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We study a free interface problem of finding the optimal energy configuration for mixtures of two
conducting materials with an additional perimeter penalization of the interface. We employ the
regularity theory of linear elliptic equations to study the possible opening angles of Taylor cones
and to give a different proof of a partial regularity result by Fan Hua Lin [15].
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1. Introduction

In this paper we consider the functional
F(E,v) = )/P(E,.Q)+/ og (x)|Dv|? dx, (1.1)
Q

where y > 0, 2 C R” is an open set, v € W12(2) and P(E, £2) stands for the perimeter of E in
£2. Moreover, 0g (x) = Bye (x) + ayxo\e(x), where 0 < o < 8 < oo are given constants.

Given a function ug € W12(£2) and a measurable set E C §2, we denote by u g, or simply by
u if no confusion arises, the corresponding elastic equilibrium, i.e., the minimizer in W1-2(2) of
the functional

/ og(x)|Dv|? dx
2

under the boundary condition v = u on 952. It follows that the function u solves the linear equation
/ (cgDu,Dgp)dx =0 forevery ¢ € Wol’z(.Q). (1.2)
2

If we denote by ug and u, the restriction of ¥ on E and §2 \ E, respectively, they are harmonic in
their domains. Moreover, equation (1.2) implies the transmission condition

adyug(x) = Boyug(x) forall x € 0E N £2, (1.3)
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where d,, denotes the derivative of u in the direction of the exterior normal to dE. Note that if (E, u)
is a smooth critical point of the functional (1.1) the following Euler-Lagrange equation holds

yHyg + B|Dug|* —a|Duy|* = & on JE N £2, (1.4)

where Hyg stands for the mean curvature of dF and A is either zero or a Lagrange multiplier (in
case of a volume constraint).

In the physical literature critical points of the functional (1.1), i.e, solutions of equations (1.2)
and (1.4) are studied to model the shape of liquid drops exposed to an electric or a magnetic field.
In the model the set E represents a liquid drop with dielectric permittivity 8, surrounded by a fluid
with smaller permittivity -, and u stands for the electrostatic potential induced by an applied electric
field. At the interface, which is assumed to be in static equilibrium, the normal component of the
electric displacement field o Du has to be continuous. This implies that u has to satisfy (1.3) or
equivalently that it has to be a solution of equation (1.2). On the other hand, on the interface the
electric stress and the surface tension have to be balanced, which leads to (1.4).

The occurrence of conical tips at an interface exposed to an electric field has been observed by
several authors (see e.g. [21]). Moreover, theoretical investigations ( [14], [18], [19], [20]) suggest
that conical critical points, the so called Taylor cones, may only occur if the ratio g is sufficiently
large and if the opening angle is neither too small nor too close to /2, i.e., it belongs to a certain
range which is independent of the penalization factor y.

In order to state our first result we denote by Ejy the right circular cone with opening angle
6 € (0, /2) and vertex at the origin, i.e.,

_ 1
EQ = {(x/,xn) (S} Rn ! xR : Xp > mp&f/l}

THEOREM 1.1 Letn > 3. There exist two positive constants 6o = o (72, g) >0and Ag = Ao(n) >
1 such that, if Eg is a right circular cone satisfying (1.4) then g > Ao and

S0 <6 < % — 8.

As far as we know, this result is the first rigorous proof of the fact that Taylor cones may occur
only for certain angles, and provided that the ratio g is sufficiently large. We remark that we are
able to give explicit estimates of the constants 8o and A¢. In particular, §¢o and A are independent
of the penalization factor y, which is in accordance with the observations and theoretical results
reported in the physical literature.

The starting point in the proof of Theorem 1.1 is a rather simple decay estimate for the gradient
of a minimizer of the Dirichlet energy (see Proposition 2.4). Roughly speaking, we prove that if u g
is a solution of (1.2) and xy is a point in §2, where either the density of E is close to 0 or 1, or the
set E is asymptotically close to a hyperplane, then for sufficiently small p we have

/ |Dug|?dx < Cp"8 (1.5)
B, (x0)

for any § > 0. As a consequence of this estimate one has that if the opening angle of the Taylor
cone is not in the above range then the Dirichlet energy around the vertex decays faster than the
perimeter thus leading to a contradiction to the criticality condition (1.4).
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In the mathematical literature people have also considered both the problem (P) of minimizing
(1.1) under the boundary condition u = uy on 052 and the constrained problem

(Pe) min{F (E,v) : v=1up on 382, |E| =d}

for some given d < |§2|. The partial regularity of minimizers of the unconstrained problem (P)
was proved by Fan-Hua Lin in [15] (see also [1], [16]). In the special case n = 2 the result of Lin
has been improved by Larsen in [12], [13]. However, the full regularity of the free interface dF in
two dimensions still remains open.

In the second part of the paper we revisit the proof of the partial regularity of minimizers.

THEOREM 1.2 If (E, u) is a minimizer of either problem (P) or problem (P.), then

(a) there exists a relatively open set I" C JE such that I' is a C 1% hypersurface for all 0 < o <
1/2,

(b) there exists ¢ > 0, depending only on g and n, such that ®"~1=¢ (QE \ ') N 2) = 0.

The above statement slightly generalizes the regularity result proved in [15], where only the
unconstrained problem (P) was considered. The value of ¢ is greater than or equal to p — 1 where
2p is the higher integrability exponent of Dufg which is obtained by a standard application of
Gehring’s lemma (see Lemma 2.2). In particular, it is independent of the penalization factor y. We
note also that, once the C1:° regularity of * E N §2 is obtained, then using [15, Lemma 5.3] and a
standard bootstrap argument one obtains that 9* £ N §2 is in fact C*°.

As in [15] and in the proof of the regularity of minimizers of the Mumford-Shah functional
[3] our proof of Theorem 1.2 is based on an interplay between the perimeter and the Dirichlet
integral. Differently from [15] we do not use the heavy machinery of currents and do not derive the
monotonicity formula. Instead, our starting point is the same decay estimate (1.5) for the Dirichlet
energy used for the study of Taylor cones. This estimate implies that if in a ball B (x() the perimeter
of E is sufficiently small then the total energy in a smaller ball B, (xo)

P(EBer) + [ DugPd
Bz r(x0)
is much smaller than the total energy in B, (xo) (Lemma 4.2). In turn this fact leads to a density
lower bound for the perimeter.
Another consequence of the estimate (1.5) is that whenever the excess

E(xp,r) = inf

vesn—1 rn—l

/ e(x)—v)?dR"™ ' =0 asr —0,
AENB, (xo)

the Dirichlet integral in B, (x) decays as in (1.5). As in the Mumford-Shah case this is one of the
two key estimates needed for the regularity proof (see Step 1 of the proof of the Theorem 1.2 at the
end of Section 4). Finally the excess decay is proven with a more or less standard argument similar
to the one used for the A-minimizers of the perimeter.

After submitting this paper we learned that meanwhile De Philippis and Figalli gave in [6] a
different proof of the estimate of the dimension of the singular set stated in Theorem 1.2 (b).

2. Regularity of elastic minima

In this section we study the regularity of the elastic minimum associated to a set E, i.e., solution of
(1.2). In the main result of the section, Proposition 2.4, we prove that, if the density of E is close to
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0 or 1 or the set E is asymptotically close to a hyperplane, then the elastic energy || By (x0) |Dul|? dx

decays faster that p"~!. We prove Proposition 2.4 with a direct argument and therefore we are able
to provide explicit bounds for the relevant constants.

We begin by deriving the Caccioppoli inequality for solutions of (1.2). Even though the
argument is standard, we give the proof in order to keep track of the constants. We denote the
cube, centred at xo and with side length 2r, by Q,(xo). In the case xo = 0 we simply write Q. We
recall the Sobolev—Poincaré inequality, i.e., for every functionu € W17 (Q,), 1 < p < n, it holds

llu = urll o g,y < ¢ p)||DullLr(o,) @D

_pn_
n—p-*

where u, = f, udxand p* =

LEMMA 2.1 Letu € W12(£2) be a solution of (1.2). Then for every cube Q»,(x¢) CC £ it holds

1
][ |Du|2dxsc(][ |Du|2mdx)’”,
O (x0) 02, (x0)

where m = n"?, CcC=cC § . 2"+8§, and Cg , is the constant in the Sobolev—Poincaré inequality

(2.1) with p = 2.

Proof. Without loss of generality we may assume that xo = 0. Let { € C§°(Q2,) be a cut-off
function such that { = 1in Q, and |D¢| < % We choose a test function ¢ = (u — u,)¢? in (1.2),
where up, = JCer u dx and apply Young’s inequality to obtain

4 16
/ |Du|*dx < / |Du|?¢? dx < ;’3/ lu —uzr |?|DE? dx < %/ lu —uz|? dx.
r Qo Qo (0513

We use the Sobolev—Poincaré inequality (2.1) to deduce

1
/ |u—u2,|2dx§C§’n(/ |D”|2mdx)’"'
(0513 (0513

The result then follows from the two inequalities above. O
We apply Gehring’s Lemma to obtain higher integrability for the gradient of u.
LEMMA 2.2 Letu € W12(£2) solve (1.2). There exists p > 1 such that for any ball By, (xo) CC 2

it holds
p
][ |Du|2”dx§C(][ |Du|2dx) .
By (x0) B> (x0)

The constants can be estimated explicitly as

2Cy —
p= sz m for C; = C§n211 -80"é and C = 22"+15"1’n"1’/2w}l’_1,
2C; —1 ’ o
where w,, is the volume of the unit ball and m = n"ﬁ

The above result is well known but it is usually stated without estimates of the constants. In
the Appendix we will go through the proof of Lemma 2.2 from [9] and evaluate every constant
explicitly.

In the next lemma we prove a monotonicity formula for the elastic minimum in the case when
E is a half-space.
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LEMMA 2.3 Let E = {x € R" | (x — X,e) < 0} N £2 for some unit vector ¢ and a point X, and
suppose u is a solution of (1.2). Let xo € dE N §2 and r > 0 be such that B, (x¢) C £2. Then

p|—>][ og (x)|Du)? dx
By (x0)

is increasing in (0, r).

Proof. Without loss of generality we may assume that £ = {x € R" | x, < 0}N£2 and x¢o = 0. Let
us fix aradius r such that B, C §2. From standard elliptic regularity theory we know that u is smooth
in the upper and in the lower part of the ball B, with respect to the hyperplane dE = {x,, = 0}.
To be more precise, let us denote B, = B, \ E and B, = B, N E. Then u, € C®(B;") and
ug € C °°(l§r_ ) and they are harmonic in the interior of Br+ and Br_ , where uy and ug are the
restrictions of u to £2 \ E and E.

The goal is to show that the function ¢ : (0,7) — R

o=, oxIDUIP @) = [ op DU P a0

3B,
is increasing. Notice that o (py) = og(y) since E is a half-space. Denote v = |Dul|?, vy, =
|Dug|* and vg = |Dug|?. Since v, and vg are subharmonic in the interior of B and B, we

deduce by the divergence theorem that

’ X n—
<p(p)=][ o (x)(Dv(x), =) dR" " (x)

0B, o

1 / 1 / .
= o dyvg dR"™ 4+ dyvg dR”
TG (o P Js. 8
+/ o B, Ve — B O, U d%”—l)
dENB,

1

= Avg d R Avg dR"!
w—l(aBp)(“/B; ! TP, A

+/ o O, Vo — B O, V5 dwl—l)
IENB,

),
S — o Dx, Vo — B Ox, vp dR" L.
®=10B,) Jagns, g

We will show that 80, vg = o 0y, Ve on dE from which the claim follows.
Since uq = ug on JE we have

Ox,Ug = Ox;up  and Oy, x;Uq = Ox;x;ug fori =1,2,....n—1. 2.2)
The transmission condition (1.3) reads as
o Ox,Uqg = B Ox,ug on JOE. 2.3)
Differentiating (2.3) with respect to x;, fori = 1,2,...,n — 1, yields

aaxixnua =p axixnuﬂ on JF.
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On the other hand, since u, and ug are harmonic, we have by (2.2) that

n—1 n—1

axnxnua = _Zaxixiua - _Zaxixiuﬂ = axnxnu‘f} on J0F.

i=1 i=1

Therefore on JF it holds

n n
o Oy, Vg = 2205 Ox, Ug Ox;x, Ua = ZZﬁ Ox;ug Ox;x,ug = B Ox,vg

i=1 i=1

which implies ¢’'(p) = 0.

The main result of this section is the following decay estimate for elastic minimum.

PROPOSITION 2.4 Let u € W12(£2) be a solution of (1.2). For all 7 € (0, 1) there exists g =
eo(t) > 0 such that if B,(x) CC £2 and one of the following conditions hold

y [ENBy(x0)
(® 1B, ] < &o,

sy 1Br(xo)\E|
(i1) B, < €9,
(iii) there exists a half-space H such that W < g9,

then
/ |Du|? dx < Cor"/ |Dul|? dx
B (x0) By (x0)

: B
for some constant Co depending only on ¢ and n.

Proof. Without loss of generality we may assume that T < 1/2. We first treat the cases (i) and (ii).
We fix a ball B,(x9) CC £2 and assume without loss of generality that xo = 0. Choose v to be
the harmonic function in B,/ with the boundary condition v = u on dB,/,. We choose the test

functionp = v —u € Wol’Z(B,/z) in the equations

/ Dv-Dpdx =0
Br/2

and
a/ Du-Dgodx—i—ﬂ/ Du-Dpdx =0. 2.4)
Br/Z\E Br/ZnE

We write the latter equation as

B—a

o

Du-(Dv— Du)dx = —

/ Du - (Dv— Du)dx.
Br/2 Br/ZmE

We substract from this f B,/ Dv - (Dv — Du) dx = 0 and use Holder’s inequality to deduce

PRY)
/ |Dv — Du|*dx < M/ | Du|?dx.
B, /2 o B,»NE
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By the higher integrability stated in Lemma 2.2 we have

1/p
_ 2
/ |Dv—Du|2dx§M|Eﬂ3,|l_l/1’|3,|l/p][ | Dul|??
Brr o4 Br/2

) 2.5)
1-1
$Cl/17(13_a)2 (lEmBrl) 17/ |Du|2dx
o? | By | B,
where C and p > 1 are from Lemma 2.2. Similarly we deduce
—a)? /1B, \ EI\!"VP
/ \Dv— Duldx < cl/rP 2“) (' r\ ') / |Dul? dx. 2.6)
Tr IB |Br| r
On the other hand, since v is harmonic, we have
/ |Dv|2dx$2”t”/ |Dv|2dx$2”t”/ |Du|* dx.
Tr r/2 r/2
Hence, we may estimate
/ |Du|2dx$2/ |Dv—Du|2dx+2/ |Dv|? dx
B, B, By (27)

$2/ |Dv—Du|2dx+2”+1r"/ |Dul|*dx.

I

_1
If &g is such that 8(1) P = " then (2.5), (2.6) and (2.7) yield

/ |Du|2dx§Cr"/ | Du|? dx
Bz, B,

for a constant C depending only on 8/« and n.
We are left with the case (iii). Let H be the half-space from the assumption. We choose v which
minimizes the energy || B> OH (x)|Dv|? dx with the boundary condition v = u on 3B, ,. Hence

,B/ Dv-D(pdx+(x/ Dv-Dpdx =0 (2.8)
By/»NH By/o\H

for every ¢ € Wol’z(B,/z). Lemma 2.3 yields

/ [Dv|?dx < é2'%"/ |Dv|?dx.
Tr a Br/2

Moreover, from the minimality of v it follows

/ |Dv|?dx < é/ | Du|? dx.
B, /2 @ JB,)»
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Hence, we have

2
/ |Du|? dx sz/ |Dv — Du|*dx + 2" ! (é) r"/ |Du|*dx. (2.9)
Tr Brr o4 r

Let us now rewrite the equation (2.4) satisfied by u as

,3/ Du-D(pdx+oc/ Du-Dpdx
Br/ZnH Br/Z\H

~p-a [ Du-Dpdx (o) | Du- Do dx.
Br/2N(H\E) B,/>N(E\H)

Then, subtracting (2.8) from this equation and choosing ¢ = u — v we get at once

2
/ |Du — Dv|*dx < (é—l) / |Dul|? dx
B, a B,/>N(EAH)

and from Lemma 2.2 we deduce

2 1-1/p
EAH)N B,
/ |Du — Dv|>dx < CV/? (é—l) (M) / |Dul?dx.  (2.10)
Ber a | B, | B,

The conclusion then follows as in the previous cases. O

3. Taylor cones

In this section we study critical configurations (E, u), i.e., configurations which satisfy (1.2) and
(1.4). In particular, we are interested in those which are circular cones satisfying (1.4) outside the
vertex. It was shown in [14] and [18] that there exist circular cones in R3

1
Eg =Ix eR3 | x3> —/x2 + x2,
() { | 3 tan@o 1 2}

for 8y € (0, /2), which are critical. Indeed, one may find an associated elastic minimum given in
spherical coordinates by

u(p.0) = Vo f(6).

where p = /x? 4+ xZ + x5 and 0 is the angle formed by the vector x € R* with the positive
X3 semi-axis. Denote by P 1 the Legendre function of the first kind of order 1/2 which solves the
equation

3
P"(t)(1 —t?) —2tP'(t) + ZP(r) =0, te(=1,1).
Then the function f is given by

P% (—cos QO)P% (cosB), 6 €]0,6]

o= %P;(cos 60) Py (=cos ). 6 & [fo. m].
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The transmission condition (1.3) then reads as

,BP% (—cos Bp) P’ (cos 6p) + aP% (cos 6p) P (—cos Bp) = 0.
2 2

It can be proved that there exists a critical threshold A; ~ 17.59 such that this equation has no
solutions if g < A1 and it has two solutions in (0, 7/2) if g > A1

In [19] estimates of the angles corresponding to critical cones are given by a different approach.
Although the known results give sharp estimates for the angles which allow existence of critical
spherical cones, they do not give any rigorous answer whether there exists a range of angles where
no critical spherical cones appear.

We apply the regularity from Section 2 to prove that only cones with certain angles are possible.
This estimate is independent of y, which reflects the fact that the perimeter has only a regularizing
effect. This result rigorously answers to the question connected to Taylor Cones, of why cones of
certain angles do not appear. The result also generalizes to convex cones E whose base is uniformly
convex and C 2-regular. Since the result is purely local, with no loss of generality we set £2 = R”.

We begin by revisiting the decay estimate proved in Proposition 2.4 with an explicit choice of
the constants.

PROPOSITION 3.1 Let u € W,*(R") be a solution of (1.2). There exist 81,0 > 0 and & € (0, 1),

depending only on the dimension n and the ratio g, such that if one of the following conditions

hold
(@) [E N Bi| <81|Bul,
(i) [B1\ E| < 81|Bil,
(iii) there exists a half-space H such that |(EAH) N By| < 61| B1],

then we have

/ |Du|? dx < 19"—”“/ |Dul|*dx.
By B,

Proof. We first deal the case (i). We recall that from (2.5) and (2.7) it follows that if ¢ € (0, %) then
we have )
/ |Dul? dx < 2(c1/1’@3}‘1“’ + 2”1")/ |Dul? dx
B: o B,
where C and p are the constants from Lemma 2.2. Note that this inequality is trivially satisfied if
T € (% 1). Let us denote by y the largest number such that the equation

2y 4+ 2" Tlgn = gnl (3.1

has a solution for some # > 0. We may easily solve ¢

_n-— 1
T oontly”
Then if )
cl/rp (B _za) 8}_1/” <y
o
we get

/ |Du|*dx < 19"—1“’/ |Du|? dx, (3.2)
By B,
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for some o > 0. Similarly in the case (ii) we have (3.2) provided that we choose y and ¢ as in (3.1)
and §; such that

)2
Cl/p(lB 205) 8%—1/p<x

B

In the case (iii) we choose y the largest number such that the equation
2
2X + 2n+l é 9 = ﬁn—l
o
has a solution ¢ > 0. We may again solve ¢
n—1 (a)?

Arguing as before, the estimate (3.2) follows from (2.9) and (2.10) if we choose §; such that

2
cl/» (ﬁ) 517HP <y, (3.4)
o
By comparing the above three cases the claim obviously follows by choosing
2
8§77 < (3) clry (3.5)
B
5\2
where y = 1971 — 2" (5) 9" and ¢ is from (3.3). O

We recall the following result (see the proof of [7, Theorem 3.1])
PROPOSITION 3.2 Let u € W12(£2) be a solution of (1.2). Let xo € £ and r > 0 such that
B, (x¢) CC £2. There exist Ao > 1,¢ > 0 and o > 0, depending only on 7, such that if
— < )L()
o

then for every p < r

n—1+o
/ |Dul? dx < ¢ (3) / |Dul? dx.
Bp(x()) r By (x0)

We remark that we may estimate the number A¢ (see [7, (20)-(21)]) by

_n"+nn— Dl —(m—1)"
Ao = n" —nm— D14+ (n— 1" (3-6)

Proof of Theorem 1.1. Let us recall the Euler—Lagrange equation for the critical set Ey
yHag, + B|Dug|® —a|Dug|* = 1 on 9Eg \ {0}.
This can be rewritten as

YHak, + Bldvugl? — a|dvual® + (B —a)|Dzul> = A on 3Eq \ {0}, (3.7)
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where D u is the tangential gradient of u on dEy \ {0}. From the transmission condition (1.3) we
deduce
,3|8vu,3|2 < a|dyugl?>  on dEg \ {0}. (3.8)

Since Hyg,(x) = (n —2)(tan6 |x|)~! for x € dEy \ {0}, we obtain from the Euler-Lagrange

equation (3.7), from (3.8), and from the transmission condition (1.3) that

Byug(x)] = ——  on 9Eg \ {0}, (3.9)

Tl

for some constant ¢ > 0. In particular, since the set dEg \ {0} is connected, this implies that d,ug
does not change sign on dFy \ {0}, and we may thus assume it to be positive.

Let us fix p > 0 and choose a cut-off function { € C§°(B,) such that { = 1 in B,/» and
|DE| < 4/p. Since ug is harmonic in Eg, we obtain from (3.9) and by integrating by parts that

/ (Dug,D¢)dx = / dupg CdR" = c/ Ix|~YV2 awnt = ¢pn302,
E¢oNB, dEgNB, 0EgNB,/>

On the other hand Holder’s inequality implies

1/2 1
/ (Dug, D¢) dx < (/ |D;|2dx) (/ |Du,3|2dx)
EgﬂBp EgﬂBp Eeme

1/2
< Cp"/z_l(/ |Du,g|2dx) .
EgNB,

/2

Therefore
/ |Dug|*dx = cop™ !
E¢oNB,

for some constant c¢o > 0. Proposition 3.2 implies that g = Ag. Moreover Proposition 3.1 (i) and
(iii) with a standard iteration argument imply that §;|B;| < |Eg N B1| and 61|B1| < |B1 N ({x >
0} \ Eg)|. Hence, the conclusion follows. O

REMARK 3.3 The constant §p can be explicitly estimated in terms of the constant §; from
Proposition 3.1, since the spherical sector has the volume

6 : n—le )
|Eg N By| = wn_l(/ sin” £ dit + u)
0 n

where w,—1 is the volume of the (n — 1)-dimensional unit ball. The formula for §; is given by (3.5).
The constant Aq is estimated in (3.6).

Note that in dimension 2 the Euler-Lagrange equation (1.4) reduces to
ﬁlDu,g|2 —a|Dug|*> =1 on dEg \ {0}

and it is not clear to us if this weaker information is enough to establish Theorem 1.1 also in this
case. However, as we already mentioned earlier, for n = 3, the proof of that theorem can be easily
generalized to more general cones.
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REMARK 3.4 Let K C R""! be an open, uniformly convex and C2-regular set such that 0 € K.
Theorem 1.1 can be generalized to conical sets of the form

E={(x1)eR"|x' €K, 1=0}.

More precisely, if E satisfies (1.4) then g > Ao and §1|B1| < |ENBy|and §;|B1| < |B1 N ({x, >
0} \ E)| where §; is as in Proposition 3.1. The proof is identical to the one given before as soon as
one observes that there exists ¢ > 0 such that for all x € dE \ {0}, Hyg (x) = ‘;—‘

4. Regularity of minimizers

Throughout this section the dimension n and the constants «, 8 and y will remain fixed. Thus we
denote by C a generic constant depending on these quantities and whose value may change from
line to line. On the other hand special constants will be numbered and their dependence on other
quantities will be explicitly mentioned. Before proceeding in the regularity proof we recall the
following result which was proved in [7, Theorem 1].

THEOREM 4.1 Let (E,u) be a minimizer of problem (P.). There exists a constant A such that
(E, u) is also a minimizer of the penalized functional

?A(F,v)=yP(F,.Q)+/ or (x)|Dv*dx + A||F| - |E||
2

among all (F, v) such that v = u on 952.

Motivated by the previous theorem we give the following definition. To this aim we denote for
a set E with finite perimeter in §2 and a function u € W1:2(£2) by

F(E,u;U)=yP(E,U) —|—/ og|Du|* dx
U

the energy of the pair (£, u) in an open set U CC §2. We say that a pair (E, u) is a A-minimizer
of ¥ in £2 if for every B,(x¢) C £2 and every pair (F, v), where F is a set of finite perimeter with
FAE CC By(xp)andv —u € W01’2(B, (x0)), we have

F(E.u; B (x0)) < F(F,v: By(x0)) + A|FAE]|.
Note that any minimizing pair (E,ug) of the constrained problem (P.) is a A-minimizer of §

for some A. Since A will be fixed from now on the dependence of the constants on A will not be
highlighted.

LEMMA 4.2 Let (E, u) be a A-minimizer of § in £2. For every t € (0, 1) there exists 1 = &1(7) >
0 such that if B, (xo) C £ and P(E; B,(xo)) < 17"~ ! then

F(E,u: Ber(x0)) < Cr7" (’}'(E,u; B, (x0)) + r")

for some constant C; independent of 7 and 7.
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Proof. 1f we replace E by £ —1/2

—rxo’ ubyy —r u(xp + ry) and A by Ar we may assume that

r=1,x0 =0and (E,u) is a Ar-minimizer in @. After this rescaling we are left to prove that
for a given 7 € (0, 1) there exists 1 = &1(t) > 0 such thatif P(E, By) < & then

F(E,u;By) < Cit"(F(E,u; By) + Ar).

Without loss of generality we may assume that T < 1/2.
If the perimeter of E in B; is small then, by the relative isoperimetric inequality, either | By N E |
or | By \ E| is small. Assume the latter is true. Then we have

|Bi\ E| < c(n)P(E., By)m=T.
By Fubini’s theorem and choosing as a representative of E the set of points of density one, we have
2t
B, \ E| = / ®"~1(0B, \ E)dp.
T
Therefore we may choose p € (z,2t) such that

1
n—I
C(n)P(E,Bl)"nTI < c(n)eg

T

Set I' = E U B, and observe that by the choice of the representative of E it holds

®"1(0B, \ E) < P(E,B)). 4.1)

P(F;B)) < P(E,By\ B,) + ®¥" ' (3B, \ E).

Choosing (F, u) as a competing pair and using the Ar-minimality of (£, u) we get

yP(E, By) + /

og|Du|*dx < yP(F; By) +/ oF|Du|*dx + Ar|F \ E|
By

B,

<y(P(E. B \Bp)—l—?ﬂ"_l(aBp\E))—i-/ oF|Dul|*dx + Ar|B,).
B

1
Hence, choosing &1 such that ¢(n)e{~" < t"*! and recalling that p € (t,27) we get from (4.1) that

yP(E,Br)—i-/ aElDulzdxsyr"P(E,Bl)—l—ﬂ/ |Du|® dx + Ar|By:|.
T B2r

_n_
n—1I

If we choose &1 such that c(n)e{ ™" < e9(27)|B1|, where & is from Proposition 2.4, we get
/ |Du|2dx§2"Cor"/ | Du|? dx
By, B,
and the result follows. (]

The next result is contained in [15, Theorem 2], where it is proven for local minimizers of 3 .
However, in the case of A-minimizers the same proof applies without changes once one observes
that by comparing (E, u) with (F,u), where F = E \ B,(x¢) and B, (x¢) CC 2, one gets

yP(E, By (x0)) + (B —a)/ |Du|?>dx < yR" "' (3B, N E) + A|B,| < Cr" !,
ENBy(xp)
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THEOREM 4.3 Let (E, u) be a A-minimizer of § in £2. For every open set U CC £2 there exists a
constant C, depending on U and || Dul|12(g), such that for every B, (xo) C U it holds

F(E.u; Br(xo)) < Cor™ ™.

By combining the energy decay Lemma 4.2 with the energy upper bound given by Theorem 4.3
we obtain the following density lower bound by a standard iteration argument. From now on the
topological boundary dE must be understood by considering the correct representative of the set
(see [17, Proposition 12.19]). In particular, for such representative of E it holds 0* E = dF, where
0* E denotes the reduced boundary of E.

PROPOSITION 4.4 Let (E, u) be a A-minimizer of ¥ and U CC £2. There exists a constant ¢ > 0,
depending on U and || Dul|12(g), such that for every By (xo) C U with xo € JE we have

P(E, B,(xo)) > "L

Moreover ¥*~1((0E \ 9*E) N 2) = 0.

Proof. The proof is as in [3, Theorem 7.21] and in fact, even simpler. Fix xo € 9* E. Without loss
of generality we may assume that xo = 0. Fix T € (0, 1) such that 2Clr% <lando € (0,1)
such that 2C1C,0 < &1(1)y and rg such that ro < min{e;(7)y, C2}, where Cy, &1 and C; are the
constants from Lemma 4.2 and Theorem 4.3. Assume by contradiction that for some B, C U with
r < ro wehave P(E, B,) < £1(0)r"~1. Then by induction we deduce that

F(E,u; Bypn,) < 81(’[))/1'%(0’[}17‘)"—1 4.2)
forallh = 0,1,2,.... Indeed, when & = 0, using Lemma 4.2 and Theorem 4.3 and recalling our
choice of o and rp we obtain

F(E,u;Byy) < C10™(F(E,u; B,) +1") <2C1Cao(0r)" ! < e1(v)y(or)* L.

If (4.2) holds for & to deduce that it also holds for 4 + 1 it is enough to apply Lemma 4.2 and to
recall that 2C1‘C% < 1l and that r < r¢g < €1(7)y. In particular, this implies

. P(E,By)
lim ——— =

r—0 pt—1

0.

which is a contradiction since xo € 9*FE. This proves that for every xo € 0*E and r < ryp it
holds P(E, B,(x¢)) = 1(o)r"!. The claim follows from the fact that 3* E = 9E. The fact that
K" L((OE \ 0*E) N £2) = 0 follows from the density lower bound and [3, (2.42)]. O

Let (E, u) be a A-minimizer of . We introduce the excess of E at the point x € dF at the scale
r > 0 in direction v € S

8(x,r,v) = e (y) — v dR"(y)

2pn—1 /BEmB,(x)

and
8(x,r):= min 8(x,r,v)
vesn—1
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and the rescaled Dirichlet integral of u

1
D(x,r) = n_l/ |Du|? dy.
r By (x)

The density lower bound implies the following important properties of A-minimizers of ¥. The
first one is the so called height bound lemma.

LEMMA 4.5 (Height bound) Let (E, u) be a A-minimizer of ¥ in B, (xo). There exist C and ¢ > 0,
depending on || Du||12(p, (xy))> such thatif xo € JE and

8(xg,1v) <e

for some v € S*~! then
[v-(y — xo)|

1
sup ———— < C8&(xp,r,v)2=-D,
y€IENB; /2 (x0) r

Proof. The proof of this result can be obtained arguing exactly as in the case of A-minimizers of
the perimeter [17, Theorem 22.8]. Indeed, it is based only on the relative isoperimetric inequality,
the density lower bound, i.e., Proposition 4.4 and the compactness result below. o

The next result is proved as in the case of the A-minimizers of the perimeter with the obvious
changes due to the presence of the Dirichlet integral.

LEMMA 4.6 (Compactness) Let (Ej,uy) be a sequence of Aj-minimizers of ¥ in £2 such that
Ap — A € [0,00) and supy, I (Ep, up; §2) < oo. Then there exist a subsequence, not relabeled, and
a A-minimizer (E, u) of ¥ such that for every openset U CC £2, Ej, — E in L'(U), P(E},,U) —
P(E,U),u, — uin WH2(U) and moreover

() ifxp, e dEp,NUandx;, - x € U,thenx € 0ENU.

(ii) if x € 0E N U there exists x; € dE; N U such that x;, — x.
If in addition, Duj — 0 weakly in leoc (£2,R") and Ay, — 0, then E is a local minimizer of the

perimeter, i.e., for every F such that FAE CC By(xg) C 2 it holds
P(E, By(x0)) < P(F, By(x0)).

Proof. We start by proving the A-minimality of (E,u). Let us fix B,(xo) CC $2 and assume
that xo = 0. Without loss of generality we may assume that E, — E in LY(B,), u, — u
weakly in W12(B,) and strongly in L?(B,). Let (F,v) be a pair such that FAE CC B, and
supp(u — v) CC B,. By Fubini’s theorem and passing to a subsequence if necessary we may choose
p < rsuchthat FAE CC B, supp(u —v) CC B,

R 1(0*F NdB,) = " 1(0*E, N3B,) =0 and I}im ®" 1 (0B, N EAE,) =0
-0

where it is understood that £ and Ej stand for the set of points of density one of E and Ej,
respectively. Fix a cut-off function { € Cj(B;) such that { = 1 in B, and choose F, = (F N
B,) U (Ep \ By) and v, = {v + (1 — {)uy. Then by the Ap-minimality of (Ep, up), the choice of
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o, the strong convergence of u;, — u in L2 and by convexity, we have

yP(Ey. B) + /

og D dx < yP(FrB) + [ on|Dudx + AIFLAE)
B,

B,

<y[P(F.B,) + P(Ep. B \ By)] +/ oF,¢|Dv|* dx

r

+ [ om0 =D dx + e+ MIELAEN @3)
By
for some g, — 0. Thus by a simple lower semicontinuity argument we have

yP(E, By) + /

ogl|Du|? dx < yP(F, B,) +/ orC|Dv|*dx + A|FAE)|.
By

B,

Letting ¢ | xp, in the previous inequality we conclude that

og|Dul*dx < yP(F, B,) +/ or|Dv*dx + A|FAE)| (4.4)
By

yP(E, Bp) + /

B,

thus proving the A-minimality of (E,u). Similarly, choosing F = E and v = u in (4.3) and
arguing as before we get

lim sup ()/P(Eh,Bp)+/ GEh§|Duh|2dx) < yP(E,Bp)+/ og¢|Du|* dx.
h—o00 B, B,

Letting ¢ | xp, we conclude that
lim P(E,, B,) = P(E,B,)  and lim/ cfEh|Duh|2dx:/ og|Du|*dx.
h—o00 h—o0 /B, B,

A standard argument then implies that P(Ej,, U) — P(E,U), up — u in W2(U) for every open
set U CC §2.

Finally we note that if Du = 0 we can choose v = u in (4.4) thus proving that E is a A-
minimizer of the perimeter. The claim (i) and (ii) follow exactly as in [17, Theorem 21.14]. O

The next consequence of the density lower bound is the Lipschitz approximation. Its proof is
based only on the height bound estimate and can be obtained by following word by word the proof
given in [17, Theorem 23.7]. To that aim we use the notation x = (x’, x,) € R*™1xRfora generic
point in R” and with a slight abuse of notation we still denote by Df the gradient of a function
f R 5 R.If x’ € R"7!, the (n — 1)-dimensional ball with center x’ and radius r will be

denoted by BV (x).

PROPOSITION 4.7 (Lipschitz approximation) Let (E,u) be a A-minimizer of ¥ in B,. There exist
Cs and &3 > 0, depending on || Du||;2(p, ), such that if 0 € JE and

8(0,r,ey) < &3
then there exists a Lipschitz function f : R”~! — R such that

|/ DI
sup

x’ern—1 r

< C38(0.7.0)7 T, [|Df || < 1
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and
1

pn—1

K" YOEATy N Byy) < C38(0, 7, ¢y)

where Iy is the graph of f. Moreover

1

ph—1

/ 1 |Df|? dx' < C38(0,r,ep).
B

r/2

Finally we state the following reverse Poincaré inequality which plays the role of the classical
Caccioppoli inequality in the elliptic regularity theory.

THEOREM 4.8 Let (E,u) be a A-minimizer of ¥ in B,(xo). There exist two constants C4 and
g4 > 0 such thatif xo € dE and 8(xg, r,v) < g4 then

1
EGi0.r/2,) < Ca 7 [ b (= x0) — AR 4 Do) +r)  (@45)

ENB(xp)

for every ¢ € R.

Proof. The proof can be obtained exactly as in the case of A-minimizers of the perimeter (see [17,
Theorem 24.1]) with the following minor changes.
For every z € R"™!, s > 0, we denote by Cy(z) and K(z) the cylinders

Co(2) = Bl @) x (—s.5).  Ky(2) = B\ (2) x (1. 1),

The first step in the proof is to establish a weak form of the inequality (4.5). Indeed one can prove
that if (E, u) is a A-minimizer of ¥ in C4 = C4(0) such that |x,| < 1/8 for all x € dE N C, and

fx € C\E :xp <—1/8}| =[{x € CaNE :x,>1/8}| =0
and if for some z € R”~! and s > 0 one has
Kzs(z) C C, W''(IE N Kas(2)) =0,

then for any |¢| < 1/4

P(E,K(2)) — %" Y(BI )

X0 —c|? 2
< C(n)((P(E, Kay(2) - %71 (BET) /K B0 de)

J2) 82

+ C(n)As" ™' 4+ C(n) | Du|? dx.
K> (2)

The proof of this inequality is exactly as in [17, Lemma 24.9] with the obvious choice of the
comparison configuration equal to (G, u) where G is as in proof of [17, Lemma 24.9].

Let us now prove (4.5). To this aim, by the usual translation and rescaling argument, we may
assume that xo = 0, r = 1,that (E,u) is Ar-minimizer of § and that v = e,. With the above
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inequality in hands, and using the same covering argument as in [17, Theorem 24.1] one obtains
that there exist t € (0,1/2) and C > 0 such that

8(0,1,ep) < C</am3 |xp —c|?dR" + D(0,1) + Ar).
1

This inequality clearly implies (4.5). O

While in our case the proofs for the height bound, the compactness, the reverse Poincaré and the
Lipschitz approximation are exactly as in the case of A-minimizers of the perimeter, the next step
in the regularity proof, i.e., the excess decay, is different. This is due to the interplay between the
excess and the rescaled Dirichlet integral. We follow an argument similar to the one used in proving
the flatness decay for the minimizers of the Mumford-Shah functional, see [3, Theorem 8.15]. To
this aim we first prove the following weaker form of the Euler—Lagrange equation.

PROPOSITION 4.9 Let (E,u) be a A-minimizer of ¥ in B,(x¢). For every vector field X €
Cy (Br(x0); R™) it holds

y/a div,XdR"_l—l—/ GE(|Du|2divX—2(DXDu,Du))dxsA/a |X|d®", (4.6)
E 2 E

where div; denotes the tangential divergence on JE.

Proof. The argument is similar to the one in [3, Theorem 7.35] and therefore we only give the sketch
of the proof. For a given X € CJ (B, (xo); R") we set for every small > 0, ®;(x) = x — tX(x),
E; = &;(E) and u;(y) = u(®; ! (y)). From the A-minimality it follows

y[P(Er. By(x0) — P(E. By (x0))] +/ ., (oz| Dl —og|DuP) dx + A|EAE| > 0.
Br X0

The conclusion then follows from the same standard calculations used to derive the first variation of
the perimeter and the Dirichlet integral (see [3, Theorem 7.35]) and observing that

E.AE
fim 1 £1 |s/ |X -ve|dR" !,
t—0 t OE
see for instance [11, Theorem 3.2]. O

We are ready to prove the excess improvement.

PROPOSITION 4.10 Let (E,u) be a A-minimizer of  in B, (x¢). For every t € (0,1/2) and M
there exists €5 = £5(t, M) € (0, 1) such that if xo € JE and

E(xo,7) <es and D(xg,r)+r < ME(xp,r)

then
8(xp,7r) < Cs(t28(x0, r) + d(xp,27r) + rr)

for some constant Cs depending on ¥ (E, u; By (xy))-
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Proof. Without loss of generality we may assume that t < 1/8. We argue by contradiction. After
performing the same translation and rescaling used in the proof of Lemma 4.2, we may assume
that there exist an infinitesimal sequence gy, a sequence r;, € R and a sequence (Ej, up) of Ary-
minimizers of ¥ in By, with equibounded energies such that, denoting by &, the excess of Ej and
by 9y, the rescaled Dirichlet integral of uy, we have

€,(0,1) := ¢y, Dp0,1) +rp < Mgy, “4.7)
and
81(0,7) > Cs5(t284(0, 1) + D5 (0,27) + 1) (4.8)
Moreover, up to rotating each Ey, if necessary we may also assume, that for all /
1
8},(0, 1)=8h(0,1,€n)= —/ }th(x)—en|2d’rC"_1.
2 dE,NB

Step 1. Recalling Proposition 4.7, we have that for every & sufficiently large there exists a 1-
Lipschitz function f, : R*~! — R such that

1
sup | ful < &;"7", "N (IER ATy, N B1j2) < Caen, /B 1 |Dfy)? dx’ < Caep. (4.9)
R 12

Therefore, setting

where a; = Sfrdx',

VEh Bf/_zl

we may assume, up to a not relabeled subsequence, that the functions gj converge weakly in
H! (B;’_l) and strongly in L?(B”;.!) to a function g.

/2 1/2
We claim that g is harmonic in Bj/,. To prove this it is enough to show that for any ¢ €
Co (B!}
/2

li ! / Dfy-Depdx' =0 (4.10)
im — - Depdx' =0. .
h—o0 /€ B{’le

In order to prove this equality we fix § > 0 so that supp ¢ x [-28,28] C By, choose a cut-off
function ¢ : R — [0, 1] with support in (—28,28) and ¥ = 1 in [-6, ], and apply to Ej, the weak
Euler-Lagrange equation (4.6) with X = (0, ...,0, ¢v). By the height bound (Lemma 4.5) for &
large it holds dE, N By C B;’/_zl X (=6, §). Therefore by denoting vth the vector made up by the
first n — 1 components of vg,, we have

—J// VE, - enDy - v};h dyr 1+ / aEh(|Duh|2(pW’ —2D,upDuy, - D((pl//)) dx
aEhﬂBl/z Bl/2

< Arh/ lpy|dR™ 1.
0EnNBy /2

Thus, using the energy upper bound and recalling the inequality in (4.7), we have

—)// th.enD(p-v}Shd?{"_l < Cg
0EpNBy /2
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for some constant C depending on A, ¢ and v, but independent of 4. Therefore, dividing the above
inequality by /ey, letting i — oo and replacing ¢ by —¢ we conclude that

lim VE, -en Do - v%h dr" ! =0.

«/1 /
h—oo \/&n JOE,NB, >

From this equation we get (4.10) by observing that

—/ th-eano-v};h dR"!
0EyNBy /2

:—/ th-ean0~v}5h d%”_l—/ th~enD<p-v}Ehd?£"_1
Ty, NBy/> BEp\Ly;,)NB1 /2
—|—/ th~enD<p-v}5hdR"_l.
Iz, \OEp)NB1 /2

Indeed, recalling the second inequality in (4.9), we have that

— 1 Dfy-D
0= lim — th-enD(p-v}Ehd?{"_l = lim /i Do dx’

X,
h—o0 /€ Iy, NBi/> h—o00 /€ B{’/_zl /1 + |th|2

from which (4.10) immediately follows using the third inequality in (4.9).

Step 2. Since g is harmonic we have for t € (0, 1/8) that

[ 1) = 80 = Dg(O) -2 dx’ < e sup | Dl

B3 Biy/s

< c(n)r"“/ 1|Dg|2 dx’.

1/2
Since by (4.9) we have that
/ |Dg|2dx§liminf/ |Dgp)? dx < Cs,
n—1 h—oo Jpn—l
1/2 1/2
and by the mean value property (g), = :,CB;,,l gdx’ = g(0) and (Dg), = Dg(0), we may
conclude that
tim [ 1940) = (@02~ (Dgn)ar- '
h—o0 Bgr—l
B / | 18(x") = (8)2c — (D)2 - ¥'[*dx’ < C1"F3,
By
for some constant C depending only on C3 and n. In turn, recalling the definition of gj, this

inequality is equivalent to

1 ~
tim = [ L)~ (s = (Dfize ¥ P di’ < €0,
2t
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From this inequality, recalling that | Dfy,| < 1 and setting

(Jn)2e e — (=(Dfn)2z. 1)

S 10l T+ 10zl

we easily have

. 1
lim sup — [vp - x —cp|?d R
h—oo €h JAE,NIy, NBay

.1 —~
<fim = [ U = (e = (Dfidar P < Co®,
2t

On the other hand, arguing as in Step 1, we immediately get from the height bound and from the
first two inequalities in (4.9) that

lim — [vp - x —cp|?dR"1 = 0.

h—o0 &p /(3Eh\1"_/'h)032r

Hence, we conclude that

h—oo €h

1 ~
limsup—/ lvp - x —cp|>dR" < Co" 3. 4.11)
dE,NBo
Note that
/ Ve, — vh|2 dR 1 < 2/ Ve, — en|2 Ayt 4+ 2le, — vh|2}E"‘1(aEh N Baz)
dE,NBo 0EN B2

§48h+C/ 1|Df;,|2dx’§Ceh
Bi)

by the third inequality from (4.9). In particular, this shows that 8,(0,27,v,) — 0 as h — oo.
Therefore applying Theorem 4.8 and (4.11) we have for 4 large that

€10, 7) < 8,0, 7,v1) < C4(C28,(0,1) + D5 (0, 27) + 27713)

which is a contradiction to (4.8) if we choose C5 > C4 max{é 2%, O
Finally we give the proof of the regularity theorem (Theorem 1.2).

Proof of Theorem 1.2.
Step 1.  We begin by proving that for every T € (0, 1) there exists &6 = g¢(r) > 0 such that if
8(x,r) < g6 then

D(x,tr) < CotH(x,71)

where Cy is from Proposition 2.4. We argue by contradiction. After performing the same translation
and rescaling used in the proof of Lemma 4.2 we may assume that there exist sequences e, r;, > 0
and a sequence Ej of Ary-minimizers of ¥ in By with equibounded energies, such that, denoting
by 8, the excess of £, and by O, the rescaled Dirichlet integral of u g, , we have that 0 € dEy,

€,(0,1)=¢,—>0 and Dp(0,7) > CotHL(0, 1). (4.12)
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By the energy upper bound (Theorem 4.3) and the compactness lemma (Lemma 4.6) we may assume
that £, — E in L'(B;) and 0 € dE. Moreover by the lower semicontinuity of the excess we have
that 8(0, 1) = 0 where 8(0, 1) is the excess of E at 0. Thus it follows that E is a half space, say H,
in By, see [17, Proposition 22.2]. In particular, for & large it holds

[((ERrAH) N By| < go(1)|B1]

where g¢ is from Proposition 2.4 which gives a contradiction with the inequality in (4.12).

Step 2. Let U CC £2 be an open set. We show that for every 7 € (0, 1) there exists ¢ = e(z, U) >
0 such that if xo € dE, B,(x9) C U and 8(x¢,r) + D(x¢,7) + r < & then

8(x0,tr) + D(xg,t7r) + 11 < Ce1(8(x0,7) + D(x0,7) + 7). (4.13)
First of all, if ¢ < e¢(7), then Step 1 implies
D(xg,t7r) < Cot (X0, 7). 4.14)

In order to prove (4.13) we may assume that t < 1/2. Assume first that D (xo, r)+r < t7"8(xo, r).
Then if E(xg, r) < min{es(t, M), g6(27)}, for M = 7", it follows from Proposition 4.10 that

8(xo,tr) < Cs(128(x0,7) + D(x0,27r) + 71)

<
< Cs(128(xg,7) + 2CotD(x0,7) + T7)

where the last inequality follows from (4.14) applied to 27. On the other hand if 8(x¢,7r) <
(D (x0, 1) + r) we immediately obtain

8(x0,7r) < t17"8(x0.7) < T(D(x0.7) + 1).

Therefore (4.14) implies (4.13) by choosing ¢ = min{es(t, M), £¢(27), £6(7)}.

Step 3. Letus fix 0 € (0,1/2). We choose 79 € (0, 1) such that Cerg < 13‘7 where Cg is the
constant in (4.13). Let U CC 2 be an open set. We define

'nU=4{x€dENU : 8(x,r)+(x,r)+r < &(to, U) for some r > 0 such that B, (x) C U}

where &(79) is from Step 2. Note that I" N U is relatively open in dE. We show that I' N U is
C - -hypersurface.

Indeed (4.13) implies via standard iteration argument that if xo € I" N U there exist ro > 0 and
a neighborhood V' of x¢ such that for every x € dE N V it holds

8(x, r(’fro) + 9(x, r(’fro) + r(’fro < tg"k for k =0,1,2,....

In particular

8(x, r(l)‘ro) < ngk.

From this estimate and the density lower bound, arguing exactly as in [8, Theorem 8.2], we obtain
that forevery x € dE NV and 0 < s <t < r¢ it holds

|(vE)s(x) = (VE)e (X)] < ct? (4.15)
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for a constant ¢ depending on 7¢, 7o and n. Here
ven =f  vpaw.
JENB;(x)

The estimate (4.15) first implies that I’ N U is C! (see for instance [8, Theorem 8.4]). By a standard
argument we then deduce again from (4.15) that I' N U is C1-hypersurface. Finally we define
I' := U; (I' N U;) where (U;) is an increasing sequence of open sets such that U; CC §2 and
2 =U;U;.

B

Step 4.  Finally we prove that there exists n > 0, depending only on  and n, such that

R*ITQEN\T) = 0.

Since the argument is fairly standard we only give the sketch of the proof, see, e.g., Section 5
in [2], [4] and [5]. We set

Y={xe€odE\T : lin})$(x,r):0}.
r—

Since by Lemma 2.2 Du € leopc (£2) for some p > 1, depending only on g and n, we have that

dimy ({x € 2 : limsup D(x,r) > 0}) <n-p,
r—>0

where dimy denotes the Hausdorff dimension. The conclusion will follow if we show that X = @
when 7 < 7 and dimy (X') < n — 8 otherwise.

Let us first treat the case n < 7. We argue by contradiction and assume, up to a translation, that
0 € X. Let us take a sequence r, — 0 and set Ej, = % and uy(x) = rh_l/zu(rhx). Then (Ep, up)

is Arj-minimizer of ¥. Since Duj, — 0 in L?(B;) Lemma 4.6 implies that, up to a subsequence,
E}, converges to a minimizer of the perimeter £, and moreover limy,_,, P(Ep,U) = P(Eso, U)
for every open set U C B; and 0 € 0E . Since n < 7, we know that 0F, is a smooth manifold.
In particular, for any ¢ > 0 there exists r > 0 such that (0, Ex,r) < &. However the above
convergence of the perimeter implies that (0, Ej, ry) < € when & is large enough. By the definition
of I" this contradicts the fact that 0 € X.

In the case n = 8 we claim that if s > n — 8 then it holds ¥*(X') = 0. The proof of this can be
achieved arguing exactly as in the proof of [2, Theorem 5.6]. O

5. Appendix

We conclude by going through the proof of Lemma 2.2 and estimate all the relevant constants in the
statement.

Proof of Lemma 2.2. We first prove the inequality of the lemma in the cube Q = Q7. Denote
d(x) = dist(x, 0Q) and define

_ 3 k1 3k
ek_{er|Zz <d(x) < 32 }
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Each € can be divided into cubes of side %2_1‘_1. We call this collection G;. By Lemma 2.1 we
have for F(x) = d(x)"|Du(x)|? that

]éFdxsco(]é F'"dx)%,

where P is the concentric cube to P C Cj or P C Q1/a, for a constant Cy = 4" C, where C is the
constant from Lemma 2.1.

Denote next @; = {x € Q | F(x) > t}, where t > a := :,CQ | Du|? dx. Applying Calderén-
Zygmund decomposition we obtain (in the proof [9, Lemma 6.2] choose A = 21/ Cy)

/FdeCltl_m/ F™dx
¢t ¢t

for
p

Cy=2-5"2"A =2-2/m10"Cy < 8-40"C = C2, 2! . 80" =.
’ o

The result of [9, Proposition 6.1] now follows with the constants A = C; and r = p > 1 such that

—m
ap-n=2-2
2
that is
_ 2C1—m
P=%c -1

This leads to the inequality

/dexSZap_l/ Fdx
o o

fora = JCQ | Du|? dx. Recalling the definition of F we finally obtain

][Q |Dul?? dx < 2”+P”+1(][Q |Du|2dx)p. .1)
1/2

Let By CC £2. Observe that for any integer 4 > 1, O/, can be covered by A" cubes of side length
1/ h.Hence, B;/, can be covered by Ny, cubes Q1/24(x;) having non-empty intersection with B/,
and N < h". Using the rescaled analogue of the inequality (5.1) we get

L
|Dul?? dx < ][ | Du|*? dx
]é?l/z wn " Z Q1/2n(x;)

i=1

Ny

wnh" Z <][Q1/h(xi) |Du|2 dx)p

i=1
Np

< gntpntl 2" Z(h"wn][ |Du|2dx)p
a)nh" — 2n B,
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provided & > 4./n, in which case Q1/5(x;) C Bj for every i = 1,..., N;. We may choose
h < 5./n and thus we get

][ |Du|2p dx < 22n+15npnnp/2w’€1—1 (][
B2

14
|Du|2dx) .
B,

O
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