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A dual formulation and finite element method is proposed and analyzed for simulating the Stefan
problem with surface tension. The method uses a mixed form of the heat equation in the solid and
liquid (bulk) domains, and imposes a weak formulation of the interface motion law (on the solid-
liquid interface) as a constraint. The basic unknowns are the heat fluxes and temperatures in the bulk,
and the velocity and temperature on the interface. The formulation, as well as its discretization,
is viewed as a saddle point system. Well-posedness of the time semi-discrete and fully discrete
formulations is proved in three dimensions, as well as an a priori (stability) bound and conservation
law. Simulations of interface growth (in two dimensions) are presented to illustrate the method.
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1. Introduction
1.1 Background

The Stefan problem describes the geometric evolution of a solidifying (or melting) interface. It is
a classic problem in phase transitions. The model consists of time-dependent heat diffusion in the
solid and liquid phases, with an interfacial condition on the solid-liquid interface known as the
Gibbs-Thomson relation with kinetic undercooling [41, 42, 61]. A thermodynamic derivation of
the model can be found in [29]. Applications range from modeling the freezing (or melting) of
water to the solidification of crystals from a melt and dendritic growth [15, 30, 38, 51, 52, 59].
Mathematical theory for the Stefan problem with Gibbs-Thomson law is available for local and
global in time solutions [13, 25, 36, 39, 45-48]. Well-posedness results are also available if the heat
equation in the bulk phases is replaced by a quasi-static approximation (i.e. the Mullins—Sekerka
problem) [18, 20, 24, 40, 49].

Efficient numerical schemes for simulating these models is necessary to allow for design,
prediction, and optimization of these processes. Phase-field methods have been used for simulating
solidification and dendrite growth [6, 35, 55]. Level set methods have also been used to handle
the evolutions of the two phase interface [12, 23, 44, 54]. The method we present uses a front-
tracking approach where the interface parametrization conforms to a surrounding bulk mesh. Other
front-tracking methods for the Stefan problem have also been given [2, 4, 34, 35, 50-53].
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Our paper presents a completely mixed formulation of the Stefan problem, including the bulk
heat equations [8]. In other words, we formulate the problem in a saddle-point framework, where
the heat equations are in mixed form, and the interface motion law appears as a constraint in the
system of equations with a balancing Lagrange multiplier that represents the interface temperature.
To the best of our knowledge, this is a new method for the Stefan problem with surface tension.
Some highlights of our method are the following.

e We prove that both the time semi-discrete and fully discrete systems have a priori bounds (in time)
that mimic the continuous model. This assumes the interface velocity is reasonably regular and
that there are no topological changes. Moreover, we can prove that both the time semi-discrete
and fully discrete systems maintain conservation of thermal energy. In [5], they only achieve this
for their discrete in space, continuous in time, scheme.

e The interface is represented by a surface triangulation that conforms to the bulk mesh which
deforms with the interface. Hence, occasional re-meshing is needed, which is done by the method
in [63]. One advantage of this method is that all integrals in the finite element formulation
can be computed exactly. In addition, we do not need to compute the intersection of meshes
at adjacent time steps to transfer solution variables from one mesh to the next (e.g. for computing
L? projections from one mesh to another).

e Our method can be modified to include anisotropic surface tension via [5], which is relevant to
crystal growth. The well-posedness of the method remains unchanged, as well as the a priori
bound and conservation law.

e Other variations of the Stefan problem (e.g. Mullins—Sekerka) can be formulated with our
approach by straightforward modifications. One can even include moving contact line effects
when the solid phase is attached to a rigid boundary [60, 64].

1.2 Summary

In Section 2, we describe the governing equations. Section 3 describes the fully continuous weak
formulation and derives a formal a priori bound and conservation law. Section 4 explains the time-
discretization and how the interface motion is handled. A variational formulation of the time semi-
discrete problem is given, its well-posedness is shown, and an a priori bound and conservation law
is proved. We then do the same for the fully-discrete formulation (Section 5). Section 6 concludes
with numerical simulations to demonstrate the method.

2. Model for the Stefan problem with surface tension

The particular mathematical model we consider can be found in [5, 29]. In this section, we present
the strong form of the Stefan problem.

2.1  Notation

Let £2 be a fixed domain in RY (for d = 2, 3), with outer boundary 952, that contains two phases,
liquid and solid, denoted respectively by the open sets £2; and £2;, i.e. 2 = int(£2; U £;) and
£21 N 2, = O (see Figure 1). Furthermore, 02 partitions into two pieces: d§2 = dp£2 U dn§2 such
that dp£2 N InS2 = 0 and |dpS2| > O (set of positive measure).

The solid-liquid interface between the phases is I" = £2; N £2; (a closed surface). The domains
£21, §25, and I" are time-dependent, and we assume that I"(¢) C £2 for all . Moreover, in order to
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write the strong form of the Stefan problem (Section 2.2), we assume I"(¢) is smooth and let X(¢)
denote a parametrization of I"(¢):

X(.t): M — R, where M c RY isa given reference manifold, (2.1)

Le. I'(tr) = X(M, ¢). Furthermore, we introduce fixed reference domains .@1, .@S for the liquid and

solid domains such that 2 = int(f\Zl U f\Zs) and M = Ql n f\ZS. We can extend X to be defined on
all of £2 and such that §2,(¢) = X(f\ZI, t) and $24(¢t) = X(f\ZS, t) (slight abuse of notation here). This
is needed later when specifying the function spaces.

The surface I" has a unit normal vector v that is assumed to point into §2; (see Figure 1).
For quantities g in £2; (£2), we append a subscript: ¢ (¢s). The symbol « represents the summed
curvature of the interface I" (sum of the principle curvatures), and we assume the convention that «
is positive when £2g is convex (contrary to [5]).

Table | summarizes the notation we use for the physical domain and the physical variables (e.g.
temperature, etc.). The physical coefficient symbols that appear in the model, as well as their values,
are given in Table 2. The non-dimensional parameters are given in Table 3.

N=201 dt = 0.005 T=1
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FiG. 1: Left: Domains in the Stefan problem. The entire “box” is £2 = int(£2; U £2,) (containing two
phases £2), §£2;) with Dirichlet boundary dp$2 denoted by the dashed line. A Neumann condition
is applied on the remaining sides dx£2. The interface between the phases is I' = £2; N 2, with
unit normal vector v pointing into §2;. Right: Simulation using the method developed in this paper
(isotropic surface tension). Several time-lapses are shown to illustrate the evolution with initial
interface having a “star” shape. See Section 6 for more simulations.
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TasLE 1: General notation and symbols

Symbol Name Units
2, 821, §2 Bulk Domains: Entire, Liquid, Solid —
a2 Boundary of £2 —
op 2, INS2 Partition of 02 = dp 2 U INS2 —
r Interface between §2; and 25 phases —
X,V Interface (I") Parametrization and Velocity m, ms~!
Uy, Us Temperature in £2; and £2 K (deg. Kelvin)
fis fs Heat sources in £2 and £2 Tm™3 571
Vr,Ar Surface Gradient and Laplace-Beltrami Opera- m~!, m™2
tor
v Unit Normal Vector of I" —
VriX=I-vev Projection onto Tangent Space of I" —
Kk, kv :=—-ArX Summed Curvature and Curvature Vector of I” m~!
TaBLE2: Physical parameters and values
Symbol Name Units
s Volumetric Heat Capacity Tm3K1!
K, K Thermal Conductivity in £2; and £2 JsIm~ 1K1
L Latent Heat Coefficient Jm™3
o Surface Tension Coefficient of I Jm™2
S Volumetric Entropy Coefficient Jm3K!
o Kinetic Coefficient Jsm™
B Mobility Coefficient —
D Length Scale m
Up=1Tm Temperature Scale K
to Time Scale seconds (s)
Fo =9Uy /1o Heat Source Scale Jm 37!
TaBLE3: Nondimensional parameters
Symbol Name Value
S=5 Vs entropy coefficient 2
Bo = 0Upty/(pD) mobility coefficient 0.01
B = PBop mobility function -
K, = Kito/(D?9) liquid conductivity 1
K, = Kto/(D?*%) solid conductivity 1
o =a/(UyD?) surface tension coefficient 0.0005
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2.2 Strong formulation

The Stefan problem is as follows. Find u : £2 x [0,7] — R and interface I'(¢) C £2 for all
t € (0,T], such that u|p, = u, u|p, = u;, and the following bulk conditions hold:

V0su; — K1 Auyp = fy, in £24(2),
Vorus — KsAug = f, in $24(2),
vo - Vu =0, on dnS2, 2.2)
U = up, on dps2,
u(-,0) = uyp, in £2,

where uy is the initial temperature, and the following interface conditions hold:

uy—us =0, on I'(2),

v (Ki\Vu; — KVuy) + L3, X-v =0, on I'(¢),
P

Bv)

9:X-v+ak + Su=0, on I'(¢), (2.3)

X(-,0) —Xo(-) =0, on M,
I'(0) = Ip, in £2,

where I is the initial interface (parameterized by Xo) and X(-, ) parameterizes I"(¢). Note that
u = T — Ty, where T is the temperature in degrees Kelvin and 7y is the melting temperature at
the interface I, and that u is continuous across the interface. As noted in [5], we must have

L

S==
Twm

2.4)

2.3 Non-dimensionalization

We non-dimensionalize the variables, but use the same variable symbols for convenience. This gives

dou — Kiduy = fi, in 2(1),
drus — KsAug = fi, in 24(¢),
vo - Vu =0, on dnS2, (2.5)
U = up, on dps2,
u(-,0) = uyp, in £2,
uy—us =0, on I'(2),

v (K\Vu, — K;Vuy) + S9,X-v =0, on I'(1),
;G,X-V—F&\K—i—gu =0, on (1), (2.6)
B)

X(-,0) —Xo(-) =0, on T,
)= Iy, in £2.
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Throughout the paper, we assume the non-dimensional coefficients satisfy
o0 > i(\l,f(\s,?x\,g >0, oo=fw)=p- >0, wherep_ isaconstant.

REMARK 2.1 The case of &+ = 0 (ie. @, §, I/(\l,f(\s = o00) corresponds to the steady-state
heat equation in §2; and £2; and if p = 0 (i.e. B(y) = o0) then (2.5) and (2.6) becomes the
Mullins—Sekerka problem with Gibbs-Thomson law [41]. Our formulation can easily be modified
to implement this model. If S = o0 only, then ;X - v = 0, so (2.5) and (2.6) reduce to the
time-dependent heat equation on a stationary domain with u; = ug = Oon I".

3. Weak formulation
3.1  Function spaces

Since the domain and interface deform in time, we define the function spaces using a reference
domain [5]. For simplicity, we shall assume that 02 N 32, = 952 (see Figure 1); thus, 2, C £2.
We use standard notation for denoting Sobolev spaces [1, 571, e.g. L2(£2) is the space of square
integrable functions on 2. For any vector-valued function 7, if we write § € L2(£2), we mean
each component of 7 is in L2(£2). Continuing, we have H'(2) = {u € L?(2) : Vu € L?(R2)}
and H(div,2) = {n € L*(2) : V-n € L?(2)}. The norms on these spaces are defined in
the obvious way. Le. [ul2, ) = foo . ulp1 gy = NlZagg) + 1VUI22 0 1My =

For a general function f : £2 — R, we denote its trace (or restriction) to a sub-domain X' C £2
(of co-dimension 1) by f|s. The trace of a function in H1(£2) is well-defined; for a function in
L?(£2), the trace is not well-defined. Moreover, the trace of all functions (on X C ) in H'(£2)
spans a Hilbert space, denoted H'/2(X), which is a proper dense subspace of L2(X). Referring
to [7, pg. 48], the norm for H'/2(32) is defined by

V| g1/2 = inf w| g1 = |[v|lgico), 3.1
vl g2 0 oo o) lwllzr2y = 1012

wlpe=v

where v is the unique weak solution of —Av + v = 0 in £2, with ¥ = v on d£2. We also have
H~'/2(382), i.e. the dual space of H'/2(3£2) with the dual norm,

(0,v)a02
lollg—1/2¢0) == sup (3.2)

veH1/2(382) ||U||H'/2(39) ’

where (-, )50 denotes the duality pairing between H~1/2(3£2) and H'/2(3£2).
It is well known [26, Theorem 1.7], [7, Lemma 2.1.1] that ) - vy is in H~/2(3£2) for all
in H(div, §2) (vg is the unit normal vector on d§2). In fact, by [26, (1.44)], we have that
M- vig—1/200) < |InlH@y.2), foralln e H(div, £2). (3.3)
With this, one can show that |[v| g1/2(3) has a dual norm realization.
PROPOSITION 3.1

(m-v,v)s0
llgi200) = sup .
neHdiv,2) 1Ml Hdiv.2)
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Enforcing boundary conditions requires the trace. To this end, let HOI,D(.Q) ={ue H(Q):

u|y,2 = 0}. On the reference domains @1 and QS, we introduce:

V=H(div.2). V(@ ={neV:(n-ve—gqe =0 YqeH] ()}
Vi=H(div,2)), Vi(g) ={neVi:(n-ve—g.q)e =0, VYq e Hj ()} (3.4)
Vs = H(div, 2,),

where g is in H71/2(8.Q) (see [7, Remark 2.1.3]). We also have the spaces
Q=L1%2). Q=L*2). Q=L*R). (35
On the reference manifold T, we define [1]
M= HY2(M,R), Y=H'(WM,R?). (3.6)

The norm for Y is ||V||12111(F) = [ V> + [; IV V|? (see Section 3.2.1 for V).

We use the following abuse of notation, similar to [5]. We identify functions 7, in V; with
moX~! defined on £2/(¢) (recall 2(t) = X(Ql, t)), and denote both functions simply as 7;; similar
considerations are made for functions 7, in V. Likewise, we identify V in Y with V o X! defined
on I'(t), and denote both functions as V; similar considerations are made for functions pu in M.
Along these lines, we have V| ~ H(div, 2), Vi ~ H(div, ), Q ~ L?(£2)), Qs ~ L?(£2,),
M ~ HY2(I"),Y ~ H'(I'), provided the mapping X is not degenerate.

For technical reasons, we need two versions of the H/2(I") norm related to £2; and £2;. Define

e (771'1/,1))1" L (ns’l/,l)>['
||v||H||/z(F) = sup ———, ||v||H5|/z(F) ‘= sup

_. 3.7
mevi) Il #aiv.2) nev, 1Ml H@iv,2,)

Basically, these norms are related to the “side” of I" on which we take the trace. We also define the
H'2? and H='/2 normon I' by

oy = 5 (W g2y + o)« lel = ap YT
HY2() ‘= = 1/2 1/2 , H-1/2(r) \= —_—
=5 H'2(I) HY/2(I) ) veri/2ary IWIla12(r)
3.8)
To conclude this section, we define the dual norm for H =1 (I"):
{0.v)r
lollg—1(ry == sup (3.9)

veH1(I) ”U”HI(I‘)’

where (o, v) i is understood to be the duality pairing between H~'(I") and H'(I").

3.2  Curvature

3.2.1 Differential geometry. First, we review some differential geometry [17,37]. Let ¥ : U —
I be a local parameterization of I" C R3 where U C R? with local variables (s1, s2). The first
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fundamental form g : U — R**? is given by gijj = 95, % - 85, % for 1 < i,j < 2. Then the
tangential gradient (or surface gradient) of w : I’ — R is defined as

2
(Vro)o® := Y g, (wo )iy, W,
i,j=1
where [gi-i]f,i=1 = g ! (matrix inverse). Given Y : I' — R3 we have VY =
(VrY1,VrY,,VrY;) (a3 x 3 matrix). Moreover, we have the tangential divergence Vi - Y :=
trace(VrY).
The Laplace—Beltrami operator is defined by Arw = Vr - Vrw which expands out to

2 2
(Arw)o® := " g9, | Y %05, (0o )i, ¥ |- 05, W.
i,j=1 rk=1

Note: When I is a one-dimensional curve with oriented unit tangent vector 7, we have Vi = 70;
and Ar = 8?, where dj is the derivative with respect to arc-length.

Therefore, taking X(-,¢) to be a local parameterization of I"(¢), the vector curvature kv of
I(t) [17,37]is given by —ArX = kv, where « is the sum of the principle curvatures.

3.2.2 Weak form. In the rest of the paper, we take advantage of a weak formulation of the vector
curvature [3, 19]. If I" is a closed C? manifold, then the following integration by parts relation is
true:

/KI/-YZ/ VrX:VrY, forallYinV, (3.10)
r r

where VX is a symmetric matrix that represents the projection operator onto the tangent space of
I ie. VX =1—-v ® v.Weuse (3.10) to derive the weak form (3.12).

3.3 Fully continuous

We present a mixed formulation of (2.5), (2.6) that is partly related to [8] for the heat equation.
Define the flux variables o1 = —K Vuy, oy = —K,Vus, and take up(:,t) in HOI’N(.Q) ={u €
H'(£2) : ulspye = 0}. Then, for given input data fi(-,7), fi(-,¢) in H'(£2), and initial data
X(-,0) = Xo, us(-,0) = us 0, ui(-, 0) = uy,, find time-dependent functions o7 (-, t) in V(0), o(:, )
in Vg, X(-,2) in Y, u)(-, ¢) in Qy, us(+, ¢) in Qg, A(+, ¢) in M such that

1

= 0'1'?71—/ wV-m— /\?71'1/2—/ upm - ve, forallm € Vi(0),
K Jau@ 21(t) r@) 82

—/ qV - o —/ @1 0:uy = —/ qfi, forall g € Qy,
() () 21(1)
1

— 0’5'175—/ uSV-nS+/ Ans-v =0, forallns e Vj,
24(1) ra

K Jo.@)
—/ qSV-a'S—/ qs 0¢Us =—/ qs fs, forall g5 € Q,
2,(1) 2,() £25()
(3.11)
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1 ~
/ A—(E),X'I/)(Y'I/)—i—(’i/ vrX:VrY + S AY-v)=0, forallYeY,
re B(v) r@) @)

§/ ,LL@;X’I/-/ [LO']’I/—‘,-/ uos-v =0, forall u e M,
() @) @)
(3.12)

where we have dropped the differential measure symbols dx, dS(x), etc., for brevity. Note:
Integration by parts shows that A = u; = us on I'(¢).

3.4  Formal estimates

Well-posedness of the fully continuous problem (3.11), (3.12) is challenging. One must handle
the parameterized deforming domain appropriately and be able to obtain a priori estimates of the
interface velocity, curvature, and improved regularity estimates of the variables [14, 31]. However,
one may formally derive a priori bounds by assuming existence and uniqueness of a solution as well
as sufficient regularity to allow for choosing test functions.

3.4.1 A prioribound. Forsimplicity, take up = 0.In(3.11)and (3.12), choose n, = o1, s = 0o,
Y = 9;X, 1 = —uy, gs = —us, 4 = —A, and add the equations together to get:

1 1 1 R
— |a'1|2+;/ |a's|2+/ A—|8,X-y|2+oe/ Vr3,X):VrX
Ky Jai0 K Ja.0) re Bv) ()

+/ u13,u1+/ usatus Z/ M1f]+/ usfb
21(2) £25() 21(2) £25()

Next, we make some preliminary calculations for some of the terms in (3.13). By standard shape
differentiation [16, 32, 56], we have

d

— (/ ulz) = / 8,(u12) —/ uf(&,X) -V,
dt \Jaw () re

d

— (/ uf) = / Bt(usz) + / uf(azX) -V,
dt \Ja.x 2.(0) re)

where we have accounted for the orientation of the normal vector v of I"(¢). Thus,

1
/ U101 +/ U0 Uy = — (/ 8,(u12) +/ at(uf))
20 2,(t) 2 \Ja 2,(t)
1 d / 2 / 2) ]/ 2 2
=-— up + u; | + = (i —u)o:X-v (3.15
2dt ( an  Jaw 2Jrey ! t G-19)

1d
2dt \Jew 2,0)

where the last term is dropped because (formally) u; = us on I'(t).
Now note that shape differentiation also tells us that [16, 32, 56]

(3.13)

(3.14)

d
/ Vr@:X): VrX = —|I (). (3.16)
() !
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Therefore, we arrive at an identity

1 S 1, d
[ (SR Z 17 + Il + 37O

® Bw)
1d
+——(/ u12+/ uf)=/ u1f1+/ us fs,
2dt \Jaw 2.0) () 2,0)

which is a variation of a result in [5, eqn. (2.13)].
To continue, we recall a variant of a Gronwall type inequality in [43, Lemma 3.1].

(3.17)

LEMMA 3.2 Let g, h,r,w : [0, T] — R be measurable and positive functions such that

r2(t) + g(t) + /t w(t)dt <r%(0) + g(0) + /t r(t)h(r)dz, forallt €[0,T]. (3.18)
0 0

Then,

t

rz(t)—i-g(t)—i-/ w(t)dt S2(r2(0)+g(0))+t/[ W2(t)dr, forallt €[0,T]. (3.19)
0 0

Now make the following identifications with the functions in Lemma 3.2:

1/2
B0y = V2 (1A OB g0 + 150220 0) -

1 1/2 N
% <||u|(t)||22(g](,)) + ||us(t)||22(gg(t))) ’ g(t) = Ol|F(Z)|,

r(t) =
2-1/2 2 1 2 1 2
w(t) = |8 (¥)(0:X) - V”Lz([‘(,)) + ?|Ial(t)|lL2(Ql(t)) + ?”USO)HL%.QS(;‘))‘
1 s

Using Cauchy—Schwarz twice on the right-hand-side of (3.17) and integrating, we get

t

/ w(t)dt + r2(t) + g(t) < r2(0) + g(0) + / r(t)h(r)dr.
0 0

Applying Lemma 3.2 delivers the a priori estimate:

1 ~
5 (IO 122 gy + 15O 122 g ) + BT O]
tro 1 1
+/ (”ﬂ P2@)OX) VI ray + F 10O 0 + 1052 (r))) I
0 K, K s
< (I1O)2g, 0y + 140220, 0y ) + 28T O)]

t
+2 /0 (1A Oy + 1O 2.y ) d7. forallz €[0T,
(3.20)

See (4.27) for the semi-discrete version of (3.20).
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3.4.2 Conservation law. We also have a conservation law for the system which is simply a
thermal energy balance. Choosing ¢; = 1, ¢ = 1in (3.11),and = 1 in (3.12) gives

—/ 0'1'1/9—}—/ 0'1~V=/ azul_ fs
2 r@) 2(1) 21(t)
—/ US'VZ/ Orug — Jss
@) £2,@) 24(t)

S (8;X)-I/=/ o’l-u—/ o U.
r@® ra) ra

Adding them together gives the balance law:

/ fl+/ fs_/ oV Z/ 8zul'f'/ 3zus—§/ (0:X) - v, (3.21)
21(0) 24(t) dnf2 21(0) 2,(t) r@

where the left side is the thermal (power) input and the right side is the rate of change in the stored
thermal energy of the system. Note that energy is stored in the phase change associated with the
velocity 9, X of I'(t). See (4.34) for the semi-discrete version of (3.21).

4. Time semi-discrete formulation

We now partition the time interval (0, 7') into subintervals of size Af. We use a superscript i to
denote a time dependent quantity at time ¢;. Furthermore, let (-, -) 5 denote the L? inner product on
the generic domain X. For a general domain X, let (-, -) 5 denote the duality pairing on X between
H~Y2(%) and H'/2(X) or between H~'(X) and H'(X) (the context will make it clear).

4.1  Domain velocity

4.1.1 Map ' to I''tY, We introduce the interface velocity V := 9,X as a new variable. Thus,
we approximate the interface position at time #; 1 by a backward Euler scheme:

Xt =X+ ArVITL where VIt ' — R3. 4.1)
Thus, knowing Vitl and X! we can update the parametrization of the interface and obtain the
interface I'**1 at #; 1. Note that X?(-) = id - (-) (the identity map) on I"’.
REMARK 4.1 We shall assume throughout this paper that Vi*! (for all i) is at least in W 1-°(I"?)

in order for the update (4.1) to make sense.

4.12 Map 21, 2! to 2/, QI*'. Clearly, the bulk domains £2, £2; follow the interface I".
Give;n Vi+1on I'?, it can be extended to the entire domain £2 by a harmonic extension [22, 65], i.e.
if V’E+1 denotes the extension, then
Vifte HY(2): —AVT =0, inQ/uel, VF'=V"T onr', Vi =0, onis,
4.2)

In the following, we drop the E subscript and use Vi+1 to denote the extension. This induces a map
@iy : 20 — 211! for “updating” the domain:

@ 1(x) = idgi (x) + AtVITI(x), forallx € 2. (4.3)
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See [27, 28] for similar constructions in an ALE (Arbitrary-Lagrangian-Eulerian) context.

Note that @; 1 is defined over both .Qli and .Qsi, and .QIH'1 = ¢i+1(.§21i), .Qsi+1 = qjj+1(.QSi)
conform to I"**1. Similarly as for (4.1), we assume Vi*! (on %) is at least in W1°(27),
Furthermore, we assume @®; 1 is a bijective map and det([Vx®; +1(x)]) > 0. We note the following
properties satisfied by @; 41 [33, 58].

° Ify = (I)i+1(X), then (Vyd);i_ll o @i+1)(X) = [de>,-+1(x)]_1.

o If f: 21 > R, then [t f(y)dy = [gi f(Pis1(x)) det([Vyx®P;41(x)]) dx.

We use the map &;; to transform the functions uf‘H, ué“ on £2¢ to new functions on 21! in
order to advance the solution to the next time step (see (4.7)).

REMARK 4.2 (Time Step Restriction) In order for (4.3) to remain bijective, Az cannot be too large.
In fact, it depends on [[VV' || co() because det(V®P;41) depends on VV!*!. There is also a
similar restriction on the time step in Theorem 4.14 (a priori bound).

4.1.3 Time derivative: Eulerian vs. Lagrangian. Similar to (4.1), we use a backward Euler
method to discretize the temperature time derivatives at each time step:

ul+1 _

i i+1 i
9.+l & M U ' —u
( U1) ~ Ar

, du )ity 5 75,
@us) At

But, because the domain is changing, u;‘H

.Q]i.’l, respectively; see next section). This means u; must be transferred to the new domain in
order to compute the (discrete) Eulerian time derivative. The transference can be accomplished by
an L? projection, for instance, but is not so convenient for a numerical method.

Therefore, we make use of the material derivative [58]. Using the standard formula; = d,u; +
V. Vu;, and introducing the flux variables, we have it; = d;u; — K'v. o; for j =1,s. Thus, we
adopt the following discretization of d,u; and d,us:

, u; (j = 1,s) are defined on different domains (£2,

' Wit i o ol 1 . '
Ou;) T ~ % + = (o} - V)o@ !, for j =1s. 4.4)
Kj -

Note that we have treated the convective term explicitly, and (formally) taking Az — 0 recovers the
standard material derivative formula. The advantage here is that computing u; o ch._l and (0';- . Vi) o

<I>i’1 (j =1,5), in the fully discrete method, is straightforward (see (5.3) and Remark 5.8).

4.2 Weak formulation

We now present the semi-discrete formulation of equations (3.11) and (3.12). The main idea is to
write all integrals over the current domain 21, ' but set all of the solution variables at the next
time step t;+1 (i.e. a semi-implicit method). Moreover, we apply (4.1) and (4.4) and set uffl =
up(-, ti+1), fliJrl = fi(-,ti+1), and fsiJrl = fs(-,ti+1). Thus, we arrive at the following weak

formulation. At time #;, find o} *! in Vi(0), i *1 in VI, Vi*1in Y/, 2! ™! in QF, ui*! in Q, A7H!
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in MI' such that

1. . o .
?(UfH,nl)g{ - (ufH,V'??l)glt —(m -V A p = —(mveuh e,
1

for all i € Vf (0),
i+1

; 1 | . )
—(V- Uf“ﬂl)g{ — A_Z(ul ,ql)_Qli + A_t(ull’ql)ﬂli — _(fil+1’ql)91i’ forall ¢ € Qf, 4.5)

?(aé“,m)gg — @V en)gi + (ne- v AT i = 0, forall g € VI

S

. 1, 1 . .
_(V * a‘;+lvqs)ﬂsi - E(ué—‘rlvqs)ﬂsl + E(”slv%)gsi = _(fsl+lsqS)QZsfor al] qS € Qév

(B*I(Vi)vi‘l'l . I/i,Y . I/i)['i =+ Ata(vpivi+lsvl—'iY)Fi
SV 02 ) = VXL Y,

. 4.6)
forallY € Y,

g(V’.Jrl V)i — (o'lH'l V) i+ (o’i“-ui,u)pi =0, forall u € M,

where the function spaces are defined over the current (known) domain 2%, I''. Then we use (4.1)
to obtain the new interface position, which induces a map ®; 4 : 2" — 211 Because of (4.4),
the temperature from the previous time index, u; : .Qj’.’l — R, is mapped onto .Qj’ by

. . 1 . .
u =uko ! — Az? (o) - V)o@ ", for j =1s. (4.7)
J

Iterating this procedure gives a time semi-discrete approximation of the fully continuous problem
(3.11), (3.12).

REMARK 4.3 (How To Start The Method) From (4.7), it is clear we need V° to compute w0, L.
However, we start solving (4.5), (4.6) ati = 0, which only gives V1. Hence, we must do one of the
following. (i) specify VO, a?, ?; (ii) set VO = o = ¢ = 0 (i.e. choose u;°, u,° directly); (iii) or
apply (ii) with a small time step to obtain an approximation of V?, o’,o, o’f. Either way, the error in
approximating u;°, %° is only O(At).

4.3  Abstract formulation

In order to simplify notation, we shall drop the time index notation and remember that we are solving
for all variables on the current known domain 2 = ', I’ = I'* with the current known normal
vector v = v*. In particular, we take

o.ll+1 ol 0.;+1 = o, V1+1 =V, uerl =u, M;Jrl = u,, AH»I = /\,

i+1 _ i+1 _ i+1 _ i _— —i _— i _¥% _
A :fl,fs+=fs, up S =up, Ul =uj, Uy =u;, X =X, Vpi =V,
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4.3.1 Bilinear and linear forms. For notational convenience, we introduce the following bilinear
forms. The primal form is

1 1
a((lrllv T’SvY)v (O'I,O'S,V)) = T(Ir’ls o’l).Ql + ;(T’Sso-s)ﬂg
KI Ks (48)

+ B W)Y v, V-v)r + AtQ(VrY, ViV,
the constraint form is

b((’l’]], U Y)v (qlv qs, I‘L)) = —(V <M, ql)ﬂl - (V * Ns, CIS).Qb

~ (4.9)
—m-v.u)r +(ne-v.u)r + S (Y-v,r,
and the lower diagonal form is
1 1
C((qlv CIs’ M)? (ulv u57 A’)) = E(qla ul)gl + E(q& MS)QS‘ (410)
The linear forms are defined by
x(m.ns.Y) = — ((m-ve,up)se +@(VrX. VrY)r),
_ 1 1 4.11)
V(. gs, 1) = —((ﬁ,cn):z. + (fg)e + - (i.g)e + A_z(”s"“)‘?s)‘
4.3.2 Saddle-point formulation. Define the primal space by
Z =V(0) x Vg x Y, (4.12)
and the multiplier space by
T =Q x Qs x M. (4.13)

With the above notation, the formulation (4.5), (4.6) can be written as a saddle-point problem.

VARIATIONAL FORMULATION 4.4 Find (o, 05, V) in V|(0) x Vi x Y and (v, us, A) in Q) x Qs x Ml
such that

a((lrllv nSvY)v (O'],O'S,V)) + b((’l’]], nSsY)s (M], Ug, A)) = X(T’lv nSvY)v
b((O’],O’S,V), (qlv qs; I‘L)) - C((C]I, qs; I‘L)s (M],MS,A)) = w(qlqus M)v

for all (1, ms,Y) in V(0) x Vg x Y, and (g1, g5, 1) in Q; x Qg x M. The temperatures u;, us are
Lagrange multipliers as well as the interface temperature A.

(4.14)

4.4  Norms

4.4.1 Non-degenerate interface. 'The purpose of the following assumption is to avoid a case
where I' is closed and very flat (e.g. the surface of a pancake). It is necessary to ensure the
equivalence of the norms in Proposition 4.6.

ASSUMPTION 4.5 Assume that I" is a Lipschitz or polyhedral manifold. In addition, for any non-
zero constant vector a € R3, assume there exists an open neighborhood 1. C I' such that || >
co > 0 and

a-v(x)>0, VvVxel, or a-v(x)<0, Vxell
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4.4.2  Primal norm. Clearly, ||(m,ns, Y) ||%<> = | ||%1(div’9]) + [ ”%ﬂdiv,ﬂs) + ||Y||12'-1' e isa
norm on Z. But because of the form of the equations, we shall use a different norm. First, we note an
equivalent norm to the standard H ' normon I" (recall that ||Y||§11 ry = ||Y||iz(r) + ||VFY||22(F)).

PROPOSITION 4.6 Let I be a Lipschitz or polyhedral manifold. Define:
Y2 = 1Y w12y + 190 Y oy

Then, [|[Y[[| = Y| g1 (), With constants that only depend on the domain.

Proof. First, verify that |||Y|||is anormon H ' (I"). We just need to check that |||Y||| =0 & Y =0
since the other norm properties are trivial to verify. If [[|Y[[| = 0, then [V Y| 2y = 0, so
Y = a € R3 (constant vector). If a # 0, then by Assumption 4.5,a-v > 0 (or < 0) on a set
of positive measure. Thus, ||Y - '/||12L1—1/2(r) = 0, but this is a contradiction, so then a = 0. Since

1| - ||| is a norm on H!(I"), the equivalence with || - 7711y follows by a classical compactness
argument [1, 21]. O

In light of the above, we define the following primal norm:

1 1 ~_
Iom 1 DI = = Il + =y + 1B2Y vy
1 s

F Y vl oi2py + A@IVEY oy (4.15)
The choice of H~'/2(I") is the most convenient for our formulation.

4.43  Multiplier norm. The obvious multiplier norm is [(q1.¢s. w)|2e = ||q1||i2(91) +

IIqSIIiz(Qb) + ”“”12‘-11/2(1“)' However, because of the form of the bilinear form b (4.9), it is more
advantageous to use the following equivalent norm:

2 _nan2 ~ 112 ~ 12
@ 113 = 112 + 102y + I = 12112

i = @1y + SIV Iy 416)

where we introduced the mean value: ¢; := ITII fﬂi gi,and §; := ¢q; — ¢; (fori = 1,s). We also
define the mean value on I": i := ﬁ Jr i, and i = p—fi.

PROPOSITION 4.7 (Equivalence of Multiplier Norms) Let I" be a Lipschitz or polyhedral manifold.
Then, ||(q1, ¢s, 1) |lTe = ||(q1, gs» 1) ||, With constants that only depend on the domain and S.

Proof. Again, use a compactness argument. O

4.5 Well-posedness

This section verifies the conditions needed for well-posedness of (4.14) [9, 11].
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4.5.1 Main conditions.

LEMMA 4.8 (Continuity of Forms) For all (1,15, Y), (01, 0, V) in Z and (g1, gs, i), (41, us, A) in
T’

|la((m.ms. ). (01,0, V)| < Call(m. m. Y|zl (01, 7. V) | 2.
|b((m, 15, Y), (1,45, 1)) | < Co H(m,m,Y)H [CSyD)
e (g1, g, 1), i, us, A))| < A7 (lgill 2y Il 2@y + 14sllz2 2 sl 2 @,)-
X1 )| < Cy| (ma s Y) | .
[V (a1, 95 W] < Cy || (1,95, 1) | -

where Cg, Cp, Cy, Cy > 0 are constants that depend on physical parameters and domain geometry.
In addition, C, depends on up, At~12 and Cy depends on fi, fs, Uy, 4 and AL

Proof. The first result comes from two uses of the Schwarz inequality. The second estimate follows
by noting

—(Vom.q)e — (m-v.u)r < (lallze) + ”H’”HII/Z(['))”T’l”H(diV,Ql)’
~(Voneg9)e, +(ns- v < (g2 + 18l g1z ) Il v

where we used Cauchy—Schwarz and (3.7). In addition, by (3.8), we have

5 /F WY 1) = SO v ) - < SIY - wlgorzam il

The bound on b then follows by combining these results and using Proposition 4.7. The bound on ¢
is obvious. Next, we have

x(m.ns. Y) < unllgr2pe)m - vela-1202) + CallVr Y2y < Clm, ns, Y)llz,

where C depends on Ar~1/2 and the data up. The last inequality follows from (4.11) where the

constant depends on Az ! and the problem data. o

LEMMA 4.9 (Coercivity) Let (m,ms,Y) € Z with b((m1, 15, Y), (q1, ¢s, n)) = 0 for all (g1, ¢gs, 1) €
T. Then,

|a((nls nSvY)v (7717 T]SvY))| = C”(’l’]], T]SvY)”%7

where C > 0 is a constant depending on g, I?l, 7(: and the domain. This is true even if 8 — oo.

Proof. From (4.8), we get
a{no ), (e V) 3 %H’?l“iz(m) i K%”’?s”i%ﬂs) + ||E*1/2Y.u||1242(r)
+ AtaHV[‘Y“?ﬂ(F)
_ %l||"71”§-1(div,91) + K%Hnsnil(div,ﬂs)

+HB7Y vl 7oy + A@IVEY 7y
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where the last step follows from the hypothesis V - 1y = V - 5, = 0. Also by hypothesis, we have
S(Y-v,)r={m-v.pu)r —(ns-v, W), forallue HY?(I).

Hence, using (3.7) and (3.8), we have

5 SY-v.wr
S|Y - V”H*VZ(F) sup —— <2 (||77|||H(div,:21) + ||77s||H(div,:2§))-
weH/2(T) ||M||Hl/2(r)

Combining these inequalities yields the assertion. o

LEMMA 4.10 (Inf-Sup) For all (g1, ¢s, ) € T, the following “inf-sup” condition holds

b((’l’]], U Y)s (qlv qs, I‘L))
sup S S22 2 Cll(gn gs Wl
(m1,ms,Y)EZ [ (m, 15, Y) | zo

where C > 0 depends on the domain and S.If (1, ms, Y)||zo is replaced by ||(171, s, Y)||z in the
denominator, then the inf-sup still holds, except C also depends on K, Kg, o, and ,3 . Furthermore,
C does not depend on the time step At, as long as At < 1.

Proof. Setting - = 0 on 952, and accounting for the orientation of the normal vector and using
the divergence theorem, we have

b((m. 15, Y).(q1. g5, )
= ~(V-mae — (V-n.q)e, —(m-v.p)r + (- vomdr +5 (Y- v pr
=-(V-m.g@)e —(V-n.g)e, —(m-v.u—q)r + (ns-v. u—gs)r
+S Y-v,ur.
By definition of the Hll/z([‘) norm (3.7), there exists a € € V,(0) such that —(€ - v, u — @) =
e — G ||H]1/2(F) and ||€|| fdiv,2) = 1. With this, we construct the vector field i € H(div, £2;). Let

@1, ¢ in H'(£2)) (with zero mean value) be weak solutions of the following elliptic problems,

Ap = — w2, Ve =0, 0nd2 =T UIR,
11220
1

—A¢py = — E-v,in82, v-V¢,=E&- v, ondf,
[$21] Jag,

and define 171 = V@1 + V¢, (note that V¢, and V¢, are in V(0)). This gives
—(Vom,g)a— (m-v,u—g)r = (=A¢1,q) e + (=A¢2, G2 — (V- Vo, u —qi)r
= g2y + Ik =dill g1z py-

Now bound ||71]| #iv,s2))- Since (3.2) and (3 3) hold with £2 replaced by £2;, we get ||A¢2||Lz(9|)
Col{€ - v, )aal < Cill€ - vIg-12002) < Ci1ll€llH@iv.2) = Ci. Moreover, a standard a priori

bound gives |2l g1(g) < C2 (||A¢2||L2(91) + & - 1/||H71/2(39|)) < Co(Cy + 1). Similarly, we
deduce that |A¢1 |12y = 1 and |1 1) < C3. Hence, we arrive at the following result

Il f@iv.e) < 1A¢1ll2@y + 1A2ll2y + 101lla1 (@) + 921H1(2) < Ca,
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where C4 > 0 depends on £2; and I". Analogous results show there exists an 7 in V such that
~(VmeG)a + (v —ddr = @2y + 1t =@l gy Indaae) < Cs,

where Cs > 0 depends on £2; and I".
By the definition of the 1 (I") norm (3.9), there exists a Y in H'(I") such that

Y-v.)r =Y, w)r = lpvllg-1ry, 1Yz =1.

Taking all this together gives the result. O

4.5.2 Summary. For saddle-point problems, one usually needs to only check the continuity,
coercivity, and inf-sup conditions to verify well-posedness. However, there is the third bilinear form
c(-,+), whose continuity constant depends on Az~! (see Lemma 4.8). As long as At > 0, the system
(4.14) is well-posed with a bounded solution [9, 11]. But it is important to know how the time step
affects the well-posedness, especially as At — 0.

The following lemma is a modification of a result in [9, Lemma 4.14], applied to our
formulation, which illustrates the effect of At.

LEMMA 4.11 Let (1,75, Y) in Z such that b((m;, 175, Y), (0,0, i)) = O for all & € M. Then, the
bilinear forms « and b in (4.8), (4.9) satisfy

a((lrllv s, Y)v (7717 s, Y)) + b((’l’]], Ts, Y)s (‘]1, qs, O))

sup
1. 5. Y) - (@4)€0xQ, At=1/2(||qi|

1/2
iz(gl) + ”qs ”iz(gs))

= C”(’l’]], T’SvY)”Z*v

where C > 0 depends on the physical parameters and the domain, with norm defined by

1
L (Il + ALV - ml2s )

1
+ = (Iml 0y + A1V -7l q)
+ ”:B_I/ZY : V”iz(p) + At||Y - V”§171/2([') + Ata”VI“Y”iz(p)-

Lemma 4.11, and [9, Theorem 4.11, 4.13], yields the well-posedness of (4.14), but one can see
more clearly how the norm is affected. An extra factor of At multiplies ||V-n||

and ||Y - 1/||12,_171/2(F).
from (4.5), one can see that V - i and V - i depends on the discrete time derivative of u; and u;.

2 2
L2(2)’ ”V',’,IS”Lz(‘Qb)’
This is reasonable given the parabolic nature of the problem. In particular,

4.6  Estimates

The semi-discrete system (4.5), (4.6) satisfies both an a priori stability bound in time and a
conservation law (see the following sections). First, we note some basic results we will need.
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PROPOSITION 4.12 Let A be a constant 3 x 3 matrix and define G(y) = I + yA for all y in R.
Then

1 1
detG(y) = 1 + y trace(A) + 5)/2 [(trace(A))2 — trace(Az)] +gy3E2(A),

=:51(A)

where Z; (A) and &, (A) are functions of A that satisfy |Z1(A)| < C|A|?, |E2(A)| < C|A|3, where
| - | is any matrix norm and C > 0 is a constant that only depends on the norm.

LEMMA 4.13 (Discrete Gronwall Inequality) Let ¢ = 0 and suppose {r;}i>0 and {g; }i>o are non-
negative sequences. Then the following is true:

n—1

n—1
n $c+2gkrk, foralln 20, = r,<cexp (ng), foralln > 0,
k=0 k=0

where the sum is zero when n = 0.

4.6.1 A priori bound. We begin as we did in Section 3.4.1. Again, take uffl = 0fori = 0.In
(4.5)and (4.6), choose my = ol T, g = ¢l Y = VITL g = —ul 1! go = —ult!, = A1,
and add the equations together to get

1. 1. S :
2 1o gy 10 oy + 1B 20OV U
N

& [(Vri @V VRV D+ (VX VeV D]
1 , . 1 . . '
+A_t(u;+1’ (MTJFI _ Mll))gli + A_[(ué+1’ (u§+1 _ usl))ggi

i+1 i+1 i+1 i+1
— (uer ’fll+ )9( +(u;+ ’fsl+ )95’

Next, focus on the discrete time derivative terms. Using 2a(a —b) = a?> —bh? + (a — b)?, we obtain

- g =%(/,<u:'+1>2—/,(u—1f>2+/,<u:’“—u—f)2). (4.18)
Qi o 2

Now use (4.7) and a change of variables to show

i(u_li)z =/H (ur’ 0¢>i(x))2det([VX¢>i(x)]) dx
@ “ . (4.19)
:/' (u{—Azl?rla{~Vi) det ([V&1]).
ot
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Combining (4.3) and Proposition 4.12 with (4.19), and expanding, gives

/ (@) < / (0?28 R 0|V + AR o] PV ) -
Qi Qi
(1 + At|lV-V| + (A12/2)|E1(VV’)| + (At3/6)|E2(VV’)|) dx
< [l ||iz(91i—1) + M,; At (?1”’4 ||L2(g]i*')||o'll ||L2(g]i*') + [l ||iz(9{—1))
+ (M7 A + M ArP)
1 12 2C i i i)2
: (I?—lzlldl ||L2(Qli—1) + ?1””1 ||L2(g]i*1)||0'| ||L2(g]i*1) + C |l ”L2(.Qli—1)
1 : 2 . .
CM4-AZ4<A— )2 i - i i i i )
+ i & o ||L2(J21 n Tt z [} ||L2(.Q] Loy ||L2(.Q, )
1 ,
5 5 12
+ CMl,iAt k\_IZHUI ||L2(Qli—l)
S
My i 2 A2 3 A+3
1

+ AtM||ul || (14 CMy; At + CMP; Ar?)

2 .
L2(2i~hH
2
A 2 Mg, oo 1+ My ; At + CM2 A2 + CM3 A3
+ t F”UI ||L2(Qli—l)( + 1,i + 1,i + 1,i )’
|

(4.20)
where M;; = ||V! ”WLOO(.Q{*‘) and C > 0 is an independent constant. Next, choose At such that
My At, CMy; At, CMP A, CMB AR <173, AtMZ /K, < 1/4, 4.21)

and note the following weighted Young’s inequality:

%Ml,izuuf Iz ot 21, < % (4Mli-||uf oo + 5l ||§2(g],-_1)) |
Hence, (4.20) implies
—i\2 i2 8 M i2 At o
/Q]i ') < llwy ||Lz(9]i71) + At ( z + 2Ml,i) l[y ”LZ(Q]ifl) + ?1”0'1 ||Lz(9]i71)’
=My,

foralli > 0. (4.22)

A similar result holds for ué with constant ]\7:1 = (8M52’i/7(\5) + 2M,,; where M,;, =
||Vl ||Wloo(gsl—l)
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Next, we note a result from [3, Lemma 1] which says that

/ eri-i-l . Vp(Xi+1 _Xl) > |Xi+1(Fi)| _ |1—vl| — |Fi+1| _ |1—vi|,
ri
where M *1 := Xi+1(I"%). Hence,

(Ve (AtVITY Ve VY b 4 (Ve X Ve VY p = A (Ve XL Ve (X — X))

|1—~i+1| _ IFi|
= - . .
At
(4.23)

Now combine (4.22) with (4.18) and plug into (4.17) (and do the same for ui) Using (4.23) then
yields

1 .
= ot ™12, 0 = 5= 01122 i1y + =100 17200 = 5 =027 2 -
Kl g LZ(Q) 2[( 1 LZ(A’Z 1) KS s L2(21) ZKS s LZ(QS 1
I @V b i 1]

i 12 1 i 12
Wagrsy +8— 5 (1 122 g1 = 10112211,

11, . .
T a2 (””gﬂ ”22«25) - ||M§||iz<.rzgfr>>

7y i ; | — .

< (it flz+1)gl+ Mnllulllem{ﬂ)+(u;+1,f;+1)95,-+—Ms,i||u;||§2(95,1). (4.24)

Applying a weighted Young’s inequality to the right-hand-side, multiplying by Af, summing over
i, and cancelling similar terms, we get

N-1 N-1
At

7 I:A ||01+1||L2(Q’) /\||o'l+l||L2(Qz j| + AZ Z ”,3 1/2(1/ )Vl+1 i”iZ(['i)
i=0 l i=0
N N2
+a |+ —||u 22@v-1) + Enus 122 00m-1)
At
<ar|+; ( 0?1221, + 100 Bagony + 412 g, + ||u2||zzmbl))
K, K !
N-1

At Y (I e gy + 1 2

i=0

N—

A —_ . 1 . — .

+5 ) [—nu.“ 172y + Ml 175 g1y + S 1 12 ) + M ||u;||,%2(951)} :
i=0

where N is the last time index to compute. Making further simplifications, and assuming At < 1,
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we arrive at

N-1 N-1

I:A ||o-l+1 LZ(QI /\||a-l+1||L2(Qz j| + AZ Z ”,3 1/2( )Vl+1 i”iZ([‘i)
i= i=0

At
2

+a|r+ —||u1 1721y + Z||u£V 17> om-1)

- 1 (At At
<a|r’ + ) (I/('\ ||0'1 ”LZ(Q 1y ?”0’3”22(9:1) + ”u?”iz(gfl) + IIMSIIiz(le))
S

+ At Z (LA 2 gy + 1 g

i=0
N-1

At - .
— ZO s (104 2 g1y + 1 B agginy |
1=
(4.25)

where V; > 0 is a constant that depends on ||V’ |[j1.00(). Note that u (u?) is the initial
temperature on the initial domain .Ql’l (825 1. similar for the flux o’,o (0'3 ).
Applying Lemma 4.13 to (4.25) yields

k—1

1
[||u1 [ 1)] < Agexp (zm 3 vp), forall k = 0, (4.26)
p=0

where Ay is given in Theorem 4.14, which we have now proved.

THEOREM 4.14 Suppose (4.5), (4.6), (4.7) is solved on £ at time index i, with ubt! = 0, and
assume V1 isin W1%°(27) and that @; 1 is a bijective map in W1-°°(£2?) with bounded inverse.
Suppose this holds fori = 0, ..., N — 1. If A¢r < 1 also satisfies

B max I,(\,T(\
At < 0 and At < By ( L 25) ,
maxo<i<n | V? ||W1.oo(g) maxo<i<n ||V’ ”Wl.oo(_Q)

for some independent constant By > 0, then

AIN_I N-1

1 .
7 [?”014_1”[12(91) /\||a-l+1||L2(Qz j|+Al‘ Z ”,3 1/2( )Vl+1 1”22(['1')
i=0 ! i=0
~ N N
FBIN 4 2 12 gy + 51 g

N-1 1—1
< Ao+ 40241 Y V;exp <2At ZZ Up), (4.27)
i=0 p=0
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where

1

. At At
Ao =] + (?ua."uizm]]) + =001 2001y + 112 gy + ||u§’||iz(9\1))
1 s ‘

NS

N7
+ 40 Y (1A gy + 1 Bagany )

=

—

where V; > 0 is a constant that depends on || V' || 1 .o (s2)- Note: the final time for the semi-discrete
evolutionis T = AtN.

REMARK 4.15 Using an L? projection for the temperatures from one time step to the next would
give a better estimate (i.e. more in-line with the fully continuous result (3.20)). The approach taken
here is more complicated because we introduced the material derivative with an explicit treatment
of the convective term (recall (4.4) and (4.7)); see Remark 5.8 for the reason. Theorem 4.14 can be
easily modified to allow uf;rl # 0.

4.6.2 Conservation law. Analogous to Section 3.4.2, choose g = 1,¢gs = 1 in (4.5),and u = 1
in (4.6) to get

. . 1 . . .
[ oltva [ ottt = ([ e [ )= [ g
Q2 ri At \ Jai el foX
_/ oitl. i = L / uitl _/ T _/ fi+1 (4.28)
ri ° At \Jai ° i P77

s

S| vitt.y att.v — ottt
ri ri ri

Just as in (4.19), we have

/_u_li =/_ u_lio@i(x)det([deﬁi(x)])dx:/_ (u;’—Azl?rla,i-vi)det([vqai]).
feX Qi1 2!
(4.29)

Combining (4.3) and Proposition 4.12 with (4.29), and expanding, gives

/4u_1" :/4 (uf—AtI?l_laf-Vi)
i lefl

(1 + AtV -V + (A% /2)E1(VVY) + (A3 /6)E>(VVY))  (4.30)
= / ul + At/ (us-Vi - I/(\l_la'li -Vi) + A1,
Qi1 Qi1
where I contains the higher order terms (c.f. (4.20)):
L= / . {(uf/2)El(VVi) — K lol VIV V)
Qi

nyy [(u{/6)52(vvf) —(1/2k el -ViE, (vvi)] —A2(1/6)R el -V Ez(vvi)}.
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Next, by making judicious use of the weak formulation (4.5), we can simplify the O(At) term in
(4.30). Choose i = V|, € Vf’l(O) in (4.5) on .Ql"l forany i = 1, and note (4.2):

/ El—la{.vi—/ us-Vizf AV it (4.31)
9(71 9(71 ri—1

Thus, we arrive at

/ uy :/ uf —At/ MV T L A2 foralli > 1,
of Qi1 ri-i

|| < CoMP [||u{ lp1@i-1y (1 + AtMy;) + Ko It gi—1y(1+ ArtMy; + A;sz,.)] ,
(4.32)

where M,; = |V’ ||W1,oo(9|i_1) and Cyp > 0 is an independent constant. Note that setting the initial

velocity VO = 0 gives 1910 u’ = f_qu u?. Similar results hold for u':

/ u_si :/ Mé + AZ/ /\iVi 'I/i_1 + Atzlsv foralli = 1’
Qi Qi-1 ri-

|| < CoMZ; [||”£||L1(.ngl)(1 + AtM; ;) + 7(:71||U£||L‘(.Q§*‘)(1 + AtM; + AtzMsz,,-)] ,
(4.33)

where M;; = ||V"||W1m(951>1).
Therefore, adding the equations in (4.28), and using (4.32) and (4.33), gives a time-discrete
thermal power balance for eachi =0,..., N — 1:
T
2!

) ) . 1
/.fil+1 +/ fst+1_/ 0'1[+1‘V.Q - /
Qi Qi IR At \Jg
1 ) ) ~ . )
+A—</_u;+1—/_ u;)—S/_Vl+1.u’—Az(1.+Is).
t le Qsz—l Jall

(4.34)
Finally, summing (4.34) over the time steps, and bounding /; and /5, yields the following theorem.

THEOREM 4.16 Assume the hypothesis of Theorem 4.14 and suppose V° = 0 on 2. Then,

N-1
AZZ /,f]i+1+/ ]rsi-l-l_/ Uf+1‘VQ +/ ”10+/ u?
i=0 2 2! dp 2 ot 271

N-1
N N S i+l i
—/N_lul —/ us—i—AtSE /_V ‘v
2 oN-1 iz /I

(4.35)
< AtBy,

N-1

1 ; 1 . . .
By = At Z V; [?Ho’f IILl(Q{q) + ?Ho’énumgfl) + [l ||Ll(glifl) + ”u;”Ll(.Q;i‘)] ;
i=0 1 s
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and V; > 0 is a constant that depends on ||V’ lw1.00(s2)- Note that By is uniformly bounded (with
respect to At) by Theorem 4.14.

REMARK 4.17 Theorem 4.16 is a discrete time integral version of (3.21), except with an O(At)
error. The conservation property in [5, Remark 3.5] is exact but only applies to a time-continuous
version of their numerical scheme. We note that Theorem 4.16 can be modified to allow u’+1 #0
and VO #£ 0.

5. Fully discrete formulation
5.1 Discretization

5.1.1 Non-degenerate interface. Let vy, denote the unit normal vector on I} and 0£2;. The
following assumption is the space discrete version of Assumption 4.5 in Section 4.4.1. It is necessary
to ensure the equivalence of the norms in the space discrete version of Proposition 4.6 when
|l - | gr=1/2 is replaced by a discrete norm || - ||Hh—1/2.

ASSUMPTION 5.1 Assume that [}, is a polyhedral manifold (i.e. a surface triangulation). For any
vertex v, let Star(v) be the set of triangle faces in Iy, that contain v as a vertex. For any non-zero
constant vector a € R3, assume there exists a vertex v in I, such that |Star(v)| = ¢o > 0 and

a-vp(x) >0, VxeStar(v), or a-vp(x) <0, Vx e Star(v).

5.1.2  Formulation. We begin by approximating the domains £2/, 2! by three dimensional

triangulations .Q1 e Q! o.» such that I I — .Q’ N ! ..» 1s an embedded polyhedral surface contained
in the faces of the mesh A standard Galerkln appr0x1mat10n of equatlons (4.5), (4. 6) takes the form:
find o""’1 in V’h(O) C Vi(0), o’i‘};l in V; CcVLVHinY, ¢ Y, ulf!in Q cQLu't!
in Qih c Q. )L’H in M, C M’ such that for all iy € Vi, (0), n, € Vsh, q € th, qs € @Sh,
Y e Y’ , €M,
1 . . L L
?l(af,zl,nl)glfih =}V om g — (v A p = = v up ag,
i 1 1 _ . .
(Vo a)gi — —(U'HJII)QI‘ + g =g
> Lh L.h At 1.h 1L.h (5.1)
1 .
?(U;:}tls Us)g;h - (MS ho V- T’S)Ql (778 Vhs Al+1)[';l' = 07

S
1 .
—(V- Ul+1vqs)gl - _( i qs)[)l A_[(us’hl’qS)‘Qsi,h = _(fsl+17qs)ggiihv
B @vitt vl Y- u;',)ré + M@V VrY)
+§(Y-uz,li+l)ri = _a(vpxi,va)Fé-, (5.2)
SV v W = (ol v ) (ol v i) =0,
where the discrete spaces are defined over the current (known) domain QLT hl . We then use the

space discrete version of (4.1) to compute the new interface I hl *1 followed by the space discrete
version of (4.2), (4.3) to compute the map ®; 4 : 91’1 — .Q,"l“.
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REMARK 5.2 (Finite Element Space For Domain Velocity) The extension (4.2) of VZH to all of .Q}’Z
is computed by solving a discrete Laplace equation using a finite element space ILj on §2; whose
restriction to F}i contains Y;;' Because of (4.1), (4.3), the shape of the tetrahedral elements 7" in .Q}’Z
must be representable by functions in I} , i.e. the parametrization of 7" must be expressed as a linear
combination of basis functions in the local finite element space of LZ. For example, this is achieved
when I} is piecewise linear and £2; consists of affine tetrahedra.

The space discrete version of the temperature update formula (4.7) is then given by
=l —AILH . (o, -8 Vi) |o® ), forj =15 5.3)
= My = Al (i g Vi) | o @i for j = Los -

where IT " L2(.Qj’:’h) — Q;,h is the standard L? projection onto @;’h and &y H(2i) - Vi
is a suitable interpolant; see Section 5.2 for a description of these operators and Section 5.4 for
the reasons we need them. Iterating this procedure gives the fully discrete approximation of (3.11),
(3.12).

Just as in Section 4.3, we drop the time index notation when considering (5.1), (5.2) at a single
time step. This leads to a fully discrete version of (4.14).

VARIATIONAL FORMULATION 5.3 Find (0, 051, Vi) in Zp, and (w5, Us 5, Ap) in Ty, such that

an((m. 1. Y). (01h. 05 4. Vi) + bp((m. 16, Y), (it . An)) = g (m.ns. Y), (5.4)
+br (o1, 061 Vi), (@1 Gs, 1) — cn (@12 gs. 1) Qi U iy An)) = Ya(dr. gs. 1)

for all (ny, ns, Y) in Zy, and (qi, gs, 1) in Ty,
The discrete version of the forms in Section 4.3.1 are defined in the obvious way. The discrete
product spaces are defined similar to (4.12), (4.13): Zy, =V, ,(0) XV, xYp, Tp, = Q) 4 x Qg 5 xMp,.

5.1.3 Discrete norms. The discrete multiplier norm is slightly different. We first introduce a
discrete version of the H '/2(I7,) norm. For any 1 € H'/2(I7},), define the discrete version of (3.7):

_ (m-vp, 1), . (ns - v, 1),
”M”HI/Z(F;,) = sup e, ”M”Hl/z(l"h) = sup . (5.5)
L mevi0) 1Ml Hiv.2, ) “h neVon 15l B@iv.2, .

Clearly’ fOI'j =1s, ”/’L”Hjlélz(ph) < ”M”H]l/z(['h) and (77 *Vh, M)Fh < ”n”H(diV’gﬂ')”“”Hj'f(l"h)

(discrete Schwarz inequality). We shall also use a discrete version of the H ~!(I;) norm to control
the mean value of 1 € M. For all vin H~!(I7},), define

(Vv Y)Fh

sup 0 1T (5.6)
vev, 1YImir,)

||V||Hh—1(rh) =

which also satisfies ”V”H,,_‘(Fh) < |Vllg-1(ry,) and (v,Y)r, < ||v||Hh_1(Fh)||Y||H1(Fh) (discrete

Schwarz inequality). Then the discrete version of || (g1, gs. i) |2+ is [|(q1. gs. u)ll%o = ||q|||iz(91 ot
h s

2 2
”qS”LZ(‘Qs’h) + ”:U«”H}i/z(rh), where

1
1l 2y = 5 (Wi + 1l ) (5.7)
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and the discrete version of (4.16) is

”((Ih qs, M)”%‘h = ”ql”iZ(QLM + ”4‘8”22(95.}')

(5.8)

A2 A2 S 2
+ [l CIIHth/lz(Fh) + [l CIS“H:AZZ + S|IMVh|IH[TI(Fh).

I'n)
A discrete version of Proposition 4.7 also holds, i.e. ||(¢i, gs, M)”Tﬁ ~ ||(q1, s, W],

The discrete version of the primal norm (4.15) is also slightly different. It requires a discrete
version of the H~/2(I) norm to control the mean value of Y - v for Y € Yj,. Forany Y - vy, €
H~Y2(I73,), define
(Y-vn, )1,

, 5.9
Hp €My ”Mh ”HI:/Z(F’!)

”Y . Vh“Hh_l/z(Fh) =

Clearly, (Y - vy, un)ry, < [|Y - vall H- ) (discrete Schwarz inequality). Then the

]/2(1";,) ”/“z ”H}/z(l"h

discrete version of ||(1;, 7, Y)||% is obtained by replacing [|Y - || g—1/2(y with [[Y -1 ||H71/2(Fh).
h

A discrete version of Proposition 4.6 also holds.

5.2 Space assumptions

To prove well-posedness of the discrete system, we must prove the discrete version of Lemmas
4.8, 4.9, and 4.10. In addition, we want to obtain discrete versions of Theorems 4.14 and 4.16.
To facilitate this, we make the following general assumptions on the choice of finite dimensional
subspaces (see Section 5.5 for the specific spaces used).

Let V;, be a conforming finite dimensional subspace, i.e. V;, C V = H(div, £2), and define

Vii={neVy:in vy =0 0002} C{neV:(n vyqhe, =0 YqgeH (2}

Furthermore, assume that for any 7 in V,, we have N2, € Vir(0)and n|e , € V.
Next, take Vi, = {m € Vi :m-vp =0, on 32} and Qpp, = {q € Qi : fﬂ]h gdx =0},
and assume that V -V, = Q 3, V - %ofl’h = @1,}1, and V| ; contains continuous piecewise linear

functions on . Analogous definitions are made for Vs and Qs ,. Moreover, assume (Vy,,. Qi,)
and (V 5, Q) satisty

—(V-m.q)e —(V-n5.94) 2,
= = clalr2, - sup —————= = c|lgsl 2o, ). (5.10)

mevy, Imll a2 ) neVon Il Hiv,2, 1))

for all ¢; € Qi , ¢s € Qs p, with ¢ independent of 4 and that an analogous condition is satisfied for
(%ofl’h, Q%) and (Wols’h, Qs,). This implies that we can solve the discrete mixed form of Laplace’s
equation. As for Y and My, assume they are spaces of continuous functions.

Regarding (5.3), we have a “Fortin interpolant” [9, 11] ‘QW : H}(2,) — Vy, that satisfies for
any V€ H} (2,):

”&VhV”LZ(Qh) < C”V”H'(Qh)v and (q, V.v-V. &@hV)gj.h = O, A4 q € Qj’h, fOI'j = 1, S.
(5.11)
And the L? projections Ig, , : L*(2;,,) — Q4 (for j = 1,s) satisfy for any v € L?(£2;5):

||HQj,hU||L2(9]-,,,) < ”U”LZ(.Q]-!,,)s and (¢,v — g, ,v)2;, =0, Vq €Q;, forj =1s. (5.12)
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5.3  Well-posedness

We follow a similar outline as Section 4.5.

5.3.1 Main conditions.

LEMMA 5.4 (Continuity of Forms)

lan((m. 15, Y), (01, 05, V)| < Cq,, [, s, Y) 2, (01, 05, V)12, ¥ (1,15, Y), (01,05, V) € Zp,
b ((m, 15, Y). (@1, g5, 1)) < Cp,, (. . Y) |12, (g1, g5, 1) |l
Y(m, s, Y) € Zp, (q1,9s, 1) € T,
len((q1, go ), G, us, V)| < At (gl 2o, lall2 ey ) + 195 2o o lusllz2 e, )
¥ (q1.9s. ), (ur, us, A) € Ty,
Lxn(m.ms, Y)| < Cy, [, ms. Y) |z, . V(1,15 Y) € Zp,
[Vn (g1, gs. W < Cy, (g1, gs. W), Vg1, gs. ) € Th,

where Cq),, Cp,, Cy,,Cy,, > 0 are constants that depend on physical parameters and domain
geometry. In addition, Cy, depends on up, At~"/2, and Cy, depends on fi, f;, i1, %; and At~

Proof. The proof is analogous to the proof of Lemma 4.8. Minor modifications are: one must use
the discrete Schwarz inequalities associated with the discrete Hlllfz, Hsli/lz, and H h_ 1/2 norms, and
use the discrete versions of Propositions 4.6 and 4.7. O

LEMMA 5.5 (Coercivity) Let (m,ms,Y) € Zp with by((m,ns,Y), (q1,9s, #)) = 0 for all
(g1, gs, ) € Ty. Then,

|an (.76 ). (1. )| = C [ (m . V)3,

where C > 0 is a constant depending on §, I/(\l, 7(:, and the domain. This is true even if § — oc.

Proof. Follows the same argument as in Lemma 4.9, except the discrete H, Y2 horm (5.9) is used.
O

LEMMA 5.6 (Inf-Sup) For all (g1, gs, #) € T}, the following “inf-sup” condition holds

bu((m, 15, Y), (g1, s, 11))
sup = C|(q1. g5, W) I,
(m,ms,Y)EZ | (7. s, Y)”ZZ

where C > 0 depends on the domain and S.If (i, ms, Y) ||Z; is replaced by ||(m1, 15, Y)||z,, in the

denominator, then the inf-sup still holds, except C also depends on El, 7(\5, o, and ’,B\,. Furthermore,
C does not depend on the time step At, as long as Ar < 1.

Proof. Starting as we did in the proof of Lemma 4.10, we have

bh((’l’]], nSvY)v (qlv 4qs, I‘L)) = —(V ~, q~1)91,h - (V s qﬁts)ﬂsyh - (771 *Vh, U — qu)Fh
+ s vn =4, + S (Y- 0,
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Next, let us focus on —(V - 15, Gs) 2, , + (s - Vn, b — §s) 1, only. By (5.10), there exists a unique
(W, w) in (%O’S,h, @s,h) such that

w.V)e ,— (. V-v)g , =0, Vv e Vo
( )21 ( ) . ) X (5.13)
_(V * W, r).leh = (qu r)gs,h’ Vr € Qs,hv

and W] giv.2, ) < Colldsllz2(q, ,)- BY (5.5), there exists & € V j, such that
(£ *Vp, U — qAS)Fh = ”M - 48”211{'2(1—-}1)5 ||£||H(diV,~Qs,h) = ”l‘L - (jS”HSIJ/lZ(Fh)-

Similar to (5.13), there exists a z in 3075,;, such that

1
|~Qs,h|

—V.z=V-£— (/F - Vh) con 2, Nzl a@v.2.) < Cilélla@v.e,,).  (6.14)
h

Now letd = z + €. Then,

1
|~Qs,h|

V-d (/ E'Vh),onﬂs,h, d-vy =& vp, only,
Iy
where [ld]l piv.2, ) < (1 + COllEla@v.2.0 = O+ CDllk = dill g2 -

Next, define y := w +d € Vy; and note ||y|g@iv.2,,) < Colgsllrz, ) + 1+ Colp —
4sll 172y, Thus, setting 16 := ¥/ Iyl raiv.2, ) gives

—(V- 175,611)95,,7 +(ns - vn, 1 _CiS)Fh (||q~5||22(954h) +(d-vp, p— qAS)Fh)

Il a2,

> Colldillzqa,  + 11 = dillg1 /2, )
with 9] v, 52, ,) = 1. Similarly, there exists 7 € Vy;,(0) such that
~(Vem. e, —(m-vin—d)r, = G (142, + Ik — 41||H]1’{2(ph))»

with ||771||H(div,91.h) =1.
By the definition of the discrete H 1 (I7;) norm (5.6), there exists a Y in Y}, such that

Y -vn, W, = Yo wwn)r, = lwvelg-r iy, 1Ylara,) =1

Combining the above results gives the assertion. O

5.3.2  Summary. A discussion analogous to the one in Section 4.5.2 applies to the fully discrete
problem also. Hence, the discrete problem is well-posed, but one must modify the norm || - ||%h to

include an extra factor of Ar multiplying ||V - m ||22(91.h), V- 775”22(95.17)’

and ||Y - vy, ||? .
” h”H;”z(Fh)
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5.4  Discrete estimates

Applying the same arguments in Section 4.6.1 to the fully discrete problem (5.1), (5.2), (5.3), and
using the stability properties in (5.11), (5.12), we get the fully discrete version of Theorem 4.14.

For the conservation law, the argument in Section 4.6.2 changes slightly. Recalling (5.3), the
discrete counterpart of (4.30) is

_ Wi:/. “ih+At/. (“ihV‘VZ—I?l_lnf (Uih'&wVZ))—FO(Atz).
/ﬂf.h 2t " 2\ G L (5.15)

=:R1
Using the properties of &‘72 and IT P (5.11), (5.12), we see that
1,

Ry :/_Q,-_l u{,hV'&@;VZ—/ﬂ

i—1
LA LA

S i P, iy i1
Rl dy V== [ by Vo
Ty

where the last equality follows by choosing 1, = &% VZ |2, € Vf ;1 (0) in (5.1) on .Qlizl for any
i = 1. Thus, we arrive at

I’ o’

A similar relation holds for ui 5» €xcept with +Az. The rest of the derivation in Section 4.6.2 remains

uj, — At /F,-_l A;’l(&% L -viTl+0(Ar%), foralli > 1.
h

i i—1
Lh Lh

the same (note that &‘72 VZ is continuous across F}f’l), which delivers the fully discrete version of

Theorem 4.16.
We summarize these results in the following theorem.

THEOREM 5.7 (A Priori Bound and Conservation Law) Suppose (5.1), (5.2), (5.3) is solved on .Q}’Z

at time index i, with uf)‘"l = 0, and that @; 1 j is a bijective map with bounded inverse. Suppose
this holds fori = 0, ..., N — 1. If At < 1 also satisfies

B max i(\,f(\
At < - and At < By (K., £,)
maxo<i<n [V}, [lwi.oo(2)

3

maxo<i<N ”V;,”%;Vl,oo(g)

for some independent constant By > 0, then the fully discrete version of the a priori bound (4.27) is
true, i.e. replace all pertinent variables in (4.27) by their discrete counterparts. Moreover, if Vg =0
on 2y, then the fully discrete version of the conservation law (4.35) is also true.

We emphasize that the time step Az does not depend on the mesh size /1 to guarantee stability
or the conservation law; it only depends on ||V’h"r1 [ 1.00(s2y (see Remark 4.2).

REMARK 5.8 (Reason For The Lagrangian Update) Using a Lagrangian approach to update the
temperatures (5.3) avoids having to compute the intersection of the mesh from one time step to the
next (i.e. the L? projections (5.12) are only computed on the previous domains .Ql‘;l, .Q;;l). The

alternative would have been to compute the L? projection (for j = 1, s) of uj. ;, from .Q;:;l to .Q; 0
which would require computing the intersection of the meshes representing Q;’;l and .Q]’ n
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5.5 Specific realization

The particulars of our implementation are as follows. Let T}, denote a quasi-uniform, shape regular
triangulation of 2, = m U 2, consisting of affine tetrahedra 7' of maximum size & = hr
[10]. We choose the finite element spaces in the bulk to be V,; = BDM; C H(div, £2,3),
Vs,» = BDM; C H(div, §23), i.e. the lowest order Brezzi-Douglas-Marini space of piecewise
linear vector functions [7, 26], and Q, , Qs 5 to be the set of piecewise constants.

Next, assume that I, is represented by a conforming set of faces ¥}, in the triangulation T, i.e.
3}, is the surface triangulation obtained by restricting 3 to I,. Then choose My, to be the space of
continuous piecewise linear functions over 33 and each of the three components of the space Yy, to
be continuous piecewise linear functions over 3. Recalling Remark 5.2, we choose L, to be the
space of continuous piecewise linear functions over £2j,.

REMARK 5.9 (Choice Of Finite Element Spaces) It is well-known that these spaces satisfy the
assumptions in Section 5.2. Indeed, it is possible to enforce zero boundary values point-wise
with BDM;. If different spaces were chosen that did not allow this, then one needs a reasonable
compatibility condition between Woll,h, Wofs,h and M, in order to prove Lemma 5.6.

Moreover, we take &@h in (5.11) to be the classic BDM; interpolant [7, 11]; the L? projections
Mg, ,, I, , are standard [10]. Note that this allows (5.3) to be computed locally (i.e. element-by-
element).

6. Numerical results

We present two dimensional simulations to illustrate our method (2-D for simplicity). All
simulations were implemented in the package FELICITY [62]. The linear systems are solved
by MATLAB’s “backslash” command. Alternatively, one can use an iterative procedure such as
Uzawa’s algorithm; see [22, Section 7] for an example in a related problem.

For all simulations, the Dirichlet boundary is the entire outer boundary, i.e. dp§2 = 952 with
up = —0.5. The initial temperature is ug := 0 in £, and u? is a smooth function between 0 and
—0.5 in £2). For updating the temperatures, we initialized VO = 0. We verified the conservation law
by computing the left-hand-side of (4.35). The error was less than 10~3, which is consistent with
the O(At) error estimate in Theorem 4.16. During the course of a simulation, the mesh topology
was regenerated between three and five times which did not impact the computational time.

Error estimates for the spatial discretization will be discussed in a future publication.

6.1 Isotropic surface energy

The model in Section 2 assumes the surface tension coefficient & is constant (isotropic). In Figure 2,
we show a simulation of our method with a non-trivial initial shape. Also see Figure 1 for another
example with a different initial shape.



458 C.B. DAVIS AND S. W. WALKER

1 T ZIO.OO 1 T = (.)'30

05 0.5
0 (}) 0
05 05
1 1

1 0 1 1 1
1 T = 0.60 1
0.5 0.5
0 0
05 05
1 R

1 0 1 1 0 1

F1c.2: Simulation with isotropic surface tension. Several time-lapses are shown to illustrate the
evolution with initial interface having a “clover” shape.

6.2  Anisotropic surface energy

The model can be generalized to have an anisotropic surface tension coefficient, i.e. @ = @(v). In
particular, we consider anisotropies of the form:

K
F=aw)=aoy v G2 (6.1)
j=1
where @9 = 0.0005 is a material constant, K is the number of anisotropies, and G; is a

symmetric positive definite matrix in R?*?. We consider a class of matrices that have the structure
G, = RJT D; R;, where R; is a rotation matrix that determines the “directions” of the anisotropy,
and D; is a diagonal matrix consisting of ones and small numbers, which controls the strength of
the anisotropy. For our simulations, we set B = EOQ(V), although this is not required. Note that
isotropic surface tension is modeled by this as well with K = 1 and G1 = I»x» so that &(v) = dp.
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T =0.00 T =0.30
1 T
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F1c.3: Simulation with anisotropic surface tension. Several time-lapses are shown to illustrate the
evolution with initial interface shape being a circle. A one-fold anisotropy is used which breaks the
initial radial symmetry.

With the above, we can derive the modified form of (4.6) by standard shape differentiation
[16,32, 56]. Indeed,

d

— av) = / aw)VrX:Vrv — / via' )T : VrV, (6.2)
dt Jrq) @) I

where V is the velocity of I", and for p € R?, @ /(p) is the gradient of @ with respect to p. We now
obtain a semi-discrete formulation for the anisotropic case by combining (4.5), (4.6), and (6.2):

B @OV VY V) i+ AL @)Y i VL VR Y) i+ S(Y - A
= —@ VX Vi Y) i + @R @)T, Vi Y) i forall Y € Y.
(6.3)
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The fully discrete formulation follows straightforwardly. This type of anisotropy is studied in [5]
where they handle the anisotropic surface energy by defining the local finite element basis functions
to capture the anisotropic energy. Their approach allows for obtaining an energy law, which can also
be combined with our method. But (6.3) is easier to implement. In fact, it allows us to consider more
general coefficients @(v) other than (6.1). The main drawback of (6.3) is it makes the numerical
scheme slightly explicit, which puts a constraint on the time step. From our experience, we need
At < Ch for some uniform constant C. Using the anisotropic approach in [5] would circumvent
this.

In Figure 3, we present a simulation using (6.1) with K = 1 (i.e. a one-fold anisotropy). Figure 4
shows a simulation with K = 3 (i.e. a three-fold anisotropy).

T =0.00 T =0.30
1 1
05 - 05
0 o 0
0.5 - 0.5 |
-1 -1
-1 0 1 p 0 1
T =0.60 T =1.00
1 1
0.5 05 |
0 0t
-0.5 0.5 |
-1 -1
-1 0 1 -1 0 1

F1G.4: Simulation with anisotropic surface tension. Several time-lapses are shown to illustrate the
evolution with initial interface shape being a circle. A three-fold anisotropy is used which breaks
the initial radial symmetry.
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