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1. Introduction

The main objective of this article is to develop a technique relying on a family of parameter-
dependent diffeomorphisms, maximal regularity theory, and the implicit function theorem to prove
regularity of moving interfaces occurring in free boundary problems. As an application, we prove
that the moving interface in a thermodynamically consistent two-phase Stefan problem is jointly
C*-smooth in time and space, for k € N U {oo, w} with w being the symbol of real analyticity,
as long as several physical quantities, that is, the coefficients of the heat conductivity, kinetic
undercooling, and the free energy, enjoy appropriate regularity assumptions.

The idea of establishing regularity of solutions to differential equations by means of the implicit
function theorem in conjunction with a translation argument was first introduced by S.B. Angenent
in [8] to prove analyticity of the free boundary in one dimensional porous medium equations, and
has proved itself a useful tool later in many publications. See for example [9, 27, 28, 50, 58].
More precisely, to study the regularity of the solution to a differential equation, one introduces
parameters representing translation in space and time into the solution to the given differential
equation. Then one studies the parameter-dependent equation satisfied by this transformed solution.
The implicit function theorem yields the smooth dependence upon the parameters of the solution
to the parameter-dependent problem. This regularity property is then inherited by the original
solution. An advantage of this technique is reflected by its power to prove analyticity of solutions to
differential equations, which cannot be attained through the classical method of bootstrapping.
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A well-known approach to free boundary problems is to transform the original problem with a
moving boundary, or separating interface, which we denote by I"(¢), into one with a fixed reference
manifold ¥ by means of the Hanzawa transformation, see [39]. Then the problem of establishing
the regularity of the free boundary I"(¢) is transferred into establishing the regularity of the height
function parameterizing I"(¢) over X. However, applying the aforementioned translation technique
to the height function on the surface X' causes an essential challenge, considering for instance the
usual translation (¢, x) — (¢ + A, x + ), because of the global nature of these translations. Hence
we desire an alternative that only shifts the variables “locally”. The idea of localizing translations
was first introduced by J. Escher, J. Priiss and G. Simonett in [26] to study regularity of solutions
to elliptic and parabolic equations in Euclidean space. The basic building block of [26] consists of
rescaling translations by some cutoff function. This technique was later generalized in Y. Shao [73]
to introduce a family of parameter-dependent diffeomorphisms acting on functions or tensor fields
on Riemannian manifolds by means of a smooth atlas in order to study the regularity of solutions to
geometric evolution equations. But in view of the physical quantities in the bulk phases adjacent to
I'(t), e.g., the temperature function in the case of phase transitions, or the velocity and the pressure
field in the case of two-phase fluids, we need introduce a localized translation not only on the fixed
reference surface X', but also in a neighborhood of X'. This adds one more degree of complexity to
the aforementioned technique for geometric flows. In Section 3, we will build up a complete theory
of parameter-dependent diffeomorphisms for free boundary problems.

Free boundary problems form an important field of applied analysis. They deal with solving
partial differential equations in a given domain, a part of whose boundary is a priori unknown.
That portion of the boundary is called the free boundary or the moving boundary. In addition to the
standard boundary conditions that are needed in order to solve the prescribed partial differential
equations, an additional condition must be imposed at the free boundary. One then seeks to
determine both the free boundary and the solution of the differential equation. This field has drawn
great attention over decades due to its applications to physics, chemistry, medicine, material science,
and so forth.

Great progress has been seen in the studies of regularity of free boundaries during the past half
century. Many mathematicians have made contributions to the theory of free boundary problems,
among them H.W. Alt, H. Berestycki, L.A. Caffarelli, A. Friedman, D. Kinderlehrer, L. Nirenberg,
J. Spruck, G. Stampacchia [2, 3, 12, 14, 16, 43-46], E. DiBenedetto [24]. We also refer the reader
to [33, 46, 67-69] for a historical account of the field.

The Stefan problem, arguably, is the most studied free boundary problem, with over 1200
mathematical publications devoted to the topic. It was first introduced in 1889 by J. Stefan. We
refer the reader to the books [53, 71, 77] for further information. The Stefan problem describes
phase transitions in liquid-solid systems and accounts for heat diffusion and exchange of latent heat
in a homogeneous medium, wherein the liquid and solid phases are separated by a closed moving
interface I"(¢). The basic physical law governing this process is conservation of energy. To be more
precise, let 2 C R™*! be a bounded domain of class C2, m > 1. 2 is occupied by a material that
can undergo phase changes: at time ¢, phase i occupies the subdomain £2; (¢) of §2, respectively, with
i = 1,2. We assume that 0§21 () N 982 = @; this means that no boundary contact can occur. The
closed compact hypersurface I'(t) := 0§21(¢) C §2 forms the interface between the phases. Then
the Stefan problem with surface tension, or the Stefan problem with Gibbs—Thomson correction, can
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be formulated as follows:

;0 —dAY =0 in Q\T@),
Oy =0 on 052,
V() —[ddy 9] =0 on I'(1), (1.1)
v+o0X¥ =0 on I(),
¥(0) =y, ['(0)= TIp.

Here 9(t) = 01(t)xe, @) + V2(t) x2,@), where 9¥; denotes the relative temperature distribution
in phase i, vp(t) the outer normal field of 9£2(¢), V(¢) the normal velocity of I'(z), ¥(t) =
K((t)) = —divpyvr(t)/m the mean curvature of I'(¢), and [v] = v2|r¢) — vilr() the jump
of a quantity v across I"(¢). The sign of the mean curvature ¥ is chosen to be negative at a point
x € I' if 21 N B(x, r) is convex for some sufficiently small » > 0. Thus if §2; is a ball of radius
R then ¥ = —1/R for its boundary I". The function d agrees with a positive constant d; in £2;(¢),
which stand for the heat conductivities in different phases. The condition that V(¢) = [dd, 7] is
caused by the law of conservation of energy and is usually called the Stefan condition.

If a pair (¢, I") solves the system of equations (1.1), I" is called the free boundary to the Stefan
problem. In the case that the condition % + 0¥ = 0 is replaced by

$=0 on I(t), (1.2)

i.e., if 0 = 0, the resulting problem is usually referred to as the classical Stefan problem. Here we
mention the monographs by B. Chalmers [20, Chapter 1], P. Hartman [40], A. Visintin [77], and
the research papers by G. Caginalp [19], M. E. Gurtin [34-36], J. S. Langer [48], W. W. Mullins
and R. F. Sekerka [56, 57], A. Visintin [76], where this law has been motivated and derived based
on various mathematical and physical principles. As has been explained in [65, Section 1], see
also [64], condition (1.2) can be understood as a first order approximation of the relation

[v(@)]+c¥ =0 on I() (1.3)

around the melting temperature, where 6 is the absolute temperature and v is the free energy of the
system.

In the absence of one of ¥, that is, one of ¥; is identically equal to some constant, the problem
is called the one-phase Stefan problem, otherwise it is alluded to as the two-phase Stefan problem.

In the one-dimensional case, different aspects of the classical Stefan problem were extensively
studied before the 1980s. In higher dimensions, global existence and uniqueness of weak solutions
was first established by S.L. Kamenomostskaja in [42], see also A. Friedman [30]. Existence of
local classical solutions was obtained by E.I. Hanzawa [39] and A.M. Meirmanov [52], provided
that the initial data are smooth enough and satisfy some higher order compatibility conditions.

In the case of the one-phase classical Stefan problem, regularity of the free boundary for weak
solutions is studied in [14, 15, 32, 43, 44]. The formulation of the problem as a parabolic variational
inequality was initiated by G. Duvaut in [25]. After that, it has been applied in [32] to get the
Lipschitz continuity of the free boundary under some conditions on the initial geometry and the
given data. Later in a paper of L.A. Caffarelli [14], the author proved that the free boundary is
C! in space and time and the temperature is C2 up to the free boundary near a density point for
the states set, namely the solid phase. In particular, if the free boundary is Lipschitz continuous
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then it is actually C'. In [15], the author identified conditions to guarantee a locally Lipschitz
free boundary. Almost at the same time, D. Kinderlehrer and L. Nirenberg [43] established via
the partial hodograph and Legendre transformations in conjunction with a variational inequality
argument smoothness of the free boundary as well as the solution. The conditions in [43] can be
verified by the results in [14]. In a subsequent paper [44], the same authors showed under some
integral conditions by the same technique that the free boundary and the solution are analytic
in the space variables and in the second Gevrey class for the time variable. Regularization of
the free boundary for large time was obtained by H. Matano in [51], i.e., any weak solution
eventually becomes smooth. Continuity of the temperature distribution for weak solutions is proved
in [18].

Regularity of the free boundary for weak solutions or viscosity solutions has been explored
in [10, 11, 47] for the multi-dimensional two-phase Stefan problem based on a non-degeneracy
condition. The non-degeneracy condition states, roughly speaking, that the heat fluxes are not
vanishing simultaneously on the free boundary, which is automatically satisfied when the free
boundary is regular enough, say belongs to the Holder class of order more than 1. Assuming
that the free boundary is locally Lipschitz continuous, it was proven in [10] that the solution is
classical, i.e., the free boundary and the viscosity solution are C . Later the authors showed that the
non-degeneracy condition can be replaced by some flatness condition. In the presence of the non-
degeneracy condition, H. Koch verified that the C! free boundary and the temperature are in fact
smooth. Through a different approach by imposing a mild regularity condition on the initial data, it
was shown by J. Priiss, J. Saal and G. Simonett in [58] that the free boundary and the temperature are
analytic under the assumption that the free boundary can be expressed as the graph of some function.
Continuity of the temperature distribution for weak solutions was obtained in [17, 23, 24, 78].

Although the Stefan problem with the Gibbs—Thomson correction (1.2) has been around for
many decades, only few analytical results concerning existence of solutions can be found in
the literature. A. Friedman and F. Reitich [31] considered the case with small surface tension
0 < 0 < 1 and linearized the problem about 0 = 0. Assuming the existence of a smooth solution
for the case 0 = O, that is, for the classical Stefan problem, the authors proved existence and
uniqueness of a weak solution for the linearized problem and then investigated the effect of small
surface tension on the shape of I'(¢). Existence of long time weak solutions was first established
by Luckhaus [49], using a discretized problem and a capacity-type estimate for approximating
solutions. The weak solutions obtained have a sharp interface, but are highly non-unique. See also
Roger [70], and Almgren and Wang [1]. Existence of classical solutions, but without uniqueness,
was proved by E.V. Radkevich in [66]. In A.M. Meirmanov [54], the way in which a spherical ball
of ice in a supercooled fluid melts down was investigated. It was presented by J. Escher, J. Priiss
and G. Simonett in [27] that there exists a unique local strong solution and the free boundary
immediately regularizes to be analytic in space and time provided that the initial data satisfy some
mild regularity assumptions. This result is based on the assumption that the free boundary is given
by the graph of some function. In J. Priiss and G. Simonett [59], linearized stability and instability of
equilibria was investigated. Nonlinear stability results were obtained by M. HadZi¢, Y. Guo [37, 38]
and J. Priiss, G. Simonett and R. Zacher [65], see also the monograph [64].

In this paper we consider a general model for phase transitions, formulated in [65], that is
thermodynamically consistent, see [7] and [41] for related work. It involves the thermodynamic
quantities of absolute temperature, free energy, internal energy, and entropy, and is complemented
by constitutive equations for the free energies and the heat fluxes in the bulk regions. An important
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assumption is that there be no entropy production on the interface. In particular, the interface is
assumed to carry no mass and no energy except for surface tension.

To be more precise, we choose §2, £2;(¢t) and I'(¢) as in (1.1). By the thermodynamically
consistent two-phase Stefan problem with surface tension, possibly with kinetic undercooling, we
mean the following problem: find a family of closed compact hypersurfaces {I"(¢)};>¢ contained in
2 and an appropriately smooth function 6 : Ry x £ — R such that

k(0)0,6 — div(d(0)VE) =0 in 2\ I{),
0,0 =0 on 052,
[6] =0 on I'(1), (14)
(@] +oX =yO)V on I'(1),
[4(0)dv-0] = (1(8) —y(E)V)V on I'(1),
0(0) =6y, I'(0)=Ty.

Here 6 denotes the (absolute) temperature. Several quantities are derived from the free energies
¥; (0) as follows:

€ (0) = ¥;(0) + 0n;(0), the internal energy in phase i,
1:(6) = —v/(6), the entropy.

ki(0) = €;(8) = =0y (9) > 0, the heat capacity,

1(0) = 0]y’ ()] = —0[n(0)], the latent heat.

Furthermore, d; (#) > 0 denotes the coefficient of heat conduction in Fourier’s law, y(6) = 0 the
coefficient of kinetic undercooling. As is commonly done, we assume that there exists a unique
(constant) melting temperature 0,,, characterized by the equation [y (6,,)] = 0. Finally, system
(1.4) is to be completed by constitutive equations for the free energies ¥; in the bulk phases £2; (¢).
In the sequel we drop the index i, as there is no danger of confusion; we just keep in mind
that the coefficients depend on the phases. The temperature is assumed to be continuous across
the interface, as indicated by the condition [#] = 0 in (1.4). However, the free energy and the heat
conductivities depend on the respective phases, and hence the jumps [y (0)], [« (6)], [7(&)], [d(0)]
are in general non-zero at the interface. We assume that the coefficient of surface tension is constant.
In this paper, we will prove the following regularity result for k € N U {oo, w}.

THEOREM 1.1 (y = 0). Let p > m + 3,y = 0, 0 > 0. Suppose that d; € C*+2(0,0),
¥; € Ck+3(0, 00) fori = 1,2 such that

ki(u) = —uy; () >0, di(u) >0, ue(0,00).
Assume the regularity conditions
bo € WE2IP(2\ ) NC(R). 6o>0, Ioe W37,
the compatibility conditions
v =0, [Y(60)] +0R(Io) =0. [d(60)dy, 0o] € W77 (I).

and the well-posedness condition

1(6p) #0 on Iy.
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Then there exists a unique L,-solution (u, I") for the Stefan problem with surface tension (1.4) on
some possibly small but nontrivial time interval J = [0, T'], and

me=J i xro
t€(0,7)
is a C*¥-manifold in R”*2. In particular, each manifold I"(r) is C* fort € (0, T).
The result in the presence of kinetic undercooling reads as

THEOREM 1.2 (y > 0). Let p > m + 3, 0 > 0. Suppose that d;,y € C*¥*2(0,00), y; €
Ck+3(0, oo) fori = 1,2 such that

ki(w) = —uy!(w) >0, di(u)>0, yu)>0, uce/(0,00).
Assume the regularity conditions
bo € W 2IP(2\To)NC(R). 6,>0, IoyeW, 7,

and the compatibility conditions

dvp00 =0, ([¥(B0)]+ o®(10))(1(Bo) — [¥(B0)] — oK (T0)) = ¥(60)[d(6o) 1, fol.

Then there exists a unique L ,-solution (6, I") for the Stefan problem with surface tension (1.4) on
some possibly small but nontrivial time interval J = [0, T'], and

= |J {{txro}

t€(0,7)
is a C*-manifold in R”%2. In particular, each manifold I"(¢) is C* fort € (0, T).

Remark 1.3. (a) For k € N U {oo}, under the conditions in Theorems 1.1 and 1.2, we can show
that the temperature satisfies

0 e CK(((0.7) x 2)\ ).

See Remark 4.5 for a justification. However, in the case k = w, additional work is needed to
establish the interior analyticity of 6 in the bulk phases. In order to keep this already long paper
at a reasonable length, we will refrain from establishing this here.

(b) According to [65, Theorem 3.9] we obtain a solution of (1.4) in the state manifold ST on a
maximal interval of existence [0, 7). The regularity assertions of Theorem 1.1 and Theorem 1.2,
respectively, then hold true on [0, z.).

O

Notation. Throughout this paper, we always assume that
e [ denotes a finite dimensional Banach space.
e m—+3 < p<oo,ands = 0, unless stated otherwise.

Given two Banach spaces X, Y, the notation £(X,Y) stands for the set of all bounded linear
operators from X to Y, and £is(X,Y) denotes the set of all bounded linear isomorphisms from
XtoY. .

For any topological sets U and V, U CC V means that U C V with U compact.
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2. Parameterization over a fixed interface

Let 2 C R™*! be a bounded domain with boundary 92 of class C?2, and suppose that [, C £
is a closed embedded hypersurface of class C?2, that is, a C 2-manifold which is the boundary of a
bounded domain £2; (0) C £2. Set £2,(0) := 2\ £2;(0). Following [63, 64], we may approximate I
by an m-dimensional real analytic compact closed oriented reference hypersurface (X, g), with g
the tangential metric induced by the Euclidean metric g,,+1, in the sense that there exists a function
ho € C%(X, (—a, a)) such that the map

Apy: 2 > R™1: [pp+ho(P)ve()]

is a diffeomorphism from X' onto I, where vy is the outer normal of X'. The positive constant
a depends on the inner and outer ball conditions of X'. It is well-known that X' admits a a-tubular
neighborhood T,, which means that the map

A X x(—a,a) > R™: (p,r)~p+rvs(p)

is a diffeomorphism from the fiber bundle X' x (—a, a) onto im(A) := T,. For sufficiently small a,
T, C £2. ¥ bounds a domain £2;, and we set £2, = 2 \ £2;. The inverse A~! can be decomposed
as

ATV T, > Y x(—a,a): zw> ((2),ds(2)),

where I1(z) is the metric projection of z onto X' and dx(z) denotes the signed distance from z to
X such that |dx(z)| = dist(z, X) and dx(z) < 0iff z € £2;. It follows from the inverse function
theorem that the maps IT and d 5 are both real analytic.

We may use the map A to parameterize the unknown free boundary I"(¢) over X' by a height function
h(t) : ¥ — Rvia

r@) :={p+hpvsp. pecX} =0,

for small = 0, at least. I"(¢) bounds a bounded region £2; (¢). Put £2,(t) = 2 \ £2;(¢). Choosing
an auxiliary function { € $((—2a/3,2a/3), [0, 1]) such that {|(—4/3,4/3) = 1, we may extend the
above diffeomorphism onto £2 via

Ept,z) =z + {(d;(z))h(t, H(Z))UE(H(Z)) =z 4+ T(h)(t,2).

We have transformed the time varying regions £2;(¢) to the fixed domains £2;. This is the direct
mapping method, also known as Hanazawa transformation. By means of this transformation, we
obtain the following transformed problem for 9 (¢, z) := 0(¢t, Zj(z, 2)):

k(1)0:0 + RS, W)Y = k(P)R(Mh)Y in £22\X,
0o =0 on 082,
[#] =0 on X, o1
[y )] +o%(h) = y(@)B()dh on X,
@) —y(@)B(h)d:hip(h)dh + B, h)H =0 on X,
0(0) =9, h(0) = hy.
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Here Q(%, h) and B(F, k) denote the transformations of —div(dV) and —[d 9, ], respectively.
Moreover, ¥ () stands for the mean curvature of the hypersurface

Iy = Ah(E).

The term B(h)0d;h represents the normal velocity V with 8(h) := (vx|vp(h)), where v (h) is the

outer normal field of I}, and
RV := 0;0 — 3,0 o Ep,.

It is shown in [65] that v (k) = B(h)(vy — a(h)), and
Bh) = (1 + a(m)>)7V2, R(h)® = (VO[T + vr(h)T]*la,T(h)).
Here with the Weingarten map Ly = —Vxvy, we have
a(h) := Mo(h)Vsh, where Mo(h):= (I —hLs)" .
With 9, := 0, ., the operator B(%}, /1) becomes
B, )Y = —[d(0)d,-0] 0 Ey = —([d(3) (I — M1(h))VI]|vr)

= —BI([d@) (I = Mi()VI]|vs —a(h))
= —BWd(®)3,9] + B(W) ([ V(I — My(h)Tee(h)),

where My (h) := [(I + VY (h)")"'VY (h)"]", and finally

@9, h)o = — div(d(0)V0) o &), = —((1 — My())V|d()(I - Ml(h))Vz?)
= — d(®)AY + d(N)[My(h) + MT(h) — My ()M ()] : V2D
—d')|(I — My (h)) VD + d(ﬁ)(([ — My(h)) : VM, (h)|v19).
We recall that, for matrices 4, B € R, A : B = )

product.
We set

i j=1aijbij = tr (ABT) denotes the inner

Ei(J) :={0 € Hy(J: Lp(2)) N Lp(J: H2(2\ X)) : [#] = 0,0,,0 = 0},
B,y W PP L) N WP (L HY (D) 0 Ly (W), =0,
2w (1 Ly (D) N Ly (WP (E)). y >0,

E(J) :=E1(J) x E2(J),
that is, E(J) denotes the solution space for (2.1). Similarly, we define
Fi(J) := Lp(J; Lp(£2)),
Fa(J) = W) 2P (1 Lp(2)) N Ly (J: WP (D)),
F3(J) := W)271V2P (] Lp(2)) N Ly (J: W) 7P (5)),
Fy = [WZ2P(2\ 2)NC(2)] x WP (D).

2.2)
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A left subscript zero means vanishing time trace at t+ = 0, whenever it exists. So for example
oE2(J) ={h € Ex(J) : h(0) = 3:h(0) = 0} for p > 3.

Whenever (J) is replaced by (J, U), or (J, U; E) for any set U, e.g., in E(J), it always means
that in the corresponding spaces the original spatial domain is replaced by U and the functions
become E-valued in the latter case. For example,

Fa(J.Tas E) := Wy V2P (J; Ly (Ta, E)) N Lp(J: WP (Ta. E)).

We equip ¥ with a normalized real analytic atlas 2 = (O, ¢« )xeg, Where K is a finite index
set, in the sense that ¢ (O,) = Q™ := (—1,1)™, for every k. Let ¥ := [¢,]"'. Then we may
endow §2 with a real analytic atlas 2, = (O, @e,c)ces, With R := KU {k1, k2} by the following
construction. When « € R

Oce := Tay := A(Ox X (—a,a)), @euc(2) := (@ 0 1(2),d5(z)), z € Ocyc.
LetQq := Q™ X (—a,a) and
Vew = [pex] ™ 1Qa = Ocse 1 [(x, ) > Yie(x) + yvz (Ve ()]
with x € Q™ and y € (—a,a). For k ¢ R, we set
(Ocye;s ei;) = (Oepi;rido, ;). 1 =1,2,

where O, = §2; \ T, s6 fori = 1,2. It is immediate from our construction that the atlas 2, is
real analytically compatible with the Euclidean structure of §2. Moreover, all the transition maps are
C ®°-continuous and have bounded derivatives, which we refer to as B C *°-continuous.

A family (77 )ceg is called a localization system subordinate to 2 if

Ty € $(O,<, [0, l]) and (n,f),ceﬁ is a partition of unity subordinate to (O )ces.

Based on [5, Lemma 3.2], X admits a localization system (77, )cc# subordinate to 2[. Using the cut-
off function ¢ introduced above, we may construct a new localization system (7.« )ce s, subordinate
to 2, as follows:

(L1) Forany k € R, mex € (O, [0, 1]) is defined by

(D) = {z(dz(z))nx (1), 2 €Ok,
0, Zz & O¢ -
(L2) Fori = 1,2, 7. ; € C®(O¢, x,, [0, 1]) is defined by
L= é‘(dg(z)) , z € 2;NT,,
Tew () = { /(1= Ed5(2) + {2(ds (2))
1, z € .Q,' \Ta.

(ni Jrer, forms a localization system subordinate to (O, )ces, - We put

Rm+1 K € R,

Xex 1=
) O i=1,2.

s
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For any finite dimensional Banach space E, the maps ®¢ , and R, are defined by
RE . L1goc(82,E) = LijocXew, E) 1 u > Yl mesut, K € Re,
and
Rew i L1jocXey, E) > L1joc(2,E): ur— ne,,c(p:",(u, K € Re.

Here and in the following it is understood that a partially defined and compactly supported map is
automatically extended over the whole base manifold by identifying it to be zero outside its original
domain. Moreover, let

(Ri i L10c(82,E) — l_[ LijocXew, E) 1 ur ((Ri,,cu)lceﬁcs

KER,

and

Re: [] Litocew E) > Lisoc(R2.E) 1 (e = D Tewctpl .

KER, KER,

On the manifold X', similar maps RS, R, ®,, and R are defined in terms of 7y, @i, and V.
See [73].

2.1 Function spaces

For any open subset U C R”, the Banach space BC*(U, E) is defined by
BC*(U.E) = ({u € C*(U. E) : lullkoo < 00}, [ llk,c0)-

The closed linear subspace BUCK (U, E) of BC*(U, E) consists of all functions u € BC*(U, E)
such that 0%u is uniformly continuous for all |¢| < k. Moreover,

BC®(U.E):=(|BC*(U.E) = (| BUC*(U. E).
k k

It is a Fréchet space equipped with the natural projective topology.
For0<s <1,0<8 <ooandu € EY, the seminorm [-]f,oo is defined by

lu(-+h) —u) oo 00
[u]g,oo ‘= sup s o s =T 5,00°
he(0,8)" |7

Letk < s <k + 1. The Hélder space BC*(U, E) is defined as
BC’(U. E) := ({u € BCK(U. E) : [lulls.c0 < 00} 1| - ls.00).

where [|u[s,00 := [[ullk,00 + MaXje|=k [0%U]s—k,o00-
In order to have a general theory that is applicable to situations other than the Stefan problem,
we also introduce the little Holder space of order s = 0, which is defined by

bc* (U, E) := the closure of BC*°(U, E) in BC*(U, E).
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By [6, formula (11.13), Corollary 11.2, Theorem 11.3], we have
bck(U, E) = BUCK(U, E),
andfork <s <k +1
u € BC*(U, E) belongs to bc* (U, E) iffb]ii%[a“u]s =0, ol =][s].

s—[s],

The spaces §° (X, E) with § € {bc, BC, W), Hp} are defined in terms of the smooth atlas 2, that
is,u e (X, E)iff yJu :=uoy € F(Q", E) forall k € R See [5] and [73].

Throughout, for any finite index set A and Banach spaces E,, o € A, it is understood that the
space E := [] E is equipped with the maximum norm. For § € {bc, BC, BUC, W,, H,}, we put

acA

3= [ ¥ B), 3 =]]3
KER, KER

where g5 = §°(R™, E).

PROPOSITION 2.1 Suppose that B = § when § € {bc, W, Hp}, or B € {BC, BUC} when

§ = BC.Then

(a) ® is a retraction from 2B° onto §* (X, E) with R€ as a coretraction. Moreover, the case s < 0
and § € {W,, Hp} is also admissible.

(b) R, is aretraction from 287 onto §°(£2, E) with ®R¢ as a coretraction.

Proof. (a) The assertions are special cases of [6, Theorem 9.3] and [73, Propositions 2.1, 2.2].
(b) Fork € £, the boundedness of the maps R , and (Rﬁ’,c follows from the proofs in [5, Section 6,
7] and [6, Section 12]. The continuity of the maps (Rg’,cl_ and R, ; is straightforward.
O

Let J := [0, T] for some T" > 0. Due to the temporal independence of the above retraction-
coretraction systems, we readily infer that

PROPOSITION 2.2 Let r = 0. Suppose that € € {C, W,}, and B = § when § € {bc, W, Hp}, or

B € {BC,BUC} when § = BC. Then

(a) R is aretraction from €"(J;2B°) onto € (J; F (X, E)) with R¢ as a coretraction. Moreover,
the case s < 0 and § € {W,, H,} is also admissible.

(b) R, is aretraction from €” (J;B%) onto € (J; F*(£2, E)) with R¢ as a coretraction.

3. Parameter-dependent diffeomorphisms
3.1  Model diffeomorphisms in Euclidean space
Given z¢ € Ty/3,, \ X C 2 for some k. € £, let
(X, Ye) = (¢r. © M (2c), d5(2c)).
We may choose a sufficiently small positive constant g¢ such that
B™ (xc, 580) € Q",  B(ye,5¢0) C (—1)'(0,a/3).

Let B, o := B™(xc, €) x (—o, ). We pick several auxiliary functions in the following manner:
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w € 9(—13a/18,13a/18), [0, 1]), and @ |(—24/3,24/3)
xm € DB (x¢,280), [0, 1]), and ypm|pm (x,,e0) = 1.
X € $(B(y6v 280)7 [07 1])’ and XhB(.Vc;SO) =L

Ge € $(l//KC (B580,17a/18)s [Os 1])» and §E|¢KC (13548()‘3(1/9) = 1. We set ¢ = §e|2
Then we can introduce a localized translation on Q, as follows

—_—

Oum: (X, 9) > (X + (D)@, y + xm () x()0), (1, n) € B0, ro).

with 4 € R™, n € R and sufficiently small ry > 0. Henceforth, B(x¢, r¢) always denotes the ball
with radius 7o centered at x¢ in R”. The dimension 7 of the ball is not distinguished as long as it is
clear from the context.

The related partial translations in horizontal/vertical directions can be defined separately as

b : (x,y) > (x + xm(X)T ()10 Y).

. 3.1
On 0 (x.y) = (x5 + xm(xX)x(¥)n). G-D

For ro small and every (u, n) € B(0, rg)
Oy =0, 006,. (3.2)

It is not hard to show that for sufficiently small ro, we have 60, (Bsg,,74/9) C B3gy,74/9 for any
(u,n) € B0, rp). (3.1) implies that

O, =0r060% and 07 :=[0,y]s=0L00]. (3.3)

Since 6, and én are the restrictions of truncated translations in the sense of those defined in [26]
in horizontal and vertical direction, respectively, the readers should have no difficulty convincing
themselves that all the results in [26] are at our disposal for functions defined on an open subset
U C R™*! and the transformations 6, and 6. Taking advantage of these considerations, we will
state some properties of 9;,,, for later use in the following with brief proofs.

Hereafter, we assume O C U C R™*! are open, and O contains Iﬁ%g,goﬂa /9. We conclude from
Ouy(U) C U that 0, : (U, E) — EY. In the rest of this section, we always assume the
following, unless mentioned otherwise,

l<p<oo, n,0leNy, keNyU/ oo, w}.

PROPOSITION 3.1 Suppose that § € {bc, BUC,W,, H,} andu € C"**(0, E) N §*(U, E) with
s € [0,n] when § € {bc, W,, Hp}, or with s = n when § = BUC'. Then for sufficiently small ro,
(@) B € DIfF®(U), (1.7) € B(O. ).

(b) 67, € Lis(F(U. E)), [0 17" = 6,7, (1. ) € B(0. ro). Moreover, there exists a constant

wsn
M > 0 such that

10,0 le@@.E)y <M, (1,n) €B(O,ro).

© [(e.n) = 05 u] € C*(B(0,r0), 3 (U, E)).
Proof. (a) The statement is immediate from (3.3) and [26, Proposition 2.2].
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(b) We infer from (a) that
9;,7’ o 95’" = Q)ff’” o 9;’7] = idgs(U’E).

[26, Proposition 2.4] implies that for r small enough

0%, 0 € Lis(3F°(U, E)), (. n) € B(0, ro).

w2 Vn

Moreover, there exists a constant M > 0 such that

16 | e @w.e) + 165 les@w.epy < M. (w.n) € B(0.ro).

The assertion now follows from (3.3). B
(c) Itis asimple matter to see that the assertion holds for the transformation 9/’; and 9,’,‘, respectively,
namely that we have

[w— 05u] € CK®B(0.70). §° (U E)).  [n+> b;ul € CX(B(0,r0).3°(U. E))  (34)

with 9% [0 u] = Xlﬁ'w'“'[@,’:&gu], and 85 [é,’,‘u] = )(ﬁ,)(ﬂ [é;;aﬁu]. Then we can obtain from

(3.3), (3.4), the point-wise multiplier theorem in [75, Section 3.3.2], and induction that the map

(o) > 08B0x u) = AP P gr 0B, ol + B <k,

is separately C*~1¢1= _continuous into the space §* (U, E). So the case k € No U {oo} follows
immediately from a well-known fact in multi-variable calculus. When k = w, the proof is
basically the same as that of [26, Proposition 3.2].

O

Let

Q= Z aq0%,

|t
be an [-th order linear differential operator on U with coefficients aq : U — £(E), where o €
Ny tt We set @y := 6%, RO,
THEOREM 3.2 Suppose that a, € C*t5(0, £(E)) N BUC™ (U, £(E)). Then
[(.7) > @] € C* (B, r0), £(3° (U, B). 3 (U E)) ).

where § € {bc, BUC, W), Hp},and s € [0, n].

Proof. By modifying the proof of [26, Proposition 4.1] in an obvious way, one may verify the
case of constant coefficients. Now the assertion is a direct consequence of point-wise multiplication
results, and Proposition 3.1(c). O

3.2 Parameter-dependent diffeomorphisms on §2 and $2;

By means of ,, ,, we are now in a position to introduce a family of localized translations on £2 and
£2;, respectively, by

Vee © Ou,n © e (2), Z € O kes

@ =
1w, (2) z, z€ 2\ O¢px,.-
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Thanks to Proposition 3.1(a), ©,, , € Diff > (£2) N Diff*(£2;) is evident.

There is a universal extension operator &; € £ (3” (£2;,E),5(2,E )). The restriction operator from
F°(82, E) to F5(£2;, E) is denoted by %;. Then %; is a retraction from §*(£2, E) onto F°(£2;, F)
with &; as a coretraction. When u € §°(£2 \ X, E), it is understood that &u = & (ul|g;).

For u € E®  its pull-back and push-forward by ®,.,n can be explicitly expressed as

@Z,nu = QO:KC 9;,7]1//2165 (geu) + (19 - S'e)u, @i‘vﬂ'lu = QO:’KC ef’nl/f:lcc (geu) + (19 - ge)u‘
Analogously, given u € E%% of u, we have
On =% 00 o&u, OLN=%o0"ocdbu. (3.5)

The construction of @, , implies that @;,W(EQI‘) C E%i and likewise for @47 Suppose that
§ €i{bc, BC, Wy, Hp}. We define

F22 = {u € F(R2.E) : supp() C Ve Bseg.17a/18)}-

and

3oy = {u € FR™TE) s supp(u) C Bsy,17a/18}-
The analogue of [73, Lemma 3.1] is at our disposal, i.e., it holds that
LEMMA 3.3 ¢f, € Jlis(ggp,ggf)ﬂ) with [pX, 17! = ..

Proof. Since [73, (3.2)] still holds with V and g denoting the usual gradient and Euclidean metric
in Rm+1 respectively, the proof is essentially the same as that of [73, Lemma 3.1]. O

By means of Lemma 3.3, with only minor changes to the proofs in [73, Section 3], one can show
that @, , inherits all the properties of its counterpart therein.

PROPOSITION 3.4 Suppose that § € {bc, BC, W, H,}. Then
(H);’,, e Lis(F°(2,E)) N £is(§s(9,~, E)), [@;’”]’1 = O""  (u,n) € B, ro).
Moreover, there exists a constant M > 0 such that
107 o lleGs@.E) + 19 4| e@s2.E) < M, (1. 1) € B0, ro).

Proof. The proof is almost the same as that of [73, Proposition 3.3]. For the reader’s convenience,
we will present a proof based on Lemma 3.3 for the case of £2;, and the other case follows in a
similar manner. The identity

@;JI o @ih'l = @ih'l o @;JI = idgs(g’E) n idgs(gi,E)
is obvious from the definitions of ©*  and ®}" and 6, ;. In the formula
Ot = P O Vi, (Se) + (g — sou.
it can easily verified that the multiplication operators ¢, and (1 — ¢.) are uniformly bounded, i.e.,

lselles@.E) + 1(1e —solleEs @.6) < C
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for some constant C;. Lemma 3.3 implies that for some constant C,
* *
lcie leqs, 557 + 1WVewe ey 5s) < C2-
It follows from Proposition 3.1(b) that there is a uniform bound C3 such that

1070l 2s,) < Cs.

The statement then is a direct consequence of the open mapping theorem and (3.5). O

3.3 Time-dependence

Let J =[0,T], T > 0. Assume that / C J is an open interval and ¢, € [ is a fixed point. Choose
&9 so small that B(z., 3e9) CC I. Pick an auxiliary function

£ e $(B(tc,2eo), [0, 1]) with &g, s0) = 1.
The localized temporal translation is defined by
o,(t) =t +E@)A, teJand) eR.

Forv : J xQ; — E, the parameter-dependent diffeomorphism can be expressed as

B () 1= 05, 0(t,) = Ty 0(t ), (o i) € B(O, 7o), (3.6)
where T, ,(t) 1= O oy, fort € J.

Given v : J x Q" — E, analogously, setting TM(Z) = ef*(l)l/«’ we can define

Dpult,) =05 v(t.) = Tu(®ejv(t,)). (A, ) € BO,ro). 3.7

It is understood that 6, in (3.7) is restricted on the hyperplane y = 0, appearing as a special case of

@3.0).

Foranyu € J x 2 — E,oru € J x £2; — E, we define

u/\,,[,L,T](Zv ‘) = @I,M,nu(t’ ‘) = TMJI(Z)QIu(Is ')s (As /*’Lv 7]) € B(Ov rO)'

Here T, »(?) := @;(t)u« ¢y fort € J. By Proposition 3.4, for every 7, T, () is invertible.
Let (H)i’”’" =[O n]’l. Note that u ,, »(0,-) = u(0,).
The following lemma strengthens [26, Lemma 5.1].

LEMMA 3.5 Suppose that [(11, ) — f(i,n)] € C¥H7(B(0, ro), X) for j = 0, 1 and some Banach
space X. Let F(u,n)(t) := f(E()(u,n)) witht € J. Then

[(1, ) = F(w.n)] € C¥[B(0,r0), C7(J, X)).

Proof. To economize notation, we let v := (u, n). The case j = 0 is proved in [26, Lemma 5.1].
We will only treat the case k = w and j = 1. The remaining cases follow in a similar way.
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Given vy € B(0, rp), for every v € B(uvp, r) with r small enough
f(v) = Z —af’ fwo)(w—w)?, B eNg*!,

and there exist constants M, R such that

B!

2Bl v € B(vg, 1), ,66N6"+1.

187 f(u)ll < M

The constants r, M, R depend continuously on vg. Thus we can find uniform constants r, M, R for
B™+1(0, |ug|). Foreach ¢ € J and v € B(vp, ), the following series

x5 2008 pe ) — o)

converges in X and represents F(v)(¢). The temporal derivatives can be computed as follows. For

B #0,

| 12109 oo

C(J,X)
m+1
FEOw) +£710) 30 4 1 o) o o,
=1 ’
(B +¢))! P!
< M1Eh oo (1Bl + 70 Z ) <M e
for some sufficiently large C. Now the assertion follows right away. .

Suppose that O, C R”*! is an open subset containing Ve «. (B3ey.7a/9)- Put O, := O, N £2;.
When k € Ny U {oo}, wesay u € Ck(Oei, EYNF (2, E)if &u € CK(O,, E)NF* (2, E). By
convention,u € C“(O,,, E)NF*(£2;, E) means that ¥ has an analytic extension u® € C®(O,, E)N
§(82, E).
PROPOSITION 3.6 Suppose that (S, V) € {(O¢, £2), (O, §2;)}.
(a) Suppose that u € C"tk+i(S E) N §(V,E) for j = 0,1, where either s € [0,n] if § €
tbe, Wy, Hy},ors =nif § = BC. Here k € Ng U {oo} if (S, V) = (O;, §2;). Then we have

[(1.0) > Tyuu] € Ck(IB(O,ro), Cl(J:3 (V. E))).

(b) Suppose that @ = Y a,9% with a, € C*Tk+7 (S, L£(E)) N BC"(V,£(E)) for j = 0,1.
la|<l

Then
[(, 1) > Tun@T, 3] € Ck(lﬂam, ro). cf(J; LEFTV.E).F . E)))),

fors € [0,n]if § € {BC, W)y, Hy},ors € [0,n)if § = bc.
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Proof. (a) Modifying the proof of [73, Theorem 3.4] as in that of Proposition 3.4, one can show by
means of Proposition 3.1(c) that

[(n.n) > O ul € CK(B(0, ro), §(V. E)).

Set X = §*(V, E), f(u,n) = O ,u. Now (a) is a direct consequence of Lemma 3.5.
(b) When (S,V) = (O, $2i),let @; := ) (af)d* on §2. Then

||t
@MJ, = «%i o @;,n@i @f,f’n o ﬁ
The atlas 2, is real analytically compatible with the Euclidean structure. Similar to the proof
of [73, Proposition 3.6], by Theorem 3.2, we can show that
[(1.1) 1> @y = O, @O € CF(B(O, ro), £(F*H (V. E).§ (V. E))).

Set X = LF (V. E).F(V,E)),and f(u.n) = @,y The assertion follows by Lemma 3.5.
O

Remark 3.7. Given any Banach space X, suppose that u € C**%(1, X) N §°(J, X), where either
s € [0,n]if § € {bc,W,, Hp}, ors = nif § = BC. Following the proofs in [26, Section 3], we
can verify that

[X > oju] € C*(B(0, r0), §*(J. X)).

O

The localized translation ®, ,, being restricted to X', induces a family of diffeomorphism
{(H); : € B(0,r9)} on function spaces over X, which was introduced in [73]. For the reader’s
convenience, we will briefly state some of its properties herein.

_ Ve (0 (@k. (9))), q € O,

Ou(q)
K’ q, q € X\ O,.

It is evident that ®,, € Diff>(X) for u € B(0, ro) with sufficiently small ro. Given u € E ¥, oL
and O can be explicitly expressed as
Opu =@ v (su) + (I —u,  Ofu = gg 0Ly (cu) + (1 — ),

respectively. Given u € EV*¥  setting T, (¢) := @;(t)u’ we define
upp(t,) =05 ult,) = Tu@)oju(t,), (&, p) € B(0,ro).

Let O+ .= [OF M]_l.
A linear operator @ : C®(X, E) — EZ is called a linear differential operator of order / on ¥

if in every local chart (O, ¢ ) with k € &, there exists some linear differential operator defined on
Qm
Ry (x,0) := Z ay(x)d*, witha, € L(E)Y",
lee| <l

called the local representation of @ in (O, ¢« ), such that for any u € C*°(X, E)
Ve (Qu) = Qe (Yu), « €K (3.8)
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PROPOSITION 3.8 Let O := 0. N X.
(a) Suppose that u € C"k+i (¥ E) N § (X, E) for j = 0,1, where either s € [0,n] if § €
{bc, Wy, Hp}, or s = nif § = BC. Then we have

[w > T € Ck<B(0,ro), C/(J:3(2, E))).

(b) Suppose that @ is a linear differential operator on ¥ of order [ satisfying that for all |a| < /
and k € &, a¥ € BC"(Q", £(E)) and al’ € C"T*+i(¢,.(0), £(E)) for j = 0, 1. Then for
se€[0,n]if§=BC,ors €[0,n)if§ =bc,ors € (—oo,n]if § € {W,, Hp}

[w> T.QT, '] € Ck(IB%(O, ro). C7 (J; ;:(s”’(z, E), 3 (2, E)))).

Proof. The proofs for (a) and the case s = 01in (b) are given in [73, Section 3]. We will only treat the
case k = w when s < 0, the other cases follow similarly. Firstly, we show that for any s € (—o0, 0)
and §, € {W,, Hp}

[+ 630,67 € C° (B0, ro), £(35 " (R”, E). 53 (R, E)) ).
(1) s < —1. On account that with p’ denoting the Holder duality of p,
9 € LB ®R™ E). F5 R E)), and FLR™ E) = (5,7 (R™.E))".
for every u € S;H(Rm, E)andv € S;F (R™, E), we have
(0,,0;0u,v) = —(u, 0,,0;[0%v] det(D(6,)"H]| det(DGM)l)
= —(u, 0,0 Qi’“vél’;(det(D(GM)_l)) det(DOM)) — (u, v0,,0; [det(D(8,)™ )] det(DGM)).

Here (-, -) denotes the duality pairing from §7,(R™, E) x §,7 (R™, E) to R. By [26, Proposition 4.1],
we have
[l,L — 9;8,9}:] eC? (B(O, ro), £(g;/S(Rm7 E), 3’;/5—1 (Rm’ E)))

It is a simple matter to check that 6; (det(D(6,,)"1)) det(DF,) = 1. One may compute
—05:0;[ det (D(6,,)~")] det(D6,,)
S [a,- [det (D(6,,) )]0 det(D@M)] — 070,61 det(D6,,)07% det (D(6,) "),
We immediately have for all k € Ny that
[1t > det(DB,)] € C*(B(0, ro), BCKTI(R™)).
It follows again from [26, Proposition 4.1] that
[+ 070,01 det(D6,)] € C®(B(0, o), BCK([R™)).
On the other hand, we obtain

[ > 0 det (D(6,)")] = 1/ det(D6,,) € C*(B(0. ro). BCK(R™)).
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Therefore, for every u € S;H(Rm, E)andv € S;,S (R™, E),
[ = (6,0;0%u,v)] € C?(B(0, ro)).
Now [13, Proposition 1] implies that
[ 670,60 e C“’(IB%(O, ro). £(35" (R, E). 5 (R", E))).

(i) s € (—1,0). [26, Proposition 4.1] and (i) show that

[+ 60,621 € €@ (B0, ro), £33 2 (R™, E). 537 R™, )

n C“’(IB%(O, ro), £(35(R™, E), 357 (R, E))).

Thus for any po € B(0, rg), there exists some constants r;, M; and R; with i = 1,2 such that for
all uw € B" (o, ri)

|5tz

o!
‘ < MiW’
Xi Ri

o € Ny (3.9)
Here X := &(3572.351") and X, := £(F5. 5 "). It follows from interpolation theory that [14
9;8]~ 61 € C>(B(0, ry), £(SZ+I(R’”, E), S;(Rm, E))). Indeed, we have forh = 1,2,--- ,m and
any i € B(0, rg)

0%, ;081 —g*pi0l
H 0, t—0, i=12.

n+tep 28 *
WY
¢ a,LLh woJ Yk

Xi

By interpolation theory, the above limits converge when X; is replaced by X :=
£(Sfu+1 (R™, E),§,([R™, E)). Continuity, or even C *°-smoothness, of 6,9, 64 in X can be verified
analogously.

A similar Cauchy estimate to (3.9) holds for X by interpolation theory, i.e., for any po €
B(0, o), there exists some constants ¥ = minr;, M = max M; and R = min R; such that for

all € B™ (10.7)
a!

8(1
Hw[euajejj o e N,

§ M—a
£GTE) Rl
It is well-known that this estimate implies that

[ 650,01 € cw(m(o, ro). L(F3 M (R™, E), §5(R™, E)))-
(iii) For s € (—oo,n], in view of the proofs~ for [26, Proposition 4.1, Theorem 4.2], we thus
infer thgt for any linear differential operator @ = Z\a\$l agd®, if ay € BC"(R™, L(E)) N
C"tk+i (0, £(E)) for O := ¢,.(0), then

[ 07R6M € C“’(B(O,ro), L(FT R E) TR, E))).
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A similar proof to (i) shows that [73, Lemma 3.1] still holds for Sobolev—Slobodeckii and Bessel
potential spaces of negative order. Indeed, let

Sﬁf = {u € F(Z, E) : supp(u) C Y. (B(xe, 50)) ),

and
$§£,Rm = {u € FR™, E) : supp(u) C B(xc. 5e0)}.

Pick B(x,, 5g0) C U cc Q™ withU closed, and 7 € $(l7, [0, 1]) with 7|5, s, = 1. Forr >0,

givenany u € W and v € Wp7’ (R™, E), we have

|, 0f v) 5| = [(Wu, 7o/ det G) |
< My ullwg @mllvlwsr@m < Mlullwg ) lvllwsr @n)-
Here G is the local matrix expression of the metric g, and (-, -) » denotes the duality pairing from
Sp(XL E) x 3;,’(2, E) to R. The ultimate line follows from the point-wise multiplier theorem,

see [5, Section 9], and a similar assertion to [73, Lemma 3.1]. Thus the constant M is independent
of u and v. It implies that for r € R

¢, € LisEGTLIGD). with [l ] =y
Modifying the proof [73, Proposition 3.6] in an obvious way and applying Lemma 3.5, we have
proved the statement of (b). O
Recall that 0, = 0,5
PROPOSITION 3.9 T,,3,T;, ) = 9, on H) (52;).

Proof. It suffices to show that @3, ©%"" = 9,. On account of
Ve @ou) = UL (s - Vi) = I ¥ G
foranyu € H 1} (£2;), one readily computes

0,00 = 073! 0LV, sebiu+ O3y (1 —ge)u
= 0p 00Ve 0wl OV cebiu+ (1 =)0l 0LV ceiu + 0,(1 — cou
= 0¢. 0, Ve, SO, Om1 0LV Seiut
+ (1= )¢, Imt 10KV Sebiu + du(1 — g )u
= 00 00V s0e. Ok 0m1 ¥ cebiu + o 0708 (1 = )pg O Omi1 ¥, cebiu
+ 0v(1 —geu
= @¢. Om+1Ve sk, Sebitt + 0u(1 — g)u = dyu.

In the above, we have used the fact that ©7,9, (1 — go)u = (1 — g )u. (]

Recall definitions (3.6) and (3.7). The following proposition shows that the space E(J) is

invariant under the transformation ©} s and OF W respectively.
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PROPOSITION 3.10 [(9,4) — (O} , 8.05 )] € LisE(J)) N Lis(GE()) with (A, 1) €

B(0, ro). Moreover, there exist some B, ;, », By ;. satisfying

(A1) = B ] € C2(BCO. 70). £(E1()). F1(1)),
[(3.) > Ba] € C2(BO.ro). £(E2(J). F2())).

such that

8 [a] = (L +EDO 80 + Bi iy (D)
Orlha ] = (1 + S’/\)@I’ME),h + By u(haw).

In particular, B 90 = 0 and By o = 0.

Proof. (i) Following the proof of [26, Proposition 2.4] and interpolation theory, we can show
that for any Banach space X, o} € Lis(F(/, X)) and [Qj‘{]fl = o} with § € {BC?, W5} In
particular, there exists M > 0 such that ||0} lle,x)) < M for A € B. A similar estimate as
in [26, Lemma 8.3] by using the intrinsic norms of Besov spaces reveals that

[, p) > (a . Pap)] € Lis(Ey (J,R™H! E) x Eo(J,R™:; E)).
(ii)) Observe that
(O 0O (0) = (3, h)(0), 3:(OF , ,0.05 ,1)(0) =0, 1)(0), (3.10)

whenever the corresponding derivative exists. For any z € £ \ O, Ty n0(z) = 9(z), we
conclude that d,,, T}, = 0. Forevery ¢ € J, ¥(t) € BC(£2). It follows from Proposition 3.4 that
Ty ()3 (t) € BC(82), which implies that [T}, , ()9 (¢)] = 0. Moreover, for (i, ) € B(0, ro)

1 Tun? e ) = D [ Zi0de Tun¥ e (se6i®) + (1 =55, )

<MY [ITun¥ie. (Sebid)lls, g zmrey + (1= 5)&ED g, )] < MID e, )-

1

The last line follows from (i), Lemma 3.3 and point-wise multiplier theorem, see [75, Section 3.3.2].
In virtue of [73, Lemma 3.1], one can show similarly that

[h— T,h] e JZ(IEZ(J)), w e B0, ro).
Then it is a direct consequence of the open mapping theorem that
[(19, h) — (@I,Mﬂlﬁ’ @I’Mh)] e Lis(E(J)).

By (3.10), the statement [(3, k) = (Ty,50, Tph)] € Lis(,E(J)) is immediate.
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(iii) The temporal derivative of ¥, ,, , can be computed as follows.

W[ pm) = (1= 6 [30] + D Zi0F 0 Tum¥le, (5:0369)]

1

= (1= )L+ EDQ30D + Y AZi0%, TV, (se0:10569))
m i
+ By 0k (E Am 1 Tund [V, 5e03 i)
j=1
+ B190% e (& Am XN Tpn Omet1 [V Se05 6 19])}
=1+ Ell)@;’mnatﬁ + By un(Pa,um)-
The last line follows from the definition of @} wn and the equality
Ri 0% e Tun Ve, (5edi[360]) + (1 = s)(1 + §' 1)} 8,0

= B0k e, TunV e [se(1+ EN)050:59] + (1 — ) (1 + £'2)0}0,9
= (1 +£1)05 , 30,

Givenu € H, pl (£2\ 2), the term B, ,, , can be explicitly written as

m
Bryun@) = YD Ri03 e, € tm 1ty Ty 0 5Ty i) |

i =1
+ %i(/):,xc (él)(m anu,nam+l [W:,KCS'eT,Z;giu])

m
= Z { Z%ig:/@:l(c Xm(p:,chMj TM’WGII le’iléalu

i j=1
+ Bi€ OF e mPE e XN T @ T,;i,é?u}.
Here @/ with j = 1,---,m+ 1 are first order linear differential operators defined on §2 \ X
compactly supported in Ty, satisfying ¥, @/u = ¢.0;¥, u forallu € le (£2\ X). By means

of Proposition 3.6(b) and the real analytic compatibility of the atlas [, with the Euclidean structure,
it is not hard to check that

[(A, i, n) = By ) € C“’(]B%(O, ro), C'! (J; LW\ 2). W (2)\ 2)))). (3.11)

In [73, Proposition 3.10], it is shown that

Oelhaul = (L +E1)O] ,0ch + By yu(hi )

with B) ¢ = 0 and

[(A.10) > Byl € C“’(B(O,ro), C1<J; L(WsH(z), W;(z)))). 3.12)

This completes the proof. O
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With minor modification of the above proof, we immediately have the following similar result.

PROPOSITION 3.11 For (A, u, n) € B(0, ro) with sufficiently small ry > 0,

3 3
[(£:8:9) = P &ie 2] € Lis( [TF). [TFD),
i=1 i=1

and

3 3
[(f.8.:0) = P 82 42.0] € Lis( [ToFi (D). [ToFi (1))

i=1 i=1

The main theorem of this section is
THEOREM 3.12 Suppose that
(0,h) e BC(J x2,E)x BC(J x X, E).

Then . .
(0, h) € C*¥(J xTy3\ 2, E) x C*¥(J x £, E)

iff for any (t., z.) € J x Ta/3\ X, there exists some ro = ro(fc, z¢) > 0 and a corresponding family
of parameter-dependent diffeomorphisms {(©7 o o5 M) 2 (A, ;u,n) € B(0, rg)} such that
[0, 1 m) = O3 g i )] € CF(B(O, 7o), BC(J x 2, E) x BC(J x X, E)).

Proof. The proof follows in a similar manner to that of [73, Theorem 3.5]. o

4. Regularity of solutions to the Stefan Problem

Throughout the rest of this paper, we assume that ¢ > 0 and d;,y € CK+2(0,00), Vi €
Ck+3(0, 00) fori = 1,2 with k € NU {oo, w} such that

ki(u) = —uy](u) >0, di(u)>0, uce/(0,00),

and
y(u) >0, ue€(0,00), or y=0.

Let J := [0, T']. We define
Ga(J) == Hy (J; W, VP(2)) N Lp(J: WP (5))
Ga(J) = Hy (J; W, 7P () N Ly (1; W, VP (5)),
and
Ci(J):=C(J x2)NC(J;C'(2:))
Ca(J) :=C(J;C* (X)) nCH(J;C()).
It is shown in [65, Section 3] that
Ei(J) = Ci(J), Ex(J) = Cy(J). (4.1)

Observe that the constants in these embeddings blow up as 7 — 0, however, they are uniform in 7
if one considers the space (E(J)!
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4.1 Linearization at a real analytic temperature and the initial interface

Suppose that Zg = (éo,ﬁo) e [, satisfies f’o > 0. Given any ¢ > 0, by the Weierstrass
approximation theorem, we can find some

94 € CO(R2), 94— Dolle <&

For sufficiently small €, ¥4 > 0, and when y = 0, [(4) # 0. Let

o

Ka() =k(@a(x), da(x) = dWa(x).  Lalx) =1WBa(x), o0 =,
Lt,) = [ (2="00],  yi(t,) = y(e?="D4).

For a function ¢ € E;(J), we do not distinguish #|x from ¢ if the choice is self-evident from the
context. Here A x denotes the Laplace-Beltrami operator on X'. Similarly, we define

Ro(x) = k(Do(x)).  do(x) = d(Bo(x)), lo(x) =1(Do(x)). Fo=y(Do),
1(t.) = [¥/ (2= Do)l P1(t.) = y(e?="Do).
For z = (¢, h) € E(J), we define
F(z) = (ka — k())0,% + (d(¥) — da) A — d(D)Ma(h) : V¥
+ d/(ﬂ)|(1 — M, (h))W}|2 — d(z‘})(Mg,(h)Wz‘}) + k(DR (h)V,
G(z) = —([v )] + o’ (h)) + 11D + 0o Ash + (y(9)B(h) — y1)d,h,
0(z2) = [(d(®) — da)ds¥] + (La — 1), — ([d(D) VI Ma(h)Vh)
+ y()B(h)(0:h)?.
Here we have
Mo (h) = My (h) + M{(h) — My (h)M] (h).,
M3(h) = (I — My(h)) : VM (h),
My(h) = (I — My (b)) Mo (h).

Employing the above notations and splitting into the principal linear part and a nonlinear part, we
arrive at the following formulation of problem (2.1)

K400 —daAY = F(O,h) in 2\ X,
0o =0 on 052,
[#1=0 on X,
L)Y +00Ash —y1(t)0:h = G(W,h) on X,
140:h — [da(x)0,9] = Q(W,h) on X,
$(0) = do, h(0) = ho.

4.2)

We assume that z further satisfies the compatibility conditions (CC), that is, when y = 0

doBo =0, 11(0)0o + 09 Ashe = G(20),  Q(20) + [dadvdo] € W20/7(D),
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and when y > 0
oo =0, 1al1(0)do + L40o A xho — y1(0)[dadu Dol = y1(0)Q(Zo) + LaG(Z0).

In the definition of (G(Z¢), O (Zy)), it is understood that d,/(0) is replaced by

Ai([[ﬁ?oaulgo]] — ([do Vol Ma(ho)Vhe)), y =0,
A h(0)=12" A A (4.3)
= o)) + a¥(hy)), 0.
BGia)7e (Iv (%0)] + oK (ho)) y >

When y = 0, we also need to impose the well-posedness condition [ (z%) # 0 on I.

4.2 Regularity of a special solution

In this section, we prove the analyticity of the solution to a linearized Stefan problem with initial
data Zg, that is, we consider regularity of solutions to the following equation.

K40;0 —dq A0 =0 in £2\%,
0o =0 on 052,
[#]=0 on X,
L +00Ash—y10th=g1 on X,
[40th —[dady¥] =¢q1 on X,

9(0) = Do, h(0) = h.

4.4)

Here g1 := e45'G (%) and q; := e?=' Q(%y). Recall definition (2.2). We set
F(J) = {(f. g 9. (D0.ho)) € F1(J) x F2(J) x F3(J) x F4 :
( f.g,q9, (Do, ho)) satisfies the linear compatibility conditions (JZGG)},
where (f, g,¢, (¥, ho)) is said to satisfy the linear compatibility conditions (£CQC) if

oo =0, 11(0)9 + coAxho = g(0). q(0) + [dadvPo] € W™97(%),  y=0.
dvoto = 0, 14l1(0)F0 + laooAxho — y1(0)[dadvdo] = y1(0)q(0) + 14g(0), y > 0.

We equipped F(J) with the following norm
| (f:8.4. (0. o)) H]F(J)
= ||f||]F1(J)+||g||]F2(J)+||‘1||1F3(J)+”(190»h0)||1F4+(1_Sgn(V))||4(0)+|IdAavﬁO]|||Wp2*6/17(2)-

(i) Regularity of g; and ¢q;.
Case 1: y = 0. It is not hard to check that

iy €Fa(J), ka €W (R\X), da€e Wy 2/P(Q\ %), Lae Wy/P(D).  (45)
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Indeed, the first term can be obtained as follows. ¥4|x € Wp2_3/ p (¥) and the L,-maximal
regularity of Ay imply that

eAx 00 € Hy (J; Wy VP (2)) N Lp(J: WP (X)),

By [55, Proposition 3.2], we infer that e2=!$4 € F»(J). Now the first term in (4.5) follows from
the regularity of /, y. Similar to (4.5), one checks that

1,71 €Fa(J), ko € WH(R2\Z), doe W2HP(2\ %), Iy e W2P(D). (4.6)

In [72], an analysis of the structure of the mean curvature operator ¥ (k) and B(h) is obtained,
which shows that ¥ (%) is a rational function in the height function /% and its spatial derivatives
up to second order, while B(%) is a rational function in / and its first order spatial derivatives.
On account of the embeddings Wp3_3/p(2) — C(X) and Wp2_3/p(2) — (C(X), we conclude
from [75, Theorem 2.8.3] and a similar argument to [74, Proposition 2.7] that Wp373/ P(X) and

Wp273/ P (%) are multiplication algebras under point-wise multiplication. Since

[x = x? € C®((0,00)), a€R,
well-known results for substitution operators for Sobolev-Slobodeckii spaces imply that
Blho) € W;™/P(2). R(ho) € W;=/7(2). @7
(4.5)—(4.7) then imply
G(20) € WP3/7(3), (4.8)

and a similar argument yields
0(20) € W, 3P(3). (4.9)

Together with the L ,-maximal regularity of A s and [55, Proposition 3.2], we conclude from (4.8)
and (4.9) that
g1 € G2(J) = Fa(J), ¢q1 € G3(J) = F3(J). (4.10)

Case 2: y > 0. Based on the discussion in (i), it suffices to show the regularity of d,/4(0), which is
defined in (4.3). As illustrated in (i), we have

Blho)o. (I¥ Do)l + ok (ho)) € W37 (Z).
It implies that 9,/7(0) € Wp2_3/p(2). It yields the desired results, i.e.,

g1 €Fa(J), q1 eFs(J).

In virtue of condition (CC) and the definitions of g; and ¢, one checks that condition (£CC) is at
our disposal. Therefore, all the compatibility conditions in [65, Theorems 3.3, 3.5] are satisfied, and
then there exists a unique solution z* = (9*, h*) € E(J) to the linear system (4.4).

Remark 4.1. The compatibility condition [d(60)y -, fo] € W2~ (I) in Theorem 1.1 implies
that
[dodvPol — ([do VDol Ma(ho)Vsho) € WZ/P(X),
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which is equivalent to
(IdoVdollvs — Ma(ho)Vho) € W7=°/7(2).
From the above discussion, we infer that
[Vio] € w257 (z, R™H1).
Now based on this observation and (4.6), we conclude that
Q(20) + [daduBo] € W)/ (5).
The other two conditions in conditions (CC), i.e., when y = 0
dooBo =0, 11(0)Do + coAshe = G(20).
and when y > 0

dvoBo =0, Lal1(0)Do + LaooAsho — y1(0)[dadydo]l = y1(0)0(20) + L4G (Zo).

can be easily obtained from the remaining compatibility conditions in Theorems 1.1 and 1.2.
Similarly, the compatibility conditions in Theorems 1.1 and 1.2 can also be concluded from
conditions (CC). By [65, Theorems 3.1, 3.2], problem (4.2) with initial data Zy has a unique
L,-solution on some possibly small but nontrivial interval J := [0, T], which is denoted by

2= ,h). O
Next, we apply the parameter-dependent diffeomorphisms &) L and O©F u to show the

analyticity of the solution z*. We will use the following useful fact that for any time-independent
map T acting on §*(£2;, E)
* —1 %
O% W = Tun N, 507 s

and a similar result also holds for @} u By Proposition 3.10, we have
8,[19;%”] =1+ E/)L)@I,M’WE),#* + Bk,u,n(ﬂ;,u,n)
= (1+¢&20)05 , ,(da/ka) AV + Bj 155, )
= (1 + Ell)(dA,A,;L,n/KA,A,;L,r/)TM,WAT,,:;ﬁ:’M’n + B/\,;L,n(ﬂ;’u,y,),
and either by Proposition 3.9
8,[hj‘{’u] =1+ é’k)@;’lﬁ,h* + Bk,u(hi,u)
= (1+&0)05 ,[(q1 + [dadv9*])/ La] + Bi p(h} )
= 0+ EDGran/ lanw) + 1@/ las)d0y 1) + Bauhy ),

when y = 0, or when y > 0, we have

0ulh} ) = (14§20 (10" + 00 Ash* — g1)/y1] + By u (] ,)
= (L +EDUaud] , + 00T AsT S, — 8100/ (1a) + Ba(h ).
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We define a map @ : E(J) x B(0,r9) = F(J): (3. h), (A, . 1))

KA’A’M’natﬁ—(l +E/x)dA,l,M,nTM,WAT;Zbﬁ_KA,/\,M,HB/\,MJI(ﬂ) in .Q\ X,
(1 4+ sgn(VE DU a,u,0 + 00T AsT = g1a,0) — Vi,a,u0ch

+y1,4,uBa,(h) on X,
La.ppudch — (1 + EMN(q1a + [da,.0091) — Laa,wBau(h) on X,
?(0) — Do in £22\X,
h(0) — hAo on X.

Setting Z:’M’” = (19;{’“’”, hi,u)’ note that (D(Z:{,MJI’ (A, u, r/)) =0 forall (A, u,n) € B(0, rg).

(i) We need to show that @ actually maps into F(J). For simplification, we set @(z, (A, i, 1)) =
(f2, g2, 92, (B0, ho))T. It is obvious that based on trace theory of anisotropic Sobolev-Slobodeckii
spaces, see [22, Section 2],

(D0, ho) € Fy.

By means of Propositions 3.6 and 3.10, we infer that f, € F;(J). For the regularity of the next
two terms, we split into two cases as before. When y = 0, observe that Ay € £(Ex(J),Fa(J)).
Proposition 3.11, (4.5) and (4.10) yield

Vi g &aun €Fa(d), quau € F3(J). (4.11)

Taking into consideration that d;2 € F3(J) and the fact that F»(J),F3(J) are multiplication
algebras, we conclude from Propositions 3.8, 3.10 and (4.11) that

g2 € Fz(.]), g2 € Fg,(.])

When y > 0, since d;h € F»(J), the desired regularity results clearly hold true. It remains to show
condition (£CC).

Case 1: y = 0. It is immediate that d,,, %9 = 9, (F(0) — 1?}0) = 0. One checks that

110090 + 09 A xho = 11(0)(9(0) — Do) + 00 A 5 (h(0) — ho)
= 111,003 (0) + 6T () A5 T, (0)1(0) - g1,1,,.(0) = £2(0),

by recalling u; ,,(0,-) = u(0,-) forany u € E*, and

q2(0) + [da2,.(0)0 0] = 14.2,,(0)9:7(0) — g1,2,,,(0) — [d4dy P (0)]
— 143 1.(0) By (h(0)) + [dady (9(0) — Do)]
= 149,1(0) — q1(0) — L4 B;. ,u (h(0)) — [d4dyDo].

By the discussion in (ii), ¢1(0) + [d4 0, 1?}0]| € Wp276/p(2). Since Wp276/p (%) is a multiplication
algebra, (3.12), (4.5) and [65, formula (3.1)] imply that

42(0) + [da,1,.(0), 0] € W2™0/7(Z).
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Case2: y > 0.

1411(0)0o+1400Axho — Y1(0)[d40, 0]
= Lu,3, 1 (0) 1,4, (0) (D (0) — Do) + 14,2, (0)00 T, (0) A x T, (0) (h(0) — o)
— V12,0 (0)[d 1,80 (9(0) — Do)
= 1411(0)9(0) + 1400 A5h(0) — y1(0)[d4dy 9 (0)] — L4g1(0) — y1(0)q1(0)
= 1422(0) + y1(0)q2(0).
Therefore @(z, (A, 1, n)) € F(J).

(iii)) Letw = (u, p) € E(J). The Fréchet derivative of @ with respect to (¢, #) at (z*, 0) is clearly
given by

K40 U — dgAu in £\,
liu +09Axp—y10;,p on X,
D1®(z*,0)w = { 140;p — [dadyu] on X,
u(0) in £2\X,
p(0) on X.

It is obvious that
D1¢>(z*,0)w (S Fl(J) X Fz(J) X IF3(J) X IF4.

Condition (£CC) can be verified as in (ii) by using [65, formula (3.1)] in the case y = 0. We can
deduce from [65, Theorems 3.3, 3.5] that

D, @(z*,0) € Lis(E(J), F(J)).

(iv) Regularity of [(A, ) = (g1,4,1> 91,4,..)]. We express g2, as
grau = 05,647 G(2) = OF ,(c + Ax)e® ' (c + Ax) ' G (%)
=Tu(c+ Ag)T, OF e*=" (c + Ax) ' G(2).

For sufficiently large c, it is well-known that (¢ + A x) is an isomorphism from Wp”‘z(Z‘) to Wi (X)
for any s € R. We consider the solution to

dip+Asp=0, p(0)=(c+Ax)"'G(). (4.12)

p:=e2% (c + Ax)"1G(3) is the unique solution to (4.12). Furthermore, Proposition 3.10 shows
that g, ,, satisfies

O[paul = (1 +E1)OF ,0: + By 1u(Pa,u)
=—(1+§0TuAsT oo+ Biw(Pa)
. w2 lp 4-3/p
We define the map @ : X»(J) x B(0,r9) — Lp(J; Wy (X)) x W, (X) by

0ip+ (1 +ENT AT, p - BA,M(P))

d)g (/0, (A’ ,u)) = ( ,0(0) — (c + Az)flG(EO)
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Here X5(J) := H}(J; W2™V/P(2)) N Lp(J; W41/P(X)). Note that D (p2,. (A, 1)) = (0,0)".
By the L,-maximal regularity of A 5, we immediately have

D1®g(5.0) € £is(X2(J), Lyp(J; W27 () x Wp4*3/1’(2)).

We define a bilinear and continuous map
T:C(J; &, VP (D), WP (X)) x Xa(J) — Lp(J: W7T7(2))
by (B,u) + [t — B(t)u(t)]. Since T is real analytic, by (3.12), we get
[ (A ) > By ()] € cw(x2 x B(0. ro). L (J: sz’l/P(Z‘))).

In virtue of Proposition 3.8(b) and the above bilinear map argument, one gets

By € cw(x2 x B(0, ro), L (J; W27 () x Wp4*3/1’(2)).
By the implicit function theorem, there exists some B(0, r1) C B(0, ro) such that

[(A. ) = OF e?="(c + Ap) T G(2)] € C®(B(0.11). Xa).

Without loss of generality, we may assume that r; = r¢. In view of Proposition 3.8(b), we have that
foralls e R

(1> Tule + Ax)T; '] € cw(zaa(o, 7o), C'! (J; (WS (3), W;(z)))).

The above bilinear map argument and the embedding G, (J) < F(J) yield

[(A, ) = g1a..] € C?(B(O, o). F2(J)). (4.13)

Following a similar discussion, one obtains
[(A, ) = q1,3,] € C?(B(O. r0). F3(J)). (4.14)

(v) Regularity of the map @. It follows from Proposition 3.6 that

[t 1) 1 Kt A gun)] € C(BO, 7o), €1 (J: BC(2))?). (4.15)

Proposition 3.8 implies that

[ ) > (g dan)] € Ck(B(O, ro). C'(J: BCI(Z‘))z). (4.16)

Similarly, we have

[ ) > (L viap)] € Ck(B(O,ro), (cl(J; BC(X)NC(J: BC2(Z‘)))2). 4.17)
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By Proposition 3.6, one concludes that

[(.m) > T AT L] € C‘”(IB%(O, o), CI(J; L(HX(2\ £), L,,(sz)))).
Combined with (4.15), this yields

[, 1 m) > dappnTun AT M) € Ck(B(O, o), JZ(IEl(J),IFl(J))).
It follows again from (4.15) that
[(1}7 (As /*’Lv 7])) = KA,A,M,natﬁ] € Ck(El (J) X B(Os rO)v IFl (J))
Together with Proposition 3.10, the above discussion shows that
[(19, A, u, 77)) = KA,)L,/L,natﬁ -1+ E/A)dA,A,M,nTM,nAT,Z},ﬁ - BA,;L,n(ﬁ)]
€ CK(E1(J) x B(0, 1), F1(J)).
Applying (4.13)-(4.17), one can check the regularity of all the other entries of @, and thus
® e CK(E(J) x B(0, r0), F(J)).
Now the implicit function theorem yields
[(Apom) = 25, ] € CH(B(O. r0). E(J)).
As a conclusion of Theorem 3.12, we obtain
z* e Ck(f X Ta/3\X) % Ck(Jo x X).
To attain the regularity of 9* in £2 \ T,/6, we study the linear equations
k1(04)0:0 —d1 (D) AP =0 in 21\ Ty
U =0" on 01Tus
#0) =0 in 21\ Tus.
and _
k2(04)0:0 —da(D4)AY =0  in 22\ Tas6
0o =0 on 052
U =0" on 0:Tus
#0) =D in 22\ Tuse.
where 0;Tz/6 := A(X, (—1)'a/6). Since ¥* is analytic on 9;T,/6, we can obtain the regularity of
©* in these two domains by means of the parameter-dependent diffeomorphism defined in [26], the

resultsin [21, Section 8], and the implicit function theorem as above. To sum up, we have established
the analyticity of the solution z*, i.e.,

ek x 2\ X)) xCkJ x ). 4.18)
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4.3 Reduction to zero initial data

Recall that Z = (z§hA) is the unique L, solution to problem (4.2) with initial data Zo. We set
U =0 —90% h=h—h* Then z = (¥, h) is the unique solution to the following equation.

kq0;0 —dgAY = FO + 9", h+h") in 2\X,
0o =0 on 052,
1 =0 on X,
1O 4 coAsh —y10:h = G, h; 0%, h™) on X, (4.19)
140:h — [dg0,9] = O, h; 9%, h*) on X,
2(0)=0 in 2\X,
h(0)=0 on X.

Here we have set

GO, h;0* h*) = G + 9%, h+ h*) — 2% G (%),
Q@ h:0*, h*) = Q& + 9*, h + h*) — e*" 0 (20).

Note that G(O, 0; 190, I’Azo) = Q(O 0; 190, I’Azo) = 0 by construction, which ensures time trace zero

— * —_ % * : . . .
att = 0. Let Ty = (ﬁl%n, h/l,u)' As in Section 5.1, we compute the temporal derivative of

Zapm = (D2 uns ha ) as follows.

0; [&A,M,n] = (1 + E/l)(dA,A,;L,n/KA,A,;L,r/)TMJ/ATM_},{’/\,;LJ/ + Bk,u,n(f’k,u,n)

+ Fain G 23 ) K dpin:

and either

elhan) = (1 + EMIanpn/ a1 + Baylha ) + OruCGai 25 o)/ Laides
when y = 0, or when y > 0 we have
0clhad = 1+ EN Uiy + 00T Az T ha ) /v1 + Bl )
- G)L,/L(Z/l,u,nv ZI’MJ,)/VI,A,;L-
For sufficiently small rg, &, ,(z) = z for (1,n) € B(0,rp) and z € £2 \ T,/3. Hence, ({ o

dx)aun =C¢ods. Invirtue of ({ odx)j un(x) = 0forx ¢ 2\ Tag/3,and (ho IT)y 4,5(x) =
(ha,y o IT)(x) for x € Ty,4/3, one readily verifies that

@:,M’WT(I’!) = (é— o dE)/l,u,n(h/\,;L © H)/\,;L,r/(vﬂ o H)A,u,n
= (odz)(hpuo ) (vg oIl uy-
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In the above expressions, for z = (9, h),
Fum(z.2} ) = A +E00; F(Or*"(z+z5,,))

= (KA,,{’M,,, — k(% + 191"“,"))[8;(19 + ﬂ;,u«,n) — By (0 + ﬂ;,u«,n)]
+ (L ED]{(A@ + 9 ) = D) Tun ATy (9 + 95 ,)
—d@ + 95, Mo punh+ 05 ) Ty VT (8 + 95, )
+d' @O+ 95 I =My pgh+ 15 D) Tun VT 0+ 05, )P
—d@ + 05 ) (Ms b + 15 ITungVT,0 (O + 95, )
K@+ B )R+ 1Y) + 97, ),

with
Vi pun(h) = OF T (OF"h) = (odg)(ho M) (vs o),y
My pun(h) = OF M (OF"h)
-1 T -1 1 T T
= [(1 + (Tun VT Vsen®)) T VT V)]
M gun(h) = OF Mo (O h)
= My n(h) + (My ()" = My (W) (Mg ()T,
Mg (h) = 0%, M3(OF"h) = (I = My (1)) = Tug VT, My g g (h),
R ()9 = OF ,  ROP O
= (T VTP (I + (T VT Vg ()™
[8,7’,1’“,,,(}1) - Bk,u,n(rk,u,n(h))])/(l + EIA)’
and

Gaulz.25 ) = A+ E0)05 GO (z + 25, )
=@+ 07 DBruh+ 15 ) —viaw[0c(h + 05 ) — Bau(h+h5 )]
+(1+ s’x){ — (W@ + 95,01+ R (h+ 1)) + Lpu(® + 95,

+ OOT;LAETIZI(h + h:{,M) - gl,/\,u}’
with ¥, ,, = ©F  HOL", and

Mo u(h) = OF , Mo(OF"h) = (I —hLy )"
apu(h) = OF a(OF"h) = Mo (W T, VT, h,
Bru(h) = 05 BOF"h) = (1+ |ay (W) 72,
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and
Onu(z.25 ) = L+ E0OF  0(O4*(z 425, )
=y@ + 05 )Brulh + b} D0 (h+ k) — Bayu(h+ hy )P /(1+E'R)
+ (lappu— 100+ ﬁj{’ﬂ))[at(h +h3 ) = Biu(h + hj‘w)]
+ A+ ED{E + Dap) = daa)d@ + 95 )1 — 1o
—([d® + 95 DTuVT @ + 95 DUMap (b + by DTuVT N+ 15 )}

with My 5 (h) = OF  Ma(O%"h) = (I — My 5 (h)) Mo 5 (h).
Consider the map @ : (E(J) — (F(J): (3, h), (A, ., n)) —

KA,)L’M,,,atﬁ —(1+ él/\)dA,/\,M,ﬂTﬂsﬂATu_,}/ﬁ — KA,A,M,nBA,M,n(ﬁ)

—Frun(z.25 ) in 2\%,
(1 4 sgn(ME VU1 a0 + 00T AsTy ' h) = y1,,,0:h
+V1,A,;LB)L,/L(h) - G)L,/L(Zv ZI’M’,,) on X,

lA,/l,uath -1+ sl/\)(lld/l,)t,uavﬁ]l) - lA,/l,;LB/l,M(h) - Q_A,M(zv Z:{,u,n) on X,

where z = (9, h). Note that @(Z; ,,, (A, u)) = 0 forall (A, ) € B(0, ro). It is understood that
oF(J) :=TF1(J) x oFa(J) x (F3(J).

(i) First, we shall check that @ actually maps into (IF(J). Functions in ,F(J) automatically satisfy
(£CC). One can check the temporal traces without difficulty. Indeed, recalling that z} M n(O, ) =
z*(0,-), we have

Gau(z.25 ,,,)(0) = OF ,G(z")(0) - £1(0) =0,

02u(z.25,,,)(0) = O, 0(z")(0) — 41 (0) = 0.
It suffices to check regularity of Fy ,, »(z, Z:,M’n), G_,UL(Z, Z:,u,n) and Q_A,M(z, Z:’M’n), which will

become clear in our argument for the regularity of @.
It follows from well-known results for substitution operators for Sobolev spaces and (4.18) that

(@, Qo) > (@ + 05, )] € Ck<0E1(J) % B(0. o). C (. BC(Q))).

Analogous statements hold for d (¥ + ¥ “ 7]), '+ 9y “ n)’ 1D+ 95 u 7]), y(@ + 9) . n) and
Y (O + 97 u ”) as well.
Adopting the notation in Section 2, we introduce an extension operator

e :Ex(J) > Ex(J,Tg): h—> holl.

(¢ © IT)?), e forms a partition of unity for T,. For § € {Wp, Hp}, we define

R ¥ (Ta. E) > [ [ 3 Tawe. E) s u > (ume o I,

KER

R : 1_[ gs(Ta,m E) > F(Ta, E) : (ug)e — ZMKTFK oll.

KER KER
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Then R 7 is a retraction with ®; as a coretraction. By using this retraction-coretraction system, it
is a simple matter to check that

e € £(E2(J), EZ(Jv Ta))-

Extending V := ({odx)(vyolT) to be identically zero outside Ty, it belongs to BC (2, R™*1)N
C®(T43, R™H1). Proposition 3.6(a) implies

[A, ) > V] € Cw(B(O, ro), C'(J, BCk(‘Q’Rm+1)))

for all k € Ny. Proposition 3.8 and (4.18) then yield

(. e ) > To gy + 1)) € C2(gEa(J) x B0, ro). Eo(J, 2: R™ 1))

Because F;(J,2) with j = 2,3 and W, "*?(J1 H}(2)) N L,y(J: W, /?(£2)) are Banach
algebras, we verify via Proposition 3.6(b) that

(B oo i) v My pun(h + 15 )] € C2(oE2(J) x B(O, ro), Fa(J, 2:R™+D%)) - (4.20)
for j = 1,2, 3. Proposition 3.6(b) and (4.18) lead to
[(0. A pom) = Ty VT + 9 um)] € C2(GE1(J) X B0, o). F3(J, 2i: R™ ).
In virtue of Proposition 3.6(b) and (3.11), we get
[(z. A ) > R (h + hy )@+ 19;[’“,")] € C?(,E(J)B(0,r0), F3(J, £2))).
Now it is immediate that
[(z. (L. ) > Fapun(z.25 )] € CF(GE(JT) x B(O0. r0). F1(J)).
Since C,(J) is a multiplication algebra, we have
[(h. (A, ) > Mo u(h+ h5 )] € C¥(oBa(J) X B(0. 7). C2(J: T} X)).
Proposition 3.8 and point-wise multiplier results on X' then imply that
[(7. (A, ) > ap (b + hj{’u)] € C?(,E2(J) x B(0, 7). F2(J; T X)).

Combined with the properties for substitution operators for Sobolev-Slobodeckii spaces, it yields

[(h, (A, ) = Bau(h + hj{’ﬂ)] € C?(oEa(J) x B(0,r9), F2(J)).

It is shown in [72] that in every coordinate patch (O, ¢« ), the local expression of the mean curvature
operator reads as
Pyc(h,d;h, d;xh)

(k) = B0 =5
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Here Py is a polynomial in /2 and its derivatives up to second order, and Ry is a polynomial in /# and
its first order derivatives. Both have BC > N C“-coefficients. We again use the fact that F,(J) is a
Banach algebra. Following a similar argument in the same reference, we get

[(h. (A 1) > Ra i + 1S )] € C(oBa(J) X B(O. 70). Fa(J)).
By (4.20) and trace theorems of anisotropic Sobolev-Slobodeckii spaces, we infer that
(7 (o 0) > Mo (h + 1S 2] € C2(Ea(J) x B(O, ro). F3(J; R™HD%),
It follows from the point-wise multiplier theorem in [5, Section 9] that
[(7. (A1) > Maj (b + 1} )] € C2(E2() x B(O. ro), F3(J; ROm+D?),

To sum up, we conclude that

[(z. o) = Gz, 25 )] € CF(GEW) x B(O, 7o), F2(J)),

[(z. ) > 022,25 )] € CH(GE(T) X B(O, ro), Fa ().
Taking into account all the above discussion, this leads to

@ € CK(,E(J) x B(0, o), oF(J)).

(ii) We look at the Fréchet derivative of @ with respect to (E(J) at (z, 0). To this end, we find it
more convenient to consider the following non-linear maps.

F(2) = (Ro — k(9))3;9 + (d(®) — do) AD — d(9)Ma(h) : V>

+d' (I = M) VI = d@) (M3 ()| V) + k()R
G(2) = —([y )] + o) + 1? + oo Azh + (y@)B(h) — P1)dch,
0(z) = [(d(®) — do)3, 9] + (lo — 1(9)3:h — ([d(F) VO] Ma(h)Vzh)

+y (@B (O:h)?,

i.e., replacing ¥4 by 30 in the definition of F', G and H. With only slight modification of (i), we
immediately obtain

(F,G,0) e CKEW),Fi1(J) x F2(J) x F3(J)).

Recall that Z = z + z*. Letting w = (u, p), one computes

Rod;u — doAu — F'B)w in 2\,
D1®(z,0)w = f1u+ooAzp—)718tp—G’(2)w on X,
lod:p — [dodyu] — O'(2)w on X.

A moment of reflection shows that we have the liberty to exchange the coefficients (x4, d4, [4), used
in the definition of @, by (Ko, do, o). These quantities are only used for the principal linearization,
and are then subtracted off in the nonlinearities.
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We split D1 ®(z, 0) into two parts. Let ,30 = ﬂ(ﬁo). Define L(z%) toE(J) = (F(J) by
Rod:u — do(I — Ma(ho)) : Vu in 2\,
I+ oW/ (ho)p — 918" (ho)e™ = (3,4(0)) p
— P1Bodep — ' (€25 Do) Boed = (3,h(0)u on X,
lodep = (IdoVaullvz = Ma(ho)Vsho) on ¥

L(do)w =

and K(2) : \E(J) — (F(J) by
K() =: (K1, K, K3)" := L(do)w — D1®(Z,0).
THEOREM 4.2 Let J = [0,T]. Then L(do) € &Lis(E(J),F(J)). In particular, L(Jo) €
Lis(GE(). oF(J)).
Proof. We first solve the following model problem for the case y = 0. Suppose that

ko € BUC(R™ xRy), dy e BUC'(R™), aoe BUC'R™;R™), «o,do> 0.

Moreover, lg € WP2_6/ P(R™), I, € Fy(J,R™) satisfy [l > 0. The differential operators
—P(x,y) : V2 and —S(x) : V2 are uniformly elliptic. For any given (f, g,q, (10, p0)) €
F(J,R™ x Ry),
ko(x, y)d:u(x,y) — P(x,y) : Vu(x,y) = f(x,y) in R™ xRy,
L, x)ulx)+ S : Vﬁp(x) =g(x) on R™,
lo(x)drp(x) + do(x)dvu(x) + ao(x) - Vxu(x) = g(x) ~ on R™,
u(0) = ug,  p(0) = po,
admits a unique solution (u, p) € E(J,R™ x R;). We identify R” with R”™ x {0}. Here x €
R™ y € R4, and the space F(J, R™ x R ) is defined by replacing £2 \ ¥ and ¥ by R” x R and
R™, respectively. The space E(J,R™ x R ) is defined analogously. Similar problems have been
considered in [22]. It suffices to check the Lopatinskii-Shapiro condition (LS) and the asymptotic

Lopatinskii-Shapiro condition (LS;FO) defined therein. For simplicity, we assume all the coefficients
to be constants and set

P(§) =& Pt, SE):=ESE Puy1 = Pmiimt
and Py, = (Pm+1,1."* > Pmy1,m) wWith & € R” and £, := (ET,0)T € R™*1 (LS) is satisfied, if
forany £ € R™ and A € C4 with |[£] + |A] # 0, the following ordinary differential equation in R+
(koA + P(€) + 2i Py - €0y — Ppy192)v(y) =0, y >0,
1v(0) — S(§)8 =0,
loAS — (iag - € + do(x)d,)v(0) = 0,

has a unique solution (v, §) € Co(R4; C) x C. It is clear that the only stable solution to the first line
is

o) = (o), o= Y P 82+ Pusikod + P PE) +iPm &

Pm+1
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in the case A ¢ R, or, v = 0, otherwise. We conclude from the second and third lines that
[iS()ao - £ + S(E)uudo — loA]s = 0.
It implies that 6 = 0, v = 0. (LS;FO) is satisfied, if for any £ € R™ and A € C4 with |§] 4+ |A| # 0,
(koA + P(§) + 2iPy - £dy — Pmy195)v(y) =0, y >0,
Lv(0) = S(§)é =0,
(fao - & + do(x)dy)v(0) =0,
and [§] = 1,1 € C4 \ {0}
(koA — Pm+18§)v(y) =0, y>0,

Lv(0) — S(§)§ =0,
10A8 + do(x)d,v(0) = 0,

and [§] = 1,1 € C4 \ {0}

(koA — Pm+18§)v(y) =0, y>0,
lv(0) — §(§)8 =0,
do(x)d,v(0) =0,
admit unique solutions (v, §) € Co(R+; C) x C. One can check in an analogous manner that stable
solutions to those equations are trivial. For general coefficients, the problem can be proved by a

perturbation argument as in [21]. The rest of the proof now follows from similar arguments to those
of [65, Theorems 3.3, 3.5]. O

In order to prove that D;@(Z,0) is an isomorphism, we need to control the norm
IK(Zo)ll£¢,E().oF(7)- To this end, we first compute several derivatives related to K explicitly.

F'(2)w = (ko — k(1)) d:u — k' ()ud® + (d() — do) Au + d'(9)uAd
—d'(YuMs(h) : V*9 — d()Mj(h)p : V2O — d () Ma(h) : Vu
—d' (N u(M3(h)|V9) — d() (M} (h)p|VY) — d()(M3(h)|Vu)
+2d' () (I — Mi(W)VO|(I — My(h))Vu — M{(h)pV?)

+d"(@)u|(I — My(R) VO + K(ﬁ)(vm(l + vr(h)T)‘la,T(h))
— K(ﬁ)(vm(l + VT(h)T)’IVT(p)T(I + VT(h)T)*la,T(h))
+ K(ﬁ)(vm(l + vr(h)T)*la,T(p)) + i ()RR,

and

G'@w = —([¥' ) + 0¥ (h)p) + hu + oo Asp + (y(@)Bh) — 71)dcp
+ (' )up(h) — y()B' (h)p)d:h,
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and

0'yw =[d' @)3,0Tu + [(@(®) = do)dvul + (lo = 1))dep — I'(P)udyh
— ([d' () VI u|Ma(h)V sh) — ([d () Vul|Ma(h)Vsh)
— ([d)VINMs()Vzp) — ([d) VI M4(h)pV sh)
+ 7' @ uBWB:h) + y (@) (h)pld:h)> + 2y (D) B(h)d:hd:p.
The derivatives of My(h), a(h), f(h) and K (h) are given by
My(h)p = pMo(h)LsMo(h), o' (h)p = Mo(h)Vxp + pMo(h)L x Mo(h)a(h),
B'(p = —B> (W) (a(h)| Mo (h)V5p + pMo(h) Lz (h)),
W (h)p = B |uMy(p(L s + Voa(h)] + [ Mo(h) V5 (o]
—2B()B' (M) p(Mo(ha (W) [[Vza(h)]a(h)) — B2 (h) (Mg(h) pa(h)[[Vsa(h)]ah))
— B2 () (Mo(h)e (W)p|[Vsa()]er(h)) — B2 (h) (Mo (h)ar(h)|[Vsa' (h)pla(h))
- ﬁz(h)(Mo(h)a(h)l[Vza(h)]a/(h)p)}/m + B'()p(R(h)/B(h)).

See [63, formula (32)] for a justification for the last equality.
We will use the following lemma frequently in the sequel.

LEMMA 4.3 There exists a constant Cy independent of 7" such that
(a) Forall (v1,v2) € Fj(J) x (F;(J)and j =2,3,

[vivallg; () < Colllvillcuxz)y + lville; ) llv2lle; )-
(b) Forall (vi,v2) € )F;(J) x (F;(J)and j = 2,3,
lvivall r; () < Collvrll v, (o llv2ll v, )
(c) Forall (v1,v2) € F3(J) x (Fa(J)
[vivallrs ) < Collvillrs e llv2llyrs0)-

Proof. (a) The case j = 2 1is shown in [60, Lemma 5.5(b)]. For the reader’s convenience, we will
nevertheless include a proof herein. The case j = 3 follows in a similar way. By the retraction-
coretraction system defined in Section 2, it suffices to show the estimates for functions on Q"”, i.e.,
we assume (v, v2) € F;(J,Q") x (F;(J,Q™). We equip F2(J, Q") with the norm:

”v”]Fz(J,Q’") = ”v”Wpl*]/ZP(J;Lp(Qm)) + ”v”Lp(J;WpZ*l/P(Qm))a

m
101l w2170 @my = W0l ey imy + D2 1050 1170 g I, -
Jj=1

Here (-) is the Slobodeckii seminorm of the space Wp1 —1/p (J; X) for a Banach space

w2 (J5x)
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X. Then,

!/
lrvally =120 .1 @my <€ {”vl“Wp‘*l/Zp(J;Lp(Qm))||v2||BC(J><Om)

‘ ? L gias)”
+ ( ., |v1(s) (v2(2) = v2(5)) ”LP(Q’")m ! s) }
< CI{HUI”WI]*VZP(J;LP(Qm))”UZHBC(JXQ’") + ||v1||BC(Jxom)(vz)Wpl—l/zp(,;Lp(Qm))}-

Similarly, one computes

/
lorv2ll, opz-1/o@my < C {01l a0y 02l per@my

m 1 1/p
§ : . Y P~
+j=1 [/J (/Qm/Qm lv1 (2, x)(0;v2(1, x) — djv2(2, y)| Ix — yjm—1+p dxdy) dt]

+ i [ /J ( /Q ) /Q IR0 = 02— yllmH,, axdy)ar]"").

J=1

We immediately have

1
. Y P
/J (/Q'"/Qm [v1(t, x)(0jv2(t, x) — 0jva(t, y)| x—yiip dx dy) dt

V4 p
< o ||BC(Jxo’")HUZHLP(J,W}“/”(O'"))'

The remaining estimate can be carried out as follows.

L] oo - el dx dy
an Qm

|x — y|m=tte

1
p 1
. p — — - =
<[ [ ool (O/I(wz(z,x+r<y DN =) d7) i dxdy
N O Nl ,
s<C [0jv1(2, x)] I dy dx||Vv2(t)||BC(Qm)
an an

x — y|m71+p

< CNorOIZ o 102115 o1 gmy- (4.21)
H} @m) cl@m)

Combining these discussions yields

”vleHLp(J;ng—l/p(Qm)) < C/(HUIHBC(JXQ’") + ”Ul”Lp(J;sz—l/l’(Qm)))
(l2llcsper@my + 12l w2177 @gny)-

Using the fact that the embedding constant of ,F»(J, Q™) < C(J; BC'(Q™)) is independent of
T yields the asserted result.

(b) is an immediate consequence of (a) and the fact that the embedding constant of ,F,(J, Q™) —
C(J; BC(Q™)) is independent of T'.
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(c) Suppose that (v, v2) € F3(J,Q™) x (F2(J, Q™). Then

||U1 UZHWI}/Z*‘/ZP(J;LP(QWL)) < ”Ul ||W;/27]/ZP(J;LP(Q’")) ”UZ”BC(JXQ’")

1 1/p
p
+ (/J/J ||v1(s)(v2(t) - UZ(S))”LP(QM)W dt ds) .

By [55, Lemma 2.5], the comments below [55, formula (3.5)], an analogue of [58, diagram (6.12)]
with BUC replaced by C*, we obtain the embedding result

oF2(J,Q™) = C*(J; BC(Q™))

for some s > 1/2 — 1/2p with an embedding constant M = M (s) uniform in 7. Thus, we infer
that

1
/J /J ”Ul(S)(vz(t) - vz(S)) ||ip(Qm)|t_sllw dtds

1
p 4
<C [ WOy [ sy At Al ey

p p
< C'n (S)”LP(J;LP(QWL)) [[v2 “Cs(_];Bc(Qm))-

By an analogous estimate as in (a), see in particular (4.21), one obtains

’
||Ulv2||Lp(J;W,171/p(Qm)) <C ||U1 ”LP(J;WPI*VP(Qm))||v2||C(J;BC1(Q’"))'

O
Note that the multiplication constant Co in (b) blows up as T — 0 if (F;(J) is replaced by
F;(J).
We write

Ko (B)w =liu — [y D)]u + (y(3) = 71)B()dcp + P1(Bh) — Bo)dip
— o (R (h) — % (ho))p + (y())B' (0)d:h — 71 B (ho)e =" (3,h(0)))p
+ (VBB — v (4 Do) Boe =" (3:(0) Ju.
Let ¢ sufficiently small be fixed. Recall that
hu = [y N = ([y' (=" Do) — v D)])u.

Due to fact that [y’ (e4="dg) — ¢/(9)] € (F2(J) and Lemma 4.3(b), by making T small enough,
we can achieve that

17w = [y N]ulle, ) < ellullp, -
The arguments for the remaining terms in K, (Z)w are similar. Thus given any ¢ > 0, for 7' small
enough, we have
IK2(D)wllr, ) < ellwll -
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One can obtain an analogous assertion for ||[K3(2)| £(,E(),,F3(s))- Indeed,

[1@@) ~ do)dvd |, sy < Col[ (4@ = do) | g, 1wl yr30>-
Similar estimates also apply to
[(lo = 13000y | (YT MG ) — (Vi Mo i) Vi) |
It follows from Lemma 4.3(c) that
|1d’ (), 3Tu] 5., < Col[ld' )33 5, sy Illyma)-

The remaining terms in K3(Z)w can be estimates in an analogous way.
For ||K1 (%)l £(,E(/).F, (7)) One verifies by direct computation that

K1) wle, 7y = | E'E)w + doMa(ho) : Vullr, ()
< Glwlewy + Csllwlle, ()xc,()-

Here the constants C, and C3 tend to zero as T — 0.

PROPOSITION 4.4 Let p > m + 3,0 > 0. Suppose that d; € C2(0, 00), y, ¥; € C3(0, 00). Then
there exists some constant 7y such that given any 7' < 19, on J = [0, T'], we have

L™ Do)l 2orery.orn K Co)lle(aw,gry < 1/2-
It follows from a Neuman series argument that
D1®(z,0) € Lis(E(J), oF(J)).
Employing now the implicit function theorem, we attain
[ o) = 25 0] € CH(BO, ro), oE(J)).
It follows then from Theorem 3.12 that
ze Ck(j X Ta/3\ X) x Ck(j x X).

Remark 4.5. By a similar argument to the proof given at the end of Section 4.2, we can show that

FeCkIx 0\ X)xCkJ x ).
Together with (4.18), we thus have

e ChUx 2\ Z)xCK(J x ).

For k € N U {00}, since the Hanzawa transformation is C °°-smooth, the above assertion implies
that the solution (6, I') to (1.4) has the same regularity.

But when k = w, analyticity of the temperature 6, in general, cannot be attained by applying
the Hanzawa transformation. O
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