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We show short time existence and uniqueness of C -1 solutions to the mean curvature flow with
obstacles, when the obstacles are of class C 1*1. If the initial interface is a periodic graph we show
long time existence of the evolution and convergence to a minimal constrained hypersurface.
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1. Introduction and main results

Mean curvature flow is a prototypical geometric evolution, arising in many models from Physics,
Biology and Material Science, as well as in a variety of mathematical problems. For such a reason,
this flow has been widely studied in the past years, starting from the pioneering work of K. Brakke
[3] (we refer to [4, 8, 11, 14, 15] for a far from complete list of references).

In some models, one needs to include the presence of hard obstacles, which the evolving surface
cannot penetrate (see for instance [12] and references therein). This leads to a double obstacle
problem for the mean curvature flow, which reads

v=H on M; NU, €))]

with constraint
M, cU  forallt, )

where v, H denote respectively the normal velocity and d times the mean curvature of the interface
M; C R4+ and the closed set U° represents the obstacle. Notice that, due to the presence of
obstacles, the evolving interface is in general only of class C ! in the space variable, differently
from the unconstrained case where it is analytic (see [17]). While the regularity of parabolic obstacle
problems is relatively well understood (see [23] and references therein), a satisfactory existence and
uniqueness theory for solutions is still missing.

* This work is associated with the authors’ participation at the “Free Boundary Problems and Related Topics”, a scientific
programme held at the Isaac Newton Institute of the University of Cambridge, from 6th January 2014 to 4th July 2014,
https://www.newton.ac.uk/event/frb.

(© European Mathematical Society 2015


mailto:gwenael.mercier@cmap.polytechnique.fr
mailto:novaga@dm.unipi.it
https://www.newton.ac.uk/event/frb

400 G. MERCIER AND M. NOVAGA

In [1] (see also [24]) the authors approximate such an obstacle problem with an implicit
variational scheme introduced in [2, 18]. As a byproduct, they prove global existence of weak
(variational) solutions, and short time existence and uniqueness of regular solutions in the two-
dimensional case. In [20] the first author adapts to this setting the theory of viscosity solutions
introduced in [4, 5], and constructs globally defined continuous (viscosity) solutions.

Let us now state the main results of this paper.

THEOREM 1 Let My C U be an initial hypersurface, and assume that both My and dU are
uniformly of class C L1 with dist(My, dU) > 0. Then there exists 7 > 0 and a unique solution M,
to (1), (2) on [0, T), such that M, is of class C 1! for all ¢ € [0, T').

Notice that Theorem | extends a result in [1] to dimensions greater than two.
When the hypersurface M; can be written as the graph of a function u(-, ) : R? — R,
equation (1) reads

Vu
ur = 1+ [Vul? div [ —e | . 3)
' J1+ [Vup?

If the obstacles are also graphs, the constraint (2) can be written as
v <u<yt, C))
where the functions ¥+ : R? — R denote the obstacles.

THEOREM 2 Assume that y* € C1(R?), and let ug € C"!(R?) satisfy (4). Then there exists a
unique (viscosity) solution u of (3), (4) on R? x [0, +00), such that

IV, )| oo (ray < max ([ Vol Loo ey VY™ || oo may)

v
1+ [Vito|? div ($>

V1 +1Vuel?

for all ¢ > 0. Moreover u is also of class C ! uniformly on [0, +00).

e (o)l pooray <

Loo(RY)

We observe that Theorem 2 extends previous results by Ecker and Huisken [8] in the
unconstrained case (see also [6]).

THEOREM 3 Assume that 1o and ¥* are Q-periodic, with periodicity cell O = [0, L]?, for some
L > 0. Then the solution u(-,#) of (3), (4) is also Q-periodic. Moreover there exists a sequence
t, — +oo such that u(-, t,) converges uniformly as n — +o00 to a stationary solution to (3), (4).

Our strategy of proof will be to approximate the obstacles with “soft obstacles” modeled by a
sequence of uniformly bounded forcing terms. Differently from [1], where the existence of regular
solution is derived from variational estimates on the approximating scheme, we obtain estimates on
the evolving interface, in the spirit of [7, 9, 10], which are uniform in the forcing terms.

The plan of the paper is the following: in Section 2 we adapt some well known results on mean
curvature flow, such as Huisken’s monotonicity formula, to the case of forced mean curvature flow.
In Section 3 we prove Theorem 1. In Section 4 we prove Theorem 2. In Section 5 we prove Theorem
3. Eventually, in the Appendix at the end of the paper we adapt the concept of viscosity solution in
order to treat the case of mean curvature flow of graphs in the presence of obstacles.
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2. Mean curvature flow with a forcing term
2.1 Evolution of geometric quantities

Let M be a complete orientable d -dimensional Riemannian manifold without boundary, let F (-, ¢) :
M — R*1 be a smooth family of immersions, and denote by M, the image F (M, t). Since M, is
orientable, we can write M; = JE(t) where E(t) is a family of open subsets of R¢*! depending
smoothly on ¢. We say that M, evolves by mean curvature with forcing term k if

d

where k : R¥*t! — R is a smooth forcing term, v is the unit normal to M, pointing outside E(z),
and H is (d times) the mean curvature of M/, with the convention that H is positive whenever E(¢)
is convex.

We shall compute the evolution of some relevant geometric quantities under the law (5). We
denote by V5, AS respectively the covariant derivative and the Laplace-Beltrami operator on M.
As in [15], the metric on M; is denoted by g;; (¢), it inverse is g% (t), the scalar product (or any
tensors contraction using the metric) on M, is denoted by (-, -) whereas the ambient scalar product
is (-, +), the volume element is p;, and the second fundamental form is A. In particular we have

A(0;,9;) = hjj, where we set for simplicity 9; = 3%,, and H = g"hy;, using the Einstein
notation (we implicitly sum over every index which appears twice). We also denote by Aq,..., Ay

the eigenvalues of A4.
Notice that, in terms of the parametrization F, we have

gj=(0F.0F),  hy=—(3;F,v) foralli,je{l,....d} (6)

PROPOSITION 1 The following equalities hold:

d
=781 = —2(H + k)h;j (7
d
—v=V5H
T (H +k) ®)
d
= —H(H + k) ©
d
%hij = Ashij + ViSVjSk —2Hhi1glm]’lmj —kgmlhimhjl =+ |A|2hij (10)
d
EH:AS(H+1<)+(H+1<)|A|2 (1)

d .
AP = AS|AP + 2kgV g% ¢ hishimhaj + 21 A]* = 2[VS AP +2{4, (V5)%k).  (12)
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Proof. The proof follows by direct computations as in [10, 15]. Recalling (6), we get

d
dgt]:

d
dt
ij d ij
e 0;F ) g0 F =— v,d—aiF gvo; F
(v, 8((H+k)v))g”8F—a(H+k)g”8F VS(H + k).

The evolution of the measure on M;
pe = +/det[g]

is given by

im _ < det[g] B det[g] - Tr (gij %&j)
ar VT Jaetel 2/detg]

—vdetlg] - (H +k)g" hji = —u H(H + k).

In order to prove (10) we compute (as usual, we denote the Christoffel symbols by sz)

d d .
dth ——Z(U,E)U-F)
—(VS(H +k), 05 F) + (07, (H + kv, v)

= —(gklak(H + k)0, F , I}kaF —h,'j\})

+ 0% (H + k) + (H + &) (9 (himg™ 01 F) . v)

= 02 (H + k) = TSk (H + ) + (H + K)himg™ (0 F — iy, v)

= VIVI(H + k) — (H + k)his g™ hmj
Using Codazzi’s equations, one can show that
AShy; —VSVSH-I-thlg — A hij,
so that (10) follows from (14) and (13). From (10) we deduce

d d ..
S H="gn,
dt ar&

= 2(H +K)g"hag"hij + g7 (VEVE(H + k) = (H + k)i g"™
= AS(H + k) + (H +k)|A)?,

(8 F,0; F) =—(H —|—k)((8iv, 8]‘F)+(8,‘F, ajv)) = —2(H + k)h;j,

13)

(14)
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which gives (11). In addition, we get

d d o
E' > = 7 (g'kgjlhijhkz)
d . ooad
=2—g/ hijhg + 2g"* g7 —hijh

dt dt
=2 (2(H + k)g"hyig") &/ hishi

+2gik gt (Ash,-j + VEVSk = 2Hhirg ™ hmj — kg™ himhj1 + |A|2h,-,-) Il
= 2kg/ hsg" g/ hijhis + 28" g7 AShijhiy + 2|A1* +2(A4, (V5)%k).

(15)

On the other hand, one has
AS|AP =2(A5 A, A)+2|VS A]? =279 8™ iy AShygy + 2|V5 A%, (16)
so that (12) follows from (16) and (15). O

2.2 The monotonicity formula

We extend Huisken’s monotonicity formula [16] to the forced mean curvature flow (5) (see also [7,
Section 2.2]).
Given a vector field w : M; — R4t we let

wJ‘z(w,v)v, 0 =w—-—w

Letting Xo € R?*! and 19 € R, for (x,7) € RZ+! x [t9, +00) we define the kernel

A 1 —|x — xo|?
D) = o = 0yar exp( Ho—1) ) |

A direct computation gives

dp Asp+p((xO—x, (H+ k) I(xO—x)le) a7

ar to—1 4(to —1)?

PROPOSITION 2 (Monotonicity formula)

d _ 5 (x —x0, V)
E/M,p_ /Mtp('H+2+ 2(tg — 1)

2 k2
T .
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Proof. Recalling (9), we compute
N /Mtp— v —p H(H +k)p
_ /M p (—fgto__x‘;'; + 2(tod_ 5o (’;(_toxﬁ’t;)(H +)— H(H + k))
. 2
Lol 515) Lot

(x—x09,v)H
+/M,p 2(to — 1)

We use the first variation formula: for all vector field Y on M, we have

/divM,Y=/ (Hv,Y).
M[ M[

As aresult, with Y = ”2((); ;“’)), we get

d x—xo kv]? k2 |(x—x0)T?
— = — H 7 4 == T
dt /M,p /M,p<‘ " w-n 2 4 4o —1)?

X=X,V k1> k2
M; 2(tp — t) 2 4
O
In a similar way (see [8]) one can prove that for all functions f (X, ¢) defined on M,, one has

df AS (x—x0,v) k[* K>
3:/Mt:0f (dt f) /[fp(‘H+—2(t0—t) +§ _T) (18)

Indeed, using (17)

/ of = /f—+— CH(H + k) fp
M,
P df
—/Mtf(E—H(H‘i‘k)P)'FEP
_ _ 12
:/Mf(_Asp+p(<xo X, (H+Kky)  1](Xo—X) )_H(H+k)p)+ﬂp

to—t 4  (tg—1)? dt
— _ 12
:/ _Asfp+(p((X0 X, (H+kv) 1](Xo—X)*| )_H(H+k)p)+d_fp
M;

to—t 4  (tg—1)2 dt

3 d s s (x—x0,v) k|* k2
= [, o(Gr-21)- /f’J(‘H* 2-1) 2 _T)'
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LEMMA 1 Let f be defined on M; and satisfy

d S S

Ef_A f<a-V>f onM; 19)
for some vector field @ bounded on [0, #1]. Then,

sup f <sup f.
M;,1€[0,11] Mo

Proof. Denote by ag the bound on a, k := sup,,, f and define f; = max(f —/,0). Assumption
(19) implies

d
(E—AS) 2 <2fia-V5S f; —2|V5S fi]?

which, thanks to Young’s inequality, gives
d 1
(E — AS) flz < Ea(%flz'
Applying (18) to f;?, we get

d 1
o[ <@ [ 0)

Letting / = sup,,, f, so that f; = 0 on Mo, from (20) and the Gronwall’s Lemma we obtain that
f1 =0on M; forallt € (0, ], which gives thesis. O

3. Proof of Theorem 1

We now prove short time existence for the mean curvature flow with obstacles (1), (2). Let My =
0E(0) C U, where we assume that U, E(0) are open sets with boundary uniformly of class C 1.
In particular, M, satisfies a uniform exterior and interior ball condition, that is, there is R > 0
such that, for every x € My, one can find two open balls BT and B~ of radius R which are
tangent to My at x and such that BT C E(0)° and B~ C E(0). Let also 2~ := E(0) \ U, and
Q7T := E(0) U U. Notice that 2% are open sets with C ! boundaries, with dist(2~,92%) > 0.
Note that the condition M; C U can be rewritten as

RTCEl)cT.

Let also
k:=2N(— xo+—x2-)

where N is bigger than (d times) the mean curvature of dU.

We want to show that equation (5), with k as above, has a solution in an interval [0, T). To
this purpose, letting p be a standard mollifier supported in the ball of radius ¢ centered at 0, we
introduce a smooth regularization k, = k * p, of k. Notice that ||k ||cc = 2N, ke(x) = —2N (resp.
ke(x) = 2N) atevery x € 2~ (resp. x ¢ £27) such that dist(x, dU) = ¢, and k.(x) = 0 at every
x € U such that dist(x, dU) > e.
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Using standard arguments (see for instance [ 10, Theorem 4.1] and [9, Prop. 4.1]) one can show
existence of a smooth solution M/ of (5), with k replaced by k,, on a maximal time interval [0, T).
Let now

27 ={x e Q7 : dist(x,027) > ¢}

&

and
2f={xe R4*L: dist(x, 27) < &}.

&
The following result follows directly from the definition of k..

PROPOSITION 3 The hypersurfaces 952, and 9(£2;7) are respectively a super and a subsolution
of (5), with k replaced with k. In particular, by the parabolic comparison principle M, cannot
intersect 32,

We will show that we can find a time 7" > 0 such that for every ¢, there exists a smooth solution
of (5) (with k replaced with k) on [0, T').

The following result will be useful in the sequel. We omit the proof which is a simple ODE
argument.

LEMMA 2 Let My = 0Bgr(xp) be a ball of radius R < 1 centered at x¢. Then, the evolution
M; by (5), with constant forcing term k = 2N, is given by M; = Bg()(xo) with R(¢) =

v/ R? — (4N + 2d)t. In particular, the solution exists at least on [0

R2
s IN+22)-
PROPOSITION 4 There exists r > 0, a collection of balls B; = B, (x;) of radius r, and a positive
time Ty such that M} C | J; B; for every ¢t € [0, min(7y, 7;)). In addition, we can choose the balls
B; in such a way that, for every i, there exists w; € R?+! such that the sets d2%F N By, (x;), if
nonempty, are graphs of some functions 1,//1‘jE : R4 — R over wf-.
In particular, one has

(Vke, wi) = |Vke|/2 on By (x;).

Most of this notation is summarized in Figure 1.

FIG. 1. Notation in Proposition 4
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Proof. By assumption, for every x € M there exist interior and exterior balls Bf of fixed radius
R < 1. Let BxjE (1) be the evolution of BxjE by (5) with forcing term k = 2N. By comparison, for
every ¢ € [0, Te), B (1) C 2(t)° and B (t) C £2(t). Recalling Lemma 2, there exists § > 0 and
To > 0, independent of &, such that M; C {dp, < §} =: Cs, for all ¢t € [0, min(T, Tp)).

We eventually reduce §, Ty such that Cs can be covered with a collection of balls B; = B,(x;),
centered at x; € M, and with a radius r such that, for every i, there exists a unit vector w; € RY+1
satisfying

(i vH(x) = % and (i, v (y)) = %

for every x € 9227 N By, (x;) and y € 022~ N B4, (x;), where vT is the outer normal to 2+,
As aresult, 32F N By, (x;) are graphs of some functions W,-i :R? — R over a)lJ' (see Figure 1).
Notice also that k is a BV function and Dk is a Radon measure concentrated on dU such that

(Dk, w;) = |Dk|

on By, (x;).

Then, for every x € By, (x;) and ¢ sufficiently small (such that p;(x) = 0 as soon as |x| = 2r), we
have

(Vhe. ) = (v / k(G — )pe(0)d w,-)
]Rd‘H
- / (Dk(x — y). 1) ps(y)dy
Rd+]

Dk|(x —
= / Mpg(y)dy
RA+1 2

- | Dk| * pe - |Vk£|.

= =

2 2

O

In what follows, we will control the geometric quantities of M/ inside each ball B;. As in [9],
we introduce a localization function ¢; as follows: let n; (x,1) = |x — x;|> + (2d + A)t (Abea
positive constant that will be fixed later) and, for R = 2r, ¢; (x,t) = (R* — n;(x,t))". We denote
by ¢; the quantity ¢; (X, t), where x = x(p, t) will be a generic point in M;. Notice that there exists

T\ = 5o such that for all 7 € [0, min(T}. T,)),

Mg c | Jigi > 2 @1

As a result, we have the following
LEMMA 3 Let f be a smooth function defined on M;. Assume that there is a C > 0 such that
¢if <ConM; V¢t < min(T,, T7) and Vi € N.

Then,
f <aCon M/ Vit < min(T,, T1),

where o depends only on the C!*! norm of M.
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LEMMA 4 Let v := (v, w)~'. The quantity v2¢? satisfies

242 S 12
(22)

Proof. In this proof and the proofs further, we use normal coordinates: we assume that g;; = §;;
(Kronecker symbol) and that the Christoffel symbols 1"11; vanish at the computation point.
We expand the derivatives '

d S v?¢? _2fd S ¢’ 2(d S v? S¢2 sz
(-2 (5) = (G- 2) S+ (G- 2) 5275 v 5)

First term. 'We start computing

d
(E _ AS) x| = =2k, (x, v) —2d.
Then,
d
(E - AS) % = 26 (ke (x—x; v) — A)— 2| VS X2

Second term. We are interested in

sir @t =@ (o)
= (@, v)(VS(H + ko), o).
So,
%% (@, V)2 ==,V (VH+k), 0). (23)
On the other hand,

%AS((w, V)72) = (w, 1) A (@, v)! —<VS (w, ) ', VS (w, v)_1>. (24)

Let us note that
0ijv =10; (hjlglmamF) = 0; (hj1)81mOm F — hj181m(—himv) = 9; (hj1)d F — A}8;;v.
We then get

A @, ) =8 (@, v) =8 (— (@, ) (@, v)_z)

=— (0, 9;v) (@, V) 42w, 3v)* (0, v)>
=—(0,v) > (0;hyud F —22v, 0) +2(w, v) " (0, 1;0; F)*.
=— (0, V) 20hiii F, o)+ AP 0, o) '+ 2, v) 3 (0, 1;0; F)*.
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We also have

(VS (w, v)_1 , VS (w, v)_1> = (w, v)_4 (w, 0xv) (w, V)
= (. )@, hg" 0 F)’ = (. v) " (@, A F)?,

which leads to
vz
(— - AS) - = —v3 (VS (H + ko), @) + 03 0m(hii) (@, 9 F)
— AP = 2v*A2 (@, 0 F)* —v* (0, M0k F)?.

Third term. We notice, as in [9] that | VS ¢2|2 = 4¢2|VS(]x|?)|? and

1 VS ¢2 VS 2|2
—(VS(UZ), VS¢2) - _3 (vvs(v), VS¢2)+§((VS(U2¢2), ¢Z’ )_U2| ¢¢2) | )

Then, Young’s inequality gives

S S .2 S..212 22
2‘v(v v, V¢ )‘<2¢ V52| +2¢2| S¢?|
< 2¢2|st2|2 +2U2|VS|X|2|2.
Hence,
vSp? VS 2|2
(V5 (0?), V9?) < =3¢ V502 |? = 302 VS |x 2|2 + ((vs( $?), 7 ) v? e )

Summing the three terms, we get
V22 S 12
() () (e ) s
O

For y > 0, we let

U2

Y (v?) =

—yv?’

LEMMA 5 For ¢ < r, we have

d 2A2 2

20%
¢ | APy (v7) (Vska,w 7|4l Z“ ')2 ] HJ;S
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Proof. We denote V = w and compute

d P14y () ) Nl a(d N\
(E A)— APy (v )( A)§¢ +¢W(v)(E_A)§|A|
+ %141 (% —As) Evf(vz) —2(1/2V8 4>, 1/2V5¢?)

—2{1/2V5 14, 17295y (00)) = 2(1/2V5¢2, 172V (%)),

The two first terms have already been computed. Let us consider the third one.

v2) = 2y _ 2\ (US
Ealﬁ( ) U W(U)— VY (v?) (VI (H + k). ).

SATY() = 20y ?) = & (3 07)
— UASU’WI(UZ) + 21)2|VSU|2w//(1)2) + |VSU|2w/(U2)
= (31750l = v? @ w!) + VAR )y (02) + 2V SoPy " (02).

Hence

(55~ 4°) 3907 = =W ) (Vke @)= GIVSP + 02 AP () -2 0Py 02)

As above, we want to conclude the proof using the weak maximum principle. So, we want to rewrite
the last terms (which are gradient terms) using the gradient of V. Let us expand VSV

2 2 2
VS¢ |A|2W(U ) — ¢2|A|2%VS,W(U2) + |A|2¢(v2)%VS¢2 +¢2w(v2)%vs|14|2
So,

s vs s
=¢4|A|4|V w4(v2)|2 A2 2)| ¢2|2 TS 2)|V |A| ?

+ A Y (D) (VS (v?), VS¢?) + ¢* APy (v?) (vsvf(vz) , V814P?)
+ APy (22 (VS92 . VI |4]3).

‘VS¢2|A|2w(v2> ’
2

As a matter of fact,

1 P2 APY(02) [* VS (v2)[2 VS 2|2
payEra K = AP e AT
S 2
+ >y (v 2)' AP + 214 (VSy(v?)/2, V5¢?/2)

4412
+2¢2 (VSy(v?)/2, VE|A2/2) + 2y (v?) (V9?2 /2, V5|42 /2).
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We use the last equality to rewrite

d s\ P2 1AIPY (v?)
(E -4 ) 2
= [APY (v?) (p(2ke (x, v) — A) — [V5|x[*]?)

+ 92y (07 (— (VAL VEA) + 1A = 2keg ™ hosg g hijhia —2(4. (V5)ke))
+ AP (—0Y' () (Vike , ©) = GBIV + 074y (0%) — 202 Vo0 Py (v?)
L |gs@?lAPY @) [

C P2APY(v?) 2
24 2|VS1//(U2)|2 2 |V S¢2|2 2 |VS|A| |2
+ 97| A| “r + |APY (v*)—5— e + ¢*Y (V) ——— YIE

(25)
Let us rewrite some terms as follows:

IVS92|> = 4¢” - | — 2xT |> = 49> (4]x> — 4 (x. v)).
VS )P = ' %) [V30?)? = 49/ () GZ(Akw

VAP = 42(8 (hiAr)?,

VS A2 = Z(a (hiem))?.

ikl

In addition, we have the obvious estimate

IVS|A?1> < 4142V 42

So,
VS 2 2 VS 212 VSA 2
/(1,212 ,,6 ky\2
< ¢2|A|21” S S aPu @A - ., 7) + U TS AP

We plug this inequality into (25) and obtain

(jt AS)¢2|A|22—W2) <APY?) (9 ke (x, v) = 4) = [V2[x[*?)
+ 2y () (= (VA VSA) 4 14 = 2keg g ¢/ hijhar = 2(4. (V5)%Ke))
+ @7 [AP (—03Y (0%) (Vike , ©) — BIVE 0 + 02| AP) Y (v7) — 207 [VSu Py (v7))
B 1 P2 APy () |
P2 ALY (v?) 2
/ U2 2v6 A wk
+¢2|A|21// ( ) w(%:zk)( k )

2
+ HAPY D) (X2 = (x, v)?) + ¢*Y (v?)| VS 4%
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Let us regroup some terms (noting that [VSv|? = v* Y, (L;0')?), we get
d s\ 9*1APY (v?)
(E -4 ) 2
< |APY (%) (9(2Kke (x, v) — A))
+ AP W ) — 0P (7)) = 207V (V) )keg  hsr 8" g/ hijhia — 207y (V) (A (V5)%k,)

— G APV (0%) (VSke , ) - ¢2|A|21w(02) ‘VS¢2|A|22W(UZ) ’
Then, we note th;t
%ﬁv;))z =3 20y 0 = —?I)‘:JFTZ;)Z <0
" Y (?) = vy 0?) = —yy*?) <0.
So,

(1_As) $*|APY (v?)
2

oy <OV E)(yIAlF =2k ) A7 - 2(4. (V) ke))

14

: 520 4+ yv®
20 412,37 (1,2 (TS 2| 412 2
— APV ) (Ve s @) = ¢714] ZZ(Aiaf) T
what was expected. O

We now show that M; can be locally written as a Lipschitz graph, with Lipschitz constant
independent of ¢.

PROPOSITION 5 Let ¢ < r. Then, for every t € [0, min(7, T1)), M; N B; can be written as a
Lipschitz graph over a)iJ', with Lipschitz constant independent of .

Proof. We want to show that the quantity (v, w;) is bounded from below, or, equivalently, that
v = (v, cu,-)_1 is bounded from above on every ball B;. We want to estimate the quantity v2¢?
(we drop the explicit dependence on the index i) using Lemma 4.

We choose A such that the last term in (22) is nonpositive (take for instance A = 2NR). We
also have to control

v (VSks, a)) =W, w) ! ((ng, w) — (Vkg, v) (v, a))) =W, ) ' (Vk,, w)— (Vkg, v).
Proposition 4 provides immediately
1 | V|
2

which is nonnegative as soon as (@ , v) < % From Lemma 4 and the weak maximum principle (see
[22]), we obtain that ||v2¢? |00 (t) < max(]|v2¢?| e (0), 4R?). Thanks to Lemma 3, this provides a
uniform Lipschitz bound on the whole M;, for t < Tj. O

v, 0) " (Vke, 0) = (Vke, v) = (v, )~ — |Vke|
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Recalling Theorem 8.1 in [15], from Proposition 5 it follows that, if 7, < Tj, the second
fundamental form of M; blows up as ¢t — T. Let us show that it does not happen.
PROPOSITION 6 For every ¢ < r, there exists C, > 0 such that

|AllLoo ;) < Ce for all ¢ € [0, min(T¢, T1)).
Proof. As in [9], we are interested in the evolution of the quantity
P*lAPY (%)
2

and use the estimates of Lemma 5. Notice that
1 o
il? = allA? < A + 2 A7

Choosing o such that % < % one can write

—2ke Y (v?) Y A7

< ¢y ) (5141 + Nal4P?)

In addition, as soon as |A|?> = 1, one has (4, (V®)%k,) < |A|?|V?k|. One can also notice that

as above, v (Vsks, a)) > (0 as soon as v = 2. On the other hand, if v < 2, one has v31/f’(v2) =

¥ (v
1—yv2
So, anyway, if |A| = 1,

(ﬁ__As)¢ﬂAFw09)$2NQ¢HAP¢@Q
dt 2 2

< 4 (v) for y sufficiently small.

92 A4PY (v?)
2
2 2 2
gLV O

+ 4|V2k,|

|VSkel.
Finally, we apply the maximum principle to the quantity

e o~ (2NatalV2ke loo+81Vke o)1 P*| APy (v)
’ 2

d -
— —AS)A<o.
(7-°)

Vi <min(T,, T1), || Al (t) < | A]l00(0)

which satisfies

It provides

which shows that w does not blow up.
Using Lemma 3 and choosing y such that ¥ (v?) is bounded and remains far from zero, we know
that |A| does not blow up for ¢ < T. O

COROLLARY 1 There exists 77, depending only on the dimension, ||k || and the radius in the ball
condition for My, such that there exists a solution M/ of the mean curvature flow with forcing term
ke on [0, TY).
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The surfaces M/ are uniformly Lipschitz and every M/ N B; can be written as the graph of
some function u; (x, t). All the u? are Lipchitz (in space) with a constant which depends neither on
i nor in . We want to show that they are also equicontinuous in time.

PROPOSITION 7 The functions u; are Lipschitz continuous in x and 1/2-Holder continuous in ¢ on
B; x [0, Ty), uniformly with respect to ¢ and i.
In addition, they are (classical) solutions of the equation

Vué
& __ €12 1; i _ g2 3
dru; = /1 + |Vuf|?2div (—1 — |Vu?|2) V1 VUi |2 ke(x,u3). (26)
1

Proof. Let § be fixed (we drop the index ¢ in what follows), and let zy € [0, T7). Let xo € M; and
i such that xo € B;. Then, (v(xo), ;)" ! is bounded above and M, is the graph of a function u
over a)ll Then, let x; = x¢ + Sw;. Thanks to the Lipschitz condition, there is a ball By /cs(x1)
that does not touch M;. Evolving by mean curvature with forcing term kg, this ball vanishes in a
positive time Ty = w(§) := #ZH) (note that Ts does not depend on ¢). By comparison principle,
for t € [tg,t0 + w(8)), M; does not go beyond x;. That is equivalent to say that u is 1/2-Holder
continuous in time, with a constant independent of ¢.
The equation satisfied by u¢ is usual. One just has to notice that with the definitions above,

) Vué
div| —=t— | =-
V14 |Vui)?
O

We now pass to the limit as & goes to zero. By Proposition 7, the family (u?) is equi-Lipschitz
in space and equi-continuous in time on B; X [0, T7). Therefore, by Arzela—Ascoli’s Theorem one
can find a sequence &, — 0 and continuous functions u; such that, for every i, u;" —> u; locally

n—o00

uniformly on B; x [0, T}).

PROPOSITION 8 The functions u; are viscosity solutions of (3) on B; x [0, T7), with obstacles
U N B; (see Appendix 5).

Proof. Thanks to Proposition 4, every x € B; can be decomposed as x = x’ + zw; with z =
(x, w;i). Then, there exists functions 1//1-jE of class C 1! such that

UNBi ={(x".z) € B; : y; (') <z <y, (x")}.

For simplicity we shall drop the explicit dependence on the index i. Since u®(x, 0) = ugy(x) for all
&, and u®" converges uniformly to u as n — 400, it is clear that u(x, 0) = ug(x).

Condition (A3) immediately follows from Proposition 3.

We now check that u is a subsolution of (3). Let (xq,%) € RY x R and ¢ € C? such that
¥~ (X0, %0) < u(xo, o) and

(u — @)(x0,20) = max (u —@)(x,1).

[(x,2)—(x0,t0)|1<r

One can change ¢ so that (xg, fo) is a strict maximum point, and u(xg, fg) = @(xo, to). Let 2§ :=
u(xo,t0) — ¥~ (xo, to). Thanks to the definition of k., for all ¢ < §, we have k.(x, ¢(x,)) = 0in
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a small neighborhood V' of (x¢, ty). Hence, for ¢ sufficiently small u® — ¢ attains its maximum in
V at (xg,tg), with (xg, ) — (x0,%0) as € — 0. Since u?® is a classical solution of (26), it is also a
viscosity solution, therefore

\Y%
¢ — vV 1+ |[Ve|2div (ﬁ) < =14+ |Ve|2ke(x,0) <0 at(xe, te).
4

Letting ¢ — 0 we obtain that u is a subsolution of (3). A similar argument shows that u is also a
supersolution of (3), and this concludes the proof. O

Conclusion of the proof of Theorem 1. The result in [21, Theorem 4.1] (see also Section A.4)
applies, showing that the functions u; are of class C!:!. As the uniform convergence uf” implies
the Hausdorff convergence of M;" to a limit M, such that M; N B; = graph(u;(¢)), we built a
C 11 evolution to the mean curvature motion with obstacles on the time interval [0, T7). Thanks
to [1, Theorem 4.8 and Corollary 4.9] this evolution is also unique. This concludes the proof of
Theorem 1. 0

4. Proof of Theorem 2

Let ¥ be smooth functions such that ¥ — ¥+ as & — 0, uniformly in C !>! (R%),andlet N > 0

be such that
—— yE
1+ |yE)2div| ——=——
) VI+VER

We proceed as in Section 3 and we approximate (3), (4) with the forced mean curvature equation

Uy = /1 +|Vul? |:div<

N = for all ¢ > 0. 27

Loo(RY)

(28)

Vu k
\/ﬁ +ke(x,u) |,

ke(x,u) = 2N (X (W) —y (%j(x))) ’

and y is a smooth increasing function such that y(s) = 0 for all s € (—o0, 0], and y(s) = 1 for all
s € [1, 00). In particular 9, k. (x,u) < O for all (x, u).

Note that the signs between (28) and (5) are reversed.

Notice that k, — k as ¢ — 0, with

where

2N ifu < ¢~ (x)
k(x,u) = { —2N ifu > ¢y *(x) .
0 elsewhere

We denote by u, the solution of the approximate problem (28), which exists and is smooth for short
times.

PROPOSITION 9 The solution u, is defined for ¢ € [0, +00), and satisfies the estimates

lueC, )llwrcogay < C forallz € [0, +00), (29)
lueC O llwz.co@ay < C(T) forallt € [0, T]. (30)
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Proof. Estimate (29) follows from Proposition 5, choosing B; = R+ w; = eg41and ¢ =1
Estimate (30) follows from (29) and Proposition 6. O

In what follows, we use intrinsic derivatives on the graph M, := {(x, u.(x,))}, which will be
denoted as above by an exponent S. The metric on M; is

8ij = 8ij + 0jugdju

with inverse

g = 8ij — a’us—afusz
1+ [V,
The tangential gradient of a function f defined on M; is given by
) - diugdju
VS ) =g, f =9 A
(V) =0 f =0 f = el
so that
(VSf Vu):(Vf Vu)—M(Vf Vu,) = ——= (Vf, Vuy) 3D
’ & ’ & 1+|Vu8|2 ’ € 1+|Vu8|2 ’ &)
and
2
(ue)j f
vSre=1| £ — . eI
ViR = i B

Vug, Vf) (ua) (ue); fi fi
= |Vf]? 2 (Ve T
_ VP4 Vil (Vug, Vf)? _,(Vue, v/f)?

14 [Vug? 1+ |Vug|? 1+ [Vuel?

(Vue, VI)*  (Vus. Vf)?
1+ |Vug|? 1+ Ivus|2)2'
In addition, the Laplace-Beltrami operator applied to f is

S\l

QiU ue (VueV2 £, V)

ASF =gl . = A — _
f =gy = A - P gy = A -

PROPOSITION 10 The quantity ||(¢)?||00(?) is nonincreasing in time. In particular,

v
1+ [Vio|? div <$)

V14 Vug|?

Ie)e . Ol Looray <

Loo(RY)

Proof. We compute

iM=(us), V14 |Vug|? | div _ Vi + ke .
dt 2 V1 + [Vu? .
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Expanding this expression, we get

i(us)% = (ue) (V(ug)s, Vuy) div Vu, Ty
a2 = e \ M\ Ureee) TR

. (Vug), ((Vug)s, Vug)Vu,
1 Vugl?|d — duk .
+ + | us| ( IV( /—1 n |Vug|2 (1 + |Vu€|2)3/2 + (ua)t ule

Let us compute more explicitly the three terms of the expression above:

(e) ((Vug)e, Vue) div Vu, Ty
T+ Va2 S+ v f

(ue)?
(v V) Au (o) (Vue . (Vue)) |,
I+ Va2 \VT+ VP (1 +[Vug?)3? ‘

|Vu£|2
_ (V((ug)?),Vua) ( Au, (Vus’ V(T)) + ks) 7

2 1+ [Vug2 (14 [Vug|?)?

(ug); div M = (ug);0; &

(ue)e(Ue)rii 1
T VP vy e (e ()
_ (ue)e Alue), 1 |Viug|?

m - (1 + |VM8|2)3/2 (us)t(ué‘)tiai(T)
_ (ue)r Aue); _ 1 (V (M) \V (|Vus|2))
T+ VuZ (1 + [ Vugl?)32 2 ) 2

((Vug)s, Vug)Vug
(1 +|Vug|?)3/2 )

Vug, (ug)sV(ue)s) (ue)t(us)tij (ue)j (ue)i + ((ue)iV(ug)i, (ue):V(ue)s)
(1 +|Vue|2)3/2 (14 [Vug[?)3/2 (1 4+ [Vug[?)3/2
((ue): V(ue)r , Vue) (V(ue)i , Vug)
(1 +|Vue|?)5/2

(e V) i e (VD VD)

T (14| Vue 232 (1+ |Vue[?)3/? (1+ |Vue?)¥/?
(v¥E), Vue) (VL) v )
(1 + [Vue|?)5/2

and

(us); div (

&

— 3(ue)i
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Notice that

2
e (Ve V2252V,
2 T2 1+ |Vu,|?

= (ug): Aue)s + |(Vus)t|2 -

AS (us)? _

(ue)i(us)j(us)t(us)tij + (us)i(us)j (us)ti(us)tj
1+ |Vug|? '

We then get

(we)? we)7 |Vue|?
d @ _ (VD V) (%)?) LV (551) . v (555)
dt 2 T+ |Vu 2 2 1+ |Vu,|?
we)? [V |2
(V( 55), Vus) (V(—é ) Vue) (Vitg , (Vi)
(1 + [Vug[?)? 1+ [V |?
Note that the last term is nonpositive by definition of k,.
In order to apply Lemma 1, we have to show the inequality
(Ve (Vue))®
1+ |Vug|?

+2

- |(Vus)t|2 + (ua)%auk&

+ (V) |* = 0.

It is enough to note that, since the solution exists for all times and it is smooth, the term V(%)
is bounded on each [0, T'] (the bound depends on 7" and & but is enough to apply the lemma). In
addition, every factor containing V((u)?/2) also contains Vu,, hence the assumptions of Lemma
1 are satisfied for every 7' > 0, and this concludes the proof. O

From Propositions 9 and 10, we deduce the following result.

PROPOSITION 11 If ug is C-Lipschitz in space for some C > 0, and has bounded mean curvature,
then the solution u, of the approximate problem (28) is C-Lipschitz in space and Lipschitz in time

with constant
\Y
VI + VuoPdiv | ——0
V14 |VM0|2

Loo(RA)
Moreover, the following inequalities hold

Yy (x) —e Sug(x, 1) < 1//8+(x) + & (33)

Proof. The Lipschitz bounds of the solution are clear (it is Proposition 9 and 10).
In order to prove the second assertion, let us notice that by (27) and the definition of k., we have

/ . v,
1 P div | ————
+|Wa‘ | IV( 1+|1//6_|2)

so that ¥, — ¢ is a subsolution of (28). By the parabolic comparison principle (as in Proposition 3),
we deduce that

ke(x, ¥, —e) =2N =

)

Lo (RY)

w;—8§us.

The same argument shows the other inequality in (33). O



MEAN CURVATURE FLOW WITH OBSTACLES 419

Conclusion of the proof of Theorem 2.  Since the solutions u, are equi-Lipschitz in space and time,
they converge uniformly, as ¢ — 0, to a limit function u which is also Lipschitz continuous on

x [0, +00).

Equation (33) yields

v <u<yt,
and Proposition 8 gives that u is a viscosity solution of (A1).

Concerning the regularity of u, we proved that (u#.); and Vu, are bounded on [0, T'], for any T
in the approximate problem. This gives a bound on the mean curvature of the approximate solution.
This bound does not depend on & and remains true for the viscosity solution. As a result, the exact
solution has bounded mean curvature and bounded gradient, which shows that Au is L°® and, by
elliptic regularity theory, u is also in W22 for any p > 1, and so C % for every o < 1 (see [19] for
details).

We can also directly apply to the solution u a regularity result by Shahgholian (see [21, 23]
and Theorem 4 below), which implies that u is in fact of class C':!. This concludes the proof of
Theorem 2. O

5. Proof of Theorem 3

We compute the evolution of the area of the graph of u:

d/\/i (Vu, , Vu) , Vu
— 1+ |Vu2 = —:—/udlv B — (34)
dt Jo 0 1+ |Vul? 0 t V14 |Vul?

Notice that, for almost every ¢ > 0, u;(¢, x) = 0 almost everywhere on the contact set. Indeed, for
almost every ¢, u; exists for almost every x € Q. If u(x,1) = ¥*(x), then u — ¥¥ reaches an
extremum in (x, ), which gives, u;(x, ¢) = 0. In particular, from (34) we get

R R e

Integrating this equality in time, we obtain

/W

//QW

T
AL
o Jo

is uniformly bounded in 7. As aresult u, € L2(R*, Q) sou isin H'(Q, BR).
Since [[u;]lz2(g) is L*(RY), there exists a sequence #, — oo such that

which shows that

luell2(0)(tn) = 0.

In addition, u(#,) is equi Lipschitz and converges uniformly on compact sets to some 1, which
therefore satisfies in the viscosity sense

Vu
1+ Vuzdiv(—) =0
[Vl 1+ Vu?
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with obstacles ¥+ (see Appendix 5). U

REMARK By [17], Ui is analytic out of the (closed) contact set {umi, = Y*}.

Appendix A. Viscosity solutions with obstacles
A.1  Definition of viscosity solution

Given an open subset B of R, let ug, ¥ and ¥~ be three Lipschitz functions B — R such that

¥ (x,0) Sup(x) YT (x,0).

We are interested in the viscosity solutions of the equation

U = +/ 1+ |VM|2 div (\/%) s U(X,O) = UO(x)v (A1)

with the constraint
Y (x) Su(x,1) < YT (x). (A2)

DEFINITION 1 (see [5, 20]) We say that a function u : B x [0, T) — R is a viscosity subsolution
of (A1) if u satisfies the following conditions:

e 1 is upper semicontinuous;
u(x,0) < up(x);

Y (x) Sulx,r) <y t(x); (A3)

for any (xg,%) € R? x R and ¢ € C2 such that u — ¢ has a maximum at (xo, fy) and
u(xo, o) > ¥~ (xo),

v
wy < V14 Va2 div [ —m—e . (A4)
V14 |Vul|?

Similarly, u is a viscosity supersolution of (Al) if:

u is lower semicontinuous;

u(x,0) = ug(x);

(A3) holds;

for any (xo,%) € R? x R* and ¢ € C? such that u — ¢ has a minimum at (xg, o) and
u(xo, o) < ¥+ (xo),

\%
u; =/ 1+ |Vul?div S
V1+ |[Vul|?

We say that u is a viscosity solution of (A1) if it is both a super and a subsolution.
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A.2  Comparison principle

In order to prove uniqueness of continuous viscosity solutions of (A1), we shall prove a comparison
principle between solutions following [13, Theorem 4] (see also [4]).

PROPOSITION 12 If u is a viscosity subsolution of (A1) on [0, T'), v is a viscosity supersolution,
if ¥* are Lipschitz in space and if u(x,0) < v(x,0), then u(x,t) < v(x,¢) for all (x,t) €
R” x [0,T).

Proof. We will check that the proof of [13, Theorem 2.1] can be extended to the obstacle case.
Notice first that the assumptions (A.1) — (A4.3) of [13, Theorem 2.1] are satisfied also in our case.
Indeed, (A.1) comes directly from the Lipschitz bound on ¥* and the constraint ¥~ < u,v < ¢+
whereas (A.2) and (A.3) result from the assumed time zero comparison.

Let us show that [13, Proposition 2.3] also holds. Indeed, up to Equation (2.9) nothing changes.
To continue the proof, using the same notation of [13, Proposition 2.3], we have to check that if

sup(w —¥) > 0,
14

then the supremum is reached in the complementary of the contact set {u = ¥~} U {v = ¥ }.
Indeed, notice that if u(x,¢) = ¥~ (x), then, for all x, y, ¢, s,

u(x, 1) —v(y,s) =y (x) —v(y.s) <Y~ () + L(x =y —v(y.s) < L(|x =y

since v = ¥ . Hence, if u(x,t) = ¢~ (x), with K/ > L, we must have w — ¥ < 0, so the
supremum of w — ¥ is attained in the complementary of {# = 1~ }. One can show similarly that
the supremum is reached in the complementary of {v = ™ }. Hence Proposition 2.3 of [13] holds.
From Proposition 2.4 to Lemma 2.7 of [13], every result holds without changes.
Concerning the proof of Theorem 2.1 of [13], the first assumption is

o = limsup{w(t, x,y), | |x—y| <6} >0.
0—0

Then, Proposition 2.4 gives constants §g and yo such that for all § < g, ¥ < yp and & > 0, there
holds

d(x,9,1) = sup D(x,y,1) > d
R4 xR4 x[0,T") 2
with .
lx — yl 14
D1, x,y) =u(x, 1) —v(y.1) — ———— = 8(Ix|* + [y|) — ——
4e T —1t

To conclude the proof, we only have to show that the maximum of @ is once again attained on the
complementary of {u = ¥~} U {v = ¥ T}. In the same way as for Proposition 2.3, if u(x,t) =
¥~ (x), we can write

_ v|4
ot x.3) = w0 —v(y.n — 20
&

<Y () + Llx—y|l—v(y,t) < Llx -yl

Thanks to Proposition 2.5, |x — J| vy 0. So, with ¢ sufficiently small (one can reduce the quantity
e—

—8(x|? 2y _V
(4 y?) = =

g9 given by Proposition 2.6), @ has its maximum out of {u = v~} (and similarly out of {v = ¥ *}),
which enables the application of Lemma 2.7 and gives a contradiction as in [13]. O
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A.3  Existence
In this subsection, we prove the following result:
PROPOSITION 13 There exists a continuous viscosity solution to (A1).

We follow [5] to build a solution by means of the Perron’s method. Let us state an obvious but
useful proposition and a key lemma for applying Perron’s method.

PROPOSITION 14 Let u be a subsolution of the mean curvature motion for graphs (without
obstacles) which satisfies u < u™. Then, u,p := u vV u~ is a subsolution of (A1) with obstacles (the
same happens for v supersolution and vy = v A u™).

In the sequel, we shall denote by u* (resp. u«) the upper (resp. lower) semicontinuous envelope
of a function u.

LEMMA 6 Let ¥ be a family of subsolutions of (A1). We define
U(x,t) = sup {u(x,t) | ue T}.

Then, U* is a subsolution of (A1).

The proof of the proposition and the lemma can be found in [5], Lemma 4.2 (with obvious
changes due to the parabolic situation and obstacles).

A.3.1 Construction of barriers.. In the sequel, to claim that the initial condition is taken by the
viscosity solution, we need to build barriers around the solution u. More precisely, we want to build
a subsolution w™ such that (w™)*(x, 0) = uo(x) and a supersolution w™ such that (w¥)«(x,0) =
uo(x). To show this claim, let us begin by a simple fact.

Let
(x —a)?

Zap(X)=—) ati——=—
’ Z J1+ (x—a)?

for some (a,b) € R? x R and a; > 0 such that g(x) < uo(x). Note in particular that

+b (AS)

gay(x) ==Y ai(x—a)}+b and H(gs,) = H(gsli=o=—2) ai.  (A6)

Then, it is easy to show (using Proposition 14) that the function

v(x,t) = (gg,b(x) + (ZZai + 3M)t) VYT

i=1

is a subsolution of (A1). Indeed, the curvature of g , is smaller than 2 > ; o; and its gradient is

bounded by 2 (so /1 + |Vg|? < 3).

Thanks to Lemma 6, the function

w(x,1) = < sup (g;’,b(x) - ZXn:ait - 3Mt) v w_>

(),c i=1
c <
8o.pSUO
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is a subsolution of (A1) (with obstacles).

It remains to show that (w™)*(x,0) = uo(x). To see this, notice that since u¢ is Lipschitz and
ug = ¥, ug(x) = w(x,0), yielding ug(x) < (w™)*(x,0). But forall ¢t = 0, v(x,t) < up(x)
so w(x,1) < ug(x). By continuity of ug, (w™)*(x, ) < ug(x), which shows that (w™)*(x,0) =
up(x), and w™ is a low barrier for solutions of (A1).

We build w in the same way.

A.3.2 Perron’s method.. We use the classical Perron’s method to build a solution of (Al) on
[0, T) for every ¢t > 0. Let us define

W(x,t) = sup{u(x) : u is a subsolution of (A1) on [0, T)}.

Since ¥~ is a subsolution, this set in non empty and W is well defined. Every subsolution is less
that ¥, sois W.

Thanks to Lemma 6, W* is a subsolution of (A1) regardless the initial conditions. Applying the
comparison principle (Proposition 12) to every subsolution  and w™ gives

Vx,t, Wix,t) <wt(x,1).
Considering the upper-semi-continuous envelopes, we get
Vx,t, Wo(x,t) < (wh)*(x,1)
which immediately yields to
W*(x,0) = ug(x).

Then, W* is a subsolution of (A1), hence W* = W which shows the upper semi-continuity of W.
We want to prove that W is actually a solution of (Al). In order to do this, let us prove the
following

LEMMA 7 Let u be a subsolution of (Al). If u, fails to be a supersolution (regardless initial
conditions) at some point (X,7) then there exists a subsolution u, (regardless initial conditions)
satisfying u,, > u and supu, —u > 0 and such that u(x,t) = u,(x,¢) for |x — X|, |t — ] < «.

Proof. Let us assume that u, fails to be a supersolution at (0, 1). Then there exists (a, p, X) €
32’_u*(0, 1) with

a+ F(p,X)+k(0)y1+ p? <0.

Let us then define
1
us,(x,1) =ux(0,1) +8 + (p, x) +a(t —1) + > (Xx,x)—y(x]>+t—1).

Thanks to the continuity of F and k, us, is a classical subsolution on B,(0,1) of u; +
F(Du, D?u) + k(x)+/1 + |Vu|2 = 0 for §, y, r sufficiently small. By assumption,

ux,t) = us(x,t) 2 u(0, 1) +at -1+ (p, x) + %(Xx,x, +) 0(|x|2 + |t = 1]).
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. 2 . .
With § = y~ ;r, we get u(x,t) > ug, (x,t) for small r and |x|, [t — 1| € [5,r]. Reducing again
r, we can assume that us , < 1//+ on B,. Thanks to Lemma 6,

max(u(x, 1), us ,(x,t))if |x,t = 1] <r

u(x, 1) = u(x) otherwise

is a subsolution of (A1) (with no initial conditions). O

Finally, this lemma combined with the definition of W proves that W is in fact a solution of
(A1) (the initial conditions were already checked).

A4 Regularity

PROPOSITION 15 The unique solution u of (A1) is Lipschitz in space, with the same constant as
+
uO,lﬁ .

Proof. We will prove that u(x,t) = u(x 4+ z,t) — L|z| is in fact a subsolution of (Al). The
Lipschitz bound is then straightforward (using the comparison principle).

To begin, we notice that u(x +z,¢) — L(|z]) < ut(x,t) and u(x +z,0) — L|z| < uo(x +2)—
L|z| < up(x).

Assume now that ¢ is any smooth function which is greater than u, with equality at (£, 7).
Then, either, u,(%,7) = ¥ (X,f) and nothing has to be done, or u,(%,f) > ¥~ (%,7). In the
second alternative, one can write

U@+, >y (@) =y @ +2)+ (@) -y +2),

SO
UER+z.0)>9y " E+2)+ v R -y E+2)+ Liz| 2 u” (X +z.0).

=0

As u is a subsolution at (X 4 z,7) and u(x + z, 1) < @(x,t) + L|z| with equality at (£ + z,7), one
can write withy = x 4+ z,5 =1,

u(y.t) <@y —z,5) + Llz| := ¢(y,5),
with equality at (¥, §) which gives
¢ + F(D¢(2,7), D*¢(%,7)) <O0.
Since the derivatives of ¢ and ¢ are the same, we deduce
¢: + F(Dy, D%p) <0,

what was expected. O

REMARK With the same arguments, one can prove that

V8 >0, Vx,t, |u(x,t+38)—u(x,t)| <suplu(x,ds)—u(x,0)|.



MEAN CURVATURE FLOW WITH OBSTACLES 425

We now present a general regularity result by Shahgholian [23] which applies to viscosity
solutions for parabolic equations with obstacles.

THEOREM 4 ( [21], Th. 4.1) Let Ot := {(x,1) e R* xR : |x| < 1,# € [0,1)} and H(u) =
F(D?u, Du) — u, where F is uniformly elliptic. Let u be a continuous viscosity solution of

(u—y)H(u) =0,
H(u) <0, (A7)
U=y,
in O, with boundary data
u(x,t) = g(x,t) = y¥(x,t) on {|x| =1} U {tr = 0}. (A8)

Assume that v € C11(QT) and g is continuous. Then, u € C1! on every compact subset of Q.

It has to be noticed H = F — 9, where F(D?u, Du) = —/1 + |Vu|2 div (L) satisfies
 1+|Vu|?

all the assumptions of [23], 1.3. Indeed, the uniform ellipticity is provided by the Lipschitz bound
obtained in previous subsection.

Moreover, the viscosity solution u of (A1) satisfies (A7) and (A8) on every cylinder Q;' (x¢) :=
{Ix —xo| < r, t € [to,to + r)} such that r is chosen sufficiently small in order to have either
OF(xo) N{u =y¥*} =0 or QF(xo) N{u = ¥~} = 0. In the second alternative, change every
sign in the equations.

Applying Theorem 4 we get a C!*! bound for u on every compact subset of Q" (xo). To show
that u is C ! in the whole space, just cover R¢ x R* with such O (xi).
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