiating £, [w®] + 2¢£2 = 0 we
obtain £3[v¢] + 6Yfw? = 0in N°. Setting @ = & in £2[w®] + 2¥¢2 = 0 and using the definition
of v§ we obtain v®(-, &) = vg.

Next, set J1(a) = ¥°(ss(a), a) — ge(s:(a)) and J2(a) = Y¥E(s:(a),a) — gL (ss(a)). We calculate

Ji(a) = [¥E — glls. + w® = sLJa(a);

Jy(a) = [yZ, — g/lse + wi
= [y;, —g/lse + [gd + (v —2¢7)g, — Rgels,
= R;[y° — ge] — (v = 207)s0 (7 — gol + se[vs, + (v —20)y; — Ry*]
= Rs,Ji(a) — (v — 2¢3)s,Ja(a):

here we have used wé = [g + (v —2¢%) gL — Rgels. and ¥5, + (v —2¢5) ¥ — RYy® = Rayf =
Raw® = 0 on I'®. Initially, J1(¢) = V§(s§) — ge(s§) = 0 and Ja(e) = &' (s§) — gL(s§) = 0. The
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uniqueness of the solution of the ode system for (J;, J») implies that J; = 0 and J, = 0. Thus,
Y® = g, and ¥f = g, on I'®. Consequently, by the equation for ¥°,

05(a) = Rge + 2% — )&, — &4 lz=s:(a)
= R'(//s + (290; - VW; - g;/|z=s5(a) = w;z(se(a)sa) - g;/(SS(a))-

Differentiating w®(s¢(a), a) = 0 with respect to a we obtain v = —wés. = £5s.% on I'.

We know w® = 0and v® = 0in T® := {(z,a) | a € (&,T),z > se(a)}. Since Y* = g, and
V¢ = gl on I'* and 5, < 0, by integrating ¥ = w® we obtain ¥ = g, and V¢ = g/ on T*. This
implies that ¥* and ¥{ are continuous on R x [g, 7). It also implies that ¢ and ¢Z are continuous
on R x [¢,T). In addition, [w®]® = 0, [y:,]° = —¢€°, and [wi]® = £°s.. Now differentiating
[¢s]° = O with respect to a, we find [¢Z,]°s, + [¥:]° = 0, so [¢Z,]° = 0. Differentiating

[0:.1° = 0 we obtain g7, 1°s; + [Vz:]° = 0. s0 [7,.1° = —[V¥z:]°/s; = £°/s;. Finally,
differentiating [w®] = 0 we obtain [wé]®s. + [v¥]® = 0 so [v¥]® = —s.[wi]® = —¢fs.2. This
completes the proof. O

REMARK 4.1 The formula ([ f]%) = [fz1°s. + [f2]¢ is derived as follows. Suppose f* are C'!
functions in R x (¢, T). Define f = f% forz > s.(a) and f = f~ for z < s¢(a). Then by
definition, [ ]¢ = f T (se(a).a) — f~(se(a),a) and

(I[f]]s)/ = {fz+(sé‘(a)va) - fz_(s&‘(a)’a)}sé‘(a) + {fa+(sé‘(a)’a) - fa_(sé‘(a)’a)}
= I[fz]]ss‘/s + [fa]®

We use the default w” = g wft = 0, and v®*t = 0. However, there may not exist a smooth
extension of ¢f. The best regularity of an extension ¢®~ of ¢ from T® to R x [¢, T') depends on the
compatibility of the boundary value ¢°(s¢(a),a) at a = ¢ and the initial value ¢{(z) at z = s§.

4.2 Monotonicity and concavity

LEMMA 4.2 InN?, ¢ > 0 > w® .
Consequently, denoting by 0° the root of g:(-) = 0 we have 0° < s¢(a) < s§ foralla € (¢, T).

Proof. The assertion w® < 0 in N? follows from the maximum principle, since £,[w?] < 0 in
N¢ and w® < 0 on the parabolic boundary of N°. The assertion ¢ > 0 in N? also follows from
the maximum principle since £1[¥] = 0in N¢, ¢°(-,¢) > 0 and ¥¢ = g, > 0 on I'®. Finally
ge(se(a)) = ¥e(se(a),a) > 0 implies that sc(a) > 0° foralla € [e, T). O

LEMMA 4.3 InR x [¢,T), ¢, > 0;on N?, 0 < /¢ < glelr~lellz=s:(@] and o2, > 0.

Proof. 1. First we show that @, > 0inR x [¢, T).

Set { = ¢;,. Differentiating Q@ [¢®] = 0 with respect to z twice we obtain Ral, — (., — (v —
209)¢; +2¢%,¢ = 0in N°. Initially, { (-, &) = ¢f” = eyg” + 0(£2)eA2R? = [ + O(eH)]yYE" > 0
(assuming 0 < ¢ < 1). Also, differentiating ®[p®] = 0 with respect to z and set z = s.(a) we
obtain

L+ (v —2¢5)¢ @ Rayi = Rag.(se(a)) > 0.

Hence, by the maximum principle, { = ¢, > 0 on N°.
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Next, for z € (sg(a), s3], denoting by a = a,(z) the inverse function of z = s(a) we have

9°(z.a) = ¢°(z,a¢(2)) + [a — as(2)]g(2),
92(z.a) = ¢7(2.a(2)) + [a — ae(2)]ge (2),
9:2(z,a) = ¢2,(2,a6(2)) + la — ae(2)]g; (z) > 0,
since [¥]° = [¥£]° = 0. Hence, ¢f, € C((—o0,s§] x [e, T)) and ¢F, > 0in (—oo,s5] x [¢, T).
Finally, since ¢® = ¢ + [a — ¢€]g. for z > 53, we see that 97, € C(R x [¢,T)) and ¢F, > 0.

2. Next we estimate £, which satisfies (£1 + 2¢Z,)¥f = 01in N°.

As ¥¢ > 0 on the parabolic boundary of N°, we have ¥¢ > 0 on N¢.

By Lemma 2.4, we see that f < ¢ := e[)L Lellz=se(@)] op the parabolic boundary of N¢. Also
using g.(z) = gE(O)elsz we have { = g (O)elz [A—1else(@) Hence,

(L1 42¢5,)¢ = {{—[A — LJRas, — A* —vA 4+ 2X¢% + 2¢%, + R} > 0,

since s, < 0,A%2 + vA — R = 0,¢¢ > 0, and ¢¢, > 0. It then follows from comparison principle
that ¢ < ¢ = glelr—1elz=s:(@] jn Ne,

3. Finally we show that ¢, > 0 on N¢,

Set { = ¢f,,. Then Raly — {;z — vi; + 2¢5¢; + 69, = 0 in N° Initially, {(-, &) =
[e + O(e?)]yy > 0.0n I, differentiating @ [p¢] = 0 with respect to z twice we have

Cr + (v —=205)¢ = Rayt, +2¢.%> > Rag! >0 on I'¥.

It then follows from the maximum principle that ¢,, > 0 on N°. O

43 Jump of ¢%,,
LEMMA 44 (1)Fora € (¢,T) and z € R,

e (ag(z)
@;ZZ(Z,CZ) = (p(s)///( ) + ( : ) {sg(a)<z<s0} + (Cl - s)g/”(z) + 0(1)
( s(z))
where a,(z) is the inverse of s.(z) with extension a,(z) = ¢ for z > s and a,(z) = T for

z < 5¢(T) and limg\e |0 (1) [ oo ) = O.
(2) Foreacha € (¢, T),

e) A2 —1)?

: & £ _ ¢ & __ = — =
}}1{‘1}) [(pzzz(so +h, a) qozzz(so h. a)] 0(8) Sé(é‘) 2\ — A(2R) + 0(5)-

e

Proof. (i) When z > s§, we have ¢Z,, = ¢§" (z) + [a — €]g)' ().

(i) When z < s¢(a),

05 (oa) = o8 () + / Ve, (2 )dr.
&
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(iii) When z € (s¢(a), sg], we have

05..(z.a) = 95, (2.a:(2)) + (a — as(2)) g (2) + [V5, (2. ae(2)) — g1 (2)]ar(2)
€ (ae(a))

as(z)
= ¢g"(2) + / Vi dt 4 (0 - () () + Somon

Combining (i), (ii), and (iii) we have
e £°(as(2))

¢;,,(z,a) — {‘Po (2) + ml{sg(a)<z$s8} +[a— S]gm(Z)}

min {a,ag(z)}
- / [¥5..(2.1) — g(2)]dt = O(1)[min{a. as(2)} — e,

since ¥¢,, = O(1)[1 + a?] in N; see Lemma 4.6 below. This estimate implies the first assertion

of the Lemma. It also implies the second assertion since as z — s, ag(z) — &. O

4.4 Lipschitz continuity of the free boundary
The key to our analysis is the following estimate:

LEMMA 4.5 Let My = %. There exists a positive constant M depending only on R and

v such that 0 < —w?® < (Mo + Me)(g, — ¥£) in N° and
0<—s,(a) < Mg+ Me, (A—15)gu(se(a)) S€(a) <M[l+a] VacleT). 4.1)

Proof. Set K = Mo+ Meand ¢ = w®+ K(g,—v¥£). Then{ = Oon I'® and by Lemma 2.5, = 0
on (—o00, s§] x {e}. Using £1[w?] = —Rw® — 2y£? and £4[yf] = —2¢¢,¥¢ in N¢ we obtain, in
N°,
L1[w® + K(g, — ¥)] = —Rw® =292 + K[R — 17 — vl + 29 L]g; + 2K¢Z. v

> -2g/2 + K[R— 12— vl]g.

= [K(R—12 = vl,) — 2gL(s§)]gL > 0.
Hence, by maximum principle, { > 0, i.e., 0 < —w® < K[g. — ¥£] in N°. Consequently, by
L’Hbspital rule,
wé (se(a), a) L —w(z,a)

VEGol@).a) — g (e@) Pt @) — iy M

0<—s.(a) =
Next, using ¥ < g;e[k_ls][z_%(“)] we obtain

(@) = Y2 (se(@). a) = g (se(@)) = lim %

C gl(2) — gl(z)elPtellz=se(a)]
= z/l'lsgrn(a) £ is(a) — =(A- 18)3’;(5‘8(61)),
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Also, using ¢f = ¢’ + f: Yidt < O(a)e*® we obtain

t°(a) = Rge(se(a)) + [2¢% (se(a). a) — v]g;(se(a)) — g7 (se(a)) < M[1 +a].

This completes the proof. O

4.5 L Estimates

LEMMA 4.6 There exists a positive constant M depending only on R and v such that in N?,

0<¢®—¢f< aMe??, 0 < @f— g8 < aMe??,
0 <¢f, < aMe*?[1 +al, 0 < @2, < aMe*[1 +a?),
0<yYs—ye < aMeARRZ, [Ve' — | < aMeACR?[] + 4],
Wi = vl S aMetCR21 +a?), Wil < MMl +a?),
lw® — w§| < aMeABRI[1 4 q], lwe| < MeACRZ[] 4 q],
lwe,| < MeACRE[1 4+ 42, lwe| < MeAGRZ[| 4 q],

Isellc1+1/2(eap < M[1 + a?).
Proof. 1. First we estimate w®.

Consider the function { = 21eACRE=0) _ A(2R)e?4(z~8) Recalling that A := A(R) < A(2R) <
21, we see that {; > 0 and { > 0 for z < b. Using ¢Z > 0 we have

£o[E] > —Cz2 — vEs 4+ 2R = 2A2A(2R)2 D),

here we have used A2 + vA = R and A2(2R) + vA(2R) = 2R. Since £;[-w?] = 2y =
0(1)e?}#, comparing —w® with M { for suitable large M depending only on R and v we then
obtain 0 < —w?® < M¢ = O(1)e4@R)z jn N#,

2. Next, we estimate { := w}.

We have [ (-, 6)| = |wg'| = 0(1)e4CRE=b) Also, on I'?,
¢ = Isgl¢f = O(D[1 +al.
In N?, we have £21¢ := Rals + 2R{ — {22 + 295 — )¢, + 295, = —4yEyf,. Note that
[VEWE] = vE[Raw® + Ry + 2pf —v)ys] = O + ale®.

Now consider the function{_‘ =[1+ a][2)LeA(2R)(Z_b) - A(2R)eu(z_b)]. Using ¢2 > 0, 92, > 0,
¢, > 0 and ¢, > 0 we obtain, in N?,

£218 2 2R — Loz — v = 222 AQR) (1 + a) PC7D),

Taking a suitable constant M we then see that M {_‘ is a supersolution and —M {_‘ is a subsolution;
that is, w?| < M. Hence, we have |wé| = O(1)[1 + a]e4@R)z,
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3. We estimate v* = w}.
First of all, on I'¢, v¢ = (85,2 = O(1)[1 + a]. Also, initially, v = v§ = 0(1)e46Rz In N¢, we
have £3v° = —6yfws = O(1)[1 + ale*+4CRIz,

Now consider the function { = [1+a][(A + A(2R))eACREb] _ A(3R)eA+ACRIE=P]] Note
that ABR) < A+ A(2R),s0¢ > 0,{, > 0,and {; > 0 for z < b. In addition, using ¢ > 0 we
obtain

£38 > 3Rt — ., —vi, =21 AQ2R) ABR) [1 + ale+4CRI==b]

Here we use A2 + vA = R, A(2R)? + VA(2R) = 2R, and AQBR)? + vA(3R) = 3R. Thus,
we can find a positive constant M such that M ¢ is a supersolution and —M ¢ is a subsolution. By
comparison, |v¢] < M(z,a) = O(1)[1 + a]eAGRZ,

4. We estimate ¢°.

Since 0 < ¥® = O(1)e*? and 0 < Y = O(1)e*?, integrating ¢: = ¥®and @i, = ¥ we
obtain 0 < ¢°® —@f = [a — el0(1)e*? and 0 < ¢f — ot = [a— £]O(1)e*?. Next from the
equation ¢, = Rayr® + (p¢ —v)gf we obtain 0 < 92, = O(1){ae*? + (ae*?)?}. Similarly, using
9., = Raye + (29 —v)p, we obtain 0 < ¢f,, = O(1){ae*? + (ae??)3}.

5. We estimate w®.

Using w¢, = Rav® + (29 — v)ws 4+ 2Rw® + 2¢£2 and [v¥] = O(1)[1 + a]eA3B? we obtain
we, = O(1)([1 +a]ed@R?z 4 420AGRZ) Integrating wé = v® we obtain |w® — w§| = O(1)[a —
e[l + a]e4GRZ,

6. We estimate ¥/°.

Integrating ¥ = w®, ¥f, = ws and ¥¢,, = we, we obtain 0 < Y& — ¥° = O(1)[a — g]e4?R)7,
v§' = vil = 0()a — el[l + aleCP% and [y§" — vz, | = O(D)a — ¢][l + a*]e @R, Also,
using Y%, = Raw§ + (295 — v)¥Z, + (R +2¢5,) Y% we obtain Y2, = O(D)[1 + a’]e**.

7. Finally, we estimate s,.

Set Dy := {(z,1) | t € [g,a],z < s¢(¢)}. Since |s;| = O(1), by interpolation, |w}|lc1.1/2(p,) =
O {||wE|lLoopy) + lwE, llLoen,yt = O(D[1 + a?]. Consequently, since s, = —wE(se, 1)/£°
and £* > A — 1., we obtain ||se[|c1+1/2([5q) = O(D[1 + a?]. This completes the proof. O

5. Global existence and proof of Theorem 1
5.1 Global existence of (3.1)

LEMMA 5.1 (Global existence of approximated problem) For every sufficiently small positive & >
0, problem (3.1) with T = oo admits a solution. The solution is unique in the class of functions in
which w¢ = O(1)[1 +a4]. In addition, 0 < —s, < My+Meand 0° < s, < b in [e, 0co) and for every
a € (0,1),s; € C2+/2([g, 00)) N C*®((e, 0)) and w® € C3+®G+D/2(D Yy N C®(D, \ (55, €)),
where D, = {(z,a) | a € [¢,00),z < s¢(a)}.

Proof. Let [e, T) be the maximum existence interval of (3.1) in which s, < 0 < {°. Suppose
T < o0.

SetN° = {(z,a) |a € (¢,T),z < se(a)} and I'® = {(s¢(a),a) | a € [¢,T)}. Since 0 < —s., <
Mo+ Me, we see that I' ® is Lipschitz continuous and s¢(7") := lim, ~7 s¢(a) exists. Consequently,
by parabolic estimates, for every o € (0, 1) there exists a constant C(«, ¢, T') depending on the
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lipschitz norm of I'® such that |w®||c1+e.a+a/2(ney < Cla, &, T). We define
(W 1), ¢°C. 1), ¥°(. T)) = al% (w®( @), 9°(,5), ¥¥(-.@))  on (=00, s:(T)].

Since s, is Lipschitz continuous, w® = 0 on I' ¢, and w® < 0 and £,w?® < 0in N¥, by Hopf Lemma,

there exists a positive constant c(e, T') > 0 such that w;(s¢(a),a) > c(e, T) forevery a € [, T).

Consequently, £°(a) = '”5_(3;(&))’“) > A;éij}s for every a € [¢, T). Thus, from the equation —s, =
&

w; (se(a),a)/ ¥ (a) we see that s [l car2 e,y < Clat, 6, T) and —s; > Ajﬁf}] . Once we know the
co/? regularity of s7, we find that ||U)8||Cz+a.l+a/2(Ns) < C(a, &, T). A bootstrap argument then
show that s, € C*°((e, T]) and w® € C*®°(D) where D = {(z,a) | a € (&,T],z < s:(a)}.

Now taking 7 as initial time and using (w®(-, T), @*(-, T), ¥°(-, T), s:(T)) as initial data, we
can follow the same existence proof presented in the previous section to show that the solution can
be extended to [T+ §) for some § > 0. But this contradicts the definition that [e, T) is the maximum
existence interval.

Thus, (3.1) with T = oo admits a solution. The solution is unique if we = O(1)[1 + a] (cf. the
contraction mapping proof in Section 3). O

5.2 The limit process
We can now send & N\ O to obtain a solution of (1.6).

1. We extend (¢%, Y&, wé, v, se) forz < b,a € (0, ¢] by

a? a3
&
0¥(z,a) ;= ayo + —wo + — o,
2 6
e 1 e & g2 a2 3
1// (Z’a) = E(‘pzz + Vo, — ¢, ) = Ir//() + awp + 7”0 + O(Cl )v
1
wé(z,a) := E(sz + (v =20))Yf — Rw;") = wo + ave + 0(a®),
1
v8(z,a) = E(wgz + (v =25 )wi —2RY; + 2<p§2) = vg + O(a).

sg(a) :=sg + (a —e)s5.
We also define ¢®(-,0) = 0, ¥ °(-,0) = o, w®(-,0) = wo, v5(-,0) = vo and 5,(0) = 55 — s7e.
We remark that this extension provides accurate approximation of the true solution near a = 0.
2. Since0° <s¢ < b, —[Mo+ Me] <s; < 0and ||sellcr+1/2(0,q < M1 +a?] foreverya > 0,
there exists a sequence, {&; }°2 ;, of positive real numbers such that lim;_,», &; = 0 and

i=1°

lim 5., () =s() inC'*([0,T]) VT >0,a€(0,1/2).

The limit s satisfies

AQR) — 2
s(0)=b, s'(0)= (;_#

0 <s(a) <b, 0<—s'(a) < Mo, lslicr+1/2qoqp < M[1 + a’] Ya>o.
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3. Set Wé(x,a) = w®(x + s¢(a),a). For each T > 0 set Dy = (—o00,0] x [0, T]. Then
”WSHW“(DT) < M1 + T?] where M is a constant depending only on v and R. Consequently,
(taking a subsequence if necessary), we have

lim W& =W in C1TUF®/2((_00,0] x [0, T]) Va e (0,1),T >0,

i—00
where W is a function in W2!((—o0, 0] x [0, T]) for any T > 0.

4. Now define w(z,a) = W(z — s(a),a) for z < s(a) and w = 0 for z > s(a). Also define
V(z.a) = Yo(z) + Jy w(z.t)dt and (z,a) = [y ¥(z,1)dt for (z,a) € R x [0, 00). Then from
the differential equation of w?®, we find that
Rawg, +2Rw — wz; —vw; + 20, w; + 2@22 =0 Va>0,z<s(a),
w(z,a)=0 VYa=0 z=s(a),

ii\rj}) {lw(,a) — woll Loy + 1V (. @) — VollLoo (—o0,b+17) + 90(+ @)l oo (—o0,b+17) | = O.

5. limjsoo €5 (a) = £(a) := e’ 2¢(s(a),a) + R — 1 — v] — R uniformly in [0, T] for any
T > 0. In addition
A—1<{(a) < M[l+al

Consequently,
2w, (s(t),t
s(a) = b—/ Mdt Va €0, 00).
0 (1)
It then follows from a bootstrap argument that s € C!'*1/2(]0,00)) N C*®((0,00)) and w €
WZL(D) N C®(D), where D := {(z,a) | a > 0,z < s(a)}.

6. Once we know that s € C*°((0,00)) and w € C*°(D), we can derive the jump relation stated
in Theorem 1 from the basic relations [¢] = 0 and [y;] = 0, [w] = 0, [w.] = £s’.

We have shown the following:

THEOREM 2 There exists a solution (¢, ¥, w,s) of (1.6) satisfying s € C'*t1/2([0,00)) N
C%((0,00)) and w € WZY(D) N C%°(D) for every a« € (0,1), where D := {(z,a) | a >
0,z < s(a)}. In addition, the solution satisfies the jump relations stated in Theorem 1, and in D,

0 < ¢ < ayo, 0 < g, <ayy, 0 < ¢, <aMe* [l + a,
¥ — Yol < aMetCRZ, Wz — Vgl < aM[1 +ale?CRZ |y, —yy|
< aM[l + aZ]eA(ZR)z,
|lw —wo| < aM[l + aledCRZ |w,| < M[1 + a]eA@R)z |ws | < M1 + a?]e?4CR)z,
0< @z SaMe* [l +a?,  |Yzzz| < M1 + a?]e??, [wa| < M[1 + a]eACR?Z,
A—1<4t(a) <M[l +a], Isllcr+1/2q0ap < M1 +4a%] Ya>0.
_ AQR) -2 w;(s(a),a)

s(0)=b, s§'(0)= 0 < s(a) <b, 0<—s'(a) = < M.

A —1)2x i(a)
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5.3  Continuity of w;; and w, ata = 0
LEMMA 5.2 w € C%1(D) and wy (-, 0) = vo(-) on (—o0, b].
Proof. (1) Fix a € (0,1). Set {(z) = w(z,a) — wo(z). Then {(—oc0) = 0 and ¢(s(a)) =
—wo(s(a)). Also, using wy + vw) — 2Rwo = 2> we obtain, in (—oo, s(a)),
¢ + vt —2RE = Rawg + 29wz + 2(Yz — Y) (Y= + Yg) = O(a)e’?;

here we use the fact that ¢, = O(a) and ¥,(z,a) — ¥y(z2) = Y:(z,a) — ¥;(2,0) =
O(Da||lwz||Lee = O(1)a. It then follows from elliptic estimate that

[w(:, @) —wo()lle2((=00,5(@)]) = ISllc2((=00,5(@)) = Ola + |wo(s(a))]) = O(1)a.

(2) Set D¢ = {(z,a) | a € [&, 1],z < se(a)}. Using |wi|cra/2(p,) = O(1) and vy + vvg —
3Rvg = 6y{wy one finds that

£3(° = vo) = 6[ygwy — YEwS] — 2050 = O(e + Va)e*” = O(Va)e™.

Also, using v — vo = O(e)e*? = O(a)er?, v¢ = £¢5/2 on I'® and Isellcrr2qenyy = O(1) we
find that [v® — vo| = O(y/a + &) = O(1)/ae’* on the parabolic boundary of D,. Comparing
+(v® — vg) with M /ae*? we then find that |[v® — vg| = O(+/ae??). Sending & \ 0 we conclude
that

lwa (@) = vo()llc((-oos@) = O(Va).

Since w € C*®(D) N W2Z(D), the above estimates imply that w € C21(D) and w, (-, 0) = vo(-)
on (—o0, b]. O

5.4  The variational property

First of all, we have ¥, < g’ in N. By integration we find that

s(a)
Ve -sca = [ [f0)-nhaldy >0 YEaEN
V4
Also, since ¥ = g for z = s(a), we have, when z > s(a),

Rayg — Yz + 2oz — V)Y + RY = [2@2(2,0) +R-1- V]ez —R=1I(z,a).

Note that / is a continuous function. In addition, /(s(a),a) = £(a) > A—1 > 0. Also, since ¢, = 0
(c.f. Lemma 4.3) we see that [, (z,a) > 0 for z € R. Hence, [(z,a) = A—1foralla = 0,z = s(a).
Thus,

min{Ly[Y]. ¥ — g} =0 in Rx(0,00),  ¥(-0) = vo.

Integrating £ [¥] = I(z, a)1{;>s(s)} We find that

a a
Qly] = n:= / 1z sy nydi = / Iz 0)ds,
0

min{a,ax(z)}
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where a = ax(z) is the inverse function of z = s(a) for z € (0,b), ax(z) = 0 for z > b and
ax(z) = oo for z < 0. As a4 and [ are continuous, we see that 7 is continuous. This implies that
¢ € C2(R x [0, 00)) and

min{Q®[¢], Bp} = 0in C(R x [0,00)), ¢(-,0) =0.

Hence, ¢ is a solution of (1.1). In addition, by the uniqueness result of [10], such ¢ is unique. This
means that the solution of (1.6) is unique.
This completes the proof of Theorem 1.

REMARK 5.1 Similar to the Stefan Problem, the equation for w can be written as

0
8—<Raw + L(z,a)l{w<0}) — Wz —VW; + Rw =0 in R x (0, 00),
a
w(-,0) = wy on R x {0}.

Here e(w) := Raw + L(z,a)lg,<oy can be regarded as the enthalpy (i.e., internal energy) and
L(z,a) = 2¢;Y¥,+(R—1—v)e?—R is the latent heat. This is a solidification process of undercooled
liquid, the region [s(a), 00) is solid and (—o0, s(a)) is undercooled liquid.
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