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Nondegeneracy in the obstacle problem with a degenerate force term
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In this paper we prove the optimal nondegeneracy of the solution u of the obstacle problem Au =

S X{u>0y in a bounded domain D C R”, where we only require f to have a nondegeneracy of the
type f(x) = Al(x1,--+,xp)|* for some A > 0,1 < p < n (an integer) and & > 0. We prove
optimal (2 + «)-th order nondegeneracy. We also prove the optimal growth with the assumption

[ f(x)] < Al(x1,--+, xp)|® for some A = 0 and the porosity of the free boundary.
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1. Introduction

Letn > 1 be an integer and D C R” a bounded domain. Let ' € L*>°(D), g € H'(D) such that
g =0o0ndD.Letu € H'(D) be the unique minimiser (cf. [3]) of the functional

/ (|Vu|2 + 2fu)dx
D
in the admissible set of functions

{u=0ae.inDandu = gondD}.

It is known (cf. [5, p. 17]) that we have u € leocq (D) forall 1 < g < oo and thus by the Sobolev
embeddings we have u € Cllo’f (D) forall 0 < B < 1. Also we have

Au = fyusoyin D (1.1)

in the sense of distributions.
Let us denote by §2 the noncoincidence set and by I” the free boundary, i.e.

.Q:{xeD|u(x)>O} and I' =DnNos2.

To study the structure and regularity of the free boundary I it is crucial to have an optimal
nondegeneracy result of the solution. For example, using this nondegeneracy estimate one can rule
out degenerate blow up limits with the correct scaling at the free boundary.

In [1, 5], the authors have studied the case when the force term is bounded away from zero by
a positive constant, i.e. f = A for some constant A > 0. In this case one obtains optimal quadratic
nondegeneracy of the solution.
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In this paper our aim is to drop the assumption that f should be bounded away from zero by a
positive constant. By requiring f to grow away from its zeros as a power function, we still obtain
the appropriate optimal nondegeneracy estimate.

Let p be an integer such that 1 < p < n and @ > 0 a positive real number. For x € R” let us
denote x = (x/, x”) where x’ = (x1,---,xp) and x”" = (Xp41,°** , Xn).

Our main result is the following theorem.

THEOREM 1.1 (Optimal Nondegeneracy) There exists a C > 0 (depending only on n, p and «)
such that if

f(x) = Alx'|* forx € D (1.2)
holds then for x° € £2 and B, (x°) CC D we have
sup  u = u(x) + CAr2r® + |(x%)]9). (1.3)
2038, (x0)

The proof is based on the construction of appropriate comparison functions. Homogeneous
harmonic polynomials which are positive on {x; = 0}\{0} play an important role in the construction
of these comparison functions.

In [4] the author has obtained a nondegeneracy result for the obstacle problem with a rather
general force term f. The nondegeneracy result is stated in a ball Bg(0). The force term f is not
necessarily bounded away from zero but the assumption is that /(0) = 1 and a quantity measuring
the distance of f to the constant 1 in Bg(0) appears in the final statement.

Although the main result of this paper is the nondegeneracy result stated above, we also prove
the optimal growth of the solution in Theorem 4.1 and the local porosity of the free boundary in
Theorem 5.4.

This paper is structured as follows. In Section 2, we state some estimates, which will be used
later. In Section 3 we prove the nondegeneracy estimate. In Section 4 we prove the growth estimate.
In Section 5 we prove the local porosity of the free boundary I".

2. Preliminary analysis

Let us define

— 1 o+2 V4
v(y) = —(a+2)(a+p)ly| for y € R”.

Because o > 0 we have ¢ € C2(R?). It is easy to see that Ay = |y|%. Functions v which satisfy
|Av| < Cly|® in BY(0) have also been studied in [2].
There exists C > 0 (depending on « and p) such that

n

D2y (y)| = ( Y (B w(y))z) = C|y|* fory € R?, 2.1

i,j=1
and there exists C > 0 (depending on « and p) such that
Clyl*[¢* < T D>y (y) for y. ¢ € RP. (2.2)

For y° € R?, let us denote by wyo the difference between ¢ and its affine tangent, i.e.

wyo(y) =¥ () —v(°) = Vy(°) - (y —y°) fory e R?. (2.3)
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We have w0 € C 2(R”) and from the convexity of v it follows that wyo is convex and nonnegative.
Obviously we have w,0(y°) = 0 and Vw,o(y°) = 0.

We will use the function w0 to construct appropriate comparison functions in Theorems 1.1
and 4.1.

In the following lemma we prove estimates of w0 both from above and below.

LEMMA 2.1 There exist 0 < C; < C, such that for y, y° € R? we have
Cily =Y PU°1* + 1y =% S wpo () < Coly =y P + 1y —»°1%). @4
Proof. We prove the first inequality in (2.4). The second inequality follows from (2.1) after some

computations.
To obtain the first inequality in (2.4), we compute, using (2.2)

wyo(y) = /01(1 —5)(y — ¥ D2wyo(y° + s(y — ) (y — »°)ds
> Cly—yolzfol(l = 9)|y° +s(y = y0)[*ds. 2.5)
Now if we show that for some C3 > 0
/01(1 =)’ + s = y0)|%ds = C3(1y°|* + |y = »°|*) for y.y* € R? (2.6)
then by (2.5) the proof will be complete.
In the case y° = 0, for small enough C3 > 0 the inequality (2.6) holds, so we consider the

0
case when y® # 0. Let Oy0 be an orthonormal transformation such that Oyoe; = ‘i—o‘ Then by the

change of variable y = y° + || 0,0z it is easy to see that (2.6) is equivalent to the inequality

1
/ (1—=1s)|er +s5z|%ds = C3(1 + |z|%) for z € R?. 2.7
0
From the inequality z; = —|z| it follows that
ler + sz| = \el —s|z|el| = |1 —s|z||.
So denoting r = |z| the inequality (2.7) follows from the inequality
1
/ (1=9)1=sr|%ds = Cz3(1 +r%) forr =0
0
and one may prove this by direct integration. O

3. Optimal nondegeneracy

In this section we first define for k € N U {0} the polynomials p,; and prove some properties
of these polynomials that we will use later on. For x € R” by adding appropriate scaled and
translated polynomials pok to w0y we improve the lower bound in (2.4). In Theorem 1.1, using
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these improved lower bounds we prove the optimal nondegeneracy estimate. The optimality of our
estimate is evident by the optimal growth estimate proved in Theorem 4.1.
Let us define for k € N U {0}

k
2j 2k—2j
Pk (x) =Y _apxy x|
j=0

where ag = 1 and for 1 < j < k, a; are given by the recursive equation
0=j@2j—Daj+k—-j+1DQ2j+2k+n—4)a;_. (3.1

In the following lemma we prove some properties of the polynomials p,; which we will use later.

LEMMA 3.1 pyi is a 2k-th order homogeneous harmonic polynomial such that for all 8 > 0 there
exists C > 0 (depending only on B, k and n) such that

inf (]x1]% + Cpar(x)) > 0. (3.2)
xeaBl

Proof. Ttis clear that p,j is a 2k-th order homogeneous polynomial. To prove that p,; is harmonic
one computes its Laplacian and uses the fact that the coefficients satisfy the equations (3.1).

To prove (3.2) we write
% + qak—a(x)x3 (3.3)

where in the case k = O we set ¢_», = 0 and for k > 1

P2k (x) = |x

k

2j—2 —27

Gok—2(x) = Y _ajxy! 2|x[PF2
Jj=1

Let
A= sup |ga—2(x)|
xeaBl
then from (3.3) we have
Par(x) = 1 — Ax? for x € 3B;. (3.4)

Let 8 > 0 then to show (3.2), by (3.4) it is enough to show that there exists a C > 0 such that

inf (P +C(1 - 4r?) > 0. (3.5)
t€(0,1]

To prove (3.5) let 0 < § < 1 to be chosen later, now we estimate
1P+ C(1 =A%) = froer<sy(C( = 487) + i<y (87 + C(1 = 4)
thus if we can choose 0 < § < 1 and C > 0 such that
1>48* and 88>cU-1) (3.6)

then (3.5) is proved.
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For a fixed C > 0 there exists a0 < § < 1 such that (3.6) holds if and only if

1 1
— > (C(A-1)")B. (3.7)
VA
For all A = 0 it is possible to choose C > 0 such that (3.7) holds and this completes the proof of
the lemma. O

For x° € R” by the first inequality in (2.4) we have w0y (x') = Clx’ — (x°)2(J(x®)'|* +
|x” — (x°)|%). In the following two lemma by adding polynomial terms to W0y we improve this
inequality, such that instead of |x’ — (x°)’| we have |x — x°|.

LEMMA 3.2 There exist a > 0 and C > 0 such that for all x,x° € R”
wixoy (x) + al(x°)'[* pa(x = x°) = C|(x%)|*|x = x°)2.

Proof. Let x # x°. By Lemma 2.1 there exists a C; > 0 such that for x,x° € R”

w0y (X)) = Cy(x0)[*|x" — (x°) . (3.8)
By Lemma 3.1 there exist C,, C3 > 0 such that

lx1]? + Capa(x) = Cs for x € 9B;. (3.9)
Now by (3.8) and (3.9) taking a = C; C, we compute

wexoy (x') + al(x°)'[* pa(x — x°) = |(°)[*(C1|x" = (x°)']> + apa(x — x?))

x' = (x9) 2 x —x°
= 16— xR S e (A2
|x — x9| |x — x9|

—_+0 .2 _ 40
> |(x0)’|°‘|x—x°|2<C1)|xl X1 ‘ +ap2(u))
x—

x9| |x — x9|

—x0 2 —x0

X1 —X X —x
= Gy Pl = xR |22 ()
|x — x9] |x — x9]

> C1C3)(x°)|%]x — x°?

which proves the lemma. O

LEMMA 3.3 Let k € N such that 2k > 2 + « then there exist b > 0 and C > 0 such that for » > 0,
x% € R” and x € B,(x°)

b 0 |x — x0%¢
U)(xo)/(x’) + mpzk(x —x") = Cm (3.10)

Proof. Let x # x° and k € N be such that 2k > 2 + «. By Lemma 2.1 there exists C; > 0 such
that for x,x° € R” we have
woy (x1) = Cilx’ — (x°) P+, (3.11)
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By Lemma 3.1 there exist C,,C3 > 0 such that

1x11% + Ca pax(x) = C5 for x € 0B;. (3.12)

We have

> 1 for x € B, (x%). (3.13)

|x — x|

Now by (3.11), (3.12) and (3.13) taking b = C;C, for x° € R” and x € B, (x°) we compute
() + 5 poi (= x°)
U)(x())/ X r2k—(2+(x) Pok\X X

b
= Cylx’ — ()P + mpzk(x —x)

Ix — x0|2k p2k—Q2+a) ovr 124 b 0
/! /!

= e | © lx — 02k " = )T Ix _x0|2kp2k(x —x)
B P s I e G0 A R e )
T 2kt | x02k—@Fe) | [y — x0| + p2k(|x _ x0|)
- |x _ x0|2k c X — ()CO)/ 24a A x — x0
Z 2k—@ta) \ ! |x — x9| + sz(m)

|x — x0|% xp — x) [2+e x—x°
> e —
) G Ix —x9] + bPZk(lx _ xOI)

[x — x0|2k X1 — x? 24a x —x°

=G =G \ | Tx = 0] + Capak <—|x — x°|>

[x —x

0|2k

z GG r2k—(2+a)

which proves the lemma.

O

Proof of Theorem 1.1. Let x° and r be as in the statement of the theorem. Let k € N be such that
2k > a +2anda,b > 0beasin Lemma 3.2 and 3.3.

We define

b

h) = u(x) —u(x®) A<w(x0)/(X/) + %\(XO)’VPz(x —-x°) + ml’zk(x - xo)).

Then by (1.1) we have

Ah(x) = Au(x) — )L(Aw(xo)/(x’) n %|(x0)’|aAp2(x —x% +

= f—Alx'|*“ = 0in 2.

Because w0y ((x°)’) = 0 we have

h(x%) = -4 (w(x())/((xo)')

b

0
> 2k—Gray DP2k(x — X ))
(3.14)
a).  oy(@ b
+ 5|(X )| p2(0) + ml’zk(@) = 0. (3.15)
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For x € I we have u(x) = 0, thus because of #(x?) > 0 and Lemma 3.2 and 3.3 we have

a p b
hx) = =u(x) = A (wgeoy () + Z1GO " palr = ) + s parr = x0))

= —u(x) — A(%(w(xo)/(x/) +al(x°)|" p2(x — x%))

1 , b 0
+§(w(x0),(x)+mp2k(x—x ))) <OonT. (3.16)

By (3.14) we have that % is subharmonic in the domain £ N B,(x°). Applying the maximum
principle for the domain £2 N B, (x°) and the subharmonic function /& we have

sup  h(x) = h(x°). (3.17)
3(£2N By (x9))
By (3.15) and (3.17) we obtain
sup  h(x) =0. (3.18)
(2N By (x9))

Because
(2 N B, (x%) = (022 N B, (x°)) U (£2 N 3B, (x°))

by (3.16) and (3.18) we obtain
sup  h(x) = 0. (3.19)
£2N09B;(x9)

By the definition of &, from (3.19) we get the inequality

sup uzu(x®)+1 inf  (wgoy(x)
209B, (x0) 22N0B, (x9)

a b
+ §|(x())/|01p2(x —XO) + szk(x —XO)). (3.20)

Now by Lemma 3.2 and 3.3 we obtain for x € 9B, (x°)

a b
w(xo)/(xl) + 5|(X0)/|UP2(X - XO) + mpzk(x - XO)

1 1 b

= E(w(xo),(x’) + al(x®)|* pa(x — x°)) + E(w(xo)’(x/) + mpzk(x - XO))
1 1 |x —xO%

= §C2|(XO)/|a|x —-x°P + §C3m

— 1 0y o ..2 1 2+o

= 2C2|(x ) |%r + 2C3r

> Cyr?(r® 4 |(x%)[%). (3.21)

By (3.20) and (3.21) the theorem is proved. O

REMARK 3.4 The constant C > 0 in Theorem 1.1 might be chosen to be a decreasing function of
o> 0.
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4. Optimal growth
In the following theorem we prove the optimal growth of solutions.

THEOREM 4.1 (Optimal Growth) There exists a C > 0 (depending only on n, p and «) such that if
for some A > 0 we have
| f(x)| < AIX'|* forx e D 4.1)

then for B, (x%) C D we have
u(x) < C(u(x%) + Ar2(r* + [(x°)'|*)) for x € By (x9).
Proof. Letus splitu = u; + u, where u; is the solution to

Auy = Auin B, (x°),
uy = 0on 0B, (x%)

and u, is the solution to
Auy = 01in B, (x9),

uy = u on 3B, (x°).

Let
P(x) = A(Cr2(r* + [(x°)|%) — w(eoy (x7))

with C > 0 as in the second inequality in (2.4). Then because of Aw oy (x’) = |x|* and the
second inequality in (2.4) we have

— A¢ = AlX'|% in B, (x?),
¢ = 0in B, (x°).

We have by (4.1)
—AX " < —psorf < Al

thus because —Auy = —Au = —yy=o01f, —A¢ = Alx'|% uy; = 0 on dB,(x°) and ¢ = 0 on
0B, (x°) we have
— A(—¢) < —Auy < —A¢ in B, (x°),

—¢ <u; < ¢ondB,(x%

hence by the comparison principle we obtain
—¢ <u; < ¢in B, (x%). (4.2)
Because —Au; = —Au and u; = 0 < u on 9B,(x%) we have u; < u in B, (x°) and therefore
ur =u—u; =0in By (x%).
By the first inequality in (4.2) we have

uz(x%) = u(x®) —ur (x%) < u(x®) + ¢(x°).
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Thus by the Harnack inequality
uz(x) < Crua(x°) < Cy (u(x°) + ¢ (x?)) for x € B (x°)

for a dimensional constant C; > 0.
Now because w0y ((x°)") = 0and w( 0y = 0 we have ¢ (x%) = ACr2(r*+|(x°)|*) = ¢(x)
and by the second inequality in (4.2) we obtain the estimate

u(x) = up(x) + ua(x) < ¢(x) + Cr(u(x’) + ¢(x%) < Cru(x®) + (1 + C1)p(x%)
= Cu(x®) + (1 + CACT?(r* 4+ (x°)'|*) for x € By (x°)

which proves the theorem. O

REMARK 4.2 The constant C > 0 in Theorem 4.1 might be chosen to be an increasing function of
a > 0.

5. Porosity of the free boundary

In this section we prove that the free boundary I" is locally porous in D. The definition of local
porosity is as follows.

DEFINITION 5.1 For the sets 41,4, C R” we say that A; is locally porous in A, if for every
compact set K CC A, there exists a constant 0 < §x < 1 with the property that every ball
B, (x) C R” contains a smaller ball B, ,(x") such that Bs, ,(x') C B,(x)\(4; N K).

Let us first mention some known results about the classical obstacle problem with nondegenerate
force term.

The optimal growth estimate for the classical obstacle problem states that there exists a C > 0
(depending only on 1) such that if for a constant A > 0, | f| < A in D then for B, (x%) C D we
have

u(x) < C(u(x®) + Ar?) for x € By (x°). 5.1

The optimal nondegeneracy estimate for the classical obstacle problem states that there exists a
C > 0 (depending on n) such that if for a constant A > 0, A < f in D then for x° € £ and
B, (x% cC D we have
sup  u = u(x®) 4+ CAr2.
£2N3B, (x0)

By the continuity of u as a corollary we have that even if x° € I" and B, (x®) CC D then

sup  u = CAr2, (5.2)
2N0B,(x0)

LEMMA 5.2 For each a > 0 there exists 0 < 6, < 1 with the property that if f > 0in By and

infg, f

then for any u > 0 solution to the obstacle problem in B; with the force term f such that0 € I,
there exists B, (x°) C £2.
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Proof. By (5.2) we have for some x° € 0By

1
u(x®) = sup u=Ci(=)%inff. (5.3)
2n0B | 2" B
2
Let |
O<r<-— 5.4
rse (5.4)

then for x! € B, (x°) we have
x € By(x") C Bar(x") C Bayyix1—x0141x0/(0) C B3, 1(0) C B1(0)

hence by (5.1) we have
u(x®) < Co(u(x') 4+ (2r)? sup f). (5.5)
B

From (5.3) and (5.5) it follows that if r satisfies

- 1 /C; 1 5.6)
PR el .
4\ C, ﬁ
then B, (x°) C 2.
Now if we define
5 . 11 /C; 1
=min| -, -/——

¢ 6'8\ Cy Va

then r = §, satisfies both (5.4) and (5.6). O

In the following theorem we prove a general porosity result.

THEOREM 5.3 Let u = 0 be a solution of the obstacle problem (1.1). If there exists 0 < §y < 1
and a > 0 with the property that for all balls B,(x) C D there exists Bs, +(x1) C B,(x) such that

SUPBy , (x') f

- <a
lnstfr(xl) f

then I' is locally porous in D.

Proof. Let K CC D then we should find a 0 < §g < 1 such that for arbitrary B,(x) C R” there
exists Bs,(x%) C B-(x)\(I' N K).

Now fix K CC D and let B,(x) C R” be an arbitrary ball. We consider the two cases r =
diam(K) and r < diam(K) separately.

Assume first that r = diam(K).

If Br(x — 3re)) N (I' N K) = @ we set x” = x — Jre; and by taking §x < ; we obtain
Bsr(x%) C By (x)\(I' NK). If B: (x— %rel) N(I' N K) # @ then because r = diam(K) we have

that Bz, (x + %rel) N (I' N K) = @ and similarly as in the previous case we set x* = x + %rel
and obtain B, ,(x®) C B,(x)\(I" N K). This finishes the analysis of the case r = diam(K).
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Assume now that r < diam(K).
If B%(x) N(I' N K) = @ then we set x° = x and taking §g <

B%(xo) = By (x) = By ()\(I' N K) C By (x)\(I" N K).
If Bz (x) N (I" N K) # @ then there exists xle B (x)N(I' N K).
Let us denote

% we have Bs,,(x%) C

. 1 dist(K, D°)

g = min(i, m)
Since ~ ~
dist(x', D) = dist(K, D) = 8 diam(K) > §gr
we have
B; ,(x") C D. (5.7
Also we have
5 r(x ) C BSKr—i-Ix _xl(x) C Br(x). (5.8)
By (5.7) and (5.8) we have
B, (x') C DN B (x). (5.9)

By the condition on f there exists B 5,5k L(x?) C B;, ,(x1) such that

SUPB; 5, (x)f

S AL S (5.10)
1nfB - (xZ)f

If B%&/ gKr(xz) N(I' N K) = @ then we set x® = x? and taking §x < %ngK we have Bs,.,(x%) =
Bs,r(x?) C B%S/_gkr(xz) C B, (x)\(I' N K).
If B%S/,gm(xz) N (I" N K) # @ then there exists x3 € B%ngm(xz) N (I" N K) and we have
3 2 2
B%ngKr(X ) C B%ngKr_,’_l)ﬁ_le(X ) C B(gngr(X ) (5.11)
Now by (5.10) and (5.11) we have

SUPB s 5 (x*)f SUPB, 5 (x)f

(5.12)
1nf318 (xs)f mB 52 )f
After a scaling, by Lemma 5.2 because of (5.12) we obtain
4 3
Blgs, bcr@) CBrg 5, (O (5.13)

So we have

4 3 2
B%Sagngr(x )C B%S/-SKr(X )\F - BS_/-SNKI‘(X )\F

C ngr(xl)\F C B, (x)\I" C B,(x)\(I" N K)

and by setting x° = x* and taking $x < 18,873 the lemma is proved. O
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THEOREM 5.4 (Porosity) If for some 0 < A < A the following inequalities hold
Ax'|* < f(x) < Alx'|* forx € D (5.14)

then I is locally porous in D.

Proof. Let us check that the condition on f in Theorem 5.3 holds. Let B,(x) C D then because
the set {x’ = 0} is porous with porosity constant % there exists By x) € B,(x)\{x' =0} C

— Y] 5 1
D\{x’ = 0}. Now by (5.14) because "~ > 5 we have

! 1y
SupB%r(xl)f A SUPB%r(xl) |x] «_ A |(x1)/|+%r)0, ~ A(\(xr)l +%)a 3 A3(x
infp, (1) f T A infg, (1) ] A TE S U X [EI7R T A
7 1
so f satisfies the condition of Theorem 5.3 with Sf = i and a = %3"‘, and the theorem is
proved. O
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