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In this paper we deal with a class of degenerate/singular quasilinear parabolic systems. We study
a Cauchy problem in RN with an initial datum in L. Sharp L° estimates are proved. In the
degenerate case, assuming that the initial datum has compact support, we prove the optimal speed of
propagation of the support.
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1. Introduction

In this paper we consider the following Cauchy problem, where j = 1, ..,/

au,- _
o

N

d m—1 p—2 d : _ m™N
;a_x,.(lU' VUPZ5u;). in Sp = RY x (0.7),
uj(x,0) = uo;(x),

ey

where here and hereafter bold letters are standing for vectors of length /:

I
U=, 121 V0= (Yval)

i=1

Such kind of systems are named doubly nonlinear. The doubly nonlinear equations were introduced
by Lions ([19]) and Kalashnikov ([15]) several decades ago. These equations, from one side, are
used to model several physical phenomena, on the other side, they are a natural bridge between two
of the main important quasilinear equations, i.e., porous medium and p-Laplacean (for references
on these protype equations, see for instance [23]. For these reasons many Authors studied these
equations. Among them, we quote Tsustumi ([22]), Ivanov ([13, 14]), Porzio and Vespri ([20]),
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Ishige ([12]) and Fornaro and Sosio ([11]). In these papers the existence, the Holder regularity
and intrinsic Harnack properties of these solutions are proved. For further results concerning the
qualitative properties of solutions of degenerate parabolic equation we refer the reader to the survey
([15]) and to the exhaustive monographs ([8]) and ([23]).

Only recently it was discovered the importance of doubly nonlinear systems in modelling some
physical phenomena (see, for instance, [25-28] and [29]). In [5], [6] and [16] the Authors use
doubly nonlinear systems to describe the evolution of a fluid in non-Newtonian filtration of the
water flow through the porous media, to describe non-equilibrium thermodynamics and to model
semiconductors. In [28] (see also [26] and [27]) it was shown that the system of porous medium

equations (i.e., p = 2 in (1)) comes from Bean’s critical-state model in the superconductivity
theory.
For systems (1) with m = 1 and with more general structure let us quote [9] for the C1*

regularity of the solutions.

To our knowledge, regularity estimates for solutions of the Cauchy problem (1) (and even for
systems with more general structure) are proved only in [17]. In this paper the Authors prove sharp
L1 — L estimates for solutions of (1), provided u;(x,t) = 0,i = 1,...,[. Since there is no
maximum principle for (1), it is not clear whether the nonnegativity assumption in latter case can
be satisfied.

In this paper we drop this not-so-easily verifiable assumption and we begin a systematic study
of regularity properties of the weak solutions of (1). More precisely, we focus our attention on the
behaviour of the support of the solution in the degenerate case, i.e., when

p>1,
2
p+m>3.

We prove that the finite speed of propagation of the support occurs exactly as in the case of
the corresponding degenerate equations. More precisely, by adapting techniques introduced by
Andreucci and Tedeev (see [2], [3] and [4]), we are able to give an optimal estimate of the
speed of propagation of the support, due to sharp L°° estimates. We recall that in ([6], p.179-
180) Antontsev, Diaz and Shmarev proved the optimal rate of expansion of supports for solutions
of systems of degenerate parabolic equations with double nonlinearity, even though the class of
systems considered is not the same as here. The methods employed there are different from the ones
of this paper, even if both methods start from the energy estimates satisfied by the solutions.

If we limit ourselves to L°° estimates, we are able to prove them under more general conditions
onm and p, i.e when

p>1,

(3)
N(p+m—3)+p>0.
We recall that in literature the case m + p < 3 is called singular. Whenm + p < 3 and N(p +m —
3)+ p > 0 we are in the supercritical range, whereas the case m+p > 2and N(p+m—3)+p <0
is called subcritical (see, for instance, [24] and [10] for such a classification in the case of equations).
The case m 4+ p = 3 was first considered by Trudinger ([21]) and for this reason, such equations
are often called Trudinger’s equations.
Before stating our main results, let us first define the notion of weak solution of (1).
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A function U : S — R! is a weak solution of the Cauchy problem (1)—(3) if
UeC(0.T: L2®RY)) nwh1(0, T;: L' (RY)),
U710 € LP(0.T: WP (RN)),

/Ur//dx
K
lim;—¢ /U(x,t)V(x)dx = /Uo(x)V(x)dx

RN RN

5] 15
+/ /(—Uw/ft+|U|m_1|VU|P_2VU-V1/f)dxdt:0, “
31 1 K

for every compact set K C R¥, for every sub-interval [t;, ;] C (0, T] and for every test functions
¥ € W2(0,T; L2(K)) N L7 (0. T; W, P (K)).
V(x) = (vl(x), R I} (x)) € CO1 (RN).

The integrability hypothesis on U ensures that the integrals in (4) are well defined.
Note that in the definition of weak solution we avoid using the time derivative of U, since U,
might not exist as a function. Nevertheless, later on we shall use

%]
/ / [Uiy + [U™ Y| VUIP2VU - Vi | dxdt =0 5)
1 RN

instead of (4), as weak form of the equation. Thereby, the use of the time derivative has to be
understood in a formal way. These computations can be made rigorous by the use of a mollification
procedure with respect to time as Steklov averages, for instance.

THEOREM 1 Let U be a weak solution of (1) in Seo. Assume that (3) holds and Uy € L'(RY).
Moreover, assume that this solution can be approximated by regular problems.Then for any # > 0

_N L
OO lloe < C(N,L,m)t~ % [[Uo{ . (6)
where A = N(p + m — 3) + p is the so-called Barenblatt exponent.

Note that this result is sharp even in the case of equations. Some explicit counterexamples are
known in the literature (see, for instance, Chapter 5, Section 4 (iii) of [8] and [23]), where it is
shown that estimate (6) fails, whenever A < 0.

As already written, the main result regards optimal estimates about the speed of propagation of
the support of the solution:

THEOREM 2 Let U be a weak solution of (1) in S, and supp Uy C Bg,(0) = {|x| < Ro}. Assume
that (2) holds and Uy € L'(RY). Moreover, assume that this solution can be approximated by
regular problems. Then for any ¢ > 0

Z(t) =inf{r > 0: [U(t)| = 0, x € RV\ B,(0)}
)

p+m—3
A

< 4Ry + C(N,1,m)t% | Up|,
Note that this result is sharp also in the case of simple equations. In fact the support of the
Barenblatt solutions exhibits exactly this behaviour (see, for instance, Chapter 5, Section 4 of [8]
and [23]).
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1.1  Remark on the existence of a solution

In Theorems 1 and 2, we assume the existence of the weak solution of (1) with initial datum in
L'(RV). We recall that the existence of a weak solution with initial datum in L2(RV) can be
proved arguing as in [1] (see also [7]). By using the a priori L! estimates proved in this paper and
by energy and entropy estimates, it is possible to prove the existence of a solution with an initial
datum in L. As the proof is not straightforward and quite long, we will give a detailed argument in
a forthcoming paper.

By using the results of this paper, it is possible to weaken the approximation hypotheses. This
issue will be considered in the above-mentioned forthcoming paper as well.

1.2 Further generalizations
Our results can be extended to parabolic systems with measurable coefficients of the form:

auj

dt

N 9 9
= }jE;—(%Mu»nuw—wvuvﬂg—ﬂu), =l ®)
Pt Xk X

where ag,, (x,t) are measurable functions satisfying the conditions

ATVE? Sapy(x 1)k, < AE2, A= 1. 9)

2. Preliminary lemmata
The proof of Theorem [ is based on some preliminary lemmata.
LEMMA 1 Let U € WH2(RY) than for any & > 0
L d ( Uj
J
> Y () 20 10
j=1 k=1 0k (2 +1U2)
Proof. Let us develop the calculations:
KN uj g (82 + UP) = 5wt v
axk (82 + |U|2)1/2 (82 + |U|2)3/2

Therefore, we have that

I N 9 '
>t o | ——
£ J Xk axk (82 + |U|2)1/2

j=1 k=1
e M, (4 UP) - (D))’
(2 + [UP)*?

Now

N
u_?Xk (e +UP) > Z
1 k=1 j

2 2
Ujx Y

I
= 1

) ;

k=1 j
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and estimate (10) comes from the fact that by Cauchy—Schwartz inequality

I !
2
2 2
ZujxklUl = (Zu.kau.f) .
j=1 j=1

O
The next Lemma says that the L! norm of the solution is bounded.
LEMMA 2 Let U(x, t) be a solution of equation (1), then for a.e. t > 0
/ [U(x,t)|dx < / |[Uo(x)|dx. 11
N N
Proof. Consider the family of solutions
au(’l)
= div (lU(”) =1 vy | p- Zw(")) in B, (0) x (0,00),
(12)

ul(") =0 on 9B,(0) x (0, 0),
u{” (x.0) = u§? (v,

i=1,...,] with UE)") = (uf,"l) (x),..., u(()';)(x)) smooth enough and such that ||UE)") —Up ||L1(RN)

— 0asn — oo. Then, by assuming that the solution of (1) is the weak limit of U, it is enough to
prove that forany n = 1 and e7° witho = N

1/2 1/2
/ (2 + U 0P) dx < / (2 + 0P 0?) " dx (13)
B, (0) B, (0)
for any ¢ > 0. Multiply both sides of (12) by
u”
(2 + [UM )2
integrate by parts over B, (0) and add up with respect the index i, to get

d
dt Jg,(0)

(82 4 |U(n) |2)1/2

/;Bn (0)

By (10) we get

dx

l N
Z U(n)|m_l|VU(n)|p_2Vu§-Q<)V( () (8 +|U(’l)|) l/z)dx, (14)
Jj=1 k=1

d
dt Jg,(0)

1/2

(82 + [U™?) Pdx < 0.
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REMARK 1 Let us sketch the proof of Lemma 2 in the general case. We claim that

d d uj
H)—uj—(——————)=0.
) g (™)

Indeed, the left hand side of this inequality is equal to
gy (x, t)%uj %Uj (e +U?) — ujuag"TZ)

(2 + [U])*?

Next, using the Cauchy inequality for the positive defined quadratic forms

AppSenu < (akué'ké'u)l/z (akunknu)l/z

and choosing
é’ _ u; ui _ Uy y
k | jxgs N U] axy

we get the result.
Define C(hl, I’lz) = hl/(l’ll — hz)

LEMMA 3 Assume that the assumptions of Theorem 1 hold. Define D; = RN x @.1),j =12,
0 <t, <t <t.Then,forall h; > hy > 0 we have for any s > 0 so large thats —24+m —p >0

1<t<t

s+m—2—
sup /(|U|2_h1)$+“/2dx+// (0P = he) =T |9 (UP = hy) , Pdxd e
RN D,

< yChy, hy)? V(1 — 1)~ // (U = h2) " dxde. (15)
D>

Proof. For the sake of simplicity, assume that U is the strong solution of (1), so that it is possible to
work pointwise. Assume for the moment s = 1.

Let ¢ = ¢(7) be a smooth cutoff function in (0, ¢), such that { = 1 fort; <t <t¢, ¢ = 0 out of
0<t<t, |6 <cltr—1)™"

Multiply both sides of (1) by u; (JU]> — h2)
with the respect the index i to get

s—1
2

¥ tP(r), i = 1,..,1, integrate by parts and sum

s+1
1 2

s+ 1 /ép(lUlz_hZL dx
RN

l —
£ 3 [ e (U= 902 ¥ s (U~ 2) e
D>

i=1

s+1

S //;P—lgt(mﬁ—hz); dxdr. (16)
D>

s+ 1
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We have

(10" [VUIP~2Vu;) V(o (JUP = 1) .7 )

I
=1

1

s—1
2

= [U" VU7 (U] = ha)

+ LU VO (V0P (0P~ ) T

s=1
= (U™ VUPP (U - ha) 2.

Notice that when |U|? > h; we have

hi—h
[UI? = U2 = hy + hpm—2>
hi—ho (17)
U2-h
< (UP = ko) + 1 212 ey ) (U2 = o)
hi—hy
Moreover,
V(U] = hp)|? = |V([UD|P27|UJ. (18)
Noting that

s—1
2

s=1
U VU (U = ha) 7 = U VU (U = ha) 7
by (18) we have

s—1

U VU (U = ha) > = 277 (JUP? = ho)

s—1
2

Z UV — by

Therefore, if m — 1 — p < 0 by (17),

s=1
U™ VUIP (JUP = ha) [

m—1—p

=27PC(h1.hy)™ 2 (|U|2_h1)s )

—2+m—p
2 IV(UP —hP. (19)

If m — 1 — p = 0 we have that [U/™" 17 > |(U — h1)+|™ =2 and again we can prove (19).
Combining (16), (19), and by the definition of the cut-off £, we get (15).
If -1 < s < 1, for each neN consider the test function

s—1
2

Y = ui[ (JU? —h2), 2 An]eP (o).
Letting n — oo one can get (15). O
REMARK 2 Note that the proof of Lemma 3 works also in the more general case of equation (8).

In the sequel we need an interpolation inequality and the celebrated Gagliardo—Nirenberg
inequality (for both these results, see, for instance, Chapter 0 of [10]).



150 A. F. TEEDEV AND V. VESPRI

LEMMA 4 Let {Y,};2, be a sequence of equi-bounded positive numbers satisfying the recursive
inequalities
nyl—o
Y, <Cb"Y, ]

where C,b > 1 and @ € (0, 1) are given constants. Then
1—a L
Yo < (2Ch @ )~.

LEMMA 5 (see also [18], Chapter 2, Section 5) Let {Y,,}52 ; be a sequence of equi-bounded positive
numbers satisfying the recursive inequalities

Y, < Cb"Y,) [

where C,b > 1 and o > 0) are given constants. Then, if

then Y,, — 0 whenn — +o0.

LEMMA 6 Letu € WLP(RY) with p > 1. Let0 < u < g < A‘;’—ivpifp <NadO < u <gq
otherwise
lully < ClIDu ™ (20)

where C is a constant depending only by N, p, ¢, u and

a—(l 1)(1 1+1)—1
woq/\N p u
Note that in general the Gagliardo—Nirenberg inequality is stated with the assumption that 1 <

1 < gq. However, the proof works also in the weaker assumption 0 < < g, even if, in general, the
space L*(RY) and L4 (RY) are no longer Banach spaces.

3. Proof of Theorem 1

The idea is to prove that there exists a p > 1 such that (|U|2 — a)J%r € L?(RY), where a is a suitable
positive constant. Then, by applying De Giorgi iterative scheme, starting from this estimate, we are
able to prove that |U| is bounded.

Consider two positive times 0 < 7, < 77 and two positive constants 0 < a, < a;. Let ¥, =
o+ (t1 — )2 ky =az + (a1 —az)27,n = 0. Apply Lemma 3 with #; = Uy, t2 = Opgas
hy =ky, ho = ky4+1.Choose s > O such thats +m — p —2 > 0.

Notice that

s+m+p—2

V(P =~ kzni1), 77

p

s+m—2—p

- (W)pomz _k2n+1)+

VQUF—km+Q+V.
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Then, we have

5 s+1 5 stmtp—2
sup /(|U| —k2n+1)+2 dx + // IV (U] —k2n+1)+ 27 |Pdxdt
oy <t<t
RN San+1

s+1

<c2"(1 — ‘L'Z)_1 // (|U|2 —k2n+2)+2 dxdz, (21)

Son+2

where S, = RY x (8,.1). Let z, be a smooth cut-off function such that 0 < z, < 1,z, = l in
San, zn = 0 outside of Sp,41,0 < zpr < 22"T1(7; — 15) 7. We have

2 s+m+p—2 P 2 s+m+p—2 P
// |V(|U| —kzn)+ 2p zn| dxdt < // }V(|U| —k2n+1)+ 2p | dxdr.
Sop41 Son41
Thus, defining
5 s+m2+p—2
Up = (|U| _k2n)+ ? Zn
1
from (21) with g = & we get
s+m+p—2
sup /vﬂdx—i— // |V, |Pdxdt < c2?" (1) — 1)} // vl dxdt. (22)
Yoy <t<t
2=t Son41 San+2

Note that if m + p > 3 we have ¢ < p and therefore we are in the degenerate case. Moreover if
the Barenblatt exponent A = N(m + p — 3) + p is positive, we can use the Gagliardo—Nirenberg
inequality (see Lemma 6). Therefore,

q » aq/p “ (1—a)q/1
v,y dx < c( [VVu11] dx) ( vn+ldx> , (23)
RN RN RN
where y = #
s+m—2+p
Define )
4= p U794 (24)
p M

Notethat A < 1if A =Nm+p—-3)+p>0.
Integrating in time and applying Young’s inequalities to (23), we obtain

4 t B 1-4
// v,‘fdedrS(/ |an+1|1’dxdr) ( / (/vffde)l_Adr) .

S2n42 S2n42 Yopto RNV
Therefore, we get

A B
// v!, dxdr< c(l—l?2n+2)1_‘4(/ |an+1|1’dxdt) sup (/vffH(t)dx)
N

192n+2<'c<t
Son42 San+2

(25)
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Note that by Lemma 2

sup /v,’fH(r)de / |Uo|dx

192n+2<r<ZRN BN
so the quantity on the right in (25) is finite.
Combining (22) and (25), we get

Jn = sup /vgdx—l—/ Vv, |Pdxdt
Doy <t<t
N San+1

B
<bi (i —w) Nt - l92n+2)1_A( sup / UZLH(T)dX)

s <t<t
2n+2 BN

where b, a constant greater than 1.
Thus, by the iterative Lemma 4 we get

T <t<t T<t<t

RN RN

1
and this implies the higher integrability of (|U|2 — az) 3

To prove the boundedness of |U| we have to apply a DeGiorgi iterative scheme.
Let tj = 1/2(1 — 2_1), kj =k(1—- 2_1_1), and kj = (kl + k_,+1)/2.

Then, in (27) plug 71 = tj+1, 72 = tj, a2 = kj,a; = k; , to get

s+1

sup /<|U|2_Ej) z dxgcb;t—ﬁ< sup /(|U|2—kj)

tjp1<t<t + tj<t<t

RN

1/2

Note that,as s > 0andA = N(m+ p—3)+ p >0, wehave B+ 4 > 1.

Denote

2 1/2
Mj+1= sup /(|U| _kj-i-l) dx.

tjp<t<t +

Since

s+1
/(IU|2—1<_1')+2 dx;(ij—kj)S/(|U|2—k_,+1)

RN RN

from (28) one gets
S 4 14 A+B—1
My < cbhfi™=ak™ M, A

: Ns _ _A ps _ A+B-1
Noting that 5> = £7 and 5~ = 552, we have that

S

i _Ns, oo 1452
Mj+1$Cbél‘ lkij A

1/2
+

dx)

sup / (|U|2 - az)? dx <c(t1 — rz)_ﬁ(t — rz)( sup / (|U|2 — al)i dx) o

dx,

JA

n

1+ BHACL

(26)

27)

(28)
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It follows from Lemma 5 that M; — O as j — oo if

>z

~P

k=Ct™x* Mg (29)

where ﬁo(t) = sup / |U(¢, x)|dx.
t/4<t<t "
Therefore, by Lemma 2, (29) holds true if
k=cr ([ aeldnf,
RN

which implies (6) O

REMARK 3 Note that the proof of Theorem | works exactly in the more general case of equation

(8).

4. Proof of Theorem 2
At the beginning, the proof is similar to the one of Lemma 3. Consider the sequence r, = 2r(1 —
21 =0, L. r > 2oy = T o RN\B, (0), 52, = RN\ By, (0).

Let 0, (x) be a sequence of cutoff functions satisfying:
Mn(x) =0 for x € By, (0), nu(x) =1 for x € 2,, |Vna| <c2"r7 .

Let 6 a positive constant that will be fixed later. Then, multiplying both sides of (1) by nf [U|®~1u;,
i =1,...,] and assume 6 > 1. By integrating over S;, we obtain

L / P20+ dx

N

R
+ // nZ U™ VU P2V, v (IUIe_luj) dxdt 30)

St
=—p // nfl’_l|U|m_1|VU|”_2Vu_,Vnn|U|9_1ujdxdr.
St

Noting that
[VUIP2Vu; V(U1 ) = [UIPHVUPP2(IVOP + (6 = DIVIUP)
> 0|01 vU|P.
and that, by the Cauchy inequality,
M O VU2V Vi UL
< 55RO VU|P 4 y| Vi, |PUPEm o2
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estimate (30) yields

t
sup /|U|9+1dx+//n5|U|m+9_2|VU|1’dxdr

o<t<t

2n 02,
‘ (31
2rn
<c //|U|P+m+9_2dxdt.
rP

0 2,\2,

If0 < @ < 1 for each m € N, consider n (|U|?~! A m)u;, repeat the previous argument and pass
to the limit when m — oo to get again (31).

Let ¢,(x) be such that {, = O for x € £, and {, = 1 for x € £2,41. Let v, =
[U|(P+m+0-2)/Ps Then, from (31), we get

¢ t
22n
sup /dex+//|an|pdxdr§ c—//v,fdxdr (32)
o<t<t re
RN 0 RN 0 RN
1+6
with g = %.Notetbatif}n 4+ p > 3thengq < p.

Using the Gagliardo—Nirenberg inequality, we get

/v,’l’_ldx $c</ |an_1|pdx)a(/ vZ_ldx)p(l_a)/q

RN RN RN

with
N(p+m—3)

o= .
Np+m-=3)+p(1+0)
By integrating the previous inequality in time, we obtain

(33)

t t
(1—-a)/
//vﬁ_ldxdrSctl_“(//|an_1|”dxdr)ax ( sup /vz_l(r,x)dx)p ¢ q. (34)
o<t<t
0 RN 0 RN RN

Therefore, combining (32) and (34), we get

t
b" —a)(2—
In = sup /vgdx+//|vvn_1|pdxd7:$ )/—tl_"‘]nljl(l *)(g 1)‘
O<t<t rP
RN 0 RN
Then, by iterative Lemma 5, we conclude that I, — 0 as n — oo provided

- _a)(2—
ol T < 35)

where ¢ = ¢(m, N, 0) is small enough. Notice that by (32) we have

t t
c _ Cc _
Iy < r—p/ / [UPTmH02g4xdt < r—p/(u |U(z)|||Bm o3 / |U(z, x)|dx)d.
0

0 RN RN
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By (11)

t
c —
o< 511Gl [ 1UGIIZ™ dx. 36)
0

Choose 6 so small that
N(p+m+6-3)

0<1-—
A

By (6) and (36)
t

14 2ptm+6=3) _ N(p+m+6-3)
o< Dl [t
r

0 (37)

N 6-3
1- Mptm+6-3) p(p+m+6—3)
1+

14 A
=% I [Uolll;

Plugging now (37) in (35) and recalling (33), we deduce that |U| = 0 outside of |x| < 4Ry +
3

ptm—

=1 1
c |l [Uolll; tx. U

REMARK 4 Note that the proof of Theorem 2 works exactly in the more general case of equation (8).
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